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Abstract

This work develops a novel and widely appli-
cable transferability theory for graph convolu-
tional networks; covering architectures based on
undirected- and recently introduced directed con-
volutional filters. Experiments on real-world data
validate the developed theory in practice.

1. Introduction

Graph Convolutional Networks (Kipf & Welling, 2017;
Bruna et al., 2014; Defferrard et al., 2016) are a prominent
class of machine learning architectures adapted to operating
on graph structured data. Such GCNs (also known as spec-
tral convolutional networks) continue to set the state of the
art on a diverse selection of tasks (Bianchi et al., 2019; He
etal., 2021; 2022; Wang & Zhang, 2022; Koke & Cremers,
2024). While for a long time thought to be only deployable
on undirected graphs (Bronstein et al., 2021), they were
recently successfully extended also to the directed setting
(Koke & Cremers, 2024).

A key question for GCNss is that of transferability (Levie
et al., 2019; Ruiz et al., 2023). This concept encodes the
ability to train a GCN on one set of graphs and then succes-
fully apply it to previously unseen ’similar’ graphs. Typical
examples of such similar graphs arise from coarse-graining
an original graph, re-meshing (c.f. e.g. (Botsch & Kobbelt,
2004)) if the graph discretizes an underlying object such
as manifold, or from re-sampling if the original graph in
question is drawn from a statistical distribution.

In the literature, transferability has been investigated almost
exclusively in the setting of (very) large and undirected
graphs taken to faithfully discretise a common underlying
“continuous” object such as fixed metric measure space
(Levie et al., 2019), the same graphon (Ruiz et al., 2020;
Maskey et al., 2021) or the same graphop (Le & Jegelka,
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2023). Beyond the deterministic setting, transferability in
(high) probability has also been investigated for graphs
statistically sampled from the same underlying manifold
(Wang et al., 2021; 2022) or drawn from the same statistical
distribution (Keriven et al., 2020; Gao et al., 2021).

Contributions: Here we introduce a novel approach to
transferability based on information-diffusion processes on
graphs. This new approach also covers directed graphs, al-
lows for transferability results beyond the asymptotic setting
of large graphs and applies to typical examples such as trans-
ferability between graphs arising through coarsification or
from edge-rewiring. Numerical experiments on real-world
data validate our findings in practice.

2. Preliminaries

Weighted directed graphs: A (potentially) directed graph
G := (G, &) is acollection of nodes G and edges £ < G x G.
We assume (real) edge-weights w;; > 0 (with w;; # wj;)
and allow nodes i € G to have individual node-weights
;i > 0. In a social network, a node weight y; = 1 might
e.g. signify that node ¢ represents a single user, while a node
with ;1; > 1 represents a group of users.

Feature spaces: Given I'-dimensional node features on a
graph with N = |G| nodes, we collect individual node-
feature vectors into a feature matrix X of dimension
N x F'. Taking into account our node weights, we equip
the space of such signals with an inner-product according
t0 (X,Y) = Te(X*MY) = 237, 37 (X;Yi;)ps with
M = diag ({u;}) the diagonal matrix of node-weights.

Characteristic Operators: Information about the geome-
try of a graph is encapsulated into the set of edge weights,
collected into the (weighted) adjacency matrix A. Vari-
ous characteristic operators such as Laplacians (e.g. (Hein
et al., 2006; Maskey et al., 2023)) and (re-)normalized
adjacency matrices (Kipf & Welling, 2017; Rossi et al.,
2023; Koke & Cremers, 2024) may be then be derived.
Our developed theory extends to all such choices. Re-
sults below will depend on the failure of characteristic
operators to be unitarily diagonalizable, as measured via
the characteristic operator L’s departure from normality
V(L) = (ILI% — Xaseo(r) [Ak[?). Since in the undirected
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setting v(L) = 0, we may think of (L) as measuring the
’severity of the directedness’ of the underlying graph.

Spectral Convolutional Filters: A spectral graph convolu-
tional filter is constructed by applying a learnable func-
tion hg(-) to an underlying characteristic operator L to
build up the filter matrix hy(L). If the operator L =
VLAV is diagonalizable (e.g. on undirected graphs), spec-
tral convolutional filters hg(L) are defined as hy(L) =
V=lhg(A)V, with hy applied to the eigenvalues A as
ho(A) = diag (hg(A1), ..., ho(An)). If L is not diagonaliz-
able, a more subtle definiton is used (c.f. Appendix B)

In practice one avoids working with the expensive eigen-
decomposition hg(L) = V~'h(A)V by parametrizing a
generic filter function hy(-) as a weighted sum over ’simpler’
basis functions {1;}icr =: W as hg(-) := >, 0i - ¥i(-).
These simpler functions ;(-) may then e.g. be chosen as
polynomials (Defferrard et al., 2016; He et al., 2021; 2022;
Koke & Cremers, 2024) or rational functions (Bianchi et al.,
2019; Koke & Cremers, 2024), with ¢;(L) then simply
given as a polynomial (or rational function) in the matrix
L. Complete filters hy(L) are then parametrized via the
learnable coefficients {0;};cr as ho(L) := >, 0 - i(L).

Graph Convolutional Networks: Learnable filters are
then combined into a (K -layer) graph convolutional network
mapping initial node-features X € CV*¥ to final represen-
tations X% e CNV*Fx_ With bias matrices B¢ € CN**
(B.; = bj - 1) and weight matrices Wf € CFe=1%Fe layer-
updates are then implemented as:

Xt =p (Z Gi(L) - XN W+ Bf> (1)
iel
Here p is a point-wise non-linearity, for which we assume
p(0) = 0and |p(a) — p(b)| < |a—b| (a,b € C). With basis
functions ¥ = {1); };c; and weights and biases represented
as # and A, we denote the output of a graph neural network
based on the characteristic operator L and applied to the
node feature matrix X as ® = &y 5 o (L, X).

3. Transferability via Information-Diffusion

We are interested in significant
perturbations of graphs which
nevertheless should be consid-
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Figure 1. Perturbed K¢

etry. For larger IV however, deleting a single edge intuitively
corresponds to a comparatively small change in the graph’s
geometry (c.f. K16 with edge ’1 < 5’ removed in Fig 1).

This intuition is related to the way information diffuses over
the underlying graph: On a two node graph, deleting the
only present edge clearly completely disrupts information
flow. Deleting an edge within a large fully connected clique
hardly modifies the way information is diffused. To quantify
these considerations, we recall that the diffusion equation
on a graph is given as (Veerman & Lyons, 2020; Gasteiger
etal., 2019b) dX (t)/dt = —L - X (t) with solution X (¢) =
e~ L. X(0). Solving this for the same initial condition X (0)
but with diffusion implemented via L and L respectively, we
find e~ Lt X (0) — e~ 11X (0)] < e~ (V=2 (c.f. Appendix
G). Hence information indeed diffuses similarly over the
distinct graph structures determined by L and Lif N » 1.

The observation that even if | L — L|| > 1 information might
still diffuse similarly over the corresponding graph struc-
tures G, G provides the core of the transferability theory we
develop here: We consider two graphs to be similar, if the
information diffusion flows e~*", e~*/" generated by their
characteristic operators are similar.'! We then desire that

networks are transferable between such similar graphs.

If the two graphs share a common node set, similarity is
captured by sup,~ [le %t — e~5*| « 1. If the node sets are
distinct, we facilitate contact between the two graphs via
linear intertwining operators J and J, with .J linearly map-
ping features from G to G and J mapping in the opposite
direction. We may then consider two notions of comparing
diffusion flows on graphs G and G (c.f. also Appendix H):

Definition 3.1. Two graphs G, G are unidirectionally sim-
ilar under the identification J if sup, - | Je 2 —e~ Lt J| «
1. They are bidirectionally similar if |e~Lt — Je=Lt.J| <
n(t) for some (fast decaying) function n(t) > 0 with
lim;_, o n(t) = 0 and n(0) = |Idg — JJ||.

Single Filter Transferability: We now want to character-
ize the class of filters that are transferable between graphs
which are similar in the sense of Definition 3.1. This class
will turn out to consist of functions that arise as Laplace
transforms (c.f. (Widder, 1941) or Appendix 1.2):

Definition 3.2. Let 1/; be a (generalized) function defined
on Rxo := [0,90) for which []; := {7 |¥(t)|dt < .
A Laplace Transform Filter v is any function defined as

U(z) = § e = P(t)dt,

Here a generalized function 1& is meant to be understood in
a distributional sense: We e.g. allow &(t) to be given as a
(complex multiple of) the dirac delta distribution 1&5% (t) :=
cd(t — to) with ¢ € C and tg = 0 (c.f. Appendix I).

! Appendix 1.6 discusses implicit assumptions on L, L.
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Example 3.3. Considering ¢, = d(t — kto) for to > 0
and k € IN yields ¢ (z) = e~ (k%)= Using this set of
exponential basis-functions UEP = {¢~(Ft0)2}, v yields
a wide class of filter functions (c.f. Appendix 1.2).
Example 3.4. Defining ¢, = (—t)*"le= yields
Ye(2) = (2 + A\)7F. Using this set of resolvent basis-
functions UR* = {(z + \)"*}4cw yields a broad func-
tion class {ho(-) = 2;0; - ¥i(-)} as well (c.f. Ap-
pendix 1.2). The name arises since corresponding filters
UR(L) = [(L+ /\Id)_l]k are given as powers of the resol-
vent (L + A\Id)~" of the operator L.

Since we can write ¥)(L) = So t)e~tdt, we may think
of Laplace transform ﬁlters asa welghted sum over diffusion
processes that have progressed to various times ¢ € [0, 00).
As we prove in Appendix 1.3, this property endows such
filters with transferability in the setting of Definition 3.2:

Theorem 3.5. We have |Jy(L) — ¢(L)J| Iy -
sup,so [Je 5 — e7LtJ| in the unidirectional setting.
In the bidirectianal setting |i)(L) — Jy(L)J| <
So |4b(¢)|n(t)dt holds true.

In the unidirectional setting, ||, hence provides the sin-
gle filter stability constant. In the b1d1rect10na1 setting,
we note that if ¢(t) = &(t), we have §° [ (t)|n(t)dt =
|Ide — JJ| > 0 irrespective of L, L. Hence for filters to be
transferable in the bidirectional setting, we need to assume
that the generalized function 1/3 contains no dirac-delta at
t = 0; or equivalently (as we show in Appendix 1.4):
Corollary 3.6. Consider a sequence of graphs G,, for which
le=Ent — J,eLtJ, | — 0. Then for a Laplace transform
filter b, we have ||¢(L,,) — J,v)(L)J,, || — 0 if and only if
lim, o ¢ (r) = 0.

While there exist computational methods for evaluat-
ing the quantity sup,- | Je %" — e~ X'J| numerically
(Braker Scott, 2021), this is sometimes cumbersome to do
in practice. For this reason, we here provide estimates in
terms of a different quantity, that is often more accessible in
practice (c.f. also our example below). This quantity makes
use of the concept of the resolvent Ry (L) := (L + \d)~!
of the operator L; introduced in Example 3.4 above:

Theorem 3.7. Let 1) be a Laplace transform filter. There
exists a constant C' = C¢ WLy (D) < © SO that we have

| T (L) =p(L)J| < C-|J(L+Xd)~ = (L+Md)~'J|.

