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ABSTRACT

While Generative Adversarial Networks (GANs) have empirically produced im-
pressive results on learning complex real-world distributions, recent works have
shown that they suffer from lack of diversity or mode collapse. The theoretical
work of |Arora et al.|(2017a) suggests a dilemma about GANSs’ statistical proper-
ties: powerful discriminators cause overfitting, whereas weak discriminators can-
not detect mode collapse.

By contrast, we show in this paper that GANs can in principle learn distributions
in Wasserstein distance (or KL-divergence in many cases) with polynomial sample
complexity, if the discriminator class has strong distinguishing power against the
particular generator class (instead of against all possible generators). For various
generator classes such as mixture of Gaussians, exponential families, and invert-
ible and injective neural networks generators, we design corresponding discrimi-
nators (which are often neural nets of specific architectures) such that the Integral
Probability Metric (IPM) induced by the discriminators can provably approximate
the Wasserstein distance and/or KL-divergence. This implies that if the training is
successful, then the learned distribution is close to the true distribution in Wasser-
stein distance or KL divergence, and thus cannot drop modes. Our preliminary
experiments show that on synthetic datasets the test IPM is well correlated with
KL divergence or the Wasserstein distance, indicating that the lack of diversity in
GANs may be caused by the sub-optimality in optimization instead of statistical
inefficiency.

1 INTRODUCTION

In the past few years, we have witnessed great empirical success of Generative Adversarial Networks
(GANs) (Goodfellow et al., |2014) in generating high-quality samples in many domains. Various
ideas have been proposed to further improve the quality of the learned distributions and the stability
of the training. (See e.g., (Arjovsky et al.,[2017;|Odena et al., |2016; [Huang et al.| |2017; Radford
et al., 2016; [Tolstikhin et al., 2017} [Salimans et al., |2016; Jiwoong Im et al.| 2016; |Durugkar et al.,
2016; Xu et al., |2017) and the reference therein.)

However, understanding of GANS is still in its infancy. Do GANSs actually learn the target dis-
tribution? Recent work (Arora et al., 2017aib; |[Dumoulin et al., [2016)) has both theoretically and
empirically brought the concern to light that distributions learned by GANSs suffer from mode col-
lapse or lack of diversity — the learned distribution tends to miss a significant amount of modes of
the target distribution (elaborated in Section [I.I). The main message of this paper is that the mode
collapse can be in principle alleviated by designing proper discriminators with strong distinguishing
power against specific families of generators such as special subclasses of neural network generators
(see Section[I.2]and[1.3|for a detailed introduction.)

1.1 BACKGROUND ON MODE COLLAPSE IN GANS

‘We mostly focus on the Wasserstein GAN (WGAN) formulation (Arjovsky et al.,[2017) in this paper.
Define the F-Integral Probability Metric (F-IPM) (Miiller, |1997) between distributions p, g as

Wr(p, q) = sup [Ex~p[f(X)] = Exq[f(X)]] (D
feF
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Given samples from distribution p, WGAN sets up a family of generators G, a family of discrimina-
tors F, and aims to learn the data distribution p by solving
min Wx(p",q™) ()
q€g
where p" denotes “the empirical version of the distribution p”, meaning the uniform distribution
over a set of n i.i.d samples from p (and similarly ¢§".)

When F = {all 1-Lipschitz functions}, IPM reduces to the Wasserstein-1 distance W;. In practice,
parametric families of functions F such as multi-layer neural networks are used for approximating
Lipschitz functions, so that we can empirically optimize this objective eq. (2) via gradient-based
algorithms as long as distributions in the family G have parameterized samplers. (See Section 2] for
more details.)

One of the main theoretical and empirical concerns with GANs is the issue of “mode-
collapse”(Arora et al., 2017a; Salimans et al.,[2016) — the learned distribution ¢ tends to generate
high-quality but low-diversity examples. Mathematically, the problem apparently arises from the
fact that IPM is weaker than W, and the mode-dropped distribution can fool the former (Arora
et al., 2017a): for a typical distribution p, there exists a distribution ¢ such that simultaneously the
followings happen:

Wx(p,q) Seand Wi(p,q) 2 1. 3)

where <, > hide constant factors. In fact, setting ¢ = p~ with N = R(F)/e2, where R(F) is

a complexity measure of F (such as Rademacher complexity), ¢ satisfies eq. (3) but is clearly a
mode-dropped version of p when p has an exponential number of modes.

Reasoning that the problem is with the strength of the discriminator, a natural solution is to increase
it to larger families such as all 1-Lipschitz functions. However, Arora et al. (Arora et al.| [2017a)
points out that Wasserstein-1 distance doesn’t have good generalization properties: the empirical
Wasserstein distance used in the optimization is very far from the population distance. Even for
a spherical Gaussian distribution p = N(0, %I dxd) (or many other typical distributions), when the
distribution ¢ is exactly equal to p, letting ¢" and p” be two empirical versions of ¢ and p with
m,n = poly(d), we have with high probability,

Wi(p",¢™) 2 1 eventhough Wi(p,q)=0. )

Therefore even when learning succeeds (p = q), it cannot be gleaned from the empirical version of
Wi.

The observations above pose a dilemma in establishing the theories of GANs: powerful discrimina-
tors cause overfitting, whereas weak discriminators result in diversity issues because IPM doesn’t ap-
proximate the Wasserstein distance The lack of diversity has also been observed empirically by (Sri-
vastava et al.,|2017; D1 & Yu, 2017} |Borji, [2018}; |Arora et al., |2017b).

1.2 AN APPROACH TO DIVERSITY: DISCRIMINATOR FAMILIES WITH RESTRICTED
APPROXIMABILITY

This paper proposes a resolution to the conundrum by designing a discriminator class F that is
particularly strong against a specific generator class G. We say that a discriminator class F (and its
IPM W) has restricted approximability w.r.t. a generator class G and the data distribution p, if F
can distinguish p and any ¢ € G approximately as well as all 1-Lipschitz functions can do:

W £ has restricted approximability w.r.t. G and p
2 Vg e G, vr(Wi(p,q)) S Wrp,a) S vo(Wilp.q)), (5)

where v, () and vy (-) are two monotone nonnegative functions with vz, (0) = ~y(0) = 0. The
paper mostly focuses on vy, (t) = t* with 1 < o < 2 and vy (¢t) = ¢, although we use the term
“restricted approximability” more generally for this type of result (without tying it to a concrete
definition of ). In other words, we are looking for discriminators F so that /-IPM can approximate
the Wasserstein distance W for the data distribution p and any ¢ € G.

Throughout the rest of this paper, we will focus on the realizable case, that is, we assume p € G,
in which case we say W has restricted approximability with respect to G if eq. (5) holds for all
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p,q € G. We note, however, that such a framework allows the non-realizible case p ¢ G in full
generality (for example, results can be established through designing JF that satisfies the requirement
in Lemma [4.3)).

A discriminator class F with restricted approximability resolves the dilemma in the following way.

First, F avoids mode collapse — if the IPM between p and ¢ is small, then by the left hand side
of eq. (), p and g are also close in Wasserstein distance and therefore significant mode-dropping
cannot happen.

Second, we can pass from population-level guarantees to empirical-level guarantees — as shown
in |Arora et al.| (2017a)), classical capacity bounds such as the Rademacher complexity of F relate
Wx(p,q) to Wx(p™, ¢™). Therefore, as long as the capacity is bounded, we can expand on eq.
to get a full picture of the statistical properties of Wasserstein GANs:

Vge G, ve(Wip,q) SWr(p,q) = Wr(",q") < vu(Wi(p, q)).

Here the first inequality addresses the diversity property of the distance W, and the second ap-
proximation addresses the generalization of the distance, and the third inequality provides the re-
verse guarantee that if the training fails to find a solution with small IPM, then indeed p and q are far
away in Wasserstein distanceE] To the best of our knowledge, this is the first theoretical framework
that tackles the statistical theory of GANs with polynomial samples.

The main body of the paper will develop techniques for designing discriminator class F with re-
stricted approximability for several examples of generator classes including simple classes like mix-
tures of Gaussians, exponential families, and more complicated classes like distributions generated
by invertible neural networks. In the next subsection, we will show that properly chosen F provides
diversity guarantees such as inequalities eq. (3).

1.3 DESIGN OF DISCRIMINATORS WITH RESTRICTED APPROXIMABILITY

We start with relatively simple families of distributions G such as Gaussian distributions and expo-
nential families, where we can directly design F to distinguish pairs of distribution in G. As we
show in Section 3] for Gaussians it suffices to use one-layer neural networks with ReLU activations
as discriminators, and for exponential families to use linear combinations of the sufficient statistics.

In Section ] we study the family of distributions generated by invertible neural networks. We
show that a special type of neural network discriminators with one additional layer than the gener-
ator has restricted approximabilityﬂ We show this discriminator class guarantees that Wy (p, q)? <
Wx(p,q) < Wi(p, q) where here we hide polynomial dependencies on relevant parameters (Theo-
rem.2). We remark that such networks can also produce an exponentially large number of modes
due to the non-linearities, and our results imply that if Wz (p, ¢) is small, then most of these expo-
nential modes will show up in the learned distribution q.

One limitation of the invertibility assumption is that it only produces distributions supported on
the entire space. The distribution of natural images is often believed to reside approximately on a
low-dimensional manifold. When the distribution p have a Lebesgue measure-zero support, the KL-
divergence (or the reverse KL-divergence) is infinity unless the support of the estimated distribution
coincides with the support of p Therefore, while our proof makes crucial use of the KL-divergence
in the invertible case, the KL-divergence is fundamentally not the proper measurement of the statis-
tical distance for the cases where both p and g have low-dimensional supports.

The crux of the technical part of the paper is to establish the approximation of Waserstein distance by
IPMs for generators with low-dimensional supports. We will show that a variant of an IPM can still
be sandwiched by Wasserstein distance as in form of eq. (5 without relating to KL-divergence (The-
orem[4.3). This demonstrates the advantage of GANs over MLE approach on learning distributions

"Informally, if most of the modes of p are e-far away from each other, then as long as W (p,q) < ¢, q has
to contain most of the modes of p.

2We also note that the third inequality can hold for all p, ¢ as long as F is a subset of Lipschitz functions.

3This is consistent with the empirical finding that generators and discriminators with similar depths are
often near-optimal choices of architectures.

*The formal mathematical statement is that Dy(p||q) is infinity unless p is absolutely continuous with
respect to q.
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with low-dimensional supports. As the main proof technique, we develop tools for approximating
the log-density of a smoothed neural network generator.

We demonstrate in synthetic and controlled experiments that the IPM correlates with the Wasser-
stein distance for low-dimensional distributions with measure-zero support and correlates with KL-
divergence for the invertible generator family (where computation of KL is feasible) (Section E]
and Appendix [G]) The theory suggests the possibility that when the KL-divergence or Wasserstein
distance is not measurable in more complicated settings, the test IPM could serve as a candidate
alternative for measuring the diversity and quality of the learned distribution. We also remark that
on real datasets, often the optimizer is tuned to carefully balance the learning of generators and
discriminators, and therefore the reported training loss is often not the test IPM (which requires
optimizing the discriminator until optimality.) Anecdotally, the distributions learned by GANs can
often be distinguished by a well-trained discriminator from the data distribution, which suggests
that the IPM is not well-optimized (See [Lopez-Paz & Oquab| (2016) for analysis of for the original
GANSs formulation.) We conjecture that the lack of diversity in real experiments may be caused by
sub-optimality of the optimization, rather than statistical inefficiency.

1.4 RELATED WORK

Various empirical proxy tests for diversity, memorization, and generalization have been developed,
such as interpolation between images (Radford et al., [2016), semantic combination of images via
arithmetic in latent space (Bojanowski et al.||2017), classification tests (Santurkar et al.,[2017), etc.
These results by and large indicate that while “memorization” is not an issue with most GANSs, lack
of diversity frequently is.

As discussed thoroughly in the introduction, |Arora et al.|(2017ajb) formalized the potential theoret-
ical sources of mode collapse from a weak discriminator, and proposed a “birthday paradox” that
convincingly demonstrates this phenomenon is real. Many architectures and algorithms have been
proposed to remedy or ameliorate mode collapse (Dumoulin et al., 2016; |Srivastava et al., [2017; D1
& Yul 2017 Borji, 2018 Lin et al., 2017) with varying success. [Feizi et al.| (2017) showed prov-
able guarantees of training GANs with quadratic discriminators when the generators are Gaussians.
However, to the best of our knowledge, there are no provable solutions to this problem in more
substantial generality.

The inspiring work of Zhang et al. (Zhang et al.,|2017) shows that the IPM is a proper metric (instead
of a pseudo-metric) under a mild regularity condition. Moreover, it provides a KL-divergence bound
with finite samples when the densities of the true and estimated distributions exist. Our Sectiond.]
can be seen as an extension of (Zhang et al., 2017 Proposition 2.9 and Corollary 3.5). The strength
in our work is that we develop statistical guarantees in Wasserstein distance for distributions such
as injective neural network generators, where the data distribution resides on a low-dimensional
manifold and thus does not have proper density.

