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ABSTRACT

In many learning problems, the training and testing data follow different distri-
butions and a particularly common situation is the covariate shift. To correct for
sampling biases, most approaches, including the popular kernel mean matching
(KMM), focus on estimating the importance weights between the two distribu-
tions. Reweighting-based methods, however, are exposed to high variance when
the distributional discrepancy is large. On the other hand, the alternate approach
of using nonparametric regression (NR) incurs high bias when the training size is
limited. In this paper, we propose and analyze a new estimator that systematically
integrates the residuals of NR with KMM reweighting, based on a control-variate
perspective. The proposed estimator is shown to either outperform or match the
best-known existing rates for both KMM and NR, and thus is a robust combination
of both estimators. The experiments shows our estimator works well in practice.

1 INTRODUCTION

Traditional machine learning implicitly assumes training and test data are drawn from the same
distribution. However, mismatches between training and test distributions occur frequently in reality.
For example, in clinical trials the patients used for prognostic factor identification may not come
from the target population due to sample selection bias (Huang et al.[(2007); (Gretton et al.| (2009));
incoming signals used for natural language and image processing, bioinformatics or econometric
analyses change in distribution over time and seasonality (Sugiyama et al. (2007); Jiang & Zhai
(2007); |Quionero-Candela et al.| (2009); Tzeng et al.[ (2017); |Borgwardt et al.| (2006); |[Heckman
(1979); [Zadrozny| (2004)); patterns for engineering controls fluctuate due to the non-stationarity of
environments (Sugiyama & Kawanabel|(2012); [Hachiya et al.| (2008)).

Many such problems are investigated under the covariate shift assumption (Shimodairal (2000)).
Namely, in a supervised learning setting with covariate X and label Y, the marginal distribution
of X in the training set Py,.(x), shifts away from the marginal distribution of the test set Pj.(x),
while the conditional distribution P(y|z) remains invariant in both sets. Because test labels are
either too costly to obtain or unobserved, it could be uneconomical or impossible to build predictive
models only on the test set. In this case, one is obliged to utilize the invariance of conditional
probability to adapt or transfer knowledge from the training set, termed as transfer learning (Pan &
Yang|(2009)) or domain adaptation (Jiang & Zhai (2007); Blitzer et al.|(2006)). Intuitively, to correct
for covariate shift (i.e., cancel the bias from the training set), one can reweight the training data by
assigning more weights to observations where the test data locate more often. Indeed, the key to
many approaches addressing covariate shift is the estimation of importance sampling weights, or
the Radon-Nikodym derivative (RND) of d Py, /d Py, between Py, and P, (Sugiyama et al.[(2008a);
Bickel et al.| (2007); [Kanamori et al.| (2012); |Cortes et al.| (2008)); |Yao & Doretto| (2010); Pardoe
& Stonel (2010); |Scholkopf et al.| (2002); |Quionero-Candela et al.| (2009); [Sugiyama & Kawanabe
(2012)). Among them is the popular kernel mean matching (KMM) (Huang et al.| (2007); |Quionero-
Candela et al.|(2009)), which estimates the importance weights by matching means in a reproducing
kernel Hilbert space (RKHS) and can be implemented efficiently by quadratic programming (QP).

Despite the demonstrated efficiency in many covariate shift problems (Sugiyama et al.| (2008al);
Quionero-Candela et al.| (2009)); (Gretton et al.| (2009)), KMM can suffer from high variance, due to
several reasons. The first one regards the RKHS assumption. As pointed out in |Yu & Szepesvari
(2012), under a more realistic assumption from learning theory (Cucker & Zhou(2007)), when the
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true regression function does not lie in the RKHS but a general range space indexed by a smoothness
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parameter § > 0, KMM degrades to sub-canonical rate O(n,, Ny °**) from the parametric
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rate O(n,,.2 +n,,2 ). Second, if the discrepancy between the training and testing distributions is large
(e.g., test samples concentrate on regions where few training samples are located), the RND becomes
unstable and leads to high resulting variance (Blanchet & Lam|(2012)), partially due to a induced
sparsity as most weights shrink towards zero while the non-zero ones surge to huge values. This is
an intrinsic challenge for reweighting methods that occurs even if the RND is known in closed-form.
One way to bypass it is to identify model misspecification (Wen et al.|(2014)), but as mentioned in
Sugiyama et al.| (2008b)), the cross-validation for model selection needed in many related methods
often requires the importance weights to cancel biases and the necessity for reweighting remains.

In this paper we propose a method to reduce the variance of KMM in covariate shift problems. Our
method relies on an estimated regression function and the application of the importance weighting on
the residuals of the regression. Intuitively, these residuals have smaller magnitudes than the original
loss values, and the resulting reweighted estimator thus becomes less sensitive to the variances of
weights. Then, we cancel the bias incurred by the use of residuals by judiciously compensation
through the estimated regression function evaluated on the test set.

We specialize our method by using a nonparametric regression (NR) function constructed from reg-

ularized least square in RKHS (Cucker & Zhou|(2007); Smale & Zhou|(2007); Sun & Wu/(2009)),

also known as the Tikhonov regularized learning algorithm (Evgeniou et al.|(2000)). We show that
[’ 2]

our new estimator achieves the rate O(n,,.>*"* + n,,****), which is superior to the best-known rate
of KMM in Yu & Szepesvari| (2012)), with the same computational complexity of KMM. Although
the gap to the parametric rate is yet to be closed, the new estimator certainly seems to be a step
towards the right direction. To put into perspective, we also compare with an alternate approach in
Yu & Szepesvari| (2012)) which constructs a NR function using the training set and then predicts by
evaluating on the test set. Such an approach leads to a better dependence on the test size but worse
dependence on the training size than KMM. Our estimator, which can be viewed as an ensemble of
KMM and NR, achieves a convergence rate that is either superior or matches both of these methods,
thus in a sense robust against both estimators. In fact, we show our estimator can be motivated
both from a variance reduction perspective on KMM using control variates (Nelson| (1990); |(Glynn
& Szechtman| (2002))) and a bias reduction perspective on NR.