If either JJ = Idg or JJ = Idg (as is e.g. the case in
our coarse-graining example below, Theorem 3.7 directly
translates to the bidirectional setting. If this is not the case,
we still have the following bidirectional convergence result;
proved together with Theorem 3.7 in Appendix [.4:

Theorem 3.8. Consider a graph sequence G, with [[(L,, +
Md)~t — J,(L + Md)~1J,|| — 0. If the graphs are di-

rected, assume eigenvalues of all L,,s lie within a cone of
opening angle o < 7 symmetric about the real axis. Then

|9 (Ly) — Jut0(L)Jy || — 0iff im0 1h(r) =

Network Transferability: Building on this, we find the

following for the transferability of networks:

Theorem 3.9. Let 4 5 v be a K-layer deep GCN. As-

sume that >, IWf| < W and |BY] < B. Choose
> |U(L)| ¢ e I and w.lo.g. assume CW > 1.

Assume p(JX p(X) and if biases are enabled,

assume Jlg With this, we have with § =

G-
maxer{||Ji (L) — 1 (L)J|} that
1@y z0(L, X) — Oy zu(L, JX)|

1
< Ky E-1 L 5
[c-ctwr. (1 s pr5)]

We prove Theorem 3.9 together with the corresponding re-
sult for the bidirectional setting in Appendix 1.7. Extensions
to graph level tasks are discussed in Appendix L.8.

) = J
-1
) —

Example: Coarse-Graining Graphs. Deferring additional
examples to Appendix J, we here consider graphs contain-
ing clusters of nodes connected by significantly larger edge
weights than those of edges outside of these clusters. This
might for example arise for weighted graphs discretizing
underlying continuous spaces: Here, edge weights are typi-
cally set to inverse discretization length (w;; ~ d;jl), which
might vary over the graph (Post, 2012; Post & Simmer,
2021). Strongly connected sub-graphs then correspond to
clusters of spatially closely co-located nodes. Alternatively,
such different scales can occur in social networks; e.g. if
edge-weights are set to number of exchanged messages

/f\/ o AN
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Figure 2. (a) G with red stong edges (b) Coarse grained G (c) Ghign

From a diffusion perspective, information in a graph equal-
izes faster along edges with large weights. In the limit where
edge-weights within certain sub-graphs tend to infinity, in-
formation within these clusters equalizes immediately and
such sub-graphs should thus effectively behave as single
nodes. We might thus consider a course grained graph G
where these strongly connected clusters are indeed fused
together and represented only via single nodes. The cor-
responding node set G of G is then given by the set of
connected components in Gyign Edges £ are given by ele-
ments (R, P) € G x G with non-zero accumulated edge
weight Wrp =3 g >cp Wrp. Node weights in G are
defined accordingly by aggregating as R = Drer Mr- To
compare signals on these two graphs G, G, we define inter-
twining operators J*, J' transferring information between
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the two graphs: Let x be a scalar graph signal and let 1 »
be the vector that has 1 as entry for nodes r € R and is
zero otherwise. Denote by ur the entry of u at node R € G.
Projection J* is then defined component-wise by evaluation
atnode R e G as (J'z)g = (LR, z)/p,. Interpolation is
defined as J'u = Y Reg UR - LR.

As proved in Appendix J.1, we have for Laplacians A, A
on G and G that (with Ay, the Laplacian for Ghign)

A+ Id)™r — TN A+ Td) 7 TV < 1/ (Anign)- (2)

Hence — as desired in view of Definition 3.1 — the transfer-
ability error for networks based on Laplace transform fil-
ters decreases inversely with increasing connectivity within
Ghign as measured via the first non-trivial eigenvalue \; of
Ahigh (scaling linearly with the edge-weights in Ghign). In
contrast other common, GNNs equip G and G with vastly
different feature-vectors, as observed below.

4. Numerical Results

In this section we focus on showcasing the transferability
properties established in Section 3 in a practical example.
Following (Levie et al., 2019; Koke, 2023) in spirit, we con-
sider transferability between original- and coarse grained
versions of graphs. In order to evaluate on real world data
we follow (Koke, 2023) and evaluate on the task of molec-
ular property prediction, which allows to fairly compare
properties of standard GNN architectures (Hu et al., 2020).
Our dataset (QM7; (Rupp et al., 2012)) contains 7165 or-
ganic molecules; each containing both hydrogen and heavy
atoms. Each molecule is represented by a weighted ad-
jacency matrix, whose entries A;; = Z;Z; - |#; — ;|™*
correspond to Coulomb repulsions between atoms ¢ and j.
Prediction target is molecular atomization energy. We also
consider a coarsified version of QM7: Here we fuse together
each heavy atom with its surrounding hydrogen atoms into
super-nodes. Appendix K.1 provides exact details and dis-
cusses baselines. We might interpret this low-resolution
QMY7 dataset as a model for data obtained from a resolution-
limited observation process unable to resolve positions of
individual (small) hydrogen atoms and only providing infor-
mation about how many are bound to a given heavy atom.

We then consider two architectures using Laplace transform
filters, with the set of basis functions W (c.f. Section 2) given
respectively as the set of exponential basis functions WE*P
introduced in Example 3.3 and the set of resolvent basis-
functions UR® introduced in Example 3.4. We compare the
transferability properties of these architectures (LTF-WRes
and LTF-WE*P) against those of typical GNNS.

Using the high-resolution graphs {G} of QM7 and the low-
resolution graphs {G} in coarsified-QM?7, we then investi-
gate transferability by confronting models during inference

with a resolution-scale different from the one they were
trained on: Table 1 collects corresponding results; including
reference results for inference on same-resolution data.

Table 1. Regression using high- and low-resolution QM7
Mean Absolute Error (|) on QM7 [kcal/mol]

Training High Resolution Low Resolution
Low High Low High

Inference Resolution Resolution Resolution Resolution
GCN 125.34+2.47 63.17+0.92 67.75+3.73 380.51+30.33
ARMA 206.50+18.68 62.18+3.24 62.30+4.70 301.44+38.29
GATV2 415.09+96.5748.41+19.20 60.01+3.34 245.03+90.97
ChebNet  568.47+37.70 64.63+1.21 64.90+4.55339.64+101.30
SAG 542.16+27.33 68.43+1.93104.20+3.92 506.75+60.57
BernNet 765.22+495.2883.76+21.75 90.52+37.17594.62+341.55
SAG-M 285.53+95.54 66.22+4.51 73.57+14.57 307.67+77.24
UFGNet 620.21+4.80 13.71+1.05 24.53+4.80156.44+156.44
Lanczos  939.87+16.35 10.55+3.22 83.1145.27654.61+529.13
PushNet 2442.59+303.27 60.94+1.83 69.25+3.11 124.08+3.94
LTE-wRe 16.54+3.01 16.53+3.03 15.79+0.98 13.80+1.34
LTF-U®®  16.37+1.71 16.36+2.16 16.25+1.41  16.25+1.41

We first note that for all baselines, the mean-absolute-errors
(MAESs) made during inference increase significantly when
going from a same-resolution setting to a cross-resolution
setting. This shows clearly that standard architectures
are not transferable. Their errors increase by factors of
O(2) for simple methods (e.g. GCN) up to @(100) for
sophisticated ones (e.g. UFGNet and Lanczos). MAEs
of LTF-WR® and LTF-UF*? do not increase when going
from a same- to a cross-resolution setting: Thus we see that
networks based on Laplace transform filters are trans-
ferable. In cross-resolution settings, MAEs of LTF-WRes
and LTF-WE* are lower than that of all baselines by a fac-
tor of at least O(10) but up to O(100). It is interesting to
observe that LTF-WR®’s best performance is achieved when
only low-resolution training data is available, but inference
is performed on high resolution data; a setup is likely to
occur in real-life settings without high-quality training-data.

5. Conclusion

We developed a widely applicable transferability theory for
(potentially directed) graph convolutional networks based
on the intrinsic notion of information diffusion on graphs.
In an example, we saw how our theory enables the design
of networks transferable between graphs arising from one
another via coarse-graining. This was confirmed experi-
mentally: Networks designed according to the principles
laid out by our developed theory were seen to be transfer-
able between graphs describing the same object at different
resolutions. Other architectures proved not transferable.
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Transferability for Graph Convolutional Networks

A. Notation

We provide a summary of employed notational conventions:

Table 2. Notational Conventions

Symbol Meaning

[ The standard 2-norm

G a graph

g Nodes of the graph G

N number of nodes |G| in G

G Coarse grained version of graph G

i weight of node ¢

M weight matrix

) inner product

A (weighted) adjacency matrix

Dinfout in/out-degree matrix

" in-degree graph Laplacian

L generic characteristic operator

L* hermitian adjoint of L

LT transpose of L (used if and only if L has only real entries)

U change-of-basis matrix to a basis of orthogonal eigenvec-
tors (used in the undirected setting only)

Vv change-of-basis matrix to a basis of eigenvectors (used in
the diagonalizable setting only)

(V) condition number of V'

v(L) departure from normality of L

o(L) spectrum (i.e. collection of eigenvalues) of L

A an eigenvalue

h a filter function

h(L) function h applied to operator L

v a filter bank

P an element of a filter-bank

z a complex number

ANAL projection and interpolation operator

J,J intertwining operators

P map associated to a graph convolution network

Q graph-level aggregation mechanism

M a manifold

Z; atomic charge of atom corresponding to node ¢

T Cartesian position of atom corresponding to node ¢

|£f§ﬂ Coulomb interaction between atoms 7 and j

|Z; — &5 Euclidean distance between x; and z;

B. Additional Details on spectral convolutional filters on directed graphs

For a detailed discussion, the reader is referred to (Koke & Cremers, 2024); which this appendix follows closely.

On undirected graphs, one may apply generic functions {h} to the a characteristic operator L = UT AU employ-
ing the complete eigendecomposition of L as h(L) := U'hg(A)U. On directed graphs L is generically not even
diagonalizable. Here (Koke & Cremers, 2024) discussed a different approach to consistently defining the matrix
h(T): One restricts h to be a holomorphic function: For a given subset U of the complex plane, these are the
complex valued functions h : U — C for which the complex derivative dh(z)/dz can be defined everywhere.

8



Transferability for Graph Convolutional Networks

Any value h()) of such a function can then be reproduced by calculating an integral /// v \\C
of the function h along a path I" encircling A (c.f. Fig. 3) as “ “/ c)
\ 0 7 /
1 C;r
M) = =5 A=) (= 2) s 3) \7 4
m

r
Figure 3. Cauchy Integral (3)

Fundamental Definition: When defining the matrix h(L), the formal replacement A\ — L is then made on both sides of
the Cauchy formula (3). The path T now not only encircles a single value \ but all eigenvalues A € o (L) in the spectrum of
L (c.f. also Fig. 4):

1
9(L) = =5 ¢g(2) - (L= z-1d)""dz )
T

It can be shown that the precise choice of path I is not important (Koke & Cremers,
2024).

Figure 4. Operator Integral (4)

Compatibility with Algebraic relations This holomorphic functional calculus is compatible with algebraic relations
(Kato, 1976): Applying the function h(\) = A to L yields L* and if y is not an eigenvalue of L, applying the function

k
h(\) = (A%y) to L yields h(L) = [(L —y - Id)~']".

