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Abstract

Equivariant neural networks have proven to be effective for tasks with known
underlying symmetries. However, optimizing equivariant networks can be tricky
and best training practices are less established than for standard networks. In
particular, recent works have found small training benefits from relaxing equivari-
ance constraints. This raises the question: do equivariance constraints introduce
fundamental obstacles to optimization? Or do they simply require different hyper-
parameter tuning? In this work, we investigate this question through a theoretical
analysis of the loss landscape geometry. We focus on networks built using per-
mutation representations, which we can view as a subset of unconstrained MLPs.
Importantly, we show that the parameter symmetries of the unconstrained model
has nontrivial effects on the loss landscape of the equivariant subspace and under
certain conditions can provably prevent learning of the global minima. Further,
we empirically demonstrate in such cases, relaxing to an unconstrained MLP can
sometimes solve the issue. Interestingly, the weights eventually found via relax-
ation corresponds to a different choice of group representation in the hidden layer.
From this, we draw 3 key takeaways. (1) By viewing the unconstrained version of
an architecture, we can uncover hidden parameter symmetries which were broken
by choice of constraint enforcement (2) Hidden symmetries give important insights
on loss landscapes and can induce critical points and even minima (3) Hidden
symmetry induced minima can sometimes be escaped by constraint relaxation
and we observe the network jumps to a different choice of constraint enforcement.
Effective equivariance relaxation may require rethinking the fixed choice of group
representation in the hidden layers.

1 Introduction

It was the best of models, it was the worst of models, it was the age of augmentation, it was the age of
equivariance...

Many domains possess latent symmetries, inspiring the development of equivariant networks which
by design already account for these symmetries [[12, 13} 47,153, [54]]. Such networks have proven to
be extremely effective in a wide variety of tasks including molecular force fields [6} 7} 37], catalyst
discovery [35], charge density prediction [23]], generative models [27]], protein structure prediction
[29,133]], and particle physics [9, [10]. One of the major benefits of equivariance is improved sample
complexity, and better generalizability, both of which have concrete theoretical support [8,[19} 36].

However, it also has been observed that equivariant networks can be tricky to optimize and best
training practices for equivariant networks are less established [30, 35 51]]. In addition, there have
been a number of works exploring the relaxation of equivariance constraints [43} 49, 50, 152]. The
motivation for these works is model misspecification. Real world data may not have the perfect
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symmetry assumed in equivariant models, so it could even be harmful to have perfect equivariance.
Indeed, relaxed models do appear to have a small performance benefit over perfectly equivariant
models [49,/52]] and can have better theoretical performance on such data [43] [50].

Combining these observations, a natural question arises, can relaxing equivariance improve training
even when we expect a perfectly equivariant final solution? This question is addressed in [41]]. In
this work, an additional unconstrained linear contribution was added to the equivariant layers and
regularization terms were added to the loss to still encourage equivariance. At the end of training, this
additional contribution is removed, projecting the model back to an equivariant subspace. Empirically,
they demonstrate this procedure improves training performance on a variety of equivariant models.
While compelling, the improvements are often small and there is little theoretical insight on how
specifically the relaxation helps.

In our work, we seek to address an even more foundational question: Do equivariance constraints
themselves create fundamental obstacles to optimization? In this paper, we show that our choice
of constraint enforcement can hide parameter symmetries of the larger unconstrained model class and
that these hidden symmetries can induce critical points and even spurious minima.

We structure our paper as follows. In Section[2] we introduce the key concepts related to equivariance
and parameter symmetry needed for our work. In Section [3] we apply these concepts to analyze the
loss landscape. In particular, we prove that parameter symmetries of models in an unconstrained
function space can create critical points and even spurious minima for the constrained model. We
then apply these findings to equivariant networks and characterize their hidden fixed point subspaces.
In Section 4, we empirically explore loss landscapes in a teacher-student setup. We validate our
theoretical findings of spurious local minima and empirically demonstrate the benefits of relaxation.
In particular, the relaxed model chooses a different group representation for its hidden layer.
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Figure 1: (a) Standard viewpoint of why constraints may help. If we know the ground truth
function satisfies some type of constraint, then enforcing such constraints may reduce the search
space allowing for better training. (b) In reality, unconstrained networks contain many parameter
symmetries. However, enforcing constraints (such as equivariance) require choices that breaks
some of these symmetries. These broken symmetries are "hidden" to the constrained model but still
influence gradient values and in some cases create spurious minima and hinder learning. Further, we
empirically observe that when completely relaxing equivariance constraints, a network can sometimes
"jump" between subspaces corresponding to different ways of enforcing the same type of constraint.

As a result, we find three key takeaways from our work:

* By viewing a given architecture as a constrained version of a larger function class, we
can uncover previously hidden parameter symmetries that were broken by our choice of
constraint enforcement.

* Hidden symmetries have important consequences on loss landscape and can induce critical
points and even minima.

* Empirically, we find a spurious minimum in an equivariantly constrained subspace can
escape to a better minimum in a symmetrically related subspace through constraint relaxation.
To achieve more effective relaxation of equivariant models, one may have to rethink our
fixed choice of group representation in the hidden layers



2 Background

Here, we introduce the key concepts necessary for our work. A more in depth overview can be found
in Appendix [C|including an overview of necessary group theory.

2.1 Equivariant networks

We first formally define equivariance.

Definition 2.1 (Equivariance). Let G be a group with some group action on spaces X, Y. A function
f: X —= Y is G-equivariantif forall g € G, z € X, y € Y we have f(gz) = gf(x).

Essentially transforming the input is the same as transforming the output of an equivariant function.
Importantly, the composition of G-equivariant functions is still G-equivariant. Hence in practice one
often implements equivariant neural networks by designing equivariant layers and composing them.

2.1.1 Group representations and irreps

One usually works with vector spaces and linear group actions. Such an action is referred to as a
group representation.

Definition 2.2 (Group representation). Let G be a group and V" a vector space. A group representation
is a homomorphism p : G — GL(V).

In many cases, we can explicitly decompose representations into a direct sum of representations on
smaller subspaces. Representations which cannot be decomposed further are irreps.

Definition 2.3 (Irreducible representation). Let G be a group and V' a vector space. A group
representation p : G — GL(V) is irreducible if there is no subspace W C V other than 0 such that
gW =W forall g € G.

The irreps are well understood for many groups. In particular, Schur’s lemma gives us an easy way to
parameterize maximally expressive equivariant linear layers once we have an irrep decomposition.

2.1.2 Nonlinearities and permutation representations

There have been a number of studies analyzing the construction of equivariant networks [12} [14} 21}
20,147, 153]]. Our work focuses on networks which use permutation representations. These include
group convolutions [12], Deep Sets [54], and spherical signals [[13]]. The reason for working with
permutation representations is that they are the only type of representation compatible with arbitrary
pointwise nonlinearities [39]]. Such networks can be viewed as a subspace of unconstrained MLPs,
which are relatively well studied.

Definition 2.4 (Permutation representation). Let G be a group. Any group homomorphism 7 : G —
Sym(n) is an abstract permutation representation. Let p : Sym(n) — GL(V,,) map corresponding
permutation matrices acting on n-dimensional vector space V,,. Then po 7 : G — GL(V,) is a
permutation representation. We will abbreviate permutation representation as p-rep and p o 7 to p.

