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1. Introduction

As we know, matrix multiplication is a classical problem in numerical linear algebra. The algorithms of this problem
are well-known and can be found in any book on matrix computations, see e.g., [ 1]. However, in the age of big data, these
famous algorithms are encountered enormous challenges because of their computation cost. So, some scholars introduced
the randomized ideas into matrix multiplication and proposed some randomized algorithms for this problem.

To the best of our knowledge, Cohen and Lewis [2] first applied the randomized idea to approximate matrix
multiplication. In 2006, motivated by a fast sampling algorithm for low-rank approximations given in [3], Drineas et al. [4]
proposed the now-famous randomized algorithm for matrix multiplication called the BasicMatrixMultiplication algorithm.
It picks the outer products using the nonuniform sampling probabilities which are derived from the norms of columns
and rows of the involved matrices M and N, respectively, that is, the following probabilities

IMPIl2 NGy ll2
= SO N -, (1.1)
2 izt IMO12 [Ny ll2
where M@ denotes the ith column of M € R™", N stands for the ith row of N € R™P, and || - ||, represents the

Euclidean norm of a vector. The specific algorithm is given in Algorithm 1. Later, the BasicMatrixMultiplication algorithm
was extended to the block version by Wu [5]. That is, a set of submatrices were sampled by using the following sampling
probabilities
IM*Ni|
pkzﬁ, k=1,...,K, (12)
> k=1 IMENi I
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where M¥ € R™ ™ represents the kth block of M = [M' M? ... MK], Ny € R™<P symbolizes the kth block of

NT=[N] NJ .- NE] and |- [ denotes the Frobenius norm of a matrix. In 2019, Chang et al. [6] proposed another

block version of the BasicMatrixMultiplication algorithm with the following sampling probabilities
1> ez M Nillr

2 12 e M¥NillF”
where K C {K'} and K’ denote the subsets of {1, 2, 3, ..., K}. Recently, the following sampling probabilities,

IM¥ [l [Nkl

Sy IMK[|E [Nl

were devised for the block matrix multiplication by Charalambides et al. [7]. They are easier to compute compared with
(1.2) and (1.3). In addition, there are some other generalizations of the BasicMatrixMultiplication algorithm [8,9] and
some randomized algorithms for matrix multiplication based on random projection [ 10-12]. In particular, a block diagonal
random projection method with different block sizes was developed in [12].

Pk = (1.3)

k=1,...,K, (1.4)

Algorithm 1 BasicMatrixMultiplication Algorithm [4]

Input: M € R™" N € R™P, the number of sampling ¢ € Z* such that 1 < ¢ <n, and {p;}], given as (1.1).
Output: C € R™¢ and D € R*P,

1. fort=1toc

e sample i; € {1,---, n} with Pr(it =Ss)=ps, s=1,---,n, independently and with replacement.
o set €0 = MY apq Dy N
NG = o
2. end

3. return C and D.

In this paper, we consider the randomized algorithms for block matrix multiplication based on random sampling
further by using the technique of optimal subsampling proposed recently in the field of statistics; see e.g., [13-16].
Specifically, we derive the optimal sampling probabilities and sampling block sizes by the A-optimal design criterion [17],
i.e.,, minimizing the trace of the variance of an estimator. Moreover, unlike [5-7], we do not sample the blocks directly
but sample the outer products on each block with the optimal sampling probabilities and sampling block sizes.

The remainder of this paper is organized as follows. The randomized algorithm framework for block matrix multiplica-
tion, the optimal sampling probabilities, and the optimal sampling block sizes are presented in Section 2. In Section 3, we
modify the block sizes to make them easier to compute and provide a two step algorithm. Furthermore, the probability
error bounds of the corresponding algorithms are also given in Sections 2 and 3, respectively. Extensive numerical
experiments are shown in Section 4. Finally, we make the concluding remarks of the whole paper.

2. Randomized algorithm and optimal sampling criterion

We first rewrite the product of the block matrices M € R™" and N € R™*P appearing in Section 1 as follows

Mk

K
MN = > MN, = Z > MON,

k=1 =1 i=1

where MK is viewed as the ith column of the kth block of M and Ny is the ith row of the kth block of N. Then, Algorithm
1 is applied to each block. Thus, we have K estimations for the K blocks as follows

& % ki)
M"N;
E C(t)Dk(t) E k N k:l,...,K,
CkPki,
k(it) N, .
where ¢, represents the number of extracted outer products from the kth block, CKt) = MY 44 Dit) i) with

CkPk;, /CkPk;,

P, being the sampling probability satisfying Z?"1 P, = 1. Note that these probabilities as well as the sampling block
sizes {ck _, need to be determined later in this section. Therefore, the final estimation is