Liang|(2017) considers GANSs in a non-parametric setup, one of the messages being that the sample
complexity for learning GANs improves with the smoothness of the generator family. However, the
rate they derive is non-parametric — exponential in the dimension — unless the Fourier spectrum of
the target family decays extremely fast, which can potentially be unrealistic in practical instances.

The invertible generator structure was used in Flow-GAN (Grover et al.|[2018), which observes that
GAN training blows up the KL on real dataset. Our theoretical result and experiments show that
successful GAN training (in terms of the IPM) does imply learning in KL.-divergence when the data
distribution can be generated by an invertible neural net. This suggests, along with the message
in (Grover et al., 2018), that the real data cannot be generated by an invertible neural network.
In addition, our theory implies that if the data can be generated by an injective neural network
(Section @]), we can bound the closeness between the learned distribution and the true distribution
in Wasserstein distance (even though in this case, the KL divergence is no longer an informative
measure for closeness.)

2 PRELIMINARIES AND NOTATION

The notion of IPM (recall the definition in eq. (I))) includes a number of statistical distances such
as TV (total variation) and Wasserstein-1 distance by taking F to be 1-bounded and 1-Lipschitz
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functionlsﬂ respectively. When F is a class of neural networks, we refer to the -IPM as the neural
net IPM

There are many distances of interest between distributions that are not IPMs, two of which we will
particularly focus on: the KL divergence Dy (p||q) = E,[log p(X) — log ¢(X)] (when the densities

exist), and the Wasserstein-2 distance, defined as Wa(p, ¢)* = infren E(x,y)ur[[| X — Y'||*] where

IT be the set of couplings of (p, ¢). We will only consider distributions with finite second moments,
so that W7 and W5 exist.

For any distribution p, we let p"” be the empirical distribution of n i.i.d. samples from
p. The Rademacher complexity of a function class F on a distribution p is R, (F,p) =
E [sup e » |L3"  eif(X;)|] where X; ~ piid. and e; ~ {1} are independent. We define
R,.(F,G) = SUp,cg R, (F,p) to be the largest Rademacher complexity over p € G. The training
IPM loss (over the entire dataset) for the Wasserstein GAN, assuming discriminator reaches opti-
mality, is Egn [Wx(p", (j”)]ﬂ Generalization of the IPM is governed by the quantity R, (F,G), as
stated in the following result (see Appendix for the proof):

Theorem 2.1 (Generalization, c.f. (Arora et al.,[2017a)). For any p € G, we have that
Vge G, Epm|Wr(p,q) —Eg Wx(p",q")]| < 4R,.(F,G).

Miscellaneous notation. We let N(y, ¥3) denote a (multivariate) Gaussian distribution with mean y
and covariance 3. For quantities a,b > 0 a < b denotes that a < Cb for a universal constant C' > 0
unless otherwise stated explicitly.

3 RESTRICTED APPROXIMABILITY FOR BASIC DISTRIBUTIONS

3.1 GAUSSIAN DISTRIBUTIONS

As a warm-up, we design discriminators with restricted approximability for relatively simple param-
eterized distributions such Gaussian distributions, exponential families, and mixtures of Gaussians.
We first prove that one-layer neural networks with ReLU activation are strong enough to distinguish
Gaussian distributions with the restricted approximability guarantees.

We consider the set of Gaussian distributions with bounded mean and well-conditioned covariance
G = {pg =N, 2) : ||lplly < D,02,, 14 28 < afnaxld}. Here D, 0pmin and opay are considered

as given hyper-parameters. We will show that the IPM W induced by the following discriminators
has restricted approximability w.r.t. G:

F:={z—ReLU(w 2z +b): [|Jv], < 1,|b| < D}, (6)

Theorem 3.1. The set of one-layer neural networks (F defined in eq. (6)) has restricted approx-
imability w.r.t. the Gaussian distributions in G in the sense that for any p,q € G

k- Wi(p,q) S Wr(p,q) < Wi(p,q).

1 e — _L Omin : ; D+omaxVd
with Kk = ﬁh' Moreover, F satisfies Rademacher complexity bound R, (F,G) < "T

Apart from absolute constants, the lower and upper bounds differ by a factor of 1/ \/a We point

out that the 1/+/d factor is not improvable unless using functions more sophisticated than Lipschitz
functions of one-dimensional projections of x. Indeed, Wx(p, ¢) is upper bounded by the maxi-
mum Wasserstein distance between one-dimensional projections of p, g, which is on the order of

Wi(p,q)/ V/d when p, ¢ have spherical covariances. The proof is deferred to Section

Extension to mixture of Gaussians. Discriminator family F with restricted approximability can
also be designed for mixture of Gaussians. We defer this result and the proof to Appendix [C]

>This was defined as neural net distance in (Arora et al.| [2017a).

8In the ideal case we can take the expectation over ¢, as the generator g is able to generate infinitely many
samples.

7 As shown in (Feizi et al., [2017), the optimal discriminator for Gaussian distributions are quadratic func-
tions.
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3.2 EXPONENTIAL FAMILIES

Now we consider exponential families and show that the linear combinations of the sufficient statis-
tics are a family of discriminators with restricted approximability. Concretely, let G = {py : 0 €
© C R} be an exponential family, where py(x) = 55 exp((0, T'(2))), Vo € X C R%: here

T : R4 — RF is the vector of sufficient statistics, and Z(#) is the partition function. Let the discrim-
inator family be all linear functionals over the features T'(z): F = {z — (v, T(z)) : |lv], < 1}.

Theorem 3.2. Let G be the exponential family and F be the discriminators defined above. Assume
that the log partition function log Z(0) satisfies that vI < V?log Z(0) = BI. Then we have for any

p,q €G,
Q%\/DmQJQ)SIVfO%Q)Slj%\/Dm@Mq) )

If we further assume X has diameter D and T (x) is L-Lipschitz in X. Then,
Dy

ﬁwl (P, q) SWx(p,q) < L-Wi(p,q) )

Moreover, F has Rademacher complexity bound R,,(F,G) < \/

supgce Ep, [IT(X)13)
2 .

We note that the log partition function log Z(#) is always convex, and therefore our assumptions only
require in addition that the curvature (i.e. the Fisher information matrix) has a strictly positive lower
bound and a global upper bound. For the bound eq. (), some geometric assumptions on the sufficient
statistics are necessary because the Wasserstein distance intrinsically depends on the underlying
geometry of x, which are not specified in exponential families by default. The proof of eq. (7)
follows straightforwardly from the standard theory of exponential families. The proof of eq. (8)
requires machinery that we will develop in Sectiond]and is therefore deferred to Section[B.2]

4 RESTRICTED APPROXIMABILITY FOR NEURAL NET GENERATORS

In this section, we design discriminators with restricted approximability for neural net generators, a
family of distributions that are widely used in GANs to model real data.

In Section we consider the invertible neural networks generators which have proper densities.
In Section 4.2] we extend the results to the more general and challenging setting of injective neu-
ral networks generators, where the latent variables are allowed to have lower dimension than the
observable dimensions (Theorem[4.5) and the distributions no longer have densities.

4.1 INVERTIBLE NEURAL NETWORK GENERATORS

In this section, we consider the generators that are parameterized by invertible neural networkﬂ
Concretely, let & be a family of neural networks & = {Gy : 6§ € O}. Let py be the distribution of

X =Go(Z), Z~ N(0,diag(y”)). )

where Gy is a neural network with parameters § and v € R? standard deviation of hidden factors.
By allowing the variances to be non-spherical, we allow each hidden dimension to have a different
impact on the output distribution. In particular, the case v = [1x,d14_x] for some § < 1 has the
ability to model data around a “k-dimensional manifold” with some noise on the level of §.

We are interested in the set of invertible neural networks Gy. We let our family G consist of standard
¢-layer feedforward nets & = Gy(z) of the form

x=Wopo(Wy_q10(---o(Wiz+b1)-+) +bs—1) + by,

where W; € R4*? are invertible, b; € R?, and o : R — R is the activation function, on which we
make the following assumption:

80ur techniques also applies to other parameterized invertible generators but for simplicity we only focus
on neural networks.
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Assumption 1 (Invertible generators). Let Ry, Ry, ko, 85 > 0,8 € (0, 1] be parameters which are
considered as constants (that may depend on the dimension). We consider neural networks Gy that
are parameterized by parameters 6 = (W, bi)ie[g] belonging to the set

O = {(Wi,bi)ie[e] : max{HWZ-H

oo Wi oy } < Ry Ibilly < Ro, ¥i € 141}
The activation function o is twice-differentiable with o(0) = 0, o'(t) € [rk;',1], and
|(c™1)" /(67| < Bo. The standard deviation of the hidden factors satisfy ~; € [9,1].

Clearly, such a neural net is invertible, and its inverse is also a feedforward neural net with activation
o~ L. We note that a smoothed version of Leaky ReLU (Xu et al.,[2015)) satisfies all the conditions on
the activation functions. Further, it is necessary to impose some assumptions on the generator net-
works because arbitrary neural networks are likely to be able to implement pseudo-random functions
which can’t be distinguished from random functions by even any polynomial time algorithms.

Lemma 4.1. For any 0 € O, the function log pg can be computed by a neural network with at most
( + 1 layers, O(¢d?) parameters, and activation function among {o=",logo=Y", (:)2} of the form

Y4
1 /
fo(z) = 5 (h1,diag(y~*)h1) + j<1d,1og ot (hj)> +C, (10)
k=2

where hy = Wy(x —by), by = Wi (07 (hgs1) —bi) fork € {{—1,...,1}, and the parameter ¢ =
((W;,b;)5-1,C) satisfies ¢ € ® = {¢ : [[Wll,, < Rw, |lbjll, < Ry, [C] < (¢ —1)dlog Ry }.
As a direct consequence, the following family F of neural networks with activation functions above
of at most £ + 2 layers contains all the functions {logp —logq: p,q € G} :

F=A{fos = fo, : 61,02 € P} (1D

We note that the exact form of the parameterized family F is likely not very important in practice,
since other family of neural nets also possibly contain good approximations of log p — log ¢ (which
can be seen partly from experiments in Section[G])

The proof builds on the change-of-variable formula logpg(z) = logg¢,(G,'(z)) +
—1
log | det W| (where ¢, is the density of Z ~ N(0, diag(7?))) and the observation that G, " is
a feedforward neural net with ¢ layers. Note that the log-det of the Jacobian involves computing the
determinant of the (inverse) weight matrices. A priori such computation is non-trivial for a given
Gy. However, it’s just some constant that does not depend on the input, therefore it can be repre-
sentable by adding a bias on the final output layer. This frees us from further structural assumptions
on the weight matrices (in contrast to the architectures in flow-GANs (Gulrajani et al.,[2017)). We

defer the proof of Lemma4.T]to Section[D.2]

Theorem 4.2. Suppose G = {py : 0 € O} is the set of invertible-generator distributions as defined
in eq. (O) satisfying Assumption Then, the discriminator class F defined in Lemma has
restricted approximability w.r.t. G in the sense that for any p,q € G,

Wi(p,q)* < Du(plla) + Dul(qllp) < Wr(p,q) S g (Wi(p, q) + dexp(—10d)) ,

When n 2 max{d,6 %log1/}, we have the generalization bound Ry (F,G) < €gen

d*logn
0tn

The proof of Theorem[.2]uses the following lemma that relates the KL divergence to the IPM when
the log densities exist and belong to the family of discriminators.

Lemma 4.3 (Special case of (Zhang et al., 2017, Proposition 2.9)). Let € > 0. Suppose F satisfies
that for every q € G, there exists f € F such that ||f — (logp — log q)||ec < € and that all the
functions in F are L-Lipschitz. Then,

Du(pllg) + Du(qllp) —e < Wx(p,q) < L-Wi(p,q). (12)

We outline a proof sketch of Theorem [4.2] below and defer the full proof to Appendix As we
choose the discriminator class as in Lemma which implements log p — log g for any p,q € G,
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by Lemma [4.3] W (p, q) is lower bounded by Dyi(pllq) + Dui(g|[p). It thus suffices to (1) lower
bound this quantity by the Wasserstein distance and (2) upper bound Wx(p, q) by the Wasserstein
distance.

To establish (1), we will prove in Lemma|[D.3|that for any p, ¢ € G,

Wi(p,q)* < Wa(p,q)* < Dul(pllg) + Di(qlp).

Such a result is the simple implication of transportation inequalities by Bobkov-Gétze and Gozlan
(Theorem , which state that if X ~ p (or ¢) and f is 1-Lipschitz implies that f(X) is sub-
Gaussian, then the inequality above holds. In our invertible generator case, we have X = Gy(2)
where Z are independent Gaussians, so as long as Gy is suitably Lipschitz, f(X) = f(Ge(Z)) is a
sub-Gaussian random variable by the standard Gaussian concentration result (Vershyninl 2010).

The upper bound (2) would have been immediate if functions in F are Lipschitz globally in the
whole space. While this is not strictly true, we give two workarounds — by either doing a truncation
argument to get a W bound with some tail probability, or a W5 bound which only requires the
Lipschitz constant to grow at most linearly in |||,. This is done in Theorem[D.2]as a straightforward
extension of the result in (Polyanskiy & Wu, [2016)).

Combining the restricted approximability and the generalization bound, we immediately obtain that
if the training succeeds with small expected IPM (over the randomness of the learned distributions),
then the estimated distribution ¢ is close to the true distribution p in Wasserstein distance.

