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ABSTRACT

Adam has become one of the most popular optimizers for training modern deep
neural networks, such as transformers. However, its applicability is largely re-
stricted to single-level optimization problems. In this paper, we aim to extend
vanilla Adam to tackle bilevel optimization problems, which have important ap-
plications in machine learning, such as meta-learning. In particular, we study
stochastic bilevel optimization problems where the lower-level function is strongly
convex and the upper-level objective is nonconvex with potentially unbounded
smoothness. This unbounded smooth objective function covers a broad class of
neural networks, including transformers, which may exhibit non-Lipschitz gradi-
ents. In this work, we first introduce AdamBO, a single-loop Adam-type method
that achieves Õ(ϵ−4) oracle complexity to find ϵ-stationary points, where the or-
acle calls involve stochastic gradient or Hessian/Jacobian-vector product evalu-
ations. The key to our analysis is a novel randomness decoupling lemma that
provides refined control over the lower-level variable. Additionally, we propose
VR-AdamBO, a variance-reduced version with an improved oracle complexity of
Õ(ϵ−3). The improved analysis is based on a novel stopping time approach and
a careful treatment of the lower-level error. We conduct extensive experiments
on various machine learning tasks involving bilevel formulations with recurrent
neural networks (RNNs) and transformers, demonstrating the effectiveness of our
proposed Adam-type algorithms.

1 INTRODUCTION

The Adam algorithm (Kingma & Ba, 2014) is one of the most popular optimizers for training mod-
ern deep neural networks due to their computational efficiency and minimal need for hyperparameter
tuning. For example, Adam has become the default choice for training transformers (Vaswani et al.,
2017; Devlin et al., 2018) and vision transformers (ViT) (Dosovitskiy et al., 2021). Practitioners fa-
vor Adam and adaptive gradient methods in general because they significantly outperform stochas-
tic gradient descent (SGD) for certain models, such as transformers (Zhang et al., 2019; Crawshaw
et al., 2022; Kunstner et al., 2023; Ahn et al., 2023). Recently, there is a line of work analyzing the
convergence of Adam under various assumptions (Guo et al., 2021b; Défossez et al., 2020; Wang
et al., 2022; Zhang et al., 2022; Li et al., 2023a).

Despite the empirical and theoretical advances of Adam, it is only applicable for single-level op-
timization problems such as the empirical risk minimization. However, there is a huge class of
machine learning problems which are inherently bilevel optimization problems (Bracken & McGill,
1973; Dempe, 2002), including meta-learning (Franceschi et al., 2018; Rajeswaran et al., 2019),
reinforcement learning (Konda & Tsitsiklis, 2000), hyperparameter optimization (Franceschi et al.,
2018; Feurer & Hutter, 2019) and continual learning (Borsos et al., 2020; Hao et al., 2023). There-
fore, an important question arises: How can we extend the applicability of vanilla Adam to solve
bilevel optimization problems, while ensuring both provable theoretical convergence guaran-
tees and strong empirical performance for machine learning applications?

In this paper, we provide a positive answer to this question, under the setting of bilevel optimiza-
tion under unbounded smoothness (Hao et al., 2024; Gong et al., 2024a). In particular, the bilevel
optimization in this setting has the following form:

min
x∈Rdx

Φ(x) := f(x, y∗(x)), s.t., y∗(x) ∈ argmin
y∈Rdy

g(x, y), (1)
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where f and g are upper- and lower-level functions respectively, and f satisfies a unbounded smooth-
ness condition (see Definition 3.1) and g is a strongly-convex function in y. One example satisfying
this particular setting is meta-learning (Finn et al., 2017; Franceschi et al., 2018) with certain ma-
chine learning models such as RNNs (Elman, 1990) or transformers (Vaswani et al., 2017), where
x represents all layers except for the prediction head, y represents the prediction head, and the goal
is to learn the shared model parameter x to find a common representation such that it can quickly
adapt to various tasks by simply adjusting the task-specific prediction head y. The unbounded
smoothness condition for the upper-level function f is particularly relevant in this paper for two
main reasons. First, recent studies have demonstrated that the gradient’s Lipschitz constant (i.e., the
smoothness constant) is unbounded in various modern neural networks, including RNNs and trans-
formers (Zhang et al., 2020b; Crawshaw et al., 2022; Hao et al., 2024). Second, Adam is empiri-
cally successful on training these neural networks (Vaswani et al., 2017; Kunstner et al., 2023) and
its convergence under unbounded smoothness was recently proved within the single-level optimiza-
tion framework (Li et al., 2023a). Therefore it is natural and imperative to design new Adam-type
algorithms, building on the vanilla Adam approach, to solve bilevel optimization problems in the
unbounded smoothness setting.

We introduce two Adam-type algorithms for such bilevel optimization problems with provable con-
vergence guarantees. The first algorithm is called Adam for Bilevel Optimization (AdamBO).
AdamBO begins by running a few iterations of SGD to warm-start the lower-level variable, after
which it simultaneously applies vanilla Adam updates to the upper-level variable and SGD updates
to the lower-level variable. The primary challenge for the convergence analysis of AdamBO is tack-
ling the complicated dependency between the upper-level hypergradient bias and the lower-level
estimation error when the upper-level performs the vanilla Adam update. The convergence analysis
of AdamBO for unbounded smooth upper-level functions builds upon the insight of regarding bilevel
optimization as a stochastic optimization problem under distributional drift (Gong et al., 2024a), but
with a few important differences. First, our analysis incorporates a novel randomness decoupling
lemma for lower-level error control, which arises from using Adam updates for the upper-level vari-
able. Second, unlike (Hao et al., 2024; Gong et al., 2024a), the lower-level error in our setting is
not necessarily small across iterations, requiring a more refined analysis to handle the hypergradi-
ent bias and establish convergence guarantees. In addition, we also introduce another Adam-type
algorithm, namely VR-AdamBO, by incorporating the variance reduction techniques (Cutkosky &
Orabona, 2019) along with Adam for the upper-level variable and the lower-level acceleration tech-
niques (Gong et al., 2024b) to further improve the convergence rate. The analysis for VR-AdamBO
relies on a novel stopping-time analysis in the context of bilevel optimization and a careful treatment
for the lower-level error, which is different from the techniques used in single-level variance-reduced
Adam (Li et al., 2023a). Our main contributions are summarized as follows.

• We design a variant of Adam, called AdamBO, for solving bilevel optimization problems
under the unbounded smoothness setting. We prove that AdamBO converges to ϵ-stationary
points with Õ(ϵ−4) oracle complexity. To achieve this result, we develop a novel ran-
domness decoupling lemma for lower-level error control and a refined analysis for the
hypergradient bias, which are of independent interest and could be applied to analyzing the
convergence of other adaptive optimizers in bilevel optimization.

• We propose a variance-reduced variant of AdamBO, named VR-AdamBO, with an im-
proved oracle complexity of Õ(ϵ−3). The proof relies on a novel stopping time analysis in
the context of bilevel optimization and a careful treatment for the lower-level error.

• We conduct experiments on deep AUC maximization and meta-learning for text classifica-
tion tasks with RNNs and transformers to verify the effectiveness of the proposed Adam-
type algorithms. We show that both AdamBO and VR-AdamBO consistently outperform
other bilevel algorithms during the training process. Notably, for the transformer model,
they improve the training (testing) AUC by at least 14% (7%) over other baselines. The
running time results indicate that our algorithms converge much faster than baselines.

2 RELATED WORK

Convergence Analysis of Adam. Adam was proposed by (Kingma & Ba, 2014) and the conver-
gence guarantee was established under the framework of online convex optimization. Reddi et al.
(2019) identified a divergence example of Adam under fixed hyperparameters and designed new
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variants to fix the divergence issue of Adam. Recently, there is a line of work analyzing the conver-
gence of Adam under various assumptions and problem-dependent hyperparameter choices (Zhou
et al., 2018; Guo et al., 2021b; Défossez et al., 2020; Wang et al., 2022; Zhang et al., 2022; Li et al.,
2023a). The most related work to our paper is (Li et al., 2023a), which studied the convergence
of Adam under relaxed assumptions (i.e., generalized smoothness as defined by (Li et al., 2023a)).
However, all of these works only consider Adam within the single-level optimization framework and
are not applicable for bilevel optimization problems.

Bilevel Optimization. Bilevel optimization was extensively studied in the literature, most of which
focus on asymptotic convergence guarantees (Bracken & McGill, 1973; Vicente et al., 1994; Anan-
dalingam & White, 1990; White & Anandalingam, 1993). Ghadimi & Wang (2018) studied bilevel
optimization algorithms with non-asymptotic convergence guarantees when the lower-level func-
tion is strongly convex. The complexity results were later improved by a series of work (Hong et al.,
2023; Ji et al., 2021; Chen et al., 2021; Dagréou et al., 2022; Kwon et al., 2023; Chen et al., 2023a).
When each realization of the functions has a Lipschitz stochastic gradient, several works incorporate
momentum-based variance reduction techniques (Cutkosky & Orabona, 2019) to further improve the
convergence rate (Khanduri et al., 2021; Guo et al., 2021a; Yang et al., 2021). Recently, (Hao et al.,
2024; Gong et al., 2024a;b) considered bilevel optimization with unbounded smoothness for the
upper-level function and designed stochastic algorithms with convergence guarantees. However,
none of these works use the Adam update under the bilevel optimization setting.

Relaxed Smoothness. Zhang et al. (2020b) initiated the convergence analysis of the gradient clip-
ping algorithms under the relaxed smoothness condition, which was motivated by the loss landscape
of RNNs and LSTMs. The work of (Zhang et al., 2020b) inspired a line of work focusing on design-
ing various algorithms under the relaxed smoothness condition (Zhang et al., 2020a; Jin et al., 2021;
Liu et al., 2022; Crawshaw et al., 2023a;b; Faw et al., 2023; Wang et al., 2023; Li et al., 2023a;b),
some of them achieved improved convergence rates (Liu et al., 2023; Reisizadeh et al., 2023; Li
et al., 2023a). Several variants of relaxed smoothness were considered in (Crawshaw et al., 2022;
Chen et al., 2023b; Hao et al., 2024; Gong et al., 2024a;b). This work considered the same problem
setting as in (Hao et al., 2024; Gong et al., 2024a;b), focusing on designing Adam-type algorithms
for bilevel optimization with unbounded smooth upper-level functions.

3 PRELIMINARIES, NOTATIONS AND PROBLEM SETUP

Denote ⟨·, ·⟩ and ∥ · ∥ as the inner product and Euclidean norm of a vector or spectral norm of a
matrix. For any vectors x and y, denote x2,

√
x, |x|, x⊙y, x/y as the coordinate-wise square, square

root, absolute value, product and quotient, respectively. We write x ⪯ y to denote the coordinate-
wise inequality between x and y. We use Õ(·), Θ̃(·), Ω̃(·) to denote asymptotic notations that hide
polylogarithmic factors of 1/ϵ. Define f, g : Rdx×Rdy → R as the upper- and lower-level functions,
where f(x, y) = Eξ∼Df

[F (x, y; ξ)] and g(x, y) = Eζ∼Dg
[G(x, y; ζ)], with Df and Dg being the

underlying data distributions, respectively. When the lower-level function is strongly convex, the
hypergradient has the following form (Ghadimi & Wang, 2018):

∇Φ(x) = ∇xf(x, y
∗(x))−∇2

xyg(x, y
∗(x))[∇2

yyg(x, y
∗(x))]−1∇yf(x, y

∗(x)).

The goal of this paper is to design Adam-type algorithms that can find ϵ-stationary points of function
Φ (i.e., finding an x such that ∥∇Φ(x)∥ ≤ ϵ). For a given (x, y), we estimate the hypergradient
∇Φ(x) using Neumann series approach (Ghadimi & Wang, 2018) with the following formulation:

∇̂ϕ(x, y; ξ̄) = ∇xF (x, y; ξ)−∇2
xyG(x, y; ζ(0))

[
1

lg,1

Q−1∑
q=0

q∏
j=1

(
I −

∇2
yyG(x, y; ζ(q,j))

lg,1

)]
∇yF (x, y; ξ),

where ξ̄ := {ξ, ζ(0), ζ̄(0), . . . , ζ̄(Q−1)} and ζ̄(q) := {ζ(q,1), . . . , ζ(q,q)} for q ≥ 0.

Now we start to state the main assumptions for our analysis.
Definition 3.1 ((Lx,0, Lx,1, Ly,0, Ly,1)-smoothness (Hao et al., 2024, Assumption 1)). Let z =
(x, y) and z′ = (x′, y′), there exists Lx,0, Lx,1, Ly,0, Ly,1 > 0 such that for all z, z′, if ∥z − z′∥ ≤
1/
√
L2
x,1 + L2

y,1, then ∥∇xf(z)−∇xf(z
′)∥ ≤ (Lx,0 + Lx,1∥∇xf(z)∥)∥z − z′∥ and ∥∇yf(z)−

∇yf(z
′)∥ ≤ (Ly,0 + Ly,1∥∇yf(z)∥)∥z − z′∥.

Remark: This definition characterizes the unbounded smoothness of the upper-level function f and
has also been used in previous works (Hao et al., 2024; Gong et al., 2024a;b). It can be regarded
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as a generalization of the relaxed smooth assumption in (Zhang et al., 2020b) and the coordinate-
wise relaxed smoothness assumption in (Crawshaw et al., 2022). Moreover, it has been empirically
verified for bilevel formulations with RNNs (Hao et al., 2024).
Assumption 3.2. Suppose the followings hold for functions f and g: (i) f is continuously differ-
entiable and (Lx,0, Lx,1, Ly,0, Ly,1)-smooth in (x, y); (ii) For every x, ∥∇yf(x, y

∗(x))∥ ≤ lf,0;
(iii) For every x, g(x, y) is µ-strongly convex in y for µ > 0; (iv) g is continuously differentiable
and lg,1-smooth jointly in (x, y); (v) g is twice continuously differentiable, and ∇2

xyg,∇2
yyg are

lg,2-Lipschitz jointly in (x, y); (vi) Objective function Φ is bounded from below by Φ∗.

Remark: Assumption 3.2 is standard in the bilevel optimization literature (Kwon et al., 2023;
Ghadimi & Wang, 2018; Hao et al., 2024). Under this assumption, the objective function Φ is
(L0, L1)-smooth, see Lemma B.10 in Appendix B for definitions of L0, L1 and more details.
Assumption 3.3. Suppose the following stochastic estimators are unbiased and satisfy:
(i) ∥∇xF (x, y; ξ) − ∇xf(x, y)∥ ≤ σf ; (ii) ∥∇yF (x, y; ξ) − ∇yf(x, y)∥ ≤ σf ; (iii)
Pr(∥∇yG(x, y; ζ)−∇yg(x, y)∥ ≥ s) ≤ 2 exp(−2s2/σ2

g,1); (iv) ∥∇2
xyG(x, y; ζ)−∇2

xyg(x, y)∥ ≤
σg,2; (v) ∥∇2

yyG(x, y; ζ)−∇2
yyg(x, y)∥ ≤ σg,2.

Remark: Assumption 3.3 assumes the noise in the stochastic gradient and Hessian/Jacobian is
almost-surely bounded or light-tailed. This is an standard assumption in the literature of optimiza-
tion for single-level relaxed smooth functions (Zhang et al., 2020b;a), as well as for bilevel opti-
mization under unbounded smooth upper-level functions (Hao et al., 2024; Gong et al., 2024a;b).

Assumption 3.4. (i) Let z = (x, y) and z′ = (x′, y′), if ∥z−z′∥ ≤ 1/
√
L2
x,1 + L2

y,1, then for every

ξ, ∥∇yF (z; ξ)−∇yF (z
′; ξ)∥ ≤ (Ly,0+Ly,1∥∇yf(z)∥)∥z−z′∥; (ii) For every ξ and ζ, G(x, y; ζ)

satisfy Assumption 3.2 (iv) and (v).

Remark: Assumption 3.4 (i) requires that certain properties of the second argument (i.e., the lower-
level variable y) in the upper-level function at the population level also hold almost surely for each
random realization. Assumption 3.4 (ii) requires each random realization of the lower-level function
satisfies the same property as in the population level. Similar assumptions were made implicitly
in the bilevel optimization literature (Ghadimi & Wang, 2018). Note that this assumption does not
assume any properties in terms of the upper-level variable x under each random realization.
Assumption 3.5. F (x, y; ξ) and G(x, y; ζ) satisfy Assumption 3.2 for every ξ and ζ almost surely.

Remark: Assumption 3.5 poses a strictly stronger requirement than Assumption 3.4: it assumes
each random realization for both upper-level and lower-level function has the same property as in
the population level. This assumption has been shown to be necessary to obtain the improved oracle
complexity O(ϵ−3) for both single-level problems (Arjevani et al., 2023; Cutkosky & Orabona,
2019) and bilevel problems (Khanduri et al., 2021; Yang et al., 2021; Gong et al., 2024b).

4 ADAMBO AND CONVERGENCE ANALYSIS

4.1 ALGORITHM DESIGN, MAIN CHALLENGES, AND TECHNIQUE OVERVIEW

Algorithm Design. Our first Adam-type algorithm AdamBO is presented in Algorithm 1. It consists
of the following components. First, the algorithm requires several warm-start steps for updating
the lower-level variable y for a given initialization of the upper-level variable x0 (line 2), which
is designed to obtain a good estimate of the optimal lower-level variable at the very beginning
and shares the same spirit of the bilevel algorithms introduced in (Hao et al., 2024; Gong et al.,
2024a;b). Second, the algorithm updates both the upper- and lower-level variables simultaneously:
the lower-level variable y is updated by SGD, and the upper-level variable x is updated by the vanilla
Adam algorithm (lines 3 ∼ 9). Therefore, the upper-level update benefits from the coordinate-wise
adaptive learning rate. In contrast, the existing bilevel optimization algorithms under the unbounded
smoothness setting use normalized SGD with momentum to update the upper-level variable (Hao
et al., 2024; Gong et al., 2024a;b), which use a universal learning rate for every coordinate.

Main Challenges. The main challenges for the convergence analysis of AdamBO are listed as
follows. First, the analysis of vanilla Adam in the single-level generalized smooth optimization set-
ting (Li et al., 2023a) is not directly applicable for bilevel problems. This is because the hypergra-
dient estimator in bilevel optimization may have a non-negligible bias due to inaccurate estimation

4
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Algorithm 1 ADAMBO (all operations on vectors are element-wise)
1: Input: β, βsq, η, γ, λ, T0, T, x1, y0
2: Initialize y1 = SGD(x1, y0, γ, T0), m̂1 = ∇̂ϕ(x1, y1; ξ̄1) and v̂1 = (∇̂ϕ(x1, y1; ξ̄1))2
3: for t = 1, . . . , T do
4: yt+1 = yt − γ∇yG(xt, yt; ζt)

5: mt = (1− β)mt−1 + β∇̂ϕ(xt, yt; ξ̄t)
6: vt = (1− βsq)vt−1 + βsq(∇̂ϕ(xt, yt; ξ̄t))2
7: m̂t =

mt

1−(1−β)t

8: v̂t =
vt

1−(1−βsq)t

9: xt+1 = xt − η√
v̂t+λ

⊙ m̂t

10: end for

of the lower-level variable, whereas the single-level analysis in (Li et al., 2023a) does not need to
account for this issue. Second, the existing algorithms and analyses for bilevel optimization with
unbounded smooth upper-level functions require the lower-level error to be small (Hao et al., 2024;
Gong et al., 2024a;b), which may not hold for AdamBO. In particular, the existing analysis crucially
relies on a fixed update length for the upper-level variable at every iteration (due to normalization):
the analysis in (Hao et al., 2024; Gong et al., 2024a;b) views the update of the upper-level variable
as a fixed distributional drift for the lower-level function, which is crucial to show that the lower-
level error is small and the hypergradient bias is negligible. However, such an argument is not true
for AdamBO: the Adam update for the lower-level variable does not have a fixed update size and
it depends on randomness from both upper-level and lower-level random variables in the stochastic
setting, which make the lower-level error control more challenging.

Technique Overview. To address these challenges, one of our main technical contributions is the
introduction of a novel randomness decoupling lemma for controlling the lower-level error when
the upper-level variable is updated by Adam, as illustrated in Section 4.3.2. This lemma provide a
high probability guarantee for the lower-level error control when the upper-level update rule satisfies
certain conditions (which are satisfied by the vanilla Adam update rule for the upper-level variable).
The key novelty of this lemma lies in the randomness-decoupling fact: the high-probability bound
depends solely on the randomness {ζt}Tt=1 from the lower-level random variables, and it holds for
any fixed sequence of upper-level variables {xt}Tt=1 and any fixed upper-level random variables
{ξ̄t}Tt=1 that respect the Adam updates. To describe the condition that Adam satisfies and to prove
this lemma, we introduce an auxiliary sequence (defined in (3)) that separates the randomness in
the upper- and lower-level random variables, which is new and has not been leveraged in previous
bilevel optimization literature.

4.2 MAIN RESULTS

We first introduce some notations and technical definitions. Denote σ(·) as the σ-algebra generated
by the random variables within the argument. Let Finit be the filtration for updating y1 (see Algo-
rithm 3): Finit = σ(π0, . . . , πT0−1). For any t ≥ 2, define Fx

t ,F
y
t and Ft as Fx

t = σ(ξ̄1, . . . , ξ̄t−1),
Fy

t = σ(ζ1, . . . , ζt−1) and Ft = σ(Finit ∪ Fx
t ∪ Fy

t ). We use Et[·] to denote the conditional ex-
pectation E[· | Ft]. We also use c1, c2, c3 to denote small enough constants and C1, C2 to denote
large enough constants, all of which are independent of ϵ and δ, where ϵ denotes the target gra-
dient norm and δ denotes the failure probability. The definitions of problem-dependent constants
σϕ, Cϕ,0, Cϕ,1,∆1, L0, L1, L, Cβ are comprehensively listed in Appendix D.1.

Theorem 4.1. Suppose Assumptions 3.2 to 3.4 hold. Let G be a constant satisfying G ≥
max

{
4λ, 2σϕ, 4Cϕ,0,

Cϕ,1

L1
,
√

C1∆1L0

CL
, C1∆1L1

CL

}
. Given any ϵ > 0 and δ ∈ (0, 1), choose

0 ≤ βsq ≤ 1, β = Θ̃(ϵ2), γ = Θ̃(ϵ2), η = Θ̃(ϵ2), Q = Θ̃(1), T0 = Θ̃(ϵ−2). Run Algo-

rithm 1 for T = max
{

1
β2 ,

C2∆1G
ηϵ2

}
= Õ(ϵ−4) iterations. Then with probability at least 1− δ over

the randomness in FT+1, we have ∥∇Φ(xt)∥ ≤ G for all t ∈ [T ], and 1
T

∑T
t=1 ∥∇Φ(xt)∥ ≤ ϵ2.

Remark: The full statement of Theorem 4.1 with detailed parameter choices is deferred to The-
orem D.12 in Appendix D. Theorem 4.1 provides the convergence guarantee for Algorithm 1:
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AdamBO converges to ϵ-stationary points with T0 + QT = Õ(ϵ−4) oracle complexity. This com-
plexity result matches that of non-adaptive bilevel optimization algorithms in (Hao et al., 2024; Gong
et al., 2024a) when the upper-level function exhibits unbounded smoothness, as well as the complex-
ity of Adam for single-level optimization with generalized smooth functions (Li et al., 2023a). It
is also worth noting that we choose a larger learning rate η = Θ̃(ϵ2) for the upper-level updates,
compared to η = Θ̃(ϵ3) used in the SLIP algorithm (Gong et al., 2024a).

4.3 PROOF SKETCH

In this section, we provide a proof sketch for Theorem 4.1. The detailed proof can be found in
Appendix D. Let y∗t = y∗(xt). The key idea is to provide a high probability bound of lower-
level estimation error ∥yt − y∗t ∥ when the upper-level variable x is updated by the vanilla Adam.
Lemma 4.4 provides such a guarantee: the lower-level error ∥yt−y∗t ∥ is bounded by a function of the
initial estimation error ∥y1 − y∗1∥, the variance term σ2

g,1, and an auxiliary momentum estimator of
the hypergradient ∥ût∥ (see definition of ût in (6)). Based on Lemma 4.4, we introduce Lemma 4.5
and 4.6, which incorporate the lower-level error into the upper-level problems and adapt the stopping
time technique of Adam (Li et al., 2023a) to prove the convergence. The proof of Lemma 4.4 is a
direct application of the randomness decoupling lemma (i.e., Lemma 4.2 in Section 4.3.2). All of
the proofs in this section are based on Assumptions 3.2 to 3.4.

4.3.1 EQUIVALENT UPDATE RULE OF ADAMBO

Let αt =
β

1−(1−β)t and αsq
t =

βsq

1−(1−βsq)t
. Inspired by (Li et al., 2023a), we provide an equivalent

yet simpler update rule of lines 5-8 of Algorithm 1 (see Proposition A.1 for more details):

m̂t = (1− αt)m̂t−1 + αt∇̂ϕ(xt, yt; ξ̄t), v̂t = (1− αsq
t )v̂t−1 + αsq

t (∇̂ϕ(xt, yt; ξ̄t))2.

4.3.2 RANDOM DECOUPLING LEMMA FOR LOWER-LEVEL ERROR CONTROL

In this section, we introduce the random decoupling lemma (Lemma 4.2) for the lower-level error
control. The rationale is as follows: for any given upper-level variable sequence and any given
randomness from the upper-level updates that satisfy certain conditions and are consistent with the
AdamBO updates, we can bound the lower-level error with high probability, where the randomness
is taken solely from lower-level random variables. Specifically, for any given sequence {x̃t}, define
ζ̃t and ξ̂t as the random variables from the lower-level and upper-level, respectively, at the t-th
iteration (see (26) for definition). We consider the following update rule for {ỹt}, which is exactly
SGD and corresponds to line 5 of Algorithm 1:

ỹt+1 = ỹt − γ∇yG(x̃t, ỹt; ζ̃t). (2)

Let ỹ∗t = y∗(x̃t) and F̃y
t = σ(ζ̃1, . . . , ζ̃t−1). Denote G̃t := maxk≤t ∥∇Φ(x̃k)∥, L̃t := L0 + L1G̃t.

We also introduce the following auxiliary sequences {m̃t} and {ũt} for our analysis:

m̃t = (1− αt)m̃t−1 + αt∇̂ϕ(x̃t, ỹt; ξ̂t), ũt = (1− αt)ũt−1 + αt∇̂ϕ(x̃t, ỹ∗t ; ξ̂t). (3)

Lemma 4.2 (Randomness Decoupling Lemma). Given any sequence {x̃t} and any randomness
{ξ̂t} such that

∥x̃t+1 − x̃t∥2 ≤ 2η2

λ2

(
∥ũt∥2 + L̃2

t

t∑
j=1

dt,j∥ỹj − ỹ∗
j ∥2
)
, (4)

where {dt,j}tj=1 is defined in (10). Let {ỹt} be the iterates generated by the update rule (2) with
γ ≤ 1/2lg,1 and choose γ = 2β/µ. For any given δ ∈ (0, 1) and all t ≥ 1, the following holds with
probability at least 1− δ over the randomness in F̃y

T+1:

∥ỹt − ỹ∗
t ∥2 ≤

(
1− µγ

2

)t−1

∥ỹ1 − ỹ∗
1∥2 +

8γσ2
g,1

µ
ln

eT

δ
(Variance)

+

(
4η2l2g,1
λ2µ3γ

∥ỹ1 − ỹ∗
1∥2 +

16η2l2g,1σ
2
g,1

λ2µ4

) t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i (Drift)

+
4η2l2g,1
λ2µ3γ

t−1∑
i=1

(
1− µγ

2

)t−1−i

∥ũi∥2 +
64η4l4g,1
λ4µ8γ4

t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̃
2
i ∥ũi∥2. (Drift)

(5)
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Remark: Lemma 4.2 shows that, when (4) holds for any sequence {x̃t} and any {ξ̂t} (as satisfied
by the vanilla Adam update for the upper-level variable), the lower-level error can be controlled with
high probability as in (5). In addition, the high probability is taken over the randomness solely from
the lower-level filtration F̃y

T+1. This lemma provides a technical tool to control the lower-level error
without concerns about the dependency issues from the upper-level randomness. In particular, the
right-hand side of (5) consists of two parts: the standard variance term, which does not involve the
update of {x̃t} over t; and the drift terms, which account for the update of {x̃t} over time.

4.3.3 APPLICATIONS OF THE RANDOM DECOUPLING LEMMA AND REMAINING PROOF

Given a large enough constant G, denote L = L0 + L1G and ψ = CLG
2/2L, where G is defined

in Theorem 4.1 and CL is defined in (43). Now we formally define the stopping time τ as

τ := min{t | Φ(xt)− Φ∗ > ψ} ∧ (T + 1).

Based on Lemma D.1, we know that if t < τ , we have both Φ(xt)− Φ∗ ≤ ψ and ∥∇Φ(xt)∥ ≤ G.
Similar to Section 4.3.2, we introduce the following auxiliary sequence {ût} for our analysis:

ût = (1− αt)ût−1 + αt∇̂ϕ(xt, y∗t ; ξ̄t). (6)

Lemma 4.3 (Warm-Start). Choose γ ≤ 1/2lg,1. With probability at least 1− δ/4 over the random-

ness in Finit (denote this event as E0) that: ∥y1 − y∗1∥2 ≤
(
1− µγ

2

)T0 ∥y0 − y∗0∥2 +
8γσ2

g,1

µ ln 4e
δ .