Another noticable feature of the new estimator relates to data aggregation in empirical risk mini-
mization (ERM). Specifically, when KMM is applied in learning algorithms or ERMs, the resulting
optimal solution is typically a finite-dimensional span of the training data mapped into feature space
(Scholkopf et al.[(2001))). The optimal solution of our estimator, on the other hand, depends on both
the training and testing data, thus highlighting a different and more efficient information leveraging
that utilizes both data sets simultaneously.

The paper is organized as follows. Section 2 reviews the background on KMM and NR that motivates
our estimator. Section 3 presents the details of our estimator and studies its convergence property.
Section 4 generalizes our method to ERM. Section 5 demonstrates experimental results.

2 BACKGROUND AND MOTIVATION

2.1 ASSUMPTIONS

Denote P, to be the probability measure for training variables X" and P, for test variables X,
Assumption 1. P;,.(dy|x) = Pi.(dy|x).

Assumption 2. The Radon-Nikodym derivative 3(x) = % (z) exists and is bounded by B < cc.

Assumption 3. The covariate space X is compact and the label space Y C [0,1]. Furthermore,
there exists a kernel K(-,-) : X x X — R which induces a RKHS H and a canonical feature map
D(-): X = H such that K (x,x') = (O(x), P(x'))y and ||P(x)|| < Rfor some 0 < R < 0.

In particular, Assumption [I]is the covariate shift assumption which states the conditional distribu-
tions P(dy|x) remains invariant while the marginal P;,.(x) and Pj.(x) shift. Assumptions [2[and
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[3 are common for establishing theoretical results. Specifically, Assumption [2] can be satisfied by
restricting the support of P;. and P.. on a compact set, although B could be potentially large.

2.2 PROBLEM SETUP AND EXISTING APPROACHES

Given n,. labelled training data {(x!", y%") }j; and n. unlabelled test data {z{°};* (i.e., {y{°};"9
are unavailable), the goal is to estlmate v = ]E[Yte}. The KMM estimator (Huang et al.| (2007);
Gretton et al.| (2009)) is Vkyn = 5~ Zn” (x%")ys", where 3(x!") are solutions of a QP that

attempts to match the means of training and test sets in the feature space using weights ,3 :

mjn {A A N Hizyﬁj = te |’H} S.t.OﬁBjSB,VISjSTltr.
B

1
Notice we write 3; as B(x}") in Vieprar informally to highlight 3; as estimates of 3(x"). The
fact that (I is a QP can be verified by the kernel trick, as in |Gretton et al.| (2009). Define matrix
K;; = K( fr ") and k; = 3 K( x!¢), optimization (1)) is equivalent to

min BTKﬁ kT3 st 0<B; <BV1<j<n,. 2)
B

ntr t'r‘

In practice, a constraint ’% Z"” BJ — 1‘ < e for a tolerance € > 0 is included to regularize the B
towards the RND. As in|Yu & Szepesvan (2012) we omit them to simplify analysis. On the other
hand, the NR estimator Vyg = - > ;" g(x;°) is based on §(-), some estimate of the regression

function g(x) £ E[Y |x]. Notice the conditional expectation is taken regardless of  ~ P, or P,.
Here, we consider a §(-) that is estimated nonparametrically by regularized least square in RKHS:

G dota() = argmin {— S"(f(27) = yi")? + |1 FIZ )} 3)

fer M

where 7 is a regularization term to be chosen and the subscript data represents {( 4 y ")}ty Us-
ing the kernel trick and the representation theorem (Scholkopf et al.| (2001)), optlmlzatlon problem

(3) can be solved in closed form with g, gata(2) = >_52, "/ K (2}, ) where

o’ = (K -+ f}/I) 1 tr and ytr = [yira ayfr:] (4)

2.3 MOTIVATION

Depending on properties of ¢(-),|Yu & Szepesvari| (2012) proves different rates of KMM. The most

notable case is when g §é ’H but rather g(-) € Range(T”“) where T is the integral operator
(T (@) = [, K () Pir(dz) on Z3, . In this case, Yu & Szepesvari| (2012) characterize
g with the appr0x1mat10n error

As(g, F) & inf — <CF_%7 5
209, F) = inf llg = flleg, < (5

and the rates of KMM drops to sub-canonical |V arar — v| = (ntr(”“) + te(”“) ), as opposed

to (Q(n;,l + n;l ) when g € H. As shown in Lemma and Theorem 4 1 of Cucker & Zhou|(2007)),
is almost equlvalent tog(-) € Range(T2er4 ):g(v) € Range(’T”“) implies l) while (5 leads

to g(-) € Rcmge(Tz@+4 ) for any € > 0. We will adopt the characterization g(-) € Range(T”“)
as our analysis is based on related learning theory estimates.

Correspondingly, the convergence rate for VNgr when g(-) € Range(Tz”+4 ) is also shown in|Yu &

m)

Szepesviri (2012) as |Vy g — v| = (nte +ny, with g taken as . dq1 in (3) and -y chosen
optimally. The rate of Vi sy is usually better than Viyr due to labelling cost (i.e. ny. < nge).
However, in practice the performance of Vi yrpr is not always better than Vv g. This could be par-
tially explained by the hidden dependence of Vi s on potentially large B, but more importantly,
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without variance reduction, KMM is subject to the negative effects of unstable importance sampling
weights (i.e. the B). On the other hand, the training of § requires labels hence can only be done
on training set. Consequently, without reweighting, when estimating the test quantity v, the rate of
Vg suffers from the bias.

