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ABSTRACT

Ordering-based causal discovery reduces the complex problem of structure learning
to parent selection given a candidate topological order. However, the pruning stage
remains a critical bottleneck, as widely used procedures rely on marginal, additivity-
constrained tests with manually tuned thresholds. These limitations often prevent
the detection of non-additive interactions and hinder reproducibility. To address
these challenges, we introduce Prequential Evidence Pruning (PEP), a framework
that reformulates pruning as a local information-theoretic model selection problem.
For each candidate edge, PEP computes the prequential log-evidence gain by
evaluating the predictive density of a child node conditioned on its current co-
parents using a sample-splitting strategy. An edge is retained if and only if this gain
exceeds an adaptive Minimum Description Length (MDL) penalty that accounts for
the sample size, the number of admissible parents, and the set size. Theoretically,
we establish that the population target of the evidence gain corresponds to the
Conditional Mutual Information (CMI). Furthermore, we prove that the statistic is
stable under bounded log-loss regret and that prequential scoring provides finite-
sample concentration guarantees. Empirically, instantiating PEP with a pre-trained
tabular foundation model yields consistent improvements across diverse ordering
backbones. Notably, our framework incorporates a hierarchical pruning strategy that
enables scalability to higher-dimensional graphs, effectively elevating the pruning
stage from marginal testing to scalable, context-aware evidence maximization.

1 INTRODUCTION

Causal discovery from observational data is fundamental to mechanistic understanding across science
and engineering (Sachs et al., 2005; Van Koten & Gray, 2006; Hicks et al., 1980). However, exhaustive
search over Directed Acyclic Graphs (DAGs) is super-exponential and therefore intractable without
strong inductive biases (Bongers et al., 2021). Ordering-based methods address this computational
challenge by first estimating a topological order and then pruning forward edges (Teyssier & Koller,
2012; Biihlmann et al., 2014; Peters et al., 2014; Rolland et al., 2022; Montagna et al., 2023c;b;
Sanchez et al., 2023; Xu et al., 2024). While this two-stage paradigm has seen significant advances in
the ordering step, the pruning step remains a practical bottleneck. Widely used procedures, such as
those in Causal Additive Models (CAM) (Biihlmann et al., 2014), evaluate each candidate parent
marginally under additivity constraints and make pruning decisions via fixed thresholds. This approach
often obscures non-additive interactions among co-parents and induces unstable behavior across
datasets. We illustrate this core challenge, which motivates our work, in Figure 1.

We propose Prequential Evidence Pruning (PEP), a principled framework that reformulates pruning
as a localized cost-benefit analysis grounded in information theory. For a candidate edge i — j
evaluated with its current co-parents S \ {i}, PEP quantifies a prequential log-evidence gain. This
metric represents the improvement in the predictive log-likelihood of the child when conditioning
on X; in addition to Xg\ (4}, computed using a sample-splitting strategy. Calculating evidence
strictly out-of-sample mitigates in-sample optimism and ensures finite-sample stability. To convert
this evidence into a robust decision, PEP compares the statistic d;,;(q; S) against a computable
Minimum Description Length (MDL) (Griinwald, 2007) penalty. This adaptive gate prices the
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Figure 1: A conceptual illustration of our pruning framework. (a) The target graph depicts parents X;
and X} having a synergistic effect on their child X;. (b) In contrast, CAM pruning adopts a keyhole
view, evaluating each parent in isolation. This approach fails to capture synergies when the marginal
signal is null (e.g., I(X;; X;) ~ 0). (c) Our PEP framework addresses this limitation by adopting a
panoramic view, which evaluates each parent (X;) in the context of its co-parents (X} ) to compute
an evidence gain (d;_, ;) that captures the interaction. For mathematical examples, see Appendix D.

combinatorial complexity of the search space given the topological order. Specifically, the per-sample
threshold TJMDL (S, 1) encodes the identity of the added parent among the admissible predecessors and
the change in set cardinality (Eq. (2)-Eq. (3)). This yields an explicit, sample-size aware acceptance
criterion that obviates the need for user-tuned significance levels.

Our framework is model-class agnostic and requires only a predictive component that outputs proper,
calibrated conditional densities. In our experiments, we instantiate this component with a single pre-
trained tabular foundation model (Hollmann et al., 2025b), which provides zero-shot, well-calibrated
predictive densities for mixed data types. This allows our empirical study to focus on the contribution
of the information-theoretic principle rather than on model-specific engineering.