Corollary 4.4. In the setting of Theoremd.2] with high probability over the choice of training data
p", we have that if the training process returns a distribution ¢ € G such that Egn[Wr(p", ¢")] <

. 4
Etrain, then With €gen = 1/ d gfrgln, we have

Wl(p7 q) < WQ(p7 q) 5 (5train + sgen)l/Z- (13)

We note that the training error is measured by Egm [Wr(p™, ¢™)], the expected IPM over the ran-
domness of the learned distributions, which is a measurable value because one can draw fresh sam-
ples from q to estimate the expectation. It’s an important open question to design efficient algorithms
to achieve a small training error according to this definition, and this is left for future work.

4.2 INJECTIVE NEURAL NETWORK GENERATORS

In this section we consider injective neural network generators (defined below) which generate dis-
tributions residing on a low dimensional manifold. This is a more realistic setting than Section
for modeling real images, but technically more challenging because the KL divergence becomes
infinity, rendering Lemma useless. Nevertheless, we design a novel divergence between two
distributions that is sandwiched by Wasserstein distance and can be optimized as [PM.

Concretely, we consider a family of neural net generators & = {Gy : R* — R?} where k < d

and Gy is injective function. E] Therefore, Gy is invertible only on the image of Gy, which is a k-
dimensional manifold in R%. Let G be the corresponding family of distributions generated by neural
nets in &.

Our key idea is to design a variant of the IPM, which provably approximates the Wasserstein dis-
tance. Let p” denote the convolution of the distribution p with a Gaussian distribution N(0, 3%1).
We define a smoothed F-IPM between p, g as

dr(p,q) & inf (Wx®”,¢%) + Blog1/8)"/2, (14)

Clearly dr can be optimized as W with an additional variable 5 introduced in the optimization.
We show that for certain discriminator class (see Section [E] for the details of the construction) such
that d » approximates the Wasserstein distance.

Theorem 4.5 (Informal version of Theorem[E.T). Ler G be defined as above. There exists a discrim-
inator class F such that for any pair of distributions p, q € G, we have

Wi(p,q) < dz(p.q) < poly(d) - Wi(p,a)"/® + exp(—Q(d)). (15)
°In other words, G () # Go(y) if = # y.
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Furthermore, when n 2, poly(d), we have the generalization bound

Ra(F,G) < poly(d)y 5"

Here poly(d) hides polynomial dependencies on d and several other parameters that will be defined
in the formal version (Theorem[E.1])

The direct implication of the theorem is that if d(5", §") is small for n > poly(d), then W (p, q) is
guaranteed to be also small and thus we don’t have mode collapse.

5 SIMULATION

Our theoretical results on neural network generators in Section ] convey the message that mode
collapse will not happen as long as the discriminator family J has restricted approximability with
respect to the generator family G. In particular, the IPM Wx(p, ) is upper and lower bounded by
the Wasserstein distance W (p, ¢) given the restricted approximability. We design certain specific
discriminator classes in our theory to guarantee this, but we suspect it holds more generally in GAN
training in practice.

We perform two sets of synthetic experiments to confirm that the practice is indeed consistent with
our theory. We design synthetic datasets, set up suitable generators, and train GANs with either our
theoretically proposed discriminator class with restricted approximability, or vanilla neural network
discriminators of reasonable capacity. In both cases, we show that IPM is well correlated with the
Wasserstein / KL divergence, suggesting that the restricted approximability may indeed hold in prac-
tice. This suggests that the difficulty of GAN training in practice may come from the optimization
difficulty rather than statistical inefficiency, as we observe evidence of good statistical behaviors on
“typcial” discriminator classes.

We briefly describe the experiments here and defer details of the second experiment to Appendix [G|

(a) We learn synthetic 2D datasets with neural net generators and discriminators and show that the
IPM is well-correlated with the Wasserstein distance (Section [5.1).

(b) We learn invertible neural net generators with discriminators of restricted approximability and
vanilla architectures (Appendix [G). We show that the IPM is well-correlated with the KL diver-
gence, both along training and when we consider two generators that are perturbations of each
other (the purpose of the latter being to eliminate any effects of the optimization).

5.1 EXPERIMENTS ON SYNTHETIC 2D DATASETS

In this section, we perform synthetic experiments with WGANs that learn various curves in two
dimensions. In particular, we will train GANSs that learn the unit circle and a “swiss roll” curve (Gul-
rajani et al.l 2017) — both distributions are supported on a one-dimensional manifold in R?, therefore
the KL divergence does not exist, but one can use the Wasserstein distance to measure the quality of
the learned generator.

We show that WGANS are able to learn both distributions pretty well, and the IPM W is strongly
correlated with the Wasserstein distance ;. These ground truth distributions are not covered in
our Theorems [4.2]and 3] but our results show evidence that restricted approximability is still quite
likely to hold here.

Ground truth distributions We set the ground truth distribution to be a unit circle or a Swiss roll
curve, sampled from

Circle : (z,y) ~ Uniform({(z,y) : 2> +y* =1})
Swissroll : (x,y) = (z cos(4nz), zsin(4nz)) : z ~ Uniform([0.25, 1]).
Generators and discriminators We use standard two-hidden-layer ReLU nets as both the generator

class and the discriminator class. The generator architecture is 2-50-50-2, and the discriminator
architecture is 2-50-50-1. We use the RMSProp optimizer (Tieleman & Hinton, 2012) as our update
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rule, the learning rates are 10~* for both the generator and discriminator, and we perform 10 steps
on the discriminator in between each generator step.

Metric We compare two metrics between the ground truth distribution p and the learned distribution
q along training:

(1) The neural net IPM Wx(p, ¢), computed on fresh batches from p, g through optimizing a sepa-
rate discriminator from cold start.

(2) The Wasserstein distance Wi (p, ¢), computed on fresh batches from p, ¢ using the POT pack-
agﬂ As data are in two dimensions, the empirical Wasserstein distance Wi (p, §) does not
suffer from the curse of dimensionality and is a good proxy of the true Wasserstein distance
Wi (p, q) (Weed & Bach, 2017).

f e realG 151 e realG
1.09 y. \ fakeG P aman fakeG 6 — F-IPM
0s 31 104 ) 4 \ Wasserstein [
& 5
0.01 { ] $ 051 & y
-051 ‘ ! & 0of [f P 3 ¢
N X . R BKks ' O £
Z10] ¢ ‘ y ]
-osq W | 4 » =
154 P ) Pt F 4 >
SYIERN Y, |
-2.01 . of \
-1.51 N, o"° ! i
“25] : ® ot . \,._n,,,u\/\f\m_w\/\k
2 1 o 1 2 -1 0 1 2 0 2000 4000 6000 8000 10000
(a) Iteration 500. (b) Iteration 10000. (c) Comparing IPM and Wasserstein.

Figure 1: Experiments on the swiss roll dataset. The neural net IPM, the Wasserstein distance, and the sample
quality are correlated along training. (a)(b): Sample batches from the ground truth and the learned generator at
iteration 500 and 5000. (c): Comparing the F-IPM and the Wasserstein distance. RealG and fakeG denote the
ground truth generator and the learned generator, respectively.

Result See Figure [I] for the Swiss roll experiment and Figure 2] (in Appendix [F)) for the unit circle
experiment. On both datasets, the learned generator is very close to the ground truth distribution at
iteration 10000. Furthermore, the neural net IPM and the Wasserstein distance are well correlated.
At iteration 500, the generators have not quite learned the true distributions yet (by looking at the
sampled batches), and the [IPM and Wasserstein distance are indeed large.

6 CONCLUSION

We present the first polynomial-in-dimension sample complexity bounds for learning various dis-
tributions (such as Gaussians, exponential families, invertible neural networks generators) using
GANs with convergence guarantees in Wasserstein distance (for distributions with low-dimensional
supports) or KL divergence. The analysis technique proceeds via designing discriminators with re-
stricted approximability — a class of discriminators tailored to the generator class in consideration
which have good generalization and mode collapse avoidance properties.

We hope our techniques can be in future extended to other families of distributions with tighter
sample complexity bounds. This would entail designing discriminators that have better restricted
approximability bounds, and generally exploring and generalizing approximation theory results in
the context of GANs. We hope such explorations will prove as rich and satisfying as they have been
in the vanilla functional approximation settings.
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A PROOFS FOR SECTION 2]

A.1 PROOF OF THEOREM 2.1]

Fixing p", consider a random sample ¢". It is easy to verify that the F-IPM satisfies the triangle
inequality, so we have

Wr(p,q) — Eqe [Wr (5", 4"))| < Ege [Wr(p.q) — Wr(p", ")
Taking expectation over p" on the above bound yields
Epr [[Wr(p,q) — Egn [Wr (0", ¢")]l] < Epn [Wr(p,p")] + Egn [Wr(q, ¢")).

So it suffices to bound Ezn [Wx(p, p™)] by 2R,,(F,G) and the same bound will hold for ¢. Let X;
be the samples in p". By symmetrization, we have

o> - Eme)]H <28

n

%Zsif(xa

1

sup

Wx(p,p") =E lsup
feF

fer

Adding up this bound and the same bound for ¢ gives the desired result.

B PROOFS FOR SECTION[3]

B.1 PROOF OF THEOREM [3.1]

Recall that our discriminator family is
F = {x — U(UT:chb) Hvlly < 1,8 < D}.
Restricted approximability The upper bound Wx(p1, p2) < Wi(p1,p2) follows directly from
the fact that functions in F are 1-Lipschitz.
We now establish the lower bound. First, we recover the mean distance, in which we use the fol-
lowing simple fact: a linear discriminator is the sum of two ReLU discriminators, or mathematically
t =o(t) — o(—t). Taking v = 1=£2_ we have
[l —pezll,
= pally = v =0 po = By, [0 X] = Ep, [0 X]
= (Enlo(TX)] - Eplo@w X)) + (~Ep, [o(~0T X)] 4+ Epyfo(~ X))
[Ep, [o(v" X)) = Epy[o(v" X)]| + [Ep, [o(=v " X)] = By, [o(—v" X)]|.

IN

Therefore at least one of the above two terms is greater than ||p1 — pa||, /2, which shows that
Wr(p1,p2) > |l — palls /2.

For the covariance distance, we need to actually compute E,[o(v" X + b)] for p = N(u, X). Note

that X £ 2127 + ., where Z ~ N(0, I;). Further, we have v’ X & H21/2v||2 W + o' for
W ~ N(0, 1), therefore

E,[o(vX +b)] =E {o (Hzl/%

2W+vTu+b)]

T T
v p+b 1/2 v p+b
W et | = 22| R rster )
( ||zl/2v||2> A7
(Defining R(a) = E[max {W + a,0}] for W ~ N(0,1).) Therefore, the neuron distance between
the two Gaussians is

-
2

oo +b
21/2 H ’
=3,

v g+ b

IR | =0 e
e
2

llvll,<1,]6|<D

= [, 7

13
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As a — max {a + w, 0} is strictly increasing for all w, the function R is strictly increasing. It is
also a basic fact that R(0) = 1/v/2m.

Consider any fixed v. By flipping the sign of v, we can let vy, > v o without changing
HE}/%H . Now, letting b = —v T (111 — 12)/2 (note that |b| < D is a valid choice), we have
2

T, _ T(. _
ﬂmlmwzov vruﬁl,:_vwgimgo,
As R is strictly increasing, for this choice of (v, b) we have
T T
1/2 vipur+b 1/2 H v e+ b
Hzl UHzR 172 HE T e
2w 25w
1 1/2 1/2
20 (1], - [l - o ol [s2,)
2 27 !
Ranging over ||v||, < 1 we then have
Wr(p1,p2) 2> sup ’HZI/% —H21/2v ‘
(wrpe) = @Hvufzgl Pl
The quantity in the supremum can be further bounded as
| R A R A 2 T

SR S R

Choosing v = Vpax (21 — X2) gives

121 = 22l
Wrlpropn) 2 o owp [[537%]], = [ = = e
(p1,p2) > HuH <1 520
Now, using the perturbation bound
1
w2 sl < S = sl < -5
H 1 2 op = o) T o) 1 Eellop 2llop
(cf. (Schmitt, [T992, Lemma 2.2)), we get
W , 20 21/2 _ 2:1/2 > Omin HE1/2 1/2 .
(pl p2) 2 2\/ 27T(7max 2 RV 27ramax Fr

Combining the above bound with the bound in the mean difference, we get

SHEIESE

1 — M2||2 Omin
W ] 2 ’S +
F(p1,p2) 2 5 ( 5 ordon

9

2
/2 _yzn/? ]

2ol ol i
2V 2wdomax UTU=0UT=I,

Umm Umln
= p1,p p1,p
2V 27d amax Wa(pL,pz) 2 2\/27rdamax Wi(pr, p2)

The last equality following directly from the closed-form expression of the W5 distance between
two Gaussians (Masarotto et al., 2018| Proposition 3). Thus the claimed lower bound holds with

c=1/(2v2nr).

