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Abstract

Physics-informed neural networks (PINNs) offer a flexible way to solve partial
differential equations (PDEs) with machine learning, yet they still fall well short of
the machine-precision accuracy many scientific tasks demand. This motivates an
investigation into whether the precision ceiling comes from the ill-conditioning of
the PDEs themselves or from the typical multi-layer perceptron (MLP) architecture.
We introduce the Barycentric Weight Layer (BWLER), which models the PDE
solution through barycentric polynomial interpolation. A BWLER can be added on
top of an existing MLP (a BWLER-hat) or replace it completely (explicit BWLER),
cleanly separating how we represent the solution from how we take its derivatives
for the physics loss. Using BWLER, we identify fundamental precision limitations
within the MLP: on a simple 1-D interpolation task, even MLPs with O(10°) param-
eters stall around 10~8 relative error — about eight orders above £1oat64 machine
precision — before any PDE terms are added. In PDE learning, adding a BWLER lifts
this ceiling and exposes a tradeoff between achievable accuracy and the conditioning
of the PDE loss. For linear PDEs we fully characterize this tradeoff with an explicit
error decomposition and navigate it during training with spectral derivatives and
preconditioning. Across five benchmark PDEs, adding a BWLER on top of an
MLP improves /5 relative error by up to 30x for convection, 10x for reaction, and
1800 x for wave equations while remaining compatible with first-order optimizers.
Replacing the MLP entirely lets an explicit BWLER reach near-machine-precision
on convection, reaction, and wave problems (up to 10 billion times better than prior
results) and match the performance of standard PINNs on stiff Burgers’ and irregular-
geometry Poisson problems. Together, these findings point to a practical path for
combining the flexibility of PINNs with the precision of classical spectral solvers.

1 Introduction

Partial differential equations (PDEs) are the standard tool for modeling complex phenomena across sci-
ence and engineering [[12]]. Traditionally, PDEs have been solved using numerical methods (e.g. finite
element or spectral methods [[17, 4]) but there has been recent interest in leveraging modern machine
learning (ML) techniques to solve these classical problems [6L20]. Producing better ML-based method-
ologies for PDEs could enable faster simulations while maintaining the high fidelity of traditional
numerical methods, with applications from weather forecasting to design optimization [25}[7].

Physics-informed neural networks (PINNs) [29] parametrize the solution of a PDE with a multi-layer
perceptron (MLP) and enforce PDE constraints with least-squares losses during training. The main bene-
fit of this physics-informed framework is flexibility: itrequires no meshing, handles irregular geometries
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Figure 1: Top: model architecture comparison. Standard PINN evaluates an MLP throughout
the domain (left).BWLER interpolates globally based on values at discrete grid nd84; ER-
hatted MLP obtains values using an MLP (middle), explB¥/ L ER parameterizes values directly
(right). Bottom: results for convection equation[31]. Standard PINN stagnates at a suboptimal
local minimum (left);BWLER-hatted MLP nds a qualitatively correct solution (middle); explicit
BWLER converges to higher precision (right).

gracefully, and provides a uni ed methodology for diverse PDE tyB€s20,[28]. However, PINNs

have struggled to achieve high-precision solutid®¥% 26, 24], crucial for scienti c applications such

as turbulence modeling or maintaining stable temporal rolldiis PDEs are particularly challenging
because of their fundamentally ill-conditioned differential operators; despite recent progress inves-
tigating the precision saturation of PINNs on PDE proble®&22, 38, 31], it remains unclear to what
extent the issues stem from problem-inherent ill-conditioning versus the models' parameterizations.

In this work, we aim to disentangle and analyze the sources of precision limitations in PINNSs.
Speci cally, we ask:(i) are there inherent precision bottlenecks in the MLP architectures used by
PINNSs, and (ii) how does the dif culty of the underlying PDE affect the precision that can be achieved?
Our study has the following three parts:

» We identify fundamental MLP precision limitations in a simple setting. Through systematic
experiments on 1-D interpolation, we show that MLP precision plateaus afdufid , relative
error (L2RE). This is roughly eight orders of magnitude abfleat64 's machine epsilon
(2 52 2:22 10 16), even without PDE constraints. We demonstrate that this limitation persists
as we scale network width By6 and depth byl , with precision improving by just—2 orders
of magnitude even with000 more parameters (Figure 2). In contrast, classical polynomial
representations with jus0-100parameters can provably achieve machine precision (Theorem 2.2).
Our results point to precision bottlenecks stemming from the neural network parameterization itself
even beyond optimization challenges speci c to PDEs.



» We propose a barycentric interpolation framework for PDE learning. Motivated by the
precision of polynomials, we introdu®WLER?, a simple baseline that can be used as a drop-in
replacement for standard PINN architecturB&VL ER parameterizes the solution function as a
barycentric polynomial interpolar{B3, 3], where the model is de ned by the function values it
takes on a pre-speci ed discrete grid in the domain (Figure 1, top; Algorithm 1). Our method builds
upon decades of work using polynomial interpolants to solve numerical PDE4,[32, 8, 1];

BWL ER effectively embeds a pseudo-spectral solver into the physics-informed framework while
leveraging auto-differentiation and ML optimizers. ExcitingVLER lets us decouple our choice

of model parameterization (e.g. explicit grid, neural network) from our PDE derivatives calculations
(e.g. nite differences, spectral derivatives). UsBUVL ER, we next ablate the MLP to study the
effect of model parameterization vs. the PDE ill-conditioning on precision.

» We characterize a precision-conditioning tradeoff withBWL ER. We investigate two variants
of BWLER (Algorithm 1). BWL ER-hatted MLPs, which applyBWLER atop existing MLPs,
outperform standard MLPs on convection, reaction, and wave equation benchmark problems
by 30 , 10 , and1800 respectively. We ndBWLER improves the PDE loss conditioning,
decreasing mean eigenvalue®yl0 (Figure 8, Figure 9). We then turn &xplicit BWL ER,
where the model is directly parameterized by its function values on the pre-speci ed grid. We fully
characterize the training error of expli@WLER on linear PDEs, identifying a fundamental tradeoff
betweerBWLER's maximum achievable precision and the conditioning of the optimization problem
(Theorem 5.1). Motivated by our error decomposition, we vary preconditioning and derivative
computations to navigate the tradeoff space during training. For the rst time, we achieve near
machine precisiomwith PINNs on convection, reaction, and wave equation benchmarks (p to
billion times better L2ZREhan prior PINN methods) and match state-of-the-art performance on
Burgers' and irregular-geometry Poisson problems (Table 2).