Contributions. (1) We introduce a prequential, context-aware edge statistic that measures the out-
of-sample predictive gain of a parent conditioned on its co-parents, effectively capturing synergistic
and non-additive interactions. (2) We develop a decision gate based on the MDL principle, replacing
user-tuned significance thresholds with a computed, adaptive penalty that enhances the robustness
of pruning decisions. (3) We present a modular, plug-in pruning framework (PEP) that improves
diverse ordering-based backbones by directly addressing their pruning shortcomings. (4) We provide
theoretical guarantees for stability and introduce a Hierarchical Group Pruning strategy to address
scalability. Extensive experiments demonstrate that PEP significantly outperforms state-of-the-art
baselines on synthetic and real-world data, scaling effectively to higher-dimensional graphs.

2 RELATED WORK

Ordering-based Causal Discovery. Ordering-based approaches circumvent the super-exponential
search over DAGs by first estimating a topological order and then pruning edges consistent with that
order. Early works such as CAM (Biihlmann et al., 2014) and RESIT (Peters et al., 2014) pioneered
this two-stage paradigm. A recent line of research, initiated by SCORE (Rolland et al., 2022),
identifies leaves via properties of the score function and has given rise to several effective variants,
including NoGAM (Montagna et al., 2023c), DAS (Montagna et al., 2023b), DiffAN (Sanchez et al.,
2023), and CaPS (Xu et al., 2024). Despite significant progress in the ordering step, most pipelines
still employ CAM-style, additivity-constrained post-processing for pruning. This approach evaluates
candidates marginally and often fails to account for synergistic or non-additive interactions among
parents. We address this under-explored bottleneck by introducing PEP. Our module performs joint,
context-aware evaluation via a prequential log-evidence gain and utilizes a computed MDL penalty
instead of tuned thresholds, allowing it to integrate with diverse ordering backbones without altering
their ordering criteria. For additional related work in causal discovery, see Appendix B.5.

Information-Theoretic Approaches in Causal Discovery. Information theory has been founda-
tional to causal discovery along two primary lines. Constraint-based procedures, such as the PC
algorithm (Spirtes & Glymour, 1991), rely on statistical tests for conditional independence and use es-
timators of Conditional Mutual Information (CMI) with user-specified significance levels. In contrast,
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score-based methods like GES (Chickering, 2002) optimize a global objective that balances model fit
and complexity, often utilizing an MDL-derived penalty such as BIC. Our PEP framework synthesizes
these two traditions. It uses an information-theoretic evidence statistic to quantify dependence in
context and compares this against a computed MDL code-length penalty to make local edge decisions.
This approach retains the semantic interpretability of CMI while inheriting the parsimony of MDL.
Crucially, it avoids tuned thresholds and global parametric assumptions, making it applicable to
nonparametric or amortized predictors (see § 3 for definitions and guarantees).

Positioning Relative to Prior Paradigms. Standard pipelines typically adjudicate edges either via
hypothesis tests for CMI with user-chosen significance levels or by optimizing in-sample objectives
with parametric penalties. PEP distinguishes itself along three axes: (i) Evidence estimation strategy:
Instead of relying on in-sample metrics or marginal tests, PEP employs a prequential, context-aware
edge score. This score targets the oracle CMI and achieves statistical stability through sample splitting
(cross-fitting). (ii) Decision criterion: We replace heuristic thresholds with a computable MDL
penalty. This gate explicitly accounts for the combinatorial complexity of the search space restricted
by the topological order, rather than merely penalizing the parametric dimension. (iii) Applicability:
PEP is designed to be compatible with amortized or nonparametric predictors without requiring
global likelihood optimization. A broader discussion of related paradigms, including continuous
optimization and Bayesian structure learning, is provided in Appendix B.5.

3 THE PREQUENTIAL EVIDENCE PRUNING (PEP) FRAMEWORK

We consider independent and identically distributed (i.i.d.) observations X = (X1,...,X4) ~p
generated by a Structural Causal Model (SCM) compatible with an unknown Directed Acyclic Graph
(DAG) G*. We explicitly denote E[-] as the expectation with respect to the true data-generating
distribution p unless stated otherwise. Given a topological order 7, the pruning problem reduces to
selecting, for each node j, the subset of parents from the candidate set Pred, (j). PEP resolves this
decision locally by combining a prequential and context-aware evidence statistic with a computed
Minimum Description Length (MDL) gate. This approach maintains the computational efficiency of
ordering-based search while providing robust edge selection.

Prequential Scoring via Sample Splitting. To ensure statistical validity, we employ a sample-
splitting strategy. We partition the sample indices {1,...,n} into K disjoint folds {I) }/_,. For
any held-out index s € I}, the predictive density log qj,s(xgs) | x(;)) is evaluated using a predictor
trained exclusively on the complementary set I5. This out-of-sample evaluation strategy serves two
purposes: it mitigates in-sample optimism and, conditional on the fitted predictors, ensures that
the per-sample contributions are statistically independent across s. This independence property is
essential for the finite-sample concentration guarantees presented in § 3.2.