C. An additional perspective on Graph Convolutional Networks:

Learnable filters are combined into a (K -layer) graph convolutional network mapping initial node-features X € CV*¥ to
final representations X € CV>*F With bias matrices B¢ € CNV** (B.; = b, - 1) and weight matrices W} € CFe-1xFe,
layer-updates are then implemented as:

Fp
Xﬁ—p<§]%ﬁwxxﬁ5+39 G o Jﬂ—p<2¢xm-X““W%+Bﬁ 6)
j=1 i€l
Here p is a point-wise non-linearity, for which we assume p(0) = 0 and |p(a) — p(b)| < |a — b| (a,b € C). The connection
between the scalar viewpoint (5) and the matrix formulation (6) is given via the identity hg,, (L) = >, (Wg)i;9n(L).
With the set of basis functions denoted as ¥ = {1;};cs, and weights and biases represented as # and %, we denote
the output of a graph neural network based on the characteristic operator L and applied to the node feature matrix X as
® = By p0(L, X).

D. Additional Result I: Stability to Node Level Perturbations

In real world settings, node-features are generically only known up to a certain level of precision. Our first result (proved
below) bounds GCN output variations in terms of input-uncertainty.

Theorem D.1. Let &y 2 ¢ be a K-layer GCN. We have that

K
[Py 29 (L, X) — Py zw(L,Y)| < (H Ce) X =Y
=1

with Cp = 5-§, d(z)‘fL)) exp (% d(iff&))) \/Zje@_l Yicr, |G, (2)|2d|2| using (4) and (5). Alternatively, we may set
Co = Yc; W - l9i(L)| using the the formulation of (1).

Our estimate of Cy using (4) extends preliminary results in (Koke, 2023) to generic complex differentiable filters and
provides an explicit expression for Cy: We see that a failure of L to be unitarily diagonalizable (i.e. ¥(L) > 0 ) negatively

influences stability. The smallest stability constants correspond to the undirected setting (v(L) = 0). We also note that in
the formulation (1) the magnitude of weight matrices W}, € Cft-1*1* is estimated in spectral norm | - | and not — say

9
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— Frobenius norm ||- | 7. This yields reasonable stability constants and allows to retain predictive power even if Fy_1, Fp > 1.

Hence let us prove the above result:

Proof. Given input signals X, Y € CV*F | let us denote the intermediate signal representations in the intermediate layers
by X*, Y* e CN*Ft With the update rule described in Appendix C, we then have

HXZJrl _ Y€+1H2

Foqa 2
= Z (Z hn+1 ) —p <Z hn+1 )
=1
Foya || Fy 2
< Z‘i Z]lh;zjﬂ Z hn+1
i=1 |j= j=1
Foyq 2
5 ZM“ x,-vi)
i=1

which follows from p(0) = 0 and |p(a) — p(b)| < |a — b| (@, b € C). We next note
by
Fui [ Fy 2
< <Z InE (D) -1 [X5 - Y] >
o\o
Foia Fy
( Z Z+1 ”2> Z H Yé H2
F

p

where the second to last step is an application of the Cauchy Schwarz inequality.

F, 2

21 D1 - Y]

.

1

qu

Hhe+1 ||2> X —ve?

For generic L and holomorphic h, we note

Lemma D.2. For holomorphic g and generic 7' we have

o (LML)
In( f' oy ™ (37 oty
Proof. We first note
%ﬁ;h(z)-(zld—L)_ldz < %fﬁh(z)(zld—L)_ldz
r r
< 5= P |- G1d — 1) dlz).
I

The claim thus follows from (c.f. (Bandtlow, 2004))

) Ve 1 v(L)
I(z1d = D)7 < gy &P (2d(z,o(L))> '
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An application of the triangle inequality together with the above Lemma then yields

fos B 2% 1 e 1 =y
(2 I a2 ||> <o d(zf(T))exp(M ) S S ) Rdle)
T

i=1 j=1 JEF 1 i€F

Which hence establishes the characterization of CY. Iterating through the Layers yields the total claim.

To establish our second characterization of C, we note

| X -y
. <Z Gi(L)XWE + Bf> iy (Z GV Bg> ‘
iel i€l
< | D vl D)X W + B — (Z b)Y WE + Bz) H
iel 1€l
= | LU =YW
< élllwi@) X =Y
(; (L IW“H) X - Y.

Iterating through the layers then yields the claim.

E. Stability to Graph Level Perturbations

Beyond node features, also edge weights of graphs (entering the architecture via L) are generically only known approximately.
Stability under variations in these weights is captured by our next result:

Theorem E.1. Let & 5z ¢ be a K-layer deep graph convolutional architecture. Assume in each layer 1 < ¢ < K that
Sicr [WE| < W and | BY| < B. Choose C > |¥,(L)]|| (Vi € I) and w.l.o.g. assume CW > 1. With this, we have with
§ = maxier{|W;(L) — ¥;(L)|} that

~ 1
[©9 20 (L, X) = @y z8.0(L, X)| < [K ORI (lX |+ cw_13>] 0.

To ease presentation, we here have chosen the stability constant larger than is strictly necessary. The proof below contains
additional results (e.g. for CW < 1). Contrary to previous results our result also applies to networks containing biases.

Theorem E.1 reduces the question of stability of entire networks to the question of single filter stability of the basis elements
¥; in U = {1b;};c;. In practice, the difference ”||1b; (L) — 1;(L)||” may of course be evaluated numerically if the basis U is
already given.

When designing new architectures, it is however important to know in advance how the choice of basis functions affects
the stability properties of the network. To this end, bounds of the form [¢;(L) — ¢;(L)| < Cly, - ||L — L| are desirable.
Previous works have derived such bounds for specific classes of filter functions (c.f. e.g. (Koke, 2023)). Here we provide
two new useful characterizations (proved in Appendix F) of C' in the most general (potentially directed) setting without
assuming specific forms of the underlying filter functions:

Theorem E.2. Let L, L be characteristic operators. We have [¢(L) — ¢(L)| < Cy - |L — L|, with C; =

e v(L v(L . . = .- .
=& TG e ) &P (%d(z)g()m) + §d(zvi(;~,))) |9(2)|d|z| using T as in (4). If L, L are additionally diago-

11



Transferability for Graph Convolutional Networks

nalizable, we have with the Frobenius norm denoted by | - |  that |4 (L) — (L)| < (V1) - k(Vi) - Ly - |L — L| . Here
L., is the Lipschitz constant of ;.

Here we made used of the condition number (V) = |V | - [V !| of the change-of-basis matrix V7, (with #(Vz) = 1 if
V7, is unitary).

For both characterisations of C'y,, we hence see that the departure of L from being unitarily diagonalizable (either measured
via the condition number x(V7,) or the departure from normality (L)) increases the stability constant. Thus the same
difference 6 = |L — 1:4|| in characteristic operators has a bigger effect on GCN output variations if the operators L, L
correspond to directed graphs.

Hence let us prove Theorem E.1

Proof. For simplicity in notation, let us denote the hidden representations in the network corresponding to L by X*. With
this, we note:

|X5 = X < D5 (L) = (D] - IX T WE L+ X (@) - X = X5 Wi

el el
< OW[XEY + ow | XKL - XK
< OW|XEL + oW XE2| + (CW)? | XE-L — x K-

5 K
<2 (Z(CWWW)
=1
-2 (I(El(cm“ o |)
c\&

Hence we need to bound the quantity | X 7| in terms of C, W, B and X.
We have
|x7] < ZH% XTI W |+ (187

< CWHXJ I +B
< (CW)?|XI72|+CWB+ B

j—1
B (Z <OW>’“) +(CWY|X|

k=0

N

_ B - ewyx| sew £ 1
JjB + || X]| ;CW =1

For the case CW = 1, we thus find

X% - X5 <

(KZ (B +X]) )

(s =)

Qls Qle

For the case CW # 1, we find

K J_ )
s xR < 2 (Z cwy | (Ccvvvv)_ll”CW”'D
7=0

Q
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For CW > 1, we may further estimate this as

K cw :
X - X5 < (2 o[ ewpi
K(CwW)K B
<5 (o) [CW_1+X].
This proves the claim. O
F. Proof of Theorem E.2

In this section, we prove Theorem E.2 stated here again for convenience:
Theorem F.1. Let L, L be characteristic operators. We have [¢(L) — (L)| < , with Cy, =

=& lz‘.d(LU(L;_d(Z}U(T)) exp (%d(;(f() oy t+ 3 d(z"ij(zp)» 1(2)|d|z|. Tf T,T are additionally diagonalizable, we have

with the Frobenius norm denoted by | - | = that |4 (L) — ¢ (L)| < x(V) - k(Vi) - Ly - |L — L|| . Here L, is the Lipschitz
constant of V..

We split this proof into proving two Lemmata:
Lemma F.2. Let g : C — C be Lipschitz continuous with Lipschitz constant D,. Let X and Y satisfy
VIXV = diag(\y, ... Ag,) =: D(X)
WYY W = diag(py, ...pta,) =: D(Y).

This implies
l9(X) = g(M)r < [VHIVIIWTH[W] - Dy - [ X =Y 5.

Proof. This proof builds on the proof idea in (Wihler, 2009). We find:

l9(X) =9I = llg(VDX)V ™) — g(WDY)W )7
= [Vg(D(X))V™' = We(D(Y))W |3
< [VIIW=H - lg(DEO)WVTIW = VW g(D(Y) |7
= [VIIW - Y [(g(DX)W W = VW g(D(Y)))y|”

2

= VI 253 o (DOl Wiy = [V W lo(D0 )y
]

= VW= SV W1 L9y = 9(u)
2}

<IVIIW - IV Wl D3 -l
]

= [VIIW - DDV W = V=W DY)

< [VIV= W W] - D31x = Y-

Next we want to prove the following:
Lemma F.3. Let L, L be operators . With

- iﬁex 1 ud) ve ex ELD 2)|d|z
- ﬂfIZId(w(L)) p<2d(z,cr(L))> dz.0(D) P(zd(z’a@))> l9(2)ld|=
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for g holomorphic, we have N N
lg(L) = g(L)| < K, - | L = L]

Proof. We first note the following:

1~ 1

~ L-L

L—z( )L—Z

1 =~ 1 1 1
== LJ = L

L—z T—-z L[—» L—=z

z 1 1 1

= L—2)J+ < L—2)J+—
[ — (L—2)J+ _Z]Lz . L—z( z)J + ]

Thus we have

lo(E) = (D] < 5 § 77 R-D)IR(E a2
r

1 fr e (i v ve (1wl N
g%gg 2] d(z.0(L)) p(zdu,o(m))d(z,a@)) p<2d<z,a@>)>'g< Iz
Here we estimated (using (Bandtlow, 2004))

1y \/E 1 V(L)
Iz = a1y = R D)) < 5 e (o).

G. Comparison of Diffusion Flows for edge-rewiring in /iy
We are interested in establishing that in the setting of Section 3, we have

He—Lt _ e—l:tH < e—(N—Q)t.

To this end, we first note that both Laplacians L, L correspond to graphs that are connected. Hence the kernel of both
Laplacians is spanned by the vector of 1 of all ones. Denote by P the orthogonal projection onto 1 and set Q = Id — P.
We then have

o™ — 7] = |Qe™Q — Qe Q).
Next we note for the Laplacian L on K that
L=N- Qa
and hence ; :
He—Lt _ e—LtH _ HQe—Nt _ QB_LtQ“.