2 Background

We provide background information on physics-informed neural networks and barycentric Lagrange
interpolation. We defer a lengthier discussion of related work to Appendix A.

2.1 Physics-Informed Neural Networks

Physics-Informed Neural Networks (PINNSY] propose a exible and general framework to solve
PDEs using neural networks, capable of treating a variety of boundary conditions and geometries.
Consider a PDE of the form:
F(ux)=0; X2 ppe
_ : 1)
u(x)=uo(x); X2 sc
whereF is a differential operator, ppg is the domain, and |gc ppe denotes the initial condition
region. The PINN framework represents the solution to Equation (1) as a parametriccmadel
formulates a composite loss function combining a physics term and a boundary term:

L(u)= Lppe(u)+ icLisc(U); (2a)
LPDE(U): EXZ PDE (F (U;X))z ; (2b)
LIBC(U): Ex2 IBC (U(X) Uo(X))2 (20)

This framework requires the following operations from its model clas&v@uation, computing

u (x) foranyx2 ppg, and (i) Differentiation , computing partial derivative@u =@ R() (x) for
anyx2 ppe. Inorderto leverage auto-differentiation during optimization, both operations must be
differentiable with respect to model parameterglthough any models satisfying these properties
can be used for physics-informed learniegy, Gaussian processe2d)), recent work focuses on
neural networks [30].

2.2 Barycentric interpolants and spectral methods

Barycentric Lagrange interpolation is a classical technique for polynomial-based function
approximation, speci ed entirely by the function's values at a set of interpolation nodes [3].

1Code available dittps://github.com/HazyResearch/bwler



Figure 2: Left: MLPs struggle to interpolate 1-D functions beyd6d® MSE (pictured:f (x) =
sin(4x)), even as we scale model width and depth. RigBWLER achieves spectral accuracy
(10 2 MSE); BWLER-hatimproves MLP's MSE by more thai®0000 . Least squares Chebyshev
interpolation ( t on train, evaluated on test) is also reported (right).

De nition 2.1. GivenN + 1 distinct noded x; g and valued (x; ), the barycentric Lagrange
interpolantis:?
P JN 0 Wj f (XJ )
=0 X X
PN ()= —P—w ®3)

=0 x x;j

wheref wj garebarycentric weightswj =1=" "4, (X; Xx) -

Derivatives can be ef ciently computed using differentiation matrices or FFT-based methods,
depending on the node distribution [32]. See Section 4 and Appendix B for more details.

For well-chosen nodeg(g. Chebyshev-distribute®]) and smooth functions, the resulting inter-
polants exhibit spectral convergencexponentially decaying errdor the function and its derivatives.

Theorem 2.2(Chebyshev interpolants exhibit spectral converge@8ed]). Letf ;[ 1;1]! Rextend
to an analytic function on a Bernstein ellipEe with fociat 1and sum of semiaxes 1. Letp,
be the degreer Chebyshev interpolant 6f Then:

4M

n CM n
kf  pnka 7 Kk X ;

( l)k+1 !
for some constar@y depending ok and , whereM =max ;2 jf (2)].

Barycentric interpolation forms the foundation of classical pseudo-spectral methods for solving
numerical PDEs4, 32, 8], where function values on a xed grid are used to compute derivatives
spectrally. This approach underlies well-established numerical solvers (e.g., Ch&pfian{l
provides a principled framework for high-precision computation. Our metB¢l.ER, builds on

this line of work, adapting it for use with gradient-based optimization and machine learning.

3 Neural networks struggle with precise 1-D interpolation

To disentangle the effects of PDE conditioning from model parameterization, we begin with a simpli ed
setting: one-dimensional smooth function interpolation. This lets us isolate the approximation behavior
of different model classes in a well-conditioned regime. Surprisingly, we nd that MLPs consistently
plateau in precision and scale poorly with larger models (Section 3.2). In contrast, polynomial
interpolation admits a complete theoretical analysis and provably converges to (near)-machine
precision (Section 3.3).

3.1 Experimental setup

We study the task of one-dimensional function interpolation on the doin&ginl], isolating
approximation behavior from PDE constraints. We evaluate on sinusoids of thesifof®) for
frequenciek 2f 1;2;4;8;16;329. See Appendix C.1 for more details.

2Although Equation (3) is a rational function with poles at the interpolation nodes, the barycentric form is
numerically stable even for largé, and avoids the catastrophic cancellation associated with the standard Lagrange
formula[3, 1].



For each target function, we generate a training sBtQf,= 100 points sampled uniformly at random
from the domain, and evaluate performance on a dense test giidsof 1000 points. We report
relative™; error (L2RE) on the test grid (Appendix B).

3.2 MLPs exhibit precision bottlenecks

We use a fully-connected MLP witianh activations, a standard architecture in prior work on PINNs
[20, 16, 37]. Given a set of training points(X; ;f (X)) giN:‘f‘“, the model is trained to minimize the
mean squared error (MSE). We use the Adam optim2gnfith a learning rate 010 2 and a cosine
decay schedule. To study the effect of model capacity, we sweep network widthsfgithin28g

and depths fror@-8layers (6 and4 ranges, respectively). We also sweep across different levels
of function smoothness.

Figure 2 (left) shows representative resultsff@x) = sin(4 x); comprehensive results are provided

in Appendix C.1. We nd that MLPs consistently stagnate well above machine epsilon — for the
function shown, relative error plateaus arolid® — 8 orders of magnitude worse théloat64 's
machine precision dt:22 10 *©. Moreover, precision scales poorly with model size: even when
increasing the number of parameters by dl@®0 (400,000 parameters for the largest MLP we
consider), we observe onlyl®-100 improvementin accuracy. These results suggest that the MLP
architecture itself imposes a fundamental bottleneck on achievable precision.