Ck Ck

)
D — 12]: c*p, = Z Z CMODyyy = Z Z cktpl,jk(l
- t

k=1 t=1 k=1 t=1
The specific algorithm is presented in Algorithm 2.
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Algorithm 2 Sampling Algorithm for Block Matrix Multiplication

Input: M € R™" and N € R"*P set as in Section 1, {nk}f=1 such that Z;;l n =n, {ck}ff=1 with ¢, € Z* and 1 < ¢, < ng such that
K o =cforceZ*, and {py )%, with p, > 0 such that 3%, p. = 1 fork=1,--- K.

k=

Output: C € R™€, D € R°*P, and CD.
1. forke1,--- ,K do
e [C, D] =BasicMatrixMultiplication(M¥, Ny, ck, {px }i5;)-

end

c=[c" ¢ ... ¢, p"=[Dp] D) --- Dgl
D =Y\, C*Dy.

. return C, D, and CD.

SRS

In the following, we discuss the asymptotic properties of the estimation obtained by Algorithm 2. Based on these
asymptotic properties and the A-optimal design criterion [17], we can construct the optimal sampling probabilities and
sampling block sizes. One condition and two lemmas are first listed as follows, which are necessary for the proof of the
main theorem, i.e., Theorem 2.1 below. More specifically, the condition is used to derive the Lyapunov’s condition listed
in the first lemma, while the lemma is applied to arrive the conclusion in Theorem 2.1. For the second lemma, its main
aim is to simplify the proof of Theorem 2.1.

Condition 2.1.

n k
Xk: (M5, *(Nigip) _

3 Co, (2.1)
i=1 CicPx;
dln’:(1+a1) <pi < dzn;(H“”, (2.2)
an? <o < on?, (2.3)
where M(",H-) withh=1,...,mandi=1,...,n stand for the elements at the (h, i)-th position of the kth block of M, N )
withf =1,...,pand i = 1,..., ny denote the elements at the (i, f)-th position of the kth block of N, Cy is a large enough
positive constant, k =1,...,K,0 <oy <1, and 0 < ay < 1.

Remark 2.1. Combining (2.1), (2.2), and (2.3), we can get
ng
D (MG (N < Colomy 2 dam T = Col5dym ™1,
i=1
which yields that
ng (M{h‘i))z(Nk(i,f))z
N P e

o> = |1+ +oar|. (2.4)
2 Inny

ko2 2
e M iy)” Wi f))

In} %,

2
From the above discussion, we get that (2.1) holds if (2.4) is satisfied. Furthermore, due to oy < 1+ +
it is straightforward to have a; > a7 from (2.4).
In addition, assuming

TN < ng < 17N (2.5)
with0 <17y <t and k= 1,...,K, we can transform (2.2) and (2.3) into

d] T{(1+a1)n7(]+cx1) <pk < dzrf“*"”)n’“*“l) (26)
and

0477202 < ¢ < o1y, (2.7)
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Lemma 2.1 ([18]). Assume that X1, ..., X, are independent and identically distributed random variables, which satisfy that

each expected value w; and variance pf withi=1,...,n are finite. Set

n
P’ =Y pl.
i=1
then, when the Lyapunov’s condition

i iz B — i) _
n—oo p3
is satisfied, we have

Z?:](Xi — i) _L)
P

N(0, 1), asn — oo,

L e
where — denotes the convergence in distribution.

Lemma 2.2. The matrices C and D constructed by Algorithm 2 satisfy
E[(CD)np)] = (MN)u f)
and
o (MG (Negi))*

Var[(CD) hf)]_zz o _Z MNk (hf)) ’

k=1 i=1

where (CD), sy represents the element at the (h, f)-th position of CD, (MN ), sy denotes the element at the (h, f)-th position of

MN,h=1,...,mandf =1,...,p.

Proof. The proof can be completed easily along the line of the proof of [4, Lemma 3].

Now we present the asymptotic distribution of the estimation errors of matrix elements.

Theorem 2.1. Assume that (2.1), (2.2), (2.3), and (2.5) hold, and set

wil < Ml < uol, (2.8)
H«lL < |Nif)| < mol, (2.9)
nj k
M*Ny) (M, )2 (Nigi.f))?
Z(( k hf ZZ (hl (i.f) (2.10)
k=1 =1 i=1 Ckpk’
where 0 < 1 < tp, L >0, and 0 < o < 1. Then the matrices C and D constructed by Algorithm 2 satisfy
CD — (MN
(CD)nf) — (MN)n g — N(0,1), asn — oo, ¢ = 00, (2.11)
o
where
I K
szz M(hz (Niif)) _Z (MNk(hf
=1 i=1 CkPk; =1
Proof. Note that
K
Mk(lt)Nk
(CDYns) — (MNYnpy = ) Z( c Z Z (M N np)
k=1 t=1 kP, k=1 i=1
MKION, & MMON)
= Z Z =) = D
k=1 t=1 kP, i—1 k
k(ig) k(i)
Now, let ny) = (% -3 M N"(') pwithk=1,....,Kandt =1,...,c. Thus, based on Lemma 2.2, it is
easy to deduce that !
E[nn] =0 (2.12)
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and