The intuition is that for a p-rep, there is always some choice of basis b; such that p(g)b; = br(;). In
other words, group actions just permute the basis. The trivial representation is an example since there
is only one basis and it remains invariant under group action. The regular representation commonly
used in group convolutions is another example since we can associate each basis vector to a group
element [12]. In Appendix we discuss how to generalize p-reps to infinite dimensions.

Just like how irreps are building blocks of arbitrary representations, we are interested in the building
blocks of p-reps. Such p-reps are the transitive p-reps.

Definition 2.5 (Transitive permutation representation). Let G be a group and p : G — GL(V},) be
a permutation representation. We say the permutation representation is transitive if there is a basis
b1,...,by, of V, such that the action of G on the set {b1,...,b,} is transitive.

It turns out that there is a nice way to characterize all possible transitive p-reps.

Lemma 2.6. Let G be a group. There is a canonical bijection between the transitive permutation
representations of G and the classes of conjugate subgroups.



Another commonly used nonlinearity is a tensor product. Given any pair of representations, we can
always form a new representation by taking the tensor product of the vector spaces. The mapping
from the pair of representations into the tensor product space is a bilinearity. Tensor products are
often used in irrep based equivariant frameworks such as e3nn [26]. It turns out for many groups,
there is a correspondence between pointwise nonlinearities and tensor products so our results may be
relevant in those architectures as well.

2.2 Parameter symmetries and loss landscapes

Loss landscapes have been studied in numerous works and provides important insight on training
and generalization performance [2, [11} [15] 16} 20} 22| 25| 34} 146]. Of particular interest for us is the
impact of parameter symmetries on loss landscape geometry. In [11], it was shown that permutation
symmetries can induce critical points creating saddles in the loss landscape. This was further explored
in [46] where permutation symmetries induce entire affine subspaces of global minima subspaces
(which they call an expansion manifold) and symmetry induced critical subspaces. These ideas are
complementary to our work.

First, we define what we mean by parameter symmetry. In particular, we highlight that we should
distinguish these into local and global parameter symmetries.

Definition 2.7 (Parameter symmetries). Let Fo = {fp : X — Y : 0 € ©} be a class of functions
parameterized by § € © where © is the vector space of our parameters. Any homeomorphism
p : © — O is a local parameter symmetry at 0 if fy = f,9 and we denote the group of such
transformations as Py. If p is a local parameter symmetry for all § € ©, then we say p is a global
parameter symmetry and we denote the group of such transformations as P.

For example, permuting neurons in a MLP gives a global parameter symmetry as this does not change
the output of the network. Permuting the output weights of two neurons is a local parameter symmetry
if those two neurons share the same input weights. However, if the input weights are different, then
permuting the output weights generically gives different functions so this is not a global parameter
symmetry. We will focus on the effects of global parameter symmetries in this paper.

Next, given any pair of outputs, we choose a loss function £ : Y x Y — R to measure the discrepancy.
Given a distribution D x y of input-output pairs, we can use the loss function to define a loss landscape
as a function L : © — R given by L(0) = E; y~py , [¢(fo(x),y)]. Note that by construction, the
loss landscape is invariant under global parameter symmetries and has the local parameter symmetries
Py at any given 6.

Of particular interest for us are spaces which are highly symmetric.

Definition 2.8 (Fixed point subspace). Let GG be a group with a linear action on some vector space V.
Let H < G be a subgroup. Then the fixed point subspace is

Vo={veV:h=vVheH}.

For us, we usually consider © as our vector space and subgroups of the global parameter symmetries
H < P with a linear action. Most commonly considered parameter symmetries act linearly on
parameter space.

Fixed point subspaces are useful because of the principle of symmetric criticality which has
widespread usage in physics [40].

Proposition 2.9 (Principle of symmetric criticality). Let H be a group which acts on a manifold M
through diffeomorphisms. Define

Y={peM:gp=pVge H}.

Let f : M — R be a smooth function invariant under H. If ¥ is a submanifold, then critical points
of f|s are critical points of f.

We see that the loss landscape is invariant under P and in particular, invariant under any subgroup of
P. For example, if we consider the subgroup H corresponding to permuting two specific neurons, the
corresponding fixed point subspace © iy corresponds to shared input and output weights for those two



neurons. This is effectively a network with one fewer neuron. The principle of symmetric criticality
then tells us minima of L|g,, is a critical point of L, reminiscent of previously known results relating
minima of smaller networks to critical points of larger ones [[L1,24]146]]. To connect directly back to
these prior works, we note that any transformation of the output weights of these two neurons which
leaves the sum unchanged is a local symmetry of © . Hence taking the orbit of © 5 gives a larger
subspace corresponding to the different ways we may embed the smaller network in a larger one.
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(a) Permuting neurons (b) Fixed point subspace (c) Reducible neuron (d) Smaller network

Figure 2: (a) Subgroup of global parameter symmetry which permutes two neurons. (b) Corresponding
fixed point subspace where both input and output weights of these two neurons are the same. (c)
There is an additional local parameter symmetry on the output weights. In particular, as long as
the sum of output weights of the neurons is the same, we compute the same function. (d) Smaller
network with one fewer neuron computing the same function.

It will be useful to also define the "generic" regions of parameter space where we cannot reduce our
network into a smaller one. If all ingoing weights of two nodes are the same, then we can merge these
two nodes and create a single node with the shared ingoing weights and outgoing weights which is a
sum of the outgoing weights of the original two nodes. Further, any node which has all 0 outgoing
weights can be eliminated from the network. We if we cannot perform such reductions, then we say
the weights are irreducible [46].

Definition 2.10 (Irreducible neurons). We call a block of m-neurons in the same layer irreducible if
all m ingoing weights are distinct and nonzero, and the outgoing weight vectors are nonzero.

3 Loss landscape of equivariant networks

Here we present the main theoretical results and intuition for why they are true. Proofs can be found
in Appendix [D} We first make some general statements that apply to general linearly constrained
models, not just equivariant ones.

3.1 Hidden symmetries in constrained models

The key insight is that global parameter symmetries can disappear once we restrict to constrained
subspace. However, these symmetries still impact the loss landscape of the constrained model.

If the unconstrained parameter space is ©, let us denote the linearly constrained subspace by ©. Then
of course any p acting on any 0 € © leaves the resulting function unchanged. However, the problem
is that we may have po ¢ ©. Hence, such symmetries may be overlooked when analyzing the loss
landscape. We call such symmetries "hidden" symmetries.

Definition 3.1 (Hidden symmetries). Let Fg be a class of functions parameterized by ©. Let P be
the group of global parameter symmetries. Let ©CObea subspace of parameters satisfying some
constraint and the corresponding class of functions Fg. Let Fg have global parameter symmetries P.
We define a hidden symmetry as any group H where H < P and H & P.

However these hidden symmetries still have consequences on the loss landscape of the constrained
model. Intuitively, we may try imagining the gradient flow. In particular, assuming nicely chosen
parameterization [31]], once we reach a fixed point subspace we cannot leave it. For instance, once
two neurons share the same weights, they would both receive the same gradient updates and would
always share the same weights. But the constrained parameter space O can intersect a fixed point
subspace corresponding to a hidden symmetry giving what we call a hidden fixed point space



©y. But we can never leave O 5 through gradient descent. In particular, critical points of the loss
landscape L|; would be critical points of L|g.

Lemma 3.2 (Hidden symmetry induced critical points). Let Fg C Fo be a class of constrained
networks. Let L : © — R be a loss associated to these networks. Let H be a hidden symmetry with

orthogonal action and let © g = {6 € © : h = O Vh € H} and Oy =0y N06.
If (0% NO) + (0 NO) = O, then critical points of L|g,, are also critical points of L|g.