3.3 Polynomials achieve exponential convergence

In our experiments, we use &h-element Chebyshev polynomial basis and solve for the optimal
coef cients via least squares on the training set. This reduces to solving a linear gystein where

A is the matrix of Chebyshev basis functions evaluated at the training noddscanthins the target
function values at those nodes. More details about the polynomial baseline are in Appendix C.1.3.

Figure 2 (right, dotted) shows the empirical error decay of polynomial interpolation on the same target
used in the MLP experiment. As predicted by theory (Theorem 2.2), the error decays exponentially
in N . In particular, for the optimal basis size, the polynomial baseline achieves relative errors near
machine epsilon —up th0;000 better L2RE than the MLP with ju&0-50basis functions. These
results motivate the BWER architecture we introduce in the next section.

4 BWLER: asimple baseline using barycentric interpolants

BWLERpropose®arycentric interpolantas a drop-in replacement for MLPs in the physics-informed
framework of PINNs. For clarity, we present our method in the 1-D setting over the doafain 1;1],
though the approach directly generalizes to periodic domains (using trigonometric instead of
Chebyshev polynomials) and higher dimensions (via tensor products). See Appendix B for details.

4.1 Model parameterization

Letf x; gj’\':O denote the Chebyshev nodes of the second kind (Chebyshev-Gauss-Lobatto points [32])
de ned byx; =cos(j =N );j =0;::;;N. Our model is de ned as the unique polynomialthat
interpolates the points

where we specify our model via the valuds (x; ) g it takes on the discrete set of Chebyshev nédes

We consider two possible parameterizations of these node values:

» Explicit. Each value is treated as its own, independently trainable parameter, meaning the full set
of trainable parameters in the model is[ o;::;; NI, where j :=  (x;j).

» Implicit . Like standard PINNSs, these de ne an MLP that speci es function values at discrete
node locations. Unlike standard PINNs, the MLP is only evaluated at these node locations, and

SBWL ER effectively parameterizes the Lagrange interpolantdifue spacei.e., directly in terms of the
function values at interpolation nodes, rather thacdef cient spacas in classical polynomial bases. This avoids
the instability and ill-conditioning associated with solving for global polynomial coef cients [3].



barycentric interpolation is used to de ne function values over the full domain. We also term this
aBWL Er-hatted MLP.

Standard PINN BWLER-hatted PINN

1: function EVALUATE (X, ) 1: function EVALUATE (X, )

2: return MLP (x) . forward  2: fi  MLP (xj) . forward pass on grid

pass orx 3: return BaryInterp( x;ff;g) (Algorithm 2)

3: function DIFFERENTIATE(X, ,k)  4: function DIFFERENTIATE(X, ,K)

4  return % _autodiff 5 fj MLP (x) . forward pass on grid
6: dj(k) SpectralDeriv(ff; g;k) (Algorithm 3)
7: return BaryInterp( x;fdj(k)g) (Algorithm 2)

Algorithm 1: Evaluation and differentiation operations for a standard physics-informed neural network
(left) versus a BWIER-hatted neural network (right) — differences in blue.

As required for the physics-informed framework (see Section 2.1), our model has ef cient and
auto-differentiable implementations of bahaluationanddifferentiationoperations:

Evaluation. Given the node valuesf (x,)g —o, We compute the interpolarit (x) at any
point x 2 using the barycentric formula, Equation (3), where the barycentric weights for
Chebyshev-Gauss—Lobatto nodeswgre (( 1))=(1+ jot N ).

Differentiation. Derivatives are computed ef ciently via the Discrete Cosine Transform (DCT).
Given node valuesf (x; )g o » the differentiation operation involves transforming to frequency
space via DCT, applying dlfferentlatlon in frequency space (a diagonal operator), and transforming
back to physical space via inverse DCH.[This yields the derivative valud8=[f q(xo);:::;f Axn )]

at the Chebyshev nodes@(N logN ) operations. To compute the derivative at any pridt ,

apply the barycentric interpolation formula (Equation (3)), plugging in the derivEitasthe node
values. Higher-order derivatives can be obtained by repeating this process. Detailed descriptions
of the evaluation and differentiation operations are provided in Appendix B, including pseudocode
implementations (Algorithms 2, 3).

4.2 BWLER achieves exponential convergence on interpolation

In Figure 2 and Appendix C.1, we empirically evaluB®/L ER in the 1-D interpolation setting,
comparing both expliclBWL ER models andBWL Er-hatted MLPs (wherB WLERacts as a nal

layer atop a standard MLP). We nd that expli@WLER, trained with Adam, closely follows the
exponential convergence behavior of the polynomial baseline from Section 3.3. Moreover, with
proper choice oN , BWLER-hatted MLPs substantially outperform standard MLPs on smooth targets,
improving L2RE by up td00,000 (Appendix C.1.2).

In this setting, we can fully characterize the error convergen®@Vt ER; we prove that explicit
BWLERachieves exponentially decaying test error and convergence under gradient descent:

Theorem 4.1(Exponential convergence 8WLER on interpolation, informal) We approximate
an analytic functiori by tting an (N +1) -parameterBWLER for t steps of gradient descent dh
sample pointsifp 1;1]. Then its sup-norm error decomposes into

kKt kg Pl ;+© e =" ; (4)

—{z—}
expresswlty 9ap optlmization gap

where > 1only depends on the function smoothness, aisahe interpolation matrix's condition
number.

In Equation (4), the expressivity gap is unavoidable and comes from the standard Cheybshev
approximation bound (Theorem 2.2) and the optimization gap comes from gradient descent's
convergence on least squarsk [ntuitively, after we choos8l large enough tha& WL ER can express



the target function up to error gradient descent will then converge exponentially to ®{tog(1=))
steps. See Theorem D.4 for the precise theorem statement and Appendix D.1 for the proof.

5 Physics-informed BWLER and the precision-conditioning tradeoff

We evaluateBWLER, rst implicit (BWLER-hatted MLP), then explicit, on benchmark PDE
problems B1, 16], including linear (convection, wave), nonlinear (reaction), stiff (Burgers'),
and irregular-domain problems (Poisson). In doing so, we aim to disentangle the effects of
model architecture and PDE conditioning on precision and optimization behavior. Our key result
is Theorem 5.1, where we fully characterize the tradeoffs between maximum achievable precision
and training convergence for explicit BVER in the linear PDE setting.