Lemma 4.4. Under the parameter choices in Lemma D.4, apply Lemma 4.2 with {x̃t} = {xt},
{ỹt} = {yt}, {ũt} = {ût} and {L̃t} = {L̂t}, then (5) holds with probability at least 1 − δ/4 over
the randomness in Fy

T+1 (denote this event as Ey).

Remark: Lemma 4.3 and Lemma 4.4 together provide a high probability bound for the lower-level
error, where the randomness is taken only from the lower-level filtrations Finit and Fy

T+1. Lemma 4.4
is a direct application of Lemma 4.2 to the actual sequence {xt} and {yt} in Algorithm 1.
Lemma 4.5. If t < τ , we have ∥∇Φ(xt)∥ ≤ G, ∥ût∥ ≤ Cu,0; under event E0 ∩ Ey , if t < τ , we
have ∥m̂t∥ ≤ Cu,0 + Cu,1ϱ, v̂t ⪯ (Cu,0 + Cu,1ϱ)

2, where constants Cu,0, Cu,1, ϱ are defined in
(43) and (53), respectively.

Remark: Lemma 4.5 generalizes the stopping time analysis from the single-level setting (Li et al.,
2023a) to the bilevel setting and is useful for upper-level analysis. It shows that the momentum
estimators of the hypergradient remains bounded when t < τ and E0 ∩ Ey holds. This implies that
xt+1 and xt remains close for small enough η, allowing us to apply Lemmas B.10 and B.11.
Lemma 4.6. Under event E0 ∩ Ey and the parameter choices in Lemma D.4, we have

τ−1∑
t=1

∥m̂t − ût∥2 ≤ TL2

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗

1∥2 +
(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

+ L2

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

)) τ−1∑
t=1

∥ϵt∥2 + 2∥∇Φ(xt)∥2 +
2l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

.

Remark: Lemma 4.6 provides a bound for the difference between the actual momentum m̂t versus
the virtual momentum ût under the good event E0 ∩ Ey , which is essential for establishing the
convergence guarantees for AdamBO.

5 VR-ADAMBO AND CONVERGENCE ANALYSIS

5.1 ALGORITHM DESIGN

In this section, we propose a variance-reduced version of AdamBO, called VR-AdamBO, as shown
in Algorithm 2. Similar to AdamBO, the VR-AdamBO algorithm also includes a warm-start phase
for the lower-level variable (line 2): it runs stochastic Nesterov accelerated gradient (SNAG) method
on the lower-level variable y for T0 iterations, with the initial upper-level variable x0 fixed. After
that, VR-AdamBO updates the upper-level variable by VRAdam (Li et al., 2023a) (i.e., the Adam
algorithm (Kingma & Ba, 2014) with recursive momentum (Cutkosky & Orabona, 2019), lines

7
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Algorithm 2 VR-ADAMBO (all operations on vectors are element-wise, see Algorithm 5 for SNAG)
1: Input: β, βsq, η, λ, T, S1, x0, y0
2: Initialize y1 = y2 = ŷ1 = ŷ2 = SNAG(x0, y0, γ, T0), m1 = ∇̂ϕ(x1, y1;S1), v1 = βsqm

2
1,

x1 = x0 and x2 = x1 − ηm1

|m1|+λ , where S1 is a batch of samples with size S1.
3: for t = 2, · · · , T do
4: if t is a multiple of I then
5: Set y0t = y−1

t = yt
6: for j = 0, . . . , N − 1 do
7: zjt = yjt + α(yjt − yj−1

t )

8: yj+1
t = zjt − γ∇yG(xt, z

j
t ;π

j
t ), where πj

t ∼ Dg

9: end for
10: yt+1 = yNt
11: else
12: yt+1 = yt
13: end if
14: ŷt+1 = (1− ν)ŷt + νyt+1

15: mt = (1− β)mt−1 + β∇̂ϕ(xt, yt; ξ̄t) + (1− β)(∇̂ϕ(xt, ŷt; ξ̄t)− ∇̂ϕ(xt−1, ŷt−1; ξ̄t))

16: vt = (1− βsq)vt−1 + βsq(∇̂ϕ(xt, ŷt; ξ̄t))2
17: v̂t =

vt
1−(1−βsq)t

18: xt+1 = xt − η√
v̂t+λ

⊙mt

19: end for

15 ∼ 18) and periodically updates the lower-level variable by SNAG (lines 4 ∼ 14). In particular,
the lower-level variable is updated byN steps of SNAG for a fixed upper-level variable (lines 6 ∼ 8)
after every I iterations of the upper-level updates via VRAdam (lines 4 ∼ 13), and the moving
average of the lower-level variable is used to estimate the hypergradient (line 14). Note that the
periodic updates for the lower-level variable have been widely used in bilevel optimization (Hao
et al., 2024; Gong et al., 2024b). VR-AdamBO can be regarded as a generalization of the AccBO
algorithm in (Gong et al., 2024b), with the key difference being that AccBO uses normalized SGD
with momentum for the upper-level update, whereas VR-AdamBO employs VRAdam.

5.2 MAIN RESULTS

Theorem 5.1. Suppose that Assumptions 3.2, 3.3 and 3.5 hold. Let G be a constant satisfying G ≥
max

{
4λ, 2σϕ, 4Cϕ,0,

Cϕ,1

L1
,
√

C1∆1L0

CLδ , C1∆1L1

CLδ

}
. Choose 0 ≤ βsq ≤ 1, β = Θ(ϵ2), γ = Θ̃(ϵ2),

η = Θ(ϵ), α = O(1), ν = Θ(ϵ), I = Θ(ϵ−1), Q = Θ̃(1), N = Θ̃(ϵ−1), T0 = Θ̃(ϵ−1). Run
Algorithm 2 for T = 64G∆1

ηδϵ2 = O(ϵ−3) iterations. Then with probability at least 1 − δ over the

randomness in FT+1, we have ∥∇Φ(xt)∥ ≤ G for all t ∈ [T ], and 1
T

∑T
t=1 ∥∇Φ(xt)∥ ≤ ϵ2.

Remark: The full statement of Theorem 5.1, including detailed parameter choices, is deferred to
Theorem E.14 in Appendix E. Theorem 5.1 establishes an improved oracle complexity of T0 +

TN/I + TQ = Õ(ϵ−3) for VR-AdamBO. This complexity result matches that of (Gong et al.,
2024b) when the upper-level function is unbounded smooth, as well as the complexity of VRAdam
for single-level optimization with generalized smooth objectives (Li et al., 2023a). Notably, we
choose a larger learning rate η = Θ̃(ϵ) for the upper-level updates, compared to η = Θ̃(ϵ2) used in
the AccBO algorithm (Gong et al., 2024b).

5.3 PROOF SKETCH

In this section, we briefly discuss the challenges in analyzing VR-AdamBO and provide a roadmap
for the proof. The detailed proofs can be found in Appendix E. Note that to apply relaxed smoothness
property and descent inequality, as listed in Lemmas B.10 and B.11, one requirement is that xt+1

and xt should remain close since Definition 3.1 is a local condition rather than a global one. For
AdamBO, this requirement is not hard to satisfy with sufficiently small η, based on Lemma 4.5 and
its remark below. However, VR-AdamBO may not satisfy such a almost sure bound for ∥mt∥ due

8
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to the STORM-type update (Cutkosky & Orabona, 2019) for the upper-level variable. To overcome
this difficulty, we introduce a novel stopping time approach in the context of bilevel optimization.
Specifically, we define ϵt := mt − Et[∇̂ϕ(xt, ŷt; ξ̄t)] and the new stopping time τ as

τ := min{t | ∥∇Φ(xt)∥ ≤ G} ∧min{t | ∥ϵt∥ ≥ G} ∧ (T + 1), (7)

where G is specified in Theorem 5.1. It is worth noting that our definition of τ for the analysis of
VR-AdamBO differs from that in (Li et al., 2023a) for VRAdam, as our ϵt is not defined as the
difference between mt and ∇Φ(xt). At this point, we may still fail to guarantee the boundedness of
∥mt∥ before time τ , unless the hypergradient bias introduced by the lower-level estimation error can
be effectively controlled. Fortunately, by leveraging the lower-level acceleration technique (Gong
et al., 2024b) with periodic updates and averaging, we develop a new induction argument (i.e., Lem-
mas E.10 to E.12) to show that under t < τ and some good event Ey , both ∥ŷt − y∗t ∥ and ∥mt∥
are bounded. We then show the averaged lower-level error is small under the parameter choices in
Theorem 5.1 (see Lemma E.4), which shares an similar spirit as Lemma 4.6. Combining aforemen-
tioned lemmas with the technique developed in (Li et al., 2023a) for the upper-level analysis, we
obtain the improved complexity result. One can refer to Appendix E for more details.

6 EXPERIMENTS

Deep AUC Maximization with RNNs/Transformers. The Area Under the ROC Curve
(AUC) (Hanley & McNeil, 1983) is a widely used metric for evaluating the effectiveness of binary
classification models, especially in the imbalanced data scenarios. It is defined as the probability
that the prediction score of a positive example is higher than that of a negative example (Hanley &
McNeil, 1982). Deep AUC maximization (Liu et al., 2020; Ying et al., 2016) can be formulated as
a min-max optimization problem (Liu et al., 2020): minw∈Rd,(a,b)∈R2 maxα∈R f(w, a, b, α) :=

Ez[F (w, a, b, α; z)], where F (w, a, b, α; z) = (1 − p)(h(w;x) − a)2I[c=1] + p(h(w;x) −
b)2I[c=−1] + 2(1 + α)(ph(w;x)I[c=−1] − (1 − p)h(w;x)I[c=1]) − p(1 − p)α2, w denotes the
model parameter of a deep neural network, and z = (x, c) represents a random training data sample
(x represents the feature vector and c ∈ {+1,−1} represents the class label), the function h(w,x)
is a scoring function for the sample with feature x, and p = Pr(c = 1) indicates the proportion
of positive samples in the population. This min-max problem can be reformulated as the form of a
bilevel optimization problem with lower-level objective function g = −f :

min
w∈Rd,(a,b)∈R2

Ez[F (w, a, b, α
∗(w, a, b); z)] s.t., α∗(w, a, b) ∈ argmin

α∈R
−Ez[F (w, a, b, α; z)].

In above, (w, a, b) is the upper-level variable, and α is the lower-level variable. The lower-level
problem is a strongly convex one-dimensional quadratic function with respect to α, while the upper-
level objective is non-convex and can exhibit unbounded smoothness when using a recurrent neural
network or a transformer as the predictive model (Crawshaw et al., 2022; Zhang et al., 2020b).

In our experiment, we focus on tackling an imbalanced text classification task by maximizing the
AUC metric. Specifically, we conduct experiments using deep AUC maximization on the imbal-
anced Sentiment140 dataset (Go et al., 2009), a binary text classification benchmark. Following
the approach in (Yuan et al., 2021), we introduce imbalance in the training set using a pre-specified
imbalance ratio (p) while keeping the test set distribution unchanged. For a given p, we randomly
remove positive samples (labeled as 1) from the training set until the desired proportion of positive
examples is achieved. In our experiment, we set p to 0.8 (0.9), meaning that 80% (90%) of the train-
ing samples are positive examples. We run the experiment using two different models, a two-layer
transformer, and a two-layer recurrent neural network (RNN) with the same input dimension of 300,
hidden dimension of 4096, and an output dimension of 2.

To evaluate the effectiveness of our proposed bilevel optimization algorithm, we compare with recent
bilevel optimization baselines, including StocBio (Ji et al., 2021), TTSA (Hong et al., 2023), SABA
(Dagréou et al., 2022), MA-SOBA (Chen et al., 2023a), SUSTAIN (Khanduri et al., 2021), VRBO
(Yang et al., 2021), BO-REP (Hao et al., 2024), SLIP (Gong et al., 2024a), and AccBO (Gong et al.,
2024b). The training and testing results of the transformer model over 50 epochs are presented in
Figure 3 (a) and (b), while the corresponding running times are shown in Figure 3 (c) and (d). Our
proposed Adam-type algorithms, AdamBO and VR-AdamBO, show the faster convergence rate
and significantly outperform other baselines. In particular, the performance on the training AUC
(testing AUC) is better by at least 14% (7%) over other baselines. The running time results indicate
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Figure 1: Transformer for AUC maximization on Sentiment140 dataset with imbalance ratio of 0.9.
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Figure 2: Comparison with bilevel optimization baselines on Hyper-representation.

that AdamBO and VR-AdamBO converge much faster to a high AUC value compared to the other
baselines. We also perform the AUC maximization on a RNN model with imbalance rario of 0.8,
and the results are presented in Appendix F.1. More detailed parameter tuning and selection can be
found in Appendix F.

Hyper-representation Learning. Hyper-representation learning, i.e., meta-learning (Finn et al.,
2017), aims to find a good meta learner parameterized by x, such that it can quickly adapt to a
new task i by fine-tuning the corresponding adapter yi. Consider a meta-learning task consisting
of K tasks with the training set {Dtr

i | i = 1, . . . ,K} and validation set {Dval
i | i = 1, . . . ,K}.

Each task has a loss function L(x, yi; ξi) over each sample ξi. This meta-learning problem can
be reformulated as a bilevel optimization, where the lower-level objective function tries to find an
optimal task-specific adapter y∗i (x) on training data Dtr

i , and the upper-level minimizes the objective
function on validation data Dval

i by finding the optimal meta-learner x with a set of adapters y =
{y∗1(x), y∗2(x), . . . , y∗K(x)}. We have the following formulation:

min
x

1

K

K∑
i=1

1

|Dval
i |

∑
ξ∈Dval

i

L(x, y∗(x); ξ), s.t., y∗(x) = argmin
y

1

K

K∑
i=1

LDtr
i
(x, yi; ζ) +

µ

2
∥yi∥2,

where LDtr
i
(x, yi; ζ) = 1

|Dtr
i |
∑

ζ∈Dtr
i
L(x, yi; ζ). The adapter (parameterized by yi) is typically

instantiated as the last linear layer, and the meta learner (parameterized by x) is the remaining layers
of model, which guarantees that the lower-level function to be strongly-convex when µ > 0.

We conduct the meta-learning experiments for the text classification on dataset Stanford Natural
Language Inference (SNLI) (Bowman et al., 2015), which consists of 570k pairs of sentences with 3
classes. We construct K = 500 tasks, where each task Dtr

i and Dval
i randomly sample two disjoint

categories from the original data, respectively. Empirically, we use mini-batches of meta-tasks for
training, with a task batch size of 25. A 3-layer recurrent network is used as representation layers and
a fully-connected layer as an adapter. The input dimension, hidden dimension and output dimension
are set to be 300, 4096, and 3, respectively.

We compare with typical meta-learning algorithms, MAML (Rajeswaran et al., 2019) and ANIL
(Raghu et al., 2019), and recent bilevel optimization algorithms, StocBio (Ji et al., 2021), TTSA
(Hong et al., 2023), SABA (Dagréou et al., 2022), MA-SOBA (Chen et al., 2023a), BO-REP (Hao
et al., 2024), SLIP (Gong et al., 2024a). The comparison results of training and testing accuracy are
shown in Figure 2. AdamBO outperforms other baselines on training set, and exhibits faster con-
vergence rate. One can refer to Appendix F for detailed hyper-parameter choices and experimental
settings. All the experiments are run on an single NVIDIA A6000 (48GB memory) GPU and a
AMD EPYC 7513 32-Core CPU.
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Algorithm 3 SGD
1: Input: x, y0, γ, T0 # SGD(x, y0, γ, T0)
2: Initialize yinit

0 = y0
3: for t = 0, 1, . . . , T0 − 1 do
4: Sample πt from distribution Dg

5: yinit
t+1 = yinit

t − γ∇yG(x, y
init
t ;πt)

6: end for

Algorithm 4 ADAMBO (Equivalent update rule of Algorithm 1)
1: Input: β, βsq, η, γ, λ, T0, T, x1, y0
2: Initialize y1 = SGD(x1, y0, γ, T0), m̂1 = ∇̂ϕ(x1, y1; ξ̄1) and v̂1 = (∇̂ϕ(x1, y1; ξ̄1))2
3: for t = 1, . . . , T do
4: αt =

β
1−(1−β)t , αsq

t =
βsq

1−(1−βsq)t

5: Draw new samples and perform the following updates
6: yt+1 = yt − γ∇yG(xt, yt; ζt)

7: m̂t = (1− αt)m̂t−1 + αt∇̂ϕ(xt, yt; ξ̄t)
8: v̂t = (1− αsq

t )v̂t−1 + αsq
t (∇̂ϕ(xt, yt; ξ̄t))2

9: xt+1 = xt − η√
v̂t+λ

⊙ m̂t

10: end for

Algorithm 5 STOCHASTIC NESTEROV ACCELERATED GRADIENT METHOD (SNAG)
1: Input: x̃, ỹ−1, γ, T0 # SNAG(x, y0, γ, T0)
2: Initialize ỹ0 = ỹ−1

3: for t = 0, 1, . . . , T0 − 1 do
4: Sample π̃t from distribution Dg

5: z̃t = ỹt + α(ỹt − ỹt−1)
6: ỹt+1 = z̃t − γ∇yG(x̃, z̃t; π̃t)
7: end for

A EQUIVALENT UPDATE RULE OF ADAMBO (ALGORITHM 1)

In this section, we aim to provide a simplified version of the bias correction steps (lines 7-8) of
Algorithm 1. Inspired by (Li et al., 2023a, Appendix C.1), we present an equivalent yet simpler
update rule of Algorithm 1 in the following Proposition A.1. The detailed equivalent framework is
also outlined in Algorithm 4.

Proposition A.1. Let αt = β
1−(1−β)t and αsq

t =
βsq

1−(1−βsq)t
. Then the update rule in Bi-Adam

(Algorithm 1) is equivalent to that in Algorithm 4:

yt+1 = yt − γ∇yG(xt, yt; ζt),

m̂t = (1− αt)m̂t−1 + αt∇̂ϕ(xt, yt; ξ̄t),
v̂t = (1− αsq

t )v̂t−1 + αsq
t (∇̂ϕ(xt, yt; ξ̄t))2,

xt+1 = xt −
η√
v̂t + λ

⊙ m̂t,

(8)

where initially we set m̂1 = ∇̂ϕ(x1, y1; ξ̄1) and v̂1 = (∇̂ϕ(x1, y1; ξ̄1))2. There is no need to define
m̂0 and v̂0 since 1− α1 = 1− αsq

1 = 0.

Proof of Proposition A.1. We follow the same proof as in (Li et al., 2023a, Proposition E.1), but
replace the stochastic gradient ∇f(xt, ξt) in (Li et al., 2023a) with the stochastic hypergradient
estimator ∇̂ϕ(xt, yt; ξ̄t) in our setting. We still provide the proof here for completeness.

Let Zt = 1− (1− β)t. Then we know that αt = β/Zt and mt = Ztm̂t. By line 6 of Algorithm 1
(the momentum update rule for mt), we have

Ztm̂t = (1− β)Zt−1m̂t−1 + β∇̂ϕ(xt, yt; ξ̄t).
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Note that Zt satisfies the following property
(1− β)Zt−1 = 1− β − (1− β)t = Zt − β.

Then we have
m̂t =

Zt − β

Zt
m̂t−1 +

β

Zt
∇̂ϕ(xt, yt; ξ̄t)

= (1− αt)m̂t−1 + αt∇̂ϕ(xt, yt; ξ̄t).
Next, we verify the initial condition. By Algorithm 1, since we set m0 = 0, then we have m1 =

β∇̂ϕ(x1, y1; ξ̄1). Therefore, we have m̂1 = m1/Z1 = ∇̂ϕ(x1, y1; ξ̄1) since Z1 = β. Then the
proof is completed by applying the same analysis on vt and v̂t.

B TECHNICAL LEMMAS

In this section, we present several useful algebraic facts (Appendix B.1), probabilistic lemmas (Ap-
pendix B.2), and auxiliary lemmas for bilevel optimization under the unbounded smoothness setting
(Appendix B.3).

B.1 USEFUL ALGEBRAIC FACTS

In this section, we will frequently use αt and αsq
t , so we restate their definitions here for the reader’s

convenience:
αt =

β

1− (1− β)t
and αsq

t =
βsq

1− (1− βsq)t
. (9)

The following two lemmas, i.e., Lemmas B.1 and B.2, are useful for bounding the norm of the
difference between Neumann series approximation matrices in Appendix B.3.
Lemma B.1. For any matrix sequences {Ai}ki=1 and {Bi}ki=1 (where k ≥ 1), it holds that∥∥∥∥∥

k∏
i=1

Ai −
k∏

i=1

Bi

∥∥∥∥∥ =

k∑
i=1

∥B1∥ · · · ∥Bi−1∥∥Ai −Bi∥∥Ai+1∥ · · · ∥Ak∥,

where we use the convention Ak+1 = B0 = I .

Proof of Lemma B.1. It is easy to check that
k∏

i=1

Ai −
k∏

i=1

Bi = A1 · · ·Ak −B1 · · ·Bk

= (A1 −B1)A2 · · ·Ak +B1(A2 −B2)A3 · · ·Ak + · · ·+B1 · · ·Bk−1(Ak −Bk)

=

k∑
i=1

B1 · · ·Bi−1(Ai −Bi)Ai+1 · · ·Ak,

where we set Ak+1 = B0 = I in the last equality. The result follows by noting that the operator
norm is submultiplicative.

Lemma B.2. For any Q ≥ 1 and a ∈ (0, 1), we have
Q−1∑
q=0

q · aq−1 ≤ 1

(1− a)2
.

Proof of Lemma B.2. We obtain the result by simple calculation:
Q−1∑
q=0

q · aq−1 =
1−QaQ−1 + (Q− 1)aQ

(1− a)2
≤ 1−QaQ−1 + (Q− 1)aQ−1

(1− a)2

=
1− aQ−1

(1− a)2
≤ 1

(1− a)2
.
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The next four lemmas, Lemmas B.3 to B.6, are useful for controlling the lower-level estimation error
and for proving the randomness decoupling lemma (i.e., Lemma 4.2) in Appendix C.

Lemma B.3. For any t ≥ 1, define {dt,j}tj=0 as the following:

dt,j =


∏t

i=1(1− αi), j = 0

αj

∏t
i=j+1(1− αi), 1 ≤ j ≤ t− 1

αt, j = t.

(10)

Then {dt,j}tj=0 has the following properties:

• For j = 0, dt,j = 0.

• For 1 ≤ j ≤ t, dt,j = αt(1− β)t−j .

•
∑t

j=0 dt,j =
∑t

j=1 dt,j = 1.

Proof of Lemma B.3. Recall the definition of αt in Algorithm 4, we have

αt =
β

1− (1− β)t
and 1− αt =

1− (1− β)t−1

1− (1− β)t
(1− β).

It is obvious to see α1 = 1, then for j = 0 we have

dt,0 =

t∏
i=1

(1− αi) = (1− αt) · · · (1− α1) = 0.

For 1 ≤ j ≤ t− 1 we have

dt,j = αj

t∏
i=j+1

(1− αi) =
β

1− (1− β)j

t∏
i=j+1

1− (1− β)i−1

1− (1− β)i
(1− β) = αt(1− β)t−j .

For j = t we have

dt,t = αt =
β

1− (1− β)t
= αt(1− β)t−t.

For the last result of the lemma, we have

t∑
j=0

dt,j =

t∑
j=1

dt,j =

t∑
j=1

αt(1− β)t−j =
1− (1− β)t

β
αt = 1,

where we use dt,0 = 0 in the first equality.

Lemma B.4. For any x ∈ (0, 1], we have

1− 1

x
≤ lnx ≤ x− 1.

Consequently, for any β ∈ [0, 1) we have

− β

1− β
≤ ln(1− β) ≤ −β and β ≤ − ln(1− β) ≤ β

1− β
.

Proof of Lemma B.4. This is a well-known logarithm inequality, so we omit the proof here.

Lemma B.5. For any t ≥ 1, we have

tαt(1− β)t−1 ≤ 1.
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Proof of Lemma B.5. By definition of αt, we have

tαt(1− β)t−1 =
βt(1− β)t−1

1− (1− β)t
.

Let f : R → R be

f(t) =
βt(1− β)t−1

1− (1− β)t
.

Then we have

f ′(t) =
β(1− β)t−1

(1− (1− β)t)2
(1− (1− β)t + t ln(1− β)).

Let g : R → R be
g(t) = 1− (1− β)t + t ln(1− β).

Then we have
g′(t) = (1− (1− β)t) ln(1− β) ≤ 0.

Note that Lemma B.4 gives g(1) = β+ln(1−β) ≤ 0, then for any t ≥ 1 we have g(t) ≤ g(1) ≤ 0,
and

f ′(t) =
β(1− β)t−1

(1− (1− β)t)2
g(t) ≤ 0.

Therefore, for any t ≥ 1 we conclude that

tαt(1− β)t−1 = f(t) ≤ f(1) = 1.

Lemma B.6. For any t ≥ 1 and 0 < β ≤ 1/2, we have

t∑
i=1

(1− β)t−iαi ≤ 32 + 16 ln
1

β
.

Proof of Lemma B.6. We split the summation as the following:

t∑
i=1

(1− β)t−iαi = β

t∑
i=1

(1− β)t−i

1− (1− β)i
= β(1− β)t

t∑
i=1

(1− β)−i

1− (1− β)i

= β(1− β)t

 ∑
1≤i<1/β

(1− β)−i

1− (1− β)i
+

∑
1/β≤i≤t

(1− β)−i

1− (1− β)i

 .

Note that when i < 1/β, we have

(1− β)i ≤ 1− 1

2
βi =⇒ 1− (1− β)i ≥ 1

2
βi =⇒ 1

1− (1− β)i
≤ 2

βi
,

and by Lemma B.4 and β ≤ 1/2 we know that

(1− β)−i = exp(−i ln(1− β)) ≤ exp

(
iβ

1− β

)
≤ exp

(
1

1− β

)
≤ e2.

Then for the first part of the summation we have∑
1≤i<1/β

(1− β)−i

1− (1− β)i
≤ 2e2

β

∑
1≤i<1/β

1

i
≤ 2e2

β

(
1 + ln

1

β

)
. (11)

Also note that when i ≥ 1/β, we have

(1− β)i ≤ 1

e
=⇒ 1− (1− β)i ≥ 1− 1

e
=⇒ 1

1− (1− β)i
≤ e

e− 1
.
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Then for the second part of the summation we have∑
1/β≤i≤t

(1− β)−i

1− (1− β)i
≤ e

e− 1

∑
1/β≤i≤t

(1− β)−i ≤ e

e− 1

∑
1≤i≤t

(1− β)−i ≤ e(1− β)−t

(e− 1)β
.

(12)
Combining (11) and (12) we obtain that

t∑
i=1

(1− β)t−iαi ≤ β(1− β)t

 ∑
1≤i<1/β

(1− β)−i

1− (1− β)i
+

∑
1/β≤i≤t

(1− β)−i

1− (1− β)i


≤ β(1− β)t

(
2e2

β

(
1 + ln

1

β

)
+
e(1− β)−t

(e− 1)β

)
= 2e2(1− β)t

(
1 + ln

1

β

)
+

e

e− 1

≤ 2e2
(
1 + ln

1

β

)
+

e

e− 1

≤ 32 + 16 ln
1

β
.

Finally, we provide a useful lemma regarding the time-dependent re-scaled momentum parameters
in (8) and Algorithm 4 for upper-level analysis.

Lemma B.7 ((Li et al., 2023a, Lemma C.3)). Let αt =
β

1−(1−β)t , then for all T ≥ 2, we have

T∑
t=2

α2
t ≤ 3(1 + β2T ).

B.2 PROBABILISTIC LEMMAS

In this section, we provide a well-known probabilistic lemma without proof.
Lemma B.8 (Optional Stopping Theorem). Let {Zt}t≥1 be a martingale with respect to a filtration
{Ft}t≥0. Let τ be a bounded stopping time with respect to the same filtration. Then we have
E[Zτ ] = E[Z0].

B.3 AUXILIARY LEMMAS FOR BILEVEL OPTIMIZATION

In this section, we provide several useful lemmas for bilevel optimization under the unbounded
smoothness setting, including the properties of the objective function Φ (Appendix B.3.1), the Neu-
mann series approximation error (Appendix B.3.2), and the hypergradient estimation error (Ap-
pendix B.3.3).

B.3.1 PROPERTIES OF THE OBJECTIVE FUNCTION

Lemma B.9 ((Hao et al., 2024, Lemma 8)). Under Assumption 3.2, we have

(I) y∗(x) is (lg,1/µ)-Lipschitz continuous.

(II) ∥∇xf(x, y
∗(x))∥ ≤ ∥∇Φ(x)∥+ lg,1lf,0/µ.

Lemma B.10 ((L0, L1)-smoothness (Hao et al., 2024, Lemma 9)). Under Assumption 3.2, for any
x, x′ ∈ Rdx we have

∥∇Φ(x)−∇Φ(x′)∥ ≤ (L0 + L1∥∇Φ(x′)∥)∥x− x′∥

if ∥x− x′∥ ≤ r :=
1√

(1 + l2g,1/µ
2)(L2

x,1 + L2
y,1)

, (13)
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where the (L0, L1)-smoothness constants L0 and L1 are defined as

L0 =

√
1 +

l2g,1
µ2

(
Lx,0 + Lx,1

lg,1lf,0
µ

+
lg,1
µ

(Ly,0 + Ly,1lf,0) + lf,0
lg,1lg,2 + µlg,2

µ2

)
,

L1 =

√
1 +

l2g,1
µ2

Lx,1.

