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ABSTRACT

Evidential Deep Learning (EDL) has emerged as a promising framework for un-
certainty estimation in classification tasks by modeling predictive uncertainty with
a Dirichlet prior. Despite its empirical success, prior work has primarily focused
on the probabilistic properties of the Dirichlet distribution, leaving the role of op-
timization dynamics during training underexplored. In this paper, we revisit EDL
through the lens of optimization and establish a non-trivial connection: minimiz-
ing the expected cross-entropy loss over the Dirichlet prior implicitly encourages
solutions akin to multi-class Support Vector Machines, maximizing decision mar-
gins. Motivated by this observation, we introduce the optimization-consistency
principle, which deems an uncertainty measure valid if its value decreases as
samples approach the global optimum of the training objective. This principle
provides a new criterion for evaluating and designing uncertainty measures that
are consistent with the optimization dynamics. Building on this foundation, we
further propose a novel measure, Margin-aware Predictive Uncertainty (MPU),
which directly captures the separation between target and non-target evidence.
Extensive experiments on out-of-distribution detection and classification-with-
rejection benchmarks demonstrate the effectiveness of our propositions. [1_-]

1 INTRODUCTION

In recent years, Evidential Deep Learning (EDL) (Sensoy et al., 2018 Malinin & Gales,|2018};|Char-
pentier & Glinnemann) [2020) has emerged as a popular approach for classification tasks. By training
a single deterministic network to predict the parameters of a Dirichlet distribution, EDL provides an
elegant way to jointly capture aleatoric (data) and epistemic (model) uncertainty. Unlike methods
that draw inspiration from Bayesian Neural Networks, such as MC-Dropout (Gal & Ghahramani,
2016)) and Deep Ensembles (Rahaman et al.,|2021)), which require multiple models or repeated sam-
pling to approximate posterior distributions, EDL achieves efficiency with only a single model and
a single forward pass at test time. This computational advantage, together with its strong empirical
performance, has led to its widespread adoption in various downstream tasks like open-set recog-
nition (Bao et al., 2021; |[Zhao et al.| [2023)), trusted multi-view classification (Han et al.| 2021} [Liu
et al.| 2022; 2025a:bic) and out-of-distribution detection (Gao et al., 2025} |Chen et al., 2023a; L1
et al.,[2025}; [Fu et al., 20265 [Qu et al., 2024).

Although EDL has been extensively studied, prior work has almost exclusively analyzed it from a
probabilistic perspective. For example, by designing priors, leveraging Fisher information, or im-
posing constraints on Shannon entropy to improve performance (Bengs et al., [2022; 2023} 'Wimmer
et al., 2023} Juergens et al.l [2024; [Liang et al., 2019; |Chen et al. [2023b} |Qu et al.| 2024} [Yoon &
Kim), 2024). However, a critical gap remains: EDL is fundamentally a deep learning model, and the
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behavior of deep learning models is strongly shaped by optimization processes such as loss function
design and gradient dynamics. Thus, treating EDL merely as a universally applicable probabilistic
estimator, while overlooking its optimization characteristics, provides an incomplete understanding.

In this paper, we revisit EDL from an optimization perspective and uncover a non-trivial theoretical
connection: minimizing the expected cross-entropy loss under the Dirichlet prior implicitly drives
the solution towards that of a multi-class Support Vector Machine (SVM) (Crammer & Singer;, 2001}
Hsu & Lin, 2002)), which maximizes the decision margin. This observation reveals that the notion of
margin naturally emerges from the EDL objective, providing a more fundamental and optimization-
aligned interpretation of uncertainty than conventional metrics derived solely from Dirichlet pa-
rameters. Intuitively, samples with large margins are more certain, while those near the decision
boundary are intrinsically uncertain. Building on this insight, we develop a principled framework
that bridges optimization and uncertainty estimation in EDL. Our contributions are summarized as:

* Theoretical connection to maximum-margin SVMs. We formally establish a connec-
tion between Evidential Deep Learning (EDL) and the maximum-margin principle of Sup-
port Vector Machines (SVMs). In particular, we prove that the Uncertainty-aware Cross-
Entropy (UCE) loss admits a margin-aware lower bound, offering a new interpretation of
EDL beyond its probabilistic formulation.

* Optimization-consistency principle for uncertainty. We introduce the notion of
optimization-consistency, which defines an uncertainty measure as valid if its value mono-
tonically decreases as a sample approaches the global optimum of the training objective.
This principle bridges loss optimization with predictive uncertainty, providing a new crite-
rion for evaluating uncertainty measures.

* Margin-aware predictive uncertainty (MPU). Guided by the optimization-consistency
principle, we propose a novel uncertainty measure, Margin-aware Predictive Uncertainty
(MPU), which is explicitly aligned with the UCE loss and captures the margin between the
dominant class evidence and the aggregated evidence of other classes.

» Experimental validation. Extensive experiments on OOD detection and misclassification
detection benchmarks demonstrate that aligning uncertainty estimation with optimization
objectives substantially improves predictive reliability.

2 RELATED WORKS

2.1 SUBJECTIVE LOGIC AND EVIDENTIAL DEEP LEARNING

The theoretical foundation of Evidential Deep Learning (EDL) is closely related to Dempster-Shafer
Theory (DST) (Dempster} [1968) and Subjective Logic (Jgsang|, 2016)), which extend conventional
probability theory by explicitly modeling uncertainty. A central concept in this framework is the
subjective opinion w = (b,u,a), where b = (by,...,bx) denotes the belief masses, u € [0,1]
represents the uncertainty mass, and a = (a1,...,ax) specifies the prior base-rate distribution.
These quantities satisfy Zle bj +u = 1and Zle a; = 1. Intuitively, b reflects direct evidence
for each class, u quantifies the lack of evidence, and a serves as an uninformative prior. Build-
ing upon this framework, for input , EDL (Sensoy et al.l [2018) maps the network parameterized
with ® to logits z, followed by a non-negative activation function o, to get the evidence value,
ie., e = o(z(x;©®)). Then, the corresponding Dirichlet parameters are defined as a« = e + 1,
with total strength S = ZkK 1 0. From these parameters, the belief and uncertainty masses can
be computed as b; = e;/S and v = K/S. To train the model, EDL minimizes the expected
emplrlcal risk under the Dirichlet distribution, using losses such as the Brier Score, Type II Max-
imum Likelihood loss, and the Expected Cross-entropy loss. A detailed derivation is provided in
Appendix [A] However, prior work has typically optimized EDL models using a single loss function
without formally establishing why that loss is particularly suitable. In this work, we focus on the ex-
pected cross-entropy over the Dirichlet distribution, commonly referred to as the Uncertainty-aware
Cross-Entropy (UCE) loss (Bilos et al., 2019; Sensoy et al., [2018}; |Charpentier et al., [2020; [2021)):
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where 9 (+) denotes the digamma function and B(-) is the multivariate Beta function. We will show
that optimization under this loss exhibits properties: the learned model parameters naturally align
with the maximum-margin solutions of classical multi-class Support Vector Machines (SVMs). This
reveals a principled link between EDL and the well-established theory of max-margin learning.

2.2 UNCERTAINTY MEASURES WITH DIRICHLET DISTRIBUTIONS

In EDL, uncertainty is quantified by exploiting the probabilistic properties of the Dirichlet distribu-
tion. Several uncertainty measures have been proposed in previous works, each capturing different
aspects of predictive reliability. First, the Vacuity of Evidence (VoE), defined as u = K/S with
S = Zjil «;, originates from Subjective Logic (Jgsang, 2016). It measures the overall lack of
evidence in favor of any class, directly reflecting the ignorance of the model with respect to the pre-
diction. Second, the Differential Entropy (DE) of the Dirichlet distribution, ENT(Dir (p | ¢)), is
adopted from information theory as a global measure of the dispersion of the predictive distribution,
with higher entropy indicating greater uncertainty. Third, Mutual Information (MI), I(y, p), is
adapted from Bayesian Model Averaging (Malinin & Gales| 2018} |Gal et al., [2016) to isolate epis-
temic uncertainty from total predictive uncertainty, quantifying how much knowledge of the model
parameters reduces uncertainty in predictions. A detailed derivation of these measures is provided
in Appendix [B] Despite the availability of various measures, prior work has not established which
is most effective. In this paper, we analyze and compare them from an optimization perspective for
EDL models trained with the UCE loss.

3 PRELIMINARY

3.1 NOTATIONS

Following Juergens et al.|(2024), we decompose the overall parameter set of the model, ©, into the
last-layer linear classifier W := {w, ..., wx} € RE*? and the parameters of the feature embed-
ding function W that maps input x into d-dimensional latent feature. The evidence for each class is
defined as ey (z; ©) = exp(z;) = exp{w, ¥(x)}, where wy, denotes the classifier vector associ-
ated with class k. The exponential function exp(+) serves as a non-negative activation, ensuring that
the predicted evidence remains positive.

3.2 CRAMMER AND SINGER K-CLASS SVM

In the following, we will analyze the relationship between EDL and a classical multi-class support
vector machine (SVM), namely the Crammer and Singer (C&S) K-class SVM. To this end, we first
recall the primal formulation of this SVM and present the form of its optimal solution.