3.1 DEFINITION: THE PREQUENTIAL LOG-EVIDENCE GAIN

For a candidate edge ¢ — j evaluated within a context S C Pred(j) (where ¢ € S), we define the
per-sample prequential log-evidence gain as:

n

1 S S S S
i3 (:8) = — >~ {log s (¢ | 2) —log gj.s0(1y (27 | 25y)) }- )

s=1

The statistic d;_,; quantifies the improvement in predictive log-likelihood, measured in nats per
sample, resulting from the inclusion of X; in the parent set of X; given the co-parents S \ {¢}. Unlike
marginal tests, this conditional formulation enables the detection of non-additive interactions and
synergies that emerge only when specific variables are observed jointly.

3.2 THEORETICAL GUARANTEES

We establish the theoretical properties of PEP under the following standing assumptions.

Assumption 1 (Data and regularity). (i) The samples (1), ... 2™ are independent and identically
distributed (i.i.d.) according to p. (ii) For all S C Pred,(j), both the true conditional density
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p(x; | xg) and the predictive density q; s(x; | xs) have finite log-loss and variance. (iii) All
likelihood terms are evaluated using the sample-splitting (prequential) procedure described in § 3.
Unless stated otherwise, all logarithms are natural and code lengths are measured in nats.
Theorem 1 (Population target equals CMI). With an ideal predictor q = p, the expected evidence
gain satisfies:

E[6is;(p;8)] = 1(X;; Xi | Xs\(3y) -

Proof sketch. Taking expectations in Eq. (1) with ¢ = p yields the difference of conditional entropies
—H(X; | Xs)+ H(X; | Xg\14})- By the chain rule of mutual information, this equality simplifies
to I(X; X; | X\ (43)- Full details are provided in Appendix E.1. O

The statistic maintains stability even with imperfect predictors. Its deviation from the oracle target is
bounded by the conditional log-loss regrets of the competing predictive families.

Proposition 1 (Stability under log-loss regret). Letrg = Ellog p(X; | Xg)—loggj s(X;| Xs)] >0
denote the regret, and define r g\ (;y analogously. Then, the following bound holds:

[E[0i;(¢; S)] — E[6i;(p; S)]| < rs+ 7513y

Proof sketch. We add and subtract the oracle terms and rearrange the expression. See Appendix E.2
for a formulation based on Bregman divergence. O

To control finite-sample fluctuations, we define the per-sample log-likelihood differences as Z; =
log qj’S(XJ(-S) | X5)) — log qj,s\{i}(X](-S) \ Xés\){i}) and assume they exhibit sub-exponential tails
uniformly in s.

Theorem 2 (Concentration under prequential scoring). Assume that the random variables {Zs} are

sub-exponential with parameters (v,b) and are computed using the prequential procedure. Then, for
anyt >0,

Pr(‘&-_}j(q; S) = Elbim;(g; 9)]| > t) < 2exp( — cn min{t?/1? t/b}),

where ¢ > 0 is an absolute constant.

Proof sketch. Conditional on the predictors fitted on complementary folds, the terms {Z;} become
independent across s. We apply Bernstein’s inequality to these independent terms and then remove
the conditioning using the tower property. See Appendix E.3 for detailed derivations and an extension
to uniform bounds over the edge set. O

Furthermore, if the sub-exponential parameters hold uniformly over forward candidates, a union
bound yields a uniform tail bound over the edge set (see Appendix E.3). This result has two immediate
practical implications. First, in the absence of a contextual signal, the statistic concentrates near zero.

Corollary 1 (Null behavior). If X; L X; | Xg\ (i) and the regrets are small, then 6;_.;(q; S)
concentrates near (O at the rate specified in Thm. 2.

Proof sketch. This follows by combining Thm. 1 (which states the oracle target is 0 under conditional
independence), Proposition 1 (the bias bound), and Thm. 2. O

Second, the decision rule provides finite-sample control when the expected evidence separates true
and false edges by a margin.

Corollary 2 (Finite-sample decision under a margin). Fix a node j and context sets {S;;} for
candidates i € Pred(j), where P; = | Pred(j)| denotes the number of admissible predecessors
of node j in the topological order. Suppose there exists a margin v > 0 such that E[§;_, ;(¢; S;;)] >
T]MDL(SZ-]-, i)+ for all true parents, and E[6;_, ;(q; Si;)] < T;\ADL(Sij, i) — ~y for all non-parents. If
the sub-exponential condition holds uniformly with parameters (v,b), then the probability of making
any inclusion or exclusion error at node j is at most 2P; exp(—cn min{~?/v?,v/b}).