(M PNk (MEN
h, k(i) ((M*Ni)inf))
Varlnl = Y —2 - SULEN (2.13)

2 2
i=1 CicPx; Ck

where (2.13) is from (2.1). Then, considering that 7, are independent for the given matrices M and N, and noting (2.12),
we find that, to prove (2.11), it suffices to show that

K
lim > ket oeq Ellmio ]

c—00 0’3

holds, where

-0 (2.14)

3

K v ,
ZZVar[nk(t)] - ZZ (h ) *(Nkip)? _ Z (M AZ;)(h,f)) .

C
—1 (=1 k=1 i=1 kPki k=1

Now, we prove (2.14). By the basic triangle inequality, we have
£ MG, ) Nigi.f

R o MbioNien o M N
sl k s *

D> EllmPl= )" El c;pk > Ck E
K. ,*[

k=1 t=1 k=1 t=1 i=1

Mg | Neipl®
< Z Z (h,i) +4(Z |Mhl)||Nk(lf |)
i=1

M, )(Nklf)
32 : DI Z M| Negi ) DI-
Ki

While, combining (2.6), (2.7), (2 8) (2.9), and (2.10), we can get

Z an hxl |Nklf)|
k=1 2

P,
o3
(M (Nigi )
me - W) Bk
L Zk 12 ) ) )
= w y (2.8), (2.9), and (2.10)
3 3PNk f)? | 3
(1—)2(X ), X '”)CT)Z
272 —oy T+eq e (MG P (Nigi )
WAL (d1€q) 1, T, inlteim Z L T
: ME 2Ny 2 a1 by (2.6) and (2.7)
— K e i) RN 14
(1 O{) ( k= Zi—1 CkPk; )
Lz(dMl) sz.rz1+0!1n1+a1 —a
B 3 n, (M(h )) (kaf)
(1—)2(X 5, X, ch)
2 d¢ a2t1+a1n1+a1_a2
< ) = 7 by (2.6), (2.7), (2.8), and (2.9)

3 — 1
121 —a)? (ndzlr}“‘lnlww”r “2p—az)2
1+aq ay

2 dit —T—azrl+a1+7 ay—ay
_n (d)! 2 n72, (2.15)

3 1
11— )3 (d3£5)"2
which together with o, > a1 (see Remark 2.1) implies

3
K e ME ! N
k=1 2 i=1 pz
. ki
lim 3 ! =0.
c—>00 o

Analogously, we can get

K
P (an1 IME, o Nk 1)

lim >3 =0,
c—> 00
K1 ng M (h i) Nk('f)) Z”k Mk ||N . |)
) k=12 Lui=1 (h, i) 1HVk(i.f)
lim 3 =0.
Cc—>0o0 o

5
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Thus, put the above discussions together, we find that the Lyapunov’s condition in Lemma 2.1 is satisfied, namely, (2.14)
holds. As a result, we gain (2.11).

Remark 2.2. Note that by Theorem 2.1, we can construct the confidence interval for (CD)n sy—(MN) sy withh =1, ..., m
and f =1, ..., p. Whereas, large n leads o2 to be prohibitive. Thus, we can use o established by randomized sampling,
ie,

I
ZZ Mjut Nklrf _Z ZM(h xt)Nk(ltf) 2
=1 t=1 Ckpkzt k=1 Ck t=1 P,
to replace o2.

Combining the A-optimal design criterion [17] and the sum of asymptotic variances of elements, i.e., by minimizing
> i1 2f—; 0%, we can obtain the optimal sampling probabilities {py}i, with k = 1,...,K and the optimal sampling
block sizes {ck}f:1 for Algorithm 2.

Theorem 2.2. For Algorithm 2, the sum of the asymptotic variances,
m p
2.2
h=1 f=1

attains its minimum when
orn M5 INgy 2

= fork=1,...,Kandi=1,...,n, (2.16)
K IMMD || [Nyl
and
ng k(i) RRY kN, 11274
: M N, — ||IM*N, 2
O — ¢ Qo l2INkiyll2) = I kllz] C fork=1... K (2.17)

1
S ket [OZ IMKO [Ny 122 — [IMEN 1212

Proof. Considering

N
O MM [INigyyll2)* — IM*N? >
i=1

and by the Cauchy-Schwarz inequality, it is easy to get

p K n i K
Xm: ZGZ _ ZX": IM*PI3 N[5 Z ||M"C1:k||§

h=1 f=1 k=1 i=1 CkPri k=1
K ng k(i) k
IMO 12 | Ny 13 1M Nknp
K

,;Z q Z o Z
K ng k

1 1M Nkn
> Y~ IM Nyl Z E (2.18)
k=1 Ck i=1
K c K 1 n

) .