From perturbation theory, we note that for the eigenvalues of symmetric matrices A, (A + B) ordered in decreasing order,
we have (c.f. e.g. (Kato, 1976))
|Ai(A+ B) = Ai(A)| < | B

Since L arises from L by deleting a single edge and the Laplacian defined on an unweighted connected two-node graph has
operator norm equal to two, we find
A-N|<2

for any A € U(i/). Thus with spectral projection Py of L, we find

”€—Lt _ €_EtH < e—Nt Z Q(l _ e(N—)\)tP)\Q < e—(N—Q)t.
0#£Xeo (L)

14
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H. Further discussion of unidirectional similarity

In the unidirectional setting, we can transfer the diffusion process from G
to G without producing a large deviation, but not vice versa. Such a setting
might e.g. occur if G is a subgraph of G (c.f. the example in Fig. 5 further

discussed in Appendix H. Bidirectional similarity is a stronger measure (a) ~ (b)O_O
of similarity. In this setting, diffusing features on G is approximately the
same as first projecting them to G via J, Figure 5. Example of unidirectionally similar graphs

then diffusing on G and finally interpolating back to G’ with J. Since G and G generically have different numbers of nodes,
we can not demand JJ = Id s while JJ = Idg, as at least one of the products {.J.J, J.J} can not have full rank. Hence

for t = 0 we have et — Je=LtJ|||,—o = |[Idg — JJ| > 0 irrespective of L, L. In this setting, similarity between the
two graphs is then measured by how fast the difference between the respective diffusion processes on G and G becomes
negligible as diffusion time ¢ increases beyond the initial ¢ = 0; i.e. by how fast (¢) decays to zero.

Hence let us further discuss the example of unidirectionally similar graphs introduced in Fig. 5. Let us denote the graph of
Fig. 5 (a) by G and the graph of Fig. 5 (b) by G. On both these graphs let us consider the out-degree Laplacian

Lout = Doul _ W

as characteristic operator on both G and G. Here D" denotes the diagonal out-degree matrix DOlll = > Agj.

The diffusion process e "*% arises as the solution operator of the differential equation
dz(t)
= —Lx(t).
o x(t)

Using this, we see that no information flows from the ’top’ node of G to either of the two bottom nodes in Fig. 5 (a).
Chosing as J the obvious inclusion operator mapplng from G to G and assigning the value ’0’ to the top node in G, we

easily find et T — etly | = 0. The diffusion on G (i.e. the graph in Fig. 5 (a)) however is dependent on the top node in
G as well if this node carries a non-zero initial value. Hence we can not transfer it to G.
I. Laplace Transform Filters

In this section we provide an overview of the concept of Laplace transforms. We begin with a recapitulation of complex
measures.

L.1. Complex measures on R and their Theory of Integration
As reference for this section (Tao, 2013) might serve.

In mathematics, a measure is a formal generalization of concepts such as length, area and volume. We are interested in
assigning a generalized notion of length (or mass) to subsets of the real half-line

Rxo = [07 OO)

The set will turn out to be a so called o-Algebra; i.e. a set X of sets for which

T, Rzpe X

A Beo=AnBeX

A, BeX = A\BeX

A BeY=AuBeX.

15
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We now take YR _, to be the smallest such set of sets X that contains all open intervals.
A complex measure then is a set-function that assigns to each set in ¥R _, a complex number in a certain way:

Definition I.1. A complex measure £ on R is a complex valued function p : ¥g., — C satisfying

1 (U An) = ZM (An)
for any countable (potentially infinite) collection of sets in Xr_, which are pairwise disjoint.

Let us provide some examples:

Example L.2. The prototypical example of a measure is the standard Lebesgue measure that assigns to any interval (a, b)
the length pren((a, b)) = |a — ] (a,b € Rxg).

Example L.3. Alternatively, we might consider the Dirac measure 45, , which assigns the value ps, ((a,b)) = 1 to any
interval (a, b) containing ¢y (i.e. to € (a,b)). Otherwise it assigns the value us, ((a,b)) = 0if to ¢ (a,b).

Example L4. Every integrable function ¢ : R>¢ — C defines a complex measure via s((a,b)) = SZ O (t)dt.

Any given measure on R defines a unique way of integrating (known as Lebesgue integration) a function f defined on
R>o. This proceeds by approximating any function f via a weighted sequence of indicator functions (with A € Xr_, a set)

/= 1 ;teA
xalt) =g HE A
as
f(t) =~ folt) := ZCLZXAk ().
k

with a;, € C. For these functions, one then sets

Fodp = ai - p(Ag).
Rxo A

Since we have lim,,_,, f, = f, one then simply sets

J- fdp = lim f fndu.
R>o "% JRoo

Example L.5. For the prototypical example of the standard Lebesgue measure, this process simply yields
0
fOdatt) = | (0.
R=o 0
Example 1.6. For the Dirac measure x5, , the above process yields
f)dps,, (t) = f(to)
R0
Example 1.7. For measures arising from integrable functions ) : R — C as y 5((a, b)) = SZ U (t)dt, we find
@ A
f®du; = | o0,
R;o 0

16
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1.2. Laplace Transforms

We say complex valued measure 4 is finite if we have

| ) <
R>o

Here the measure || arises from the original measure f via

|1l ((a, b)) = |p((a, b))l

For any such finite measure ;¢ we may define its Laplace transform as
vue)i= | )
R>o

This function f,, is well defined for z in the right hemisphere
Cr:={z€ C:Re(z) = 0}.

of the complex plane C, since there we have

[Yu(2)| =

. e aulo)

< f =]l (t)
Rxo

< J d|pl(t) < .
Rxo
Example L1.8. For the Dirac measure Koy, > WE have
’(ﬂﬂéto (Z) = e—toz.

Example 1.9. For any integrable function 1/}, we have

w@ELlaﬂw¢=L¢@f%u

More specifically, if the integrable function is given as ¢y, := (—t)¥~1e=* (with Re(\) > 0), then ¢, (2) = (z + A)~*:
Example L10. If ¢, := (—t)*"1e yields ¥y, (z) = (z + A) ¥, then
Ur(2) = (z+ A7

For k£ = 1, this can be seen from
o8]

*© 1
J e e Mg — ef(z+>\)
0 z + A

0
For k > 1, the claim follows from differentiating the above expression with respect to z Note that the functions ¢ (z) =
(2 + A) " are also defined if Re(z) < 0, as long as 2z # —\.

Using the function vy, of the examples above, a wide class of functions may be parametrized
Theorem 1.11. Let f : R>o — 0 be any function with lim f(z) = 0. Then for any € > 0, there is a function
r—00

h(z) =) Optn()
k
for which
sup |f(z) — h(x)] <e.
x€[0,00)
Here the basis functions {1/;,} may either be chosen as ¥ (2) = (z + A) 7 or ¢ (x) = e~ ¥%0) for any ¢y > 0.

Proof. This is a direct consequence of the Weierstrass approximation theorem. O

17
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1.3. Proof of Theorem 3.5
In this section, we prove Theorem 3.5, which we restate here for convenience:

Theorem L12. We have |Jy (L) — ¢(L)J| < || - sup,sg | Je 2 — e~ LtJ| in the unidirectional setting. In the
bidirectional setting [¢(L) — Jy(L)J| < § |4 (t)|n(t)dt holds true.

Proof. We start by proving the first claim. To this end, we note

|JW(L) — (E)T| = J}RZO [Je*tL _ e*ti,]] dua”

< J
R>o

< sup |[Je F — e_itJH : ‘[ dlply
0

t=

[Je_”‘ - e_ti,]] H dlply

=0
Observing that in the notation of Section 3 we precisely have

[l = J dlul;

the claim follows.
Proceeding as above, we note

) Ju@al < [ [ = deta] | dia,

from which the second claim follow.

L4. Proof of Corollary 3.6

Here we prove Corollary 3.6; restated here for convenience:

Corollary 1.13. Consider a sequence of graphs G,, for which e~ 1! — jne_itJnH — 0. Then for a Laplace transform

filter ¢, we have ||1(L,,) — Jot)(L)J,, || — 0 if and only if lim,_,, 9 (r) = 0.

Proof. Let us first prove that the condition is sufficient. To this end assume that lim,_,, 1(r) = 0. This implies that
1;({0}) = 0. Hence we have

o)~ Tt Dyl = | [ [ = Fe P augto)

0 B
< f He—“ - Je—LtJH dlpal (¢)
0

The integrand He‘“ — Je Lty H converges to zero everywhere except on a set of measure zero (i.e. the set {¢|t = 0} = {0}).
The dominated convergence theorem then yields the claim. O
L.5. Proof of Theorem 3.7 and Corollary 3.8

We begin by proving Theorem 3.7; restated here for convenience:

Theorem 1.14. Let ¢ be a Laplace transform filter. There exists a constant C' = wa( Lyw(l) < %SO that we have
| T (L) = (L) J| < C - |J(L+ Md)~' — (L + A\d)~J|.

18
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Proof. We make use of the characterization (4)

to arrive at

79(0) - w(D)] < 3€|¢ NI(@ = 21d) 7 = (L= 1) e,

Combining results of (Post, 2012) and (Bandtlow, 2004) yields
|J(L — 2zId)™' — (L — zId)~'J|

< (1 + A+ Z\LGXP (11@)) ' (1 +A+ Z|L exp (11/(E)~>>
Az o) P\ 2a(z 0(D) Az o) P\ 2dG0(D)

x| J(L 4+ Md)~" = (L + \d)~'J|.

Hence we may set
1
C = o= P10 - Buiay i ()l

with

PV(L),V(E)(Z)
Je 1 u(D) Ve L v(L)
= A+ 2zl ———exp | =——F5%— : At zlo——=rexp | 5=
(lﬂ o) p<2d<z,a<L>>>) (1“ "G o) p<2d<z70(L>>>>

Next we prove Theorem 3.8; restated below.

Theorem L.15. Consider a graph sequence G,, with ||(L,, + A d)~* — J,,(L + A\ d)~'J,,| — 0. If the graphs are directed,
assume eigenvalues of all L,s lie within a cone of opemng angle a < m symmetric about the real axis. Then we have
(L) — (L)Jy| — 0if and only if lim,_,, ¢(r) =

Proof. As in the proof of Theorem 3.7 above, we arrive at

[o(L) = J(L)J| < j€|1/1 (L—2ld)™ = J(L —21d)~" T d]z|.

Since |[(L,, + Md)~' — J, (L + Md)~'J,| — 0 implies ||(L,, — zId)~' — J,,(L — zId)~".J,,| — 0 uniformly (in z) on
compact sets (c.f. e.g. (Arendt 2001)), we can apply domlnated convergence as in the proof of Corollary 3.6 in Appendix
1.4; if we find an majorizing function that is integrable on I'. But this is ensured by the decay of ) and the possibility to
choose I to lie within in a cone of opening angle o < 7 about the real axis of opening angle less than 7. O

I.6. Discussion of extension beyond spectral assumptions

Above, we have assumed that all appearing eigenvalues A € C in the spectrum o (L) have real part Re(\) > 0. This
guarantees that
limsup |e 2| < 0.
t—0o0

From this we find that

o)l - | . (o) < (s - | ) <0

so that the filter ¢(L) is indeed well-defined. If we want to allow Re(\) < 0 as well, we have two options:
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The set {Re(A)} is bounded from below: In this setting we have a guarantee that there is ¢ > 0 so that for all appearing
eigenvalues in the spectra of L and L we have
—c_ < Re(M).

This implies that
limsup e e | < 0.
t—00

Using

f e—tLdM(t)H _ J €_tL€_C_t€C_td/.L(t)'
R>o Rxo

< <nmsup 1) [ e tamo.
t—o0 Rx>o

the developed theory above is still applicable in this setting, as long as we assume that the measure p defining the Laplace
transform filter v/ satisfies

f e“~td|u|(t) < 0.
R>o

Note that this is stronger than the demand

| ) <.
R>o

made in Definition 3.2.