Definition 1. The primal optimization problem for the Crammer and Singer multi-class SVM
(Crammer & Singer, 2001) is defined as

B K N
. T
min - w,; Ww; ;
wg 2 ; 7 +;5l

2

stow, T —w, T+ 0y, >1-&, Vie[l,N], j#uy,

where 8 > 0 is the regularization constant, IV is the number of training samples, &; > 0 are slack
variables, y; € [K] denotes the ground-truth label of sample ;, ¢ is the Kronecker delta function
0p,q = 1if p = gelse 0 otherwise. A sample lies correctly outside the margin if {; = 0, while §; > 0
indicates either a margin violation or a misclassified sample. By considering the corresponding dual
problem and applying the Karush—-Kuhn-Tucker (KKT) conditions (Bertsekas}, [1997), the optimal
classifier vectors can be expressed as a weighted sum of the training samples

N
w; =BT By = M) 3)
i=1
where 7;; are the dual coefficients satisfying 7; 1,...,7;,x > 0 and ZK:1 7;,; = 1. A complete

derivation of the dual formulation and Eq. [3|is provided in Appendix The term (8, j — 7i,5)
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Figure 1: Visualization of predictive uncertainty (Vacuity of Evidence), optimized linear classifiers
W of EDL and C&S SVMs on a toy dataset in (a). We also trained a One-vs-Rest (OvR) SVM

(Scholkopf} [1997) on this dataset for comparison in (b).

acts as a sample contribution weight. Let’s analyze this contribution: For the correct class (5 = v;),
the weight is (1 — 7;,,). If sample «; is easily classified (i.e., not a support vector), 7; ,, — 1,
and its contribution w,, vanishes. This means easy samples do not define the classifier. For any
incorrect class (j # y;), the weightis (—n; ;). If n; ; > 0, it implies x; is a support vector that is on
or within the margin of class j. The term —; ;x; then acts to “push” the classifier w; away from
this incorrectly active sample. In essence, the optimal SVM classifier w; is constructed by “pulling”
towards challenging samples of its own class and “pushing” away from samples of other classes that
violate the margin. The magnitude of these pulls and pushes is determined by the dual variables 7;;,
which are non-zero only for the support vectors, where the most informative or uncertain samples
for defining the decision boundary.

4 MARGIN-AWARE PROPERTY OF EDL OPTIMIZED WITH UCE LOSS

In this section, we will show that the classifiers W obtained by minimizing the UCE loss takes a
form closely resembling the weight vector of a K-class SVM. This observation suggests that EDL
implicitly performs margin-based classification, thus providing a connection between probability-
based uncertainty estimation and the classical principle of maximum margin.

4.1 MOTIVATION: ALIGNMENT OF EDL CLASSIFIERS WITH SVM OPTIMAL SOLUTIONS

To analyze the relationship between C&S SVM classifiers and those learned by an EDL model (via
Eq.[I), we conducted a simple experiment. We assumed fixed, Gaussian-distributed features—an
approach that enables direct comparison with SVMs. Importantly, these results are largely indepen-
dent of the specific distribution, as the classifiers are mainly determined by support vectors. Further
visualizations with different distributions are available in Appendix [E}

In Fig. [T] we conduct experiments on a toy dataset consisting of three Gaussian-distributed clusters
with an isotropic standard deviation of 0.3. We assume that the EDL model’s mapping ¥ is the
identity function. This allows us to focus solely on the properties of the loss function with respect to
the classifier weight vectors W. Green arrows represent the classifiers learned by the EDL model,
while red arrows indicate the directions of the SVM classifier vectors. Black dotted lines correspond
to the separating hyperplanes learned by the SVMs. We can make three main conclusions:

1. In Fig.[Ta] the EDL classifiers closely align with the C&S SVM classifiers, suggesting an
implicit margin-aware separation in the EDL optimization with UCE loss.

2. In contrast, when comparing EDL with the classical one-vs-rest (OVR) SVM
1997) as shown in Fig.[Tb] the alignment is less tight. While EDL and OVR classifiers share
similar overall behavior in this problem, the final OvR solution W is not as closely aligned
with the EDL classifier as C&S SVM is, highlighting that the tight alignment is specific to
the C&S multi-class formulation.
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3. By visualizing the uncertainty adopted in EDL (Sensoy et all 2018) (i.e., the vacuity of
evidence u = K/S), we find that regions of high uncertainty correspond to the intersection
of the negative half-spaces defined by the decision hyperplanes, as shown in Fig. [Ia]

These observations are heuristic, motivating us to explore a potential implicit connection between
EDL and the C&S SVM, with the aim of gaining a deeper understanding of the underlying mecha-
nism of EDL. In the following, we analyze the relationship between the optimization objectives of
EDL and those of the C&S SVM, as well as their respective optimal solutions.

4.2 THE MARGIN-AWARE PROPERTY OF EVIDENTIAL DEEP LEARNING LOSS

Based on our previous observations, we first demonstrate that the UCE loss in Eq. [I] satisfies a
margin-aware property by explicitly optimizing a margin between the logits for the ground-truth
class and those of the incorrect classes.

Theorem 1. The Margin-Aware Property of UCE Loss. For an input sample « with a correspond-
ing ground-truth label y, the UCE loss Lycg can be lower-bounded in the following form:

Lucg (z,y, W, ¥) > ¢ Z (w, ¥(x) —w, ¥(x)) | = (b( - M(z,y; W, ‘P)), (4)

J#y
where ¢(t) = log(1+ (K — 1)min (1,exp (t))). Let z; = w/ ®(x) for simplicity. The
inequality achieves equality when z; = =z for all j,j' # y, and M (z,y; W, ¥) =

D ity (w;— U(x) — w;r\Il(w)) The full derivation of the margin-aware lower bound is provided
in Appendix Since ¢(t) is an increasing function with respect to ¢, minimizing the UCE loss
is equivalent to maximizing the margin-like quantity (KX — 1)z, — jy %i» Which contrasts the
ground-truth class output z, simultaneously to all the other outputs z; for all j # y. Thus, we call
Eq. f| a margin-aware property. Maximizing Mz, y) encourages z, to be positive and relatively
large, while driving each z; (j # ) to be negative and relatively small.

Proposition 1. On the Analogy between EDL Gradient Dynamics and the SVM Dual Solution.
The optimization dynamics of Evidential Deep Learning (EDL) classifiers reveal a striking parallel
to the structure of the C&S SVM’s optimal dual solution (Eq.[3). This suggests that EDL’s learning
process inherently mimics the margin-maximizing mechanism of SVMs. To demonstrate this, we
analyze the gradient of the UCE loss with respect to a classifier weight vector w;. Assuming the
Dirichlet strength for the correct class is large (¢, > 1), a condition typically met by using an
exponential activation, the gradient contribution from each sample can be approximated as:

N
vaLUCE(Wa ‘I’) ~ Z ((51“7]‘ — bij)\Il(a:i), where bij = %:1 (5)
i=1

A complete derivation process is in Appendix Here, b;; is the belief mass assigned to class j
for sample ¢, and W(x;) is the sample’s feature embedding. The analogy becomes clear when we
compare the core components:

* SVM Optimal Solution (Eq. [3): w; oc 3=,(6y, ; — mi,5)x:
* UCE Loss Gradient Update (Eq.: Awj o< =V, LY (0y, 5 — bij)¥(x;)

The belief mass b;; in the EDL gradient plays a role directly analogous to the dual coefficient 7;;
in the SVM solution. Both quantify a sample’s relationship to each class. Let’s examine the update
term (J,, ; — b;;): For the correct class (j = y;), the term is (1 — b; ,,), where lower belief
b; y, means higher uncertainty about the ground truth label. Since the gradient update is small for
confident samples (b; ,, — 1), the learning process naturally focuses on samples where the model
remains uncertain. For any incorrect class (j # y;), the term is (—b; ;). This is the negative belief in
that wrong class. If the model incorrectly assigns high belief to class j (b;; > 0), this term generates
a strong gradient to “push” w; away from the sample’s embedding ¥(x;). This mechanism is
a dynamic equivalent to the SVM’s optimal solution, where C&S SVM identifies a fixed set of
support vectors (7;; > 0) to define the boundary, and EDL’s gradient descent continuously uses the
belief masses (b;;) to achieve a similar outcome. Samples with high uncertainty (low b; ,,) or high



Published as a conference paper at ICLR 2026

EDL Cross Entropy Loss (Luct) Differential Entropy

Feature Dimension 2
&
&
e
2 2 8 & & 2 g 2
2 % 2 %5 8 5 &% g
g
Loss Value
Feature Dimension 2
, -

0.00

—6 —4 -2 0 . 2 1 6 i*(! -4 -2 0 2 4 6

Figure 2: The desired alignment between the loss landscape and predictive uncertainty. The figure
compares the UCE Loss landscape (left) with the predictive differential entropy (right). As a sample
moves from an ambiguous region (cyan square at the origin) towards an ideal region for the target
class wq (orange triangle), both its loss and uncertainty should systematically decrease.

conflict (high b; ; for j # y;) act as “dynamic support vectors”, exerting the strongest influence on
the classifier updates. This demonstrates that EDL’s optimization process is inherently structured to
promote large margin separation, akin to a multi-class C&S SVM.