The lemma requires an orthogonality condition (©7 N C:)) +(©nn é) = ©. This condition holds
in the case of equivariant networks when we reduce a transitive p-rep to a smaller transitive p-rep and
is a relatively mild condition.

While not explored in this work, we suspect Lemma [3.2] can be helpful for understanding scaling
behavior of equivariant networks using loss landscape geometry arguments similar to [46]].

If the hidden fixed point subspace ©  is one dimension lower than the constrained subspace, we
have an even stronger statement. In this case, © ;y in some sense splits © into two halves. We cannot
traverse between the two halves via gradient descent because once we reach © 7 we must get stuck.
Generically, we expect the global minima to be in one of these halves so if we are initialized in the
"bad" half, then we would never reach the global minima. This is depicted in Figure 3] Hence, we
expect there to be an additional minimum on the other side.

To formally state the theorem, we require the following conditions and discuss their satisfiability.

Conditions:

Cl (05N0)+(©OrNn6)=06
This is used to invoke Lemma[3.2] This condition can hold in the case of equivariant networks
when neuron permutation symmetries can reduce a transitive p-rep to a smaller transitive p-rep.

C2 dim(Og) = dim(6) — 1
This is a strong condition. We expect this condition can sometimes hold in the first layer but
will generally fail if the previous layer is wide.

C3 There exists some C such that for any direction # € © we have 7 - VL(C?#) >0
This condition will be satisfied if we include regularization. This is mainly used to draw a
region with a minimum in its interior.

C4 The minimum of L|g is nondegenerate in L|g
This is primarily used to ensure we can fully characterize saddle points and minima via the
Hessian. When we have degeneracy (singular Hessian matrix), it may result from some
additional symmetry which we can exploit to preserve the theorem.

Theorem 3.3 (Hidden symmetry induced minima). Let F¢ C Fo be a class of constrained networks.
Let L : © — R be a loss associated to these networks. Let H be a hidden symmetry with orthogonal
actionand let©®yg = {0 € © : hd =0Vh € H} and ®g = ©5 N 6.

Suppose there is a minima 6, of L|g such that 0, ¢ On. If the conditions above hold, there must
exist a distinct minimum 65 # 01 of L|g.

We would like to emphasize that the parameter space being split into two halves by a fixed point
subspace is not considered a problem. This is because the two halves of parameter space are related
by parameter symmetry and represent the same set of possible functions. So the extra minima could
just be another global minima reached through parameter symmetry. However, for the constrained
space, the two halves can arise from a hidden parameter symmetry. In this case, the two halves of
the constrained space are not necessarily related by some other global parameter symmetry and the
additional minima could truly be a spurious one. In Section[d we show this can indeed be the case for
equivariant networks.

3.2 Hidden fixed point spaces of equivariant networks

We now characterize hidden fixed point spaces of networks built using p-reps. In particular, we
consider the parameter symmetries corresponding to permuting neurons. In fact, we provide a slightly
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Figure 3: Constrained subspace split into two halves by intersection with a fixed point subspace of
the unconstrained model. We call the subspace separating the constrained space a hidden fixed point
subspace. Gradient flows from the two halves cannot reach each other implying existence of separate
minima.

more general characterization of not just the hidden fixed point spaces but the hidden "reducible"
ones based on the concept of "irreducible" neurons from [46].

First, we show that for a given transitive block, any hidden fixed point subspace corresponds to a
smaller transitive p-rep. We expect this scenario could negatively impact optimization.

Theorem 3.4. Let a m-neuron point be a transitive permutation representation. Suppose the weights
satisfy the corresponding equivariance constraints. If this m-neuron point is reducible, then either
we can eliminate these neurons or we can replace the transitive permutation representation with a
n-neuron transitive permutation representation where n. < m and n|m.
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Figure 4: (a) If two neurons within a block of a transitive p-rep share input weights, then multiple
other pairs of neurons must also share the same input weights. The p-rep can be reduced into a smaller
one. (b) Suppose two blocks of neurons each individually are irreducible neurons and transitive
p-reps. Then if two neurons share input weights, then input weights for all other neurons are shared.
The two transitive p-reps can be compressed into one transitive p-rep.

Next, we show that two transitive p-reps which share neurons must collapse to effectively one
transitive p-rep. It turns out this same subspace is also a fixed point subspace corresponding to
permuting the entire two blocks. Hence, we do not expect it to negatively impact optimization.

Theorem 3.5. Let there be transitive p-reps defined on distinct blocks of m-neurons and m/'-neurons
in layer ¥, each of which is irreducible. Suppose the m + m’-neuron point combining these neurons
is reducible. Then they must both be the same permutation representation and we can replace the
m + m/-neuron block with a m-neuron point.



4 Experiments

For our experiments, we consider a teacher-student setup so we can guarantee perfect loss is achiev-
able. We use 2-layer networks with trainable weights only between the input and hidden layer. These

are of the form
f@;0)=> o | Y bz,
2 J

where o is our nonlinearity. For the experiments here, we use ReLU. Results with other activations
can be found in Appendix [El All of our experiments can be run on a 1apt0pE|

We assume data for each of our input neurons is draw independently at random from a unit normal
distribution. We use the teacher networks to label the corresponding output values. For such a setup, it
turns out it is possible to analytically calculate the exact loss landscape for certain activation functions
[44. 48]]. For our loss landscape visualization, we use this exact loss landscape.

4.1 Permutation equivariance

In this section, we consider permutation symmetry S, and our example uses S3. In Appendix [E] we
also consider spherical signals used in O(3) and SO(3) equivariant networks.

We consider 2 types of p-reps. First, we have the trivial representation my which is 1-dimensional.
We then have the usual action of S;, which permutes n orthogonal basis vectors, which gives a
n-dimensional representation 7,,. In our code, we also have support for the regular representation
Treg Which is |S,,| = n!-dimensional and is found in group convolution [12].

Between 7 and 7, it is not hard to check the only possible equivariant linear map is of form 61
where 1 is an x 1 matrix consisting of only 1’s. Between 7, and 71, possible equivariant maps are
of the form 011 + 6(117 — I) where I is the identity matrix [54]. We can think of f; and 05 as
parameterizing diagonal and off diagonal terms respectively.

4.2 Loss landscape visualization
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Figure 5: (a) Weights of the teacher network. (b) Loss of the student network as we vary the diagonal
and off diagonal weights of the w3 — 73 map. Other weights of the student network are set equal to
that of the teacher network. Red line corresponds to the fixed point subspace where 61 = 6.

For a m,, block in the hidden layer, we note there is a hidden symmetry corresponding to permuting
the corresponding n neurons. The resulting hidden fixed point subspace happens exactly the weights
to these neurons are all the same. If we have a single m,, block in the input, then the linear map
011 + 02(117 — I) is in the hidden fixed point subspace when 0; = 6. In particular, the degrees
of freedom is reduced exactly by 1 so Theorem [3.3]applies and we expect there to be an additional
induced minima. Note one can check that additional 7y representations in the input or hidden layer
do not affect this.

!Code for running the experiments is available at|github.com/atomicarchitects/tale-of-two-symmetries


https://github.com/atomicarchitects/tale-of-two-symmetries

Hence, we choose S5 and a 5-dimensional input consisting of one 73 rep and 2 trivial 7o reps. In
the hidden layer we choose one 7 rep and 3 trivial g reps. We randomly generate weights for the
teacher network. We then set all other weights of the student network to equal that of the teacher
network and only vary the diagonal and off diagonal weights 6, and 65 controlling the mapping from
3 to 3. Figure[5|shows the resulting loss landscape for a random seed. We clearly see two distinct
minima in the loss landscape. In Appendix [E] we initialize teacher weights using different random
seeds and see similar results.