The set {Re())} is not bounded from below: In this setting, we pick a 4 € C with Re(y) < O and pu ¢ o(L) u o(L).
We then restrict the class of filters to those determined by Example 3.4: There we chose 1y, := (—t)*~1e~#¢, which yielded

filters of the form {hg(-) := 3., 6; - ¥;(-)} , with o5 (L) = [(L + ,uId)*l]k. Such filters hence remain defined as long as
p ¢ o(L).
L7. Proof of Theorem 3.9

Theorem L.16. Let @y 5 ¢ be an L-layer deep GCN. Assume that >}, |[W/| < W and | B¢| < B. Choose C > | U (T)|
(Vk) and w.l.o.g. assume CW > 1. Assume p(JX) = Jp(X) and if biases are enabled, assume J1¢ = 1 5. With this, we
have with § = maxer{[|Jt; (L) — 1;(L)J|} that

~ 1
| TPy ,0(L, X) — Py 8,0 (L, JX)| < [K CEWEL <|X| + C’WIB>] 0.

Proof. Let us define y
X :=JX.
Let us further use the notation t; := v;(L) and t; := v;(L).
Denote by X* and X" the (hidden) feature matrices generated in layer ¢ for networks based on 1; and Vi respectively: Le.
we have
X'=p <Z v XTTWE 4 Bf>
i€l

and

K= p (Z W éf) .

el
‘We then have
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1 TPy 0 (L, X) — ®yp 0 (L, JX)|

= JXx" - XK

=|Jp (Z L XETTWE 4 BK) —p <2 ;XKWWK BL> H
el el

=p (JZwiXLll/ViK + BK> —p (Z O XETWE BL> H
el el

Here we used the assumption that p and J commute. We also made use of the assumption J1g = 1 when dealing with
biases .

Using the fact that p(-) is 1-Lipschitz-continuous (c.f. Section C), we can establish

@y w(L, X) = J®y zw(L, JX))|

(JZ Y XEIWE 4 BK> — (Z O XETWE BK> H .

el el

<

We then have

[Ty .w(L, X) — By zw(L, JX))|

< EleXKflle _zzleKflle

el el

From this, we find (inserting a zero), that

1@ 2,0(L, X) — J®y 5v(L, JX)|

< Z JwiXK—lwiK . ZQ;J}KAWZK

el el

N

DT = )XW

el

+ il - X = X W

el

< Z(J'(/}i — i ) XK WK

el

< D = |- X W] ow R gy
el

<6 [ XET W+ oW JXE T - XK

iel

FOW - | XK1 — gx K-

Arguing as in the proof of Theorem E.1 in Appendix E then yields the claim.

For the bidirectional setting we find the following:

Theorem 1.17. Let ®y 5 ¢ be an L-layer deep GCN. Assume that >, |[W{| < W and | B¢| < B. Choose C > | ¥, (T)|
(Vk) and w.l.o.g. assume CW > 1. Assume p(JX) = Jp(X) and if biases are enabled, assume j]l@ = 1¢. Further
assume .J.J = Idg With this, we have with § = max;er{[v;(L) — Jui(L)J|} that

- N 1
1Py zw(L,X)— JOy zw(L, JX)| < [K cEwEL. <|X| + CW_13>] »
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Proof. Let us define

X :=JX.

Let us further use the notation t; := v;(L) and t; := ;(L).

Denote by X* and X" the (hidden) feature matrices generated in layer ¢ for networks based on 1; and Vi respectively: Le.
we have

X'=p <Z P XTI+ B£>

el

and

X, (Z BRI éf) .

iel
‘We then have

| @y 2,0(L, X) — J®y m9(L, JX)|
=[x - JX*¥|

p (Z Y XEIWE 4 BK> —Jp <Z ;XKWWK 4 BL> H
el el
p (Z L XEIWE 4+ BK> —p <j2 ;XKW BL> H

el el

Here we used the assumption that p and J commute. fact that since ReLU(+) maps positive entries to positive entries and

acts pointwise, it commutes with .JT. We also made use of the assumption .J 1 = 1 when dealing with biases .
Using the fact that p(-) is 1-Lipschitz-continuous (c.f. Section C), we can establish

| @y 5,9 (L, X) — J®y 5w(L, JX)|

P (21/)1'XL1W¢K +BK> —p (sz/;iX'KlwiK + BL> ’

el el

<

Using the assumption that that J J=1 ds, we have

1@ 3,0(L, X) — J®y zu(L, JX)|

<

DI XKW =N (Jai ) JXE W

el el

From this, we find (assuming |.J|, |J| < 1), that
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[Py 2w (L, X)— j@%,@,\p@, JX)|

< Z%XK?le - Z(MiJ)jXVKAWiK

i€l el

N

D = T )XW

i€l

+ DT | | TXE T = XK W

el

< Z(% — JP NXEWE| 4 ow - | JXE - XK

el

< H(wi - ‘MZJ)H XEY) [ WE]| + ew - | JXETE - XK
el

<8 |XEH W oW TR - XY
el

Arguing as in the proof of Theorem E.1 in Appendix E then yields the claim.

L.8. Graph Level Transferability

Aggegating node features X € CV*F to graph-level features (X ) € CF via Q(X); = 3 | | X,;| - ps for graph level
property prediction, we have :

Theorem I.18. Assuming Q(JX) = Q(X), we have in the setting of Theorem 3.9 that
[Q0Py zw(L,X)—QoPy zw(L,JX)| <|JPyw zv(L,X)— Py zw(L,JX)|.

The assumption (JX) = Q(X) clearly need only be satisfied on the potential output of the node-level network ® (which
might e.g. be limited to tensors with positive entries). Such a consistency assumption is for example satisfied when coarse
graining graphs.

Let us now prove Theorem I.18:

Proof. We note

10 @y zw(L,X)— Qo Py zu(L, JX)|
=Py z0(L, X)) — Uy z,9(L, JX))|
=[Py zw(L, X)) — Py zw(L, JX))|.

To prove the claim from here, we only have to note that the aggregation method 2 is 1-Lipschitz (as a consequence of the
reverse triangle inequality). O

A similar proof shows the following for the bidirectional setting:

Theorem 1.19. Assuming Q(X) = Q(JX), we have in the setting of Theorem 1.17 that
|20 Py gm0 (L, X) = Qo Py gu(L, JX)| < [Py 2u(L, X) = IOy zw(L, JX)|.
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J. Further Discussion for Examples of Transferability Settings
J.1. Further Discussion of the example of Coarse-Graining Graphs

In this appendix, we prove (2):

A+ Id) ™ — TN (A + Td) 7 TV < 1/A 1 (Anign)-

For convenience, we restate the definitions leading up to this result again:

Definition J.1. Denote by G the set of connected components in Ghign. We give this set a graph structure as follows: Let R
and P be elements of G (i.e. connected components in Gign). We define the real number

ERP = Z Z Wr;m
reR peP

with 7 and p nodes in the original graph GG. We define the set of edges £ on G as
E={(R,P)eGxG:Wgp>0}

and assign W as weight to such edges. Node weights of limit nodes are defined similarly as aggregated weights of all
nodes r (in (G) contained in the component R as
Ep = Z For-

reR
In order to translate signals between the original graph G and the limit description G, we need translation operators mapping
signals from one graph to the other:

Definition J.2. Denote by 1 r the vector that has 1 as entries on nodes r belonging to the connected (in Gyign) component
R and has entry zero for all nodes not in R. We define the down-projection operator .J* component-wise via evaluating at
node R in G as

(J*z)g = (1R, T/ -
The upsampling operator .J' is defined as
J ! u = Z UR * 1 R
R
where up is a scalar value (the component entry of v at R € §) and the sum is taken over all connected components in Ghigh.

The result we then prove is the following:
Theorem J.3. We have

i -o(5)

holds; with A\; (Ahigh) denoting the first non-zero eigenvalue of Ahigh.

)\max (Areg) = H Areg. H .

Proof. We will split the proof of this result into multiple steps. For z < 0 Let us denote by

R.(A) = (A —zId)™*,
R (Apign) = (Apign — 21d) ™"
Rz(AregA) = (Areg. - ZId)il

the resolvents correspodning to A, Ay, and A, respectively.
Our first goal is establishing that we may write

RZ(A) = []d + Rz(Ahigh)Areg]il ' Rz(Ahigh>

24



Transferability for Graph Convolutional Networks

This will follow as a consequence of what is called the second resolvent formula (Teschl, 2014):

”Given self-adjoint operators A, B, we may write
R.(A+ B)—R,(A)=—-R,(A)BR,(A+ B).”
In our case, this translates to
Rz (A) - Rz (Ahigh) = _Rz (Ahigh)Areg.Rz (A)

or equivalently
[Id + Rz (Ahigh>Areg.] Rz (A) = Rz (Ahigh>-

Multiplying with [Id + R, (Ahigh)Areg,]_l from the left then yields
Rz (A) = [Id + Rz (Ahigh)Areg.]_1 : Rz(Ahigh)
as desired.

Hence we need to establish that [Id + R.(Apign) Areg | is invertible for z < 0.

To establish a contradiction, assume it is not invertible. Then there is a signal  such that
[Id + R.(Apigh)Areg ] x = 0.

Multiplying with (Apigh — 2Id) from the left yields
(Anigh + Areg. — 2Id)z =0

which is precisely to say that
(A—zId)x =0

But since A is a graph Laplacian, it only has non-negative eigenvalues. Hence we have reached our contradiction and
established
-1
Rz (A) = [Id + Rz (Ahigh)Areg.] Rz (Ahigh)-

Our next step is to establish that
phigh
0
R.(Apigh) — —

where P(]; ieh i< the spectral projection onto the eigenspace corresponding to the lowest lying eigenvalue Ag(Ay;gn) = 0 of
Apign. Indeed, by the spectral theorem for finite dimensional operators (c.f. e.g. (Teschl, 2014)), we may write

_ 1 ;
R.(Dpign) = (Apign — 21d) ™" = 2 N_ 2 Pfgh'
A€ (Ahigh)

Here o(Ayg) denotes the spectrum (i.e. the collection of eigenvalues) of Ay, and the {P;’igh} Ao (A are the correspond-
ing (orthogonal) eigenprojections onto the eigenspaces of the respective eigenvalues. Thus we find

1 .
_ 2 ~Phlgh :
A—z A
0<Xeo (Anigh)

high
B

—Zz

Rz (Ahigh) -

where the sum on the right hand side now excludes the eigenvalue A = 0.

Using orthonormality of the spectral projections, the fact that z < 0 and monotonicity of 1/(- + |z|) we find

Phigh 1

~ M (D) + 2]

Rz (Ahigh) - .
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Here A1 (Ayign) is the firt non-zero eigenvalue of (Aygp).
Non-zero eigenvalues scale linearly with the weight scale since we have

A(S-A) =5 A(4)
for any graph Laplacian (in fact any matrix) A with eigenvalue A. Thus we have

high
PO

—Z

1 1
<
A1 (Aign) + 2] A1 (Aign)

— 0

Rz (Ahigh) -

as Al(Ahigh) — 0.

Our next task is to use this result in order to bound the difference
- Phigh L
O —[Id + R.(Dnigh) Dreg ]~ Ra(Dign)| -

high
PO

Areg.