=2 > E[(Z IMAO 113 [ Nigiyll2)* — IM*NilIZ]

k=1 =~ k=1 * i=1

K ng
1 . 1
>y j—ﬁ((E M]3 Nk l12)* — IM*Ni[I3)2 12,
k=1 i=1

where the equality in the inequality (2.18) holds if and only if
Pi; = WilIM V| Nigy 12

for some constant W; > 0, and the equality in the last inequality holds if and only if

ng

i 1

= W[()  IM D1l INiy 1) — IM*Ni 712
i=1

for some W, > 0. Thus, considering Zk ce=cand Y ¥, py, = 1, the desired results are derived.

6
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Remark 2.3. It is not a complicated matter to find that

m p

m p
3302 =373 Varl(CD)up) = ELIMN — CDJ2],

h=1 f=1 h=1 f=1

-

hence, the statistical criterion in Theorem 2.2 for getting the optimal sampling probabilities and sampling block sizes is
equivalent to the optimization criterion used in [4].

In addition, if we only want to find the optimal sampling probabilities and sampling block sizes, it suffices to calculate
the sum of variance of all elements. In this case, Condition 2.1 is not needed because it is mainly used to find the
asymptotic distribution in Theorem 2.1.

Remark 2.4. Supposing that
ng

Ve Y M2 [INigiyll2 = [IM Nl (2.19)
i=1

where 0 < vy <land 6; <1-— v,f <6, with0 <6; <6, <landk=1,...,K, and considering (2.16) and (2.17), the
sum of asymptotic variances of elements can be rewritten as

m p K n : K

2 S IMKD |12 Ny 112 [M*N |2 290
ZZUOPL = Z Z COPL,OPL Z COPL (2.20)
h=1 f=1 k=1 i=1 k Py k=1 k

K ng

1 1 .

;[;(1 —vp)? Z] 1M 2 [Ny 1.
- ~

Remark 2.5. Considering (2.5), (2.8), and (2.9), we can deduce that
Ko Vmpuil o ML
mepd e /mppudl? TN T memppdlr T m?’

which indicates that, with oy =0, d; = ( ) and d, = ( ?)2, the condition (2.2) holds.
On the other hand, assuming

¢ = ton*? (2.21)

with 0 < 79 < 1, and noting (2.5), (2.8), (2.9), and (2.19), it is easy to get
con _ 1= vkr > IMMO112 | Nigy 2
1 .
Zk ! —v})z 3ok IMADIl | Ny Il
‘922 > MMl [Ny 2
1 B
922’( S IMAOIL [Nyl
9 ny/mpuiL?
< 2 VIPHY  py (2.8) and (2.9)
9 n./mpuL?
97 2'[ n 97 2
<20 2 0P 0 by (25) and (2.21)
612 “%n 912 M%

by (2.19)

N o

< 79 0T ez by (2.5)
9271 13

Similarly, we have

ol T

9 ToT1
OPL - i ne

G "=~ T k
07 7" 13
3 3
) 0] 0]
Thus, for c2™, with £, = % and ¢, = % the condition (2.3) holds.
3. 3,

a
05 uz [ M1



C. Niu and H. Li Journal of Computational and Applied Mathematics 425 (2023) 115063

Next, we present the error bounds of the estimation obtained by Al%orithm 2. To make the analysis more general, we

MK Nii . - .
consider a set of sampling probabilities {pki}ii1 such that py, > Zfﬂwk‘(‘% with a positive constant 8 < 1, which
i=1 2[INkiiy 2

can be named as the nearly optimal sampling probabilities.

1
Theorem 2.3. Assume that (2.19) holds, and let ¢ = Oa=01B1018)% jtp B < 1. Then, for Algorithm 2 with p;, >

o (661)1/4

M( 1 N g

P2 INi 2 g ¢ = cOPL the sum of the asymptotic variances satisfies
K kG) k

Sk MK [Ny 12

m
> Zam < ﬁ £ IMIZIN.
h=1 f=1
Furthermore, setting § € (0, 1) and n = ¢ + (Z%)% (8/B)log(1/6),
7
IMN — CDJ|} < EIIMH?IINII? (2.22)
holds with the probability at least 1 — 6.

Proof. Similar to the proof of [4, Theorem 1], we can derive the desired results. The specific proof is presented in
Appendix.

3. Modification of the optimal criterion
Note that calculating (2.17) requires to figure out the matrix multiplication M*N. This cost may be prohibitive for
massive data. In this section, we develop two low-cost alternatives, ¢, and ¢, to replace the optimal sampling block size
c2™ in (2.17). Besides, a two step algorithm is also provided with respect to .