4.3 Training, bad initializations, and parameterization

For each value of 01, 05, we trained the student network for 100 steps at a learning rate of 10~ using
gradient descent on the exact loss. This is usually sufficient for the student network to converge. The
resulting final loss is shown in Figure[6a] Note that indeed we see two regions, one which converges
to a global minima and one which does not. However, the boundary is not a straight line. It turns out
this is because gradient descent behavior depends on parameterization and in particular, on the relative
scaling of the parameters [31]]. By rescaling our parameterization to v/n — 1611 + 62(117 — I) and
then performing training, we obtain Figure[6b] Here, the boundary between the two regions is indeed
a straight line and corresponds to the hidden fixed point space. We emphasize, however, that no
matter how we rescale our parameters, there will always be a boundary. In Appendix [E| we generate
teacher weights using different random seeds and see similar results.
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Figure 6: Final loss achieved by student network after training for 100 steps. (a) Here we parameterize
the diagonal and off diagonal components directly. The boundary is curved in this case. (b) Here we
rescale the diagonal component. We have a straight line as boundary in this case which corresponds
to the hidden fixed point subspace.

4.4 Relaxation

Using the same setup as before, we randomly choose teacher network weights and choose a bad
initialization for the student network. We train the student network until it converges to the bad
minima. Then, we relax the equivariance constraints completely and continue training until the
network converges. The weights of the teacher network, bad minima found by the constrained
network, and good minima found by the relaxed network are shown in Figure[7]

(a) global minima (b) spurious minima (c) relaxed minima

Figure 7: (a) Weights of the teacher network. (b) Spurious minima reached by equivariant student
network after training. (c) Global minima reached by unconstrained network initialized at the spurious
minima.



Note that the final weights found by the relaxed network are simply permuted with respect to the
teacher weights. However, importantly this corresponds to a different group representation in the
hidden layer. In order to traverse between these different choices, we must break equivariance. This
process is tracked in Figure [§] We initially have a negative Hessian eigenvalue, indicating that
in the relaxed network the spurious minima becomes a saddle point. As we traverse between the
two different equivariant subspaces, we see a bump in equivariance error. However, our loss still
decreases. Finally, we arrive at a global minima in a different equivariant subspace and we return to
no equivariance error. Note that the Hessian becomes positive definite indicating that we have indeed
reached a minima not a saddle.
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Figure 8: Training of unconstrained network initialized at bad minima. We break out of the original
equivariant subspace into a symmetrically related equivariant subspace. In particular, the "bad"
half of the original constrained subspace is closer to the "good" half of the symmetrically related
equivariant subspace. (a) Depicts values of various quantities during training of the relaxed model.
(b) Projection of the parameters onto a 3-dimensional subspace. The planes correspond to various
symmetrically related equivariant subspaces color coded by good and bad halves containing the good
or bad minimum respectively.

5 Conclusion

In this work, we presented a general framework for investigating loss landscapes of constrained
networks. In particular, we proved that the parameter symmetries of the unconstrained networks leads
to hidden fixed point spaces which can create critical points and even spurious minima in the con-
strained networks. We then apply this to equivariant networks built with permutation representations,
which can be viewed as a subspace of unconstrained MLPs. We characterize the hidden fixed point
subspaces of these networks. Finally, we experimentally demonstrate the existence of these spurious
minima using a teacher-student setup. Further, we empirically find that removing the equivariance
constraints can sometimes convert the spurious minima to a saddle allowing the network to escape.
Interestingly, the final relaxed weights are a permuted version of the teacher weights and corresponds
to a different choice of group representation in the hidden layer and hence a different equivariant
subspace.

There are still a number of questions to be addressed in future works. First, our results require
viewing a given model as a subspace of a larger model class. Finding larger model classes which give
useful insights is often challenging. In particular, it is not obvious to us how to do so for equivariant
models using tensor product operations. Next, Lemma [3.2]and Theorem [3.3]only look at fixed point
subspaces. However, these subspaces often have additional local parameter symmetries and we expect
taking these into account can give a stronger, more broadly applicable statement. In addition, we
do not concretely understand when relaxation converts bad symmetry induced minima into saddle
points. Finally, we believe that exploring relaxation techniques which change our choice of group
representation could prove to be immensely helpful and be a fruitful area for future studies.
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A Notation

For convenience, we provide a table of some of the commonly used symbols in our paper and their
typical meaning.

Table 1: Commonly used symbols

G Group our network is equivariant under
X  Typically used to represent the space of our inputs

Y  Typically used to represent the space of our outputs

p A group representation p : G — GL(V)

z Input

y  Output

©  Weight space of unconstrained networks
fo  Function fp : X — Y parameterized by 6 € ©

P Group of parameter symmetries

© Linear subspace of parameters corresponding to enforcing some constraint

P Parameter symmetries of constrained class of networks, in particular we must

have p© € © forall p € P

H  Hidden parameter symmetry group, H < P and H £ P which arises because our

choice of constraint enforcement breaks the unconstrained parameter symmetries
Oy Fixed point subspace, we have hfy = 0y forall 0y € O and g € H
g Hidden fixed point subspace, equal to Oy N Oy
I Identity matrix
Constant matrix of 1s
m  Permutation representation.

B Other related works

Previously the optimization dynamics of equivariant, non-equivariant, and non-equivariant augmented
networks were studied in [38]. This work showed that the sets of critical points of an equivariant
network remain critical points when we expand to an unconstrained space if we also include data
augmentation. In particular, under full augmentation, the chosen equivariant subspace is invariant
under gradient flow. Our work is complementary in that we show how critical points can arise in
the equivariant subspace due to interactions with parameter space symmetries. In addition, our
experiments show a network leaving an equivariant subspace. This is consistent with [38]] since we
trained using SGD where our individual batches are not fully augmented. This means we can have
gradient updates which leave the equivariant subspace.

Another very interesting series of works studies families of minima in 2-layer teacher-student ReLU
setups [13,4]. This is a similar setup to that used in our toy experiments with a model of the form

f(z; W, Wa) = Wao(Whz)

where Wy, W, are trainable weights and o is a pointwise nonlinearity chosen to be ReLU. In our
setup, we fix W5 to be a constant matrix consisting only of 1’s. In [3} 4]], they choose a teacher
network such that W, = I and W5 consists of all 1°s. The corresponding critical points and Hessian
spectrum for the loss of the student network can be analyzed by exploiting symmetries of the teacher
network from which they provide a characterization of various families of minima. It turns out this
analysis has intimate connections with our main theorems and the results of [38]. We briefly provide
a sketch of this connection below.

In particular [4] looks at W7 isotropic under AS,,, X AS,,_,: consisting of simultaneously permuting
the first m rows and columns, or simultaneously permuting the last n = m rows and columns. It turns
out such W; correspond exactly to those satisfying equivariance constraints for G = S, X Sp_m
where we choose 7, X g and 7y X 7, _,, representations for the first m and next n — m neurons in
the hidden layer. The minima families in [4] correspond exactly to those implied by our Theorem [3.3]
if constrained to these symmetric W7 ; specifically weights which have blocks where diagonal values
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are less than the off diagonal ones. Because the input distribution is unit Gaussian and hence also
symmetric under G, the results of [38]] implies that even if we relax the constraints on W7, the induced
minima implied by our Theorem [3.3|remain critical points. Importantly however, this does not show
they are minima in the unconstrained space. Only through the more detailed analysis of [4]] do we
know that these are minima for wide enough inputs.