I:= lld—k

To this end we first note that the relation

[A+ B —zId]™* = [Id + R.(A)B] 'R.(A)
provided to us by the second resolvent formula, implies

[Id + R.(A)B]™! = Id — B[A+ B — zId] .
Thus we have

[+ BoBiia) B ]| < 1+ [Arg | - [ (2)]

[ Areg |

<1+ E

With this, we have

-1

high Phigh
lld + 2 A | 2= -R.(A)
—Z —Z
phish -1 phish .
= Id + %Areg. : EZ - [Id + Rz(Ahigh)Areg.] : Rz (Ahigh)
phigh high -1 X phish X
< EZ Id + EZAreg.‘| - [Id + Rz (Ahigh)Areg.]i + (_]72 - Rz (Ahigh) . H [Id + Rz (Ahigh)Areg.]7 H
1 plish _ | A | 1
ig

Hence it remains to bound the left hand summand. For this we use the following fact (c.f. (Horn & Johnson, 2012), Section
5.8. ”Condition numbers: inverses and linear systems”):

Given square matrices A, B,C with C = B — A and |A~'C| < 1, we have

A -jA~ie]

At - B <
” S
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In our case, this yields (together with HPS’ ) = 1) that

' |[1d+ Py )(=2) - Dy | = [T+ Ra(Bign) A ]

(1 + [Arel/12D)? - | Areg.| - | 225 — Re(Aign)|

= phigh
1- (1 + ”AregH/|ZD : ”Areg.” . H Ez - Rz(Ahigh)“
For Shign sufficiently large, we have
; 1
—Phlth—RzAi <
” 0 / ( hgh)” 2 (1 ¥ ”Areg_ /|Z|)

so that we may estimate

. —1
high
Id+ Ay Ez} — [1d + Aveg R (Dpign)] ™

phigh

<2 (14 A ) - |

1+ HAreg~”/|Z|
A1 (Ahigh)

—— — R (Anign)

=2

Thus we have now established

oope [Areg
0 —R.(A) =(9<g'>.

high
Id + OiAre X
[ —Z 8 —Z Al(Ahigh)

Hence we are done with the proof, as soon as we can establish
) -1 .
|—21d+ P A | B = T RL(A) Y,

with J1, A, J* as defined above. To this end, we first note that
JT . Jl _ F)éligh (7)

and
JH-J = Idg. (8)

Indeed,the relation (7) follows from the fact that the eigenspace corresponding to the eignvalue zero is spanned by the
vectors {1 g} r, with { R} the connected components of Ghigr. Equation (8) follows from the fact that

(Ir,1R) = pp.

With this we have o
[Id-l— PgighAreg.] Pgigh _ [Id—i— JTJlAreg,]_l Jgb

To proceed, set
xz:=F ‘z

and .
X = [ngg”A,eg_ _ zld] plishy,

Then ' '
| PY¥" Ay — 21| 2 = P
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and hence 2" € Ran(P."). Thus we have

TV N (Aveg. — 21d) T T 2 = T T e,
Multiplying with J* from the left yields

TN (Areg. — 2Id) VT2 = Jha.
Thus we have
(A J' — 2I) TN TV 2 = J'a.

This — in turn — implies

TVNE = [T A JT — 21d] " b

Using .
P =,

we then have .
X = I A I — 2Id] Tz

We have thus concluded the proof if we can prove that .J*+ Apeg J "is the Laplacian corresponding to the graph G defined in
Definition J.1. But this is a straightforward calculation. O

As a corollary, we find

Corollary J.4. We have
R.(A)* - JTRF(A)JY

Proof. This follows directly from the fact that
JVIT = Idg.

J.2. Example II: Graph Rewiring

In real world unweighted graph datasets, the presence of edges is often determined by arbitrary thresholds (Gasteiger et al.,
2019b). Thus node embeddings should not depend too strongly on the presence of any given edge. At the beginning of
Section 3, we already observed that deleting an edge in a large fully connected clique corresponds to a minor change in
geometry from the perspective of information diffusion. Here we generalize this finding to arbitrary rewiring operations
within high

connectivity areas. To this end, let G be a graph with . /‘/‘ N // ( (
Y N

\;@X?

adjacency matrix A. Let us split the adjacency ma- &
trix as A = A, + A, (c.f. Figure 6). We will keep (a)
the summand A, constant and perform rewiring oper-
ations within the graph structure determined by A,.,
(depicted in Figure 6 (c)).

Figure 6. figure
(a) Graph G with adjacency matrix A, (b) G corresponding to A,
(©) G corresponding to A,
Let us denote the hence obtained modified partial adjacency matrix by Am For the total modified graph structure let us
write A = A, + A,,,. Below, we then prove for the graph Laplacians A, A corresponding to the graph structures determined
by A and A, that we have

(A +1d)™ = (A +1d)7Y| < Ca, - (1/A1(Arw) + 1/A1(Ar)). ©)

Here A1 (A,,) is the first non-zero eigenvalue of the Laplacian A,.,, corresponding to the graph structure A, (c.f. Fig. 6
(c)). It is a well known fact in spectral graph theory, that much information about the connectivity of a graph G, is encoded
into the first non-zero eigenvalue A1 (A,.,) of its graph Laplacian A,.,,. For an unweighted graph G on N nodes, A1 (A,.,)
is for example maximized if every node is connected to all other nodes in which case we have A\;(A,.,) = N.

Combining this result with Theorems 3.7 and 3.9, we see that the transferability error for networks confronted with the
graph structures A and A decreases inversely with the connectivity within G.,.
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Hence let us, prove (9):

A+ Id)™ P = (A+T1d)7 | < Ca, - (/A (Arw) + 1/A1(Ary)). (10)

With the work that we have already done in Appendix J.1, this is now straightforward. We note that an application of the
triangle inequality yields

(A+Id)™ = (A+TId)7 Y < [(A+Td) =TV A+ Id) T + (A + 1d) ™ = JN(A + 1d)~ T
Here A is the Laplacian arising from collapsing the connected clusters of G, to single nodes. We may then simply use (2).

J.3. Example III: Graphs discretizing an Ambient Space.

The concept of characteristic operators capturing the geometry of the space on which they are defined is not limited to
graphs: Similar considerations also apply to continuous spaces such as manifolds M, where the Laplace-Beltrami operator

A pq can be thought of as a continuous analogue of the graph Laplacian (Hein et al., 2006).
Motivated by this observation, we consider the setting of two graphs G, G5 discretely ap-
proximating the same ambient space (c.f. e.g. Fig. 7). Mathematically, this notion can
be made precise using the concept of generalized norm resolvent convergence (Post, 2012;
Post & Simmer, 2021): Making use of projection operators Jil mapping from M to G;
and interpolation operators JiT mapping from G; to M, one then measures the difference
I(A; + Id)~" — J] (A + Id)"J}| < 6. The fidelity of the discrete approximation is
then determined by the size of § « 1 (Post, 2012; Post & Simmer, 2021). As we discuss in
detail below, we have in this setting of two graphs discretizing the same ambient space that
1Ay + Id)~" — (J}ID)(Ag + Id)~1(J3J])| < 26. Thus Theorem 3.7 directly applies and
networks may be transferred between GG and Gs.

Figure 7. figure
Distinct Torus Discretiza-
tions

Somewhat similar transferability settings of graphs discretizing manifolds have been considered in other works: In (Levie
et al., 2019), transferability for bandlimited signals sampled from manifolds are considered and a stability constant that
grows linearly with the number of allowed eigenvalues is derived. The setup in (Wang et al., 2022) considers graphs that are
statistically sampled from a manifold and yields probabilistic transferability statements. In contrast, our framework provides
results beyond the probabilistic setting and without stability constants depending linearly on the bandwidth of band-limited
features.

Hence let us further discuss the setting of two graphs discretizing the same ambient space M in the sense of

[(A; + 1d)™" = (A + Td) T | < 6.

We will assume Jii JZ-T = Idg,, which is a justified assumption, as Example J.5 below elucidates. In this setting, we then
have

[(Ar+ 1)~ = (JFT3)(As + 1)~ (J3T]))|

(A1 + Id)™ — TH A+ Td) T T] + TH A + Td) " T] = (JEID)(Ag + Td) T (J3T])|
<A1+ Id) ™ — JH (A + Td) T | + | TH (A + Td) VT — (I (A + Id) (T3 0)))|
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We note

[(Ar +Id) ™ = T} (Ap + 1d) 1T |
=[JE I (AL + Id) T T T] — TH A+ 1d) ]|
SITHNIT - (A + Id) ™ = T (A + Id) "L S 6.

‘We consider:
[(Ang+Id)™H = (J{I3)(Az + 1d) ™ (J5 )|

<ITENILN - [(Ap + Id) ™t = T3 (Ag + Id) LT3 |
<|(Apq + Id)~1 = J](Ay + Id)~ LIS < 6.

Hence we have indeed established

[(Ay + Id) ™! = (J3 J3)(Ag + Td) " (J3 ]| < 20.

Next let us consider an explicit example.

Example J.5. To this end, let us revisit the torus-setting introduced in Fig. 7.

Figure 8. Distinct Torus Discretizations

In fact, instead of bounding the resolvent distances (10) after one which might apply Theorem 3.7 to quantify filter
transferability, we directly bound the diffusion distances as originally proposed in Definition 3.1.

We begin by recalling that the standard torus T arises as the cartesian product of two circles S; of circumference
2m:
T =25"x 8%

Let us parametrize these circles via angles 0 < 0,60, < 27. The Laplacian on T can then be written as
_ A2 2
A']]‘ = 69 1 60 PR
A set of corresponding normalized eigenfunctions are given as

1 . .
—ik101 ,—1ik20
e

with corresponding eigenvalues
2 2
>‘k171€2 = kl + k2

and k‘l, 1{32 e’Z.
We now consider a regular discretization of T using N2 nodes. This mesh can be thought of as arising from regular

discretizations of each S* factor; with a node being placed at angles ¢ = %”k with 0 < k£ < N. The individual node

weight of each node in the mesh discretization of T is set to u = (3\7;22 . We might think of this discretization T 5 pf T
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as arising via a cartesian product of the group Z/NZ (i.e. the group of integers modulo N) with itself. Each node of
Ty = Z/NZ x Z/NZ is then specified by a tuple (a,b) € Ty, witha € Z/NZ and b € Z/NZ.

The graph Laplacian Ay on Ty = Z/NZ x 7Z/NZ then acts on a scalar node signal z,; as

2
(ANT)ab = @n)e (4%ab — T(at1)p — T(a—1)b — Ta(b+1) — Ta(b—1)) -

Henceforth we will adopt the notation x(a, b) = 4.
Normalized eigenvectors for this Laplacian Ay on Ty are given as

1 27k

N _ iy -a
Dhy ko = o’ €

with 0 < kq, ko < (N — 1). Corresponding eigenvalues are found to be

N2 . T . T
)\fcvhh =3 [51112 (N . kl) + sin? (ﬁ . k‘g)] .