3.1. Modification with adjusting variance

The size ¢ is derived from a small modification of the proof of Theorem 2.2. That is, we first let

ks IMO 13Nk 13~ IM*NellZ
Y Y ot= ZZ 6k2pki Kl - 6kk F

h=1 f=1 =1 i=1 k=1
5 IMIE N I
i CkDi;
and then find two sets {ck}k ; and {Pk, ; to make the above upper bound achieve minimum. Similar to the proof of

Theorem 2.2, we have
S IMMD 5[ Nigill2
Zk_ > IMKO| Ny 2

and pp'™ as in (2.16). Obviously, ¢ is much easier to compute compared with (2.17).

& = (3.1)

Remark 3.1. It is easy to find that when 6, = 64, ¢, = ck L. Moreover, noting (2.5), (2.8), (2.9), and (2.21), and considering
the results in Remark 2.5, we gain

2 2

ToT1IM] o A ToT2M1y o
ln 2 <& < 2 2,
2 "k ay 2 'k

) 1 M7

which implies that, for ¢, with ¢4 = roar;uz] and ¢, = TOJZZMZZ, the condition (2.3) holds.
T RS

Below we provide the asymptotic distribution of the estimation errors of matrix elements and probability error bound
of CD constructed by putting (2.16) and (3.1) into Algorithm 2. The asymptotic distribution is first given as follows.

Theorem 3.1. Assume that (2.5), (2.8), (2.9), (2.10), and (2.21) hold. Then, the matrices C and D constructed by Algorithm 2

with py, = pf" L and c; = Cy satisfy

(CDYnsy — (MN)(hf

o

N(0,1), asn — oo, ¢ — o0,
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where
n k
Mhz (Niif)) ((M* Nk(hf
_ (3.2)
EInI A >

Proof. From Remark 3.1, we have that the conditions (2.2) and (2.3) hold when py, = po”L and ¢, = &. In addition,
following the conclusions in Remarks 2.1 and 2.5, we get that, when

(hl)) (Nii )
1 In Z Cot2dy

o > —(1+ ), (3.3)
2 Inny

the condition (2.1) holds. Thus, the proof can be completed along the line of the proof of Theorem 2.1.

Remark 3.2. From (2.20) and (3.2), it is easy to see that the difference between agpL and 42 lies in the sampling block

sizes, ¢?™ and &.

Now, we present the probability error bound of CD.

Theorem 3.2. Assume that (2.19) holds, and let ¢ = (1 — B(1 — 92))% with 8 < 1. Then, for Algorithm 2 with

MK Ny . . .
Py = M and ¢, = ¢, the sum of the asymptotic variances satisfies
S MK, [INkgiy 112

m p (2)
> 6% < o IMIZINI.

h=1 f=1

Furthermore, setting § € (0, 1) and n = ¢ + /(8/8)log(1/5),

tb

2
A n
IMN — CDI: < 2= IMIFINI; (34)
holds with the probability at least 1 — 6.
Proof. The proof can be completed along the line of the proof of Theorem 2.3.

Remark 3.3. Letting 6, =60 < 1 and 8 = 1 in Theorem 3.2, we have
n=(6,)"?+/(8/B)log(1/5).

In this case, the probability error bound (3.4) is the same as the one in Theorem 2.3.

3.2. Modification with the BasicMatrixMultiplication algorithm

The size Ty is derived by the BasicMatrixMultiplication algorithm. Specifically, we use C%*Dy, constructed by Algorithm
1 with the same sampling size [c0/K] and a set of sampling probabilities {po,q};z , to approximate M¥Ny, where c0 denotes
the total sample size and pg, with i = 1, ..., n; are allowed to be uniform probabilities or nonuniform probabilities.
Considering that (31, IM D]l |Nkll2)?> — IC%*Dok[|2 > 0 may not hold,! we propose ¢ as follows
~ I M2 [INigiy12)* — [IC% DolI2 |2

Ck =2C 1
K 1
D IO IMKO | [ Nigil12)2 — ICO* Dok 1712

Based on the above idea, we devise a two step algorithm summarized in Algorithm 3.

Remark 3.4. Similar to (2.19), we suppose

Mk

D Y IMMO|I2[INigill2 = 1C* Dol (35)
i=1

1 The main reason is that %Dy, may not be a good approximation of M*N; if cO/K is not large enough. In this case, the difference may be
smaller than zero.
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where 0 < §; < |1 — 92| < 6, with k=1, ..., K. Thus, we can get
1
A1 n i i n i A
T—c I1T—v;l? Z L IMAO 5 [Ny 112 o 92 S IMO NGl 6y b,
n . - A=
Zk_1 11— o7 Zi:kl IMKD]15 || Nigiy I 2 922 Zk=1 o IMMO 5[ Nigi I 2 2