4.3  OPTIMIZATION-CONSISTENCY PROPERTY OF UNCERTAINTY MEASURE

In the previous subsection, we established that minimizing the UCE loss in EDL implicitly aligns
the learned classifier with the maximum-margin solution of SVMs. This raises a natural question:
which uncertainty measures are compatible with such an optimization process? While many uncer-
tainty measures have been proposed in prior works (e.g., vacuity of evidence, differential entropy
and mutual information), not all of them necessarily reflect the progress of the optimization dynam-
ics. Intuitively, an appropriate uncertainty measure should achieve its minimum value on a sample
exactly when this sample aligns with the optimal solution of the underlying loss function curve.
Otherwise, the measure may contradict the training objective and thus misrepresent predictive relia-
bility. To formalize this requirement, we introduce the principle of Optimization-Consistency, which
characterizes uncertainty measures whose values monotonically decrease as the optimization drives
a sample toward the global optimum of the UCE loss.

Theorem 2. Optimization-Consistency Property of Uncertainty. Let u(x; W, ¥) be an uncer-
tainty measure induced by the network parameters set {W,®}. We say that u is optimization-
consistent with respect to the UCE loss if, for any pair of training sample (x,y) and («’,y’), the
following implication holds:

ACUCE (:Bay,Wa‘I’) S ‘CUCE (:BlayI7W7‘II) - u(a:,W,\Il) S u(;pl7W7\Il) (6)

In other words, as the optimization dynamics drive the sample closer to the global optimum of the
objective loss, its predictive uncertainty should monotonically decrease. One can envision the loss
function as a surface, where individual samples map to distinct points on this surface. A meaningful
uncertainty measure should yield lower values as samples are closer to the valley, i.e., the optimal
point of the loss surface.

Let’s further explore whether existing EDL-related loss functions are characterized by this
Optimization-Consistency property. Intuitively, we discover that the Vacuity of Evidence, defined
asu(x; W, W) = K/ Zszl exp(w;r\Il (x) + 1), does not fulfill this property. A counter-example
demonstrates this clearly. Suppose we have K = 3 classes. For samples & and x’, both la-
beled as y = y' = 1, assuming their predicted Dirichlet distributions are « = (10,1,1) and
o’ = (10,10,1), respectively. It is clear that the first sample has a lower loss value. However,
according to the definition of Vacuity of Evidence, the second sample &’ appears to have lower un-
certainty as 3/(10+141) > 3/(10+10+1). Hence, we conclude that the Vacuity of Evidence fails
to meet the Optimization-Consistency property. We further discover that the Differential Entropy,
defined as in Eq.[7] satisfies the above-mentioned property.
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Proposition 2. Optimization-Consistency of Differential Entropy. Let ENT(Dir(p | ¢)) denote
the differential entropy of the Dirichlet distribution parameterized by « as

ENT(Dir(p | o)) = —/ s Dir(p | &) log Dir(p | @) dp
’ K ™
=log B(a) + (S — K)¢(S) = Y _(a; — Dib(y).
j=1

Then the differential entropy uncertainty measure is optimization-consistent with the UCE loss (The-
orem 2). That is, for any two training samples (x, y) and (2, y’), we have
Luce(z,y, W, ¥) < Lyce(z',y',W,¥) = ENT(Dir(p | a(z))) < ENT(Dir(p | a('))).
(8)
Complete proof can be in Appendix [C.4] It should be noted that the above equation is one-sided
only: while reducing the UCE loss reliably decreases entropy, entropy by itself is insufficient to de-
termine the relative ordering of UCE loss across samples. To provide a more intuitive perspective on
this concept, we conduct an experiment on a three-class toy dataset. As demonstrated in Fig. 2] we
chart the loss contour of UCE and the corresponding differential entropy contour. Notably, points
located closer to the global optimum location of the loss function (depicted by the orange triangle)
exhibit a lesser uncertainty value compared to those positioned farther away from the global opti-
mum (indicated by the cyan square). This observation underscores our assertion that the differential
entropy measure displays optimization consistency with respect to the UCE loss.

4.4 MARGIN-AWARE PREDICTIVE UNCERTAINTY

Inspired by the margin-aware property of UCE loss and the Optimization-Consistency Principle, we
propose a specially designed uncertainty specifically for UCE loss, which we refer to as Margin-
Aware Predictive Uncertainty (MPU).

Proposition 3. The Margin-Aware Predictive Uncertainty (MPU) is an uncertainty measure
inspired by the optimization-consistency principle and the margin-aware property of the UCE loss.
We define the MPU by the margin of the Dirichlet parameters o as

MPU(a) = (K — 1)ag — >, )
J#Y
where ¢ denotes the predicted class label corresponding to the highest probability in the model’s
output. Intuitively, this formulation measures the margin between the evidence for the predicted
class and all other classes. Therefore, a higher MPU score signifies greater predictive certainty.

Characteristics and Advantages of MPU. To illustrate the characteristics and advantages of MPU
over conventional uncertainty metrics, we provide a comparative analysis in Fig. [3] From left to
right, the predictive distribution becomes more concentrated on the ground-truth class. According
to the optimization consistency principle, the measured uncertainty should monotonically decrease.
However, we observe the following behaviors from the conventional metrics: (1) VoE and MI re-
main stagnant, failing to reflect the increasing certainty. (2) DE shows a moderate decrease, but its
negative value is less intuitive. (3) MPU increases significantly from 4 to 28, providing a sensitive
and interpretable measure of confidence. Therefore, the MPU possesses several distinct advantages:

¢ Intuitive and Interpretable: MPU is more interpretable than Differential Entropy (DE).
DE values are non-positive and lack an intuitive scale, making the practical difference
between values like -1.9 and -2.9 unclear. In contrast, MPU starts at O for maximum uncer-
tainty and increases with predictive confidence, offering a direct and monotonic measure.

* Sensitivity: Unlike MI, which remains stagnant, or DE, which shows only moderate vari-
ation, MPU is highly sensitive to the concentration of a probability distribution. This is
evidenced by its dramatic increase from 4 to 28 as model confidence grows, proving its
superior capacity for discriminating between confidence levels.

* Versatility: VoE is limited to OOD detection, as it only captures uncertainty from evidence
absence while ignoring the evidential distribution for a fixed total Dirichlet strength (.5). In
contrast, MPU is more versatile. It measures uncertainty from both insufficient evidence
(for OOD detection) and conflicting class evidence (e.g., when top predictions are close),
making it effective for misclassification detection as well.
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Figure 3: Illustration of MPU’s advantages over conventional uncertainty metrics Vacuity of Evi-
dence (VoE), Differential Entropy (DE) and Mutual Information (MI).

5 EXPERIMENTS

In this section, we empirically validate our theoretical findings regarding the role of optimization-
consistency principle in uncertainty estimation. Specifically, we perform experiments on CIFAR-10
and CIFAR-100, with out-of-distribution (OOD) detection and misclassification detection tasks.

Table 1: Summary of EDL-related methods, highlighting their loss functions, activation functions,
post-hoc regularization on the predictive Dirichlet distribution, and additional training techniques.

Method | Loss Function | Activation Function o | Post-Hoc Regularization | Additional Techniques

EDL Brier Score Softplus KL Divergence -

RED T2ML Exp KL Divergence Evidence Regularization
Z-EDL Brier Score Softplus KL Divergence Fisher Information Regularization
R-EDL Brier Score Softplus KL Divergence Adjust Prior

Re-EDL | Brier Score Softplus - Adjust Prior

PostN UCE Exp Entropy Regularization Multiple Normalization Flow
NatPN UCE Exp Entropy Regularization Normalization Flow

Our UCE Exp - -

5.1 EXPERIMENTAL IMPLEMENTATION

Baseline Methods. We benchmark our approach against two sets of baselines: 1) Evidential meth-
ods, including EDL, PostN, NatPN, and recent EDL variants (RED, Z-EDL, R-EDL, Re-EDL); and
2) Classical uncertainty methods, like MC Dropout and DUQ. Following their original designs, we
use Vacuity of Evidence (VoE, defined as K/.S) as the uncertainty measure for EDL and its variants,
and Dirichlet strength (S) for PostN and NatPN. Table[I| provides a summary of these baselines.

Implementation Details. We conduct experiments on the CIFAR-10/100 datasets, using SVHN
(Netzer et al.,|2011), GTSRB (Stallkamp et al., 2012), Places365 (Zhou et al., 2017), and Food101
(Bossard et al., |2014) as OOD datasets. Following [Chen et al.| (2025), we employ VGG16 as the
backbone network. Models are trained for 200 epochs using SGD optimizer with an initial learning
rate of 0.1, decayed by a cosine scheduler. Notably, our training objective relies solely on the UCE
loss and does not involve any post-hoc regularization terms, such as KL regularization, to constrain
the predicted Dirichlet parameters or suppress misleading evidence. Performance on OOD and
misclassification detection is evaluated using the area under the precision-recall curv (AUPR).

5.2 EXPERIMENTAL RESULTS ANALYSIS

MPU as the Best Companion for UCE Loss. In Table |2} we compare UCE loss combined with
four different uncertainty measures: MPU (Margin-aware Predictive Uncertainty), DE (Differential
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Table 2: Performance comparison evaluated by classification accuracy and AUPR scores for OOD
detection and misclassification detection on CIFAR-10. — X indicates using X as OOD data. Re-
sults are averaged over 5 runs, with mean and standard deviation reported. The bold numbers indi-
cate the best performance, while the underlined numbers represent the second-best method.