C Group theory background

Here, we present a brief overview of concepts from group theory. We refer to standard textbooks for
a more comprehensive treatment [} [17, [18}32]]. We begin by defining what a group is.

Definition C.1 (Group). Let G be a nonempty set equipped with a binary operator - : G x G — G.
This is a group if the following group axioms are satsfied

1. Associativity: Forall a,b,c € G, wehave (a-b)-c=a- (b-¢)

2. Identity element: There is an element e € G such that forall g € Gwehavee-g=g-e =g

3. Inverse element: For all g € G, there is an inverse ¢! € G suchthatg-g ' =g '-g=e

for identity e.

Examples of groups include the group of permutations, the group rotation matrices with matrix
multiplication as the group operation, and the group of integers under addition. One very important
group is the group of automorphisms on a vector space. This group is denoted GL(V') and we can
think of it as the group of invertible matrices.

We care about using groups to describe symmetries. The group elements abstractly represent the
symmetry operations and the effect of these operations is what we call a group action.

Definition C.2 (Group action). Let GG be a group and {2 a set. A group action is a function « :
G x Q@ — Qsuch that a(e, ) = x and a(g, a(h, x)) = a(gh, z) forall g,h € G and z € Q.

One may want to relate two groups to each other. In particular, we would want a mapping which
preserves the group structure. Such a mapping is a homomorphism.

Definition C.3 (Group homomorphism and isomorphism). Let G and H be groups. A group
homomorphism is a function f : G — H such that f(u-v) = f(u) - f(v) for all u,v € G. A group
homomorphism is an isomorphism if f is a bijection.

Usually, we consider data which lives in some vector space. Further, linear actions on vector spaces
are represented by matrices. Hence, it is particular useful to relate arbitrary groups to groups
consisting of matrices. Such a homomorphism together with the vector space the matrices act on is a
group representation.

Definition C.4 (Group representation). Let G be a group and V' a vector space over a field F'. A
group representation is a homomorphism p : G — GL(V') taking elements of G to automorphisms
of V.

Given any representation, there are often orthogonal subspaces which do not interact with each other.
If this is the case, we can break our representation down into smaller pieces by restricting to these
subspaces. It is useful to consider the representations which cannot be broken down. These are
known as the irreducible representations (irreps) and often form the building blocks of more complex
representations.

Definition C.5 (Irreducible representation). Let G be a group, V' a vector space, and p : G — GL(V)
a representation. A representation is irreducible if there is no nontrivial proper subspace W C V'
such that p|yy is a representation of G over space W.

There has been considerable work on characterizing the irreps of various groups and many equivariant
neural network designs use this knowledge.

Another special type of group representation is a permutation representation. It turns out only these
types of representations are compatible with arbitrary pointwise nonlinearities [39]].

Definition C.6 (Permutation representation). Let G be a group. Any group homomorphism 7 : G —
Sym(n) is an abstract permutation representation. Let p : Sym(n) — GL(V;,) be the representation
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mapping to corresponding permutation matrices. Then p o 7 : G — GL(V;,) is a permutation
representation. We will abbreviate permutation representation as p-rep.

The intuition is that for a p-rep, there is always some choice of basis b; such that p(g)b; = br(;). In
other words, group actions just permute the basis. The trivial representation is an example since there
is only one basis and it remains invariant under group action. The regular representation commonly
used in group convolutions is another example since we can associate each basis vector to a group
element [12].

Just like how irreps are building blocks of arbitrary representations, we are interested in the building
blocks of p-reps. Such p-reps are the transitive p-reps. For such p-reps, each pair of basis vectors can
be transformed into each other through a group action.

Definition C.7 (Transitive permutation representation). Let G be a group and p : G — GL(V,,) be
a permutation representation. We say the permutation representation is transitive if there is a basis
b1,...,by, of V, such that the action of G on the set {b1,...,b,} is transitive.

It turns out transitive p-reps can also be characterized and it is much simpler than for irreps. To do so,
we must introduce some additional concepts.

First, we introduce subgroups. A natural question is whether a subset of group elements themselves
form a group under the same group operation. Such a subset is a called a subgroup.

Definition C.8 (Subgroup). Let G be a group and S C G. If S together with the group operation of
G - satisfy the group axioms, then S is a subgroup of G which we denote as S < G.

One particular feature of a subgroup is that we can use them to decompose our group into disjoint
chunks called cosets.

Definition C.9 (Cosets). Let G be a group and S a subgroup. The left cosets are sets obtained by
multiplying S with some fixed element of G on the left. That is, the left cosets are for all g € G

gS ={gs:seS}.

We denote the set of left cosets as G//S. The right cosets are defined similarly except we multiply
with a fixed element of G on the right. That is, the right cosets are for all g € G

Sg={sg:s€ S}
We denote the set of right cosets as G\ S.

Next, it is useful to define what we mean by symmetry of an object. These are all group elements
which leave the object unchanged and is called the stabilizer.

Definition C.10 (Stabilizer). Let G be a group, {2 some set with an action of GG defined on it, and
u € ). The stabilizer of w is all elements of G which leave u invariant. That is

Stabg(u) = {g: gu = u,g € G}.

One can check that the stabilizer is indeed a subgroup. Closely related to the stabilizer is the orbit.
This is all the values we get when we act with our group on some object.

Definition C.11 (Orbit). Let G be a group, {2 some set with an action of G defined on it, and u € €.
The orbit of u is the set of all values obtained when we act with all elements of G on it. That is,

Orbg(u) = {gu: g € G} = Gu.

It turns out one can show that the stabilizer of elements in the orbit are related. This relation turns out
to be conjugation which we define below.

Definition C.12 (Conjugate subgroups). Let G be a group and S and .S’ be subgroups. We say .S and
S’ are conjugate if there is some g € G such that

gSg~t=285.

Conjugacy of subgroups defines an equivalence relation.
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Definition C.13 (Conjugate classes of subgroups). Let G be a group and .S a subgroup. Denote the
conjugate subgroups of S as the set

Cle(8) = {9S9~"|g € G}.
The conjugate classes of subgroups are defined as the different sets of conjugate subgroups.

Remark C.14. The conjugate classes of subgroups for finite subgroups of O(3) correspond to the
point groups. This is the reason why certain groups such as D3 and C3,, are named differently despite
being isomorphic. No D3 subgroup can be transformed into a Cs,, subgroup via conjugation by some
element of O(3).

Now we can characterize the transitive permutation representations.

Lemma[2.6] Let G be a group. There is a canonical bijection between the transitive permutation
representations of G and the classes of conjugate subgroups.

Proof. First, given any conjugate class of subgroups C', we can always pick a subgroup S € C.
Then consider the cosets G/S and pick coset representatives {g1, . . ., g, }. We can construct a basis
b1, ..., b, and define the action of g € G on b; as gb; = b; where j is such that g; = gg;S. Hence,
we can map each conjugate class of subgroups to a transitive permutation representation.

Let p : G — GL(V,,) be a transitive permutation representation. Suppose b1, . .., b, is a basis of V,
where p consists of permutation matrices. Then consider the mapping p to Clg(Stabg (by)). Note it
is easy to check that this inverts our previous construction of a t-rep from a conjugate class.