This motivates the search for a robust estimator which does not require prior knowledge on the
performance of Vi arar or Vg and can, through a combination, reach or even surpass the best per-
formance among both. For simplicity, we use the mean squared error (MSE) criteria MSE(V) =
Var(V') + (Bias(V))? and assume an additive model Y = g(X)+& where & ~ N(0, 02) is indepen-
dent with X and other errors. Under this framework, we motivate a remedy from two perspectives:

Variance reduction for KMM: Consider an idealized KMM with Vi 2 W Z”“ B ( )

with (3(-) being the true RND. Since E[3(X')Y!"| = Epop, (B(x)g9(x)) = Eqpop,, [g(:c)] =v,
Vi m v 1s unbiased and the only source of MSE becomes the variance. It then follows from standard
control variates that, given an estimator V' and a zero-mean random variable W, we can set t* =

% and use V —t*W to obtain min; Var(V — tW) = (1—corr?(V, W))Var(V) < Var(V) with-

out altering the mean of V. Thus we can use W = 13" S(af")(g(z")) — 7= 250 (i)

Nte

with t* = Cov(Vr mn, W)

V(W) To calculate ¢*, suppose X*¢ and X'" are independent, then

Cov(Viearar, W) =——Cov(B(X™)Y™", B(X™)3(X""))

:nl Cov(B(X™)g(X™), B(XT)g(X™)) ~ nl Var(B(X')g(X™)),

if g is close enough to g. On the other hand, in the usual case where ny > 1y,

Var(W) = ——Var(B(X"")§(X"")) + —Var(3(X"*)) ~ ——Var(8(X')§(X").

Nty Nte Nir

Thus, ¢* ~ 1 which gives our estimator Vi = -1 3" A7) (yi" — g(2}")) + 7= Yo7 g(ale).

Bias reduction for NR: Consider the NR estimator Vi = % St g(@i®). Assuming again the
common case where ng > ny, we have Var(Vypg) = ﬁ ar(g(X %)) ~ 0, and thus the main
source of MSE is the bias E, p,_ [g(x) — §(x)]. If weadd W = nlt > Ba) )(yj —g(axh )) to

Vi r, we eliminate the bias which gives Vg = 1= 31" B(a!") (v — g(=")) + = Q( °).

3 ROBUST ESTIMATOR

We construct a new estimator Vy(p) that can be demonstrated to perform robustly against
both the KMM and NR estimators discussed above. In our construction, we split the train-
ing set with a proportion 0 < p < 1, ie., divide { X", Y }4ota = {(x ]’,yj )}t into
{(Xane Yiuarkdata = @5y B and (X0 Yifrhaara & @002, o
Then we use {XKMM, XY gata 2 {{w”}Lp””J {a!°}™< ) to solve for the weight 3 in (1) and

use { X, Yi s Y data to train an NR function g(-) = g%dam( ) for some ~y as in . Finally, we
define our estimator Vr(p) as

Loner ] Nte
A 1 A r r ~ r ~ e
Valp) & o ; By — 9] >)+me;g<m§ ) (©6)

First, we remark the parameter p controlling the splitting of data serves mainly for theoretical consid-
erations. In practice, the data can be used for both purposes simultaneously. Second, as mentioned,
many ¢ other than (3) could be considered for control variate. However, aside from the availability
of closed-form expressions @), J,data 15 connected to the learning theory estimates Cucker & Zhou
(2007). Thus, for establishing a theoretical bound, we focus on § = g dqtq for now.

Our main result is the convergence analysis with respect to ny,. and ny. which rigorously justified
the previous intuition. In particular, we show that Vg either surpasses or achieves the better rate
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between Vi pr s and Viyg. In all theorems that follow, the Big-O notations can be interpreted either
as 1 — § high probability bound or a bound on expectation The proofs are left in the Appendix.

Theorem 1. UnderAssumptions ifg € Rcmge(TQ”+4 ), the convergence rate of Vr(p) satisfies
o
‘VR(p) - V| = (ntr26+2 + nteze+2)a (7)

. N . . _o+42 .
when § is taken to be gy qatq In (@) withy =n" 91 and n £ min(nyy, Nte)-

Corollary 1. Under the same setting of theorem! if we choose v = n™', we have
__o
|VR(p) - V| = (ntT 29+4 + nt€29+4) (8)
and if we choose v = n{rl,
0 _1
Vr(p) — vl = O(ny, ™ + ny.”). ©)

We remark several 1mp11cat10ns Flrst although not achieving canonical, (7)) is an 1mpr0vement over

the best-known O(ntr(”“) + nte(29+4)) rate of Vi arar when g € Range(TzH“) especially for
small 0, suggesting that Vz is more suitable than Vi sr when g is irregular. Indeed, 6 is a smooth—

ness parameter that measures the regularity of g. When 0 increases, functions in Range(T29+4)

get smoother and Range(T”’-’“) C Range(’T%“) for 0 < 61 < 2, with the limiting case that

0 — oo — 1/2 and Range(T, K) C H (i.e. g € H) for universal kernels by Mercer’s theorem.

’ 29+4

Second, as in Theorem 4 of |Yu & Szepesvari|(2012), the optimal tuning of -y that leads to (7)) depends
on the unknown parameter 6, which may not be adaptive in practice. However, if one simply choose
~ = n~1, Vg still achieves a rate no worse than Vi pras as depicted in .