To facilitate contact between T and its graph approximation T v, we define an interpolation operator JJTV that maps a graph
signal f(a,b) defined on T = Z/NZ x Z/NZ to a function f defined on T by defining

?(917 92) = f(a7 b)
whenever 27 (a — 1) < 61 < 2Faand 27 (b— 1) < 65 < 2%
We then take J* to be the adjoint of JT (i.e. J* = (J1)*. It is not hard to see that J'.J! = Idy, .
We now want to show that (for ¢t > 0)

27k,
~—-b

lemtAr — JTe™t AV T — 0 (11)

as N — oo. To this end, denote by Py, k, the orthogonal projection onto ¢y, x,. Denote by P,i\lf i, the orthogonal

projection onto (Z),Ic\i ko We note

—tAr _ 1 —tAn 7l _ Z — Ak kol _ Z — Ak kol N
le J'e J| = e Mkt P e kPl -

N—-1 N—-1
k1,k2€Z —— X <prpa< B

From this we observe

—tAr _ g1 ,—tAN 7| = —Akq kot _ =AY L tpN
le Jle J| = e Mkt Py e “rirl Pl
k1,k2€Z —— Nl <pr pe<c B
< e~ Mket P + e Mek2t P — e Mkt pN
< k1,kso k1,k2 k1,k2
Bt <fka |, ko —— N <k ke < BT

2

For the first summand, we already have

- _pv-n?
Z e )\kl‘kztpkl,k2 <e t—>
L <k, |zl
Hence let us investigate the second summand. We note
—Akq kot AN tpN
Z e T e S (12)

7N;1 </€17k2<N;1

—Aky kot _/\i\[ kot N —Aky kot N

< Z (e e e thkz + € e (P’Clvkz _Pkl,kz)

— N <oy kp < ML — N ey ko< ML
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For the first summand we note

Ak kot ANt N
(6 Lkat o7 Mk ko Pkl,kz

N
sup 6_/\"1”"275 — ef)‘kLth
N <hoy ko< NFE

. sup e—t(kf-%k%) 1 e—t(%z sin2<%k1)—k§)e—t(% sinQ(%kz)—kg)

7N2—1<k1’k2<N2—1
We note
2 4
2 (T 2 k
< 5 sin (Nk) —k ) _O<N2)
Using
N2 1
ﬁsm2 (%Né) < N%
we note

sup e—t(kf-%k%) 1— e—t(f—; sin2<%k1)—kf) e—t(i\r]—s sinQ(%kz)—kg)
N-1

N-1
5 <k1,k2<=5

< sup e tEHRD|] e—t(% sin?( ;,kl)—kf)e—t(% sin?( & ka)—k3)

1
|k1],[k2|<N3

+ sup etk +k3)

1 e—t(f—;sinQ(%kl)—kf)e—t(fi sinQ(%kQ)—kg)
1
|k1|,|k2|>N3

< e teNE) | —teNE) | )

Hence it remains to bound the second summand in (12). We note

—Akq kot N
Z € 12 (Pk17k32 - Pkl,k)Q)
N—1

N-—1
— 5= <k1,k2< 5

< D e EERY P L~ PN L

k1, |ka|<H5E

Next we note

Hthkz - Plg\lz,kz ” <2 H¢k1,k2 - ¢>k1,k2 H .

It is not hard to see that

N
H(bkth - ¢k17k2

for some appropriately chosen C' > 0. Hence we have

2
< 20([ks| + \k|2)ﬁ

— Ak kol N
Z € 12 (thk?Q - Pkl,k‘g)

2
< Y W 0(k] + k) T

k1], |ka|< 25

—O(1/N).
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Where the lass claim follows from summability in k1, k2. Thus we have in total indeed established that (11) holds.

J.4. Example I'V: Coarse graining weighted directed Graphs
In this section we consider a graph G with directed weighted adjacency matrix A® which we (disjointly) decompose as
AP =A+s-A™

into a weighted directed (partial) adjacency matrix Ac which we keep constant and a weighted directed (partial) adjacency
matrix s - A™. Both adjacency matrices determine directed graph structures on the same common node set G. Similar to
the setting of Appendix J.1, we are then interested in establishing that when s — oo this graph is similar (from a diffusion
perspective) to a coarse grained graph G. In the proof of (2) in Appendix J.1, we saw that the the coarse grained “limit
graph” G was determined by the structure of the kernel of the operator Ay;,,; which encoded the connected components of
the graph Gigy into its vectors. We expect that this also persists in the directed setting.

In this directed setting, we are faced with the choice of whether to make use of the in-degree Laplacian
Lin _ M71 [Din _ A]
or the out-degree Laplacian

Lout _ M—l [Dout _ A] .
The following is known about the kernels of these operators (c.f. (Veerman & Lyons, 2020; Sahi, 2013)):

In-degree Laplacian: To understand the kernel of directed in-degree Laplacians, we need the concept of reaches. Reaches
generalize the concept of connected components of undirected graphs (Veerman & Lyons, 2020): A subgraph R < G is
called reach, if for any two vertices a, b € R there is a directed path in R along which the (directed) edge weights do not
vanish, and R simultaneously possesses no outgoing connections (i.e. for any ¢ € G with ¢ ¢ R: w., = 0). We here limit
ourselves to the setting where all reaches within a given graph are disjoint (c.f. (Veerman & Lyons, 2020) for the general
setting).

Consider now a graph G with adjacency matrix A™ The dimensionality of the kernel of LI on this graph is then given as
the number of reaches Nge,c, present in A™. The right-kernel of Lnis spanned by the vectors {v; }1<Rr<Ng., Which have
entry 1 at all nodes in reach R and are zero outside of K. By definition these vectors satisfy

L™ v; = 0.

The left-kernel is spanned by vectors {wg }1<R<Np. SO that wg has non-zero entries only for nodes in reach R and is zero
elsewhere. As can be derived from results in (Sahi, 2013), we may write wg = Mwpg with M the matrix of node weights
and the entry (wg); (for ¢ a node in the reach R) given as

(WR)i = Z n ab-

€T (ab)eT;

Here 7,7 is the set of all spanning trees of the reach R that are rooted at node i € R. 7; is such a spanning tree beginning at

node i. The quantity [] A”} then multiplies all (directed) edge weights along the spanning tree ;. From this, we can
(ab)eT;

derive that we may write the (not necessarily orthogonal) projection P projecting onto the kernel of L' as

p= % n(lap)T
ReReaches of A™ (MwR)T Ve
We might write this as
pP=Jjt

with J} mapping (similarly to the setting in Appendix J.1) to a coarsified graph G, whose node set consists of the reaches in
the original graph structure determined by A:

Q = {R}Re{ReaChes of A™}-
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Similarly to Definition J.2, we then have for z a signal defined on the original graph G, that (J'x) is a signal on the
coarsified graph G. It is defined by specifying it on each node R € G as

1

‘o) p = .
(J )R (Mﬁ)R)T -Vgr

(MlZ)R)T - T.

Similarly interpolation back up to G is defined as

Ja = 2 TR UR.
Reg

Out-degree Laplacian: For the out-degree Laplacian L, the roles of left- and right kernels above are essentially reversed.
Instead of reaches R determined by the adjacency matrix A™, one considers reaches R determined by the transpose (A™)T
of the adjacency matrix. The left kernel of the out-degree Laplacian is given as the set of vectors {0} given as 05 = Mvj,
with

v again the vector with entry 1 at all nodes in reach R and zero outside of R. The right kernel is spanned by vectors {0}
whose ith entry is given by
(wﬁz)z‘ = Z n Alb'
FeTH (ab)et;

Here ’ER is the set of all spanning trees of the reach R (as determined by the connectivity structure of the transposed
adjacency matrix (A™)T).
We then note for the projection P onto the kernel of L™, that we may write

~ w R (M v E)T

P Z / ,

N Muvs)T-wp
ReReaches of (A™)T ( R) R

We may again write this as o

p=Jlj
with J mapping (similarly to the setting in Appendix J.1) to a coarsified graph G, whose node set consists of the reaches in
the adjacency structure determined by (A™)T:

Similarly to above, we then have for z a signal defined on the original graph G, that (j tz) is a signal on the coarsified graph
G. It is defined by specifying it on each node R € G as

(Jl:c)é = (Mvg)T -z

(MUR)T . ’LDR .
Similarly interpolation back up to G is defined as

jTg = Z TR Wp.
Reg

In the setting
As=A.+s- A"

we may then prove (exactly as done in Appendix J.1) that — with L L the in-and out-degree Laplacians corresponding to
A, — we have

. . 1
(LM 4+ 1d)~' — JHL™ + Ia)~* T = O (S)

and

LS+ 1) = JHL + 1d) T = 0 <1> .
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This extends results of (Koke & Cremers, 2024), which still needed graphs to have the same in- and out-degee at every node.

Investigating the operators .JJ' and J', we see that we have

JMg =1¢

jT]lQ # 1q.

In view of Theorem 1.17 we hence find:

Proposition J.6. In the directed setting, using the in-degree Laplacian allows for networks to be transferable between a
graph G and its coarse grained version G even if biases are enabled. This is not true when using the out-degree Laplacian.

K. Additional Experimental Considerations
K.1. Additional details on Section 4

Dataset: The dataset we consider is the QM7 dataset, introduced in (Blum & Reymond, 2009; Rupp et al., 2012). This
dataset contains descriptions of 7165 organic molecules, each with up to seven heavy atoms, with all non-hydrogen atoms
being considered heavy. A molecule is represented by its Coulomb matrix C'™®, whose off-diagonal elements

CCimb _ ZiZj
Y IR - Ryl

correspond to the Coulomb-repulsion between atoms ¢ and j. We discard diagonal entries of Coulomb matrices; which
would encode a polynomial fit of atomic energies to nuclear charge (Rupp et al., 2012).

For each atom in any given molecular graph, the individual Cartesian coordinates R; and the atomic charge Z; are (in
principle) also accessible individually. To each molecule an atomization energy - calculated via density functional theory
- is associated. The objective is to predict this quantity. The performance metric is mean absolute error. Numerically,
atomization energies are negative numbers in the range —600 to —2200. The associated unit is [kcal/mol].

Details on collapsing procedure: Again, we make use of the QM7 dataset (Rupp et al., 2012) and its Coulomb matrix
description
(¢Clmb _ ZiZ;

VT R Ryl
of molecules. We modify (all) molecular graphs in QM7 by deflecting hydrogen atoms (H) out of their equilibrium positions
towards the respective nearest heavy atom. This is possible since the QM7 dataset also contains the Cartesian coordinates of
individual atoms. Edge weights between heavy atoms then remain the same, while Coulomb repulsions between H-atoms
and respective nearest heavy atom increasingly diverge; as is evident from (13).

13)

Given an original molecular graph G with node weights p; = Z;, the corresponding limit graph G corresponds to a coarse
grained description, where heavy atoms and surrounding H-atoms are aggregated into single super-nodes.

Mathematically, G is obtained by removing all nodes corresponding to H-atoms from G, while adding the corresponding
charges Zx = 1 to the node-weights of the respective nearest heavy atom. Charges in (13) are modified similarly to generate
the weight matrix W.

On original molecular graphs, atomic charges are provided via one-hot encodings. For the graph of methane — consisting of
one carbon atom with charge Z¢ = 6 and four hydrogen atoms of charges Zy = 1 — the corresponding node-feature-matrix
is e.g. given as

0 0 01 0-
1 0 0 0 O0-
X=110 0 0 O0-
1 0 0 0 O0-
1 0 0 0 O--
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with the non-zero entry in the first row being in the 6 column, in order to encode the charge Zc = 6 for carbon.
The feature vector of an aggregated node represents charges of the heavy atom and its neighbouring H-atoms jointly.

Node feature matrices are translated as X = J'X. Applying J! to one-hot encoded atomic charges yields (normalized)
bag-of-word embeddings on G: Individual entries of feature vectors encode how much of the total charge of the super-node
is contributed by individual atom-types. In the example of methane, the limit graph G consists of a single node with
node-weight

p=6+1+1+1+1=10.

The feature matrix

is a single row-vector given as

Experimental Setup: We randomly select 1500 molecules for testing and train on the remaining graphs. On QM7 we run
experiments for 23 different random random seeds and report mean and standard deviation. All experiments were performed
on a single NVIDIA Quadro RTX 8000 graphics card.