(14)

Lemma B.11 (Descent Inequality (Hao et al., 2024, Lemma 10)). Under Assumption 3.2, for any
x, x′ ∈ Rdx we have

Φ(x) ≤ Φ(x′) + ⟨∇Φ(x′), x− x′⟩+ L0 + L1∥∇Φ(x′)∥
2

∥x− x′∥2

if ∥x− x′∥ ≤ r =
1√

(1 + l2g,1/µ
2)(L2

x,1 + L2
y,1)

.

B.3.2 NEUMANN SERIES APPROXIMATION

Throughout the paper, for given (x, y) ∈ Rdx × Rdy , we estimate the hypergradient ∇Φ(x) using
Neumann series approach and the following formulation:

∇̂ϕ(x, y; ξ̄) = ∇xF (x, y; ξ)−∇2
xyG(x, y; ζ

(0))

 1

lg,1

Q−1∑
q=0

q∏
j=1

(
I −

∇2
yyG(x, y; ζ

(q,j))

lg,1

)∇yF (x, y; ξ),

where the randomness ξ̄ is defined as

ξ̄ := {ξ, ζ(0), ζ̄(0), . . . , ζ̄(Q−1)}, with ζ̄(q) := {ζ(q,1), . . . , ζ(q,q)}.

For simplicity, denote P as the Neumann series approximation matrix for the Hessian inverse, then
P and Eξ̄[P ] can be written as:

P =
1

lg,1

Q−1∑
q=0

q∏
j=1

(
I −

∇2
yyG(x, y; ζ

(q,j))

lg,1

)
and Eξ̄[P ] =

1

lg,1

Q−1∑
q=0

(
I −

∇2
yyG(x, y)

lg,1

)q

.

(15)
Hence the simplified version of the hypergradient estimator and its expectation are

∇̂ϕ(x, y; ξ̄) = ∇xF (x, y; ξ)−∇2
xyG(x, y; ζ

(0))P∇yF (x, y; ξ),

Eξ̄[∇̂ϕ(x, y; ξ̄)] = ∇xf(x, y)−∇2
xyg(x, y)Eξ̄[P ]∇yf(x, y).

(16)

Also, we define ∇̄f(x, y) as

∇̄f(x, y) = ∇xf(x, y)−∇2
xyg(x, y)[∇2

yyg(x, y)]
−1∇yf(x, y),

which is useful for the following analysis.

The following lemma bounds the norm of the Neumann series approximation matrix P and charac-
terizes the approximation error for the Hessian inverse in expectation.
Lemma B.12. Under Assumptions 3.2 to 3.4, we have

∥Eξ̄[P ]∥ ≤ ∥P∥ ≤ 1

µ
and ∥Eξ̄[P ]− [∇2

yyg(x, y)]
−1∥ ≤ 1

µ

(
1− µ

lg,1

)Q

.

Proof of Lemma B.12. We follow the similar proof as in (Ghadimi & Wang, 2018, Lemma 3.2). By
Assumption 3.4 and definition of P in (15), for any Q ≥ 1 we have

∥Eξ̄[P ]∥ ≤ ∥P∥ =

∥∥∥∥∥∥ 1

lg,1

Q−1∑
q=0

q∏
j=1

(
I −

∇2
yyG(x, y; ζ

(q,j))

lg,1

)∥∥∥∥∥∥ ≤ 1

lg,1

Q−1∑
q=0

(
1− µ

lg,1

)q

≤ 1

µ
.
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As for the second result, we have

∥Eξ̄[P ]− [∇2
yyg(x, y)]

−1∥ ≤ 1

lg,1

∥∥∥∥∥∥
∞∑

q=Q

(
I −

∇2
yyG(x, y)

lg,1

)q
∥∥∥∥∥∥

≤ 1

lg,1

∞∑
q=Q

∥∥∥∥∥
(
I −

∇2
yyG(x, y)

lg,1

)∥∥∥∥∥
q

≤ 1

µ

(
1− µ

lg,1

)Q

.

B.3.3 HYPERGRADIENT ESTIMATION ERROR

Lemma B.13. Under Assumptions 3.2 to 3.4, if ∥y − y∗(x)∥ ≤ r, we have

∥∇̂ϕ(x, y; ξ̄)− Eξ̄[∇̂ϕ(x, y; ξ̄)]∥

≤ µ+ 3lg,1 + σg,2
µ

σf +
2lg,1 + σg,2

µ
lf,0 +

2lg,1 + σg,2
µ

(Ly,0 + Ly,1lf,0)∥y − y∗(x)∥.

Proof of Lemma B.13. We will use a short hand y∗ = y∗(x). By triangle inequality, we have

∥∇̂ϕ(x, y; ξ̄)− Eξ̄[∇̂ϕ(x, y; ξ̄)]∥

= ∥(∇xF (x, y; ξ)−∇2
xyG(x, y; ζ

(0))P∇yF (x, y; ξ))− (∇xf(x, y)−∇2
xyg(x, y)Eξ̄[P ]∇yf(x, y))∥

≤ ∥∇xF (x, y; ξ)−∇xf(x, y)∥︸ ︷︷ ︸
(A1)

+ ∥(∇2
xyG(x, y; ζ

(0))−∇2
xyg(x, y))P∇yF (x, y; ξ)∥︸ ︷︷ ︸
(A2)

+ ∥∇2
xyg(x, y)(P − Eξ̄[P ])∇yF (x, y; ξ)∥︸ ︷︷ ︸

(A3)

+ ∥∇2
xyg(x, y)Eξ̄[P ](∇yF (x, y; ξ)−∇yf(x, y))∥︸ ︷︷ ︸

(A4)

Bounding (A1). By Assumption 3.3, we have

(A1) = ∥∇xF (x, y; ξ)−∇xf(x, y)∥ ≤ σf .

Bounding (A2). By Assumptions 3.2 and 3.3 and Lemma B.12, we have

(A2) = ∥(∇2
xyG(x, y; ζ

(0))−∇2
xyg(x, y))P∇yF (x, y; ξ)∥

≤ ∥∇2
xyG(x, y; ζ

(0))−∇2
xyg(x, y)∥∥P∥∥∇yF (x, y; ξ)∥

≤ σg,2
µ

(∥∇yF (x, y; ξ)−∇yf(x, y)∥+ ∥∇yf(x, y)−∇yf(x, y
∗)∥+ ∥∇yf(x, y

∗)∥)

≤ σg,2
µ

(σf + (Ly,0 + Ly,1lf,0)∥y − y∗∥+ lf,0)

=
σg,2
µ

(σf + lf,0) +
σg,2
µ

(Ly,0 + Ly,1lf,0)∥y − y∗∥.

Bounding (A3). By Assumptions 3.2 and 3.3 and Lemma B.12, we have

(A3) = ∥∇2
xyg(x, y)(P − Eξ̄[P ])∇yF (x, y; ξ)∥

≤ ∥∇2
xyg(x, y)∥∥(P − Eξ̄[P ])∥∥∇yF (x, y; ξ)∥

≤ 2lg,1
µ

(σf + (Ly,0 + Ly,1lf,0)∥y − y∗∥+ lf,0)

=
2lg,1
µ

(σf + lf,0) +
2lg,1
µ

(Ly,0 + Ly,1lf,0)∥y − y∗∥,

where the second inequality uses the same step (the third inequality above) as in bounding (A2).
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Bounding (A4). By Assumptions 3.2 and 3.3 and Lemma B.12, we have

(A4) = ∥∇2
xyg(x, y)Eξ̄[P ](∇yF (x, y; ξ)−∇yf(x, y))∥ ≤ lg,1

µ
σf .

Then we obtain the final bound

∥∇̂ϕ(x, y; ξ̄)− Eξ̄[∇̂ϕ(x, y; ξ̄)]∥ ≤ (A1) + (A2) + (A3) + (A4)

≤ µ+ 3lg,1 + σg,2
µ

σf +
2lg,1 + σg,2

µ
lf,0 +

2lg,1 + σg,2
µ

(Ly,0 + Ly,1lf,0)∥y − y∗∥.

Lemma B.14. Under Assumptions 3.2 to 3.4, if ∥y − y∗(x)∥ ≤ r, we have

∥∇̂ϕ(x, y; ξ̄)−∇Φ(x)∥ ≤ Cϕ,0 + (Cϕ,1 + L1∥∇Φ(x)∥)∥y − y∗(x)∥,

where L1 is defined in (14) and constants Cϕ,0 and Cϕ,1 are defined as

Cϕ,0 =
µ+ 3lg,1 + σg,2

µ
σf +

2lg,1 + σg,2
µ

lf,0 +
lg,1lf,0
µ

,

Cϕ,1 =
2lg,1 + σg,2

µ
(Ly,0 + Ly,1lf,0) +

lg,1
µ

(Ly,0 + Ly,1lf,0) + L0.

(17)

Proof of Lemma B.14. We have the following decomposition:

∥∇̂ϕ(x, y; ξ̄)−∇Φ(x)∥ ≤ ∥∇̂ϕ(x, y; ξ̄)− Eξ̄[∇̂ϕ(x, y; ξ̄)]∥

+ ∥Eξ̄[∇̂ϕ(x, y; ξ̄)]− ∇̄f(x, y)∥+ ∥∇̄f(x, y)−∇Φ(x)∥,

For the first term, by Lemma B.13 we have

∥∇̂ϕ(x, y; ξ̄)− Eξ̄[∇̂ϕ(x, y; ξ̄)]∥

≤ µ+ 3lg,1 + σg,2
µ

σf +
2lg,1 + σg,2

µ
lf,0 +

2lg,1 + σg,2
µ

(Ly,0 + Ly,1lf,0)∥y − y∗∥.
(18)

For the second term, by Assumption 3.2 and Lemma B.12 we have

∥Eξ̄[∇̂ϕ(x, y; ξ̄)]− ∇̄f(x, y)∥
= ∥(∇xf(x, y)−∇2

xyg(x, y)Eξ̄[P ]∇yf(x, y))

− (∇xf(x, y)−∇2
xyg(x, y)[∇2

yyg(x, y)]
−1∇yf(x, y))∥

= ∥∇2
xyg(x, y)(Eξ̄[P ]− [∇2

yyg(x, y)]
−1])∇yf(x, y)∥

≤ lg,1
µ

(
1− µ

lg,1

)Q

(∥∇yf(x, y)−∇yf(x, y
∗)∥+ ∥∇yf(x, y)∥)

≤ lg,1
µ

(
1− µ

lg,1

)Q

((Ly,0 + Ly,1lf,0)∥y − y∗∥+ lf,0)

=
lg,1lf,0
µ

(
1− µ

lg,1

)Q

+
lg,1
µ

(
1− µ

lg,1

)Q

(Ly,0 + Ly,1lf,0)∥y − y∗∥.

(19)
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For the third term, by Assumption 3.2 and Lemma B.9 we have

∥∇̄f(x, y)−∇Φ(x)∥
≤ ∥∇xf(x, y)−∇xf(x, y

∗)∥
+ ∥∇2

xyg(x, y)[∇2
yyg(x, y)]

−1∇yf(x, y)−∇2
xyg(x, y

∗)[∇2
yyg(x, y

∗)]−1∇yf(x, y
∗)∥

≤ (Lx,0 + Lx,1∥∇xf(x, y
∗)∥)∥y − y∗∥

+ ∥∇2
xyg(x, y)[∇2

yyg(x, y)]
−1∇yf(x, y)−∇2

xyg(x, y
∗)[∇2

yyg(x, y)]
−1∇yf(x, y)∥

+ ∥∇2
xyg(x, y

∗)[∇2
yyg(x, y)]

−1∇yf(x, y)−∇2
xyg(x, y

∗)[∇2
yyg(x, y

∗)]−1∇yf(x, y)∥
+ ∥∇2

xyg(x, y
∗)[∇2

yyg(x, y
∗)]−1∇yf(x, y)−∇2

xyg(x, y
∗)[∇2

yyg(x, y
∗)]−1∇yf(x, y

∗)∥

≤
(
Lx,0 + Lx,1

(
lg,1lf,0
µ

+ ∥∇Φ(x)∥
))

∥y − y∗∥

+
lf,0
µ
lg,2∥y − y∗∥+ lf,0lg,1

µ2
lg,2∥y − y∗∥+ lg,1

µ
(Ly,0 + Ly,1∥∇yf(x, y

∗)∥)∥y − y∗∥

=

(
Lx,0 + Lx,1

lg,1lf,0
µ

+
lg,1
µ

(Ly,0 + Ly,1lf,0) + lf,0
µlg,2 + lg,1lg,2

µ2
+ Lx,1∥∇Φ(x)∥

)
∥y − y∗∥

≤ (L0 + L1∥∇Φ(x)∥)∥y − y∗∥,
(20)

where the last inequality uses the definition of L0 and L1 as in (14). Summing up (18)+ (19)+ (20)
gives the final bound

∥∇̂ϕ(x, y; ξ̄)−∇Φ(x)∥ ≤ ∥∇̂ϕ(x, y; ξ̄)− Eξ̄[∇̂ϕ(x, y; ξ̄)]∥

+ ∥Eξ̄[∇̂ϕ(x, y; ξ̄)]− ∇̄f(x, y)∥+ ∥∇̄f(x, y)−∇Φ(x)∥

≤ µ+ 3lg,1 + σg,2
µ

σf +
2lg,1 + σg,2

µ
lf,0 +

lg,1lf,0
µ

(
1− µ

lg,1

)Q

+

(
2lg,1 + σg,2

µ
(Ly,0 + Ly,1lf,0) +

lg,1
µ

(
1− µ

lg,1

)Q

(Ly,0 + Ly,1lf,0) + L0 + L1∥∇Φ(x)∥

)
∥y − y∗∥

≤ µ+ 3lg,1 + σg,2
µ

σf +
2lg,1 + σg,2

µ
lf,0 +

lg,1lf,0
µ

+

(
2lg,1 + σg,2

µ
(Ly,0 + Ly,1lf,0) +

lg,1
µ

(Ly,0 + Ly,1lf,0) + L0 + L1∥∇Φ(x)∥
)
∥y − y∗∥

= Cϕ,0 + (Cϕ,1 + L1∥∇Φ(x)∥)∥y − y∗∥,
where the second and the third inequalities useQ ≥ 1, and the last inequality is due to the definitions
of Cϕ,0 and Cϕ,1 in (17).

B.3.4 OTHER USEFUL LEMMAS

Lemma B.15. Under Assumptions 3.2 to 3.4, if ∥y − y∗(x)∥ ≤ r, we have 1

∥∇̂ϕ(x, y; ξ̄)− ∇̂ϕ(x, y∗(x); ξ̄)∥ ≤ (L0 + L1∥∇Φ(x)∥)∥y − y∗(x)∥;
if ∥x1 − x2∥ ≤ µr/(µ+ lg,1), we have

∥Eξ̄1 [∇̂ϕ(x1, y
∗
1 ; ξ̄1)]− Eξ̄2 [∇̂ϕ(x2, y

∗
2 ; ξ̄2)]∥ ≤ (L0 + L1∥∇Φ(x1)∥)∥x1 − x2∥,

where y∗i = y∗(xi) for i = 1, 2, and constants L0 and L1 are defined in (14).

Proof of Lemma B.15. We will use a short hand y∗ = y∗(x). Recall the definition of ∇̂ϕ(x, y; ξ̄)
and ∇̂ϕ(x, y∗; ξ̄) in (16), we have

∇̂ϕ(x, y; ξ̄) = ∇xF (x, y; ξ)−∇2
xyG(x, y; ζ

(0))P∇yF (x, y; ξ),

∇̂ϕ(x, y∗; ξ̄) = ∇xF (x, y
∗; ξ)−∇2

xyG(x, y
∗; ζ(0))P ∗∇yF (x, y

∗; ξ).

1Please note that x1 and x2 here are unrelated to Algorithm 1 and are deterministic.
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where similar to (15), we define the Neumann series approximation matrix P ∗ as

P ∗ =
1

lg,1

Q−1∑
q=0

q∏
j=1

(
I −

∇2
yyG(x, y

∗; ζ(q,j))

lg,1

)
. (21)

Then by triangle inequality we have

∥∇̂ϕ(x, y; ξ̄)− ∇̂ϕ(x, y∗; ξ̄)∥
≤ ∥∇xF (x, y; ξ)−∇xF (x, y

∗; ξ)∥
+ ∥∇2

xyG(x, y; ζ
(0))P∇yF (x, y; ξ)−∇2

xyG(x, y
∗; ζ(0))P ∗∇yF (x, y

∗; ξ)∥

≤ ∥∇xF (x, y; ξ)−∇xF (x, y
∗; ξ)∥︸ ︷︷ ︸

(A1)

+ ∥∇2
xyG(x, y; ζ

(0))P (∇yF (x, y; ξ)−∇yF (x, y
∗; ξ))∥︸ ︷︷ ︸

(A2)

+ ∥∇2
xyG(x, y; ζ

(0))(P − P ∗)∇yF (x, y
∗; ξ)∥︸ ︷︷ ︸

(A3)

+ ∥(∇2
xyG(x, y; ζ

(0))−∇2
xyG(x, y

∗; ζ(0)))P ∗∇yF (x, y
∗; ξ)∥︸ ︷︷ ︸

(A4)

.

Bounding (A1). By Assumption 3.4 and Lemma B.9, we have

(A1) = ∥∇xF (x, y; ξ)−∇xF (x, y
∗; ξ)∥ ≤ (Lx,0 + Lx,1∥∇xf(x, y

∗)∥)∥y − y∗∥

≤
(
Lx,0 + Lx,1

(
lg,1lf,0
µ

+ ∥∇Φ(x)∥
))

∥y − y∗∥

=

(
Lx,0 +

Lx,1lg,1lf,0
µ

+ Lx,1∥∇Φ(x)∥
)
∥y − y∗∥.

Bounding (A2). By Assumption 3.4 and Lemma B.12, we have

(A2) = ∥∇2
xyG(x, y; ζ

(0))P (∇yF (x, y; ξ)−∇yF (x, y
∗; ξ))∥

= ∥∇2
xyG(x, y; ζ

(0))∥∥P∥∥∇yF (x, y; ξ)−∇yF (x, y
∗; ξ)∥

≤ lg,1
µ

(Ly,0 + Ly,1∥∇yf(x, y
∗)∥)∥y − y∗∥ ≤ lg,1

µ
(Ly,0 + Ly,1lf,0)∥y − y∗∥.

Bounding (A3). We first apply Lemma B.1 to obtain∥∥∥∥∥∥
q∏

j=1

(
I −

∇2
yyG(x, y; ζ

(q,j))

lg,1

)
−

q∏
j=1

(
I −

∇2
yyG(x, y

∗; ζ(q,j))

lg,1

)∥∥∥∥∥∥
≤

q∑
j=1

(
1− µ

lg,1

)q−1
lg,2
lg,1

∥y − y∗∥ = q

(
1− µ

lg,1

)q−1
lg,2
lg,1

∥y − y∗∥.

Hence we can write

∥P − P ∗∥ ≤ 1

lg,1

Q−1∑
q=0

q

(
1− µ

lg,1

)q−1
lg,2
lg,1

∥y − y∗∥ ≤ µ2lg,2
l4g,1

∥y − y∗∥ ≤ lg,2
µ2

∥y − y∗∥,

where the second inequality uses Lemma B.2 with a = µ/lg,1, and the last inequality is due to
µ < lg,1. Then by Assumption 3.4 we have

(A3) = ∥∇2
xyG(x, y; ζ

(0))(P − P ∗)∇yF (x, y
∗; ξ)∥

≤ ∥∇2
xyG(x, y; ζ

(0))∥∥(P − P ∗)∥∥∇yF (x, y
∗; ξ)∥ ≤ lg,1lg,2lf,0

µ2
∥y − y∗∥.
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Bounding (A4). By Assumption 3.4 and Lemma B.12, we have

(A4) = ∥(∇2
xyG(x, y; ζ

(0))−∇2
xyG(x, y

∗; ζ(0)))P ∗∇yF (x, y
∗; ξ)∥

≤ ∥∇2
xyG(x, y; ζ

(0))−∇2
xyG(x, y

∗; ζ(0))∥∥P ∗∥∥∇yF (x, y
∗; ξ)∥ ≤ lg,2lf,0

µ
∥y − y∗∥.

Final Bound. Summing up (A1) + (A2) + (A3) + (A4) yields the final bound

∥∇̂ϕ(x, y; ξ̄)− ∇̂ϕ(x, y∗; ξ̄)∥ ≤ (A1) + (A2) + (A3) + (A4)

≤
(
Lx,0 + Lx,1

lg,1lf,0
µ

+
lg,1
µ

(Ly,0 + Ly,1lf,0) + lf,0
lg,1lg,2 + µlg,2

µ2
+ Lx,1∥∇Φ(x)∥

)
∥y − y∗∥

≤ (L0 + L1∥∇Φ(x)∥)∥y − y∗∥,

where the last inequality uses the definitions of L0 and L1 as in (14).

For the second result, we follow a similar procedure as above and obtain:

∥Eξ̄1 [∇̂ϕ(x1, y
∗
1 ; ξ̄1)]− Eξ̄2 [∇̂ϕ(x2, y

∗
2 ; ξ̄2)]∥ ≤ (A1) + (A2) + (A3) + (A4)

≤

√
1 +

l2g,1
µ2

(
Lx,0 + Lx,1

lg,1lf,0
µ

+
lg,1
µ

(Ly,0 + Ly,1lf,0) + lf,0
lg,1lg,2 + µlg,2

µ2
+ Lx,1∥∇Φ(x1)∥

)
∥x1 − x2∥

= (L0 + L1∥∇Φ(x1)∥)∥x1 − x2∥,

where the last inequality uses the definitions of L0 and L1 as in (14).

Lemma B.16. Under Assumptions 3.2 to 3.4, we have

∥Eξ̄[∇̂ϕ(x, y∗(x); ξ̄)]−∇Φ(x)∥ ≤ lg,1lf,0
µ

(
1− µ

lg,1

)Q

.

Proof of Lemma B.16. We will use a short hand y∗ = y∗(x). By definition of ∇̂ϕ(x, y; ξ̄) in (16)
and the hypergradient formulation, we have

Eξ̄[∇̂ϕ(x, y∗; ξ̄)] = ∇xf(x, y
∗)−∇2

xyg(x, y
∗)Eξ̄[P ]∇yf(x, y

∗),

∇Φ(x) = ∇xf(x, y
∗)−∇2

xyg(x, y
∗)[∇2

yyg(x, y
∗)]−1∇yf(x, y

∗).

Then we obtain the conclusion by applying Assumption 3.2 and Lemma B.12:

∥Eξ̄[∇̂ϕ(x, y; ξ̄)]−∇Φ(x)∥ = ∥∇2
xyg(x, y

∗)(Eξ̄[P ]− [∇2
yyg(x, y

∗)]−1)∇yf(x, y
∗)∥

≤ ∥∇2
xyg(x, y

∗)∥∥Eξ̄[P ]− [∇2
yyg(x, y

∗)]−1∥∥∇yf(x, y
∗)∥ ≤ lg,1lf,0

µ

(
1− µ

lg,1

)Q

.

C PROOF OF THE RANDOM DECOUPLING LEMMA (LEMMA 4.2)

C.1 RECURSIVE CONTROL ON MOMENT GENERATING FUNCTION

The following technical lemma on recursive control is crucial for establishing high probability guar-
antee for controlling the lower-level estimation error at anytime. We follow a similar argument as
in (Cutler et al., 2023, Proposition 29) with a slight generalization.
Proposition C.1 (Recursive control on MGF). Consider scalar stochastic processes (Vt), (Dt),
(Xt) and (Yt) on a probability space with filtration (Ht), which are linked by the inequality

Vt+1 ≤ ρtVt +Dt

√
Vt +Xt + Yt + κt (22)

for some deterministic constants ρt ∈ (−∞, 1] and κt ∈ R. Suppose the following properties hold.

• Vt and Yt are non-negative and Ht-measurable.
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• Dt is mean-zero sub-Gaussian conditioned on Ht with deterministic parameter σt:

E[exp(θDt) | Ht] ≤ exp(θ2σ2
t /2) for all θ ∈ R.

• Xt is non-negative and sub-exponential conditioned on Ht with deterministic parameter
νt:

E[exp(θXt) | Ht] ≤ exp(θνt) for all 0 ≤ θ ≤ 1/νt.

Then the estimate

E[exp(θVt+1)] ≤ exp(θ(νt + κt))E[exp(θ((1 + ρt)Vt/2 + Yt))]

holds for any θ satisfying 0 ≤ θ ≤ min
{

1−ρt

2σ2
t
, 1
2νt

}
.

Proof of Proposition C.1. For any index t ≥ 0 and any scalar θ ≥ 0, the law of total expectation
implies

E[exp(θVt+1)] ≤ E
[
exp

(
θ
(
ρtVt +Dt

√
Vt +Xt + Yt + κt

))]
= exp(θκt)E

[
exp(θ(ρtVt + Yt))E

[
exp(θDt

√
Vt) exp(θXt) | Ht

]]
.

Hölder’s inequality in turn yields

E
[
exp(θDt

√
Vt) exp(θXt) | Ht

]
≤
√

E
[
exp(2θDt

√
Vt) | Ht

]
· E [exp(2θXt) | Ht]

≤
√

exp(2θ2σ2
t Vt) exp(2θνt)

= exp(θ2σ2
t Vt) exp(θνt)

provided 0 ≤ θ ≤ 1
2νt

. Therefore, if θ satisfies

0 ≤ θ ≤ min

{
1− ρt
2σ2

t

,
1

2νt

}
,

then the following estimate holds for all t ≥ 0:

E[exp(θVt+1)] ≤ exp(θκt)E
[
exp(θ(ρtVt + Yt)) exp(θ

2σ2
t Vt) exp(θνt)

]
= exp(θ(νt + κt))E

[
exp(θ((ρt + θσ2

t )Vt + Yt))
]

≤ exp(θ(νt + κt))E [exp(θ((1 + ρt)Vt/2 + Yt))] ,

where the last inequality uses the given range of θ. Thus the proof is completed.

C.2 PROOF OF LEMMA 4.2

In this section, we aim to provide a high-probability guarantee for the approximation error of the
lower-level variable, namely ∥yt − y∗t ∥. Our main technical contribution is the any-sequence argu-
ment, which separates the randomness in the updates of the upper-level variable xt and the lower-
level variable yt. Specifically, for any given sequence {x̃t}, we consider the following update rule
for {ỹt} (which is the same as line 5 of Algorithm 1):

ỹt+1 = ỹt − γ∇yG(x̃t, ỹt; ζ̃t). (23)

Before proceeding, we will first define (or restate) a few key concepts and useful notations.

Filtration. For any t ≥ 2, define F̃y
t as the filtration of the randomness used in updating ỹt before

the t-th iteration:
F̃y

t = σ(ζ̃1, . . . , ζ̃t−1), (24)

where σ(·) denotes the σ-algebra generated by the random variables within the argument.
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Auxiliary Sequence. We also introduce the following auxiliary sequence {ũt} for our analysis:

ũt = (1− αt)ũt−1 + αt∇̂ϕ(x̃t, ỹ∗t ; ξ̂t) =
t∑

j=1

dt,j∇̂ϕ(x̃t, ỹ∗t ; ξ̂t), (25)

where the sequence {dt,j}tj=1 is defined in (10) of Lemma B.3. Similar to (15), (16) and (21) in
Appendix B, the hypergradient estimators ∇̂ϕ(x̃t, ỹt; ξ̂t) and ∇̂ϕ(x̃t, ỹ∗t ; ξ̂t) can be written as

∇̂ϕ(x̃t, ỹt; ξ̂t) = ∇xF (x̃t, ỹt; ξ̃t)−∇2
xyG(x̃t, ỹt; ζ̃

(0)
t )P̃t∇yF (x̃t, ỹt; ξ̃t),

∇̂ϕ(x̃t, ỹ∗t ; ξ̂t) = ∇xF (x̃t, ỹ
∗
t ; ξ̃t)−∇2

xyG(x̃t, ỹ
∗
t ; ζ̃

(0)
t )P̃ ∗

t ∇yF (x̃t, ỹ
∗
t ; ξ̃t),

where the randomness ξ̂t is defined as

ξ̂t := {ξ̃t, ζ̃(0)t , ˜̄ζ(0), . . . , ˜̄ζ(Q−1)}, where ˜̄ζ(q) := {ζ̃(q,1), . . . , ζ̃(q,q)}; (26)

and the Neumann series approximation matrices P̃t and P̃ ∗
t are defined as

P̃t =
1

lg,1

Q−1∑
q=0

q∏
j=1

(
I −

∇2
yyG(x̃t, ỹt; ζ̃

(q,j)
t )

lg,1

)
and P̃ ∗

t =
1

lg,1

Q−1∑
q=0

q∏
j=1

(
I −

∇2
yyG(x̃t, ỹ

∗
t ; ζ̃

(q,j)
t )

lg,1

)
.

Constants. We define the following constants, which will be useful for analysis. Given any se-
quence {x̃t}, denote G̃t and L̃t as

G̃t := max
1≤k≤t

∥∇Φ(x̃k)∥, L̃t := L0 + L1G̃t, (27)

where constants L0 and L1 are defined in (14).