_1 — -
Third, also in Theorem 4 of [Yu & Szepesvari|(2012), the rate of Vy g is O(n,.? + n,,**'°) when

g e Range(T”+4 ), which is better on n;. but not n,.. Since usually ny,. < 1y, the rate of Vi s s
59+8

generally excels. Indeed, in this case the rate of Viy R beats Vi prar only if limy, o0 nie 7 /ng — 0.
However, if so, VR can still achieve O(n,. e +n,,2 ) rate in (9) which is better than Viy g, by simply
taking v = ntr , 1.e., regularizing the training process more when the test set is small. Moreover, as

_1 _1
0 — oo, our estimator Vy recovers the canonical rate n,..2 as opposed ton,.* in Vyg.
tr tr

Thus, in summary, when g € Range(’Tz““) our estimator Vg outperforms both Vi pspr and Viy g
across the relative sizes of ny, and n... The outperformance over Vi s is strict when « is chosen
dependent on 6, and the performance is matched when -y is chosen robustly without knowledge of 6.

For completeness, we consider two other characterizations of g discussed in|Yu & Szepesvari (2012):
one is g € H and the other is A (g, F) £ inf|,,<r lg — f| < C(log F)~* for some C, s > 0
(e.g., g € H*(X) with K(-,-) being the Gaussian kernel, where H? is the Sobolev space with
integer s). The two assumptions are, in a sense, more extreme (being optimistic or pessimistic). The
next two results show that the rates of V in these situations match the existing ones for Vi arar (the
rates for Viy i are not discussed in|Yu & Szepesvari|(2012) under these assumptions).

Proposition1 1. Uncller Assumptions[I{3] if g € H, the convergence rate of Vi (p) satisfies |Vr(p) —
v| = O(n,,? +ny?), when § is taken to be g data fory > 0 in

Proposition 2. Under Assumptions if Ass(g, F) & inf) ¢),,<r llg — fIl < C(log F)=* for
some C, s > 0, the convergence rate of Vr(p) satisfies |Vgr(p) —v| = O (10g7S %), when §
is taken to be , data for v > 0 in (6).

4 EMPIRICAL RISK MINIMIZATION

The robust estimator can handle empirical risk minimization (ERM). Given loss function I’ (x, y; 6) :
X x R — R given 0 in D, we optimize over mingep E[l'(X*®,Y*¢; 0)] = mingep Eqnp,, [[(x; 0)]
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where I(z;0) £ Ey |[l'(x,Y;0)] to find 6* £ argmingep Eqp,, [[(X'¢;6)]. In practice, usually
a regularization term Q[f] on 6 is added. For example, the KMM in Huang et al.|(2007) considers

Nir

tr tr.
min - Zﬂ (@2, 475 0) + AQ[0). (10)
We can carry out a similar modification to utilize Vy as
1 Lpntrj N R 1 Nte R
tr\ (7! (o tr o tr. tr, te.
min 2 By y":0) = (@] 0) + ; (@l 0) + AQ[0), (1)

with 3 based on { X ,,,,, X} and I(z; #) being an estimate of I(x; ) based on { X4 1, Y }.
For later reference, we note that a similar modification can also be used to utilize Vi g:

Nte

min Zl (1% 0) + AQ[0)]. (12)

0€D Nte =1

Below we discuss two classical learning problems using (TT).

Penalized Least Square Regressnon Consider a regression problem with I'(z,y;6) = (y —

(0, ®(x))n)? Q] = [|0]3, and y € [0,1]. We have I(z;60) = E[Y?|z] — 29(z)(0, ®(x))n +
(6, ®(x))3,, and a candidate for l( ,8) is to substitute g with G, gqtq. Then, l.) becomes
Lpntrj Nte
. 28(x5") 1 . 2 2
3~ Lo 0 A DO N o3 ) — 00+ MO

by adding and removing the components not involving 6. Furthermore, it simplifies to the QP:
: —2w{ Kippx | (wy — Kyorx)" Wa(wy — Kyprx)
min +
acRlenirl+nte Lpntrj Nite
by the representation theorem Schélkopf et al | (2001). Here (K;or)ij = K (", 25°") and W3

+Aa" K;na, (13)

diag(ws) where z!° = !, (w1); = B(xl")(y!" — §(xl™)), (w2); = 0, (w3); = 0for1 < i <
Loner ] and 2% = xie oo )r (W1)i = 0, (wa)i = g2 ., )5 (ws)i = 1for [pny| +1 <0 <
| pntr | + nige. Notice has a closed-form solution & = (W3 K¢ + Mged) ™1 Lpnntfrj w; +ws).

Penalized Logistic Regression: Consider a binary classification problem with y € {0,1}, Q[f] =
exp (0,9 (x
10113, and —U'(z, y;0) = ylog(rrepmmamry) T (1~ ¥) log(%). Thus, —I(z;0) =

—g(x){(0,®(x))y + log(%) and we substitute g with  datq. Then, becomes

Loner ]
min S 0 e g(at) 0, 3(a )
j=1

1 < ~lonte te €xXp <07¢("B§e)>7{
g(xi )<0a (I)(mz )>7—[ + IOg(l + exp <97 (I)(CL'?»H

which again simplifies to, by |Scholkopf et al.[(2001), the convex program:

) + AO113.