KL Bound We use the W5 distance to bridge the KL and the F-distance, which uses the machinery
developed in Section D} Let p1, p2 be two Gaussians distributions with parameters 0; = (u;, %;) €
©. By the equality

Dia(p1][p2)+Dia(p2]lp1) = (Ep, [log pr (X)]=Ep, [log p1 (X)])+(Ep, [log po (X)]—Ep, [log pa (X)),

(16)

14
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it suffices to upper bound the term only involving log p; (X) (the other follows similarly), which by
Theorem D.2]requires bounding the growth of ||V log p1 () ||2 We have
IViogpr(@)lly = |27 (@ = p)||, < o e = pu -
Further E,, [||z — 11]|3] < tr(2) + || — u1|\2 < do? . +4D? fori = 1,2, therefore by (a trivial
variant of) Theorem c) we get
EPI [].Og P (X)] - EPQ []‘Og b1 (X)] II]lIl (fo—max + 2D)W2 (pl ) p2)

The same bound holds for log p,. Adding them up and substituting the bound appendix [B.T] gives
that

Dy (p1llp2) + Dua(p2llp1) < TWQ(Pth) S (03' )W]:(pDPQ).

Generalization We wish to bound for all § = (p, ) € ©

1 n

— Z 610’(’UTX1' + b)
s

As 0 : R — R is I-Lipschitz, by the Rademacher contraction inequality (Ledoux & Talagrand,
2013), we have

Rn(F; pa) = Epe sup

llvll,<1,]6|<D

E’PG

Zel o(v" X; +)

The right hand side can be bounded directly as

E, gi(v Xi+b)
’ L ll,210bl<D ”Z

nzez (T X; +b)

< 2R
= 2y
n ! Lm Sz

lv]l5 <1 \b|<D

sup
lvll,<1,|b|<D

1 1
< sup b+o pE||=) &l +Ey | sup <v, =Y gi(Xi—p)
llvll,<1,[6|<D n ; ! lvll,<1 n ;
I 1<
< 2DE EZ&,» +E,, Ezsi(xﬁ )
i=1 =1 2

1 n 2 1 n 2

< 2D |E <n§e> + | Ep, Hn;gsi(x 2

2D + +/tr(%) L 2D+ OmaxVd
Vn - Vn '

B.2 PROOF OF THEOREM [3.2]

KL bounds Recall the basic property of exponential family that A(§) = E,,[T(X)]. Suppose
p = po, and g = py,. Then,

W]:(p, Q) = sup Eps [<1)7T(X)>] _Ep92[<vaT(X)>]

llvllo<

= sup (v, VA(6) — VA(6,)) = |VA(B;) — VA®B)]|, .

llvll,<1

By the assumption on V2 A we have that

YN01 = b2[l2 < Wr(po, pe,) < Bl61 — b2]|2 (17)
Moreover, the exponential family also satisfies that

1
Dua(pe, [po.) = A(02) — A(61) — (VA(6:),02 — 01) = / p V2 A0 + tp)pdt
0
where p = 6, — 0s. Usmg the assumption we have that 7\\01 — 0] < pTV2A(0y + tp)p <

ﬁ||91 — 6||? and therefore 17||61 — 62]|* < Di(po, [[pe,) < 38161 — 65]|2. Combining this with
eq. (T7) we complete the proof.
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Wasserstein bounds We show eq. (8). As diam(X) = D, there exists zp € X such that
|z — xo|| < D forall x € X. Hence for any 1-Lipschitz function f : R? — R we have that
|f(X) = f(zo)] < ||z — 0], < D. By the Hoeffding Lemma, f(X) is D?/4-sub-Gaussian.
Applying Theorem [D.I|(a), we get that for any p,q € G,

2
Wilr.0) < | 5-Dalolle) S 2 Wrlr.a).

Generalization For any § € © we compute the Rademacher complexity

1 < 1 <
Ry (F,po) = Ey, S nZ&(U,T(Xi»H =Ky, EZ&'T(XO ]
Vil2> i=1 i=1 2
1 & | B, o)
Do 2
< B |[a 2 emon) | =y PR
i= 2

C RESULTS ON MIXTURE OF GAUSSIANS

We consider mixture of k identity-covariance Gaussians on R%:

i k
Pe:ZwiN(ui,Id), w; > 0, Zwi:L
=1 i=1

We assume that § € © = {||w;|l, < D, w; > exp(—By,) ¢ € [k]}.

We will use a one-hidden-layer neural network that implements (a slight modification of) log py:

k
F=<fi—fa:fi= longy) exp (u?ﬁx + bg-l)) sexp(—By) < wy) <1,

Jj=1

() () 2
i, < Dozl = -p

Theorem C.1. The family F is suitable for learning mixture of k Gaussians. Namely, we have that

(1) (Restricted approximability) For any 01,05 € O, we have

D27-i-1 ' le(p917p92) < W]:(peupaQ) < 2D - Wl(p917p92)~

(2) (Generalization) We have for some absolute constant C' > 0 that

\/k(logk + D2 + B,)dlogn

n

sup R, (F,pg) < C
0co

C.1 THE GAUSSIAN CONCENTRATION RESULT

The Gaussian concentration result (Vershynin, 2010, Proposition 5.34) will be used here and in later
proofs, which we provide for convenience.

Lemma C.2 (Gaussian concentration). Suppose X ~ N(0, 1) and f : R¢ — R is L-Lipschitz, then
f(X) is L?-sub-Gaussian.
C.2 PROOF OF THEOREM[C.T]

Restricted approximability For the upper bound, it suffices to show that each

k
f(z) = log ij exp (ujx +b;) (18)
j=1
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is D-Lipschitz. Indeed, we have
k k
>y wjexp(p] @+ bj)p; X exp(p & + ;) ||l <D
& = & =
Shwjexp( x b)) ||, Sy wjexp(u] @ + by)

This further shows that every discriminator f; — fo € F is at most 2D-Lipschitz, so by Theo-
rem[D.2[a) we get the upper bound.

IV 1og f(z)l, =

We now establish the lower bound. As F implements the KL divergence, for any two p1,p2 € P,
we have

Wx(p1,p2) > Dua(p1llp2) + Dua(pz2(lp1)-
We consider regularity propertles of the distributions pi, p2 in the Bobkov-Gotze sense (Theo-
rem Ma)) Suppose p1 = Y. w;N(u;,1z). For any 1-Lipschitz function f : RY — R, we

have
J
d
:Zf Mja-[d
j=1

Letting X; ~ N(p;, I4) be the mixture components. By the Gaussian concentration (Lemma |C.2),
each f(X ) is 1-sub-Gaussian, so we have for any A € R

k
[ 0] Z“”E [ X)) Z AE[FXDHN/2  3/2§ 4 AELF]

=1 j=1

I
Now, term I is precisely the MGF of a discrete random variable on Y € R which takes value
E[f(X)] with probability w;. For Z ~ N(0, 1) we have
[ELf(X5)] = ELf (D]l = [E[f (1 + 2)] = BIF(O) < Ellf (1 + 2) = F(2)] < Iy < D-
Therefore the values {E[f(X)]}, ) lie in an interval of length at most 2D. By the Hoeffding’s
Lemma, Y is D2-sub-Gaussian, so we have I < exp(AE[Y] + D?)?/2), and so

E[eM )] < exp (A; + AE[Y] + D2A2/2> = exp (A}E[Y] + XZ(DQM) .

Therefore f(X) is at most (D?+1)-sub-Gaussian, and thus X satisfies the Bobkov-Gozlan condition
with 02 = D? + 1. Applying Theorem|[D.I[a) we get

Wx(p1,p2) = Dia(p1l|p2) + Dia(p2l|lp1) > - W(p1,p2).

1
D241
Generalization Reparametrize the one-hidden-layer neural net eq. (I8) as

k

fo(x) = logz exp(,u;-rx +b; +logw;).
=1 —

It then suffices to bound the Rademacher complexity of fy for 6§ € © =
{llxill, < D,cj € [-(D? + By),0]}. Define the metric

p(0,0') = gré?ﬁmaX{Huj — tjlyles = €1}

and the Rademacher process

n n k
1 1
Yy = - E eifo(Xi) = - E g; log E exp(u;rXi +¢j),
i=1 i=1 j=1

we show that Yj is suitably Lipschitz in 6 (in the p metric) and use a one-step discretization bound.
Indeed, we have

1 — exp(p] X; + ¢j)
||VMY9H2: HZ ik : ’
n ZJ 1exp(,uj X; + CJ

1 n
<30Il
=1

17
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and
exp(p! X; + ¢
|VC7Y9 Z p( M ]) 1
oY exp(u] X+ ¢;)
Therefore, for any € > 0 we have
E| sup [Yp—Yp|| <Ck(E[|X1lly]+1)e < Ck(D+ Vd)e (19)
p(0,0")<e

for some constant C' > 0.

We now bound the expected supremum of the max over a covering set. Let N (0, p,¢) be a e-
covering set of © under p, and N (0, p, €) be the covering number. As p looks at each y;, ¢; sepa-
rately, its covering number can be upper bounded by the product of each separate covering:

k
3D
N©.0,€) < TINB(D), € N((=(D%+Bu) 0] 1,6) < exp (ratox 2 + kiog
Now, for each invididual process Yy is the ii.d. average of random variables of the form

g; log Z?Zl exp(ujTX +c;). The log-sum-exp part is D-Lipschitz in X, so we can reuse the analysis

done precedingly (in the Bobkov-Gotze part) to get that log Z _rexp(p] X 4 ¢;) is D*(D? 4 1)-
sub-Gaussian. Further, its expectation is bounded as (for X ~ p = > v;N(v;, 14))

k k k
Ex~p logZexp(u;-rX—i—cj) :Zvi]EXNN(de) logZexp(u;—'—X—i—cj)

j=1
k

< D wilog ) Exang,rplexp(i] X + )] <szlogzexp Tvi gl /2 + ¢)

< logk+ (2D? + B,).

This shows that the term ¢; log Z?Zl exp(u] X 4 ¢;) is (logk + D? + By,)? + D*(D? + 1)-sub-
Gaussian, and thus we have by sub-Gaussian maxima bounds that

logk + D%+ By)? + D2(D2 + 1
ELﬁg)wﬂsc¢“g+ FRSADADTED o n(0,,2)
S sPHE
1 D’+ B D’+ B
< C\/ng+n+w - kdlog % (20)

By the 1-step discretization bound and combining eq. (I9) and appendix [C.2] we get

[sup |Y9|] <E sup [Yo — Yy || +E [ max |Y9]
0co 0,0'€0,p(0,0")<e 0EN(©,p,¢)

log i + D? + By D+ B,
< Ck(D+\/&)g+c\/°g+n+-kdlog =12

Choosing ¢ = ¢/n for sufficiently small ¢ (depending on D?, B,,) gives that

2
} SC\/kd(logk—l—D + By,)logn

E [sup |Ys| -

0€©

D PROOFS FOR SECTION

D.1 BOUNDING KL BY WASSERSTEIN

The following theorem gives conditions on which the KL divergence can be lower bounded by the
Wasserstein 1/2 distance. For a reference see Section 4.1 and 4.4 in \van Handel (2014).

18
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Theorem D.1 (Lower bound KL by Wasserstein). Let p be any distribution on R% and X; id p be
the i.i.d. samples from p.

(a) (Bobkov-Gotze) If f(X,) is o%-sub-Gaussian for any 1-Lipschitz f : R — R, then
Wi(p,q)* < 20°Du(pllq) forall q.
(b) (Gozlan) If f(X1, ..., X,) is 02-sub-Gaussian for any 1-Lipschitz f : (R")™ — R, then

Wa(p,q)* < 20°Dy(pllq) forallg.

Theorem D.2 (Upper bounding f-contrast by Wasserstein). Let p, q be two distributions on R? with
positive densities and denote their probability measures by P, Q. Let f : R* — R be a function.

(a) (W1 bound) Suppose f is L-Lipschitz, then E,,[f(X)] — Eq[f(X)] < L - Wi(p, q).

(b) (Truncated W1 bound) Let D > 0 be any diameter of interest. Suppose for any p € {p,q} we
have

(i) fis L(D)-Lipschitz in the ball of radius D;
(ii) We have E5[f?(X)] < M;

(iii) We have P(||X| > D) < peau(D),
then we have

Ep[f(X)] = Eg[f(X)] < L(D) - Wi(p, q) + 4v/ Mpiair(D).

(c) (Ws bound) Suppose ||V f(z)|| < c1 ||z|| + ca forall x € R then we have
pp

Ey[f(X)] ~ Eg[f(X)] < (C;\/Ep[nxnﬂ + 5 VEIXI® + ) Wa(p,q).

D.1.1 PROOF OF THEOREM[D.2]
Proof. (a) This follows from the dual formulation of Wj.

(b) We do a truncation argument. We have
E,[£(X)] — E,[£(X)] =E,[f(X)1{| Xl < D}) - E,[f(X)1{|X|| < D}
I
+Ep[f(X){]|X]| > D} = Eg[f (X)1{[|X]| > D}].

II

Term II has the followng bound by Cauchy-Schwarz:

< \JE,[£2(X)] PIX ]| > D) + /E,[f2(X)] - QX[ > D) < 2/Mpea(D).