Lemma C.2 (Distance recursion, (Cutler et al., 2023, Lemma 25)). Suppose that Assumptions 3.2
and 3.3 hold. For any given sequence {x̃t}, let {ỹt} be the iterates generated by the update rule
(23) with constant learning rate γ ≤ 1/2lg,1. Then for any t ≥ 1, we have the following recursion:

∥ỹt+1 − ỹ∗t+1∥2 ≤ (1− µγ)∥ỹt − ỹ∗t ∥2 + 2γ⟨ε̃t, ṽt⟩∥ỹt − ỹ∗t ∥+ 2γ2∥ε̃t∥2 +
2

µγ
D2

t , (28)

where ṽt :=
ỹt−ỹ∗

t

∥ỹt−ỹ∗
t ∥

if ỹt is distinct from ỹ∗t and zero otherwise, ε̃t = ∇yg(x̃t, ỹt)−∇yG(x̃t, ỹt; ζ̃t)

denotes the noise, and Dt := ∥ỹ∗t − ỹ∗t+1∥ is the minimizer drift at time t.

Lemma C.3 (Restatement of Lemma 4.2). Suppose that Assumptions 3.2 and 3.3 hold. Given any
sequence {x̃t} and any randomness {ξ̂t} (see (26) for definition) such that

∥x̃t+1 − x̃t∥2 ≤ 2η2

λ2

∥ũt∥2 + L̃2
t

t∑
j=1

dt,j∥ỹj − ỹ∗j ∥2
 , (29)

where ũt, {dt,j}tj=1 and L̃t are defined in (25), (10) and (27), respectively. Let {ỹt} be the iterates
generated by the update rule (23) with constant learning rate γ ≤ 1/2lg,1, and choose γ = 2β/µ.
Then for any given δ ∈ (0, 1) and all t ≥ 1, the following estimate holds with probability at least
1− δ over the randomness in F̃y

T+1:

∥ỹt − ỹ∗t ∥2 ≤

((
1− µγ

2

)t−1

+
4η2l2g,1
λ2µ3γ

t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i

)
∥ỹ1 − ỹ∗1∥2

+

(
8γ

µ
ln
eT

δ
+

16η2l2g,1
λ2µ4

t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i

)
σ2
g,1

+
4η2l2g,1
λ2µ3γ

t−1∑
i=1

(
1− µγ

2

)t−1−i

∥ũi∥2 +
64η4l4g,1
λ4µ8γ4

t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̃
2
i ∥ũi∥2.

(30)
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Proof of Lemma C.3. By Lemma C.2 and Lemma B.9, we have

∥ỹt+1 − ỹ∗t+1∥2 ≤ (1− µγ)∥ỹt − ỹ∗t ∥2 + 2γ⟨ε̃t, ṽt⟩∥ỹt − ỹ∗t ∥+ 2γ2∥ε̃t∥2 +
2

µγ
D2

t

≤ (1− µγ)∥ỹt − ỹ∗t ∥2 + 2γ⟨ε̃t, ṽt⟩∥ỹt − ỹ∗t ∥+ 2γ2∥ε̃t∥2 +
2l2g,1
µ3γ

∥x̃t+1 − x̃t∥2

≤ (1− µγ)∥ỹt − ỹ∗t ∥2 + 2γ⟨ε̃t, ṽt⟩∥ỹt − ỹ∗t ∥+ 2γ2∥ε̃t∥2

+
4η2l2g,1
λ2µ3γ

∥ũt∥2 + L̃2
t

t∑
j=1

dt,j∥ỹj − ỹ∗j ∥2
 ,

(31)

where the last inequality uses (29). Note that under Assumption 3.3, there exists an absolute constant
c ≥ 1 such that for all t ≥ 1, ∥ε̃t∥2 is sub-exponential conditioned on F̃y

t with parameter cσ2
g,1, and

ε̃t is mean-zero sub-Gaussian conditioned on F̃y
t with parameter cσg,1 (Cutler et al., 2023, Theorem

30). For simplicity we set c = 1 here. Thus ⟨ε̃t, ut⟩ is mean-zero sub-Gaussian conditioned on F̃y
t

with parameter σg,1. Hence, in light of (31), we apply Proposition C.1 with

Ht = F̃y
t , Vt = ∥ỹt − ỹ∗t ∥2, Dt = 2η⟨ε̃t, ṽt⟩, Xt = 2γ2∥ε̃t∥2,

Yt =
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j∥ỹj − ỹ∗j ∥2,

ρt = 1− µγ, κt =
4η2l2g,1
λ2µ3γ

∥ũt∥2, σt = 2γσg,1, νt = 2γ2σ2
g,1,

yielding the following recursion

E
[
exp(θṼt+1)

]
≤ E

exp
θ
(1− µγ

2

)
Ṽt + 2γ2σ2

g,1 +
4η2l2g,1
λ2µ3γ

∥ũt∥2 +
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j Ṽj




(32)
for all θ satisfying

0 ≤ θ ≤ min

{
µ

8γσ2
g,1

,
1

4γ2σ2
g,1

}
≤ µ

8γσ2
g,1

, (33)

where in (32) we denote Ṽt := ∥ỹt − ỹ∗t ∥2, and the last inequality of (33) uses γ ≤ 1/2lg,1 ≤ 1/2µ.
By Lemma C.4 we use induction to show that for any t ≥ 1 and λ satisfying (33), it holds that

E
[
exp(θṼt)

]
≤ E

[
exp

{
θ

[(
1− µγ

2

)t−1

Ṽ1 +
4γσ2

g,1

µ
+

4η2l2g,1
λ2µ3γ

t−1∑
i=1

(
1− µγ

2

)t−1−i

∥ũi∥2

+
4η2l2g,1
λ2µ3γ

Ṽ1

t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i +

16η2l2g,1
λ2µ4

σ2
g,1

t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i

+
64η4l4g,1
λ4µ8γ4

t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̃
2
i ∥ũi∥2

]}]
,

where the first and the last lines use the sum of geometric series, and the second line is due to
Lemma B.5:

t−1∑
i=1

(
1− µγ

2

)i−1

≤ 2

µγ
, iαi(1− β)i−1 ≤ 1,

t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̃
2
i

i∑
j=1

(
1− µγ

2

)i−j

∥ũj∥2 ≤ 2

µγ

t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̃
2
i ∥ũi∥2.

Moreover, by setting ϑ as follows, we have

ϑ :=
8γσ2

g,1

µ
=⇒

4γσ2
g,1

µ
≤ ϑ and

1

ϑ
=

µ

8γσ2
g,1

.
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Hence for any t ≥ 1 we obtain

E

[
exp

{
θ

[
Ṽt −

(
1− µγ

2

)t−1

Ṽ1 −
4η2l2g,1
λ2µ3γ

t−1∑
i=1

(
1− µγ

2

)t−1−i

∥ũi∥2

−
4η2l2g,1
λ2µ3γ

Ṽ1

t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i −

16η2l2g,1
λ2µ4

σ2
g,1

t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i

−
64η4l4g,1
λ4µ8γ4

t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̃
2
i ∥ũi∥2

]}]
≤ exp(θϑ) for all 0 ≤ θ ≤ 1/ϑ.

Taking θ = 1/ϑ and applying Markov’s inequality and union bound completes the proof.

Lemma C.4. Suppose (32) holds, where ũt, {dt,j}tj=1 and L̃t are defined in (25), (10) and (27),
respectively. Choosing γ = 2β/µ, then for any t ≥ 1 we have

E
[
exp(θṼt)

]
≤ E

[
exp

{
θ

[(
1− µγ

2

)t−1

Ṽ1 + 2γ2σ2
g,1

t−1∑
i=1

(
1− µγ

2

)i−1

+
4η2l2g,1
λ2µ3γ

t−1∑
i=1

(
1− µγ

2

)t−1−i

∥ũi∥2

+
4η2l2g,1
λ2µ3γ

Ṽ1

t−1∑
i=1

(
1− µγ

2

)t−1−i

iαi(1− β)i−1L̃2
i +

16η2l2g,1
λ2µ4

σ2
g,1

t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i

+
32η4l4g,1
λ4µ7γ3

t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̃
2
i

i∑
j=1

(
1− µγ

2

)i−j

∥ũj∥2

 .

(34)

Proof of Lemma C.4. We use induction to show that (34) holds for any t ≥ 1 and λ satisfying (33).

Base Case. For the base case t = 1, it is easy to check that
E[exp(θṼ1)] ≤ E[exp(θṼ1)].

Induction Step. Now we assume that the induction hypothesis (34) holds for 1 ≤ k ≤ t, then for
k = t+ 1 we have

E[exp(θṼt+1)] ≤ E[exp(θ[(A1) + (A2) + (A3) + (A4) + (A5) + (A6)])],

where (A1), (A2), (A3), (A4), (A5) and (A6) are defined as

(A1) =
(
1− µγ

2

)(
1− µγ

2

)t−1

Ṽ1,

(A2) = 2γ2σ2
g,1 + 2γ2σ2

g,1

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)i−1

,

(A3) =
4η2l2g,1
λ2µ3γ

∥ũt∥2 +
4η2l2g,1
λ2µ3γ

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)t−1−i

∥ũi∥2,

(A4) =
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j

(
1− µγ

2

)j−1

Ṽ1 +
4η2l2g,1
λ2µ3γ

Ṽ1

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)t−1−i

iαi(1− β)i−1L̃2
i ,

(A5) =
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j · 2γ2σ2
g,1

j−1∑
i=1

(
1− µγ

2

)i−1

+
16η2l2g,1
λ2µ4

σ2
g,1

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i ,

(A6) =
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j
4η2l2g,1
λ2µ3γ

j−1∑
i=1

(
1− µγ

2

)j−1−i

∥ũi∥2

+
32η4l4g,1
λ4µ7γ3

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̃
2
i

i∑
j=1

(
1− µγ

2

)i−j

∥ũj∥2.

We continue to bound each term individually.
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Bounding (A1).

(A1) =
(
1− µγ

2

)(
1− µγ

2

)t−1

Ṽ1 =
(
1− µγ

2

)t
Ṽ1.

Bounding (A2).

(A2) = 2γ2σ2
g,1 + 2γ2σ2

g,1

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)i−1

= 2γ2σ2
g,1

(
1− µγ

2

) t∑
i=1

(
1− µγ

2

)i−1

.

Bounding (A3).

(A3) =
4η2l2g,1
λ2µ3γ

∥ũt∥2 +
4η2l2g,1
λ2µ3γ

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)t−1−i

∥ũi∥2 =
4η2l2g,1
λ2µ3γ

t∑
i=1

(
1− µγ

2

)t−i

∥ũi∥2.

Bounding (A4). By Lemma B.3 and the choice of γ = 2β/µ, we have

4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j

(
1− µγ

2

)j−1

Ṽ1 =
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

αt(1− β)t−j(1− β)j−1Ṽ1

=
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

αt(1− β)t−1Ṽ1

=
4η2l2g,1
λ2µ3γ

tαt(1− β)t−1L̃2
t Ṽ1.

Then we obtain

(A4) =
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j

(
1− µγ

2

)j−1

Ṽ1 +
4η2l2g,1
λ2µ3γ

Ṽ1

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)t−1−i

iαi(1− β)i−1L̃2
i

=
4η2l2g,1
λ2µ3γ

tαt(1− β)t−1L̃2
t Ṽ1 +

4η2l2g,1
λ2µ3γ

Ṽ1

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)t−1−i

iαi(1− β)i−1L̃2
i

=
4η2l2g,1
λ2µ3γ

Ṽ1

t∑
i=1

(
1− µγ

2

)t−i

iαi(1− β)i−1L̃2
i .

Bounding (A5). By Lemma B.3 and the choice of γ = 2β/µ, we have

4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j · 2γ2σ2
g,1

j−1∑
i=1

(
1− µγ

2

)i−1

≤
8η2l2g,1
λ2µ4γ2

2γ2σ2
g,1L̃

2
t

t∑
j=1

dt,j

=
16η2l2g,1
λ2µ4

σ2
g,1L̃

2
t .

Then we obtain

(A5) =
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j · 2γ2σ2
g,1

j−1∑
i=1

(
1− µγ

2

)i−1

+
16η2l2g,1
λ2µ4

σ2
g,1

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)t−1−i

L̃2
i

≤
16η2l2g,1
λ2µ4

σ2
g,1L̃

2
t +

16η2l2g,1
λ2µ4

σ2
g,1

t−1∑
i=1

(
1− µγ

2

)t−i

L̃2
i

=
16η2l2g,1
λ2µ4

σ2
g,1

t∑
i=1

(
1− µγ

2

)t−i

L̃2
i .
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Bounding (A6). By Lemma B.3 and the choice of γ = 2β/µ, we have

4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j
4η2l2g,1
λ2µ3γ

j−1∑
i=1

(
1− µγ

2

)j−1−i

∥ũi∥2 ≤
4η2l2g,1
λ2µ3γ

8η2l2g,1
λ2µ4γ2

L̃2
t

t∑
j=1

dt,j∥ũj∥2

≤
4η2l2g,1
λ2µ3γ

8η2l2g,1
λ2µ4γ2

αtL̃
2
t

t∑
j=1

(1− β)t−j∥ũj∥2

=
32η4l4g,1
λ4µ7γ3

αtL̃
2
t

t∑
j=1

(
1− µγ

2

)t−j

∥ũj∥2.

Then we obtain

(A6) =
4η2l2g,1
λ2µ3γ

L̃2
t

t∑
j=1

dt,j
4η2l2g,1
λ2µ3γ

j−1∑
i=1

(
1− µγ

2

)j−1−i

∥ũi∥2

+
32η4l4g,1
λ4µ7γ3

(
1− µγ

2

) t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̃
2
i

i∑
j=1

(
1− µγ

2

)i−j

∥ũj∥2

≤
32η4l4g,1
λ4µ7γ3

αtL̃
2
t

t∑
j=1

(
1− µγ

2

)t−j

∥ũj∥2 +
32η4l4g,1
λ4µ7γ3

t−1∑
i=1

(
1− µγ

2

)t−i

αiL̃
2
i

i∑
j=1

(
1− µγ

2

)i−j

∥ũj∥2

=
32η4l4g,1
λ4µ7γ3

t∑
i=1

(
1− µγ

2

)t−i

αiL̃
2
i

i∑
j=1

(
1− µγ

2

)i−j

∥ũj∥2.

Final Bound for the Induction Step. Putting these terms together and rearranging yields

E
[
exp(θṼt+1)

]
≤ E

[
exp

{
θ

[(
1− µγ

2

)t
Ṽ1 + 2γ2σ2

g,1

t∑
i=1

(
1− µγ

2

)i−1

+
4η2l2g,1
λ2µ3γ

t∑
i=1

(
1− µγ

2

)t−i

∥ũi∥2

+
4η2l2g,1
λ2µ3γ

Ṽ1

t∑
i=1

(
1− µγ

2

)t−i

iαi(1− β)i−1L̃2
i +

16η2l2g,1
λ2µ4

σ2
g,1

t∑
i=1

(
1− µγ

2

)t−i

L̃2
i

+
32η4l4g,1
λ4µ7γ3

t∑
i=1

(
1− µγ

2

)t−i

αiL̃
2
i

i∑
j=1

(
1− µγ

2

)i−j

∥ũj∥2

 ,

which aligns with (34) for k = t + 1. Thus, the induction step is complete, and (34) holds for any
t ≥ 1.

D CONVERGENCE ANALYSIS OF ADAMBO (ALGORITHM 1)

In this section, we provide detailed convergence analysis of Algorithm 1 (or equivalently, Algo-
rithm 4). Before presenting the lemmas and the main theorem, we will first define (or restate) a few
key concepts and useful notations.

D.1 TECHNICAL DEFINITIONS AND USEFUL NOTATIONS

Filtration. Define Finit as the filtration for updating y1 (i.e., the filtration of warm-start phase):

F init
t = σ(π0, . . . , πT0−1).

For any t ≥ 2, define Fx
t and Fy

t as the filtrations of the randomness used in updating xt and yt,
respectively, before the t-th iteration:

Fx
t = σ(ξ̄1, . . . , ξ̄t−1), Fy

t = σ(ζ1, . . . , ζt−1),

where σ(·) denotes the σ-algebra generated by the random variables within the argument. Addition-
ally, let Ft denote the filtration of all randomness before the t-th iteration:

Ft = σ(Finit ∪ Fx
t ∪ Fy

t ).
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Expectation. We use Et[·] to denote the conditional expectation E[· | Ft].

Auxiliary Sequence. Note that m̂t (line 7 of Algorithm 4) can be written as

m̂t = (1− αt)m̂t−1 + αt∇̂ϕ(xt, yt; ξ̄t) =
t∑

j=1

dt,j∇̂ϕ(xt, yt; ξ̄t). (35)

Similar to Appendix C.2, we introduce the following auxiliary sequence {ût} for our analysis:

ût = (1− αt)ût−1 + αt∇̂ϕ(xt, y∗t ; ξ̄t) =
t∑

j=1

dt,j∇̂ϕ(xt, y∗t ; ξ̄t). (36)

Other Definitions. We define the deviation of the rescaled auxiliary momentum from the condi-
tional expectation of the hypergradient estimator as

ϵt := ût − Et[∇̂ϕ(xt, y∗t ; ξ̄t)]. (37)

Also, let ht be the learning rate vector and Ht be the learning rate matrix:

ht :=
η√
v̂t + λ

and Ht := diag(ht). (38)

Then the update rule for upper-level variable xt (line 10 of Algorithm 1) can be written as

xt+1 = xt − ht ⊙ m̂t = xt −Htm̂t. (39)

Stopping Time. Given a large enough constant G as defined in Theorem D.12, denote L and ψ as

L = L0 + L1G and ψ =
CLG

2

2L
, (40)

where constants L0, L1 and CL are defined in (14) and (43). Now we formally define the stopping
time τ as

τ := min{t | Φ(xt)− Φ∗ > ψ} ∧ (T + 1). (41)

In other words, τ is the first time when the sub-optimality gap is strictly larger than ψ, truncated
at T + 1 to make sure it is bounded. Based on Lemma D.1, we know that if t < τ , we have both
Φ(xt)− Φ∗ ≤ ψ and ∥∇Φ(xt)∥ ≤ G.

Constants. We define the following constants, which will be useful for analysis.

Gt = max
1≤k≤t

∥∇Φ(xk)∥, L̂t = L0 + L1Gt, L = L0 + L1G, ∆1 = Φ(x1)− Φ∗, (42)

CL =
Lx,1√

L2
x,1 + L2

y,1

, Cu,0 = Cϕ,0 +G, Cu,1 = Cϕ,1 + L1G, (43)

σϕ =
µ+ 3lg,1 + σg,2

µ
+

2lg,1 + σg,2
µ

lf,0 +
2lg,1 + σg,2

µ
(Ly,0 + Ly,1lf,0)r. (44)

Cβ ≥ max

{
8eσ4

ϕG
2 max{1, ι}

c21δλ
2ϵ4

,
8C2e∆1LσϕG

3

c1c2δλ2ϵ4

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι},

(
32eσ4

ϕG
2

c21δλ
2ϵ4

)2

,

(
48C2e∆1LσϕG

3

c1c2δλ2ϵ4

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι}

)2
 .

(45)

Besides, constants L0, L1 are defined in (14), Cϕ,0, Cϕ,1 are defined in (17), and r is defined in (13),
respectively.
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D.2 AUXILIARY LEMMAS

We first introduce the following useful lemma, which is crucial for the subsequent stopping time
analysis and for establishing the contradiction argument.

Lemma D.1. Under Assumption 3.2, we have

∥∇Φ(x)∥2 ≤ 2

CL
(L0 + L1∥∇Φ(x)∥)(Φ(x)− Φ∗),

where constants L0, L1 and CL are defined in (14) and (43). Further, for any given constant G > 0,
if we denote ψ as in (40) and Φ(x)− Φ∗ ≤ ψ, then we have ∥∇Φ(x)∥ ≤ G.

Proof of Lemma D.1. Let x′ be

x′ = x− CL∥∇Φ(x)∥
L0 + L1∥∇Φ(x)∥

,

then we have

∥x′ − x∥ =
CL∥∇Φ(x)∥

L0 + L1∥∇Φ(x)∥
≤ CL

L1
=

1√
(1 + l2g,1/µ

2)(L2
x,1 + L2

y,1)
= r,

where the inequality can be verified by considering both cases of ∥∇Φ(x)∥ ≤ L0/L1 and
∥∇Φ(x)∥ ≥ L0/L1. By Lemma B.10, we have

Φ∗ − Φ(x) ≤ Φ(x′)− Φ(x) ≤ ⟨∇Φ(x), x′ − x⟩+ L0 + L1∥∇Φ(x)∥
2

∥x′ − x∥2

= − CL(2− CL)

2(L0 + L1∥∇Φ(x)∥)
∥∇Φ(x)∥2.

Rearranging the above inequality yields

∥∇Φ(x)∥2 ≤ 2(L0 + L1∥∇Φ(x)∥)
CL(2− CL)

(Φ(x)− Φ∗) ≤ 2(L0 + L1∥∇Φ(x)∥)
CL

(Φ(x)− Φ∗). (46)

where the last inequality uses the definition of CL in (43) and CL ≤ 1.

Now define the function φ : R+
0 → R as

φ(u) :=
CLu

2

2(L0 + L1u)
.

It is easy to verify φ is increasing and φ(u) ∈ [0,∞). Thus, φ is invertible and φ−1 is also increas-
ing. Then for any constant G ≥ 0, denote L and ψ as in (40),

L = L0 + L1G, ψ =
CLG

2

2L
= φ(G).

The property of function φ−1 and (46) imply that if Φ(x)− Φ∗ ≤ ψ, we have

∥∇Φ(x)∥ ≤ φ−1(Φ(x)− Φ∗) ≤ φ−1(ψ) = G.

Note that when t < τ , some of the quantities in Algorithm 1 and Appendix D.1 are bounded almost
surely. In particular, we have the following lemma.

Lemma D.2. If t < τ , we have

∥∇Φ(xt)∥ ≤ G, L̂t ≤ L, ∥ût∥ ≤ Cu,0, ht ⪯
η

λ
, ∥Ht∥ ⪯ η

λ
.

where ht is defined in (38), constants L̂t, L and Cu,0 are defined in (42) and (43), respectively.
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Proof of Lemma D.2. By Lemma D.1 and definition of τ , we have ∥∇Φ(xt)∥ ≤ G if t < τ . Also,
recall the definition of Gt, L̂t and L as in (42), we have Gt = maxk≤t ∥∇Φ(xk)∥ ≤ G if t < τ ,
and hence gives L̂t = L0 + L1Gt ≤ L0 + L1G = L. Before bounding ∥ût∥, we first show
∥∇̂ϕ(xt, y∗t ; ξ̄t)∥ ≤ Cu,0. Lemma B.14 directly implies that if t < τ , then

∥∇̂ϕ(xt, y∗t ; ξ̄t)∥ ≤ Cϕ,0 + (Cϕ,1 + L1∥∇Φ(xt)∥)∥y∗t − y∗t ∥+ ∥∇Φ(xt)∥ ≤ Cϕ,0 +G = Cu,0,

where the last equality is due to the definition of Cu,0 in (43). Now ∥ût∥ can be bounded by a
standard induction argument as follows. First, for the base case k = 1, note that ∥∇̂ϕ(x1, y∗1 ; ξ̄1)∥ ≤
Cu,0. Suppose ∥ûk−1∥ ≤ Cu,0 for some k < τ , then by update rule of ûk in (36) we have

∥ûk∥ ≤ (1− αk)∥ûk−1∥+ αk∥∇̂ϕ(xk, yk; ξ̄k)∥ ≤ Cu,0.

Therefore, the induction is complete. The last two results directly follow from the definitions of ht
and Ht in (38).

D.3 PROOF OF LEMMA 4.3

In the next lemma, we provide high probability bound for the warm-start phase.
Lemma D.3 (Warm-Start, Restatement of Lemma 4.3). Suppose that Assumptions 3.2 and 3.3 hold.
Let {yinit

t } be the iterates generated by Algorithm 3 with constant learning rate γ ≤ 1/2lg,1. Then
for any given δ ∈ (0, 1), the following estimate holds with probability at least 1 − δ/4 over the
randomness in Finit (we denote this event as E0):

∥y1 − y∗1∥2 ≤
(
1− µγ

2

)T0

∥y0 − y∗0∥2 +
8γσ2

g,1

µ
ln

4e

δ
. (47)

Proof of Lemma D.3. For any given δ ∈ (0, 1) and any fixed t ≥ 0, we invoke (Cutler et al., 2023,
Theorem 30) to obtain that

∥yinit
t − y∗0∥2 ≤

(
1− µγ

2

)t
∥y0 − y∗0∥2 +

8γσ2
g,1

µ
ln

4e

δ
(48)

holds with probability at least 1− δ over the randomness in Finit. Set t = T0 and then we have

∥y1 − y∗1∥2 = ∥yinit
T0

− y∗0∥2 ≤
(
1− µγ

2

)T0

∥y0 − y∗0∥2 +
8γσ2

g,1

µ
ln

4e

δ
,

where the first equality is due to y1 = yinit
T0

and y∗1 = y∗0 (since x1 = x0) by line 2 of Algorithm 1.

D.4 PROOF OF LEMMA 4.4

The following Lemma D.4 (i.e., the complete version of Lemma 4.4) is a direct application of the
randomness decoupling lemma (i.e., Lemma 4.2) to the actual sequences {xt}, {yt} in Algorithm 1.
Lemma D.4. Suppose that Assumptions 3.2 to 3.4 hold. Let {yt} be the iterates generated by
Algorithm 1. Under the parameter choices in Theorem D.12, let η further satisfy

η ≤ c2 min

{
rλ

GT
,
λ

6L
,

σϕλβ

L̂TGT max{1,
√
ι, ln(1/β), ln(Cβ)}

,
λ3/2β

L̂T

√
GT

}
, (49)

then for any given δ ∈ (0, 1) and all t ≥ 1, the following estimate holds with probability at least
1− δ/4 over the randomness in Fy

T+1 (we denote this event as Ey):

∥yt − y∗t ∥2 ≤

((
1− µγ

2

)t−1

+
4η2l2g,1
λ2µ3γ

t−1∑
i=1

(
1− µγ

2

)t−1−i

L̂2
i

)
∥y1 − y∗1∥2

+

(
8γ

µ
ln

4eT

δ
+

16η2l2g,1
λ2µ4

t−1∑
i=1

(
1− µγ

2

)t−1−i

L̂2
i

)
σ2
g,1

+
4η2l2g,1
λ2µ3γ

t−1∑
i=1

(
1− µγ

2

)t−1−i

∥ûi∥2 +
64η4l4g,1
λ4µ8γ4

t−1∑
i=1

(
1− µγ

2

)t−1−i

αiL̂
2
i ∥ûi∥2,

(50)
where constant L̂i and sequence {ûi} are defined in (42) and (36), respectively.
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Proof of Lemma D.4. First, with the parameter choices in Theorem D.12 and the additional choice
for η as in (49), we can follow the same procedure as Lemma D.13 (see “Verification for ϱ ≤
min{r, 1/4L1}”) to show that ∥yt − y∗t ∥ ≤ r for all t ∈ [T ]. Thus, the condition for applying
Lemma B.15 is satisfied. Recall the definitions of m̂t and ût in (35) and (36), we have

∥m̂t − ût∥2 ≤

∥∥∥∥∥∥
t∑

j=1

dt,j(∇̂ϕ(xj , yj ; ξ̄j)− ∇̂ϕ(xj , y∗j ; ξ̄j))

∥∥∥∥∥∥
2

≤
t∑

j=1

dt,j∥∇̂ϕ(xj , yj ; ξ̄j)− ∇̂ϕ(xj , y∗j ; ξ̄j)∥2

≤
t∑

j=1

dt,j(L0 + L1∥∇Φ(xj)∥)2∥yj − y∗j ∥2 ≤ L̂2
t

t∑
j=1

dt,j∥yj − y∗j ∥2,

(51)

where the second inequality uses Jensen’s inequality, the third inequality is due to Lemma B.15, and
the last inequality uses the definition of L̂t in (42). By the update rule in Algorithm 4, we have

∥xt+1 − xt∥2 ≤ ∥Ht∥2∥m̂t∥2 ≤ η2

λ2
∥m̂t∥2 ≤ 2η2

λ2
(
∥ût∥2 + ∥m̂t − ût∥2

)
≤ 2η2

λ2

∥ût∥2 + L̂2
t

t∑
j=1

dt,j∥yj − y∗j ∥2
 ,

where the first inequality uses (38); the second inequality is due to Lemma D.2; the third inequal-
ity uses Young’s inequality; and the last inequality is due to (51). This implies that the sequence
{xt} and the randomness {ξ̄t} generated by Algorithm 1 satisfy the condition (29) in Lemma C.3.
Therefore, the result follows by applying Lemma C.3 with {x̃t} = {xt} and {ξ̂t} = {ξ̄t}.

Remark. In the end, we will show τ = T+1 in the proof of Theorem D.12 (i.e., the complete version
of Theorem 4.1), thus we can apply Lemma D.2 to obtain GT ≤ G and L̂T ≤ L. This suggests that
under event E0 ∩ Ey , the additional requirement (49) is actually included in the parameter choices
of Theorem D.12. Therefore, there is no need to worry about this temporary iterate-dependent
requirement for the choice of η.