Method ‘ —SVHN —CIFAR100 —GTSRB  —Places365 —Food101 ‘ Cls Acc Mis Detect
MC Dropout 78.404+3.88  85.394+0.58  83.514+2.32 67.63+2.34  76.07+2.58 | 90.16+0.23  98.8640.06
EDL 82.32+1.21  87.13£0.26  84.57+£1.26 70.46+0.77 80.184+0.69 | 88.484+0.32 98.7440.07
DUQ 81.44+4.63  85.38+£0.37 83.35+4.30 66.20+£3.61 75.87+4.40 | 89.394+0.13 97.98+0.34
PostN 83.76+0.46  87.07£0.94 84.83+1.67 71.794£2.36 78.831+2.53 | 87.824+0.06 97.46-£0.06
NatPN 83.56+0.38  88.05+£0.75 84.76£2.03 71.14+2.06 79.44+2.63 | 87.73+0.09 97.5340.05
RED 82.85+2.35 87.84+0.54  85.304+3.31 70.784+2.33  79.91+1.92 | 89.43+0.28 98.82+0.09
Z-EDL 84.97+2.11 86.31£0.32 84.79+£2.13 68.92+1.21 77.75+0.27 | 88.384+0.15 98.7140.11
R-EDL 85.00£1.22  87.73£0.31  87.25£0.69 71.974+0.69  79.64+2.36 | 90.09+0.31 98.98+0.05
Re-EDL 89.94+1.40 88.31+£0.16 90.53+2.04 73.42+1.05 80.83+1.72 | 90.13+0.25 98.81£0.05
Our /w VoE 48.96+8.96  66.45+1.73  69.644+2.18 43.21+3.00 45.65+2.26 96.634+0.32
Our /w MI 84.284+2.60 86.73£0.40 86.35+£2.53 68.61+1.93 76.81+1.58 99.0940.08
Our /w DE 87.32+1.20 88.11+0.34  87.304+2.40 70.91+1.58 78.64+1.40 | 93.35+0.25 99.31+0.06
Our /w MPU 87.36+0.91  88.92+0.31 88.71+1.85 72.82+1.24 79.79+1.35 99.41+0.04
A (MPU vs VoE) +38.40 +22.47 +19.06 +29.69 +34.14 +2.78

Table 3: Comparison of uncertainty measures for OOD and misclassification detection on CIFAR-
100, evaluated by AUPR and classification accuracy. PostN' indicates that the pre-trained feature
encoder is frozen and only the density estimator is trained follow [Kirichenko et al.| (2020).

Method CIFAR100—SVHN CIFAR100—GTSRB
MPU DE MI VoE MPU DE MI VoE
EDL 65.02+£7.82  65.63£7.92  65.70£7.93  65.71£7.93 | 69.42+4.41  69.58+4.62  69.60+4.64  69.60+4.64

Z-EDL | 40.72+15.22 45.10+18.72  42.71+16.18 42.26+15.72 | 58.424+15.26 53.00+11.76  51.50+10.72 51.294+10.57
R-EDL 64.914£5.76  6535+5.86  65.69+£590  65.74+£586 | 73.61£559  73.83£558  73.98+5.54  73.98+5.51
Re-EDL | 65.20+6.03  65.97+6.04  66.08£6.03  66.09+6.03 | 72.97+4.20  73.14+4.41 73.15+4.43  73.15+4.44
PostN 58.62£6.03  58.62+£5.94  26.84+4.13  26.84+541 | 54.49+£8.13  56.28£7.65  36.58+£4.69  53.81+6.88
PostN* 45.8442.58  49.254+1.41  25.724+1.44  45.124+1.54 | 71.36+1.77  69.69+1.74  50.71+1.61  71.65+1.86

Our 60.46:£6.85  57.76+£8.32  54.41+848  49.74+6.53 | 76.06:1.69 71.73£4.76 61924491  56.05+3.38
Method CIFAR100—Places365 CIFAR100—Food101

etho MPU DE MI VoE MPU DE MI VoE
EDL 45454147 45524152 45524152 45524152 | 68.54:+£2.19  68.8742.46  68.89+251  68.89+2.51

Z-EDL | 31.16+10.22  28.34£7.25  26.7745.62  26.53+5.37 | 46.95£19.68 42.06+14.68 38.90+11.42 38.40£10.9
R-EDL 45.66+1.43  4570+1.44  45.71£1.46  45.71+£1.46 | 70.15+0.83  70.544+0.82  70.76+0.78  70.77+0.76
Re-EDL | 43.88+2.10  43.92+2.13  43.91+2.14  43.91+2.14 | 69.99+£1.30  70.46+1.46  70.50+1.48  70.50+1.48
PostN 31.88+3.40  33.04+£4.54  18.05£3.12  31.64+3.79 | 47.55£598  50.19+7.84  22.79+4.45  46.85+5.82
PostN' 38.41+1.23  39.524+1.29 19.96+1.14  38.01£1.54 | 56.33+£1.90  56.87+1.81 26.09£1.00  55.724+1.73

Our 49.62+1.05  4501+£1.40 33274091  27.8340.37 | 68342089  66.75+£2.03  55.404+2.18 44724127
Method CIFAR100—CIFAR10 CIFAR-100 Mis Detect

etho MPU DE MI VoE MPU DE MI VoE
EDL 72754102 72704110 72.67£1.12  72.67+1.12 | 91.054029  90.56+032  90.48+0.33  90.4740.33

Z-EDL | 60.29+11.01  57.01£8.08  55.544+6.58  55.2946.33 | 60.29+11.01  57.01£8.08  55.54£6.58  55.29+6.33
R-EDL 73.16£0.78  73.11£0.78  73.00+£0.80  72.95+0.81 | 90.58+£0.29  90.18+£0.32  89.90+0.33  89.83+0.33
Re-EDL | 71.69+£1.49  71.55+£1.63  71.52+1.65  71.51+1.65 | 90.92+0.26  90.36+0.29  90.26+0.29  90.264+0.29
PostN 59.89+5.42  62.15£7.55  41.76£6.56  59.06+£7.92 | 79.75£5.34  81.06+5.12  44.16+4.56  78.45+1.53
PostN' 68.07£1.87  68.27£1.45  44.87£1.65 67.40£1.42 | 88.57+1.58  89.27£1.53  61.94£1.25  87.87£1.15
Our 76.05+0.49  74.55+0.48  65.77+0.88  58.72+1.35 | 94.34+£0.25  90.34+0.90  80.71+1.11  76.41+1.13

Entropy), MI (Mutual Information), and VoE (Vacuity of Evidence) on CIFAR-10 OOD detection
and misclassification detection tasks. Several key observations emerge from this comparison.

(1) The combination of VoE with UCE loss and an exponential activation performs the worst overall,
as it violates the previously discussed optimization-consistency principle. This finding corroborates
the known overconfidence issue of UCE reported in EDL, which explains why subsequent EDL
related studies have avoided this combination.

(2) MPU achieves the best performance when combined with UCE loss, consistently outperforming
the other uncertainty measures. Among the alternatives, Differential Entropy, which also satisfies
optimization consistency, provides the second-best results. This supports our claim that the effec-
tiveness of an uncertainty measure critically depends on its consistency with the loss function.
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Figure 4: t-SNE visualization of feature distributions for ID (CIFAR-10) and OOD (SVHN) samples,
along with their predicted uncertainties under different measures.

(3) While not always top-ranked for OOD detection, UCE+MPU is highly competitive, often achiev-
ing second-best performance. For in-distribution tasks, UCE with exponential activation delivers the
highest accuracy, while MPU excels at misclassification detection. Notably, simply replacing VoE
with MPU as the uncertainty measure boosts AUPR scores by 38.40, 22.47, 19.06, 26.69, and 34.14
across OOD datasets.

UCE+MPU Becomes More Effective with Increasing Number of Classes. We further bench-
marked several state-of-the-art EDL methods on CIFAR-100. As shown in Table 3] we evaluated
different methods combined with various uncertainty measures on both OOD detection and misclas-
sification detection. Our results show that UCE+MPU consistently achieves the best performance
on certain OOD datasets, including GTSRB, Places365, and CIFAR-10. In addition, MPU delivers
the strongest results in misclassification detection on CIFAR-100, underscoring its effectiveness in
more challenging, large-class classification scenarios.

Uncertainty Ranking Exists Only within UCE Loss. A consistent ranking of uncertainty measures
exists when training with UCE loss: MPU > DE > MI > VoE. This ordering does not hold for other
methods based on the Brier score loss (e.g. Z-EDL, R-EDL, and Re-EDL). Therefore, previous
works typically report the performance of their methods across all uncertainty measures, but they
cannot determine which uncertainty measure is optimal for their models.

Visual Comparison of Uncertainty Measures. To further understand the behavior of different un-
certainty measures, we visualize the 2D feature distributions of ID and OOD samples using t-SNE,
along with their predicted uncertainties from a model trained with UCE loss. As shown in Fig. 4]
MPU assigns higher uncertainty to OOD and misclassified samples, with a clearer separation com-
pared to other measures. Among them, Differential Entropy, which satisfies the optimization con-
sistency property, performs well, while Mutual Information and Vacuity of Evidence show smaller
uncertainty differences between ID and OOD samples. This visualization further highlights MPU’s
effectiveness in enhancing discernibility, particularly for OOD and misclassified instances.