We now deal with term I. By definition of the Wasserstein distance, there exists a coupling
(X,Y) ~msuchthat X ~ P,Y ~ @, and E;[|| X — Y]] = Wi(p, q). On this coupling, we

have
I = EJ[f)1{IX] < D}~ fOOL{|Y] < D}]

= EL(f(X) ~ FOO{IX] < D, || < D}
FEA[f(X)1{|X]| < D, Y] > D}] - E[f(")1 {|Y|| < D, | X]| > D}]

< LDJE(IX — Y| L{IX| < D,|Y]| < DY +E [/ (OL{Y] = DY)
FEL[F(0)[1 {1 X]| > D]

< LDE X - Y + VE P AV = D)
+VE[P)] - 7(X] > D)

= L(D) Wilp.q) +\/E,[F2(0)] - QUIX || > D)+ \/E,[f2(X)] - P(IX] > D)

< L(D)-Wi(p,q) + 2+/ Mpiair(D).
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Above, inequality (i) used the Lipschitzness of f in the D-ball, and (ii) used Cauchy-Schwarz.
Putting terms I and II together we get

Ep[f(X)] = Eg[f(X)] < L(D) - Wi(p, q) + 4/ Mprain(D

(c) This part is a straightforward extension of (Polyanskiy & Wu, 2016, Proposition 1). For com-
pleteness we present the proof here. For any z,y € R? we have

|f(z) = f(y)| = ‘/0 (Vf(te+ (1 =t)y),z—y) dt‘ S/O IVf(tz + (1 = )y)ll [l — yll dt

1
< /(Clt\ll‘\l+Cl(1—t)||y||+02)\|$—y||dt=(C2+01 lzll /2 + e llyll /2) [le = yll -
0

By definition of the W5 distance, there exists a coupling (X,Y) ~ wsuchthat X ~ P,Y ~ Q,

and E[| X — Y||*] = W2(p,q). On this coupling, taking expectation of the above bound, we
get

Ex[l£(X) = FY)[] < coEr[[| X = Y|} + ﬂ (Ex {[| XX = Y]+ Ex [[[Y] [ X = Y|])

IA

e /B[ X — Y] WE 1112 W[nX—Y21+¢Eﬂ[|y2]-Ewn|X—Y|2])

- (o BT+ & BT st

Finally, the triangle inequality gives

Ep[f(X)] = Eqlf (X)] = Ex[f(X) = fF(V)] <Ex[[f(X) = F(Y)]],

so the left hand side is also bounded by the preceding quantity.

O
D.2 PROOF OF LEMMA [A.T]
It is straightforward to see that the inverse of z = G (z) can be computed as
2= Wi o Wyl (oo T (W (@ = be)) o) = ba) = bu). 1)

So G, ! is also a {-layer feedforward net with activation o —!.
We now consider the problem of representing log pg(z) by a neural network. Let ¢, be the density
of Z ~ N(0, diag(y?)). Recall that the log density has the formula

9Gy ! (2)

det
¢ ox

po(x) = log ¢ ((Ge_l(z)) + log

First consider the inverse network that implements Ge_l. By eq. , this network has ¢ layers (/ — 1
hidden layers), d2+d parameters in each layer, and o1 as the activation function. Now, as log ¢~
has the form log ¢~ (2) = a(y) — >_, 22/(2v?), we can add one more layer on top of z with the
square activation and the inner product with —y~2/2 to get this term.

Second, we show that by adding some branches uPon this network, we can also compute the
log determinant of the Jacobian. Define hy = W, ~(x — by) and backward recursively hj,_; =

kal( L(hg) — br—1) (so that z = hy), we have
G, ()

ox
Taking the log determinant gives

= Wi tdiag(o ™V (ho))W5 - WL diag(o ™Y (he)) W, L.

—1 £

k=2

log

20
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As (hg, ..., hy) are exactly the (pre-activation) hidden layers of the inverse network, we can add
one branch from each layer, pass it through the log oY activation, and take the inner product with
1.

Finally, by adding up the output of the density branch and the log determinant branch, we get a
neural network that computes log pg () with no more than £ + 1 layers and O(¢d?) parameters, and
choice of activations within {o~,log o1, ()2}.

D.3 PROOF OF THEOREM [4.2]

We state a similar restricted approximability bound here in terms of the W5 distance, which we also
prove.

Vd
Wa(p,)* S Dia(plla) + Dalallp) < Wr(p,a) S 55 - Walp,q).
The theorem follows by combining the following three lemmas, which we show in sequel.
Lemma D.3 (Lower bound). There exists a constant ¢ = c¢(Rw, Ry,£) > 0 such that for any
01,05 € O, we have
W (po,,p0,) > ¢- Wa(po,,pe,)? > ¢- Wi(po,, po,)°.

Lemma D.4 (Upper bound). There exists constants C; = C;(Rw, Ry, £) > 0, i = 1,2 such that for
any 61,0> € ©, we have

(1) (W1 bound) Wx(pe,,pe,) < Cgﬁ : (W1 (po,,po,) + Vd exp(—md)).

(2) (Wy bound) Wx(pe, , pe,) < Cgﬁ - Wa(po, » Po, )-

Lemma D.5 (Generalization error). Consider n samples X; i Do+ for some 0* € O. There exists a
constant C = C(Rw, Ry, £) > 0 such that when n > C max {d, 5~ 81log n} we have

[Cd*logn
Rn(‘Fv pG*) < W'
iid

We show that py satisfies the Gozlan condition for any # € © and apply Theorem Let X; ~ pg
for ¢ € [n]. By definition, we can write

D.4 PROOF OF LEMMA [D.3]

Xi = Go(Z:), Zi S N(0,diag(7?)).

Let Z; = (2i/7v)%, and Gg(2) = Go((v:Z)L,). then we have Gy(z) = Go(Z) and that Z; are
i.i.d. standard Gaussian. Further, suppose Gy is L-Lipschitz, then for all z;, z, € R¢ we have

‘50(51) — Go(Z2)| = |Go(21) — Golz2)| < L|21 — 22|y < L |21 — Zoll,,

the last inequality following from ~; < 1. Therefore G is also L-Lipschitz.
Now, for any 1-Lipschitz f : (R%)" — R, we have

(G, Co(n) = £(Col3)...... Ga(Z,)| < (iuée@) ~ Go(3)

o\ /2
2
n 1/2
~ 2 ~ ~
< L (;nzz-—z;nz) = L [[Z1 = 1|,
Therefore the mapping (Z1,...,%,) — f(Gy(31),...,Ge(Z,)) is L-Lipschitz. Hence by
Lemma|C.2] the random variable

F(X1, ... X)) = f(Go(Z1),...,Go(Zy))
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is L2-sub-Gaussian, and thus the Gozlan condition is satisfied with 02 = L2. By definition of the
network Gy we have

‘
L< ] IWilly, - 657" < Bw'sl™! = C(Rw, £).
k=1
Now, for any 61,6, € ©, we can apply Theorem [D.1|b) and get
1
TC,QW2(p917p92)27
and the same holds with py, and pg, swapped. As log py, — log pg, € F, by Lemma we obtain

1

1
W]:(pglﬂpGQ) > Dkl(p01 ”p@z) + Dkl(p92||p91> > @WQ(peup%)z 2> Ewl(pﬁvp%)zv

Dkl(p91 Hpé'z) >

The last bound following from the fact that Wy > W;.

D.5 PROOF OF LEMMA [D.4]

We are going to upper bound Wx by the Wasserstein distances through Theorem [D.2} Fix 61,0, €
©. By definition of F, it suffices to upper bound the Lipschitzness of log pg(z) for all § € ©. Recall
that

-1
]. !
log po (@) = 5 (hesdiag(r 2)he) + Y (LaJog ™" (k) ) +C(0),
k=1

I

1
where hy, ..., hi(= z) are the hidden-layers of the inverse network z = G, '(z), and C(0) is a
constant that does not depend on z.

We first show the W5 bound. Clearly log pg(x) is differentiable in z. As # € © has norm bounds,
each layer hy, is C'(Ry, Ry, k)-Lipschitz in z, so term II is altogether v/d 3, f;;ll C(Rw, Ry, k) =
C(Rw, Ry, £) \/&—Lipschitz in . For term I, note that h, is C-Lipschitz in x, so we have

1 1 c
Vel < sz Whe@ly [Vehe(a)l < 55 (C el + he(0)) - € < 1+ )

Putting together the two terms gives

| Q

C C
19 l0g o (@), < 551+ lolly) + 55V < 55 (2l + V). @)

5

Further, under either pg, or pg, (for example pg, ), we have
2 2
Ep,, [I1X115] < E[IGo,(2)]15] < C(Rw, Ry, OE[(|Z], +1)%] < Cd.
Therefore we can apply Theorem [D.2]c) and get

2

()

C cvd
Ep,, [log po(2)] — Ep,, [log pp(z)] < 52 <2V Cd + \/&) Wa(pe,,pe,) < ?Wz(ml,peg).

We now turn to the 1#/; bound. The bound eq. already implies that for || X ||, < D,
C
IV Tog po ()], < 55 (D + V).
Choosing D = K+/d, for a sufficiently large constant K, by the bound || X ||, < C(||Z||, + 1) we

have the tail bound
P(| X[, = D) < exp(—20d).

On the other hand by the bound | log ps ()| < C((||z||, + 1)2/62 + Vd(||z||, + 1)) we get under
either py, or py, (for example py, ) we have

Ep, [(ogpe(X))?) < 572 | (118 + Va(Ixll, + )| < S
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Thus we can substitute D = K+/d, L(D) = C(1 + K)vVd/6?, M = Cd?/5*, and pe.i(D) =
exp(—2d) into Theorem [D.2{b) and get

C(1+K)Vd Cd2
Ep,, [logpo(z)] — Ep,, [log pe(z)] < (T)Wl(poum) + 44/ =5 exp(—20d)
cvd
S e (W1(p01,p92) + \/gexp( 10d)) .

D.6 PROOF OF LEMMA [D.3]

For any log-density neural network Fy(z) = log py(x), reparametrize so that (W;, b;) represent the
weights and the biases of the inverse network z = G;l (x). By eq. , this has the form

(Wi7 bz) <— (Wéili+1, _Wg:1i+1bffi+1)7 Vi € [E]

Consequently the reparametrized 6 = (W;, b;);c|¢ belongs to the (overloading ©)

0= {9 = (Wi, b)), - maX{HWiHop , ||Wi‘1H0p} < Rw, |lbill, < Rw Ry, Vi € [e]}. (23)
As F = {Fp, — Fy, : 01,05 € O}, the Rademacher complexity of F is at most two times the quan-

tity
Z €2F9

We do one additional re-parametrization. Note that the log-density network Fy(x) = log pg(x) has
the form

R, =R, ({Fs:0 €0}, pp:) = lsup
0cO

G, ()

X

1
det +K(6) = 3 (he, diag(y~?)he)+log |det

) = 6,(Gy' () log et 20 ()]

‘+K(9).

(24)
The constant C'(6) is the sum of the normalizing constant for Gaussian density (which is the same
across all #, and as we are taking subtractions of two log pg, we can ignore this) and the sum of
log det(W;), which is upper bounded by d¢Ry,. We can additionally create a parameter K =
K(0) € [0,d¢Ry] for this term and let 6 < (0, K).

For any (reparametrized) 6,0’ € ©, define the metric
p(0.0) = max {[IWs = Wiy . 10: = Billy [ K — K| : i € [d] .

Then we have, letting Yy = L 3" | &;Fy(X;) denote the Rademacher process, the one-step dis-
cretization bound (Wainwright, |2018|, Section 5).

R, <E sup  |Yy—Yj|| +E

0,0'€0,p(0,0")<e

sup  [Yp,
0N (©.p,6)

(25)

We deal with the two terms separately in the following two lemmas.

Lemma D.6 (Discretization error). There exists a constant C = C(Rw, Ry, {) such that, for all
0,0 € O such that p(0,0") < ¢, we have

Ol
Yo = Yor| < 550 > (VA1 + 1Xill) + 1XG]3) -

Lemma D.7 (Expected max over a finite set). There exists constants Ao, C (depending on Ry, Ry, ¢
but not d, §) such that for all A < \g6°n,
Cd? log 2 {fiw. R} L OP)

A dn

E[ max Yb@ <
0, EN(O,p,e)
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Substituting the above two Lemmas into the bound eq. (25), we get that for all ¢ < min { Ry, Ry}
and A < \g6%n,

Cd? log mextiw. i} L O
A 5n
I 11

SRV +IX ) + 1X]12) -+

R, < 5

As X = Gg-(Z), wehave || X ||, < C|Z]|,+||Go(0)]|, < C(||Z]|,+1) for some constant C' > 0.
As ]E[||Z||§} =k +6%(d—k) < d, we have E[Vd(1 + || X||,) + ||XH2] < Cd for some constant C,

giving that T < Cd +£. Choosing ¢ = ¢/(dn) guarantees that I < 3. For this choice of ¢, term II
has the form

Cd?log(nd max { Ry, Rp}) n Cd?*\ < Cd?logn n Cd>\

II<
- A 8n — A &n

the last bound holding if n > d. Choosing A = y/nlogn/§*, which will be valid if n/logn >

578N 2, we get
logn d*logn
1< Cd?y/ =4/ .
- 54n o4n

This term dominates term I and is hence the order of the generalization error.