1 , 1 )
~ [1— AZIZ Z'& M]3 | Nigiy 2 07 3% IMM D13 [ Negy 2
Ck=C <c

b1,
n ] =+71 X (07)2 Ck-
Zk 1= 0F Zi:kl IMKD112 || Nigiy I 2 02 > et o MM 5[ Nigi I 2 1
1
52
Following the results in Remark 3.1, we find that, when (2.5), (2.8), (2.9), and (2.21) are satisfied, for G, with ¢; = 9107“‘1
9 r2 “2
%
and ¢, = % the condition (2.3) is satisfied.
2,

bt 1 /’“1

Algorithm 3 Two Step Algorithm for Block Matrix Multiplication

Input: M € R™" and N € R"™P set as in Section 1, {nk} _,such that Z,k(=1 ng=n,cez, c0eZ" withl<c0<c<n, and {poy}¥,
with poy, > 0 such that Z, 1Pog; =1fork=1, K.

Output: C e R™¢, D e R™P, and CD.

Step 1:

1. forke1,--- ,K do

e update [C%, Dg;] =BasicMatrixMultiplication(M*, Ny, [cO/K1, {pok, }:¥;)-
IMKD 5 [Nk 12

e update py, = —— 2
L IMKO 1y [Nl

=1

2. end

- Wy k(i) _1|cOk 2
3. replace Mka in (2.17) by COkDOk; ie. T =c (O "HM 12 1INigiy 12 ) —1CO% Doy 12| )
SR Ik Mk HZHNk(i)HZ)Z—HCOkDOk"H2
4. return ¢; and p, fork=1,--- ,Kandi=1,---,n.

Step 2:
1. forke1,--- ,K do
o [Ck, Dy] =BasicMatrixMultiplication(M¥, Ny, G, (D 1)

end oy mr o ren o~ ~
C=[ct ¢ ... cX,p"=[D} D} --- DE]
—~ K

CD=Y,_, CkDy.

. return C, D, and CD.

oo W

Now, we provide the asymptotic distribution of the estimation errors of matrix elements of CD obtained by Algorithm 3.

Theorem 3.3. To the assumption of Theorem 3.1, add that (3.5) holds. Then, the matrices C and D constructed by Algorithm
3 with py, = pOP L and c; =€, satisfy

(CD)ns) — (MN)w )
0

N(O 1), asn— 00, ¢ = o0,

where

*(Nyi
ZZ opi< nY - Z (o Nk ) (3.6)

k=1 i=1 Ckp‘: k=1

Proof. Following the discussions in Remarks 2.5 and 3.4, we obtain that, when py, = pOP L and ¢, = G, the conditions (2.2)
and (2.3) hold. Besides, when «; is as in (3.3), the condition (2.1) also holds. Thus, the proof can be completed along the
line of the proof of Theorem 2.1.

10
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Table 1

Description of five experiments.
Number Comparison c K c0 (Algorithm 3) Results
1 Algorithm 2, UNSSM, and SSM 5x 10% to 5 x 10° 10 Null Fig. 1
2 Algorithm 2, UNSSM, and SSM 5x 10* 10 to 500 Null Fig. 2
3 Algorithms 2 and 3 1000 to 5 x 10* 10 1000 Fig. 3
4 Algorithms 2 and 3 1x 104 10 to 500 5000 Fig. 4
5 Algorithms 2 and 3 5000 10 100 to 5 x 104 Fig. 5

Remark 3.5. Analogously, based on (2.20) and (3.6), we also observe that the difference between ag,,L and &2 also lies

in the sampling block sizes, c¢/™ and ;.

In the following, the probability error bound of CD is shown.

A L1
Theorem 3.4. Assume that (2.19) and (3.5) hold, and let ¢ = Go=01+6018)2 \yyiey B < 1. Then, for Algorithm 3 with

, (Ba01)1/4
BIMKD |5 [Ny l2

Dk > m d ¢, =G, the sum of the asymptotic variances satisfies
i=1 !

m p az
Y 5% < EnMn%nNn%-
h=1 f=1

Furthermore, setting § € (0, 1) and n = ¢ + (%)%«/(S/ﬁ)log(l/(S),
1
~a~ ]’]2
IMN — CDI7 < —— IMIZINII}
Bc
holds with the probability at least 1 — 6.
Proof. The proof can be completed along the line of the proof of Theorem 2.3.

Remark 3.6. When éz > 1, él < 1,and 1 — 6, = o(1), the bound in Theorem 3.4 is a little weaker than the one in
Theorem 3.2. This is because the n in Theorem 3.4 is larger than 1+ +/(8/8)log(1/§), while 5 in Theorem 3.2 is extremely
close to 1+ /(8/8)log(1/$).

Remark 3.7. The bounds in Theorems 2.3, 3.2, and 3.4 are close to the one in [4], which implies that the block sampling
with the sampling probabilities and sampling block sizes proposed in this paper can achieve the similar estimation
accuracy compared with the direct sampling.