6 CONCLUSION

Summary. In this work, we revisited the reliability of uncertainty measures in evidential deep
learning (EDL) from an optimization perspective. We argued that a desirable uncertainty measure
should be consistent with the model’s optimization dynamics, i.e., samples closer to the global
optimum should naturally exhibit lower uncertainty. Based on this principle, we proposed a new
uncertainty measure tailored for UCE loss and demonstrated its effectiveness through extensive
experiments. Our findings highlight the fundamental link between uncertainty quantification and
optimization, suggesting that designing uncertainty measures with optimization consistency in mind
can serve as a promising direction for future research in EDL and beyond.

Deficiencies and Future directions. Although our method yields strong results, it has notable limi-
tations. On datasets with fewer classes (e.g., CIFAR-10), it underperforms Re-EDL trained with the
Brier score, indicating that the UCE loss may not be universally optimal. This motivates exploring
alternative losses such as the Brier score and examining how different losses and regularization terms
(e.g., entropy minimization, KL divergence) jointly affect optimization and uncertainty estimation.
Both theoretical and empirical studies in these directions are valuable avenues for future work.
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THE USE OF LARGE LANGUAGE MODELS (LLMS)

We acknowledge the use of a Large Language Model (LLM) as a general-purpose writing assistant in
preparing this manuscript. Its role was confined to improving grammar and language, and rephrasing
sentences for clarity. All content was authored, and all LLM suggestions were critically reviewed
and approved, by the human authors, who retain full responsibility for the final manuscript.

A DERIVATION OF THE OBJECTIVE FUNCTIONS

We present step-by-step analytical derivations of the UCE loss, the Brier score loss, and the Type-II
maximum-likelihood loss. The derivation of the Brier score loss follows directly from the EDL (Sen-
soy et al., [2018)), while the derivations of the UCE loss and the Type-II maximum-likelihood loss
are original to this work and are provided in full detail.

A.1 DERIVATION OF UNCERTAINTY-AWARE CROSS ENTROPY (UCE) LOSS

Consider a K-class classification problem, where the model predicts a Dirichlet distribution
Dir(p; | ;) over the categorical probabilities p; = (p;1,...,pix) € AK~L with parameters
a; = (1, ..., a;x). The Uncertainty-aware Cross-Entropy (UCE) loss is defined as the expected
cross-entropy loss under the Dirichlet distribution:

K
Luce(®) = / - Zyij log(pi;) | Dir(p; | o) dps, (10

p,eAK-1 j=1

where y; is the one-hot label vector and the Dirichlet pdf is

K
Dir(p; | o) = @i~ Blay) = @i~ i, 11
1r(p |a ) B(ozl) szj ) (a ) /AK—l jE[pzj D ( )

is the multivariate Beta function. Differentiating B(«) with respect to «;, and exchanging the order
of differentiation and integration yields

K
0B (a o
a( ) :/ p’ " log pi dp. (12)
(875 AK-1 i=1
Dividing both sides by B(«), we obtain
1 JB(«a)
E 1 = 1 -D = — . 1

p~D(er)[108(P1)] /NH ogpi - Dip | a)dp = mros =5 (13)

Comparing Eq.[13] with Eq.[12] we have
IEpND(oz) [logpk] = Q/J(Qk) - 1/’(5) (14)

Finally, the loss can be written as the Dirichlet expectation of the negative log-likelihood:

K
Lyce(®) = — Z Yij Ep~D(ay)log pijl; (15)

j=1

which, upon substitution of the above identity, gives

K K
Lyce(®) = — ZUU (V(evij) — (S;)) = Zyu (¥(Si) — ¥(aiy)). (16)
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A.2 BRIER SCORE

The Brier Score loss takes the expected squares error loss between sampled probability p and label
y as follows:

K

Lgrier(®) = / ly: — HQB Hpa’j_ldpi

picAK-1

K K
= E [y} — 2yp5 + 03] = Y, (u5 — 2ui5Elpis] + E[p})])
Jj=1 j=1

Using the identity E[p7;] = E[p;;]* + Var(p;;), we get:

K
EBrier(@) = ((ylj - E[plj])2 + Var(pl]))
j=1
K
Si — auj)
_ o — ;i /S:)? 0‘23(723 17
— (yj a]/ ) S,?(S»L‘i’l) ( )
J= LSJTT N————
cyer
K

Pii (1 — piy)
Z < Yij — ng + S, +1 ) .

LT is the bias term, which measures the squared difference between the predicted mean probability
D;; and the true label y;;, reflecting the accuracy of the prediction. LY¢" is the variance term,
which captures the uncertainty of the prediction arising from the Dirichlet distribution over class
probabilities, reflecting the model’s confidence. Thus, the Brier Score loss naturally decomposes
into an error term and an uncertainty term, providing a unified way to jointly account for prediction
accuracy and epistemic uncertainty in evidential deep learning.

A.3 TyYPE Il MAXIMUM LIKELIHOOD LOSS

The Type II Maximum Likelihood (T2ML) loss, also known as the marginal likelihood loss, is
derived by maximizing the likelihood of the observed labels y; under the predictive Dirichlet distri-
bution parameterized by ;. Intuitively, it encourages the model to assign higher Dirichlet concen-
tration to the correct class, while naturally accounting for the uncertainty encoded in the distribution
over class probabilities. Formally, the loss is defined as

»CTZML( —log / pr”‘

Ignoring the sample index ¢ for simplicity, consider

()/7j—1

K
dp; :Zyij(IOgSi_IOgaij)7 (18)

/ K 1 K
Y a;—1
12 ==1Ir""" dp (19)
peEAK—1 =1 B(O{) =1
Since the integrand is proportional to a Dirichlet density with parameters o + y, we can rewrite
K
1 yi+aj—1 B(a+1y)
— FU T dp = ———>-. 20
[ | R 20

Thus, the loss can be expressed as

B(a+y).

£T2ML(®) = — log B(a)

2L
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Expanding the Beta functions in terms of Gamma functions gives

[T, Day) T Day + ;)
B —-J= 77 B —-y= 7  JI7 22
(@) == Blety T(S+1) 22)
Because y is one-hot, if y,, = 1 for the true class k and y; = 0 for j # k, we have
Bla+y) B P(ag + 1) . I'(S) 23)
B(a) I(ag) S +1)
Using the Gamma identity I'(z + 1) = 2 T'(z), this simplifies to
Bla+y) ac
—_— 2 = 24
B(a) S @4
Therefore,
Lo, (©) = log ? =log S — log ay. (25)
Finally, reinstating the one-hot form of y, we can write
Lrow(©) = Z yij (log S; — log a;;) = log S; — log v, (26)

which completes the proof.

B DERIVATION OF THE UNCERTAINTY MEASURE

In this section, we provide detailed derivations of the uncertainty measures used in our work, includ-
ing mutual information, differential entropy, and vacuity of evidence. These measures constitute
fundamental background concepts, and their formulations have been summarized in prior works
such as PriorNet (Malinin & Gales|, 2018), EDL (Sensoy et al., [2018) and R-EDL (Chen et al.,
2023b). We include them here for completeness and to maintain a self-contained presentation.

Mutual Information. A fundamental identity in information theory is that the Shannon entropy of
a random variable X can be additively decomposed into the mutual information between X and Y,
and the conditional entropy of X given Y (Ashl 2012):

H(X) =1(X;Y) +H(X | Y) 27)

Follow this idea, Malinin & Gales| (2018)) propose a method to explicitly model and decompose
predictive total uncertainty into two components: data uncertainty (aleatoric uncertainty) and dis-
tributional uncertainty (epistemic uncertainty). The total uncertainty in the prediction is measured
by the Shannon entropy of the expected categorical distribution conditioned

K
H [p(y[p)] = Ep~pir(a[p(y | P)] Z Zlog L, (28)

Aleatoric uncertainty (or data uncertainty) corresponds to the expected entropy of the categorical
distributions sampled from the Dirichlet prior, commonly referred to as the conditional entropy

Eppir(er) [H[p(y | )] ij log p;

K
=Y L (Wlay+1) — (S +1) (29)

Jj=1

K
Y(S+1)— Z

(o +1)

to\Q
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where v (-) is the digamma function. For epistemic uncertainty, it is measured by the mutual infor-
mation between predictions and the Dirichlet parameters as

I(y, p) = H [Ep~pic(a) [P(¥|P)] — Ep~piria) [Hp(y | P)]]- (30)
This mutual information quantifies how much of the total uncertainty arises from uncertainty in

the model parameters (i.e., distribution over categorical distributions), and thus reflects epistemic
uncertainty. It is defined as

Iy, p] ~ H [Ep-pir(a) [PW[P)] — Epbir(a) [HIp(y|P)]]
——

Epistemic Uncertainty Total Uncertainty Aleatoric Uncertainty
. Yy & . O‘J S
== gl +> 2 (Wla+1) = v(S+1) 31)
J=1 J=1
K
Z ( Wla; +1) + (S + 1))
Jj=1

Differential Entropy. Differential entropy is also a prevalent measure of epistemic uncertainty,
where a lower value indicates that the model yields a sharper distribution, and a higher value means
a more uniform Dirichlet distribution. It is defined as

ENT(DIr(p| a)) =~ [ Dir(p| a)logDic(p | ) dp. (32)
peEAK—1
The closed-form expression is given by
K
ENT(Dir(p | ) = log B(e) + (S — K)$(S) = Y _(a; — Dt(ay), (33)
j=1