5.1 BWLER-hatted MLPs have smoother loss landscapes

Experimental setup. We start by evaluatinB WL ErR-hatted MLPs on the three benchmark PDEs
from Rathore et a[31]: convection, reaction, and wave equations. Each model is trained using the
Adam optimizer with identical network architecture and training settings. We compare three variants:
a standard MLP, an (implicit) BWkR-hatted MLP, and an explicit BW&R model.

To probe convergence behavior beyond early training dynamics, we train each mddéliterations
— signi cantly longer than prior work — to examine both the nal precision after saturation and the
consistency of convergence trends. Full experimental details are provided in Appendix C.2.

Results. Table 1reports nal; relative errors (L2RE) across all metho@3/V L ErR-hatted MLPs con-
sistently outperform standard MLPs, improving L2RE by aro8@d on the convection equatiohQ

on reaction, and800 onwave. We replicate ndings from prior worRp, 31] that pure MLPs often
converge to suboptimal local minima when trained with Adam alone. For instance, on the convection
equation (Section 1), the baseline MLP only recovers a single oscillation of the ground truth periodic
solution; similarly, on the wave equation (Figure 6), the MLP recovers the high-level structure of the
solution but not the ne-grained details. In contrast, B\ L Er-hatted model nds a solution qual-
itatively matching the ground truth, and precision improves consistently with Adam alone (Figure 6).

Improved loss landscape conditioning. Towards understanding why BVER improves optimiza-

tion, we estimate the spectral density of the PINN loss's Hessian after convergence, following Rathore
etal.[31]. We nd thatBWLER makes the loss landscape less ill-conditioned on the wave and reaction
equations, reducing the maximum eigenvalud®y and mean eigenvalue 10 (Figures 8, 9).

See Appendix C.2 for discussion and ablations.

Precision limitations of BWL ER-hatted MLPs. AlthoughBWL ER-hatted MLPs outperform stan-
dard PINNSs, their precision nonetheless plateaus morelibarders of magnitude L2RE worse than
machine precision (Table 1) — mirroring the limitations seen in the interpolation setting (Section 3.2). We
attribute this stagnation to the underlying MLP parameterization. In Section 5.2, we show that switching
to an explicit representation and training with a preconditioned second-order methodBWWER to
overcome this barrier, achieving high precision solutions on the convection and wave equations.

L2RE_ || MLP | BWLER-hatted MLP BWLER

Convection|| 1:14 10° 391 10 2292 ) | 4:07 10 “ (2800 )
Reaction || 4:02 10 3 | 3:91 10 *@o:3 ) | 7:10 10 2(0:057 )
Wave 522 10 1| 2:88 10 “ (800 ) | 999 10 (@52 )

Table 1: L2 relative errors (L2RE) on benchmark PDEs: convection, reaction, and wave equations
from [31]. Multiplicative improvements (in parentheses) are relative to the MLP baseline. All models
are trained with Adam fot (P iterations.



5.2 Explicit BWL ER solves PDEs to high precision

Motivated by the precision limitations in tH&WL ER-hatted MLP setting, we next study explicit
BWLER models. This formulation eliminates the extra precision bottlenecks introduced by the
neural network parameterization — all ill-conditioning in the loss arises purely from the PDE and its
discretization — allowing us to probe the precision limits of the physics-informed framework.

Optimization challenges.

We begin by training explicit

BWLERmModels with Adam

alone on the three bench-

mark PDEs from Rathore

et al. [31] (Table 1, right-

most column). While

the models are expressive

enough to precisely repre-

sent the true solution, they

converge slowly under stan-

dard rst-order optimizers.

On the reaction equation,

explicit BWLER underper- Figure 3: Precision-conditioning tradeoff. = We train explicit
forms even standard PINNsBWLER models on the convection equation, using nite-difference
by a factor of 20 in derivativesintime, and vary the stencil size. Smaller stencils improve
L2RE, and makes almost nothe problem's conditioning, improving initial convergence rate, butin-
progress during training oncrease misspeci cation error, producing a precision saturation threshold.
the wave equation. Note that

although expliciBWLER with Adam outperforms standard PINNs B§00 andBWLER-hatted
MLPs by100 on the convection equation, this is mostly due to the extremely high number of training
steps {° iterations with Adam). See Appendix C.2 for more detailed results.

Theory: convergence-conditioning tradeoff for 1-D linear differential operators. For explicit
BWLER, the PDE setting admits an error decomposition mirroring the interpolation setting of The-
orem 4.1. We present the 1-D linear setting, but note that the decomposition extends directly to
higher-dimensional linear problems.

Theorem 5.1(Precision-conditioning tradeoff for physics-informBuVL ER, informal). We consider
solving thed-th order PDE problentu =0 ; whereu satis es the usual analyticity assumptions, by
approximating. with ak-th order nite-difference scheme. Fitting §MN +1) -parameteBWLER via

t steps of gradient descent on this discretized operator yields

k (t)k Ny + @ N k1 &) 4 @ t= (N)Z; 5
vk Pl PN, P ©

expressivity gap - bias/misspeci cation gap optimization gap

where > 1 only depends on the function smoothness, ail) is the condition number of the
discretized operator.

In Equation (5), the expressivity gap is the standard Cheybshev approximation bound (Theorem 2.2), the
misspeci cation gap comes from the order of the nite-difference approximafigh nd the optimiza-

tion gap is the standard gradient descent convergence rate on least sju&efef to Theorem D.8

and Appendix D for a formal theorem statement and proof.

Two precision-conditioning tradeoffs directly emerge from Theorem 5.1.:

» Expressivity vs. optimization. The conditioning of orded derivatives with spectral differentiation
scales a®(N 29) [32]. Decreasing the expressivity gap relies on increabinbut this necessarily
worsens the problem's conditioning and convergence rate.

» Misspeci cation vs. optimization. One way to improve the problem's conditioning is to try
alternate derivative formulations, e.g. nite-difference schemes instead of spectral differentiation.
Although FD matrices are better-conditioned (for 3-point sten@i{$y ¢) instead ofo(N 29) [13)),
the misspeci cation gap increases in turn.



We note that a similar decomposition can be stated for nonlinear problems with standard PINNs, but a
precise analysis of the precision-conditioning tradeoff is challenging [20, 28].