D.5 PROOF OF LEMMA 4.5

Before proving Lemma 4.5, first note that when t < τ and E0∩Ey holds, some of the time-dependent
quantities (such as L̂t and ∥ût∥) in Lemma D.4 can be well bounded by Lemma D.2. In particular,
we have the following two high probability bounds for the lower-level approximation error ∥yt−y∗t ∥:
the first one, (52), is useful for the convergence analysis; and the second one, (53), is crucial for
proving Lemmas D.6 and D.8.
Lemma D.5. Under event E0 ∩ Ey and the parameter choices in Lemma D.4, if t ≤ τ , we have

∥yt − y∗t ∥2 ≤

((
1− µγ

2

)t−1

+
8η2l2g,1L

2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

+
4η2l2g,1
λ2µ3γ

t−1∑
i=1

(
1− µγ

2

)t−1−i

∥ûi∥2 +
64η4l4g,1L

2

λ4µ8γ4

t−1∑
i=1

(
1− µγ

2

)t−1−i

αi∥ûi∥2

(52)
and

∥yt − y∗t ∥2 ≤

(
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

+
8η2l2g,1C

2
u,0

λ2µ4γ2
+

1024η4l4g,1L
2C2

u,0

λ4µ8γ4

(
2 + ln

1

β

)
=: ϱ2,

(53)

where constants L and sequence {ûi} are defined in (42) and (36), respectively.
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Proof of Lemma D.5. By Lemma D.2, we know that L̂t ≤ L and ∥ût∥ ≤ Cu,0 if t < τ . Then under
event E0 ∩ Ey , (52) is obtained by replacing L̂i with L, and (53) is obtained by substituting both L̂i

and ∥ûi∥ with L and Cu,0, respectively.

With Lemma D.5 in place, we now formally present the statement of Lemma 4.5 below.

Lemma D.6 (Complete version of Lemma 4.5). Under event E0 ∩ Ey and the parameter choices in
Lemma D.4, if t < τ , we have

∥m̂t∥ ≤ Cu,0 + Cu,1ϱ, v̂t ⪯ (Cu,0 + Cu,1ϱ)
2,

η

Cu,0 + Cu,1ϱ+ λ
⪯ ht ⪯

η

λ
;

if t ≤ τ , we have

∥∇̂ϕ(xt, yt; ξ̄t)− Et[∇̂ϕ(xt, yt; ξ̄t)]∥ ≤ σϕ,

∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]− Et−1[∇̂ϕ(xt−1, y
∗
t−1; ξ̄t−1)]∥ ≤ L∥xt − xt−1∥;

where constants Cu,0, Cu,1, σϕ, L and ϱ are defined in (43), (42) and (53), respectively.

Proof of Lemma D.6. By Lemma B.14, under event E0 ∩ Ey , if t < τ , we have

∥∇̂ϕ(xt, yt; ξ̄t)∥ ≤ Cϕ,0 + (Cϕ,1 + L1∥∇Φ(xt)∥)∥yt − y∗t ∥+ ∥∇Φ(xt)∥
≤ Cϕ,0 +G+ (Cϕ,1 + L1G)ϱ = Cu,0 + Cu,1ϱ,

where the second inequality is due to Lemma D.2 and (53) in Lemma D.5, and the last equality uses
the definitions in (43). We can bound ∥m̂t∥ by a standard induction argument as follows. First, for
the base case k = 1, note that

∥m̂1∥ = ∥∇̂ϕ(x1, y1; ξ̄1)∥ ≤ Cu,0 + Cu,1ϱ.

Suppose ∥m̂k−1∥ ≤ Cu,0 + Cu,1ϱ for some k < τ , then we have

∥m̂k∥ ≤ (1− αk)∥m̂k−1∥+ αk∥∇̂ϕ(xk, yk; ξ̄k)∥ ≤ Cu,0 + Cu,1ϱ.

Then we can show v̂t ⪯ (Cu,0 + Cu,1ϱ)
2 in a similar way (by induction argument) by noting that

(∇̂ϕ(xt, yt; ξ̄t))2 ⪯ ∥∇̂ϕ(xt, yt; ξ̄t)∥2 ≤ (Cu,0 + Cu,1ϱ)
2.

Given the bound on v̂t, it is straight forward to bound the learning rate ht. As for the second last
bound, by Lemma B.13 and (53) of Lemma D.5, under event E0 ∩ Ey , if t ≤ τ , we have

∥∇̂ϕ(xt, yt; ξ̄t)− Et[∇̂ϕ(xt, yt; ξ̄t)]∥

≤ µ+ 3lg,1 + σg,2
µ

+
2lg,1 + σg,2

µ
lf,0 +

2lg,1 + σg,2
µ

(Ly,0 + Ly,1lf,0)∥yt − y∗t ∥

≤ µ+ 3lg,1 + σg,2
µ

+
2lg,1 + σg,2

µ
lf,0 +

2lg,1 + σg,2
µ

(Ly,0 + Ly,1lf,0)ϱ

≤ σϕ,

where the last equality uses ϱ ≤ r by Lemma D.13 and the definition of σϕ in (44). The last bound
can be obtained by applying Lemmas B.15 and D.2:

∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]− Et−1[∇̂ϕ(xt−1, y
∗
t−1; ξ̄t−1)]∥ ≤ (L0 + L1∥∇Φ(xt−1)∥)∥xt − xt−1∥

≤ (L0 + L1G)∥xt − xt−1∥
= L∥xt − xt−1∥,

where the last inequality uses the definition of L in (42).
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D.6 PROOF OF LEMMA 4.6

The following lemma provides a bound for the difference between the actual momentum m̂t versus
the auxiliary momentum ût under the good event E0 ∩ Ey , which is crucial for establishing the
convergence guarantees for Algorithm 1.

Lemma D.7. Under event E0 ∩ Ey and the parameter choices in Lemma D.4, we have

τ−1∑
t=1

∥m̂t − ût∥2 ≤ TL2

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

+ L2

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

)) τ−1∑
t=1

∥ϵt∥2 + 2∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2

+ 2L2

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

)) τ−1∑
t=1

∥∇Φ(xt)∥2.

Proof of Lemma D.7. Under event E0 ∩ Ey , if t < τ , by Lemma D.2 and (51) in Lemma D.4 we
have

∥m̂t − ût∥2 ≤ L̂2
t

t∑
j=1

dt,j∥yj − y∗j ∥2 ≤ L2
t∑

j=1

dt,j∥yj − y∗j ∥2.

Now we apply (52) of Lemma D.5 and take summation to obtain

τ−1∑
t=1

t∑
j=1

dt,j∥yj − y∗j ∥2

≤
τ−1∑
t=1

t∑
j=1

dt,j

(((
1− µγ

2

)j−1

+
8η2l2g,1L

2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)
(A1)

+

τ−1∑
t=1

t∑
j=1

dt,j

(
4η2l2g,1
λ2µ3γ

j−1∑
i=1

(
1− µγ

2

)j−1−i

∥ûi∥2 +
64η4l4g,1L

2

λ4µ8γ4

j−1∑
i=1

(
1− µγ

2

)j−1−i

αi∥ûi∥2
)

(A2)

We continue to bound each term individually.

Bounding (A1). By Lemmas B.3 and B.5 and choice of γ = 2β/µ, we have

(A1) =
τ−1∑
t=1

t∑
j=1

dt,j

(((
1− µγ

2

)j−1

+
8η2l2g,1L

2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

=

τ−1∑
t=1

t∑
j=1

dt,j

(
1− µγ

2

)j−1

∥y1 − y∗1∥2

+

τ−1∑
t=1

t∑
j=1

dt,j

(
8η2l2g,1L

2

λ2µ4γ2
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

=
τ−1∑
t=1

tαt(1− β)t−1∥y1 − y∗1∥2 +
τ−1∑
t=1

(
8η2l2g,1L

2

λ2µ4γ2
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

≤ T

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)
,

(54)
where the last inequality uses τ ≤ T + 1 by definition of τ .
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Bounding (A2). By Lemmas B.3 and B.6 and choice of γ = 2β/µ, we have

(A2) =
τ−1∑
t=1

t∑
j=1

dt,j

(
4η2l2g,1
λ2µ3γ

j−1∑
i=1

(
1− µγ

2

)j−1−i

∥ûi∥2 +
64η4l4g,1L

2

λ4µ8γ4

j−1∑
i=1

(
1− µγ

2

)j−1−i

αi∥ûi∥2
)

≤
4η2l2g,1
λ2µ4γ2

τ−1∑
t=1

t∑
j=1

dt,j∥ûj∥2 +
64η4l4g,1L

2

λ4µ8γ4

(
32 + 16 ln

1

β

) τ−1∑
t=1

t∑
j=1

dt,j∥ûj∥2

≤

(
4η2l2g,1
λ2µ4γ2

+
1024η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

)) τ−1∑
t=1

∥ût∥2.

(55)

Final Bound. Combining (54) and (55) yields

τ−1∑
t=1

t∑
j=1

dt,j∥yj − y∗j ∥2 ≤ T

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

+

(
4η2l2g,1
λ2µ4γ2

+
1024η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

)) τ−1∑
t=1

∥ût∥2.

In addition, recall the definition of ût and ϵt in (36) and (37), by Young’s inequality we have

∥ût∥2 ≤ 2∥ϵt∥2 + 4∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2 + 4∥∇Φ(xt)∥2.

Therefore, we conclude that

τ−1∑
t=1

∥m̂t − ût∥2 ≤ L2
τ−1∑
t=1

t∑
j=1

dt,j∥yj − y∗j ∥2

≤ TL2

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

+ L2

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

)) τ−1∑
t=1

∥ϵt∥2 + 2∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2

+ 2L2

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

)) τ−1∑
t=1

∥∇Φ(xt)∥2.

D.7 PROOF OF THEOREM 4.1

The following lemma ensures that xt+1 and xt remain close for sufficiently small η, allowing us to
apply Lemma B.11 in Lemma D.9.

Lemma D.8. Under event E0 ∩Ey and the parameter choices in Lemma D.4, if t < τ , then we have
∥xt+1 − xt∥ ≤ ηD where D := 2G/λ.

Proof of Lemma D.8. Under event E0 ∩ Ey , if t < τ , then we have

∥xt+1 − xt∥ ≤ ∥Ht∥∥m̂t∥ ≤ η

λ
∥m̂t∥ ≤ η(Cu,0 + Cu,1ϱ)

λ
≤ 2ηG

λ
= ηD,

where the first inequality uses (38), the second inequality is due to Lemma D.2, the third inequality
uses Lemma D.6, the fourth inequality is due to Lemma D.13, and the last equality uses the definition
of D.

Next, we provide a descent lemma for AdamBO.
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Lemma D.9. Under event E0 ∩ Ey and the parameter choices in Lemma D.4, if t < τ , we have

Φ(xt+1)− Φ(xt) ≤ − η

4G
∥∇Φ(xt)∥2 +

2η

λ
∥m̂t − ût∥2

+
4η

λ
∥ϵt∥2 +

4η

λ
∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2.

(56)

Proof of Lemma D.9. By Lemmas D.6 and D.13 and choice of G, if t < τ , we have
ηI

2G
⪯ η

Cu,0 + Cu,1ϱ+ λ
⪯ Ht ⪯

ηI

λ
. (57)

Since we choose η ≤ r/D, then by Lemma D.8 we have ∥xt+1 − xt∥ ≤ r if t < τ . Define ϵ̂t and
ϵt as

ϵ̂t = m̂t −∇Φ(xt) and ϵt = ût − Et[∇̂ϕ(xt, y∗t ; ξ̄t)]. (58)
For any t < τ , we apply Lemma B.11 to obtain that

Φ(xt+1)− Φ(xt) ≤ ⟨∇Φ(xt), xt+1 − xt⟩+
L0 + L1∥∇Φ(xt)∥

2
∥xt+1 − xt∥2

≤ ⟨∇Φ(xt), xt+1 − xt⟩+
L

2
∥xt+1 − xt∥2

= −∇Φ(xt)
⊤Htm̂t +

L

2
m̂⊤

t H
2
t m̂t

≤ −∥∇Φ(xt)∥2Ht
−∇Φ(xt)

⊤Htϵ̂t +
ηL

2λ
∥m̂t∥2Ht

≤ −2

3
∥∇Φ(xt)∥2Ht

+
3

4
∥ϵ̂t∥2Ht

+
ηL

λ

(
∥∇Φ(xt)∥2Ht

+ ∥ϵ̂t∥2Ht

)
≤ −1

2
∥∇Φ(xt)∥2Ht

+ ∥ϵ̂t∥2Ht

≤ − η

4G
∥∇Φ(xt)∥2 +

η

λ
∥ϵ̂t∥2

≤ − η

4G
∥∇Φ(xt)∥2 +

2η

λ
∥m̂t − ût∥2 +

4η

λ
∥ϵt∥2 +

4η

λ
∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2,

where the second inequality is due to Lemma D.2 and definition of L in (42); the third inequality
uses (58) and (57); the fourth inequality is due to Young’s inequality a⊤Ab ≤ 1

3∥a∥
2
A + 3

4∥b∥
2
A and

∥a+b∥2 ≤ 2∥a∥2A+2∥b∥2A for any PSD matrixA; the fifth inequality uses the choice of η ≤ λ/6L;
the second last inequality is due to (57); and the last inequality uses (58) and Young’s inequality.

The following lemma is essential for bounding the sum of the error terms ∥ϵt∥2 before time τ . Since
we introduce Et[∇̂ϕ(xt, y∗t ; ξ̄t)] as part of the definition of ϵt (see (58)), we can directly invoke (Li
et al., 2023a, Lemma C.10) to obtain the high probability bound.
Lemma D.10 ((Li et al., 2023a, Lemma C.10)). Denote wt as

wt−1 = (1− αt)(ϵt−1 + Et−1[∇̂ϕ(xt−1, y
∗
t−1; ξ̄t−1)]− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]).

Under the parameter choices in Theorem D.12, for any given δ ∈ (0, 1), the following holds with
probability at least 1− δ/4 over the randomness in FT+1 (we denote this event as Ex):

τ∑
t=2

αt⟨wt−1, ∇̂ϕ(xt, y∗t ; ξ̄t)− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]⟩ ≤ 5σ2
ϕ

√
(1 + β2T ) ln(4/δ).

The next lemma bounds the sum of the error terms ∥ϵt∥2 before time τ .
Lemma D.11. Under event E0 ∩ Ey ∩ Ex and the parameter choices in Lemma D.4, we have

τ−1∑
t=1

∥ϵt∥2 −
λ

128G
∥∇Φ(xt)∥2 ≤ 8σ2

ϕ(1/β + βT ) + 20σ2
ϕ

√
(1/β2 + T ) ln(4/δ)

+
λ

128G

τ−1∑
t=1

∥m̂t − ût∥2 + ∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2.

(59)
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Proof of Lemma D.11. We first denote wt as
wt−1 = (1− αt)(ϵt−1 + Et−1[∇̂ϕ(xt−1, y

∗
t−1; ξ̄t−1)]− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]).

By definition of ϵt and the update rule (8), we have

ϵt = (1− αt)(ϵt−1 + Et−1[∇̂ϕ(xt−1, y
∗
t−1; ξ̄t−1)]− Et[∇̂ϕ(xt, y∗t ; ξ̄t)])

+ αt(∇̂ϕ(xt, y∗t ; ξ̄t)− Et[∇̂ϕ(xt, y∗t ; ξ̄t)])
= wt−1 + αt(∇̂ϕ(xt, y∗t ; ξ̄t)− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]).

(60)

By choice of η we have

η ≤ c2rλ

G
≤ 2c2r

D
≤ r

D
,

where in the last inequality we choose small enough c2. By Lemma D.8 we have ∥xt − xt−1∥ ≤ r
if t ≤ τ . Then for 2 ≤ t ≤ τ , we apply Lemma D.6 to obtain

∥Et−1[∇̂ϕ(xt−1, y
∗
t−1; ξ̄t−1)]− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]∥

≤ L∥xt−1 − xt∥ ≤ ηL

λ
∥m̂t−1∥ ≤ ηL

λ
(∥∇Φ(xt−1)∥+ ∥ϵ̂t−1∥)

≤ ηL

λ

(
∥∇Φ(xt−1)∥+ ∥m̂t−1 − ût−1∥+ ∥ϵt−1∥+ ∥Et−1[∇̂ϕ(xt−1, y

∗
t−1; ξ̄t−1)]−∇Φ(xt−1)∥

)
,

(61)
where the third inequality uses (58). Hence we have

∥wt−1∥2 = ∥(1− αt)(ϵt−1 + Et−1[∇̂ϕ(xt−1, y
∗
t−1; ξ̄t−1)]− Et[∇̂ϕ(xt, y∗t ; ξ̄t)])∥2

≤ (1− αt)
2(1 + αt)∥ϵt−1∥2

+ (1− αt)
2

(
1 +

1

αt

)
∥Et−1[∇̂ϕ(xt−1, y

∗
t−1; ξ̄t−1)]− Et[∇̂ϕ(xt, y∗t ; ξ̄t)])∥2

≤ (1− αt)∥ϵt−1∥2 +
1

αt
∥Et−1[∇̂ϕ(xt−1, y

∗
t−1; ξ̄t−1)]− Et[∇̂ϕ(xt, y∗t ; ξ̄t)])∥2

≤ (1− αt)∥ϵt−1∥2 +
4η2L2

λ2β

(
∥∇Φ(xt−1)∥2 + ∥ϵt−1∥2

)
+

4η2L2

λ2β

(
∥m̂t−1 − ût−1∥2 + ∥Et−1[∇̂ϕ(xt−1, y

∗
t−1; ξ̄t−1)]−∇Φ(xt−1)∥2

)
≤
(
1− αt

2

)
∥ϵt−1∥2 +

λβ

256G
∥∇Φ(xt−1)∥2

+
λβ

256G

(
∥m̂t−1 − ût−1∥2 + ∥Et−1[∇̂ϕ(xt−1, y

∗
t−1; ξ̄t−1)]−∇Φ(xt−1)∥2

)
,

(62)

where the first inequality uses Young’s inequality ∥a+ b∥2 ≤ (1 + c)∥a∥2 + (1 + 1/c)∥b∥2 for any
c > 0; the second inequality is due to

(1− αt)
2(1 + αt) ≤ (1− αt)(1− α2

t ) ≤ 1− αt,

(1− αt)
2

(
1 +

1

αt

)
=

1

αt
(1− αt)

2(1 + αt) ≤
1

α
(1− αt) ≤

1

αt
;

the third inequality uses (61) and Young’s inequality; and the last inequality is due to the choice of
G and η with small enough c2:

η ≤ c2λ
3/2β

L
√
G

≤ λ3/2β

32L
√
G

=⇒ 4η2L2

λ2β
≤ λβ

256G
≤ β

256
≤ β

2
≤ αt

2
.

Plugging (62) back into (60) gives

∥ϵt∥2 = ∥wt−1∥2 + 2αt⟨wt−1, ∇̂ϕ(xt, y∗t ; ξ̄t)− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]⟩
+ α2

t ∥∇̂ϕ(xt, y∗t ; ξ̄t)− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]∥2

≤
(
1− αt

2

)
∥ϵt−1∥2 +

λβ

256G
∥∇Φ(xt−1)∥2 + α2

tσ
2
ϕ

+ 2αt⟨νt−1, ∇̂ϕ(xt, y∗t ; ξ̄t)− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]⟩

+
λβ

256G

(
∥m̂t−1 − ût−1∥2 + ∥Et−1[∇̂ϕ(xt−1, y

∗
t−1; ξ̄t−1)]−∇Φ(xt−1)∥2

)
.

42



2268
2269
2270
2271
2272
2273
2274
2275
2276
2277
2278
2279
2280
2281
2282
2283
2284
2285
2286
2287
2288
2289
2290
2291
2292
2293
2294
2295
2296
2297
2298
2299
2300
2301
2302
2303
2304
2305
2306
2307
2308
2309
2310
2311
2312
2313
2314
2315
2316
2317
2318
2319
2320
2321

Under review as a conference paper at ICLR 2025

Rearranging the above inequality, for any 2 ≤ t ≤ τ , we have
β

2
∥ϵt−1∥2 ≤ αt

2
∥ϵt−1∥2 ≤ ∥ϵt−1∥2 − ∥ϵt∥2 +

λβ

256G
∥∇Φ(xt−1)∥2

+ α2
tσ

2
ϕ + 2αt⟨νt−1, ∇̂ϕ(xt, y∗t ; ξ̄t)− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]⟩

+
λβ

256G

(
∥m̂t−1 − ût−1∥2 + ∥Et−1[∇̂ϕ(xt−1, y

∗
t−1; ξ̄t−1)]−∇Φ(xt−1)∥2

)
.

Then taking summation over t from 2 to τ we obtain that
τ∑

t=2

β

2
∥ϵt−1∥2 −

λβ

256G
∥∇Φ(xt−1)∥2

≤ ∥ϵ1∥2 − ∥ϵτ∥2 + σ2
ϕ

τ∑
t=2

α2
t + 2

τ∑
t=2

αt⟨wt−1, ∇̂ϕ(xt, y∗t ; ξ̄t)− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]⟩

+
λβ

256G

τ∑
t=2

∥m̂t−1 − ût−1∥2 + ∥Et−1[∇̂ϕ(xt−1, y
∗
t−1; ξ̄t−1)]−∇Φ(xt−1)∥2

≤ 4σ2
ϕ(1 + β2T ) + 10σ2

ϕ

√
(1 + β2T ) ln(4/δ)

+
λβ

256G

τ∑
t=2

∥m̂t−1 − ût−1∥2 + ∥Et−1[∇̂ϕ(xt−1, y
∗
t−1; ξ̄t−1)]−∇Φ(xt−1)∥2,

where the last inequality uses Lemmas B.7 and D.10 and the fact that ∥ϵ1∥2 ≤ σ2
ϕ. Then we complete

the proof by multiplying both sides by 2/β.

With Lemmas D.9 and D.11, we are ready to prove Theorem 4.1. Below is the full statement
of Theorem 4.1 with detailed parameter choices, where we use c1, c2, c3 to denote small enough
constants and C1, C2 to denote large enough ones. The definitions of problem-dependent constants
σϕ, Cϕ,0, Cϕ,1,∆1, L0, L1, L, Cβ are provided in Appendix D.1.
Theorem D.12 (Restatement of Theorem 4.1). Suppose that Assumptions 3.2 to 3.4 hold. Let G be
a constant satisfying

G ≥ max

{
4λ, 2σϕ, 4Cϕ,0,

Cϕ,1

L1
,

√
C1∆1L0

CL
,
C1∆1L1

CL

}
, (63)

Given any ϵ > 0 and δ ∈ (0, 1), denote ι := ln(4/δ), and choose

0 ≤ βsq ≤ 1, β ≤ min

{
1,

c1λϵ
2

σ2
ϕGmax{1,

√
ι, ln(Cβ)}

}
, γ =

2β

µ
, (64)

η ≤ c2 min

{
rλ

G
,
λ

6L
,

σϕλβ

LGmax{1,
√
ι, ln(1/β), ln(Cβ)}

,
λ3/2β

L
√
G

}
, (65)

Q ≥ 1

2
max

{
lnβ

/
ln

(
1− µ

lg,1

)
, ln

(
c3λµ

2ϵ2

Gl2g,1l
2
f,0

)/
ln

(
1− µ

lg,1

)}
, (66)

T0 = ln

(
σ2
g,1β

µ2∥y0 − y∗0∥2

)/
ln(1− β), T = max

{
1

β2
,
C2∆1G

ηϵ2

}
, (67)

where constant Cβ is defined as

Cβ ≥ max

{
8eσ4

ϕG
2 max{1, ι}

c21δλ
2ϵ4

,
8C2e∆1LσϕG

3

c1c2δλ2ϵ4

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι},

(
32eσ4

ϕG
2

c21δλ
2ϵ4

)2

,

(
48C2e∆1LσϕG

3

c1c2δλ2ϵ4

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι}

)2
 .

Run Algorithm 1 for T iterations. Then with probability at least 1−δ over the randomness in FT+1,
we have ∥∇Φ(xt)∥ ≤ G for all t ∈ [T ], and 1

T

∑T
t=1 ∥∇Φ(xt)∥ ≤ ϵ2.
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Proof of Theorem D.12. By Lemmas D.3, D.4 and D.10, we have Pr(E0 ∩ Ey ∩ Ex) ≥ 1− 3δ/4 ≥
1− δ. The following analysis is conditioned on the event E0 ∩ Ey ∩ Ex.

Rearranging (56) of Lemma D.9 and telescoping over t from 1 to τ − 1, we have
τ−1∑
t=1

4∥∇Φ(xt)∥2 −
64G

λ
∥ϵt∥2 ≤ 16G

η
[(Φ(x1)− Φ∗)− (Φ(xτ )− Φ∗)]

+
32G

λ

τ−1∑
t=1

∥m̂t − ût∥2 + 2∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2.

(68)

Also, (59) of Lemma D.11 can be written as
τ−1∑
t=1

128G

λ
∥ϵt∥2 − ∥∇Φ(xt)∥2 ≤ 128G

λ

(
8σ2

ϕ(1/β + βT ) + 20σ2
ϕ

√
(1/β2 + T ) ln(4/δ)

)
+

τ−1∑
t=1

∥m̂t − ût∥2 + ∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2.

(69)

Summing (68) and (69) and rearranging gives

16G

η
(Φ(xτ )− Φ∗) + 3

τ−1∑
t=1

∥∇Φ(xt)∥2 +
64G

λ

τ−1∑
t=1

∥ϵt∥2

≤ 16G

ηλ

(
λ∆1 + 64σ2

ϕ

(
η

β
+ ηβT

)
+ 160ησ2

ϕ

√
(1/β2 + T ) ln(4/δ)

)
+

(
1 +

32G

λ

) τ−1∑
t=1

∥m̂t − ût∥2 +
(
1 +

64G

λ

) τ−1∑
t=1

∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2

≤ 16G

ηλ

(
λ∆1 + 64σ2

ϕ

(
η

β
+ ηβT

)
+ 160ησ2

ϕ

√
(1/β2 + T ) ln(4/δ)

)
+

33G

λ

τ−1∑
t=1

∥m̂t − ût∥2 +
65G

λ

τ−1∑
t=1

∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2,

where the last inequality uses G ≥ λ. By Lemma D.7, we further have

16G

η
(Φ(xτ )− Φ∗) + 3

τ−1∑
t=1

∥∇Φ(xt)∥2 +
64G

λ

τ−1∑
t=1

∥ϵt∥2

≤ 16G

ηλ

(
λ∆1 + 64σ2

ϕ

(
η

β
+ ηβT

)
+ 160ησ2

ϕ

√
(1/β2 + T ) ln(4/δ)

)
+

33L2GT

λ

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

+
33L2G

λ

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

)) τ−1∑
t=1

∥ϵt∥2 + 2∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2

+
66L2G

λ

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

)) τ−1∑
t=1

∥∇Φ(xt)∥2

+
65G

λ

τ−1∑
t=1

∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2.

(70)
By Lemma D.13, we know that

66L2G

λ

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

))
≤ 2,
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Then with G ≥ λ, (70) can be simplified as

16G

η
(Φ(xτ )− Φ∗) +

τ−1∑
t=1

∥∇Φ(xt)∥2

≤ 16G

ηλ

(
λ∆1 + 64σ2

ϕ

(
η

β
+ ηβT

)
+ 160ησ2

ϕ

√
(1/β2 + T ) ln(4/δ)

)
+

33L2GT

λ

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

+
67GTl2g,1l

2
f,0

λµ2

(
1− µ

lg,1

)2Q

=: I1.

(71)

By definition of τ in (41), we have

16G

η
(Φ(xτ )− Φ∗) >

16Gψ

η
=

8CLG
3

ηL
=: I2.

By Lemma D.14, we have I1 ≤ I2, which leads to a contradiction. Thus, we must have τ = T + 1
conditioned on E0 ∩ Ey ∩ Ex. Therefore, combining (71) and Lemma D.14 finally yields that under
event E0 ∩ Ey ∩ Ex,

1

T

T∑
t=1

∥∇Φ(xt)∥2 ≤ ϵ2.

Moreover, since τ = T + 1, then by Lemma D.2 we can replace L̂T and GT with L and G respec-
tively, in the additional requirement (49) for η. Therefore, (49) is now included in the parameter
choices of Theorem D.12, which indicates that the current parameter choices are sufficient.

D.8 PARAMETER CHOICES FOR ADAMBO (THEOREM D.12)

The following two lemmas, Lemmas D.13 and D.14, hide complicate calculations and will be useful
in the contradiction argument and upper-level convergence analysis.
Lemma D.13. Under the parameter choices in Theorem D.12, we have the following facts:

ln
4eT

δ
≤ ln(Cβ), ∥y1 − y∗1∥2 ≤

17βσ2
g,1

µ2
ln(Cβ), (72)

ϱ ≤ min

{
r,

1

4L1

}
, Cu,0 + Cu,1ϱ+ λ ≤ 2G, (73)

66L2G

λ

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

))
≤ 2 (74)

Proof of Lemma D.13. We first list all the relevant parameter choices below for convenience:

G ≥ max

{
4λ, 2σϕ, 4Cϕ,0,

Cϕ,1

L1
,

√
C1∆1L0

CL
,
C1∆1L1

CL

}
,

β ≤ min

{
1,

c1λϵ
2

σ2
ϕGmax{1,

√
ι, ln(Cβ)}

}
, γ =

2β

µ
,

η ≤ c2 min

{
rλ

G
,

σϕλβ

LGmax{1,
√
ι, ln(1/β), ln(Cβ)}

,
λ3/2β

L
√
G

}
,

Q ≥ 1

2
max

{
lnβ

/
ln

(
1− µ

lg,1

)
, ln

(
c3λµ

2ϵ2

Gl2g,1l
2
f,0

)/
ln

(
1− µ

lg,1

)}
,

T0 = ln

(
σ2
g,1β

µ2∥y0 − y∗0∥2

)/
ln(1− β), T = max

{
1

β2
,
C2∆1G

ηϵ2

}
,

where Cβ is defined in (45). Now we verify the above listed facts one by one.
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Verification for (72): ln(4eT/δ) ≤ ln(Cβ). We focus on the dominant terms for each parameter
choice when ϵ is sufficiently small. For the remaining cases, the result can be easily obtained by
following the same procedure. Specifically, we consider the case where β, η and T are chosen as

β =
c1λϵ

2

σ2
ϕGmax{1,

√
ι, ln(Cβ)}

, η =
c2σϕλβ

LGmax{1,
√
ι, ln(1/β), ln(Cβ)}

, T = max

{
1

β2
,
C2∆1G

ηϵ2

}
.