Vacuity of Evidence. EDL (Sensoy et al., [2018)), RED (Pandey & Yul |2023), Z-EDL (Deng et al.}
2023), R-EDL (Chen et al.,[2023b), and H-EDL (Qu et al., | 2024)), which are grounded in Subjective
Logic (Jgsang, 2016) and Dempster-Shafer Theory (Dempster, [1968)), represent uncertainty using
evidence mass values. Subjective Logic (Jgsangl 2016) provides a principled framework for model-
ing predictive uncertainty by interpreting the output of a neural network as an opinion—a structured
representation of uncertainty over a discrete set of classes. Unlike conventional classifiers that output
categorical probabilities, EDL models produce non-negative evidence values e = [ey, ea,. .., x|
for each of the K classes. These evidence values parameterize a Dirichlet distribution Dir(cv),
where a; = e; + 1. In Subjective Logic, an opinion over a finite domain is characterized by three
components: the belief mass b;, the base rate a;, and the uncertainty mass u, satisfying:

K
bj +u-a; :E[pj}, and ij +u=1 (34)
j=1
where p; denotes the probability assigned to class j. These quantities relate to the Dirichlet param-
eters as follows: The belief mass by, is proportional to the evidence for class k:

K K
b = %k, whereS:Z(ej-i—l) :Zaj (35)
j=1 j=1
The base rate ay, is typically assumed to be uniform, i.e., a = 1/K. The uncertainty mass u is
defined as: K K
Zj:l @;

This uncertainty mass u is referred to as vacuity of evidence in EDL literature, and it quantifies the
degree of epistemic uncertainty due to a lack of evidence. When the total evidence is low (e.g., under
out-of-distribution or ambiguous inputs), S becomes small and u approaches 1, indicating that the
model abstains from committing belief to any specific class. Conversely, high total evidence yields
a low vacuity, reflecting confident predictions based on strong feature-based support. This opinion-
based interpretation highlights the epistemic nature of uncertainty in EDL and differentiates it from
aleatoric uncertainty captured by distributional spread in conventional probabilistic models.
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C PROOF OF THE MARGIN-BASED THEOREM AND PROPOSITION

C.1 DERIVATION OF OPTIMAL SOLUTION FOR C&S MULTI-CLASS SVM

Definition 1. The primal optimization problem for the Crammer and Singer multi-class SVM
(Crammer & Singer, 2001)) is defined as

1 XK N
min w,giﬁz:w;wj —|—Z§Z 37)
j=1 i=1
s.t. w;ml - w;-rwi +6y,;,>1-¢&, Vie[l,N],je[l,K]

where 5 > 0 is a regularization constant, and IV is the number of training samples. The N slack
variables ;¢ [n) quantify the degree of classification error. ¢ is the Kronecker delta function 6, , = 1
if p=gqelse 0 0therw1se For j = y;, the inequality constraints become &; > 0. For each sample x;,
&; measures the minimal adjustment needed for the model to satisfy the classification constraint. If a
data point lies outside the margin or is correctly classified, then &; = 0; otherwise, & > 0, indicating
that the sample is either misclassified or within the incorrect classification margin. By minimizing
the sum of these slack variables and weight norm, Crammer and Singer’s K-class SVM seeks a
balance between accurate classification and model complexity. The primal optimization problem
in Eq. [37| can be solved by applying the Karush-Kuhn-Tucker (KKT) theorem (Bertsekas| |1997),
which provides the necessary conditions for optimality in constrained optimization problems. By
introducing a set of dual variables 77 for the constraints, we construct the Lagrangian function and
derive the corresponding dual optimization problem:

maxmigﬁ(w,{,n) st. m; >0, Vie[l,N],jell, K] (38)
n w,
where
(wfn 7ﬂzw wg+Z§z+ZZn1j ’LU xz_w;—wz_éyi,j"’_l_gi] (39)
=1 j=1

We can solve for optimal w; as function of 7 by finding the saddle point by differentiating w; and
&;, we require

8& Z Mij =0 (40)

Then, we get Z(Ilil Miq = 1,Vi € [N]. Similarly, for w;, we require
or N N K
R DL LD DU <Z mzq) zi @
J i=1 i=1 q=1

N N
= anwi - Z(Sy“jmi + ﬁwj =0 42)
=1 =1

Finally, the optimal form of w; becomes:
-1 [Z Tijwi‘| 43)
i=1

where T; = y; — n; denotes the difference between the one-hot label distribution y; concentrating
on the ground-truth label and the distribution 7; obtained by the optimization problem. In Eq.
the optimal w; is expressed as a linear combination of x;¢ ), with weights given by 7;;. Since for
x;, the constraints 7, 1,...,7; k > 0 and 2511 n;,; = 1,Vi € [N] hold, the composition of w)
can be interpreted probabilistically. Specifically, x; is considered a support pattern if and only if
its corresponding distribution is not concentrated on the correct label y;. Therefore, the classifiers
w; for j € [K] are constructed using patterns whose distribution 7 deviate from the true label
information (i.e. whose labels are uncertain (Crammer & Singer, 2001)).
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C.2 DERIVATION OF MARGIN-AWARE PROPERTY OF EDL LOSS

Before proceeding with the proof, we first introduce Lemma 1.
Lemma 1. For any b > a > 0, it holds that ¢)(b) — ¢)(a) > log(b) — log(a).

Proof of Lemma 1. Define the auxiliary function h(x) = ¢ (z) — log(z) for z > 0. To prove the
claim, it suffices to show that h(b) > h(a) whenever b > a, which is equivalent to showing that
h(z) is a monotonically non-decreasing function. This can be verified by examining its derivative
K (x):

d 1
h(z) = — —1 = (z) — —. 44
() = - ((@) ~log(x)) = ¥/(x) - (44)
Here, ¢/ (x) is the trigamma function. A standard integral representation of the trigamma function
is
< tem 7t
"(z) = dt. 45
v = [ @s)

A well-known inequality for the exponential function is 1 — e~% < ¢ for all ¢ > 0. Since both sides
are positive for ¢ > 0, taking reciprocals reverses the inequality:

1 1
>

-. 46
1l—et 7t (46)
Substituting this bound into the integral for ¢)'(x) gives
o te— ot > 1 <1
Y (x) > / ¢ at— / e dt = {—e“} =, 47)
0 t 0 €T 0 T
Thus, ¢'(z) > %, which implies
!/ / 1
W(a) = ¥/(@) ~ + 2 0. @9)

Since its derivative is non-negative, the function h(z) is monotonically non-decreasing.

Let y denote the ground-truth label. Since S > «,, (as S contains o, plus other positive terms), it
follows that h(S) > h(a,). That s,

$(8) — log(S) = (ary) —log(ay). (49)
Rearranging this inequality yields the desired lower bound for the loss function:
S
Cuce(©) = ¥(5) - v(ay) > log(S)  Ioglay) = log ). 50)
y

Theorem 1. The Margin-Aware Property of UCE Loss. It can be shown that the UCE loss Lycg
can be lower-bounded in the following form:

J#y
where ¢(t) = log (1 + (KX — 1) min (1, exp (¢))), and the inequality achieves equality when z; =
zj forall j, j" # y, and M (z,y; W, ¥) =3, (w, ¥(x) — 'ij\Il(:c))
Proof of Theorem 1. First, we transform the expression into has a lower bound with the form

log(S) — log(cy,) with Lemma 1, which is lower-bounded by the logarithm of the ratio S/c,. Now,
let’s analyze the argument of the logarithm, ai

K
S Dm0y 0y 14 Dty O
Qy Qy Qy Qy

(52)

20



Published as a conference paper at ICLR 2026

So our lower bound becomes:
. Qi
Luce(©) > log (1 + Zﬂj’”) (53)
k

We adopt the exponential activation function, i.e., o(z) = exp(z) and a; = exp(z;) + 1. Then, the
ratio term becomes:

Zj;éy Qj Zj;éy(exp(zj) +1) (Zj;&y exp(z;)) + (K — 1)

= - 54
Qy exp(zy) +1 exp(zy) +1 (54

We can rewrite ., exp(z;) as
Z exp(z;) Z exp(( )+ 2y) = exp(zy Z exp(zj — 2y). (55)

J#y J#y J#y

For a convex function ¢ (here, ¢(x) = e*), we have the Jensen’s inequality that:

1 & 1 &
5;¢(xi) > ¢ <n§x> (56)

Applying this to our sum over the K — 1 non-target classes due to the convexity of exponential
function, we have

1
J#y J#y

Let’s define the M = 3., (zj — z,). The inequality becomes:

M
Zexp i —2zy) > (K —1)exp (K—l) (58)

Jj#k
Now, substitute Eq. 58| back into Eq.[55] we have

M
Z exp(z;) = exp(zy) Zexp(zj — zy) > exp(zy) (K — 1) exp (K—l) (59)
J#k J#y
Plugging this result back into Eq.[54] we have

S (S p(e)) + (K~ 1) _ ez (5 = Dexp () + (K — 1)
B +

> ep(z) 1 exp(z) )

1
exp(zy) exp (i) +1

This expression still depends on z,. To obtain a bound of the form f(M), we must find a lower
bound for this expression that is independent of z,. Let’s introduce the term

exp(zy) exp ( ) +1

exp(zy) +1 ©61)