D.6.1 PRrROOF oF LEMMA [D.6

Fix 0,0 such that p(0,0") < e. As Y} is the empirical average over n samples and |¢;| < 1, it
suffices to show that for any = € R4,

C
Fo(e) — By (@)| < 55 (VA + el + ) e
For the inverse network G, ! (2), let by, () € R? denote the k-th hidden layer:
hi(x) = oc(Wiz+b1), -+, he—1(x) = oc(Wy—1hp—o(x)+be—1), he(x) = Wihe—1(2)+bs = Ge_l(l‘)

Let k), (x) denote the layers of G, () accordingly. Using this notation, we have

£—1

(he, diag(v™?)he) + <1d7 logo ™" hk)>
k=1

Foz) = %

Lipschitzness of hidden layers We claim that for all k£, we have

k
Ihklly < (Rweo)* l|2lly + Ry Y (Rwko), (26)
Jj=1
and consequently when p(6,6’) < ¢, we have
Hh’k - ;9”2 < C(RW7R1)’ ]{1)6(1 + Hx||2)7 C(RWavak - Z] RWK/O') (1 + Rb)

27
We induct on £ to show these two bounds. For eq. (26), note that hy = ||z||, and

1kelly = llo(Wihi—1 + i), < EU(RW -1l + Bw Ry),
so an induction on & shows the bound. For eq. (27), note that

lha = Mlly < Wa = Willgy lzlly + b1 = billy < e(X+ [lzlly),
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so the base case holds. Now, suppose the claim holds for the (k — 1)-th layer, then for the k-th layer
we have

s

I,

IN

o (24 Wil 1on—r = Bicoa |+ Wi = W, 1A )

k—1
< ke < + RwC(Rw, Ry, k — De(1+ |lall,) + ¢ ((ancr)“ lell, + Ro S (Rwro)!
j=1
k—1 )
< e(l+l=lly) (%RWC‘(RW, Ry, k— 1)+ (1+ Ry) Z(RWKU)J> ;
j=1
C(Rw , Ry, k)
¢ verifying the result for layer k.
Dealing with (-)2 and logo—"  For the logo~!" term, note that |(logo~ )| = |0~ /o= | <
B, by assumption. So we have the Lipschitzness
-1 -1
S <1d,10g o=V (hg) — log o ! (h;)> < VB, S [l — Ml
k=1 k=1

£—1
< VdB, Y O(Rw, Ry k) e(1+||z]ly) = CVA(L + ||z]|,) - e
k=1

c

For the quadratic term, let A, = diag(y~2) for shorthand. Using the bound (1/2) (u, Au) —
2
(v, Av) [ < [[Allgp (0l [lu = vlly + [lu = vl /2), we get

1
5 (e, Ase) = (i, A1) | < 143, (IRl e = Bl + llhe = B3 /2)
1 C
< (C-C(Rw, Ry, (1 + 2]l)? + C(Rw, R, 023(1 + [12])%/2) < 551+ [lall)?

Putting together Combining the preceding two bounds and that |K — K'| < ¢, we get

V(1 [z,) + [lz]3) - .

Fata) = Fro)l < (04 ol + OV + el +1) e < 51

D.6.2 PROOF OF LEMMA D]

Tail decay at a single ¢ Fixing any 6 € ©, we show that the random variable

Zste (x;) = Zel ( (he(;), Ayhe(z;) +Z<1d710g0 (hk(xi))> +K> .

k=1
is sultably sub—exponentlal. To do this, it suffices to look at a single x and then use rules for inde-
pendent sums.

First, each (14,logo~!(hi(z))) is sub-Gaussian, with mean and sub-Gaussianity parameter
O(Cd). Indeed, we have

(1a,logo ™ (he(x))) = (La,logo™ " (hi(Go-(2)))) = (1 oo™ (hi(Go- (2))))

where Z = [21.x, Z(k+1):a/0] is standard Gaussian. Note that (1) Lipschitzness of G is bounded
by that of G, which is some C(Rw, Rp,?), (2) all hidden-layers are C(Ry, Rp,¢)-Lipschitz
(see eq. ), B)v — 2?21 log o~ (v;) is V/df,-Lipschitz. Hence the above term is a C'v/d-
Lipschitz function of a standard Gaussian, so is C'd-sub-Gaussian by Gaussian concentration
To bound the mean, use the bound

E | (12, 1og o™ (hi(Go ()| < EIVAB,C |3],) < Cd.

25
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As we have ¢ — 1 terms of this form, their sum is still C'd-sub-Gaussian with a O(C'd) mean (ab-
sorbing ¢ into C).

Second, the term (hy, A, he) is a quadratic function of a sub-Gaussian random vector, hence is sub-
exponential. Its mean is bounded by E[[|A4, |, ||hg||§} < (Cd/§?. Its sub-exponential parameter is
1/6? times the sub-Gaussian parameter of h,, hence also C'd/§?. In particular, there exists a constant
Ao > 0 such that for all A < \yd2,

Cd C2d%\?
Elexp(A (he, Ayhe))] < exp (52/\ + (54) .
(See for example (Vershynin, [2010) for such results.) Also, the parameter K is upper bounded by
dlRy = Cd.

Putting together, multiplying by ¢; (which addes up the squared mean onto the sub-Gaussianity /
sub-exponentiality and multiplies it by at most a constant) and summing over n, we get that Yy is
mean-zero sub-exponential with the MGF bound

—1
Efexp(AYy)] = (E esxp (2 <<m<xi>,Awhe<xi>> 5> <1d,1oga—1/<hk<xi>>>))
< exp <Cd2)\2> VA< /\052n. (28)

k=1
04n

Bounding the expected maximum We use the standard covering argument to bound the expected
maximum. Recall that p(f, §") = max { W, — W/ — by, | K — K’|}. Hence, the cover-

ing number of O is bounded by the product of independent covering numbers, which further by the
volume argument is

op» IIbi

¢

oo 1 (2)" 1 (122 (2

< exp (C (£d2 log 3RW + ¢dlo 3?’)) .

Using Jensen’s inequality and applying the bound appendix |D.6.2} we get that for any A\ < \g62n,

N(©,p,e)

1 1
E Yy| < = | logE NT) < = (logN(©®
s, ) = 3 (1oeE | X e | < 5 (lesN@. 0+

Cd?)\2
o4n

Cd? log M Cd2\
< + .
A 0*n

E PROOFS FOR SECTION [4.2]

E.1 FORMAL THEOREM STATEMENT

Towards stating the theorem more quantitatively, we will need to specify a few quantities of the
generator class that will be relevant for us.

First, for notational simplicity, we override the definition of p by a truncated version of the convo-
lution of p and a Gaussian distribution. Concretely, let D, = {z : ||z|| < Vdlog®d,z € R*} be
a truncated region in the latent space (which contains an overwhelming large part of the probability
mass), and the let D, = {z : 3z € D,,||G(z) — z|2 < BV/dlog® d} be the image of D, under Gy.
Recall that

G@(Z) =0 (WlO' (Wl,1 O (le + bl) + ... blfl) + bl) .

Then, let pg () be the distribution obtained by adding Gaussian noise with variance 32 to a sample
from Gy, and truncates the distribution to a very high-probability region (both in the latent variable
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and observable domain.) Formally, let pg be a distribution over R?, s.t.

5 e _IGe(x)—=|I?
Dy (x) ox / e *lNe 87 dz,Vx € D, (29)
z€D,
For notational convenience, denote by f : R¥ — R the function f(2) = —||z||> —||Ge(2) —z||?/ B2,

and denote by z* a maximum of f.

Furthermore, whenever clear from the context, we will drop 6 from py and Gy.

We introduce several regularity conditions for the family of generators G:

Assumption E.1. We assume the following bounds on the partial derivatives of f: we denote S :=
maxX,ep [z z« <o | V2(|Go(2) =), and Amin := maxzep_ |z 24| <5 Amin (V[ Go(2) =2 [?).

Similarly, we denote t(z) := k® max|j 3 W(z) and T = max,..cp. [t(z)].

We will denote by R an upper bound on the quantity Li, HJLZ ; Owmin(W;) and by L an upper bound

. !
on the quantity L == 2'LL TT,_, m

Finally, we assume the inverse activation function is Lipschitz, namely |01 (x) —o = (y)| < Ly|x—
yl.

Note on asymptotic notation: For notational convenience, in this section, <, >, as well as the

’ o~ AU

Big-Oh notation will hide dependencies on R, L¢;, S, T (in the theorem statements we intentionally

emphasize the polynomial dependencies on d.) The main theorem states that for certain F, dr
approximates the Wasserstein distance.

Theorem E.1. Suppose the generator class G satisfies the assumption and let F be the family
of functions as defined in Theorem[E2] Then, we have that for every p,q € G,

Wi(p,q) < dr(p,q) S poly(d) - Wi(p,q)'/% + exp(—d). (30)

Furthermore, when n 2, poly(d) we have R,,(F,G) < poly(d) k’%. Here < hides dependencies
onR,Lg,S,and T.

The main ingredient in the proof will be the theorem that shows that there exists a parameterized
family F that can approximate the log density of p” for every p € G.

Theorem E.2. Let G satisfy the assumptions in Assumption For B = O(poly(1/d)), there
exists a family of neural networks F of size poly(%7 d) such that for every distribution p € G, there

exists N € F satisfying:
(1) N approximates log p for typical x: given input x = G(z*) + 7, for ||r|| < 108v/dlogd, and
2|l < 10v/dlogd for B = O(poly(1/d)) it outputs N(z), s.t.

[N (@) ~ 1085 (@) = Opopy(a) (Blos(1/8)) + exp(~d)

(2) N is globally an approximate lower bound of p: on any input x, N outputs N (x) < logp®(x) +
Opoly(d) (6 lOg(l/B)) + eXp(—d).

(3) N approximates the entropy in the sense that: the output N () satisfies |E,s N (z) — H(p”)
Opoly(d) (Blog(1/B)) + exp(—d)

Moreover, every function in F has Lipschitz constant O(%poly(d)).

The approach will be as follows: we will approximate p”(x) essentially by a variant of Laplace’s
method of integration, using the fact that

Plz)=C einHQ*HG(zfgm‘lQ dz
zeD,
for a normalization constant C' that can be calculated up to an exponentially small additive factor.
When z is typical (in case (1) of Theorem [E.2), the integral will mostly be dominated by it’s maxi-
mum value, which we will approximately calculate using a greedy “inversion” procedure.
When z is a atypical, it turns out that the same procedure will give a lower bound as in (2).

We are ready to prove Theorem [E. 1] assuming the correctness of Theorem |E.2
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Proof of T heorem@ By Theorem[E.2] we have that there exist neural networks Ny, N, € F that
approximate log p® and log ¢ respectively in the sense of bullet (1)-(3) in Theorem @ Thus we
have that by bullet (2) for distribution qﬁ , and bullet (3) for distribution qﬁ , we have

E [N1(z) — Na(x)] > E[logp] — E[logq] — O(Blog1/p) (31
PP pP PP

Similarly, we have
E [Na(z) — Ni(z)] > E[log q] — E[logp] — O(Blog1/p) (32)
e B e

Combining the equations above, setting f = Ny (z) — Na(x), we obtain that
Wr(p”.4") 2 Eps [f] = Ego [f] 2 Da(p”1¢°) + Dua(d’[Ip”) — O(Blog1/8)  (33)
Therefore, by definition, and Bobkov-Gotze theorem (Dy(p?, ¢%) = W1 (p?, ¢%))

Wi(p,q) < Wi(p”,4°) + O(8) £ (Du(p’lld”) + Du(d”|Ip"))"/* + O(B)
< (Wr(p”.4°) + O(Blog(1/5))"/* + O(B) < O(dr(p,q)) (34)
Thus we prove the lower bound.

Proceeding to the upper bound, notice that Wz(p”,¢”) < 3:W1(p”,¢”) since every function in
Fis O(poly(d)ﬁ)-Lipsohitz by Theorem We relate W1 (p”, ¢%) to Wi (p, q), more precisely
we prove: Wy (p?,¢?) < (1 + e~ 4)Wi(p,q). Having this, we’d be done: namely, we simply set
B = W/6 to get the necessary bound.