Zmp lo g( exp (Ktot®) | pnyy | +i

T T
w1 Ktota w2 Ktota

min — n Lo Ko pniniei” | \GTK, o (14)
acRlenirl+nte I_p?’ltTJ Nte Nte

Both (T1) and (I4) can be optimized efﬁciently by standard solvers. Notably, (TT) gives a so-

lution in the form 6 = ZZ & K ( a) which spans on both training and test data. In

contrast, the solution of ( or only spans on one of them. For example, as shown in
Huang et al.| (2007), the penahzed least square solution for is = > i1 G K (2!, ) where
& = (K + ng ) diag(8) 1) "1yt (we use & = (dlag(B)K + nye M)~ diag(B)y'" in experi-
ments to avoid invertibility issues caused by the sparsity of ,6’), so only the training data are in the

span of the feature space that constitutes 6. The aggregation of both sets suggests a more effec-
tive/robust utilization of data . We conclude with a theorem on ERM similar to Corollary 8.9 in
Gretton et al.[(2009), which guarantees the convergence of the solution of in a simple setting.
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Theorem 2. Assume l(x; 0) and [(x;0) € H can be expressed as (B (), 0) 3+ f (x; 0) with ||0]]2 <
C and U'(z,y;0) € H as (Y(z,y), Ny + f(x;0) with ||A|lx < C. Denote this class of loss
Sunctions G and further assume l(x; 8) are continuous, bounded by D and L-Lipschitz on 6 uniformly

over x for (9 x)ina compact set D x X. Then, the ERM with Op 2 argmineep Vr(0) and
VR(0) 2 o SWrd Blatn) (0 (et yirs 0) — (075 0)) + o S0 (w15 0) satisfies

E[l/(Xtev Yie; éR)] SE[ZI(Xtev Yie; 9*)} + (9(71;«E + ’fl;ei).

5 EXPERIMENTS

5.1 ToYy DATASET REGRESSION

We first present a toy example to provide comparison with KMM. The data is generated as the poly-
nomial regression example in [Shimodaira| (2000); |[Huang et al.[(2007), where Py, ~ N (0.5, 0.52),
Py ~ N(0,0.3%) are Gaussian distributions. The labels are generated according to y = —x + 3
and observed in Gaussian noise (0, 0.3?). We sample 500 points in both training and test data and
fit a linear model using ordinary least square (OLS), KMM and the robust estimator, respectively.
On the population level, the best linear fit is y = —0.73x. For simplicity, we the intercept to 0 and
compare the fitted slopes for different approaches We used a degree 3 polynomial kernel and the
¥ in Gy, data 18 set to the default value nt, The tolerance ¢ for ﬁ is set s1m11arly as in [Huang et al.
(2007) with a slight tuning to avoid an overly-sparse solution. The slope is fitted without regular-
ization. In Figure 1[a], the red curve is the true polynomial regression function and the purple line
is the best linear fit. As we see, the robust estimator outperforms the two other methods, recovering
the green line closest to the best one. The performance over 20 trials are summarized in Figure 1[b].

15 0.35 R
! —_—
0.4 ! I
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== g e T oy a
[ ] b T 5 o« 2 I
&re A 8 o5 I ‘
4 a ) o] =l
P * . » ! "
=l
. b B 055
=
w
0.6
0.5F ™5 training data
+  testdata 0.65 1
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Bl slope robust & »
slope K + e 0.7
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— slope best g = Target smpe}»
15 0.75
41 08 06 04 02 0 02 04 06 08B 1 KMM Robust oLs

[a] [b]

Figure 1: [a] Linear fit with OLS,KMM and Robust estimator; [b] Slope estimation performance

5.2 REAL WORLD DATASET FOR ERM

Next, we test our approach in ERM on a real world dataset, the breast cancer dataset from the UCI
Archive. We consider the second biased sampling scheme in |[Huang et al.| (2007) where the prob-
ability of selecting x; into the training set depends jointly on multiple features and is proportional
to exp(—o1||x; — ||) for some o > 0 and the sample mean . Since this is a binary classification
problem, we can experiment with both the penalized least square regression and the penalized logis-
tic regression for different sizes of training sets. We used a Gaussian kernel exp(—oal|@; — x;||).

The tolerance € for ,é is set exactly as in [Huang et al.| (2007). For both experiments, we choose
parameters y = n;} as default, A = 5 by cross-validation and o3 = —1/100, o2 = +/0.5. Finally,

we used the fitted parameters (i.e. optimal solution 6 in ERM) to predict the labels on the test set
and compare with the hidden real ones. The summary of test error comparison is shown in Figure 2
where we use the term unweighted to denote the case for (12), KMM for (10) and Robust for (TT).
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The robust estimator gives the lowest test error in 5 cases out of 6, confirming our finding on its
improvement over the traditional methods.
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Figure 2: Classification performance for penalized [a] least square regression; [b] logistic regression

5.3 SIMULATED DATASET FOR ESTIMATION

On an estimation problem, we simulate data from two ten dimensional Gaussian distribution with
different, randomly generated mean and covariance matrix as training and test sets. The target value
is v = Epp, [g(x)] for an artificial g(z) = sin(cy||z||3) + (1 + exp(ck'x)) ! with random ¢y, co
and labels are observed with Gaussian noise. A Gaussian kernel exp(—o||x; —«;||) and a tolerance

e for B are set exactly as in |Gretton et al.|(12009|) with o = \/5, B =1000and € = —V;L_l We also

Ntr
experiment with a different g by substituting g, 4at, for a naive linear OLS fit. At each iteration, we
use the sample mean from 10° data points (without adding noise) as the true mean and calculate the
average MSE over 100 estimations for Vg, Vi asas and Viy g respectively. As shown in Table 1, the
performances of Vg are again consistently on par with the best case scenarios, even when the usual
assumption ny,. < ny is violated.