Remark 3.8. For the two alternatives of c,?” L ie., & and Gy, it is difficult to compare them in theory. Numerical results also

show that the algorithms with one alternative cannot be consistently superior to the algorithms with another alternative.
4. Numerical experiments

In this section, two kinds of block matrices are used to test our methods. For the first one, the matrix entries are
uniform, while the entries of the second kind of matrices are nonuniform. The specific setting is given in the following.
Without loss of generality, we set the sizes of the blocks of the involved block matrices M and N to be the same, namely
ny = n/K for k = 1,...,K. To construct the following matrices M and N, we let m = 30,p = 50, n = 5 x 10°,
¥ =(1x0.7"ywith1<i,j<m, and X, = (2 x 0.7"1) with 1 < i,j < p. As for m, n, and p, their values can be set
almost arbitrarily if the basic conditions, i.e., n >> m and n >> p, hold. The constraints on X; and X, are also quite loose.
Our specific setting is taken from [16].

Case I: The ith column of M with 1 < i < m, M®, is generated from a multivariate normal distribution, that is,
M@ ~ N(0, Xy). Similarly, set N, ~ N(0, X5).

Case II: The ith column of M with 1 < i < m, M®, is generated from a multivariate t distribution with 1 degree of
freedom, that is, M) ~ t;(1, Xy). Similarly, set N ~ t;(1, X).

For the above matrices, by setting suitable values of K, c0, and c, we do five specific experiments summarized in

_ 2
ID-MNI; "and CPU time in Figs. 1-5. Note that all

Table 12 and report the numerical results in log scale on accuracy, i.e., MEINE
F F

2 To make the cases be diverse, we set the values of K, c0, and c to be quite different in different experiments. For the specific values of the
parameters, the constraints are quite loose, and they can even be set arbitrarily. Of course, some extreme cases, e.g., the case on ¢ and c0O being
very small, the case on K being very large, etc., should be avoided.

11
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©

0.6

2 3 4 5 0
¢ x10°

(b) CPU time

Fig. 1. Comparison of Algorithm 2, UNSSM, and SSM varying with c.

the experiments are implemented on a laptop running MATLAB software with 16 GB random-access memory and Intel
Core i5-10210U processor, all the numerical results are based on 100 replications, and in these figures, UNSSM represents

3 For the 100 replications, we have used parallel computing by MATLAB'’s parfor and 4 threads on a single laptop. In addition, all the algorithms
are run in the same setting and we do not apply any compiler optimizations.
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%10 Case I , Case 11
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(b) CPU time
Fig. 2. Comparison of Algorithm 2, UNSSM, and SSM varying with K.

the method from [5], whose sampling probabilities are as in (1.2), SSM denotes the method from [7], whose sampling
probabilities are given in (1.4), and other notations, i.e., ONU, ONMCNR, OPL, ONC, and UU, describe Algorithms 2 or 3
with different py,, ¢, and poy;, respectively; see Table 2 for more details.

In the first two experiments, we compare Algorithm 2 with UNSSM and SSM for different ¢ and K, respectively. The
corresponding numerical results are shown in Figs. 1-2. From these figures, we can find that for Case II, OPL and ONC
outperform UNSSM and SSM in accuracy for different c or different K, however, they need more computing time. While,
the improvement in accuracy is more than the increasement in computing time. For Case I, the four methods have similar

13
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Table 2

Explanation of sampling methods with different sampling probabilities and sampling block sizes.
Method DPk; Ck Pok;

ONU (from Algorithm 3) (2.16) Cx i

ONMCNR (from Algorithm 3) (2.16) & MOzl

ks IMO 1L [N 12

OPL (from Algorithm 2) (2.16) (2.17) Null

ONC (from Algorithm 2) (2.16) o Null

UU (from Algorithm 2) % £ Null

performance in accuracy, and OPL and ONC are a little expensive. These findings are consistent with the theoretical results
of these methods. Furthermore, it is interesting to find that UU may be superior to SSM in accuracy for Case II

The third and fourth experiments are utilized to compare Algorithms 2 and 3 for different ¢ and different K,
respectively. Based on the numerical results presented in Figs. 3-4, we get that for Case II, OPL always performs best
in accuracy but needs the most CPU time in most of cases. For different c, ONMCNR has the similar performance in
accuracy to OPL, however, for large K, i.e., small c0/K, it has the worst accuracy. This is because when c0/K is very small,
C%Dg, may not be a good approximation of M¥Nj and hence €, will not be a good alternative of the optimal sampling
block size ¢, OPL 1n this case, the performance of ONMCNR will be unsatisfactory. In addition, ONC always performs quite
well. It needs the least CPU time but has the similar accuracy to OPL. For Case I, the four methods perform similarly in
accuracy.