Training techniques towards ef cient, high precision training. To navigate the precision-
conditioning tradeoff, we combine the following three techniques:

* Nystrom-Newton-CG (NNCG) [31]. NNCG is a second-order method that approximates the
Newton step using a low-rank Nystrom approximation to the Hessian. We tune the preconditioner
rank and the number of CG iterations per Newton step to control the convergence rate.

« Derivative quality tuning . BWLERallows us to freely swap out different derivative computation
methods. We experiment with spectral derivatives and nite differences where we vary the stencil
size €.g.3-point stencil yields a 1st-order approximation, while a global stencil recovers the spectral
derivative). See Appendix B for implementation details.

» Multi-stage training. SinceBWLERis parameterized directly via its values on a discrete grid, we
can warm-start training using any pretrained PINN (including and@hgter or a standard MLP).

High precision solutions to benchmark PDEs. Table 2 reports nal, relative errors (L2RE) across

ve benchmark PDEs. On the convection, reaction, and wave equations, eBWHItER achieves
(near-)machine-precision solutior&:10orders of magnitude improvements relative to the L2RE of
PINNSs reported in the literature. On Burgers' and an irregular-geometry Poisson problem, explicit
BWLER matches the precision of prior state-of-the-art PINNs. Appendix C.2 provides implementation
details, training diagnostics, and problem-speci c strategies used to achieve these results.

We note that our results anettime- or parameter-matched: see Appendix C.2 for details. We view our
results as a proof-of-concept: they show that machine-precision solutions are in fact possible within
the PINN framework, but high precision requires careful codesign of models and optimizers, with the
precision-conditioning tradeoff in mind. We also note that existing training techniguedlTK loss
reweighting, temporal causalitg7]) are complementary to our approach and likely could be leveraged

to speed up training.

L2RE _ | SOTA(from iterature) [ Explicit BWLER |

Convection ¢=40) 1:94 10 3[31] 2:04 10 3 (951 10°
Convection ¢=80) 6:88 10 4[37] 1:10 10 *? e:25 10°

Wave 1:27 10 2[31] [1:26 10 ™ oo 10°
Reaction 9:92 10 3[31] 6:94 10 ' (143 10°
| Burgers(1D-C) || 1:33 10 2[16] | 4:63 10 s ) |
| Poisson(2D-C) || 1:23 10 2[16] [ 1:08 10 ®(u14 ) |

Table 2: L2 relative errors (L2RE) on benchmark PDEs problems. SOTA column reports (to our
knowledge) the best results from the literature. Note: results are not time- or parameter-matched.

6 Conclusion

Discussion. Our results demonstrate that incorporating barycentric interpolants into the PINN
framework dramatically improves attainable precision while maintaining the exibility to handle
diverse PDEs and complex geometries. On 1-D interpolation tasks, eXlifitErR models recover
spectral convergence, reaching relative errors h@at’. BWLER-hatted MLPs, our drop-in variant,
similarly boost precision by up tb0;000 over standard MLPs (Figure 2). On PDE benchmarks,
BWL ER-hatted MLPs boost the precision of standard PINNs by ul8@0 (Table 1). Using a
second-order optimizer, we reach near-machine precision for convection, reaction, and wave equations
(betweerl0 13-10 ), 8-100rders of magnitude better than prior state-of-the-art. To our knowledge,
thisis the rstinstance of a PINN reaching machine-precision solutions even on 2-D problems.

Limitations. Despite these gains in precision, several limitations remain. First, the runtime cost
of training is substantial. Because of their ill-conditioned loss landscapes, eBMiditE RS require



signi cantly longer to train than both traditional numerical solvers and prior PINN architectures.
Although our results establish a new precision ceiling for PINNs, they do not yet outperform classic
numerical methods in terms of precision per unit time. SecBNdL ER thrives on PDEs with smooth
solutions but performance deteriorates on stiff PDEs with sharp features or onirregular domains, settings
where spectral methods traditionally struggle. Finally, our use of explicit grids may pose scalability
challenges in higher-dimensional problems, where mesh-free methods often hold an advantage.
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A Related work

A.1 High-precision machine learning for PDEs

The dif culty of achieving high precision in machine learning for scienti ¢ applications is well-
documented: despite progress from the scienti c ML community in recent years, traditional numerical
methods still outperform existing PDE learning approaches in precision, even on simple benchmark
problems R6]. We are not aware of any physics-informed neural network approaches that obtain
machine-precision solutions, even on standard 2-D linear PDE benchmarks.

Recent work in the PINN literature has explored architectural modi cations, addressed optimization
challenges, and proposed specialized training strate2@e87, 31]. The inherent precision limitations

of existing ML architectures is comparatively underexplor@d, B8] focus on the regression setting
using MLPs and propose alternate training recipes towards higher precBbinlgnti es precision
bottlenecks resulting from the Transformer architecture and standard LR schedulers in the setting of
least squares.

Unlike prior work that focuses primarily on studying either PDE optimization or model architecture, in
this paper we attempt to study both jointly:

* We demonstrate that the MLP parameterization of standard PINNSs limits precision in the
simple setting of 1-D function approximation, even without the additional challenges of PDE
constraints (Section 3).

» We propos8WLER, which decouples model parameterization from derivative computation
(Section 4). This allows us to separately study the precision limitations induced by the model
versus the PDE conditioning.

» UsingBWLER, we detail an explicit tradeoff between precision and conditioning in the linear
PDE setting (Theorem 5.1). Along the way, we provide empirical evidence that our barycentric
interpolants represent a simple yet surprisingly effective baseline parameterization for high-
precision PDE learning; they achieve the high precision of traditional spectral methods
on benchmark PDEs with smooth solutions, while maintaining compatibility with physics-
informed frameworks (Tables 1, 2).

A.2 Hybrid approaches: combining PINNs with numerical methods

Recent work has explored integrating classical numerical techniques with machine learning-based
PDE solvers to improve robustness, accuracy, and convergence. We highlight two relevant approaches:

« Time-marching with PINNs. Recent works attempt to embed numerical solvers directly
into the training loop of PINNs, most commonly in handling time-dependent PDEs. For
example, 22, 37] propose to divide the time domain into multiple subdomains and per-
form curriculum learning within a PINN framework to boost performance. Another set
of approachesq 2, 10] directly incorporate time-stepping via classical integrators (e.g.,
Runge—Kutta) within a neural network framework to stabilize temporal dynamics, especially
for stiff or chaotic systems.