9(zy, M) =

Let u = exp(z;,) and C' = exp(:2L;). The expression is ““t

+1
is (le)Q. If M > 0, then C > 1, the derivative is positive, and the function is increasing in u
(and thus z,). Its minimum value is approached as z, — —oo, whichis 1. If M < 0, then C' < 1,
the derivative is negative, and the function is decreasing in u (and thus z,). Its minimum value is

approached as z, — oo, whichis C' = exp( 7). As z, — oo (i.e., u — 00), the term approaches

The derivative with respect to u
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uC — O =exp (%) As zy — —oo (i.e., u — 0), the term approaches % = 1. Combining these

u

two cases, we can establish a uniform lower bound:

exp(zy) exp +1
(=) ( n 1) > min (l,exp (K]W—1>> (62)

xp(2)

Therefore, we have a lower bound for our ratio that depends only on the margin M:

z:j;fyyaj > (K — 1) min <1,exp <K]\{1)> (63)

Then, we get the final lower bound for the loss function:

Luce(©) > log (1 + m) > log (1 + (K — 1) min (1,exp <W>)>
Oy K-1
(64)

Let ¢(t) = log (14 (K — 1) min (1,exp (¢))). It is straightforward to verify that ¢(¢) is a non-
decreasing function of ¢ by computing its first derivative. Therefore, we have rigorously shown that

the UCE loss function Lycg(©) admits a lower bound of the form ¢ (Z ity (25 — zy)> , where ¢ is a

non-decreasing function. This implies that minimizing the UCE loss inherently promotes increasing
the margin between the logit of the true class and those of the incorrect classes, thereby aligning
with a desirable property of classification losses.

C.3 GRADIENT ANALYSIS FOR THE CLASSIFIER VECTORS WITH UCE LOSS

Proof of Proposition 1. We aim to show that when optimizing an EDL classifier W with the UCE
loss, the gradient update contributed by each sample is analogous to that in the dual problem of C&S
SVMs, where it is expressed as a linear combination of the sample features and uncertain samples
contribute more strongly to the update as

(a:i), bij = a%jl (65)

Mz

Vo, Luce(W,¥) ~

i:l

The gradient descent update uses the negative gradient, —V,, L. Suppose that the final gradient
update is given by the accumulated contributions of all N samples, we have

N

Doy
-V, Luc(w)) Zawj D (.5t g) = 1(89) Foa ()
> 9 a_ > 9 “
= > (e G —n) G ) v+ S (-0 )5 v
i=1,y;=j i=1,y; #j

where 1 (z) = <L Inv)(z) denotes the trigamma function, which is strictly decreasing and convex

n (0,00), and 4y, ; is the Kronecker delta. When z > 1, we have 1 (2) ~ L. If we assume that
oy, > 1and S; > 1, this is typically easy to achieve in practice, since we use an exponential
activation function, and the Dirichlet concentration on the correct class is usually much larger than
the prior of 1. Consider the two terms that contribute to the classifier w;:

(1) The sum over samples with y; = j:

Z <¢1(a”)aau 1 (S, )8a1j)\11(a:i). (67)

0z
iryi =] +

Substitute O /0z;; = vy — 1, we have

> (valawy) = n(8) (e — 1) ¥ (=), (68)

Lyi=j

22



Published as a conference paper at ICLR 2026

Then apply the approximations (as %1 (c;;) & - for a;; > 1), we have

Ctij—]. Ckij—].

1/11 (Olij) (Olij - 1) ~ o s ’1/11 (Sz) (Oél'j — ]_) =~ SZ , (69)
then
ij — 1 ij — 1
S (aten) —wal) o - D ¥ = 3 (250 = w@). o)
Ly =J Y= v K

(2) The sum over samples with y; # j:

> <—¢1(5i)gj§)'l’(wi). (71)

iy #J

Substituting da;;/0z;; = c;; — 1 and using the same approximation for 1 (.S;)(c; — 1),
a;; — 1
> (-~ oy - 0w~ X (-5 ) wla )
iyi £ iyi ] ’

Combine the two sums and write both cases in a single sum over all . First, observe that for the
y; = j case the coefficient (after approximation) is

Oéij—l_()éij—l Oéij—l

~1— , 73
Ckij Sz Sl ( )
with the assumption that o;; > 1 for y; = j. And for the y; # j case it is
Olij —1
- 74
3 (714)
Define the scalar b;; by
o — 1
by = —2 75
j S (75)

as in Subjective Logic (Jgsang, 2016), which is the belief mass that supports the j-th singleton.
Hence both contributions can be written as the single sum for w;

N
ijL‘UCE(Wa ‘I’) ~ Z (6yi7j — b”)‘I’(:El) (76)
i=1

C.4 PROOF OF OPTIMIZATION CONSISTENCY FOR DIFFERENTIAL ENTROPY

Proposition 2. Optimization-Consistency of Differential Entropy. Let ENT(Dir(p | ¢)) denote
the differential entropy of the Dirichlet distribution parameterized by  as

ENT(Dir(p | @)) = —/ Dir(p | @) log Dir(p | @) dp
peEAK -1
K (77)
= log B(a) + (5 — K)¥(S) = Y _(a; — D)(ey).
j=1
K .
where B(a) = % Then the uncertainty measure defined by differential entropy is

optimization-consistent with respect to the UCE loss in the sense of Theorem 2. That is, for any
two training samples (z, y) and (', y’), we have

Lycg(x,y, W, ¥) < Lycg(z',y,W,¥) = ENT(Dir(p | a(z))) < ENT(Dir(p | a(z'))).

(78)
Proof of Proposition 2. From Theorem 4.2} the UCE loss for a sample (x, y) satisfies
Loce(@,y) 2 6( = M(@.p)), M@.y) = (5 - %), (79)

J#y
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where z; = w]T\Il(w) and ¢(t) = log (1 + (K — 1) min(1, exp(¢))). By the monotonicity of ¢, for
any two samples (z,y) and (2, y'):

Yy
Lyce(z,y) < Lyce(x',y') = M(z,y) > M(x',y). (80)

Thus, a smaller UCE loss corresponds to a larger logit margin. Then, consider the differential
entropy H(a) := ENT(Dir(p | «)) with the parameterization «; = exp(z;) + 1. Then the
gradient with respect to z; for Vj € [K] is

OH OH
@:@(%‘—1)- (81)
As
0
o log B(@) = () = U(5), 52)
(5~ Kps()] = 0(8) + (5~ Kpia(S), )
o= (03 = D0(a3)] = ~lay) — (a; = Din(ay) (84)

where 1)1 (+) is the trigamma function, satisfying 11 (z) > 0 and strictly decreasing for = > 0. Then,
we have

aa;f. = (8 = K)¥1(8) — (o — Dha (), (85)
and )
(é—j = ((S = K)¢1(S) — (aj — Do () (e — 1). (86)

Since aj = exp(z;) + 1 > 1, we have (o; — 1) > 0, and the sign of % is determined by the
J
expression:

Aj = (5= K)i(S) — (e = Diha(ay). (87)

Consider the function h(x) = (x — 1)11(x) for z > 1. The function h(x) is monotonically increas-
ing, and as z — oo, h(zx) — 1. We analyze the sign of A;:

* For the true class y: When the margin M increases, z, increases, leading to an increase in
oy Since S = Zfil a; and the margin increase typically implies o, dominates the sum,
we have S ~ a,. Then:

Ay~ (O‘y - K)wl(ay) - (O‘y - 1)1/)1(0@) =(1- K)d}l(ay) <0, (88)
since K > 2 and 91 (o) > 0. Therefore, % < 0, meaning that increasing z, decreases

H.

* For incorrect classes j # y: When the margin M increases, z; decreases, leading to o
decreasing toward 1. As a;; — 1, (a; — 1)91(e;) — 0, while (S — K)1(S) > 0 (since
S > K),so A; > 0. Therefore, ‘97” > 0, meaning that decreasing z; decreases H.

J

Thus, when the margin M increases (i.e., z, increases or z; decreases for j # y), the differential
entropy H decreases. By Theorem 1, a smaller UCE loss implies a larger margin, which in turn
implies a smaller differential entropy. Therefore:

EUCE(wa Y, WJ ‘I’) S ‘CUCE(mla y/a W7 ‘I’)
= M(z,y) > M(z,y) (89)
= H(a(z)) < H(a(z')),

which completes the proof of optimization consistency.
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Table 4: Performance comparison evaluated by classification accuracy and AUPR scores for mis-
classification detection on CIFAR-10 and CIFAR-10-C with different level of noise settings.