Now consider some different transitive permutation representation p’ : G — GL(V,) where
by, ..., b, is a basis where p’ consists of permutation matrices. Further, suppose Clg(Stabg (b)) =
Clg(stabg(bl)).

Then there must be some g € G such that gStabg (b1)g~! = Stabg(b}). Then define a mapping
given by 7(g'b}) = ¢/gb; for all ¢’ € G. Note that Stabg(gb1) = gStabg(b1)g~* = Stabg (b))
which means this map is consistent. Note we can express 7 as a change of basis matrix B. But then

B~'p(¢")B(g'b1) = Bp(g")g'gb1 = B~ (¢"9')gbr = ¢"g'ty = p'(¢")g'V}.
Hence, p and p’ are equivalent representations.
Lastly, we state Schur’s lemma which is a very useful tool for characterizing equivariant linear maps.
Theorem C.15 (Schur’s Lemma). Let G be a group and V, W be 2 vector spaces equipped with

irreps py, pw-

1. If py, pw are not isomorphic, then there are no nonzero G-equivariant maps V.— W

2. If py, pw are finite dimensional over an algebraically closed field and py = pw, then the
only notrivial G-equivariant linear maps V. — W are scalar multiples of the identity.

C.1 Infinite permutation representations

Permutation representations are typically defined in the finite case. Here we show how this definition
can be extended for infinite dimensional representations.

First, recall that the abstract permutation representation was defined as a homomorphism 7 : G —
Sym(n). We can view Sym(n) as Aut(X) for some set of cardinality |X| = n. We can instead
replace the finite X with some arbitrary (possibly infinite set).

Definition C.16. Let X be some set. Define a homomorphism 7 : G — Aut(X) as a generalized
abstract permutation representation.

We can then view any function f : X — F where I is some field as an infinite dimensional vector
space. In particular, we can consider some FX with some canonical basis ¢, so that any v € F¥ can

be written as
v = Z f(@)ey.
rxeX

Using the generalized abstract p-rep m, we can define an action on this space
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Definition C.17. Let GG be a group, X be some space, IF be a field, and 7 : G — X a generalized
abstract p-rep. Then we can define a map p : G — GL(FX) by

U_p Zf Zf cﬂ' (9)z = Zf(ﬂ-_l(g)x)c
zeX reX zeX
where v = Y f(z)c, € FX is any vector. This is what we call a generalized permutation

representation.

An example of a generalized p-rep is S? signals. If we embed S? as a unit sphere in R?, then the
standard rotation action R on R? gives a natural generalized abstract p-rep. In particular, we can
simply define 7 : SO(3) — Aut(S?) by

m(R)x = Rx.
We simply just rotate the sphere.

Hence by Definition [C.17} for any spherical signal f : S? — R, the action p(g)[f](z) = f(R™'z)
defines a generalized p-rep on the infinite dimensional space of spherical signals. O

D Proofs

Lemma [3.2] (Hidden symmetry induced critical points). Let Fg C Fo be a class of constrained
networks. Let L : © — R be a loss associated to these networks Let H be a hidden symmetry with

orthogonal action and let © g = {6 € © : h = O Vh € H} and Oy =0y N06.
If (0% NO) + (0 NO) = O, then critical points of L|g,, are also critical points of L|g.

Proof. We first note that any linear invertible action on © induces an action on the tangent space. If
M € GL(©) is an invertible matrix, then this induces an action on a function f : © — R given by
f(0) — f(6) = f(M~10). By chain rule, we find that

(V1(0))i = 0if'(0) = Opf(M10) - 0g, My} 0; = (VF(M10)) My}
where we used Einstein summation conventions. Viewing V as a row vector we get
VF(0) = (M~)TV(M0)
so there is an additional action of (M ~!)7 in the tangent space.
Because L is symmetric under H, we have
VL) = (h)TV(L(h0)) = (h™1)TV(L(0))
Since we assume H has orthogonal action, then h~! = h” so
VL) = (h"H)TV(L(9)) = hVL(H)
By definition of © 7, this means we must have VL(0) € Oy for any 6 € O .
Suppose 0™ is a critical point of Lg . In particular, for 6* we have VL(6*) € © . For any direction

t € ©, we can uniquely decompose

t=ty+t5
forty € O and t3; € OF. Butsince © = (07 N O) + (O N O), we must have t5r € (O N O)
and t3; € (©7; N O).

Therefore,
t- VL") =(tyg + t) VL")
=ty VL(0")
=0
since we showed VL(6*) € © and we assumed 6* is a critical point of © . O
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Lemma D.1 (Minima on boundary). Let U be an open subset of R". Suppose f : U — R is a C!
smooth function. Consider a point x € OU on the boundary which is locally C* smooth so that we
can define an outward pointing unit normal 7(z). Then if i(x)V f(x) > 0 then x cannot be the
global minima of f.

Proof. Let § = n(x)V f(x). There exists some € such that for all « where |u — x| < ¢ we have

|f(u) — f(z) — (u—2) - Vf(z)| < 2. In particular, suppose we choose u = = — $7(z). Then

Flu) <)+ (=) V(@) + 5
€ €l
= f(@) - Sa) - V@) + 5
€ €d
< flz) - 55 t3
= f().
Therefore x cannot be the global minima. O

Lemma D.2 (Existence of minima in functions on balls). Let B™ be a closed n-dimensional ball.
Suppose f : B" — R is a C' smooth function. Suppose for any point x on the boundary O B™ we
have 1(x) - V f(x) > 0 where 7 is the normal vector out of the boundary. Then f has an absolute
minima in the interior B™.

Proof. First, because f is a continuous function over a compact space, it has an absolute minima
by the extreme value theorem. Further, since the boundary is C' smooth and 7(z) - Vf(z) > 0,
Lemma [D.T]tells us there cannot be minima on the boundary. Hence we conclude the global minima
of f lies in the interior B™.

O

Theorem 3.3{(Hidden symmetry induced minima). Let Fg C Feo be a class of constrained networks.
Let L : © — R be a loss associated to these networks. Let H be a hidden symmetry with orthogonal
action and let Oy = {0 € ©: h§ =0Vh € H} and Oy = Oy N O.

Suppose (07 N O) + (O NO) = O and diim(Oy) = dim(O) — 1. Suppose there is a minima
61 of L|g such that 01 ¢ © . Further suppose that there exists some C' such that for any direction

7 € © we have - VL(C7#) > 0. Then if Hessians of all critical points are nondegenerate, there must
exist a distinct minima 03 # 01 of L|g.

Proof. First, consider the closed ball Bo(0) = {# € Oy : |6] < C}. By assumption, on the
boundary we have 7 - VL(C?) > 0 so Lemma|D.1]tells us L has a minima 6* in the interior B¢(0).
So 60* must be a critical point and in fact must be a local minima of L|éH' But by Lemma , 0 is
also a critical point of L|g.