* ODIL. The ODIL framework 18, 19] formulates PDE learning as the minimization of
discretized residuals over mesh-based domains, preserving the structure and sparsity of nite
volume and nite difference discretizations while enabling gradient-based optimization with
neural networks.

Like ODIL, our method also reintroduces an explicit grid under the hood of a physics-informed
learning framework, buBWL ER differs in two ways (1) Just as ODIL exactly embeds nite
volume and nite difference methods into an auto-differentiable ML seBYVL ER respec-

tively embeds pseudo-spectral methods into physics-informed learning. This means that
unlike the lower-precision PDE discretizations of nite differend@8yL ER leverages the
spectral convergence of polynomial approximation on smooth functighadditionally,
BWLERcan be exibly treated both as a self-standing architecture or as an additional layer
that goes atop existing PINN architectures.

13



A.3 Spectral methods and barycentric interpolation

Classical spectral methods, including Chebyshev and Fourier-based solvers, have long been used for
high-accuracy PDE solutions on regular doma#3P]. These methods excel when the solution

is smooth and the domain is simple, offering exponential convergence rates in both function and
derivative approximation. Spectral element meth@&jisxtend these ideas to complex geometries by
combining high-order accuracy with domain decomposition, and remain state-of-the-art in areas like
uid dynamics where both precision and geometric exibility are critical [15, 39].

Recent frameworks like Chebful][have revived interest in spectral approaches by enabling function-
level computation with near-machine precision. Barycentric Lagrange interpol8}iprojides a
numerically stable alternative to classical polynomial bases and serves as the foundation for many
pseudo-spectral techniques. Our work is, to our knowledge, the rst to integrate barycentric interpola-
tion directly into a physics-informed learning framework.

Our approach closely parallels classical pseudo-spectral methods while introducing key exibilities
from the machine learning paradigm. Like traditional pseudo-spectral solvers, we represent the solution
via its values at Chebyshev nodes, and we compute high-precision derivatives spectrally. However,
BWLER additionally inherits the generality of the physics-informed paradigm:

« Modern optimization and auto-differentiation. BWLER seamlessly integrates with auto-
differentiation frameworks on GPU-accelerated hardware. Instead of using classical iterative
solvers, we can leverage ML optimizers such as Adam [21], L-BFGS [23], and NNCG [31].

« Flexible derivative computation. While classical solvers typically rely on differentiation
matrices,BWLER allows switching between spectral (FFT-based) and nite difference
derivatives to match the problem structure. See Appendix B for details.

 Support for irregular geometries. BWLER's barycentric formulation accommodates non-
rectangular domains and complex boundary conditions using the least-squares framework of
physics-informed learning. This avoids the manual domain transformations that traditional
spectral methods need [4, 8].
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B Method

In this section, we provide more details about the implementation d¥Wé ER architecture and
training.

B.1 BWLER architecture

We provide full algorithmic details of thBWL ER architecture. We rst focus on the 1-D case before
generalizing to higher dimensions. The core components are:

» Chebyshev setting (1-D, non-periodic)We describe barycentric interpolation and spectral
differentiation using the Chebyshev-Gauss-Lobatto grid. This forms the foundation for
interpolation and differentiation in non-periodic domains.

* Fourier setting (1-D, periodic). For periodic boundary conditions, we instead use Fourier
nodes and basis functions. We describe both interpolation and differentiation with trigono-
metric polynomial interpolants.

« Finite difference matrices.As an alternative to spectral differentiation, we optionally use
nite difference (FD) methods with Fornberg's algorithm to generate sparse banded derivative
matrices.

» Domain transformation. All 1-D methods assume canonical domainsy;1]for Chebyshev;
[0;2 ]for Fourier), but are extended to arbitrary physical domains via af ne coordinate maps.

 Higher-dimensional extension.We extend all components to multiple dimensions using
tensor-product constructions, which factorize evaluation and differentiation along each axis.

This appendix provides explicit pseudocode for each of the above settings and highlights the computa-
tional properties relevant to their use in PINN frameworks.

B.1.1 Chebyshev setting, non-periodic

Evaluation. We begin with interpolation on the canonical Chebyshev-Gauss-Lobatto (CGL) grid.
We consider interpolating a 1-D functiébn[ 1;1]! R. Let

1. . .
Cmeos L wo=( 1y 2 12fONg . _ o .
Xj=cos T ; w=( 1) 1 otherwise j=0;:5N:

Then forany querx 2 [ 1;1], we recall the barycentric formula (Equation (3)) gives

Algorithm 2 represents a pseudocode description of the barycentric formula, which BWavgR im-
plements thevaluationoperation required for the physics-informed framework.
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Algorithm 2 BARYINTERP: Chebyshev barycentric interpolation

L Input: x2[ 1;1]; node values$f; g,
2: Output: interpolated valué (x)

. Compute CGL nodes and weights (if not precomputed)
3: forj=0toN do
4: xj cos k-
5w (1) Zifj2fONgelsel
. Handle exact node case
6: forj =0 toN do
7 if x=x; then
8: return f;

. Accumulate barycentric sums
X wf X w

N sum ; sum
j=OX Xj . X Xj

Nsum

Returnf (x)=

Dsum

Differentiation. We compute rst-order derivatives at the Chebyshev nod€XX logN ) via the
FFT. Algorithm 3 represents a pseudocode implementation of BMgLdifferentiationoperation.

Algorithm 3 CHEBFFTDERIVATIVE: spectral derivative at CGL nodes

. Mirror data (even extension)

\Y Uo;Ug;iiiUn sUN 15505 Us

. Forward FFT
Y FFT(V)
. Differentiate in frequency space
3: fork=0to2N 1do
k; k N;
4 ke k 2N: k>N;
5: Wk iKe \7k
. Inverse FFT
W IFFT(W)
. Chain-rule correction
6: forj=1toN %Ido
7: dj Wj = 1 ij
P N 2 P N +1 2
8: do n=0 n On, dN n:O( 1)n n 0n

Return d

16



B.1.2 Fourier setting, periodic

For periodic domains, we u$¢ equispaced nodes

_ 2] .
TN
instead of Chebyshev-Gauss-Lobatto nodes. We consider interpolating a 1-D findg@ih ]! R.
To do so, we represehtby its discrete Fourier series.