CIFAR-10 CIFAR-10-C Level 1
Cls Acc MPU DE MI VoE Cls Acc MPU DE MI VoE

EDL 88.48+032 98.74+008 98.74+007 98.74+008 98.74+008 | 84.64+034 97.95+011 97.95x0a1 97.94+011  97.94=0.11
Z-EDL 88.38+0.15 98.71+0.12 98.71+011  98.70+0.12 98.70+0.12 | 84.01+047 97.77+0.8 97.77+018 97.75+0.18 97.75+0.18
R-EDL | 90.09+031 98.98+006 98.95+006 98.98+005 98.98+006 | 86.15+032 98.17+005 98.17+005 98.17+005 98.17+0.05
Re-EDL | 90.13+025 98.76+006 98.77+007 98.69+008 98.81+005 | 86.34+041 97.93+013 97.92+013 97.83+0.14 97.81+0.15

Method ‘

Our 93.41+024 99.43+0.01 99341004  99.12+007  96.66+036 | 89.26+0.10 98.70+0.03 98.59+004 98.32+0.11  94.79+0.56
Method CIFAR-10-C Level 2 CIFAR-10-C Level 3

Acc MPU DE MI VoE Acc MPU DE MI VoE
EDL 80.47+040 96.79+017 96.79+017 96.78+017 96.78+0.17 | 76.08+061 95.35+030 95.35+030 95.33+030 95.33+030

Z-EDL | 79.29+082 96.42+030 96.42+030 96.38+030 96.38+030 | 74.67+£1.03 94.72+051 94.72+051 94.67+051 94.66+0.51
R-EDL 81.73+035 96.99+0.14  96.99+0.14 96.99+0.14 96.99+0.14 | 77.24+052 95.51+045 95.51+045 95.51+045 95.51+045
Re-EDL | 81.95+0690 96.70+026 96.68+027  96.57+029 96.55+030 | 77.53+1.02  95.19+048 95.17+049 95.03+051 95.01+051

Our 84.25+025 97.50+013 97.38+0.12  97.02+0.7 92.32+063 | 79.04+050 96.03+027 95.88+027 95.44+030 89.67+058
Method CIFAR-10-C Level 4 CIFAR-10-C Level 5
Acc MPU DE MI VoE Acc MPU DE MI VoE

EDL 70.34+084 93.03+057 93.03+057 93.01x057 93.01+057 | 62.07+1.14 88.96+1.16 88.96+1.16 88.92+1.16 88.92+1.16
Z-EDL 69.07+1.19  92.30+074  92.30+074  92.23+074  92.23+074 | 60.40+1.16 87.75+1.10 87.75+110 87.65+111  87.64+1.11
R-EDL | 71.41+091 93.11+100 93.11x100 93.11+100 93.11+100 | 62.42+143 88.66+194 88.66+194 88.60+1.94 88.66+1.94
Re-EDL | 71.84+145 92941083 92.92+085 92.77+088 92.74+088 | 63.35+192 89.03+142 89.01+144 88.84+148 88.80+1.49
Our 72.88+091 93.89+052 93.74+057 93.20+061 86.13+0s88 | 63.89+1.19 89.62+1.10 89.52+1.17 88.78+1.19  79.65+1.59

D ADDITIONAL EXPERIMENTS

UCE + MPU Achieves More Robust Performance Under Noisy Settings. Following prior
work [Charpentier et al.| (2020); |(Chen et al.| (2023b); Deng et al.| (2023), we evaluate our model
under noisy data conditions. In particular, we follow Charpentier et al.|(2020) and adopt the CIFAR-
10-C benchmark Hendrycks & Dietterich| (2019), which contains 15 types of image corruptions
(e.g., Gaussian noise, blur, brightness) each applied at 5 severity levels. Table ] reports the classifi-
cation accuracy and misclassification detection performance on CIFAR-10 and CIFAR-10-C across
all severity levels. As the corruption severity increases, classification accuracy inevitably degrades,
making reliable misclassification detection especially critical. We observe that our method con-
sistently surpasses previous EDL-based approaches across all corruption levels, both in terms of
classification accuracy and misclassification detection. Notably, our proposed MPU achieves the
strongest misclassification detection performance among all competing methods.

Video-modality Verification. To evaluate our method in a more challenging setting, we follow
Bao et al.| (2021) and perform experiments on the video-based open-set action recognition task,
treating UCF-101 (Soomro et al.l [2012) as known classes and HMDB-51 (Kuehne et al.| 2011) as
unknown. We report the Open maF1 and Open Set AUC metrics as defined in |Bao et al.| (2021},
and all baseline results are taken from the same source. As shown in Table[5] our method (w/ MPU)
achieves higher Open maF1 and AUC scores compared to prior approaches. In Fig.[5] we plot the
average Open maF1 scores under varying openness by gradually introducing HMDB-51 test samples
as unknowns. The results show that our MPU-based method consistently outperforms all baselines,
and the performance gap remains large even as the openness level increases.

E DECISION BOUNDARY VISUALIZATION

We further compare the decision boundary learned by EDL with the UCE loss to those of C&S
SVMs on three synthetic datasets from sklearn, namely two moons, concentric circles, and a
linearly separable dataset. As shown in Fig.[0] we observe that for mostly linearly separable datasets,
EDL exhibits strong alignment with the SVM. In contrast, for the nonlinearly separable concentric
circles dataset, a notable discrepancy is observed, reflecting the distinct behavior of EDL in capturing
nonlinear decision boundaries. Moreover, the classification accuracy achieved by EDL with the UCE
loss is comparable to that of the C&S SVM across all three datasets.

25



Published as a conference paper at ICLR 2026

Table 5: Performance of the video-modality set-

ting using the 13D backbone on UCF-101, eval- 79.5 — MPU (Ours)
vated with HMDB-51 as unkown. 79.0 T o
78.5 "
UCF-101 — HMDB-51 280
Method Open maF1 AUC R
OpenMax 67.854+0.12  74.34 870
MC Dropout 71.13+£0.15 75.07 J6s
BNN SVI 71.57£0.17 74.66 '
SoftMax 73.194+0.17 75.68 76.0
RPL 71.4840.15 75.20 755 ¢ s T : . "
DEAR 7724i018 7708 Openness (%)
Our (w/ VOE) | 76.3240.16 76.09 . .
Our (w/ MI) 76.97--0.18 76.86 Figure 5: Open macro-F1 scores against vary-
Our (w/ DE) 77.2340.17 77.07 ing Openness with different uncertainty mea-
Our (W/ MPU) 78.31+0.18 77.67 sure when HMDB-51 as OOD dataset.

(a) MPU (b) Differential Entropy (c) Mutual Information (d) Vacuity of Evidence

Figure 6: Comparison of different uncertainty measures on a toy dataset trained with the UCE loss.
For visual consistency across panels, all uncertainty measures, including the normalized MPU, use
the same RAY 1Bu colormap (red = low uncertainty, blue = high uncertainty). MPU assigns the high-
est uncertainty at the global center, where samples do not belong to any class, making it well-suited
for out-of-distribution detection. It also yields elevated uncertainty near class decision boundaries,
which is beneficial for misclassification detection. Differential Entropy exhibits a similar trend,
showing high uncertainty at the global center; however, it also produces undesirably high uncer-
tainty within in-distribution regions. Mutual Information and Vacuity of Evidence behave similarly,
showing high uncertainty only near the global center. This is expected, as both reflect epistemic
uncertainty, which becomes large when evidence for all classes is low.

F FUTURE WORK

Several promising directions emerge from our optimization-centric view of Evidential Deep Learn-
ing (EDL). First, while our analysis focuses on classification under stationary distributions, extend-
ing the optimization-consistency principle to non-stationary environments is an important avenue. In
practical deployments, models frequently encounter distribution shifts and concept drift
2014; [LEARNING], [2009). Understanding how evidential objectives interact with drift adaptation
and continual learning mechanisms (Yang et al.l 2025bfa) may provide deeper insight into the sta-
bility of predictive uncertainty. Second, our proposed Margin-aware Predictive Uncertainty (MPU)
explicitly models class-wise evidence separation. Future work could explore tighter connections
between evidential uncertainty and representation geometry, building on studies of feature norm dy-
namics, angular margins, and hyperspherical embeddings (Liu et al.,[2017; Wang et al, 2018}; [Yang
2023). Such perspectives may clarify how margin formation and evidence strength jointly
govern predictive confidence. Third, recent advances in representation learning highlight the im-
portance of view construction, invariance, and robustness to partial observations 20205
He et al 2020} [Yang et all,[2025¢)). Integrating these ideas with evidential training objectives may
yield more stable and interpretable uncertainty behavior. Finally, our theoretical link between UCE
minimization and maximum-margin solutions suggests broader opportunities at the intersection of
margin theory, calibration, and rejection learning (Bartlett et al., 2006} |Geifman & EI-Yaniv} [2017).
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(a) MPU (b) leferentlal Entropy (c) Mutual Information (d) Vaculty of Evidence

Figure 7: Uncertainty measures on a toy dataset trained with the Brier score loss. First, we observe
that the classifier vectors learned with the Brier score (green arrows) are not tightly aligned with
the C&S SVM solutions (red arrows), in contrast to the alignment observed under the UCE loss.
This suggests that the implicit connection between EDL models and C&S SVM classifier geometry
appears specifically under the UCE loss, rather than being a general property of all losses. In addi-
tion, MPU still exhibits its characteristic behavior: high uncertainty at the global center, followed by
elevated uncertainty along class decision boundaries. This indicates that MPU remains applicable
to models trained with the Brier score, although its effectiveness is weaker than under the UCE loss,
due to the absence of the margin-aware structure that UCE naturally induces.

Class 0 Probabily Class 1 7

Figure 8: Predicted class probabilities of a logistic regression model on a toy dataset. The leftmost
plot shows the final classification and confidence (max probability), while the three plots on the right
show the individual probability surfaces for each class (0, 1, and 2).
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Figure 9: Comparison of the decision boundaries of several classifiers, on three synthetic datasets
(two moons, concentric circles, and a linearly separable dataset), showing the distinct characteristics
of each model’s boundary.

Developing unified frameworks that jointly optimize margin, calibration, and abstention remains an
exciting direction.
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