Proceeding to the claim, consider the optimal coupling C' of p, ¢, and consider the induced coupling
C, on the latent variable z in p, q. Then,

Wip,q) = / L GE) = Gz, e (aG;Z(Z)> det <3G;Z(f'>)

Consider the coupling C., on the latent variables of p?, ¢°, specified as C.(z,2") = C(z,2')(1 —

Pr[z ¢ D.])2. The coupling C of p”,¢” specified by coupling z’s according to C., and the (trun-
cated) Gaussian noise to be the same in p?, ¢®, we have that

Wi(p?, %) < /ZEDZ |G(2) — G(2)]|1dC.(z, 2" )det (86;;@) det (8(295/2’))

< /ED (1+eNG(2) - G(Z/)Hldcz(z,Z/)det(acj(;(z> \det <5G9(2/))

z 104
<1+ e_d)Wl (p,q)

The generalization claim follows completely analogously to Lemma [D.5] using the Lipschitzness
bound of the generators in Theorem [E.2]

O
The rest of the section is dedicated to the proof of Theorem|[E-2] which will be finally in Section|[E.3}

E.2 TOOLS AND HELPER LEMMAS

First, we prove several helper lemmas:

Lemma E.3 (Quantitative bijectivity). |G(2) — G(2)|| > 7r H]L:Z omin(W))||Z — 2|

Proof. The proof proceeds by reverse induction on /. We will prove that

L
~ 1 B
Wi = hall = —= [ [ omin(W5)l1Z — 2l
o =i
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The claim trivial holds for i = 0, so we proceed to the induction. Suppose the claim holds for 3.
Then,

~ 1 ~
Wihi +bi — (Wihi +b;)[| 2 m”hi = hill
and
o (Wihi + b)) — o(Wih; + b)) > m”h" A

by Lipschitzness of o~ . Since h; 1 = o(W;h; + b;) and hi_q = a(Wih; + b;),

1
||hZ 1_ i— 1” - l (i— 1) H Jmm ||Z_Z||
j=i—1

as we need. O

Lemma E.4 (Approximate inversion). Let x € RY be s.t. 3z,||Gy(2) — z|| < e. Then, there is a
l o'max(W )
i=1 02, (W)

min

neural network N of size O(1d?), activation function 0~* and Lipschitz constant LL. ||

1

which recovers a 2, s.t. |2 — z|| < 2! L ]_[Z 1 a7

Proof. N will iteratively produce estimates hi, s.t.
(D ho ==
(2) hy = o~ (argminy, [|[W;h +b; — o~ (hi—1)||3)

We will prove by induction that |h; — h;| < €2/ L% H;Zl %(W) The claim trivial holds for i = 0,

so we proceed to the induction. Suppose the claim holds for ¢. Then,
min [Wip1h +bip1 — hill S | Wigrhipa + biga — o~ ()|
= o™ (hi) — o7 (ha)

S LJHh’i - }AL7,||
o 1
<2 LT —
7:]1 amirl(Wj)

where the last inequality holds by the inductive hypothesis, and the next-to-last one due to Lips-
chitzness of o~ *

Hence, denoting / = argmin, ||Wi 1h + biy1 — o~ (hs)||2, we have
[Wig1h = Wi+ Lhiga)l| = [Wigah + biga — o (hi) + 07 (hi) = Wigahiga — biga |
< |Wisrh + bigr — o~ (ha) || + H “Y(hi) = Wig1hisr — byt |
= [|Wis1h +bis1 — o (hy)l| + o  (ha) — o~ (ha)|

. . v 1
< 2’L+1L’L+1 | I
=€ 7 X Umin(” )
j=1 7

This implies that

[Wasa(h = ho)ll < 26257 ] —

jl;[l Umill(Wj)
which in turns means

3 , il

B = higall < 2 L]

Jj=1

1
Omin (Wj )

which completes the claim.
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Turning to the size/Lipschitz constant of the neural network: all we need to notice is that h; =
ot (VViT (hi—1—1b;)), which immediately implies the Lipschitzness/size bound by simple induction.

O

We also introduce a few tools to get a handle on functions that can be approximated efficiently by
neural networks of small size/Lipschitz constant.

Lemma E.5 (Composing Lipschitz functions). If f : R% — R% and g : R — R% are L, K-
Lipschitz functions respectively, then f o g : R" — R% is LK-Lipschitz.

Proof. The proof follows by definition essentially:

I/ (g(z)) = flg@)DI < Lllg(z) — g(=")]| < LK ||z — 2|
O

Lemma E.6 (Calculating singular value decomposition approximately, (Demmel et al., 2007)).
There is a neural network with size O(n3poly(log(1/e€))) that given a symmetric matrix A € R™*"
with minimum eigenvalue gap min;; |\; — \j| > & and eigenvectors {u;} outputs {ii;, \;} s.t. :
(1) [{@;, a;)| <€, Vi Zéjand Iz =1+e

(2) ‘ﬂi — u1| S 6/5, )\z — )\1‘ S E,Vi.

(Note the eigenvalue/eigenvector pairs for A are unique since the minimum eigenvalue gap is non-
zero).

Lemma E.7 (Backpropagation, (Rumelhart et al., [1986)). Given a neural network f : R™ — R

of depth | and size N, there is a neural network of size O(N + 1) which calculates the gradient

9f -
a—{,ze [m].

E.3 PROOF OF THEOREM[E.2|

We will proceed to prove the two parts one at a time.

First, we prove the following lemma, which can be seen as a quantitative version of Laplace’s method
for evaluating integrals:

Lemma E.8 (“Tail” bound for integral at z*). Let x = G(z*) + r, for ||r|| < 108v/dlogd, and
|l2*|| < 106v/dlogd. The, for 8 = O(poly(1/d)), and

Vd
R

/ Oz < B / RIOPR
zi||z—z*||>6,2€D., 2€D.

§ =10081og(1/53)

it holds that

Proof. Let’s write

/ efPdz :/ efPdz +/ efPdz (35)
z€D zi||z—2*[| <5 zi||z—2z*||>d,2€D.

z

To prove the claim of the Lemma, we will lower bound the first term, and upper bound the latter,
from which the conclusion will follow.

Consider the former term. Taylor expanding in a neighborhood around z* we have
* * * * T *
fR)=FE)+ (=2 V() (z-2") @Ilz - 2|
where the first-order term vanishes since z* is a global optimum. Furthermore, \V& f(z*) 2 0for the

same reason. Hence, by Taylor’s theorem with remainder bounds, and using the fact that e* > 14z,
we have

14 <_T53> ) T (e
/z:lzz*||<5e = 62 f(Z )/z:|zZ*<6(Z © ) f(Z )(Z z )
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The integral on the right is nothing more than the (unnormalized) cdf of a Gaussian with covariance
matrix (—=V2f(2*))" L.

Moreover, — V2 f(z*) is positive definite with smallest eigenvalue bounded by dR—;Z, since

—V2 (%) = V(|2 1?) + = V(IG(=") — ]

B
=1+ @VQ(IIG(Z*) —z[?)
and
V2(|G(z*) — z|?) >ZVG VG2 Z z) — 2;)V3Gy(2)

where G is the i-th coordinate of G. We claim ), VG;(2* )VTGi(z ) = RTI, and || Y. (Gi(2) —

2;)V2G;(2) |2 < BV/dlog d. The latter follows from the bound on 7 and Cauchy-Schwartz. For the
former, note that we have

T (Z VGi(z*)VTGi(z*)> v=> (v,VG;(z"))?

_i(hm (2% + ev) — Giw))z
e—0 €

ByLemma |G(2* + ev) — G(2*)|| > Re, s0 3i, s.t. |Gi(2* + ev) — G;(2*)| > L. Hence,

3 (hm Gi(z* + ev) Gi(z*)>2 i .

e—0 € — d

from which }°, VG, (2*)V T Gi(z*) = RTz follows.

Using standard Gaussian tail bounds, since § > w\/&, we have
/ (z — z*)TVQf(z*)(z -2z >(1- ﬂ)det(élnr(—VQf(z*)))1/2 (36)
lz—2*[|<6

We proceed to the latter term in eq. (33). We have

* (|2 G(z*) — 2 G _ 2
F(2*) — f(2) = (Bl +||ﬁ2(2) x| et - I (2)52
G(z*)— x| ||G(z) — 2|
> ” (Zﬁ)g {EH o H (2)62 o “|ZH27 ”Z*H2|
G(z*) — G(z*) — 2 G —G(z* 2
®R — 2| - 2
@R e | 2 2
Sz =) Wm__;g_wz_fw_zw_sz*

where @ follows from the definition of x, and @ by triangle inequality.

2{rl

Note also that § Rz — z*|| > ||r|| since § > =71, which in turn implies

(Rllz = 2| = lIrlD* _ |III? o2 3 R
72 — g~z =27 = 2l =2l H>1652H2—3H
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Finally, 82 < %Hz*”, so that it follows

3R? 3R?
X2 -1 -9 K * < K12
o= 1P (555 1) — 2= Il “—3252”2 =

Putting these estimates together, we get f(z) < f(z*) —

2 which implies

/ JE) gy < ef(Z*)/ o S o=
zil|z—z*||>8 zil|z—z*||>8

The integral on the right is again the unnormalized cdf of a Gaussian with covariance matrix %I ,
so by Gaussian tail bounds again, and using that the smallest eigenvalue of —V?2f(z*) is lower-

bounded by ?—22 we have

/ e’ ) < Bef ) det(4m(—V2 f(2%))) /2
|z—z*]|>6

as we wanted.

Putting this together with eq. (36)), we get the statement of the theorem.

With this in mind, we can prove part (1) of our Theorem [E.2] restated below:
Theorem E.9. There is a neural network N of size poly(%, R, L¢, T, S, d) with Lipschitz constant

O(poly(R, Lg,d, T, S),1/B*) which given as input x = G(z*) + r, for ||r|| < 108V/dlogd, and
|lz*|| < 10v/dlogd for B = O(poly(1/d)) outputs N (z), s.t

|N(:L‘) - 10gp6($)| = Opoly(d) (6 IOg(l/B)) + exp(—d)

Proof. 1t suffices to approximate

/ el Bz (37)
zeD,
up to a multiplicative factor of 1 + Opoly (Blog(1/p)), since the normalizing factor satisfies
_lcecs ) x|?
/ / eI ™7 dy = (1 + exp(—d))det(4n]) Y/ 2det(4n / B21) 1/
z€D,

We will first present the algorithm, then prove that it:
(1) Approximates the integral as needed.
(2) Can be implemented by a small, Lipschitz network as needed.

The algorithm is as follows:

Algorithm 1 Discriminator family with restricted approximability for degenerate manifold

1: Parameters: Matrices 1, Fo, ..., E,. € R, matrices Wy, Wy, ..., W,.
100€ log(1/8)
g B

2: Letd = and let S be the trivial 3%-net of the matrices with spectral norm bounded
by O(1/?).
3: Let 2 = Njpy () be the output of the “invertor” circuit of LemmalE.4

4: Calculate g = V f(2), H = V2 f(2) by the circuit implied in Lemma|E.7

5: Let M be the nearest matrix in S to H and E;,i € [r] be s.t. M + E; has Q()-separated
eigenvalues. (If there are multiple F; that satisfy the separation condition, pick the smallest z.)

6: Let (e;, \;) be approximate eigenvector/eigenvalue pairs of H + F; calculated by the circuit
implied in Lemma

7: Approximate I; = log (flc/'\<5 ecifeig)+2; C?)‘idci) ,% € [r] by subdividing the interval (0, )

into intervals of size 32 and evaluating the resulting Riemannian sum instead of the integral.
8: Output ). I;.
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First, we will show (1), namely that the Algorithm [T] approximates the integral of interest. We’ll
use an approximate version of Lemma — with a slightly different division of where the “bulk”
of the integral is located. As in Algorithm , let 2 = N; . (x) be the output of the “invertor” circuit

inv
Lg
of Lemma and let 6 = W”Rilzog(l/m and denote by B the set B = {z : |(z — Z,¢;)| <

§}. Furthermore, let’s define how the matrices E;,i € [r] are to be chosen. Let S be an 32-

net of the matrices with spectral norm bounded by O(1/3?). We claim that there exist matrices
E\,Es,...,E.,r = Q(dlog(1/p)), s.t. if M € S, at least one of the matrices M + E;,i € [r]

has eigenvalues that are 2(3)-separated and || E;||2 < %. Indeed, let let E be a random Gaussian

matrix with entrywise variance % By Theorem 2.6 in (Nguyen et al.,|2017), for any fixed matrix
A, with probability 3/4, min; [A;(A + E) — A\i11(A + E)| = Q(F). The number of matrices in S
is bounded by 20(?108(1/8)) ‘5o F; i € [r] exist by the probabilistic method.

We can write the integral of interest as

/ ef(z)dz—i—/ e?Pdz
z€B zeB

Note that
|z =2"=]z—2+2—2%|
> ||z = 2l — [|2 = 27|
4Lq
> |2 -2
> €|z 2|

This means that {z : ||z — 2*|| < 2426} C B, soby Lemma we have

/ O < 0(5)/ef(z)dz
zeB z

which means that to prove the statement of the Theorem, it suffices for us to approximate
[ g

e z.
z€EB

Consider the former term first. By Taylor’s theorem with remainder, expanding f in a ¢-
neighborhood near Z, we get

F(2) = F() + (2 = 2)TVF(E) + (2 = 2) T V2f(2)(2 = 2) £ 5l — 2|

For notational convenience, same as in Algorithm let’s denote by H := (z — 2)TV2f(2)(z — 2),
and g := V f(2). Steps 5-8 effectively perform a change of basis in the eigenbasis of H and evaluate
the integral in this basis — however to ensure Lipschitzness (which we prove later on), we will need
to perturb H slightly.

Let M be the closest matrix to V2f(2) in the 32-net S and let e; be approximate eigenvectors of
H = M + E; in the sense of LemmaE.6} s.t. the eigenvalues of M + E; are Q(f3)-separated.
Since || E;|| < Vd e have

(2= 2)TH(z=2)— (2= 2)TH(z— 2)| = O(B)
Hence,

@) =) +(z=2)TVIE) +(z-2) Hz~2) £ %HZ — 2>+ 0(p)

Towards rewriting f in the approximate basis e;, let z — 2 = ) . ¢;e; for some scalars ¢;. We have

£ = £+ S alenng) + 3 hit 5 (30

%
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By Taylor’s theorem with remainder, e* =1+ x £ e— if z < 1. Hence,

/ ) g — <1 ied3/27;53> ST / poi(ena) 45, <2,
-eB B o Jleil <o

Calculating the integral by subdividing (0, §) into intervals of size 32, and approximating the integral
by the accompanying Riemannian sum, and taking into account |¢;| = O(8) and \;, ||g|| = O(ﬁ—lz),
we get a multiplicative approximation of

/ eCileng) +32; ¢
[ci|<d

of the order ¢ = 1 + O(j3), which is what we want.