If 6* is a local minima of L|g, then we have an additional minima distinct from 6, since 0; ¢ On
but 6* € ©.
So suppose 6* is not a local minima of L|g. Let 1 € O be a unit vector normal to © ;7. Then we can
consider two hemispheres given by

Di={z€O:2-2<0, |z <C}

Dy={xe€O:2-n>0, |z <C}
We claim neither of these sets can have minima on their boundaries. Without loss of generality
consider D;. Its boundary consists of 1 = {z € © : z- 72 < 0, |z| = C} and Bc(0). Along Sy, by
assumption 7(z) - VL(z) > 0 so LemmaD.2]tells us the global minima of D; cannot be on S;. On

Bc(0), we know the minimum value is L(6*). However, we assumed 6* is not a minima so it must
be a saddle. Since we assumed nondegenerate Hessians at critical points, there must be some unit

vector d such that d” H (0*)d < 0. Note that since 0* is a minima of Lg,.» |d - 7| > 0. Without loss
of generality suppose d-n<0.
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Then for any & there exists some € such that for all § € ©, if |§ — *| < e then |L(0) — L(6*) — Ce
0)TH(0%)(0 — 6*)| < |0 — 0*[26. Pick 6 = L|dT H(6*)d| and 0 = 0* + ed/2. Since d - 71 < 0, we
see 0 -7 < 0soH € D;. But we see that

1 ed? ed €2
L(6) <L(0*) + =—H(0")— + —
(9) < (0)+2 5 (0)2+46
= L(0") + E 2(—0) + 55
- 2¢ 1
1
:L(e*)—1€25

<L(6").

Therefore there is a point in the interior of Dy with value smaller than L(6*). Hence the minima also
cannot be on B¢ (0). Hence L|p5, must have its global minima in the interior. Similarly L|p, must
as well so there are 2 distinct local minima.

Theorem 3.4} Let a m-neuron point be a transitive permutation representation. Suppose the weights
satisfy the corresponding equivariance constraints. If this m-neuron point is reducible, then either
we can eliminate these neurons or we can replace the transitive permutation representation with a
n-neuron transitive permutation representation where n < m and n|m.

Proof. Let W be the input weights with dimensions m x d;, and U be the output weights with
dimensions d,,t X m. Since the hidden neurons transform as a permutation representation, for
any g € G denote by m4() as the node which g transforms node i into. Denote by p, p’, p the

representations of G on the current m-neurons (R™), previous layer (R%»), and next layer (R%u¢)
respectively.

There are 2 cases for reducibility. Either we have a neuron with 0 output weight or a pair of neurons
which share input weights.

The first case is that there is some k where Uy, = 0 for all i € [doyt]. In this case we find that by
equivariance constraints for any g € G we have

Ui,y = (Up(9))ix = (0" (9)U)ar. = 0.
Therefore all output weights are 0 and we can eliminate this transitive block of neurons.

The second case is that there exist distinct k, &’ such that Wy, = Wy, forall i € {1,2,...,di}.
Suppose h € G is such that 75, (k) = k. Then by equivariance constraints we must have

(P(MW )i = Wa, (k)i = Wiri = (Wp'(R))ki = Wi (R)

where we use Einstein summation notation. But since Wy; = Wy; we have

Wi = Wi;pji(h) M
for all such h. Further, let S, be the stabilizer of k under 7. That we have 7,1 (k) = k for all s € Sy,
andi € {1,2,...,di,}. Then by equivariance constraints we also have

(P(8)W ki = Wi = Wi (s). ()

Now, consider a group A generated by elements of Sy and h. Then any a € A can be written as
a=gig2---9p
for some finite p where each g; is either in Sy or is h. We then find that
Wiipji(a) =Wij, 05,5, (91) - - £5,:(9p)
= (Whjs 5, (91)) - - 05,i(9p)
:ijZp‘/ijg (g92) - P}pi(gp)

= Wi
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where we repeatedly apply (I) and (Z). However, by equivariance we must also have
Wi = Wijpii(a) = (p(@)W)ki = Wr (k)i
foralli € {1,2,...,d;,} and any a € A.
Next, consider some coset gA € G/A. We then find for any b = ga € gA we have
W, ()i =(p(b" )W )i = Wi pl (071)

=Wi;pji(a g™")

=Wij, 0,5, (@™ )plyi(g™ )

:ij2P;2i(g_1)-
Hence, we see that for any g from the same coset, the incoming weights W _(x); are the same. Since

our permutation representation is transitive, all neurons are reached by appropriate choice of g € G.
Hence, we can reduce our m-neuron point to a n = |G/A|-neuron point.

Finally, we must show that with this reduction we still satisfy equivariance constraints. To do
so0, let us define our new weights and new representation. First, pick some coset representatives
{91 = e, g2,...,gn} Next, we define new ingoing weights

Wzgq = Wﬂgp (k)q-

and outgoing weights

Upp =" Ugmy(h)-
gEgpA

Let j : G — GL(RIS/4l) be permutation matrices defined as
_ _J1 gg; € g:A
Pilg) = {O otherwise

One can check that these matrices indeed form a permutation representation. Further, denote by
7g 1 [|G/A|] — [|G/A]] to be the corresponding permutation of indices for p(g).

We then check for any g € G that
(W'0'(9))pa =WpiPig(9) = Wa, (1)iPig(9)
=pri (95 Y Wiilia(9) = pri (9, ) pii(9)Wi
=pki(g, ' 9)Wig = Wo 1, ()
Now let g; be such that g~'g, € g; A. Then we see
(W'p'(9))pq :Wﬂgj (k)g = WJ/'q
:W%g,l(p)q = ppi(9)Wi,
=(p(Q)W")pg-
So W satisfies the equivariance constraints.
For U’ we check that
(P//(Q)U/)qp :p:;li (g)Uin
Z Pgi(g)Umg/(k)
g'€gpA

= Z Uqipir,, 1) (9)

g'€gpA

= Y Uupij(9)pir(d)

g'€gpA

= > Uspir(gg)

9’ €gpA
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Let g; be such that gg, € g;A. Then for any ¢’ € g, A, we have ¢’ = gpa for some a € A so
99’ = ggpa = g;a’a since we know gg, = gja’ for some a’. So then g¢g’ € g; A. Hence we see that

(PH Z Uqlpzk

g'’€g; A
11 77/
—U Uqﬂg(
:Uz;ipip( )
:(Ulﬁ@))qp'

So the new output weights also satisfy equivariance constraints. O

Theorem Let a m-neuron point and a m’-neuron point be distinct transitive permutation
representations each of which are irreducible. Suppose the m + m’-neuron point combining these
neurons is reducible. Then they must both be the same permutation representation and we can replace
the m + m/-neuron point with a m-neuron point.

Proof. Let use denote the incoming weights to the m-neuron and m’-neuron points as W and W’
respectively. Suppose k, k" are such that

Wii = Wi,
forall i € [din].
First, we show that both the m and m’ neuron points are the same permutation representation. Let
S = Stabg (k) S’ = Stabg (k).

Suppose S # S’. Then either there is some s € S where s ¢ S’ or there is some s’ € Sbut s’ ¢ S.
Without loss of generality suppose we have the former. Then by equivariance, we have

Wi =(p(s )W)y = (Wp(s™H))i;
=Wiipij(s™1) = Wiipig(s™)
=(W'p(s™ ) = (' (™ )W)
=W ks
But since s ¢ S’, w,(k') # k. But this would mean m’-neuron point is reducible, a contradiction.

Hence we must have S = S’. Because both neuron points are transitive, this implies they must be the
same.

To conclude, we note that equivariance constraints uniquely define the remaining rows of W, W'
which means there is a bijection between rows of W, W’ where all corresponding rows are equivalent.
Hence, we can combine all these neurons can create a single m-neuron point instead. O

E Additional experiments

E.1 Permutation symmetry

Using the same setup as in Section 4 we tried different random seeds for initializing the teacher
weights.