Evaluation. For atrigonometric interpolant on equispaced nodealuationcan be performed using
the FFT. We provide a pseudocode implementation in Algorithm 4.

Algorithm 4 FOURIERINTERP. trigonometric interpolation

1: Input: query pointx 2 [0;2 ]; node value$f; g, *
2: Output: interpolated valué (x)
. Precompute grid
3:forj=0toN 1do
4. Xj %

. Compute Fourier coef cients
f* FFT ffjg =N

. Evaluate interpolant

Return f (x)

Differentiation.  To perform differentiation on equispaced nodes, we de ne an explicit differentiation

matrix, following [32]. Speci cally, the Fourier differentiation matrix oN equispaced points

Xj =2 j=N isde nedas: 8
20 =]

(Dn)ij = 1) . (6)
> 2) cot U1 igj

We provide a pseudocode implementatiomliffierentiationfor trigonometric interpolants in Algo-

rithm 5.

Algorithm 5 FOURIERDERIVATIVE MATRIX: periodic derivative via explicit matrix

. on equispaced grigi =2 j=N
2: Output: derivativesd =( f (xo);:::f Axn 1))

. Assemble Fourier differentiation matrix (Equation (6))
3: fori=0toN 1do

4 forj=0toN 1do

5: if i=j then

6 (D)j O

7 else . o
8 (D)ij ( 1% ICO'[ (INJ)

. Apply matrix to values

Return d
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B.1.3 Finite—difference differentiation matrices

For arbitrary node distributiorfs; gj’\‘:0 , we employ Fornberg's algorithmi ] to construct a sparse,
banded matribD (Mk) 2 RN+ (N+1) that approximates the-th derivative using a stencil of
half-bandwidthk. The entries satisfy
min()@;i + k)
(DM, = iy
j=max(0 ;i k)

and yieldO(h? ™) accuracy on non-uniform grids. In the periodic setting, we recover the standard
nite difference stencils on equispaced nodes.

The algorithm for performing differentiation using nite difference instead of spectral derivatives is
outlined in pseudocode in Algorithm 6.

Algorithm 6 FDDERIVATIVEMATRIX: Fornberg nite-difference derivative

1: Input: node location$Xx; ng:o ,valuesu 2 RN *1 | derivative ordem, half-bandwidthk

. Build differentiation matrix via Fornberg's method
3: DMK FornbergMatrix( fx; g;m;k) [13]

. Apply to node values
4:d DMKy

Return d

B.1.4 Domain transformation to arbitrary intervals

All of the above 1-D formulas assume canonical domding (L] for Chebyshe0;2 ]for Fourier).
To handle a physical intervia; b, we apply an af ne map 7! x:

8
52(?: aa) 1; Chebyshey
=
-BM; Fourier.
b a

All node locations, weights, and differentiation matrices are computeeipace, and nal function

values or derivatives are re-mapped to the physical coordindthis preserves both the interpolation
accuracy and spectral convergence properties on arbitrary intervals. We note that we must account for
the rescaling factor when mapping function values to and from the physical and canonical domains.

B.1.5 Extensionto higher dimensions
Letx =(X1;::5Xq) 2 RY. We construct a tensor-product interpolant:

X K Y )
f(x)= fiiig ()
j1=0 jq=0 T=1

where each () is the 1-D Chebyshev or Fourier barycentric basis on ttieaxis. Evaluation and
differentiation factorize along each dimension:

X o (ke
@i @Sf(x): i j(«)( )(X‘)3

Thus, in practiceBWLER applies the 1-D interpolation or derivative operators sequentially (or,
for differentiation matrices, via Kronecker-product routines) to achieve ef cient interpolation and
differentiation in higher dimensions.
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B.2 Training

Our training algorithm consists of two key components: the optimizer for updating model parameters
and the scheme for selecting collocation points where PDE constraints are enforced.

Optimizer. We experiment with two different optimizers:

» Adam [21]: The standard rst-order optimizer in deep learning. By default, we use an initial
learning rate o0 3 with cosine decay learning rate schedule with a minimum learning rate
of10 6.

* Nystrom-Newton CG[31]: A specialized second-order method designed for PINNs that
approximates the Hessian using Nystrém sampling. We use the default hyperparameters
from Rathore et a[31] except for the rank of the preconditioner and the number of CG steps
per Newton update, which we tune per problem. See Appendix C.2 for problem-speci ¢
hyperparameters.

Collocation scheme. For selecting collocation points where the PDE residual is enforced, we explore
two strategies:

» Random sampling.Following standard PINN practice, we sample collocation points at each
iteration. We compare two distributions:

— Uniform samplingod 1;1]: x  Unif([ 1;1])
- CheByshev-weighted sampling=cos( ) where  Unif([O; ]), which has density
/1= 1 x2

We default to the latter as it matches the node distribution in the model parameterization.

 Fixed nodal collocation.Unlike traditional PINNs which require dense sampling to ensure
the PDE holds everywhere, our polynomial representation allows us to enforce the PDE only
atthe Chebyshev nodés; g™, .

We nd that nodal collocation suf ces for the benchmark PDE problems we consider in this work.
See Appendix C.2 for more details about hyperparameters for speci ¢ experiments.

L2 Relative Error Formula. For assessing the quality of interpolants and PDE solutions of all
models used in this paper we leverage the stanganelative error (L2RE):

Vv
4P,

kf  fk Nesf (i) f(x;))2
L2RE(f ;)= — K 2t '-15 Ngf)(x_)z(x ). (7
i=1 i
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C Additional experimental details

C.1 1-DInterpolation

Here, we describe the experimental setup for our 1-D interpolation experiments (Section 3).

C.1.1 Taskdescription

To study interpolation across functions of varying smoothness, we consider sinugojesin( kx),

x2[ 1;1], with varying frequenck. These serve as a controlled test case for examining how model
precision scales with oscillatory complexity. We v&r@f 1;2;4,8;16;32g. For each target function,

we generate a training setldf.;in =100 points sampled uniformly at random from the domain, and
evaluate on a dense equispaced test gridgf =1000 points. We run our interpolation experiments
over ve seeds, and report the median three results.