(Case 1) If T = 1/β2, then we have

ln
4eT

δ
= ln

4e

δβ2

= ln

(
4eσ4

ϕG
2 max{1, ι, ln2(Cβ)}
c21δλ

2ϵ4

)
≤ ln

(
4eσ4

ϕG
2(max{1, ι}+ ln2(Cβ))

c21δλ
2ϵ4

)

≤ ln

(
4eσ4

ϕG
2(max{1, ι}+ 4C

1/2
β )

c21δλ
2ϵ4

)
≤ ln(Cβ),

where the second inequality uses lnx ≤ 2x1/4 for x > 0, and the last inequality is due to

4eσ4
ϕG

2 max{1, ι}
c21δλ

2ϵ4
≤ Cβ

2
and

16eσ4
ϕG

2

c21δλ
2ϵ4

C
1/2
β ≤ Cβ

2

since

Cβ ≥ max

8eσ4
ϕG

2 max{1, ι}
c21δλ

2ϵ4
,

(
32eσ4

ϕG
2

c21δλ
2ϵ4

)2
 .

(Case 2) If T = C2∆1G
ηϵ2 , then we have

ln
4eT

δ
= ln

(
4C2e∆1LσϕG

3 max{1,
√
ι, ln(1/β), ln(Cβ)}max{1,

√
ι, ln(Cβ)}

c1c2δλ2ϵ4

)
= ln

(
4C2e∆1LσϕG

3(max{1,
√
ι}+ ln(1/β) + ln(Cβ))(max{1,

√
ι}+ ln(Cβ))

c1c2δλ2ϵ4

)
.

(75)
Also note that

ln
1

β
= ln

(
σ2
ϕGmax{1,

√
ι, ln(Cβ)}

c1λϵ2

)
≤ ln

(
σ2
ϕG(max{1,

√
ι}+ ln(Cβ))

c1λϵ2

)

≤
σ2
ϕG(max{1,

√
ι}+ ln(Cβ))

c1λϵ2
.

Then we obtain

(max{1,
√
ι}+ ln(1/β) + ln(Cβ))(max{1,

√
ι}+ ln(Cβ))

≤

(
max{1,

√
ι}+

σ2
ϕG(max{1,

√
ι}+ ln(Cβ))

c1λϵ2
+ ln(Cβ)

)
(max{1,

√
ι}+ ln(Cβ))

=

(
1 +

σ2
ϕG

c1λϵ2

)
(max{1, ι}+ 2max{1,

√
ι} ln(Cβ) + ln2(Cβ))

≤

(
1 +

σ2
ϕG

c1λϵ2

)
(max{1, ι}+ 2max{1,

√
ι}C1/2

β + 4C
1/2
β )

≤

(
1 +

σ2
ϕG

c1λϵ2

)
(max{1, ι}+ 6max{1,

√
ι, ι}C1/2

β )

≤

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι}

(
1 + 6C

1/2
β

)

(76)
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where the second inequality uses lnx ≤ x1/2 and lnx ≤ 2x1/4 for x > 0. Thus, plugging (76) back
into (75) and we have

ln
4eT

δ
= ln

(
4C2e∆1LσϕG

3(max{1,
√
ι}+ ln(1/β))(max{1,

√
ι}+ ln(Cβ))

c1c2δλ2ϵ4

)
≤ ln

(
4C2e∆1LσϕG

3

c1c2δλ2ϵ4

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι}

(
1 + 6C

1/2
β

))
≤ ln(Cβ),

where the last inequality is due to

4C2e∆1LσϕG
3

c1c2δλ2ϵ4

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι} ≤ Cβ

2

and
24C2e∆1LσϕG

3

c1c2δλ2ϵ4

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι}C1/2

β ≤ Cβ

2

since

Cβ ≥ max

{
8C2e∆1LσϕG

3

c1c2δλ2ϵ4

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι},

(
48C2e∆1LσϕG

3

c1c2δλ2ϵ4

(
1 +

σ2
ϕG

c1λϵ2

)
max{1,

√
ι, ι}

)2
 .

Verification for (72): ∥y1 − y∗1∥2 ≤ 17βσ2
g,1 ln(Cβ)/µ

2. By choice of T0 and γ, we have

∥y1 − y∗1∥2 ≤
(
1− µγ

2

)T0

∥y0 − y∗0∥2 +
8γσ2

g,1

µ
ln

4e

δ

≤
βσ2

g,1

µ2
+

16βσ2
g,1

µ2
ln

4e

δ

≤
17βσ2

g,1

µ2
ln(Cβ),

where the last inequality uses T ≥ 1/β2 ≥ 1 and ln(4eT/δ) ≤ ln(Cβ).

Verification for (73): ϱ ≤ min{r, 1/4L1}. By Lemma D.5 and choices of η, γ and β, we have

ϱ2 =

(
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

+
8η2l2g,1C

2
u,0

λ2µ4γ2
+

1024η4l4g,1L
2C2

u,0

λ4µ8γ4

(
2 + ln

1

β

)
≤

(
1 +

2η2l2g,1L
2

λ2µ2β2

)
17βσ2

g,1

µ2
ln(Cβ) +

(
16β

µ2
ln(Cβ) +

16η2l2g,1L
2

λ2µ4β

)
σ2
g,1

+
2η2l2g,1C

2
u,0

λ2µ2β2
+

64η4l4g,1L
2

λ4µ4β4

(
2 + ln

1

β

)
≤

(
1 +

2c22σ
2
ϕl

2
g,1

µ2G2

)
17c1λσ

2
g,1ϵ

2

µ2σ2
ϕG

+

(
16c1λϵ

2

µ2σ2
ϕG

+
16c1c

2
2λl

2
g,1ϵ

2

µ4G3

)
σ2
g,1

+
2c22σ

2
ϕl

2
g,1C

2
u,0

µ2L2G2
+

192c42σ
4
ϕl

4
g,1

µ4L2G4
≤ min

{
r,

1

4L1

}
,

where in the last inequality we choose small enough c1 and c2.
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Verification of (73): Cu,0 + Cu,1ϱ+ λ ≤ 2G. By definitions of Cu,0, Cu,1 in (43) and choice of
G, we have

Cu,0 + Cu,1ϱ+ λ = Cϕ,0 +G+ (Cϕ,1 + L1G)ϱ+ λ

≤ G

4
+G+

G

2
+
G

4
= G.

Verification for (74). By choices of η, γ and β, we have

66L2G

λ

(
8η2l2g,1
λ2µ4γ2

+
2048η4l4g,1L

2

λ4µ8γ4

(
2 + ln

1

β

))

≤ 66L2G

λ

(
2η2l2g,1
λ2µ2β2

+
128η4l4g,1L

2

λ4µ4β4

(
2 + ln

1

β

))
≤ 66L2G

λ

(
2c22σ

2
ϕl

2
g,1

µ2L2G2
+

384c42σ
4
ϕl

4
g,1

µ4L2G4

)
≤ 2,

where in the last inequality we choose small enough c2.

Lemma D.14. Denote I1 and I2 as

I1 :=
16G

ηλ

(
λ∆1 + 64σ2

ϕ

(
η

β
+ ηβT

)
+ 160ησ2

ϕ

√
(1/β2 + T ) ln(4/δ)

)
+

33L2GT

λ

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

+
67GTl2g,1l

2
f,0

λµ2

(
1− µ

lg,1

)2Q

,

I2 :=
8CLG

3

ηL
.

(77)

For any given ϵ > 0, under the parameter choice in Theorem D.12, we have I1 ≤ I2 and I1/T ≤ ϵ2.

Proof of Lemma D.14. We first verify I1 ≤ I2 and then verify I1/T ≤ ϵ2.

Proof of I1 ≤ I2. We start to show I1/I2 ≤ 1. We have

I1
I2

≤ 2L

λCLG2

(
λ∆1 + 64σ2

ϕ

(
η

β
+ ηβT

)
+ 160ησ2

ϕ

√
(1/β2 + T ) ln(4/δ)

)
+

5L3ηT

λCLG2

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

+
9l2g,1l

2
f,0LηT

λµ2CLG2

(
1− µ

lg,1

)2Q

≤ λ∆1

8λ∆1
+

2L

λCLG2

64σ2
ϕ

(
2η

β
+
C2∆1Gβ

ϵ2

)
+ 160σ2

ϕ

√
ι

√
5η2

2β2
+

1

2

(
C2∆1Gβ

ϵ2

)2


+
5L3

λCLG2

(
η

β2
+
C2∆1G

ϵ2

)(
1 +

2η2l2g,1L
2

λ2µ2β2

)
17βσ2

g,1

µ2
ln(Cβ)

+
5L3

λCLG2

(
η

β2
+
C2∆1G

ϵ2

)(
16β

µ2
ln(Cβ) +

16η2l2g,1L
2

λ2µ4β

)
σ2
g,1

+
9l2g,1l

2
f,0L

λµ2CLG2

(
η

β2
+
C2∆1G

ϵ2

)
β

≤ 1

8
+

16L

λCLG2

(
48c2λσ

3
ϕ

LG
+ 24c1C2λ∆1

)
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+
5L3

λCLG2

(
c2σϕλ

LG
+
c1C2λ∆1

σ2
ϕ

)(
1 +

2c22σ
2
ϕl

2
g,1

µ2G2

)
17σ2

g,1

µ2

+
5L3

λCLG2

(
c2σϕλ

LG
+
c1C2λ∆1

σ2
ϕ

)(
16

µ2
+

2c22σ
2
ϕl

2
g,1

µ4G2

)
σ2
g,1

+
9l2g,1l

2
f,0L

λµ2CLG2

(
c2σϕλ

LG
+
c1C2λ∆1

σ2
ϕ

)

=
1

8
+

384L

λCLG2

(
2c2λσ

3
ϕ

LG
+ c1C2λ∆1

)

+

(
c2σϕλ

LG
+
c1C2λ∆1

σ2
ϕ

)(
5L3

λCLG2

(
17

µ2
+

36c22σ
2
ϕl

2
g,1

µ4G2

)
σ2
g,1 +

9l2g,1l
2
f,0L

λµ2CLG2

)
≤ 1,

where the first inequality is due to (77); the second inequality uses large enough C1 and (Li et al.,
2023a, Lemma C.5), the fact that ln(4eT/δ) ≤ ln(Cβ) and ln(4eT/δ) ≤ ln(Cβ), and the choice of
γ,Q, T that

ηT ≤ η

β2
+
C2∆1G

ϵ2
, γ =

2β

µ
, Q ≥ 1

2
lnβ

/
ln

(
1− µ

lg,1

)
;

the third inequality uses (Li et al., 2023a, Lemma C.5), the choice of η, β that
η

β
≤ c2σϕλ

LGmax{1,
√
ι, ln(Cβ)}

,
β

ϵ2
≤ c1λ

σ2
ϕGmax{1,

√
ι, ln(Cβ)}

;

and in the last inequality we choose small enough c1 and c2.

Proof of I1/T ≤ ϵ2. Last, we show I1/T ≤ ϵ2. We have

I1
T

=
16G∆1

ηT
+

1024σ2
ϕG

λβT
+

1024σ2
ϕG

λ
+

2560σ2
ϕG

√
ι

λ

√
1

β2T 2
+

1

T

+
33L2G

λ

((
1 +

8η2l2g,1L
2

λ2µ4γ2

)
∥y1 − y∗1∥2 +

(
8γ

µ
ln

4eT

δ
+

32η2l2g,1L
2

λ2µ5γ

)
σ2
g,1

)

+
67Gl2g,1l

2
f,0

λµ2

(
1− µ

lg,1

)2Q

≤ 16ϵ2

C2
+

3584σ2
ϕGmax{1,

√
ι}

λβT
+

1024σ2
ϕG

λ
+

2560σ2
ϕG

√
ι

λ
√
T

+ 67c3ϵ
2

+
33L2G

λ

((
1 +

2η2l2g,1L
2

λ2µ2β2

)
17βσ2

g,1

µ2
ln(Cβ) +

(
16β

µ2
ln(Cβ) +

16η2l2g,1L
2

λ2µ4β

)
σ2
g,1

)

≤ 16ϵ2

C2
+

7168σ2
ϕGmax{1,

√
ι}β

λ
+ 67c3ϵ

2

+
33L2G

λ

((
1 +

2c22σ
2
ϕl

2
g,1

µ2G2

)
17c1λσ

2
g,1ϵ

2

µ2σ2
ϕG

+

(
16c1λϵ

2

µ2σ2
ϕG

+
16c1c

2
2λl

2
g,1ϵ

2

µ4G3

)
σ2
g,1

)

=

(
16

C2
+ 7168c1 + 67c3 +

33c1L
2G

λ

((
1 +

2c22σ
2
ϕl

2
g,1

µ2G2

)
17λσ2

g,1

µ2σ2
ϕG

+

(
16λ

µ2σ2
ϕG

+
16c22λl

2
g,1

µ4G3

)
σ2
g,1

))
ϵ2

≤ ϵ2,

where the first inequality uses
√
a+ b ≤

√
a +

√
b for a, b ≥ 0, the fact that ln(4eT/δ) ≤ ln(Cβ)

and ∥y1 − y∗1∥2 ≤ 17βσ2
g,1 ln(Cβ)/µ

2, and the choice of T,Q, γ that

T ≥ C2∆1G

ηϵ2
, Q ≥ 1

2
ln

(
c3λµ

2ϵ2

Gl2g,1l
2
f,0

)/
ln

(
1− µ

lg,1

)
, γ =

2β

µ
;
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the second inequality uses the choice of T, η, β that

T ≥ 1

β2
, η ≤ c2σϕλβ

LG
, β ≤ c1λϵ

2

σ2
ϕGmax{1,

√
ι, ln(Cβ)}

;

and in the last inequality we choose small enough c1, c2, c3 and large enough C2.

E CONVERGENCE ANALYSIS OF VR-ADAMBO (ALGORITHM 2)

In this section, we provide convergence analysis for VR-AdamBO (Algorithm 2). Before presenting
the lemmas and the main theorem, we first define (or restate) a few key concepts and useful notations.

E.1 TECHNICAL DEFINITIONS AND USEFUL NOTATIONS

Filtration. Let σ(·) be the σ-algebra generated by the random variables within the argument. De-
fine Finit as the filtration for updating y1 (i.e., the filtration of warm-start phase):

Finit = σ(π̃0, . . . , π̃T0−1),

For any t ≥ 2, define Fx
t as the filtration of the randomness used in updating xt before the t-th

iteration:
Fx

t = σ(S1, ξ̄2, . . . , ξ̄t−1),

also define Fy
t as the filtration of the randomness used in updating yt when t is a multiple of I:

Fy
t = σ(π0

t , . . . , π
N−1
t ).

Additionally, let Ft denote the filtration of all randomness before the t-th iteration:

Ft = σ(Finit ∪ Fx
t ∪ (∪k<tFy

k )).

Expectation. We use Et[·] to denote the conditional expectation E[· | Ft].

Other Definitions. We define the deviation of the momentum from the conditional expectation of
the hypergradient estimator as

ϵt := mt − Et[∇̂ϕ(xt, yt; ξ̄t)]. (78)

Also, let ht be the learning rate vector and Ht be the learning rate matrix:

ht :=
η√
v̂t + λ

and Ht := diag(ht).

Then the update rule for upper-level variable xt (line 18 of Algorithm 2) can be written as

xt+1 = xt − ht ⊙ m̂t = xt −Htm̂t.

Stopping Time. Given a large enough constant G as defined in Theorem E.14, denote L and ψ as

L = L0 + L1G and ψ =
CLG

2

2L
,

where constants L0, L1 and CL are defined in (14) and (43). Now we formally define the stopping
time τ as

τ := min{t | Φ(xt)− Φ∗ > ψ} ∧min{t | ∥ϵt∥ > G} ∧ (T + 1). (79)
Based on Lemma D.1, we know if t < τ , we have Φ(xt)−Φ∗ ≤ ψ, ∥ϵt∥ ≤ G and ∥∇Φ(xt)∥ ≤ G.

Constants. We define the following constants, which will be useful for analysis.

L = L0 + L1G, ∆1 = Φ(x1)− Φ∗, Cm = 2G+
lg,1lf,0
µ

+ Lr, Cη =
512e∆1σϕLG

2

c1λ2δ3/2ϵ3
,

ϱmax = max
k≤⌊T/I⌋

∥ykI+1 − y∗kI∥, ϱ̂max = max
t≤T

∥ŷt − y∗t ∥,

ϱ̂ =

(
∥ŷ1 − y∗0∥+ η +

ηlg,1
λµ

(
1− ν

ν
+ I

)(
2G+

lg,1lf,0
µ

))/(
1− ηlg,1L

λµ

(
1− ν

ν
+ I

))
.

Besides, constants L0, L1 are defined in (14), r is defined in (13), and σϕ is defined in Appendix D.1,
respectively.
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E.2 AUXILIARY LEMMAS

First note that when t < τ , some of the quantities in Algorithm 2 and Appendix E.1 are bounded
almost surely. In particular, we have the following lemma.
Lemma E.1. If t < τ , we have

∥∇Φ(xt)∥ ≤ G, ∥ϵt∥ ≤ G, ht ⪯
η

λ
;

further, if ∥ŷt − y∗t ∥ ≤ r, then we have

∥mt∥ ≤ ∥∇Φ(xt)∥+ ∥ϵt∥+ L∥ŷt − y∗t ∥+
lg,1lf,0
µ

(
1− µ

lg,1

)Q

Proof of Lemma E.1. For the first three results, the proof is the same as Lemma D.2. For the third
one, if t < τ and ∥ŷt − y∗t ∥ ≤ r, we have

∥mt∥ ≤ ∥mt − Et[∇̂ϕ(xt, ŷt; ξ̄t)]∥+ ∥Et[∇̂ϕ(xt, ŷt; ξ̄t)]− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]∥
+ ∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥+ ∥∇Φ(xt)∥

≤ ∥∇Φ(xt)∥+ ∥ϵt∥+ (L0 + L1∥∇Φ(xt)∥)∥ŷt − y∗t ∥+
lg,1lf,0
µ

(
1− µ

lg,1

)Q

≤ ∥∇Φ(xt)∥+ ∥ϵt∥+ L∥ŷt − y∗t ∥+
lg,1lf,0
µ

(
1− µ

lg,1

)Q

,

where the second inequality uses the definition of ϵt, Lemmas B.15 and B.16, the third inequality is
due to ∥∇Φ(xt)∥ ≤ G if t < τ , and the definition of ϱ̂max.

Next, we provide an upper bound for ∥yt − y∗t ∥ using the structure of periodic updates.
Lemma E.2. For any t ≥ 1, we have

∥yt − y∗t ∥ ≤ ϱmax +
ηlg,1
λµ

t−1∑
i=ktI

∥mi∥, where ϱmax := max
k≤⌊T/I⌋

∥ykI+1 − y∗kI∥,

where kt = ⌊t/I⌋ and we define m0 = 0 for completeness.

Proof of Lemma E.2. For any ktI + 1 ≤ t ≤ (kt + 1)I , we have

∥yt − y∗t ∥ ≤ ∥ykI+1 − y∗kI∥+
t−1∑

i=ktI

∥y∗i − y∗i+1∥ ≤ ϱmax +

t−1∑
i=ktI

∥y∗i − y∗i+1∥

≤ ϱmax +
lg,1
µ

t−1∑
i=ktI

∥xi+1 − xi∥ ≤ ϱmax +
ηlg,1
λµ

t−1∑
i=ktI

∥mi∥,

where the second inequality uses the definition of ϱmax, the third inequality is due to (B.9), and the
last inequality uses the update rule in Algorithm 2 and Lemma E.1.

The following lemma provides bound for the lower-level estimation error.
Lemma E.3. Consider the averaging step (line 15) of Algorithm 2, for any t ≥ 1 we have

∥ŷt − y∗t ∥ ≤ (1− ν)t−1∥ŷ1 − y∗0∥+
(1− ν)ηlg,1

λµ

t∑
i=1

(1− ν)t−i∥mi−1∥+ ν

t∑
i=1

(1− ν)t−i∥yi − y∗i ∥.

Proof of Lemma E.3. Define ŷ0 = y0 for simplicity. By the update rule of ŷt, we have

∥ŷt − y∗t ∥ = ∥(1− ν)(ŷt−1 − y∗t ) + ν(yt − y∗t )∥
= ∥(1− ν)(ŷt−1 − y∗t−1) + (1− ν)(y∗t−1 − y∗t ) + ν(yt − y∗t )∥
≤ (1− ν)∥ŷt−1 − y∗t−1∥+ (1− ν)∥y∗t−1 − y∗t ∥+ ν∥yt − y∗t ∥.
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We apply the above inequality recursively to obtain

∥ŷt − y∗t ∥ ≤ (1− ν)t−1∥ŷ1 − y∗1∥+ (1− ν)

t∑
i=2

(1− ν)t−i∥y∗i−1 − y∗i ∥+ ν

t∑
i=2

(1− ν)t−i∥yi − y∗i ∥

≤ (1− ν)t−1∥ŷ1 − y∗0∥+
(1− ν)ηlg,1

λµ

t∑
i=1

(1− ν)t−i∥mi−1∥+ ν

t∑
i=1

(1− ν)t−i∥yi − y∗i ∥,

where the last inequality uses x1 = x0 and Lemma B.9.

The following lemma characterizes the averaged lower-level estimation error.
Lemma E.4. Under the parameter choices in Theorem E.14, if ∥ŷt − y∗t ∥ ≤ r holds for all t, then
we have

τ∑
t=1

∥ŷt − y∗t ∥2 ≤ 6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

+
72l2g,1
λ2µ2

(
η2

ν2
+ η2I2

) τ−1∑
t=1

(
∥∇Φ(xt)∥2 + ∥ϵt∥2 +

l2g,1l
2
f,0

µ2

(
1− µ

lg,1

)2Q
)

and
τ∑

t=1

∥yt − y∗t ∥2 ≤
48η2l2g,1I

2L2

νλ2µ2
∥ŷ1 − y∗0∥2 +

(
2 +

96η2l2g,1I
2L2

λ2µ2

)
ϱ2maxT

+
8η2l2g,1I

2

λ2µ2

(
1 +

72l2g,1L
2

λ2µ2

(
η2

ν2
+ η2I2

)) τ−1∑
t=1

(
∥∇Φ(xt)∥2 + ∥ϵt∥2

)
+

8η2l2g,1I
2

λ2µ2

(
1 +

72l2g,1L
2

λ2µ2

(
η2

ν2
+ η2I2

))
l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

.

Proof of Lemma E.4. If t ≤ τ , by Lemma E.2 we have

∥yt − y∗t ∥ ≤ ϱmax +
ηlg,1
λµ

t−1∑
i=ktI

∥mi∥.

Then we have

∥yt − y∗t ∥2 ≤

(
ϱmax +

ηlg,1
λµ

t−1∑
i=ktI

∥mi∥

)2

≤ 2ϱ2max +
2η2l2g,1
λ2µ2

(
t−1∑

i=ktI

∥mi∥

)2

≤ 2ϱ2max +
2η2l2g,1I

λ2µ2

t−1∑
i=ktI

∥mi∥2.

(80)

Taking summation on both sides of (80) over t from 1 to ν, we have

τ∑
t=1

∥yt − y∗t ∥2 =

⌊ν/I⌋−1∑
k=0

min{(k+1)I,ν}∑
t=kI

∥yt − y∗t ∥2

≤
⌊ν/I⌋−1∑

k=0

min{(k+1)I,ν}∑
t=kI

(
2ϱ2max +

2η2l2g,1I

λ2µ2

t−1∑
i=ktI

∥mi∥2
)

≤ 2ϱ2max(ν − 1) +
2η2l2g,1I

2

λ2µ2

⌊ν/I⌋−1∑
k=0

min{(k+1)I,ν}∑
t=kI

∥mt∥2

≤ 2ϱ2maxT +
2η2l2g,1I

2

λ2µ2

τ−1∑
t=1

∥mt∥2,

(81)
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where the last inequality uses the definition of ν and m0 = 0.

By Lemma E.3, we have

τ∑
t=1

∥ŷt − y∗t ∥2 ≤ 3

τ∑
t=1

(1− ν)2(t−1)∥ŷ1 − y∗0∥2 + 3

τ∑
t=1

(
(1− ν)ηlg,1

νλµ
ν

t∑
i=1

(1− ν)t−i∥mi−1∥

)2

+ 3

τ∑
t=1

(
ν

t∑
i=1

(1− ν)t−i∥yi − y∗i ∥

)2

≤ 3

ν
∥ŷ1 − y∗0∥2 +

3(1− ν)2η2l2g,1
ν2λ2µ2

τ∑
t=1

ν

t∑
i=1

(1− ν)t−i∥mi−1∥2

+ 3

τ∑
t=1

ν

t∑
i=1

(1− ν)t−i∥yi − y∗i ∥2

≤ 3

ν
∥ŷ1 − y∗0∥2 +

3(1− ν)2η2l2g,1
ν2λ2µ2

τ−1∑
t=1

∥mt∥2 + 3

τ∑
t=1

∥yt − y∗t ∥2

≤ 3

ν
∥ŷ1 − y∗0∥2 +

3(1− ν)2η2l2g,1
ν2λ2µ2

τ−1∑
t=1

∥mt∥2 + 3

(
2ϱ2maxT +

2η2l2g,1I
2

λ2µ2

τ−1∑
t=1

∥mt∥2
)

≤ 3

ν
∥ŷ1 − y∗0∥2 + 6ϱ2maxT +

9l2g,1
λ2µ2

(
η2

ν2
+ η2I2

) τ−1∑
t=1

∥mt∥2,

where the first inequality uses Young’s inequality; the second inequality is due to Jensen’s inequal-
ity; the third inequality uses the sum of geometric series; the fourth inequality is due to (81). By
Lemma E.1, we know that

∥mt∥ ≤ ∥∇Φ(xt)∥+ ∥ϵt∥+ L∥ŷt − y∗t ∥+
lg,1lf,0
µ

(
1− µ

lg,1

)Q

.

Then we obtain
τ∑

t=1

∥ŷt − y∗t ∥2 ≤ 3

ν
∥ŷ1 − y∗0∥2 + 6ϱ2maxT

+
9l2g,1
λ2µ2

(
η2

ν2
+ η2I2

) τ−1∑
t=1

(
∥∇Φ(xt)∥+ ∥ϵt∥+ L∥ŷt − y∗t ∥+

lg,1lf,0
µ

(
1− µ

lg,1

)Q
)2

≤ 3

ν
∥ŷ1 − y∗0∥2 + 6ϱ2maxT

+
36l2g,1
λ2µ2

(
η2

ν2
+ η2I2

) τ−1∑
t=1

(
∥∇Φ(xt)∥2 + ∥ϵt∥2 + L2∥ŷt − y∗t ∥2 +

l2g,1l
2
f,0

µ2

(
1− µ

lg,1

)2Q
)
.

Under the parameter choices in Theorem E.14, by Appendix E.5 we have

36l2g,1
λ2µ2

(
η2

ν2
+ η2I2

)
L2 ≤ 1

2
.

Rearranging the above inequality yields
τ∑

t=1

∥ŷt − y∗t ∥2 ≤ 6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

+
72l2g,1
λ2µ2

(
η2

ν2
+ η2I2

) τ−1∑
t=1

(
∥∇Φ(xt)∥2 + ∥ϵt∥2 +

l2g,1l
2
f,0

µ2

(
1− µ

lg,1

)2Q
)
.