Table 1: Average MSE for Estimation
Hyperparameters Vr  Vimwm Vr
A =0.1,n4 = 50,1 =500 09970 0.9489 0.9134
A = 0.1, n4 = 500,04 = 500  1.0006 0.9294  0.9340
A =0.1,n4 = 500,n¢e =50  1.0021  0.9245 0.9242
A =10,n4 = 50,14 =500  0.9962  0.9493  0.9467
A =10, n4 = 500,14 = 500 09964 0.9294  0.9288
A =10,n4 = 500,14, =50 0.9965 0.9245 0.9293

6 CONCLUSION

Motivated both as a variance reduction on KMM and a bias reduction on NR, we introduced a new
robust estimator for tackling covariate shift problems which, through a straightforward integration of
traditional methods, leads to improved accuracy over both KMM and NR in many settings. From a
practical standpoint, the control variates and data aggregation enable the estimation/training process
to be more stable and data-efficient at no expense of increased computational complexity. From
an analytical standpoint, a promising progress is made to reduce the rate gap of KMM towards the
parametric when the regression function lies in range spaces outside of RKHS. For future work, note
the canonical rate is still not achieved and it remains unclear the suitable tool to improve the rate
further, if possible. Moreover, besides the regularized empirical regression function in RKHS, the
eligibility and effectiveness of other estimated regression functions also require rigorous analysis.
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7 APPENDIX

We mention that our proofs rely on learning theory estimates and are different from|Yu & Szepesvari
(2012). For example, in (3), 7 is used as a free parameter for controlling || f||3, whereas [Yu &
Szepesvari| (2012) uses the parameter F in (3)). Although the two approaches are equivalent from an
optimization viewpoint, with v being the Lagrange dual variable, the former approach turns out to
be more suitable to analyse Vx.

Throughtout the proof, h(-) € H is assumed to be an unspecified function in the RKHS. Also, we
use Ex[-] to denote expectation over the randomness of X while fixing others and E|x [-] as the
conditional expectation E[-| X].

Moreover we remark that all results involving g, 4qto Can be interpreted either as a high probability
bound or a bound on expectation over Eqqq, (i.€., if we train g, XU, Vi, using X% 5, Y., then
Egqtq means E XY ). The same interpretation applies for the results with Big-O notations.

Finally, constants Cy, C%, Cs, C4 and C¥ as well as similar constants introduced later which depend
on R, g(-) or § (for 1 — § high probability bound) will be denoted by a common C' during proof for
the ease of presentation.

7.1 PRELIMINARIES

Lemma 1. Under Assumption[3| for any f € H, we have
1flloe = sup ), @G @) nl < R flln- (15)

and consequently || f| 2 < R fllu as well.
tr

Lemma 2 (Azuma-Hoeffding). Let X1, ..., X,, be independent and identically distributed random
variables with 0 < X < B, then

7162
|*sz X]| > €) < 257 (16)

Corollary 2. Under the same assumption of Lemma 2] with probability at least 1 — 9,

2
sl _ < B\ /7
| E z; —E[X]|<B log — 5 17

Moreover, an important probability 1 — & bound we shall use later for L( Blatr,..., wtr )) follows from
Yu & Szepesvari|(2012) (see also|Gretton et al.[(2009) and [Pinelis et al.[(1994)) :

Ntr Nte

1 T 6
| 2 pe e ngb 2!

B2
<\/210g R (18)
ntr e

7.2 LEARNING THEORY ESTIMATES

To adopt the assumption in|Yu & Szepesvari (2012); |Cucker & Zhou| (2007) that the true regression
function g(-) ¢ H but g(-) € Range(Tw“) we introduce the related results from learning theory.

First, define ¢ £ 29+4 for some 6 > 0 sothat 0 < ¢ < 1/2. Given g(-) € Rcmge(TIg) and m
training sample {(z;,y;)}~, (sampled from P, )), we define g, (-) € H : X — R to be

o) = awgmin {1~ gl 1515} (19)
fen tr

11
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where ||f — gllgz = VEa~p,, (f(z) — g(x))? denotes the £ norm under P,,.. On the other
hand, §,data(-) € H is defined in (3) as

. ) 1 m

9r.data(-) = argmin { > (flas) =) + 7||f||3¢}-

fer mi3

Moreover, following the notations in section 4.5 of (Cucker & Zhou, (2007), given Banach space
Z3 - 2 ) and the kernel-induced Hilbert subspace (7, || - ||%), we define a K-functional:

‘i”}?,” x (0,00) — R to be
K l —A i f l— 2
(L) ;enH{H f||$pw + I o}

forI(-) € £3,_andt > 0. Moreover, for 0 < r < 1, the interpolation space (£, , ), consists of
all the elements I(-) € £, such that

1)l = su% < 00. (20)
y>

Lemma 3. Define K : £3 x (0,00) = R 10 be

K(y) = inf Al =l +1F 15D 1)
then for any I(-) € (Zp, ,H)r, we have
K(l 2
sup K(l’.w < (sup (’\ﬁ)) =) < . (22)
>0 " v>0 (V)"

Proof. Tt follows from va + b < \/a + vb, Va,b > 0 that

VEK(,7) <K(1, 7). (23)
Thus, for any I(-) € (£3, ,H),, we have
K(l 2
sup K1) (sup (ﬁ)) = [[UI7 < oo (24)
v>0 " v>0 (\ﬁ)r
O

o
On the other hand, assuming ¢(-) € Range(Tz°*"), it follows from the proof of Theorem 4.1 in
Cucker & Zhou|(2007) that

9(-) € (L5, HY) o (25)

6+2
where H* is a closed subspace of H spanned by eigenfunctions of the kernel K (e.g., Ht = H
when P, is non-degenerate, see Remark 4.18 of |(Cucker & Zhou|(2007)). Indeed, the next lemma
shows we can measure smoothness through interpolation space just as range space.

o

Lemma 4. Assuming Py, is non-degenerate on X. Then if g € Range(TZ*"), we have g €
6 _.