We turn to implementing the algorithm by a small neural network with good Lipschitz constant. Both
the Lipschitz constant and the size will be handled by the composition Lemma [E.5| and analyzing
each step of Algorithm [T} Steps 3 and 4 are handled by our helper lemmas: the invertor circuit
by Lemma [E.4] E has Lipschitz constant L¢; calculating the Hessian V2 f(2) can be performed by a
polynomially sized neural network b 7y LemmalE.7]and since the third partial derivatives are bounded,
so the output of this network is O( LlpSChltZ as well. We turn to the remaining steps.

Proceeding to the elgendecomposmon, by Lemma [E.6] we can perform an approximate eigende-
composition of H with a network of size O(poly(d)) — so we only need to handle the Lipschitzness.
We will show that the result of Steps 5-6, the vectors u; and scalars A; are Lipschitz functions of H.

Suppose that H and H' are s.t. |H — H'|| < j? first. Then, H, H' are mapped to the same
matrix M in S, {u;} and {u/} are the eigenvectors of H + E; and H' + E; for some i € [r].
First, by Weyl’s theorem, since H + E; = M + (H — M) + E;, the eigenvalues of H + E; are
Q(B) — ||H — M|| = Q(B)-separated. Furthermore, since H' + E;, = H + E; + (H' — H), by

Wedin’s theorem, ||u;(H' + E;) — u;(H + E;)|| = O (||H - H/||2%) If, on the other hand,

|H — H'|| > 2%, and E,, E}, are the perturbation matrices used for H and H’, since the eigenvalues
of H 4+ E, are Q(/3)-separated, by Wedin’s theorem,

1 1
Jus '+ B3) =y + B < O (5 (1 = 812 + 1B~ Eul) ) = (51t = 7 )
so we get that the map to the vectors u; is O(1/3)-Lipschitz. A similar analysis shows that the map

to the eigenvalues ); is also Lipschitz.

Finally, we move to calculating the integral in Step 7: the trivial implementation of the integral by a
neural network has size O(poly(/3)) and as a function of e;, g, \; is O(1/8)-Lipschitz, which proves
the statement of the theorem.

O

Moving to Part (2) of Theorem [E.2] we prove:

Theorem E.10. Let N be the neural network N used in Theorem The network additionally
satisfies N (x) < logp(z) + Or,Lo,a(Blog(1/B)) + exp(—d), Vx € D.

Proof. Recalling the proof of Theorem[E.9] and reusing the notation there, we can express

q(z) = /exp(f(z)) = /eB ef(z)dz—l—/eg e’ dz

Since the neural network NV ignores the latter term, and we need only produce an upper bound, it
suffices to show that N approximates
/ @ s
z:||z—2||<8
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up to a multiplicative factor of 1 — O(Blog(1/5)). However, if we consider the proof of The-
orem we notice that the approximation consider there indeed serves our purpose: Taylor-
expanding same as there, we have

/ O g — (1 n ed3/2Tﬁ53) SO / peifeng) + 5, A
z€B i Jleil<o

This integral can be evaluated in the same manner as in Theorem [E-9] as our bound on T holds
universally on neighborhood of radius D,.

O

Finally, part (3) follows easily from (1) and (2):
Proof of Part 3 of Theorem[E2} For points z, s.t. Pz,|G(z) — z|| < 108V/dlogd, it holds that

p(z) = O(exp(—d)). On the other hand, by the Lipschitzness of N, we have || N (z)| = Oﬁ% (Ilz|)-
Since x € D, implies ||z|| = O(poly(d)) the claim follows. O

F EXPERIMENTS ON SYNTHETIC 2D DATASETS: UNIT CIRCLE
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Figure 2: Experiments on the unit circle dataset. The neural net IPM, the Wasserstein distance, and the sample
quality are correlated along training. (a)(b): Sample batches from the ground truth and the learned generator at
iteration 500 and 10000. (c): Comparing the F-IPM and the Wasserstein distance. RealG and fakeG denote the
ground truth generator and the learned generator, respectively.

G EXPERIMENTS ON INVERTIBLE NEURAL NET GENERATORS

We further perform synthetic WGAN experiments with invertible neural net generators (cf. Sec-
tion[.I)) and discriminators designed with restricted approximability (Lemma[4.1)). In this case, the
invertibility guarantees that the KL divergence can be computed, and our goal is to demonstrate that
the empirical IPM Wx(p, q) is well correlated with the KL-divergence between p and ¢ on synthetic
data for various pairs of p and ¢ (The true distribution p is generated randomly from a ground-truth
neural net, and the distribution q is learned using various algorithms or perturbed version of p.)

G.1 SETUP

Data The data is generated from a ground-truth invertible neural net generator (cf. Section 1)),
ie. X = Go(Z), where Gy : R? — R9 is a ¢-layer layer-wise invertible feedforward net, and Z
is a spherical Gaussian. We use the Leaky ReLLU with negative slope 0.5 as the activation function
o, whose derivative and inverse can be very efficiently computed. The weight matrices of the layers
are set to be well-conditioned with singular values in between 0.5 to 2.

We choose the discriminator architecture according to the design with restricted approximability
guarantee (Lemma eq. lb eq. ). Aslogo~! is a piecewise constant function that is not
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differentiable, we instead model it as a trainable one-hidden-layer neural network that maps reals to
reals. We add constraints on all the parameters in accordance with Assumption

Training To train the generator and discriminator networks, we generate stochastic batches (with
batch size 64) from both the ground-truth generator and the trained generator, and solve the min-max
problem in the Wasserstein GAN formulation. We perform 10 updates of the discriminator in be-
tween each generator step, with various regularization methods for discriminator training (specified
later). We use the RMSProp optimizer (Tieleman & Hinton, |2012) as our update rule.

Evaluation metric We evaluate the following metrics between the true and learned generator.

(1) The KL divergence. As the density of our invertible neural net generator can be analytically
computed, we can compute their KL divergence from empirical averages of the difference of
the log densities:

Du(p*,p) = Ey _n[logp* (X) — log p(X)],

where p* and p are the densities of the true generator and the learned generator. We regard the
KL divergence as the “correct” and rather strong criterion for distributional closeness.

(2) The training loss (IPM Wx train). This is the (unregularized) GAN loss during training. Note:
as typically in the training of GANs, we balance carefully the number of steps for discriminator
and generators, the training IPM is potentially very far away from the true W (which requires
sufficient training of the discriminators).

(3) The neural net IPM (W eval). We report once in a while a separately optimized WGAN loss
in which the learned generator is held fixed and the discriminator is trained from scratch to
optimality. Unlike the training loss, here the discriminator is trained in norm balls but with no
other regularization. By doing this, we are finding f € F that maximizes the contrast and we
regard the f found by stochastic optimization an approximate maximizer, and the loss obtained
an approximation of Wr.

Our theory shows that for our choice of G and F, WGAN is able to learn the true generator in
KL divergence, and the F-IPM (in evaluation instead of training) should be indicative of the KL
divergence. We test this hypothesis in the following experiments.

G.2 CONVERGENCE OF GENERATORS IN KLL DIVERGENCE

In our first experiment, G is a two-layer net in d = 10 dimensions. Though the generator is only a
shallow neural net, the presence of the nonlinearity makes the estimation problem non-trivial. We
train a discriminator with the architecture specified in Lemma @4.1)), using either Vanilla WGAN
(clamping the weight into norm balls) or WGAN-GP (Gulrajani et al.| 2017)) (adding a gradient
penalty). We fix the same ground-truth generator and run each method from 6 different random
initializations. Results are plotted in Figure

Our main findings are two-fold:

(1) WGAN training with discriminator design of restricted approximability is able to learn the true
distribution in KL divergence. Indeed, the KL divergence starts at around 10 - 30 and the best
run gets to KL lower than 1. As KL is a rather strong metric between distributions, this is strong
evidence that GANs are finding the true distribution and mode collapse is not happening.

(2) The Wx (eval) and the KL divergence are highly correlated with each other, both along each
training run and across different runs. In particular, adding gradient penalty improves the opti-
mization significantly (which we see in the KL curve), and this improvement is also reflected
by the W curve. Therefore the quantity Wz can serve as a good metric for monitoring conver-
gence and is at least much better than the training loss curve.

To test the necessity of the specific form of the discriminator we designed, we re-do the same ex-

periment with vanilla fully-connected discriminator nets. Results (in Appendix [G.4) show that IPM
with vanilla discriminators also correlate well with the KL-divergence. This is not surprising from
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Figure 3: Learning an invertible neural net generator on synthetic data. The x-axis in all the graphs indicates
the number of steps. The left-most figure shows the KL-divergence between the true distribution p and learned
distribution g at different steps of training, the middle the estimated IPM (evaluation) between p and g, and the
right one the training loss. We see that the estimated IPM in evaluation correlates well with the KL-divergence.

Moving average is applied to all curves.

a theoretical point of view because a standard fully-connected discriminator net (with some over-
parameterization) is likely to be able to approximate the log density of the generator distributions

(which is essentially the only requirement of Lemma[4.3])

For this synthetic case, we can see that the inferior performance in KL of the WGAN-Vanilla algo-
rithm doesn’t come from the statistical properties of GANSs, but rather the inferior training perfor-
mance in terms of the convergence of the IPM. We conjecture similar phenomenon occurs in training

GANSs with real-life data as well.

G.3 PERTURBED GENERATORS
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Figure 4: Scatter plot of KL divergence and neural net IPM on perturbed generator pairs. Cor-
relation between log(Di(p|lq) + Dii(q|lp)) and log W is 0.7315. Dashed line is Wx(p,q) =

100(Duwa(pllg) + Du(qllp))-

In this section, we remove the effect of the optimization and directly test the correlation between
p and its perturbations. We compare the KL divergence and neural net IPM on pairs of perturbed
generators. In each instance, we generate a pair of generators (G, G’) (with the same architecture
as above), where G’ is a perturbation of G by adding small Gaussian noise. We compute the KL
divergence and the neural net IPM between GG and G’. To denoise the unstable training process for
computing the neural net IPM, we optimize the discriminator from 5 random initializations and pick

the largest value as the output.

As is shown in Figure[d] there is a clear positive correlation between the (symmetric) KL divergence
and the neural net IPM. In particular, majority of the points fall around the line Wr = 100Dy,
which is consistent with our theory that the neural net distance scales linearly in the KL divergence.
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Note that there are a few outliers with large KL. This happens mostly due to the perturbation being
accidentally too large so that the weight matrices become poorly conditioned — in the context of our
theory, they fall out of the good constraint set as defined in Assumption|[T}

G.4 EXPERIMENTS WITH VANILLA DISCRIMINATOR

G.4.1 CONVERGENCE OF GENERATORS IN KL DIVERGENCE

We re-do the experiments of Section [G.2] with vanilla fully-connected discriminator nets. We use a
three-layer net with hidden dimensions 50-10, which has more parameters than the architecture with
restricted approximability. Results are plotted in Figure[5] We find that the generators also converge
well in the KL divergence, but the correlation is slightly weaker than the setting with restricted
approximability (correlation still presents along each training run but weaker across different runs).
This suggests that vanilla discriminator structures might be practically quite satisfying for getting a
good generator, though specific designs may help improve the quality of the distance Wr.
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20.0
17.5 4 1 — WGAN-GP — WGAN-GP — WGAN-GP
' \ -—- WGAN-Vanilla -—- WGAN-Vanilla 57 n —-- WGAN-Vanilla
15.0 4 1|
125 M
\
10.0 1 \‘;“
1§
7.5 1 1
5.0 I ?-‘\I’v-‘:-\-‘\»ﬂ"l‘f\.“h‘ retogy
. Q\\\
4 N
25 hrmaig g s s
0.0

T T T T 0
2500 5000 7500 10000 0

T T
7500 10000

T T T T 0 T T
0 2500 5000 7500 10000 0 2500 5000

Figure 5: Learning an invertible neural net generator on synthetic data with vanilla fully-connected discrim-
inator nets. The x-axis in all the graphs indicates the number of steps. The left-most figure shows the KL-
divergence between the true distribution p and learned distribution ¢ at different steps of training, the middle

the estimated IPM (evaluation) between p and ¢, and the right one the training loss. We see that the estimated
IPM in evaluation correlates well with the KL-divergence. Moving average is applied to all curves.

G.4.2 PERTURBED GENERATORS
Correlation between KL and neural net IPM is computed with vanilla fully-connected discriminators

and plotted in Figure [f] The correlation (0.7489) is roughly the same as for discriminators with
restricted approximability (0.7315).
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Figure 6: Scatter plot of KL divergence and neural net IPM (with vanilla discriminators) on per-
turbed generator pairs. Correlation between log(Dyi(pllq) + Dui(qllp)) and log Wx is 0.7489.
Dashed line is Wz (p,q) = 31/Dui(pllg) + D (qlp)-
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