(82)
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Finally, using the previous results we conclude that
τ∑

t=1

∥yt − y∗t ∥2 ≤ 2ϱ2maxT +
2η2l2g,1I

2

λ2µ2

τ−1∑
t=1

∥mt∥2

≤ 2ϱ2maxT +
2η2l2g,1I

2

λ2µ2

τ−1∑
t=1

(
∥∇Φ(xt)∥+ ∥ϵt∥+ L∥ŷt − y∗t ∥+

lg,1lf,0
µ

(
1− µ

lg,1

)Q
)2

≤ 2ϱ2maxT +
8η2l2g,1I

2

λ2µ2

τ−1∑
t=1

(
∥∇Φ(xt)∥2 + ∥ϵt∥2 + L2∥ŷt − y∗t ∥2 +

l2g,1l
2
f,0

µ2

(
1− µ

lg,1

)2Q
)

≤ 2ϱ2maxT +
8η2l2g,1I

2

λ2µ2

τ−1∑
t=1

(
∥∇Φ(xt)∥2 + ∥ϵt∥2 +

l2g,1l
2
f,0

µ2

(
1− µ

lg,1

)2Q
)

+
8η2l2g,1I

2L2

λ2µ2

(
6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

+
72l2g,1
λ2µ2

(
η2

ν2
+ η2I2

) τ−1∑
t=1

(
∥∇Φ(xt)∥2 + ∥ϵt∥2 +

l2g,1l
2
f,0

µ2

(
1− µ

lg,1

)2Q
))

=
48η2l2g,1I

2L2

νλ2µ2
∥ŷ1 − y∗0∥2 +

(
2 +

96η2l2g,1I
2L2

λ2µ2

)
ϱ2maxT

+
8η2l2g,1I

2

λ2µ2

(
1 +

72l2g,1L
2

λ2µ2

(
η2

ν2
+ η2I2

)) τ−1∑
t=1

(
∥∇Φ(xt)∥2 + ∥ϵt∥2

)
+

8η2l2g,1I
2

λ2µ2

(
1 +

72l2g,1L
2

λ2µ2

(
η2

ν2
+ η2I2

))
l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

,

where the first inequality uses (81), the third inequality is due to Young’s inequality, and the last
inequality uses (82).

The next lemma is a generalization of (Li et al., 2023a, Lemma D.4) under the bilevel optimization
setting.
Lemma E.5. Under the parameter choices in Theorem E.14, if t ≤ τ , and η, ν, I, ϱmax, ϱ̂max further
satisfy((

1 +
νlg,1
µ

)
η

λ
+
νηlg,1I

λµ

)
max
t≤T

∥mt∥+ ν(ϱmax + ϱ̂max) ≤ r, ϱ̂max := max
t≤T

∥ŷt − y∗t ∥ ≤ r,

(83)
then we have

∥Wt∥ ≤ βσϕ +
2ηL

λ

(
1 +

νlg,1
µ

)
(∥∇Φ(xt−1)∥+ ∥ϵt−1∥) +

(
2νL+

2ηL2

λ

(
1 +

νlg,1
µ

))
∥ŷt−1 − y∗t−1∥

+ 2νL∥yt − y∗t ∥+
2ηLlg,1lf,0

λµ

(
1 +

νlg,1
µ

)(
1− µ

lg,1

)Q

.

Proof of Lemma E.5. By the definition of Wt, we know that

Wt = β(∇̂ϕ(xt, ŷt; ξ̄t)− Et[∇̂ϕ(xt, ŷt; ξ̄t)]) + (1− β)δt,

where δt is denoted as
δt = ∇̂ϕ(xt, ŷt; ξ̄t)− ∇̂ϕ(xt−1, ŷt−1; ξ̄t)− Et[∇̂ϕ(xt, ŷt; ξ̄t)] + Et[∇̂ϕ(xt−1, ŷt−1; ξ̄t)].

By condition (83) and Lemma E.2, it is easy to verify that

∥xt − xt−1∥+ ∥ŷt − ŷt−1∥ ≤
(
1 +

νlg,1
µ

)
η

λ
∥mt−1∥+ ν∥yt − y∗t ∥+ ν∥ŷt−1 − y∗t−1∥

≤
(
1 +

νlg,1
µ

)
η

λ
max
t≤T

∥mt∥+ ν

(
ϱmax +

ηlg,1I

λµ
max
t≤T

∥mt∥
)
+ νϱ̂max

≤ r.
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Then we have

∥δt∥ ≤ ∥∇̂ϕ(xt, ŷt; ξ̄t)− ∇̂ϕ(xt−1, ŷt−1; ξ̄t)∥+ ∥Et[∇̂ϕ(xt, ŷt; ξ̄t)]− Et[∇̂ϕ(xt−1, ŷt−1; ξ̄t)]∥
≤ 2L(∥xt − xt−1∥+ ∥ŷt − ŷt−1∥)

≤ 2L

((
1 +

νlg,1
µ

)
∥xt − xt−1∥+ ν∥yt − y∗t ∥+ ν∥ŷt−1 − y∗t−1∥

)
≤ 2L

((
1 +

νlg,1
µ

)
η

λ
∥mt−1∥+ ν∥yt − y∗t ∥+ ν∥ŷt−1 − y∗t−1∥

)
≤ 2ηL

λ

(
1 +

νlg,1
µ

)(
∥∇Φ(xt−1)∥+ ∥ϵt−1∥+ L∥ŷt−1 − y∗t−1∥+

lg,1lf,0
µ

(
1− µ

lg,1

)Q
)

+ 2νL(∥yt − y∗t ∥+ ∥ŷt−1 − y∗t−1∥)

=
2ηL

λ

(
1 +

νlg,1
µ

)
(∥∇Φ(xt−1)∥+ ∥ϵt−1∥) +

(
2νL+

2ηL2

λ

(
1 +

νlg,1
µ

))
∥ŷt−1 − y∗t−1∥

+ 2νL∥yt − y∗t ∥+
2ηLlg,1lf,0

λµ

(
1 +

νlg,1
µ

)(
1− µ

lg,1

)Q

,

where the second inequality uses Lemma B.15; the third inequality is due to

∥ŷt − ŷt−1∥ ≤ ν∥yt − y∗t ∥+ ν∥y∗t − y∗t−1∥+ ν∥y∗t−1 − ŷt−1∥

≤ νlg,1
µ

∥xt − xt−1∥+ ν∥yt − y∗t ∥+ ν∥y∗t−1 − ŷt−1∥;

the fourth inequality uses the update rule in Algorithm 2 and ht ⪯ η/λ by Lemma E.13; the last
inequality is again due to Lemma E.13. Thus we obtain

∥Wt∥ ≤ βσϕ +
2ηL

λ

(
1 +

νlg,1
µ

)
(∥∇Φ(xt−1)∥+ ∥ϵt−1∥) +

(
2νL+

2ηL2

λ

(
1 +

νlg,1
µ

))
∥ŷt−1 − y∗t−1∥

+ 2νL∥yt − y∗t ∥+
2ηLlg,1lf,0

λµ

(
1 +

νlg,1
µ

)(
1− µ

lg,1

)Q

.

The following is the descent lemma for VR-AdamBO, whose proof is similar to that of Lemma D.9.

Lemma E.6. Under the parameter choices in Theorem E.14, if t < τ , and η, ϱ̂max further satisfy

η ≤ rλ

maxt≤T ∥mt∥
, ϱ̂max ≤ min

{
r,

1

4L1

}
, (84)

then we have

Φ(xt+1)− Φ(xt) ≤ − η

4G
∥∇Φ(xt)∥2 +

2η

λ
∥ϵt∥2 +

4ηL2

λ
∥ŷt − y∗t ∥2

+
4η

λ
∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2.

(85)

Proof of Lemma E.6. The proof is essentially the same as that of Lemma D.9, except for the last
step. Define ϵ̂t and ϵt as

ϵ̂t = mt −∇Φ(xt) and ϵt = mt − Et[∇̂ϕ(xt, ŷt; ξ̄t)]. (86)

By choice of η in (84), we have

∥xt+1 − xt∥ ≤ η

λ
∥mt∥ ≤ rλ

λmaxt≤T ∥mt∥
∥mt∥ ≤ r.
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Then for any t < τ , by Lemma D.9 we have

Φ(xt+1)− Φ(xt) ≤ − η

4G
∥∇Φ(xt)∥2 +

η

λ
∥ϵ̂t∥2

≤ − η

4G
∥∇Φ(xt)∥2 +

2η

λ
∥ϵt∥2 +

4η

λ
∥Et[∇̂ϕ(xt, ŷt; ξ̄t)]− Et[∇̂ϕ(xt, y∗t ; ξ̄t)]∥2

+
4η

λ
∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2

≤ − η

4G
∥∇Φ(xt)∥2 +

2η

λ
∥ϵt∥2 +

4ηL2

λ
∥ŷt − y∗t ∥2

+
4η

λ
∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2,

where the second inequality uses (86) and Young’s inequality, the third inequality is due to
Lemma B.15 and the definition of ν.

The next lemma uses Optional Stopping Theorem () to bound the sum of the error terms ∥ϵt∥2 before
time τ in expectation.

Lemma E.7. Under the parameter choices in Theorem E.14, if η, ν, I, ϱmax, ϱ̂max further satisfy
(83) and (84), then we have

E

[
τ−1∑
t=1

3β

4
∥ϵt∥2 −

3λβ

64G
∥∇Φ(xt)∥2

]

≤ 8β2σ2
ϕT − E[∥ϵτ∥2] + 48L2

(
ν2 +

λβ

400G

)(
6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

)
+ 24ν2L2

(
48η2l2g,1I

2L2

νλ2µ2
∥ŷ1 − y∗0∥2 +

(
2 +

96η2l2g,1I
2L2

λ2µ2

)
ϱ2maxT

)

+

(
λβ

32G
+

24η2L2T

λ2

(
1 +

lg,1
µ

)2
)
l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

,

Proof of Lemma E.7. By Lemma E.5 we have

∥Wt∥2 ≤ 6β2σ2
ϕ +

24η2L2

λ2

(
1 +

νlg,1
µ

)2

(∥∇Φ(xt−1)∥2 + ∥ϵt−1∥2)

+ 6

(
2νL+

2ηL2

λ

(
1 +

νlg,1
µ

))2

∥ŷt−1 − y∗t−1∥2 + 24ν2L2∥yt − yt∥2

+
24η2L2l2g,1l

2
f,0

λ2µ2

(
1 +

νlg,1
µ

)2(
1− µ

lg,1

)2Q

≤ 6β2σ2
ϕ +

λβ

64G
(∥∇Φ(xt−1)∥2 + ∥ϵt−1∥2) + 48L2

(
ν2 +

λβ

400G

)
∥ŷt−1 − y∗t−1∥2

+ 24ν2L2∥yt − yt∥2 +
24η2L2l2g,1l

2
f,0

λ2µ2

(
1 +

lg,1
µ

)2(
1− µ

lg,1

)2Q

where the first inequality uses Young’s inequality; the second inequality is due to Lemma E.4, ν < 1
and choices of η, β such that

η =
σg,1

√
β√

C2µ
≤ µλ3/2

40L(µ+ lg,1)

√
β

G
,

where in the last inequality we choose large enough C2. Note that

∥ϵt∥ = (1− β)2∥ϵt−1∥2 + ∥Wt∥2 + (1− β)⟨ϵt−1,Wt⟩.

56



3024
3025
3026
3027
3028
3029
3030
3031
3032
3033
3034
3035
3036
3037
3038
3039
3040
3041
3042
3043
3044
3045
3046
3047
3048
3049
3050
3051
3052
3053
3054
3055
3056
3057
3058
3059
3060
3061
3062
3063
3064
3065
3066
3067
3068
3069
3070
3071
3072
3073
3074
3075
3076
3077

Under review as a conference paper at ICLR 2025

Taking summation over 2 ≤ t ≤ τ , we obtain
τ∑

t=2

∥ϵt∥2 ≤ (1− β)2
τ∑

t=2

∥ϵt−1∥2 +
τ∑

t=2

∥Wt∥2 + (1− β)

τ∑
t=2

⟨ϵt−1,Wt⟩

≤ (1− β)2
τ∑

t=2

∥ϵt−1∥2 + (1− β)

τ∑
t=2

⟨ϵt−1,Wt⟩

+ 6β2σ2
ϕ(ν − 1) +

λβ

64G

τ∑
t=2

∥∇Φ(xt−1)∥2 + ∥ϵt−1∥2

+ 48L2

(
ν2 +

λβ

400G

) τ∑
t=2

∥ŷt−1 − y∗t−1∥2 + 24ν2L2
τ∑

t=2

∥yt − yt∥2

+
24η2L2l2g,1l

2
f,0(ν − 1)

λ2µ2

(
1 +

lg,1
µ

)2(
1− µ

lg,1

)2Q

≤ (1− β)2
τ∑

t=2

∥ϵt−1∥2 +
3λβ

64G

τ∑
t=2

(∥∇Φ(xt−1)∥2 + ∥ϵt−1∥2) + (1− β)

τ∑
t=2

⟨ϵt−1,Wt⟩

+ 6β2σ2
ϕT + 48L2

(
ν2 +

λβ

400G

)(
6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

)
+ 24ν2L2

(
48η2l2g,1I

2L2

νλ2µ2
∥ŷ1 − y∗0∥2 +

(
2 +

96η2l2g,1I
2L2

λ2µ2

)
ϱ2maxT

)

+

(
λβ

32G
+

24η2L2T

λ2

(
1 +

lg,1
µ

)2
)
l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

≤ (1− 3β/4)

τ∑
t=2

∥ϵt−1∥2 +
3λβ

64G

τ∑
t=2

∥∇Φ(xt−1)∥2 + (1− β)

τ∑
t=2

⟨ϵt−1,Wt⟩

+ 6β2σ2
ϕT + 48L2

(
ν2 +

λβ

400G

)(
6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

)
+ 24ν2L2

(
48η2l2g,1I

2L2

νλ2µ2
∥ŷ1 − y∗0∥2 +

(
2 +

96η2l2g,1I
2L2

λ2µ2

)
ϱ2maxT

)

+

(
λβ

32G
+

24η2L2T

λ2

(
1 +

lg,1
µ

)2
)
l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

,

where the third inequality uses Lemma E.4 and the choices of η and β, and the last inequality is due
to G ≥ λ. Taking expectations on both sides, rearranging the terms, and noting that

E

[
τ∑

t=2

⟨ϵt−1,Wt⟩

]
= 0

by the Optional Stopping Theorem (i.e., Lemma B.8), we have

E

[
τ−1∑
t=1

3β

4
∥ϵt∥2 −

3λβ

64G
∥∇Φ(xt)∥2

]

≤ 8β2σ2
ϕT − E[∥ϵτ∥2] + 48L2

(
ν2 +

λβ

400G

)(
6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

)
+ 24ν2L2

(
48η2l2g,1I

2L2

νλ2µ2
∥ŷ1 − y∗0∥2 +

(
2 +

96η2l2g,1I
2L2

λ2µ2

)
ϱ2maxT

)

+

(
λβ

32G
+

24η2L2T

λ2

(
1 +

lg,1
µ

)2
)
l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

,

where the inequality uses the choice of S1 to derive E[∥ϵ1∥] ≤ σ2
ϕ/S1 ≤ 2β2σ2

ϕT .
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Combing Lemmas E.6 and E.7, we obtain the following lemma.

Lemma E.8. Under the parameter choices in Theorem E.14, if η, ν, I, ϱmax, ϱ̂max further satisfy
(83) and (84), then we have

E

[
τ−1∑
t=1

∥∇Φ(xt)∥2
]
≤ I, E[Φ(xν)− Φ∗] ≤ ηI

8G
, E[∥ϵτ∥2] ≤

λβI
16G

,

where I is defined in (89).

Proof of Lemma E.8. By Lemma E.6, if t < τ , then

Φ(xt+1)− Φ(xt) ≤ − η

4G
∥∇Φ(xt)∥2 +

2η

λ
∥ϵt∥2 +

4ηL2

λ
∥ŷt − y∗t ∥2

+
4η

λ
∥Et[∇̂ϕ(xt, y∗t ; ξ̄t)]−∇Φ(xt)∥2.

Taking summation over 1 ≤ t < τ , rearranging terms, multiplying both sides by 8G/η, and taking
expectation, we obtain

E

[
τ−1∑
t=1

2∥∇Φ(xt)∥2 −
8G

η
∥ϵt∥2

]

≤ 8G

η
E[Φ(x1)− Φ(xν)] +

32GL2

λ
E

[
τ−1∑
t=1

∥ŷt − y∗t ∥2
]
+

32GTl2g,1l
2
f,0

λµ2

(
1− µ

lg,1

)2Q

≤ 8G

η
E[Φ(x1)− Φ(xν)] +

32GL2

λ

(
6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

)
+

32 · 72Gl2g,1L2

λ3µ2

(
η2

ν2
+ η2I2

)
E

[
τ−1∑
t=1

∥∇Φ(xt)∥2 + ∥ϵt∥2
]

+

(
32GT

λ
+

32 · 72GTl2g,1L2

λ3µ2

(
η2

ν2
+ η2I2

))
l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

≤ 8G

η
E[Φ(x1)− Φ(xν)] +

32GL2

λ

(
6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

)
+ E

[
τ−1∑
t=1

1

4
∥∇Φ(xt)∥2 +

4G

λ
∥ϵt∥2

]
+

(
32GT

λ
+

32 · 72GTl2g,1L2

λ3µ2

(
η2

ν2
+ η2I2

))
l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

,

(87)
where the second inequality uses Lemma E.4, and the last inequality is due to the choices of η and
β. Also, by Lemma E.7 we have

E

[
τ−1∑
t=1

12G

λ
∥ϵt∥2 −

3

4
∥∇Φ(xt)∥2

]

≤
128Gσ2

ϕβT

λ
− 16G

λβ
E[∥ϵτ∥2] +

16 · 48GL2

λβ

(
ν2 +

λβ

400G

)(
6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

)
+

16 · 24ν2GL2

λβ

(
48η2l2g,1I

2L2

νλ2µ2
∥ŷ1 − y∗0∥2 +

(
2 +

96η2l2g,1I
2L2

λ2µ2

)
ϱ2maxT

)

+
16G

λβ

(
λβ

32G
+

24η2L2T

λ2

(
1 +

lg,1
µ

)2
)
l2g,1l

2
f,0

µ2

(
1− µ

lg,1

)2Q

.

(88)
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Then summing (87) + (88) gives

E

[
τ−1∑
t=1

∥∇Φ(xt)∥2
]
+

8G

η
E[Φ(xν)− Φ∗] +

16G

λβ
E[∥ϵτ∥2]

≤ 8G∆1

η
+

128Gσ2
ϕβT

λ
+

(
32GL2

λ
+

16 · 48GL2

λβ

(
ν2 +

λβ

400G

))(
6

ν
∥ŷ1 − y∗0∥2 + 12ϱ2maxT

)
+

16 · 24ν2GL2

λβ

(
48η2l2g,1I

2L2

νλ2µ2
∥ŷ1 − y∗0∥2 +

(
2 +

96η2l2g,1I
2L2

λ2µ2

)
ϱ2maxT

)

+

[(
32GT

λ
+

32 · 72GTl2g,1L2

λ3µ2

(
η2

ν2
+ η2I2

))

+
16G

λβ

(
λβ

32G
+

24η2L2T

λ2

(
1 +

lg,1
µ

)2
)]

l2g,1l
2
f,0

µ2

(
1− µ

lg,1

)2Q

:= I,
(89)

which implies that

E

[
τ−1∑
t=1

∥∇Φ(xt)∥2
]
≤ I, E[Φ(xν)− Φ∗] ≤ ηI

8G
, E[∥ϵτ∥2] ≤

λβI
16G

.

E.3 LOWER-LEVEL ERROR CONTROL

In this section, we aim to provide high probability bound for the lower-level estimation error. First,
we present the following high probability guarantee for SNAG (Algorithm 5), as implied by (Gong
et al., 2024b, Lemmas C.3 and C.6).
Lemma E.9 (SNAG). Suppose that Assumptions 3.2, 3.3 and 3.5 hold. Let {ỹt} be the iterates
generated by Algorithm 5 with constant learning rate γ ≤ 1/2lg,1. Then for any given δ ∈ (0, 1)

and any fixed t ≥ 1, the following holds with probability at least 1− δ over the randomness in F̃y
T0

:

∥ỹt − y∗(x̃)∥2 ≤ 3

µγ

(
1−

√
µγ

4

)t

∥ỹ0 − y∗(x̃)∥2 +
4γσ2

g,1

µ
ln
e

δ
.

Proof of Lemma E.9. We will use a short hand ỹ∗ = y∗(x̃). By (Gong et al., 2024b, Lemmas C.6
and C.3), we have

Vt ≤
(
1−

√
µγ

4

)t

V0 +
4γσ2

g,1

µ
ln
eT0
δ
,

where Vt is the notation defined in (Gong et al., 2024b, Lemmas C.3) which satisfy the following by
noting that ỹ−1 = ỹ0 and µγ ≤ 1:

Vt ≥
µ

2
∥ỹt − ỹ∗∥2, V0 ≤

1 + (1−√
µγ)2

2γ
∥ỹ0 − ỹ∗∥2 ≤ 3

2γ
∥ỹ0 − ỹ∗∥2.

Therefore, we obtain

µ

2
∥ỹt − ỹ∗∥2 ≤ 3

2γ

(
1−

√
µγ

4

)t

∥ỹ0 − ỹ∗∥2 + 2γσ2
g,1 ln

eT0
δ
.

Rearranging the above inequality yields the result.

Lemma E.10. Under the parameter choices in Theorem E.14, for any given δ ∈ (0, 1), the following
holds with probability at least 1− Iδ/8T over the randomness in σ(Finit ∪ (∪t≤TFy

t )) (we denote
this event as Ey):

∥yt − y∗t ∥ ≤ η +
ηlg,1
λµ

t−1∑
i=ktI

∥mi∥,

where kt = ⌊t/I⌋ and we define m0 = 0 for completeness.
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Proof of Lemma E.10. By line 3 of Algorithm 2, Lemma E.9 and Appendix E.5, with probability at
least 1− δ/8T over the randomness in Finit we have

∥y1 − y∗0∥2 ≤ 3

µγ

(
1−

√
µγ

4

)T0

∥y0 − y∗0∥2 +
4γσ2

g,1

µ
ln

8eT

δ
≤ η2

2
+
η2

2
= η2,

which gives ∥y1 − y∗0∥ ≤ η. Then for any 1 ≤ t ≤ I , we have

∥yt − y∗t ∥ ≤ ∥y1 − y∗0∥+
t−1∑
i=0

∥y∗i − y∗i+1∥ ≤ η +

t−1∑
i=0

∥y∗i − y∗i+1∥

≤ η +
lg,1
µ

t−1∑
i=0

∥xi+1 − xi∥ ≤ η +
ηlg,1
λµ

t−1∑
i=0

∥mi∥.

Also, under the parameter choices in Theorem E.14, Lemma E.12 shows that ∥ykI+1 − y∗kI∥ ≤ η
for all k. Similarly, for ktI + 1 ≤ t ≤ (kt + 1)I we have

∥yt − y∗t ∥ ≤ η +
ηlg,1
λµ

t−1∑
i=ktI

∥mi∥.

Lemma E.11. Consider Algorithm 2 for 1 ≤ t ≤ I . Under event Ey and the parameter choices in
Theorem E.14, if t ≤ τ , we have

∥ŷt − y∗t ∥ ≤ ϱ̂ :=

(
∥ŷ1 − y∗0∥+ η +

ηlg,1
λµ

(
1− ν

ν
+ I

)(
2G+

lg,1lf,0
µ

))/(
1− ηlg,1L

λµ

(
1− ν

ν
+ I

))
;

(90)
if t < τ , we have

∥mt∥ ≤ Cm := 2G+
lg,1lf,0
µ

+ Lr. (91)

Proof of Lemma E.11. For 0 ≤ t ≤ I , we will use induction to show that if t < τ , then

∥ŷt − y∗t ∥ ≤ ϱ̂, and ∥mt∥ ≤ Cm.

Base Case. For t = 1, it is easy to check that

∥ŷ1 − y∗1∥ = ∥ŷ1 − y∗0∥ ≤ ϱ̂,

where the first equality uses x1 = x0. Also, since ϱ̂ ≤ r and thus ∥ŷ1 − y∗1∥ ≤ r by Appendix E.5,
then we have

∥m1∥ ≤ ∥m1 − E1[∇̂ϕ(x1, ŷ1; ξ̄1)]∥+ ∥E1[∇̂ϕ(x1, ŷ1; ξ̄1)]− E1[∇̂ϕ(x1, y∗1 ; ξ̄1)]∥
+ ∥E1[∇̂ϕ(x1, y∗1 ; ξ̄1)]−∇Φ(x1)∥+ ∥∇Φ(x1)∥

≤ ∥ϵ1∥+ (L0 + L∥∇Φ(x1)∥)∥ŷ1 − y∗1∥+
lg,1lf,0
µ

(
1− µ

lg,1

)Q

+ ∥∇Φ(x1)∥

≤ 2G+
lg,1lf,0
µ

+ Lϱ̂ ≤ 2G+
lg,1lf,0
µ

+ Lr,

where the second inequality uses Lemmas B.15 and B.16, the third inequality is due to the induction
hypothesis and the definition of τ , and the last inequality again uses ϱ̂ ≤ r by Appendix E.5. Thus,
the base case t = 0 holds.
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Induction Step. Suppose the induction hypothesis holds for t ≤ k− 1 with k < τ , then for t = k
we have

∥ŷk − y∗k∥ ≤ (1− ν)k∥ŷ1 − y∗0∥+
(1− ν)ηlg,1

λµ

k∑
i=1

(1− ν)k−i∥mi−1∥+ ν

k∑
i=1

(1− ν)k−i∥yi − y∗i ∥

≤ (1− ν)k∥ŷ1 − y∗0∥+
(1− ν)ηlg,1

λµ

k∑
i=1

(1− ν)k−i∥mi−1∥

+ ν

k∑
i=1

(1− ν)k−i

η + ηlg,1
λµ

i−1∑
j=0

∥mj∥


≤
(
∥ŷ1 − y∗0∥+ η +

ηlg,1
λµ

(
1− ν

ν
+ I

)(
2G+

lg,1lf,0
µ

))/(
1− ηlg,1L

λµ

(
1− ν

ν
+ I

))
= ϱ̂,

where the first inequality uses Lemma E.3, the second inequality is due to Lemma E.10 and k ≤ I ,
and the last inequality uses the induction hypothesis, the sum of geometric series, and the definition
of ϱ̂. Also, we have

∥mk∥ ≤ ∥mk − Ek[∇̂ϕ(xk, ŷk; ξ̄k)]∥+ ∥Ek[∇̂ϕ(xk, ŷk; ξ̄k)]− Ek[∇̂ϕ(xk, y∗k; ξ̄k)]∥
+ ∥Ek[∇̂ϕ(xk, y∗k; ξ̄k)]−∇Φ(xk)∥+ ∥∇Φ(xk)∥

≤ ∥ϵk∥+ (L0 + L∥∇Φ(xk)∥)∥ŷk − y∗k∥+
lg,1lf,0
µ

(
1− µ

lg,1

)Q

+ ∥∇Φ(xk)∥

≤ 2G+
lg,1lf,0
µ

+ Lϱ̂ ≤ 2G+
lg,1lf,0
µ

+ Lr,

where the second inequality uses Lemmas B.15 and B.16, the third inequality is due to the induction
hypothesis and the definition of τ , and the last inequality again uses ϱ̂ ≤ r by Appendix E.5.
Therefore, the induction step is complete.

Lemma E.12. Under event Ey and the parameter choices in Theorem E.14, if t ≤ τ , then ∥ŷt −
y∗t ∥ ≤ ϱ̂; and if t < τ , then ∥mt∥ ≤ Cm; where ϱ̂ and Cm are defined in (90) and (91).

Proof of Lemma E.12. By Lemma E.11, we know that the statement of Lemma E.12 holds true for
0 ≤ t ≤ I . Now we consider the case for I + 1 ≤ t ≤ 2I . First, by Lemma E.10 we know that

∥yI − y∗I∥ ≤ η +
ηlg,1
λµ

I−1∑
i=0

∥mi∥ ≤ η +
ηlg,1I

λµ
Cm.

Then by choice of N and Appendix E.5 we have

∥yI+1 − y∗I∥2 ≤ 3

µγ

(
1−

√
µγ

4

)N

∥yI − y∗I∥2 +
4γσ2

g,1

µ
ln

8eT

δ
≤ η2

2
+
η2

2
= η2,

which gives ∥yI+1 − y∗I∥ ≤ η. Now we follow the same procedure as Lemmas E.10 and E.11 to
obtain the result for I +1 ≤ t ≤ 2I . For the general case ktI +1 ≤ t ≤ min{(kt +1)I, T}, where
1 ≤ kt ≤ ⌊T/I⌋, we can easily obtain the results by repeating the previous steps.

With Lemma E.12, some of the important quantities in Algorithm 2 are well bounded before time τ .
Lemma E.13. Under event Ey and the parameter choices in Theorem E.14, if t < τ , we have

v̂t ⪯ (Cu,0 + Cu,1ϱ̂)
2,

η

Cu,0 + Cu,1ϱ̂+ λ
⪯ ht ⪯

η

λ
,

∥mt∥ ≤ ∥∇Φ(xt)∥+ ∥ϵt∥+ L∥ŷt − y∗t ∥+
lg,1lf,0
µ

(
1− µ

lg,1

)Q

≤ Cm;

if t ≤ τ , we have

∥ŷt − y∗t ∥ ≤ ϱ̂, ∥∇̂ϕ(xt, ŷt; ξ̄t)− Et[∇̂ϕ(xt, ŷt; ξ̄t)]∥ ≤ σϕ.
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Proof of Lemma E.13. Note that if t < τ , by Lemma E.1 we have

∥mt∥ ≤ ∥∇Φ(xt)∥+ ∥ϵt∥+ L∥ŷt − y∗t ∥+
lg,1lf,0
µ

(
1− µ

lg,1

)Q

≤ 2G+ Lϱ̂+
lg,1lf,0
µ

≤ 2G+ Lr +
lg,1lf,0
µ

= Cm,

where the second inequality uses Lemma E.12, the third inequality is due to ϱ̂ ≤ r by Appendix E.5,
and the last inequality uses the definition of Cm. The remaining terms can be bounded in a similar
way as Lemma D.6.