(L2 H)e% On the other hand, if g € (Z3, ,H) o_, then g € Range(T"™" ) for all e > 0.

7+2

Proof. 1t follows from Theorem 4.1, Corollary 4.17 and Remark 4.18 of |Cucker & Zhou|(2007). [

Now we are ready to adopt the standard assumptions and theoretical results from learning theory
in RKHS. They can be found in (Cucker & Zhou|(2007); Sun & Wul (2009); Smale & Zhou| (2007);

Yu & Szepesviri| (2012). First, given g(-) € Range(TIg) and m training sample {(x;,y;)}7L,
(sampled from P;,.)), it follows from Lemma 3 of |Smale & Zhou| (2007)) (see as well Remark 3.3
and Corollary 3.2 in|Sun & Wu|(2009)) that

g = 9llzz < Co*. (26)

12
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Second, it follows from Theorem 3.1 in|Sun & Wul (2009) as well as|Smale & Zhou| (2007); Sun &
'Wul (2010) that

gy = Gr.aatall 2z, < Co(y™2m= 12 447 tm =), 27)
and, by triangle inequality,
lg = grdatallzz, < Ca(r +972m ™2 447 lm =31, (28)

Notice here that by choosing v = m™ 4<13:+<>, we recover the Corollary 3.2 of |Sun & Wu| (2009).
Finally it follows from Theorem of Smale & Zhou|(2007), we have

9y = Gr.datallne < Coy~"m =2, (29)
with C4 = 6Rlog 2. In fact, if we define 02 £ E,p,, Ey|s(g(x) — Y)?, then Theorem 3 of Smale
& Zhou (2007) stated that g, — G aatalre < C4(Va? + gy — gllzz ™I~ 1/2 45~ 1m 1),

7.3 MAIN PROOFS

Proof of Theorem[I|and Corollary[l] If g € Range(T, 29*“) (ie. ¢ = 2014) and we set h(-) =
gy(-)and g = g, xtr ytr, for somey > 0, then:
Vr(p) —v

Loner] Loner]

~Toner] > B —g(=")) +

Lpntv J=1 =1

Z glxte) —v. (30)

To bound terms in (30), we first use Corollary [2]to conclude that with probability at least 1 — 6,
\_P"trJ
1

. 1 2 -
D] 2 B — @I Sy lg £ =0 ) (D
j=1

We hold on our discussion for the second term. For the third term, since h, § € H,

LpntrJ
! S (B - B i) - o)
| e

Loner ]

Loner ]

|(n- s Ufj e 5<w§-7'>><1><w§-">>

<l ) + EBr e ) <2h = ilh By ). (D)

by definition of (I)). Thus, when taking h = gﬂY and 9= 0, X, Yin for some v, we can combine
[18) and (29) to guarantee, with probability 1 — 24,

‘ 1 \_P”HJ

(Blay) = B (h(@l) = glat)
o] 2 ! ‘

2 _ B2 1

=0(y 'n, P (gt 4+ ni)E). (33)

Lpnt ]

13
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For the last term 7 = me ] thmd Bal) (g(2h) — g(xf")) + 7= S0 §(ai€) — v, the analysis
relies the splitting of data, as we notice that

U’ntrJ
1 tr tr t
Eixgnvin, [Lpan > B (g - o + Z (X!e) — }
j=1 Pt

=Eonp,. [B(@)9(2)] — v = Exrp, [B(®)4(®)] + Exnp,. [g(w)]
=Eonp,. [9(®)] = v = Eznp, [§(2)] + Eonp, [§(2)]
=0. (34)

Notice for the second line follows since () is determined by { X ¥, Y/} and thus is independent
with { X0 Y or {X ¢} Thus, we have

VaI(T) :Var(Elxjt\;‘R7Y167 ( )) +]E[Var‘Xm Ytr( )]
:]E[Var\xyR,YZ@%( 7)]

Z#E[VamePﬂ\X Y/, (B(z)(9(z) — 9(=)))] + iIE:[VamePte\){}VTR,YIQR (9(z))]

I_pntrJ NR’ 3 Tt
B2 ,
<o ] Xt ¥iiallo = 9l Exgvi 0l
B2 . 2 B
SWEX%R,YI@EHQ - gllglgw + —~ EX?\;R’YKI ||.9Hj2 g (35)

and we can use the Chebyshev’s inequality and Lemma([I]to conclude, with probability at least 1 — 4,

1 B2 BR?
< - — tr tr —( 2
|¢[MmﬁMmmm%ﬁ%, 36)

which becomes, by (28)), probability 1 — 24:

1 | B2 _1/2 _s/4. BR?
< = 201 = p)=3/4(~C + ~-1/2p Y —1y, 3/ i
|7 _\/;\/Lpntrj (L=p)=3/4(v¢ + 120,07 + 7 Ing,70) + .

=O((v 722 g P g g ) (37)
with ¢ = 5,2 Now, to bound the second term ] ZL”"“J(B(mﬁ-r)—ﬁ(a:y))(g(w;r)—h(scg”)),
LP’”«trJ ~
Z (B(=") = B(@7"))(9(=]") = g4(25")]

pntr
LP””J

Zlg g+(5"))|

\_P"trJ
Z l9(@}) = g7(@})| = Bllg = 9:ll 23, |+ Blg =9yl

pntr

J¢|g%bzﬂw sles,
<4/ =BC~*
N

where .Z} denotes the 1-norm E.p,, |g(x) — g, (x)|. Notice the second to last line follows from
Chebyshev inequality, Cauchy-Schwarz 1nequa11ty and the last line from (26).