C.1.2 Model architecture and optimizer details

We compare standard MLPBWL ER-hatted MLPs, and explicBWLERs on the 1-D interpolation
task. We train all models to minimize MSE using the Adam optimizer and use a cosine decay learning
rate scheduler with a minimum learning ratel6f °.

Standard MLPs We use fully-connected MLPs witnh activations. We sweep network widths
within f 24;::::28g and depths fror2  8layers. We choose our initial learning rate by sweeping LR for
the smallest MLP, and adjust the LR for larger MLPs by decreasing the initial learning ratatby
whenever we scale up the width by a factoaof and the depth by a factor bf . Our base LR for the
smallest MLP i€:05.

BWL Er-hatted MLPs We apply ourBWLER-hats atop standard fully-connected MLPs with
tanh activations, with width 256 and 3 hidden layers. We evaluate how precision scalds yith

BWLER-hatted MLPs.

Explicit BWLERs As with BWLER-hatted MLPs, we sweej 2 f 2°;:::;2%g and evaluate the
precision scaling. We use an initial LR @01 for all our explicit BWLERs.

C.1.3 Chebyshev least squares

As a classical baseline for function interpolation, we t Chebyshev polynomials via least squares
regression. Given a target functibnwe construct a design matx2 RNwn (4+1) \where each row

pointx;. We then solve the linear systeke f in the least-squares sense, whe2eR%*! are the
polynomial coef cients. Note that this baseline performs polynomial interpolaticoéf cient space
whereas explicit BWER performs polynomial interpolation walue spac¢33].

We implement this using NumPyfsumpy.polynomial.chebyshev.chebfit  function to t the

coef cients on the training data, amthebval for evaluation on the test grid. This provides an ef cient

and numerically stable method for approximating smooth functions, and serves as a reference for
assessing model convergence in Section 3. Interestingly, we nd that as the least squares problem
becomes more ill-conditioned (i.e. as the degree of the polyndinadproaches the dataset sitg,

our explicitBWL ER sometimes outperforms the least squares baseline on the test data (Figure 4). We
attribute this to the early-stopping regularization effect of gradient descent on ill-conditioned least
squares [5].
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Figure 4: Comparison of standard MLRBWL ER-hatted MLPs, and explicBWLERS on 1-D
interpolation with the target functiorfgx) = sin( kx). From top to bottom:k = 1;2;4;16; 32.
Chebyshev least squares baseline plotted in dotted line on rightmost plots.

C.2 PDEs

C.2.1 Benchmark problems

We perform our experiments on ve benchmark PDE problems from prior work:

Convection Equation. The one-dimensional convection equationis a rst-order hyperbolic PDE
commonly used to model phenomenain uids, physics, and biology. We use the problem formulation
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from Rathore et al. [31] and Wang et al. [37]:

@u @u . P 13
@tﬂ;@x_o, x2(0;2 );t2(0;1);

u(x;0)=sin(x); x2[0;2 ];
uO;t)=u(2;t); t2[01]:
The analytical solution ig(x;t)=sin(x ct), where we set=40;80in our experiments.

Reaction Equation. The one-dimensional reaction equation is a non-linear ODE that models chemi-
cal reactions. We use the problem formulation from Rathore et al. [31]:

%Ltj u(@l u=0; x2(0;2 );t2(0;1);
u(x;0)=exp 224); ;o x2[0;2 ],
u@O;t)=u@2;t); t2[01]
The analytical solution ia(x;t) = ng)‘%)f‘w,whereh(x):exp H and =5 inour

experiments.

Wave Equation. The one-dimensional wave equation is a second-order hyperbolic PDE that models
wave propagation. We use the problem formulation from Rathore et al. [31]:

@u  @u_ V12 (O-1):

@t 4@—0, x2(0;1);t2 (0;1);
u(x;0)=sin( x )+ %sin( X ); x2[0;1];
@ux;0) _ .. AT
@t =0; x2[0;1];

u(O;t)=u(L;t)=0; t2[0;1]:
The analytical solution is(x;t) = sin( x )cos(2t )+ %sin( X )cos(2't ), where =5 inour
experiments.

Burgers' Equation. The one-dimensional viscous Burgers' equation is a nonlinear PDE often used
as a prototype for modeling shock waves. We follow the problem formulation from Hao et al. [16]:

@u @u @u. - 1y
o 'ar o7 x2( L1);t2(0;1);

u(x;0)= sin(x); x2[ 11j
u( Lt)=u(L;t)=0; t2][0;1]:

We use = %% in our experiments.

Poisson Equation. We consider the Poisson equation
u=0;

on an irregular domain with four circular holes, following the setup in Hao §t@). The domainis
de ned as a square with four circular cutouts:

i
and the four circles are:

Ri=f(xy):(x 0:3)+(y 0:3)? 0:12%g;
Ro=f(xy):(x+0:3)2+(y 0:3)> 0:1%g;
Ra=f(xy):(x 0:3)2+(y+0:3)? 0:1%g;
Rs=f(xy):(x+0:3)2+(y+0:3)? 0:1%g:
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The boundary conditions are:

u=0; x2@R
u=1l; X2@ rec

C.2.2 Results with BWLER-hatted MLPs

Experiment setup.

« Benchmark PDE problemsWe compare standard MLPs v WL ER-hatted MLPs vs.
explicit BWLERs on the convection, reaction, and wave equation benchmarks from Rathore
etal. [31]. Details are described in Appendix C.2.1.

* Model settings.All the MLPs we use for the standard aBWWL ErR-hatted MLP exper-
iments use 3 layers and a hidden dimension of 256. BW4_eR-hatted MLPs and ex-
plicit BWLER mModels use the problem-speciBWL ER hyperparameters described in Ap-
pendix C.2.3.

+ Optimization settings/Ve train all models using Adar2[l] for 10° iterations. We use an initial
learning rate o0 ° and a cosine annealing learning rate schedule with a minimum learning
rate of10 °. We use the standard momentum hyperparaméters,) = (0 :9;0:999).

Figure 5: Standard MLP v8BWL ER-hatted MLP vs. expliciBWLER, evaluated on the reaction
equation. For all models, we train fa€f iterations with Adam.
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