E.4 PROOF OF THEOREM 5.1

With Lemmas E.8 and E.13, we are ready to prove Theorem E.14. Below is the full statement of
Theorem 5.1 with detailed parameter choices, where we use c1, c2 to denote small enough con-
stants and C1, C2 to denote large enough ones. The definitions of problem-dependent constants
σϕ, Cϕ,0, Cϕ,1,∆1, L0, L1, L, Cm, Cη are provided in Appendices D.1 and E.1.
Theorem E.14. Suppose that Assumptions 3.2, 3.3 and 3.5 hold. Let G be a constant satisfying

G ≥ max

{
4λ, 2σϕ, 4Cϕ,0,

Cϕ,1

L1
,

√
C1∆1L0

CLδ
,
C1∆1L1

CLδ

}
, (92)

Given any ϵ > 0 and δ ∈ (0, 1), choose

η ≤ c1 ·min

{
rλ

G
,
λ

L
,
σ2
g,1G

2δ

λ∆1µ2
,
λ2

√
δϵ

σϕGL

}
, 0 ≤ βsq ≤ 1, β =

C2µ
2η2

σ2
g,1

,

γ =
c2β

µmax{1, ln(Cη)}
, ν =

√
β, I =

1√
β
, T =

64G∆1

ηδϵ2
, S1 ≥ 1

2β2T
,

T0 ≥ ln

(
µγη2

6∥y0 − y∗0∥2

)/
ln

(
1−

√
µγ

4

)
, N ≥ ln

(
µγη2

6(η + ηlg,1ICm/λµ)2

)/
ln

(
1−

√
µγ

4

)
,

Q ≥
ln
(

2µ2G∆1

ηl2g,1l
2
f,0

)
2 ln

[(
32GT

λ +
32·72GTl2g,1L

2

λ3µ2

(
η2

ν2 + η2I2
))

+ 16G
λβ

(
λβ
32G + 24η2L2T

λ2

(
1 +

lg,1
µ

)2)] ,
where Cη is defined as

Cη =
512e∆1σϕLG

2

c1λ2δ3/2ϵ3
.

Run Algorithm 2 for T iterations. Then with probability at least 1−δ over the randomness in FT+1,
we have ∥∇Φ(xt)∥ ≤ G for all t ∈ [T ], and 1

T

∑T
t=1 ∥∇Φ(xt)∥ ≤ ϵ2.

Proof of Theorem E.14. By Lemma E.8, we have

E

[
τ−1∑
t=1

∥∇Φ(xt)∥2
]
≤ I, E[Φ(xν)− Φ∗] ≤ ηI

8G
, E[∥ϵτ∥2] ≤

λβI
16G

.

First, note that if τ = τ1 ≤ T , we know Φ(xτ )− Φ∗ > ψ by the definition of τ . Then we have

Pr(τ = τ1 ≤ T ) ≤ Pr(Φ(xτ )− Φ∗ > ψ) ≤ E[Φ(xτ )− Φ∗]

ψ
≤ ηI

8Gψ
=

ηLI
4CLG3

,

where the second inequality uses Markov’s inequality. (40)

Similarly, if τ2 = τ ≤ T , we know ∥ϵt∥ > G by the definition of τ . Then we also have

Pr(τ = τ2 ≤ T ) ≤ Pr(∥ϵτ∥ > G) = Pr(∥ϵτ∥2 > G2) ≤ E[∥ϵτ∥2]
G2

≤ λβI
16G3

.
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Under event Ey , we further have

I ≤ 16G∆1

η
, (93)

which implies that
ηLI

4CLG3
≤ 4∆1L

CLG2
=

4∆1L0

CLG2
+

4∆1L1

CLG
≤ 8δ

C1
≤ δ

16
,

where the first equality use the definition of L, the second inequality is due to the choice of G, and
in the last inequality we choose large enough C1; (93) also implies that

λβI
16G3

≤ λβ∆1

ηG2
=
C2λµ

2∆1η

σ2
g,1G

2
≤ c1C2δ ≤

δ

16
,

where the first equality uses the choice of β, the second inequality is due to the choice of η, and in
the last inequality we choose small enough c1. Thus, we obtain for i = 1, 2 that

Pr(τ = τi ≤ T ) = Pr(τ = τi ≤ T | Ey)Pr(Ey) + Pr(τ = τi ≤ T | Ec
y)Pr(Ec

y)

≤ δ

16

(
1− δ

8

)
+
δ

8
≤ 3δ

16
.

Therefore, we have

Pr(τ ≤ T ) ≤ Pr(τ = τ1 ≤ T ) + Pr(τ = τ2 ≤ T ) ≤ 3δ

8
.

Also, note that by Lemma E.8 we have

I ≥ E

[
τ−1∑
t=1

∥∇Φ(xt)∥2
]

≥ Pr({τ = T + 1} ∩ Ey)E

[
T∑

t=1

∥∇Φ(xt)∥2 | {τ = T + 1} ∩ Ey

]

≥ 1

2
E

[
T∑

t=1

∥∇Φ(xt)∥2 | {τ = T + 1} ∩ Ey

]
,

where the last inequality uses
Pr({τ = T + 1} ∩ Ey) = 1− Pr({τ ≤ T} ∪ Ec

y)

≥ 1− Pr(τ ≤ T )− Pr(Ec
y) ≥ 1− 3δ

8
− δ

8
= 1− δ

2
≥ 1

2
.

Then we obtain

E

[
1

T

T∑
t=1

∥∇Φ(xt)∥2 | {τ = T + 1} ∩ Ey

]
≤ 2I ≤ 32G∆1

ηT
≤ δϵ2

2
, (94)

where the second inequality uses (93), and the last inequality is due to the choice of T . Now we
define Ec to be the event that Algorithm 2 does not converge to ϵ-stationary points:

Ec :=

{
1

T

T∑
t=1

∥∇Φ(xt)∥2 > ϵ2

}
.

By (94) and Markov’s inequality, we have

Pr(Ec | {τ = T + 1} ∩ Ey) ≤
δϵ2

2ϵ2
=
δ

2
.

Then we have
Pr(Ec ∪ {τ ≤ T} ∪ Ec

y) ≤ Pr({τ ≤ T} ∪ Ec
y) + Pr(Ec | {τ = T + 1} ∩ Ey)

≤ Pr({τ ≤ T}) + Pr(Ec
y) + Pr(Ec | {τ = T + 1} ∩ Ey)

≤ 3δ

8
+
δ

8
+
δ

2
= δ,

which yields
Pr(E ∩ {τ = T + 1} ∩ Ey) = 1− Pr(Ec ∪ {τ ≤ T} ∪ Ec

y) ≥ 1− δ.

Therefore, we conclude that with probability at least 1− δ, we have τ = T +1 and ∥∇Φ(xt)∥ ≤ G

for all t ∈ [T ], and 1
T

∑T
t=1 ∥∇Φ(xt)∥2 ≤ ϵ2.
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E.5 PARAMETER CHOICES FOR VR-ADAMBO (THEOREM E.14)

We first list all the relevant parameter choices below for convenience:

G ≥ max

{
4λ, 2σϕ, 4Cϕ,0,

Cϕ,1

L1
,

√
C1∆1L0

CLδ
,
C1∆1L1

CLδ

}
, Cη =

512C3e∆1σϕLG
2

c1λ2δ3/2ϵ3
,

η ≤ c1 ·min

{
rλ

G
,
λ

L
,
λ2δ

∆1L2
,
λ2

√
δϵ

σϕGL

}
, 0 ≤ βsq ≤ 1, β =

C2µ
2η2

σ2
g,1

,

γ =
c2β

µmax{1, ln(Cη)}
, ν =

√
β, I =

1√
β
, T =

C3G∆1

ηδϵ2
, S1 ≥ 1

2β2T
,

T0 ≥ ln

(
µγη2

6∥y0 − y∗0∥2

)/
ln

(
1−

√
µγ

4

)
, N ≥ ln

(
µγη2

6(η + ηlg,1ICm/λµ)2

)/
ln

(
1−

√
µγ

4

)
,

Verification for Lemma E.4. By choices of η, β, ν and I , we have

36l2g,1L
2

λ2µ2

(
η2

ν2
+ η2I2

)
=

72η2l2g,1L
2

λ2µ2β
=

72σ2
g,1l

2
g,1L

2

C2λ2µ4
≤ 1

2
,

where in the last inequality we choose large enough C2.

Verification for Lemma E.8. By choices of η, β, ν and I , we have

32 · 72Gl2g,1L2

λ3µ2

(
η2

ν2
+ η2I2

)
=

32 · 72η2Gl2g,1L2

λ3µ2β
=

32 · 72Gσ2
g,1l

2
g,1L

2

C2λ3µ4
≤ min

{
1

4
,
4G

λ

}
,

where in the last inequality we choose large enough C2.

Verification for Lemmas E.10 and E.12. Similar to Appendix D, we focus on the dominant terms
for each parameter choice when ϵ is sufficiently small. For the remaining cases, the result can be
easily obtained by following the same procedure. Specifically, we consider the case where η is chose
as

η =
c1λ

2
√
δϵ

σϕGL
.

Under event Ey , by Lemma E.10 we have

∥y1 − y∗0∥2 ≤ 3

µγ

(
1−

√
µγ

4

)T0

∥y0 − y∗0∥2 +
4γσ2

g,1

µ
ln

8eT

δ
≤ η2

2
+

4c2βσ
2
g,1

µ2 max{1, ln(Cη)}
ln(Cη)

=
η2

2
+

4c2C2η
2

ln(Cη)
ln(Cη) ≤

η2

2
+
η2

2
= η2,

where the second inequality uses the choices of T0 and γ, the third inequality is due to the choice of
β, and in the last inequality we choose small enough c2.

Under event Ey , by Lemma E.12, for k ≥ 1 we have

∥ykI+1 − y∗kI∥2 ≤ 3

µγ

(
1−

√
µγ

4

)N

∥ykI − y∗kI∥2 +
4γσ2

g,1

µ
ln

8eT

δ

≤ 3

µγ

(
1−

√
µγ

4

)N (
η +

ηlg,1I

λµ
Cm

)2

+
η2

2
≤ η2

2
+
η2

2
= η2,

where the third inequality uses the choice of N .
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Verification for ∥ŷt − y∗t ∥ ≤ ϱ̂ ≤ min{r, 1/4L1}. First, by choices of η, ν and I , we have

ηlg,1L

λµ

(
1− ν

ν
+ I

)
≤ lg,1L

λµ

(η
ν
+ ηI

)
=

2ηlg,1L

λµ
√
β

≤ 2σg,1lg,1L√
C2λµ2

≤ 1

2
,

where in the last inequality we choose large enough C2. Under event Ey , by Lemma E.12 we have

∥ŷt − y∗t ∥ ≤ ϱ̂

=

(
∥ŷ1 − y∗0∥+ η +

ηlg,1
λµ

(
1− ν

ν
+ I

)(
2G+

lg,1lf,0
µ

))/(
1− ηlg,1L

λµ

(
1− ν

ν
+ I

))
≤ 2

(
2η +

ηlg,1
λµ

(
1− ν

ν
+ I

)(
2G+

lg,1lf,0
µ

))
≤ 2

(
2c1rλ

G
+

2σg,1lg,1L√
C2λµ2

(
2G+

lg,1lf,0
µ

))
≤ min

{
r,

1

4L1

}
,

where the second inequality uses ∥ŷ1 − y∗0∥ ≤ η, the third inequality is due to the choices of η, ν
and I , and in the last inequality we choose small enough c1 and large enough C2. Therefore, we
also have

Cm = 2G+
lg,1lf,0
µ

+ Lϱ̂ ≤ 2G+
lg,1lf,0
µ

+ Lr.

Verification for Lemma E.7. By choices of η, β, ν and I , we have

48L2

(
ν2 +

λβ

400G

)
·
72l2g,1L

2

λ2µ2

(
η2

ν2
+ η2I2

)
=

48 · 144σ2
g,1l

2
g,1L

4

C2λ2µ4

(
1 +

λ

400G

)
β ≤ λβ

64G
,

where in the last inequality we choose large enough C2. We also have

24ν2L2 ·
8η2l2g,1I

2

λ2µ2

(
1 +

72l2g,1L
2

λ2µ2

(
η2

ν2
+ η2I2

))
≤

192σ2
g,1l

2
g,1L

2

C2λ2µ4

(
1 +

72σ2
g,1l

2
g,1L

2

C2λ2µ4

)
β ≤ λβ

64G
,

where in the last inequality we choose large enough C2. In addition, under event Ey , we have

((
1 +

νlg,1
µ

)
η

λ
+
νηlg,1I

λµ

)
max
t≤T

∥mt∥+ ν(ϱmax + ϱ̂max)

≤
(
1

λ
+

2lg,1
λµ

)
Cmη +

√
β(η + ϱ)

≤
(
1

λ
+

2lg,1
λµ

)(
2G+

lg,1lf,0
µ

+ Lr

)
η +

√
C2µη

σg,1

(
1 +

c1λ

G

)
r

≤
(
1

λ
+

2lg,1
λµ

)(
2G+

lg,1lf,0
µ

+ Lr

)
c1λ

L
+
c1
√
C2µλ

σg,1L

(
1 +

c1λ

G

)
r ≤ r,

where the first inequality uses Lemmas E.10 and E.12 such that maxt≤T ∥mt∥ ≤ Cm, ϱmax ≤ η
and ϱ̂max ≤ ϱ̂; the second inequality is due to the choices of η and β, and ϱ̂ ≤ r; and in the last
inequality we use the choice of η again and choose small enough c1.
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Verification for Theorem E.14. Under event Ey , by Lemma E.8 we have
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where the first inequality uses the choice of Q and the fact that under event Ey , ϱmax ≤ η by
Lemma E.10, and in the last inequality we plug in the choices of β, η, ν, I, T and choose small
enough c1, c2 and large enough C1, C2 to obtain the final bound for I.

F MORE EXPERIMENTAL DETAILS

F.1 RNN RESULTS ON AUC MAXIMIZATION

The results with RNNs for both training and testing over 25 epochs are presented in Figure 3 (a) and
(b), while the corresponding running times are shown in Figure 3 (c) and (d). Our proposed Adam-
type algorithms, AdamBO and VR-AdamBO, show the faster convergence rate and significantly
outperform other baselines during training process.

F.2 HYERPARAMETER SETTINGS FOR DEEP AUC MAXMIZATION

We tune the best hyperparameters for each algorithm, including upper-/lower-level step size, the
number of inner loops, momentum parameters, etc. The upper-level learning rate η and the lower-
level learning rate γ are tuned in a wide range of [1.0×10−6, 0.1] for all the baselines on experiments
of AUC maximization.

AUC maximization on transformer. The best learning rates (η, γ) are summarized as fol-
lows: Stocbio: (0.005, 0.0001), TTSA: (0.0005, 0.001), SABA: (0.001, 0.005), MA-SOBA:
(0.0005, 0.005), SUSTAIN: (0.005, 0.001), VRBO: (0.005, 0.0005), BO-REP: (0.0001, 0.0001),
SLIP: (0.0001, 0.001), AccBO: (0.0005, 0.0001), AdamBO: (5.0 × 10−6, 0.005), VR-AdamBO:
(5.0 × 10−6, 0.005). Note that SUSTAIN decays its upper-/lower-level step size with epoch (t) by
η = η/(t+ 2)1/3, ηlow = γ/(t+ 2)1/3. Other algorithms use a constant learning rate.

AUC maximization on RNN. The best learning rates (η, γ) are summarized as follows:
StocBio: (0.01, 0.001), TTSA: (0.005, 0.01), SABA: (0.01, 0.005), MA-SOBA: (0.01, 0.005),
SUSTAIN: (0.03, 0.01), VRBO: (0.05, 0.01), BO-REP: (0.001, 0.001), SLIP: (0.001, 0.001), Ac-
cBO: (0.005, 0.005), AdamBO: (1.0× 10−5, 0.001), VR-AdamBO: (1.0× 10−5, 0.001).

Other hyper-parameter settings are summarized as follows. The steps for neumann series estimation
in StocBiO, VRBO, AdamBO, and VR-AdamBO is set to 3, while it is uniformly sampled from
{1, 2, 3} in TTSA, SUSTAIN, and AccBO. AccBO and VR-AdamBO use the Nesterov accelerated
gradient descent for lower-level update, the momentum parameter α = 0.5 for AccBO and α = 0.1
for VR-AdamBO, the averaging parameter ν = 0.5 for AccBO and ν = 0.1 for VR-AdamBO.
The batch size is set to 32 for all algorithms except VRBO, which uses a larger batch size of 64
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Figure 3: RNN for AUC maximization on Sentiment140 dataset with imbalance ratio of 0.8. Figures
(a), (b) are the results over epochs, Figures (c), (d) are the results over running time.

(tuned in the range of {32, 64, 128, 256, 512}) at the checkpoint (snapshot) step and 32 otherwise.
The momentum parameter β = 0.1 is fixed in SLIP, AccBO, MA-SOBA, BO-REP, AdamBO and
VR-AdamBO, and βsq = 0.001 in AdamBO and VR-AdamBO . The warm start steps for the lower
level variable in BO-REP, SLIP, AccBO, AdamBO and VR-AdamBO are set to 3. The number of
inner loops for StocBio is set to 3. BO-REP uses the periodic updates for low-level variable, and
sets the iterations N = 3 and the update interval I = 2. The hyperparameter λ in the Adam update
is fixed as 1.0× 10−8 in AdamBO and VR-AdamBO.

F.3 HYERPARAMETER SETTINGS FOR HYPER-REPRESENTATION

The upper-level learning rate η and the lower-level learning rate γ are tuned in a range of [1.0 ×
10−4, 0.1] for all the baselines. The optimal learning rate pairs are listed as follows, (0.01, 0.01) for
MAML, (0.01, 0.05) for ANIL, (0.01, 0.01) for StocBio, (0.02, 0.05) for TTSA, (0.01, 0.05) for
SABA, (0.05, 0.05) for MA-SOBA, and (0.1, 0.05) for both BO-REP and SLIP, (1.0× 10−4, 1.0×
10−3) for AdamBO.

Other hyper-parameter settings are summarized as follows. The steps for neumann series estima-
tion in StocBiO, AdamBO is set to 3, while it is uniformly sampled from {1, 2, 3} in TTSA. The
momentum parameter β = 0.1 is fixed in SLIP, MA-SOBA, BO-REP, AdamBO, and βsq = 0.001
in AdamBO. The warm start steps for the lower level variable in BO-REP, SLIP, AdamBO are set
to 3. The number of inner loops for StocBio is set to 3. BO-REP uses the periodic update for the
low-level variable, and sets the iterations N = 3 and the update interval I = 2. The hyperparameter
λ in the Adam update is fixed as 1.0× 10−8 in AdamBO and VR-AdamBO.

G COMPARISON TABLES

Assumption G.1. Consider the following smoothness assumptions:

(A) The objective function is L-smooth.

(B) The objective function is (L0, L1)-smooth (Zhang et al., 2020a, Definition 1.1, Remark 2.3).

(C) The objective function is (ρ, L0, Lρ)-smooth with 0 ≤ ρ < 2 (Li et al., 2023a, Definition 3.2).

The above assumptions satisfy: Assumption G.1(A) =⇒ Assumption G.1(B) =⇒ Assumption G.1(C).
In other words, Assumption G.1(A) is the strongest, and Assumption G.1(C) is the weakest.

Assumption G.2. The (stochastic) gradient norm of the objective function is (almost surely)
bounded.

Assumption G.3. Suppose the following stochastic estimators are unbiased and satisfy:

Eξ∼Df
[∥∇xF (x, y; ξ)−∇xf(x, y)∥2] ≤ σ2

f,1, Eξ∼Df
[∥∇yF (x, y; ξ)−∇yf(x, y)∥2] ≤ σ2

f,1,

Pr{∥∇yG(x, y; ξ)−∇yg(x, y)∥ ≥ λ} ≤ 2 exp(−2λ2/σ2
g,1) ∀λ > 0,

Eζ∼Dg [∥∇2
xyG(x, y; ζ)−∇2

xyg(x, y)∥2] ≤ σ2
g,2, Eζ∼Dg

[∥∇2
yyG(x, y; ζ)−∇2

yyg(x, y)∥2] ≤ σ2
g,2.
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Table 1: Comparison of Adam-related papers under different settings and assumptions. ✓✗ represents
dropping the bias correction term for the first-order momentum while keeping it for the second-order
momentum. d denotes the dimension. Only the key assumptions are listed here.

Adam Paper Problem Stochastic Setting Assumptions Bias Correction Complexity

De et al. (2018) Single-Level Deterministic G.1(A) + G.2 ✗ O(ϵ−6)

Défossez et al. (2020) Single-Level Stochastic (Expectation) G.1(A) + G.2 ✓✗ Õ(dϵ−4)

Guo et al. (2021b) Single-Level Stochastic (Expectation) G.1(A) + G.2 2 ✗ O(ϵ−4)

Zhang et al. (2022) Single-Level Stochastic (Finite Sum) G.1(A) ✓ (Randomly Reshuffled) Not Converge 3

Wang et al. (2022) Single-Level Stochastic (Finite Sum) G.1(B) ✗ (Randomly Reshuffled) Not Converge

Li et al. (2023a) Single-Level Stochastic (Expectation) G.1(C) ✓ O(ϵ−4)

AdamBO
(This work, Theorem 4.1) Bilevel Stochastic (Expectation) G.1(B) 4 ✓ Õ(ϵ−4)

Variance-Reduced Adam Paper Problem Stochastic Setting Assumptions Bias Correction Complexity
VR ADAM (Wang & Klabjan, 2022) Single-Level Stochastic (Expectation) G.1(A) + G.2 ✓ (Resetting) Asymptotic Convergence

VRAdam (Li et al., 2023a) Single-Level Stochastic (Expectation) G.1(C) ✓✗ O(ϵ−3)

VR-AdamBO
(This work, Theorem 5.1) Bilevel Stochastic (Expectation) G.1(B) ✓✗ Õ(ϵ−3)

Table 2: Comparison of bilevel optimization algorithms under the unbounded smoothness setting.
Method Problem Stochastic Setting Loop Style Assumptions Adam-Type Learning Rate η Complexity

BO-REP (Hao et al., 2024) Bilevel Stochastic (Expectation) Double Assumptions 3.2 and G.3 ✗ O(ϵ3) Õ(ϵ−4)

SLIP (Gong et al., 2024a) Bilevel Stochastic (Expectation) Single Assumptions 3.2 and G.3 ✗ Θ̃(ϵ3) Õ(ϵ−4)

AdamBO
(This work, Theorem 4.1) Bilevel Stochastic (Expectation) Single Assumptions 3.2 to 3.4 ✓ Θ̃(ϵ2) Õ(ϵ−4)

Method (Variance-Reduction) Problem Stochastic Setting Loop Style Assumptions Adam-Type Learning Rate η Complexity

AccBO (Gong et al., 2024b) Bilevel Stochastic (Expectation) Double 5 Assumptions 3.2, 3.5 and G.3 ✗ Θ̃(ϵ2) Õ(ϵ−3)

VR-AdamBO
(This work, Theorem 5.1) Bilevel Stochastic (Expectation) Double Assumptions 3.2, 3.3 and 3.5 ✓ O(ϵ) Õ(ϵ−3)

H ADDITIONAL EXPERIMENTS

H.1 META-LEARNING ON BERT

We have conducted meta-learning experiments on a larger language model, specifically an 8-layer
BERT (Devlin et al., 2018) model. The experiments are performed on a widely-used question clas-
sification dataset TREC (Li & Roth, 2002), which contains 6 coarse-grained categories. To evaluate
our approach on meta-learning, we construct K = 500 meta tasks, where the training data Dtr

i and
validation data Dval

i for the i-th task are randomly sampled from two disjoint categories, with 5
examples per category. A BERT model, with 8 self-attention layers and a fully-connected layer, is
used in our experiment. The self-attention layers serve as representation layers (with their param-
eters treated as upper-level variables) and the fully-connected layer (with its parameters treated as
lower-level variables) serves as an adapter, where each self-attention layer consists of 8 self-attention
heads with the hidden size being 768. The fully-connected layer acts as a classifier, with the input
dimension of 768 and the output dimension of 6 (corresponding to the 6 categories). Our bilevel
optimization algorithm trains the representation layers and the adapter on the meta tasks (Dtr and
Dval) from scratch, and then evaluate it on the test set Dte. During the evaluation phase, we fix
the parameters of representation layers and just fine-tune the adapters. We train the models for 20
epochs and compare it with other bilevel optimization baseline algorithms. The training and testing
comparison results are presented in Figure 4. As shown, the proposed algorithm AdamBO achieves
fast convergence to the best training and test results among all baselines.

The best upper-level learning rate η and lower-level learning rate γ for all baselines are tuned. The
detailed settings are summarized as following:

2(Guo et al., 2021b, Assumption 2) can be implied by Assumption G.2, although it is weaker.
3Adam can converge with an additional strong growth condition (Zhang et al., 2022; Wang et al., 2022).
4Under Assumption 3.2, the objective function Φ is (L0, L1)-smooth, see Lemma B.10 for details.
5The single-loop version (Option I) of AccBO (Gong et al., 2024b) only works for one-dimensional

quadratic lower-level function.
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Figure 4: Comparison with bilevel optimization baselines on hyper-representation. The experiment
is performed on a large language model BERT, which contains 8 transformer encoder layers acting
as the representation layers and a fully-connected layer acting as the adapter.
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(b) Transformer on AUC maximization
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Figure 5: Test accuracy of different models on AUC maximization and hyper-representaion using
AdamBO with β = 0.1, βsq = 0.001 and different λs. (a) a 2-layer RNN model on AUC maximiza-
tion (data imbalanced ratio = 0.8); (b) a 2-layer Transformer model on AUC maximization (data
imbalanced ratio = 0.9); (c) an 8-layer BERT model on hyper-representation.

The upper-level learning rate η and the lower-level learning rate γ are tuned in a range of [1.0 ×
10−4, 0.1] for all the baselines. The optimal learning rate pairs (η, γ) are, (0.01, 0.001) for MAML,
(0.01, 0.02) for ANIL, (0.01, 0.002) for StocBio, (0.01, 0.001) for TTSA, (0.01, 0.01) for SABA,
(0.01, 0.01) for MA-SOBA, and (0.1, 0.05) for both BO-REP and SLIP, (1.0 × 10−4, 5.0 × 10−3)
for AdamBO. Please refer to our code https://anonymous.4open.science/r/AdamBO
for more experimental details.

H.2 SENSITIVITY TO THE CHOICE OF λ

In addition, we have conducted additional experiments in Figure 5 to show the empirical perfor-
mance of our algorithm is not very sensitive to the choice of λ. Although the default choice of λ is
10−8 (Kingma & Ba, 2014), increasing it up to 10−4 only causes minor differences in AUC maxi-
mization, and increasing it up to 10−3 leads to minor changes in hyper-representation performance
with BERT (Devlin et al., 2018).

I PROOF SKETCH FOR VR-ADAMBO (THEOREM 5.1)

For VR-AdamBO, we provide a more detailed proof sketch here due to space constraints in the main
text. In particular, we present two main challenges and outline the proof roadmap to address them.

Challenge 1: VR-AdamBO vs. VRAdam (Li et al., 2023a). The analysis of VRAdam in the
single-level generalized smooth optimization setting (Li et al., 2023a) is not directly applicable to
bilevel problems. This is because the hypergradient estimator in bilevel optimization may have a
non-negligible bias due to inaccurate estimation of the lower-level variable, whereas the single-level
analysis in (Li et al., 2023a) does not need to account for this issue. To control the lower-level
estimation error, we leverage the lower-level acceleration technique (Gong et al., 2024b) with peri-
odic updates and averaging. While we largely adopt the framework of VRAdam for the upper-level
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analysis, the main distinction lies in our incorporation of the hypergradient bias—arising from inac-
curate estimates of the optimal lower-level variable at each iteration—into the upper-level analysis.
This is detailed in Lemmas E.5 to E.8 of our paper, which correspond to Lemmas D.4, D.6, D.7, and
D.8 in (Li et al., 2023a), respectively.

Challenge 2: VR-AdamBO vs. AccBO (Gong et al., 2024b). Although both VR-AdamBO and
AccBO Gong et al. (2024b) use the same lower-level update (periodic SNAG with averaging) and
adopt the same variance reduction technique STORM (Cutkosky & Orabona, 2019) for the first-
order momentum update, the key difference between these two algorithms lies in the upper-level
update: AccBO uses normalized SGD with momentum, while VR-AdamBO employs VRAdam.
This distinction leads to significantly different theoretical analyses for VR-AdamBO and AccBO. In
particular, for VR-AdamBO, we introduce a novel stopping time approach in the context of bilevel
optimization (see equation (7) in Section 5.3), building on the VR-Adam analysis Li et al. (2023a).
Base on the definition of stopping time τ , we develop a new induction argument (i.e., Lemmas E.10
to E.12) to show that under t < τ and some good event Ey (see Lemma E.10 for definition), both
∥ŷt−y∗t ∥ and ∥mt∥ are bounded. We then show the averaged lower-level error is small (see Lemma
E.4) under the parameter choices in Theorem 5.1, which shares an similar spirit as Lemma 4.6 for
AdamBO. Combining the aforementioned lemmas with the upper-level analysis mentioned above in
Challenge 1 (i.e., Lemmas E.5 to E.8), we can obtain the improved Õ(ϵ−3) complexity result.
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