Additional details on baselines: Baselines divided into standard architectures (GCN (Kipf & Welling, 2017), ChebNet
(Defferrard et al., 2016), ARMA (Bianchi et al., 2019), BernNet (He et al., 2021), GATv2 (?)) and multi- scale architectures
(PushNet (?), UFGNet (?), Lanczos (Liao et al., 2019)). Apart from UFGNet (already acting as a pooling layer) we also
consider self-attention-pooling (?); both acting on the final layer (SAG) and as acting on the output of each indivifual layer,
with resulting layer-wise features concatenated to produce the final embedding (SAG-M).

Additional details on training and models: All considered convolutional layers are incorporated into a two layer deep
and fully connected graph convolutional architecture. In each hidden layer, we set the width (i.e. the hidden feature
dimension) to

F, = F, = 64.

For BernNet, we set the polynomial order to K = 3 to combat appearing numerical instabilities. ARMA is setto K = 2
and 7' = 1. ChebNet uses K = 2. Lnaczos uses 20 Lanczos iterations, as proposed in the original paper (Liao et al.,
2019). UFGNet uses Haar wavelets. For all baselines, the standard mean-aggregation scheme is employed after the
graph-convolutional layers to generate graph level features. Finally, predictions are generated via an MLP.

LTF-WRes architecture, we set A = 1 and and build filters using the k = 1 and = 2 atoms in ¥R = {(z + \)7F}1cn.
For the LTF-W™*P architecture, we set ¢ = 1 and and build filters using the & = 1 and = 2 atoms in WE*P = {e=(Ft0)2}, o

As aggregation, we employ the graph level feature aggregation scheme discussed in Appendix 1.8 with node weights set to
atomic charges of individual atoms. Predictions are then generated via a final MLP with the same specifications as the one
used for baselines.
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L. Additional Experiment using the coarse graining setting of Section 3
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Figure 9. Transferability error |F — F|

Equation (2) predicts in combination with Theorem I.18 that in the setting of the example of Section 3 the transferability
error decreases with increasing edge-weights within the components of Gygp that are being collapsed into single nodes.
This is of course desirable: The stronger the connectivity within the connected components of G, the more it is justified
to treat them as the (super-)nodes making up G. To numerically verify that transferability errors indeed decrease with
increasing connectivity within Ghign, we modify the molecular graphs of QM7 again. We now deflect hydrogen atoms (H)
out of their equilibrium positions towards the respective nearest heavy atom. This then introduces a setting precisely as
discussed in in the example of Section 3: Edge-weights A;; = Z;Z; - |2 — fj|_1 between heavy atoms remain the same,
while those between H-atoms and nearest heavy atom increasingly diverge. We then compare embeddings {F'} generated
for coarsified graphs {G}, with embeddings {F'} of graphs {G} where hydrogen atoms have been deflected. As is evident
from Figure 9, the transferability error of LTF-WRes and LTF-WE*P converges towards zero as the connectivity with Ghign
increases. Transferability errors of baselines remain large.

L.1. Transferability on Graphs generated via Stochastic Block Models

Stochastic Block Models: Stochastic block models (Holland et al., 1983) are generative models for random graphs that
produce graphs containing strongly connected communities. In our experiments in this section, we consider a stochastic
block model whose distributions is characterized by four parameters: The number of communities cpymper determine how
many (strongly connected) communities are present in the graph that is to be generated. The community size cgj,. determines
the number of nodes belonging to each (strongly connected) community. The probability Pconnect determines the probability
that two nodes within the same community are connected by an edge. The probability pin.r determines the probabilities that
two nodes in different communities are connected by an edge.

Experimental Setup: Since stochastic block models do not generate node-features, we equip each node with a randomly-
generated unit-norm feature vector. Given such a graph G drawn from a stochastic block model, we then compute a version
G of this graph, where all communities are collapsed to single nodes as described in Definition J.2. We then compare
the feature vectors generated for G and G. All experiments were performed on a single NVIDIA Quadro RTX 8000
graphics card. As before, we then consider the LTF-¥R®s and LTF-WE*P together with GCN as a baseline when investigating
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transferability.

Experiment: Varying the Connectivity within the Communities: As discussed in detail in Appendix J.1 and Appendix
J.2, we desire that networks assign similar feature vectors to graphs with strongly connected communities and coarse-grained
versions of these graphs, where these communities are collapsed to aggregate nodes. The higher the connectivity within
these communities, the more similar should the feature vector of the original graph G and its coarsified version G be, as
Appendix J.1 established. In order to verify this experimentally, we fix the parameters cpumper, Csize aNd Pinger iN OUr stochastic
block model. We then vary the probability peonnect that two nodes within the same community are connected by an edge
from peonnect = 0 tO Peonnect = 1. This corresponds to varying the connectivity within the communities from very sparse
(or in fact no connectivity) to full connectivity (i.e. the community being a clique). In Figure 10 below, we then plot the
difference of feature vectors generated by ResolvNet and baselines for for G and G respectively. For each peonnect € [0, 1],
results are averaged over 100 graphs randomly drawn from the same stochastic block model.

— GCN
7 4 Resolvent
—— Exponential

T T T T
0.0 0.2 0.4 0.6 0.8 L0

(a) (b)

Figure 10. (a) Example Graph (b) Varying the parameter peonnect € [0, 1] for fixed csize = 20, Piner = 2/¢2ze and Coumber = 10.

We have chosen piner = 2/02ize so that — on average — clusters are connected by two edges. The choice of two edges

(as opposed to 1, 3,4, 5, ...) between clusters is not important; any arbitrary choice of piyer €nsures a decay behavior for
ResolvNet as in Figure 10. A corresponding ablation study is provided below.

As can be inferred from Fig. 10, LTF-¥®* and LTF-WE*P produce more and more similar feature-vectors for G and its
coarse-grained version G, as the connectivity within the clusters is increased. As a reference, we plot GCN for which such a
transferability result clearly does not hold.

L.2. Implications for graphs with imbalanced Geometry

In the preceding experiments, baselines proved not transferable. Here we show that this lack of transferability can be harmful
also for node-level tasks on a single graph that has an imbalanced geometry in the sense that it contains strongly connected
subgraphs with weaker connectivity between such subgraphs.

To this end, we duplicated individual nodes on popular node-classification datasets (CITESEER & CORA (Sen et al., 2008;

McCallum et al., 2000)) k-times to form (fully connected) k-cliques, while keeping the train-val-test partition constant.
Models were then trained on the same (k-fold expanded) train-set and asked to classify nodes on the (k-fold expanded)

test-partition. Baselines were chosen to form a representative selection of common information-propagation methods and in
addition to previous baselines from Section 4 include GIN (Xu et al., 2019) and SAGE (Hamilton et al., 2017) (which could
not handle weighted edges).

We then compare against an architecture using Laplace transform filters based on the atoms ¥R introduced in Example 3.4.
Contrary to earlier experiments, we also include the k& = 0 term in WR® = {(z + \) 7%} 4. To distinguish this architecture
from previously employed networks that did not include the k& = 0 atom (¢)g(L) = Id), we do not refer to the architecture

38



Transferability for Graph Convolutional Networks

(a) b)

Figure 11. Individual nodes (a) replaced by k-cliques (b)

built here as LTE-URes but instead refer to it as ResolvNet.
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Figure 12. Node-Classification-Accuracy (1) and uncertainty (for 100 runs) vs. clique size. ResolvNet with its Laplace transform filters
remains stable while the performance of other architectures deteriorate significantly as geometry becomes more and more challenging
with increasing clique-size.

As can be inferred from Fig. 12, the classification accuracy of all methods not employing Laplace transform filters decreases
drastically as the geometry becomes more and more complex as k increases. We can understand the underlying reason for
this considering the update rule implementing message passing in GCN as an example. There, a node feature matrix X is
updated as X — AX W, with the renormalized adjacency adjacency A determined by

1 1

Ay ~ (D*%AD*%)U = A T (14)

As the degree of each node increases (linearly) with increasing clique-size k, we see that the message-strength Aij between
the respective cliques decreases as A;; ~ % Hence information propagation between the cliques becomes more and more
challenging as k increases.

In principle however increasing the clique size does not increase the complexity of the classification task at hand as nodes
are simply duplicated in the respective train-, val.- and test-sets.

What does become more challenging is the specific graph-geometry underlying the task. The considered ResolvNet
architecture is able to handle this somewhat more challenging geometry; it consistently provides high classification
accuracies even as k increases. This can be understood from the viewpoint of the considerations in Appendix J.1 and
Appendix J.2: As the connectivity within the cliques increases (linearly as k£ becomes larger), the information flow over the
graph G in Figure 11 (b) as implemented by an architecture using Laplace transform filters is more and more the same as an
architecture that would first average information over the cliques of GG; then project to a coarse grained graph G where the
cliques are fused together to single nodes and subsequently propagate information there (c.f. the discussion of Appendix J.1
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or Theorem 1.7 together with its extended discussion in Appendix 1.7). This avoids an interruption of the message passing
scheme as in (14) and instead allows information to frrely flow between the cliques.

Additional details on training and models: All experiments were performed on a single NVIDIA Quadro RTX 8000
graphics card. We closely follow the experimental setup of (Gasteiger et al., 2019a) on which our codebase builds: All
models are trained for a fixed maximum (and unreachably high) number of n = 10000 epochs. Early stopping is performed
when the validation performance has not improved for 100 epochs. Test-results for the parameter set achieving the highest
validation-accuracy are then reported. Ties are broken by selecting the lowest loss (c.f. (Velickovic et al., 2018)). Confidence
intervals are calculated over multiple splits and random seeds at the 95% confidence level via bootstrapping.

We train all models on a fixed learning rate of Ir = 0.1. Global dropout probability p of all models is optimized individually
over p € {0.3,0.35,0.4,0.45,0.5}. We use ¢? weight decay and optimize the weight decay parameter A for all models
over A € {0.0001,0.0005}. Where applicable (e.g. not for (He et al., 2021)) we choose a two-layer deep convolutional
architecture with the dimensions of hidden features optimized over

K, € {32,64,128). (15)

In addition to the hyperparemeters specified above, some baselines have additional hyperparameters, which we detail
here: BernNet uses an additional in-layer dropout rate of dp_rate = 0.5 and for its filters a polynomial order of K = 10
as suggested in (He et al., 2021). Hyperparameters depth 7" and number of stacks K of the ARMA convolutional layer
(Bianchi et al., 2019) are set to " = 1 and K = 2. ChebNet also uses K = 2 to avoid the known over-fitting issue (Kipf &
Welling, 2017) for higher polynomial orders. The graph attention network (Velickovic et al., 2018) uses 8 attention heads, as
suggested in (Velickovic et al., 2018).

For the ResolvNet model, we choose a depth of L = 1 with hidden feature dimension optimized over the values in (15) as
for baselines. We empirically observed in the setting of unweighted graphs, that rescaling the Laplacian as

1
Anf = —A
Cnf

with a normalizing factor ¢,y before calculating the resolvent
Rz(Anf) = (Anf—z'ld)fl (16)
on which we base our ResolvNet architectures improved performance.

For our ResolvNet architecture, we express this normalizing factor in terms of the largest singular value |A| of the
(non-normalized) graph Laplacian. It is then selected among

cng/|A| € {0.001,0.01,0.1,2}.

The value z in (16) is selected among
(—2) € {0.14,0.15,0.2,0.25}.

40