E.1.1 Loss landscape

In Figure[9] we have the loss landscape as we vary the diagonal and off diagonal components of the
w3 — 73 map for various random seeds. There seem to be two distinct minima in most of the plots.
For Figures[9b] 01 0]] the distinct minima is not very apparent. By directly checking the weights,
we were able to confirm that the diagonal and off diagonal components of the teacher weights are
very close which likely led to this phenomenon. In addition, for Figures[O¢]and[Og| the minima are
out of range of our parameter sweep. Interestingly, we note that the global and spurious minima
always appear to be roughly equidistant from the diagonal line corresponding to the hidden fixed
point subspace.
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Figure 9: Loss landscapes for various random seeds. Note there seems to be two distinct minima in
almost all cases.

E.1.2 Constrained training

Same as before, we initialize student networks to have the same weights as the teacher network except
for the diagonal and off diagonal components of the m3 — 73 map. We then train for 100 steps with
gradient descent and record the final loss. We do this both for a direct parameterization of diagonal
and off diagonal values (Figure[T0Jand one with rescaled diagonal values (Figure[TT). As before, we
see clear boundaries in most of the cases and in Figure [I0] we generally see a nonlinear boundary
while in Figure [[T|we generally see a linear one which corresponds to the hidden fixed point space.
However, for (b) and (i) there seems to be a different boundary which is much more prominent. It
is unclear to us exactly where this boundary comes from. We suspect that there may be additional

spurious minima not explained by our symmetry argument. Such minima are known to be common
in these 2-layer ReL.U setups [45]].
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Figure 10: Loss after training student network for 100 steps. We directly parameterize the 73 — 73
map as 6011 + 05(117 — 1),

E.2 Different activation
Finally, we also tried replacing the ReLU activation with an erf activation. This was chosen because

there is an analytical loss for a teacher-student setup for iid unit Gaussian inputs [44]]. The results are
shown in Figure[T2] We also tend to see additional minima as expected from theory.
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Figure 12: Loss landscapes for various random seeds. Note there seems to be two distinct minima in
almost all cases.

E.3 5?2 signals

It turns out spherical signals are also permutation representations. This is a result of SO(3)/SO(2) =
52, Spherical signals are used in S? activations first proposed in [13]. In many equivariant archi-
tectures, spherical signals are parameterized in the Fourier basis using spherical harmonics [26)}, 47].
Next, we note that any automorphism of S? in principle gives a hidden symmetry and the corre-
sponding fixed point subspace is a constant signal. This corresponds to only a scalar £ = 0 spherical
harmonic. Hence, if our inputs only consists of scalar £ = 0 spherical harmonic and a single nonscalar
spherical harmonic, Theorem [3.3]applies and we expect multiple minima.

To test, this, we construct a simple model. First, we pick some cutoff L, for maximum degree
of spherical harmonic used. We then pick some representation for our input by specifying the
relevant SO(3) irreps. We construct an equivariant linear map from our input representation to
0@ 1®...3 L.y used to represent the 52 signal. We then apply our nonlinearity on the sphere
and then extract the harmonics of the final signal. Finally we dot product final harmonics with itself
and sum to obtain our output. We use the e3nn library to build this model [26]].
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E.3.1 Single scalar and nonscalar irrep

We first consider the case where our input rep is of the form 0@ L. This is the case where Theorem 3.3]
applies. For such a network, by Schur’s lemma there are only two degrees of freedom in the equivariant

linear layer. We map the 0 and L irreps to the £ = 0 and ¢ = L harmonics of the spherical signal.
Mathematically, we have the signal

F7) =002 + 0, > 2By E(#)

where (%) is the scalar input and xﬁ,f ) is the L irrep input and 6, 6; are the weights.

The hidden fixed point space corresponding to automorphisms of the sphere is precisely constant
signals on the sphere. This happens when #; = 0. Hence by Theorem 3.3] we expect there to be two
minima corresponding to positive and negative values of 6;. We randomly choose values of 0, 6;
for the teacher network then sweep over 6, 61 and compute the loss of the student network. The
resulting loss landscape is shown in Figure T3]
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Figure 13: Loss landscapes for various random seeds and different L. Again, note the existence of
two minima. However, the landscape appears symmetric for odd L but not even L.

Note that the loss landscape appears symmetric for odd values of L. It turns out that this is because
the inversion map on S? gives a simple sign flip on odd spherical harmonic values. Hence this is a
parameter symmetry of such a model and our previous hidden fixed point space is in fact just a fixed
point space for odd L. So for odd L we expect the two minima to be the same. However, for even L,
the 61 = 0 line is truly a hidden fixed point subspace and we expect different minima.

E.3.2 Other input reps

We also tried testing other combinations of input reps for which Theorem [3.3] does not apply. In
particular, we consider inputs of type L1 + L5 such that for xﬁrf 1) and z(L2) input we obtain a signal

£ = 00 OV @) + 02 3 alt Y ()

m m

where 61, 05 are the weights. We again randomly initialize these weights for the teacher network and
sweep over 61, 05 for the student network and compute the loss. Interestingly, we still often observe
multiple minima reminiscent of the patterns expected from our other experiments.

F Loss landscape and different optimizers

We provide a brief discussion of how our loss landscape characterization affects our understanding
of optimization. In general, because Theorem [3.3|implies existence of multiple minima, we expect
potential issues where gradient based optimizers converge to the wrong minimum. In addition, we
note that for certain "nice" parameterization, gradients in the hidden fixed point space stay in that
space. Hence gradient descent and SGD would never cross this space. If we model weight decay
with L2-regularization, we see that the regularization term does not affect the symmetry of the loss
landscape so this barrier remains. However, for different parameterizations or equivalently, methods

assigning different learning rates to different parameters [31], the hidden fixed point space could pose
less of an issue.
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Figure 14: Loss landscapes for various random seeds and different input types L1 & Lo. Even though
Theorem@ does not apply, we still often observe multiple minima.

Lastly, Lemma [3.2]implies existence of critical points in a much more general setting. While these
may be saddles instead of minima, saddles are still considered a problem for many optimization
methods [[16]. Further, a number of works have shown saddle-to-saddle dynamics under various
settings [T}, 281 42]. Hence we believe Lemma[3.2] may have important consequences to be explored
in future work.
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
* Keep the checklist subsection headings, questions/answers and guidelines below.

* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We clearly summarize our main theoretical contributions and experimental
evidence. We also highlight the key takeaways as bullet points.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: We briefly highlight limitations of our paper in the conclusion and how future
works could improve upon it.

Guidelines:
* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.
 The authors are encouraged to create a separate "Limitations" section in their paper.

 The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
Justification: Rigorous statements are provided in the main text and proofs can be found in
Appendix D}
Guidelines:
» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: The architecture and setup of our toy experiments are clearly described.

Guidelines:

28



The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide a link to our code which will be made public.

Guidelines:

The answer NA means that paper does not include experiments requiring code.

Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We explain the setup of our toy experiments in the main paper. The full details
are in the code.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]

Justification: We only have toy experiments meant to support our theoretical loss landscape
insights. Statistical methods are not applicable.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: All of our experiments are simple and can be run on a laptop.
Guidelines:

* The answer NA means that the paper does not include experiments.
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9.

10.

11.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: We confirm that we have reviewed the code of ethics and that our work
conforms.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our work is foundational and seeks to further our understanding of neural
networks.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
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Answer: [NA]
Justification: Our work is mostly theoretical.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We have cited the packages used in our toy experiments.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: No assets are released, our work is theoretical.
Guidelines:

» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
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15.

16.

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: No crowdsourcing or human subjects were used.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: No crowdsourcing or human subjects were used.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: LLMs were only used to help edit the writing.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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