In the last experiment, we compare Algorithms 2 and 3 for different c0. The corresponding numerical results are shown
in Fig. 5. From this figure, it is easy to see that, for Case II, OPL and ONMCNR have the almost identical performance in
accuracy for large c0, i.e., large c0/K, but the latter consumes less CPU time. In addition, as before, ONC always performs
quite well. For Case I, the four methods show the similar accuracy for different cO.

In a word, for matrices whose row or column norms are nonuniform, OPL performs best in accuracy in all cases but
worst in CPU time in most cases. When c0/K is large, OPL and ONMCNR have almost the same performance in accuracy.
Furthermore, ONC always performs quite well.

5. Concluding remarks

In this paper, we present the optimal sampling probabilities and sampling block sizes in the randomized sampling
algorithm for block matrix multiplication. Modified sampling block sizes and a two step algorithm for reducing the
computation cost are also provided. Numerical experiments show that our new methods outperform the UNSSM method
in [5] and the SSM method in [7] in accuracy with a little extra computation cost.

It is easy to see that the blocks of the matrices can be regarded as the single matrices scattered at multiple locations.
So, the proposed methods are applicable to distributed data and distributed computations and hence should have many
potential applications in the age of big data.

Data availability
Data will be made available on request.
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Appendix. Proof of Theorem 2.3

We first deduce that

m_p k(i) 2 ) k
2 IMD1I3 Nk 13 [M*N||?
OorL = ZZ OPL Z OPL
i =1

h=1 f=1 =1 i=1 G P

1 92 1 ki) (1 ki)
Bc'o, ZZHM oM — =2 Z] MK 5 [Nigy 12

=1 i=1 i=1
92—9154‘9291,3

 Be(6a0y )1/2

= *IIMII INII,
,3 F

| /\
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IMIZINIZ
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Fig. 3. Comparison of Algorithms 2 and 3 varying with c.

where the first inequality follows from (2.19), and the second inequality is derived from the Cauchy-Schwarz inequality.
To prove (2.22), we define a event 6 as

IMN — CD|r

n
< ——=IIMIlF[INllF.
VBc

Thus, as long as getting Pr[6] > 1 — §, (2.22) is proved. To explain easily, we define a function

G(x) = |[MN — CD|?

15
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Fig. 4. Comparison of Algorithms 2 and 3 varying with K.
with random variable x = (1(iy), ..., 1(i¢,), 2(i1), . . ., 2(ic), - - ., K(i1), . . ., K(i¢, )) standing for the positions of sampled
results, where k(i;) denotes the picked i;-th column (row) from the kth block of M (N),fork =1,...,Kandt =1, ..., ¢.

It will be shown that changing one coordinate k(i;) at a time does not change the value of G too much. Considering x and
X' differing only in the k(i; )-th coordinate, we can construct corresponding |MN — CD||§ and ||[MN — C’D/Ilﬁ, respectively.

Note that C’ (D) differs from C (D) in only a single column (row). So, based on (2.19) and the Cauchy-Schwarz inequality,
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Fig. 5. Comparison of Algorithms 2 and 3 varying with cO0.

we have
Ity MKIONy  MON, )
ICD — Dl = =g — — e
G Py, G Pry,
L”Mk(lt)N . ” + 1 ”Mk(if,)N X ”
— .OPL kGie)IF T ~opp k(i) IIF
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2 [M*ONi lle

— C,?PL Pkr
2 6.1 AL
h 1 )
< (222 ) Y IM Nyl by (2.19)
L C e
2 0
< E(Q—j)% IM||[glIN|lr, by the Cauchy-Schwarz inequality
k.
k(r) IMGON |
where W = MaXj,—1,...n; ﬂ. Furthermore, since
T i[

IMN — CD||r < [MN — C'D'llf + [ICD — C'D'[lf

Iy 2 0
<|IMN —CD'llr + ——(==)2 IMIIFlINIlr
Bc 6

and
IMN — C'D'||lr < IMN — CD||r + [|CD — C'D'|f
2 0y.1
< IMN = CDllr + (=) IMIIr [N,
Bc 01
we have |G(x) — G(x')| < ||CD — C'D’||f. For convenience, let A denote é(%)% IM||F|IN|IF and ¥ = /2clog(1/8)A. Noting
the associated Doob martingale, and by Hoeffding-Azuma inequality [19], the probability inequality
2
%
Pr[|[MN — CD||f > ——|IM|||IN < exp(— =4
[ IF > mll IFIINIIF+ v] < exp( 2cA2)

is attained and the theorem follows.

Remark A.1. Letting 6, = 0; < 1and 8 = 1, we have n = (02)% + +/8log(1/8) in Theorem 2.3. It is smaller than the one

in [4, Theorem 1], i.e., n = 14 /8log(1/§). This is because when computing the upper bound of ZT:] 2}321 o2, we do
k 2

not throw away the second item — Zle %
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