0y = 0(5) = O(y), (38)
Pty

14



Under review as a conference paper at ICLR 2020

Thus, when taking h = g, and § = ¢, xtr v, for somey > 0, we can combine (3T} .
and (38) to have,

Va(p) — v] =0(ng,?) + O(y757) + O(y 0 2 (ngy + ni)?)
+O((y 75 4y 20 T S e n Y2
_1 _1 1 1
—O(np,? +np? +475 £y 30t 4y g PP, (39)

. . . . _0+2 .
after simplification. Now, if we take v = n~ o+1 where n £ min(ng., nge ), then 1i becomes

6
[Vi(p) — v| = O(n™% 4 ™35 4 n3t7e0n 1) =O(n~w52)

— 0 —__0
:O(ntr(29+2) + nte(29+2) )’ (40)

which is the statement of the theorem. However, note that if we choose v = n™*!, the rate becomes
6€+8

O(ntrm“) +n (2”4)) Moreover if lim,, oo 72 7° /04, — 0 and we choose ¥ = n;,", then the

1
rate becomes (Q(TLMZ’SJr4 +n,.2). O

Proof of Proposition[I] Fixingy > 0, if g € H(i.e.,g € Range(T”“) with § — o0)), then by
definition of g, we would have:

gy —9ll%. +7llg415 g =gl +lgll5
Ptr Py

g3, < : < = |lgli3, (41)
YHUH v v H

or equivalently ||g,|[x = O(1) since the fixed true regression function ||g||yy = O(1). Thus, a
simplified analysis shows:

I.P”tTJ
1 o
V —v= E Y — v
R(p) I_pntrJ jil B( J ) J

PNt
Z i) —nt Zg ) (42)

=1

pntr

Note that the first term on the right is nothing but the Vi pas estimator with 100 X p percent of the
tralnlng data and we shall denote it as Vi pras(p) without ambiguity. For the second term, assuming
9= gy,x17,, v, is bounded by

U’ntrJ Nte

ZB ntezg fe

i=1

Z: J’E‘T»H - nlte Z g

p”trJ

pntr

X 1 Ny R . Nte e X
<9’me Blale(el) - - biat > <oy xy, v BB, @)

i=1 i=1
Then, by #2) and {3), we have
Va(p) = v| <[Vienrn (p) = vl + L(B)(Ilgy — Gy, xt7, v 12 + |94 1)
=0(n,* +ni.), (44)
following (@I}, (29) and Theorem 1 of [Yu & Szepesvari| (2012). O
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Proof of Proposition2] 1f g only satisfies the condition A (g, F) £ infj,,<rllg — fI
C(log F')~* for some C,s > 0, then we again follow the analysis in the proof of Proposition
and arrive at the decomposition in (42))

Va(p) = v| <[V (p) = v+ LB) gy — Gy xt7, vl + gy 1l20)
s MurTie
=0(log ﬁ , (45)
which is the rate of Vi psps by Theorem 3 of |[Yu & Szepesvari| (2012). O
Proof. Proof of Theorem 2]
Define € £ supyep |Vr(0) — E[I' (X', Yt 9)]', we have
E[l'(Xte, Yie: Or)] — € < Va(0r) < Va(0*) < E[l'(Xye, Yie; 0)] + . (46)

On the other hand, we know by triangle inequality that € is bounded by

1 \_PnM‘J Nte

Q - A tryg/ tr tr. _ 1 te.
Sup ] ; Bl )V (w73 0) = = ;l(mi 0)|
Loner) . | e re
+ N(x?;0) — — I(zk; 0)] + I(x Xie:0)]],
gG'D p”t7 z:: ) Nte ; Zi | slég |nte ; ( t )]|

1 1
where the first term is bounded by O(n,,.> + n,,?) following Corollary in |Gretton et al.| (2009).
1 1
Moreover, the second term is also O(n,,2 + n,.? ) as in (43) or Lemma 8.7 in|Gretton et al|(2009).
For the last term, due to the Lipschitz and compact assumption, it follows from Theorem 19.5 of
Van der Vaart| (2000) (see also Example 19.7 of [Van der Vaart| (2000)) that function class G is Pj.-
Donsker, which means that

Ga(0) 2 n(

Nte

> 1) ~ o [l(w;9>]>

converges in distribution to a Gaussian Process G., with zero mean and covariance function
Cov(Guoo(01),Goo(02)) = Ezmp, (I(x;01)l(x;02)) — Egp, l(2;01)Eqp, l(x;02). Notice
Goo can be viewed as random function in C(D), the space of continuous and bounded func-
tion on @. Since for any z € C(D), the mapping 2 — |z]cc = supgep 2(6) is continu-
ous with respect to the supremum norm, it follows from the continuous-mapping theorem that

Nte l

1
nZ SUPgep ‘% Soite U@t 0) —E[I(Xye; 0)]| converges in distribution to [|Goo|[ o Which has finite
expectations based on the assumptions on G (see, e.g., Section 14, Theorem 1 of [Lifshits| (2013)).
Thus, by definition of convergence in distribution, for any § > 0, we can find some constant D’ that

P[|Gulloc > D'} = P[[|Gsoloc > D'] +0(1) < 6+ 0(1), (47)
which means, we can find some N such that when n;. > N,
S te. -3 / /
Pr( sup |~ Zz z!%0) — E[l(Xse;0)]| > n,.> D) = Pie(||Gnloe > D') < 2,
S te

i=1
and consequently, with probability 1 — 24, we have

Nte

sup 1! 0) — E[l(Xye; 0)]| < ni2 D).
sup - 3 1(al'30) — ElXii0)] <
In other words, we also have
1 Nte
I(xt*;0 (X =
0B I, 2106150 ~ Bl 0)] = Ol
which concludes our proof. O
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