Proof sketch. We apply Thm. 2 to each candidate edge and apply a union bound over the P; candi-
dates. See Appendix E.4 for details. [
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Algorithm 1 Prequential Evidence Pruning (given topological order 7). The hierarchical group
variant described in Section 3.4 utilizes the same decision rule but applies it to groups of parents.

1: Input: dataset D, topological order 7, predictive component g, fold indices {1 k}szl.
2: Initialize: For each node j, set S; < Pred(j).
3: for each node j in topological order 7 do

4:  for each candidate i € S (sorted by marginal affinity) do

5 Compute the prequential log-likelihoods and the resulting gain d;_, ; using Eq. (1).

6: Compute the threshold 7 «— 7P (S}, i) using Eq. (3) with structural penalty Q(n, d).
7 if 57;‘”' <rT then

8: Prune edge (i, j) and update S; « S; \ {i}.

9: end if
10:  end for
11: end for

12: Output: pruned DAG G.

3.3 THE ADAPTIVE STRUCTURAL MDL GATE

To convert the prequential evidence gain into a robust binary pruning decision, we require a principled
threshold that balances predictive improvement against model complexity. Since fixed thresholds
fail to generalize across varying sample sizes n and graph dimensions d, we introduce the Adaptive
Structural MDL Gate, grounded in the principles of the Extended Bayesian Information Criterion
(EBIC).
An edge is retained if and only if the data-compression gain exceeds the adaptive code-length cost
required to describe the structural change:

Keep edge i — j — 0isj(q;8) > T]MDL(S7 i). )
The adaptive threshold 7P is formulated as:

1
PL(S i) = = {In(Pj —k)+In(k+ 1)+ Q(n,d) ,, 3)
n | —M—  —— N——
Identity Cost Sparsity Cost  Structural Penalty
where k = |5\ {i}| denotes the current parent set size and P; = | Pred(j)| represents the number

of admissible candidates. The first two terms encode the costs for identifying the specific parent and
specifying the new set size, respectively. See details in Appendix B.1-Appendix B.2

The core innovation lies in the structural complexity penalty ©(n, d), which allows the framework to
scale robustly. We formulate this penalty as a multiplicative interaction:

Qn,d)= n - lnn In d?
~— ~~ ~—~
Strength Confidence Complexity

“

This formulation bundles three complementary safeguards. The model confidence term In n ensures
asymptotic consistency by preventing spurious correlations from crossing the decision boundary as
the sample size grows. The search space complexity term In d? acts as an Extended BIC correction
for the quadratic number of candidate edges |E,| < d?/2, effectively raising the evidence barrier in
high-dimensional regimes to control the family-wise error rate. Finally, the scaling factor 7 calibrates
the overall penalty magnitude to trade off precision and recall according to the domain’s noise regime.

3.4 SCALABLE INFERENCE VIA HIERARCHICAL GROUP PRUNING

To extend PEP to large-scale causal discovery, we introduce a Hierarchical Group Pruning strategy.
While the sequential backward elimination in Algorithm 1 effectively detects synergies, its quadratic
scaling poses a bottleneck in high-dimensional regimes.

We adopt a divide-and-conquer approach inspired by group testing to assess the collective predictive
evidence of candidate sets. Candidates are first ranked by a lightweight marginal score (e.g., corre-
lation) to concentrate signals, then recursively bisected. We evaluate the joint prequential evidence
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Figure 2: Quantitative comparison of structure learning performance across six ordering-based
backbones. The plots contrast the baseline pipelines (utilizing their default marginal pruning) against
the PEP-augmented versions on Erd6s-Rényi (SynER) and Scale-Free (SynSF) graphs. Lower values
are better for SHD and SID; higher values are better for F1.

of each group against the adaptive MDL gate derived from Eq. (3) (details in Appendix B.4). If a
group’s evidence falls below the threshold, the entire block is pruned simultaneously. Conversely,
groups exceeding the threshold are split and re-tested at finer granularity until reduced to individual
parents, at which point the standard PEP rule applies.

This strategy significantly reduces pruning complexity. In a sparse regime where a node has at most s
true parents (s < P;), the number of evidence evaluations scales as O(slog P;) rather than O(Pf).
Intuitively, only groups containing true parents trigger subdivisions, creating a logarithmic-depth
search tree. For example, with P; = 50 candidates and sparse connectivity (s ~ 3), hierarchical
pruning reduces evaluations from ~ 1,275 to just &~ 17. This yields substantial speedups while
preserving the detection of synergistic interactions, as the MDL decision rule remains consistent
across resolutions.

4 EXPERIMENTS

Experimental Setup. We evaluate PEP as a plug-in module for six ordering backbones across
synthetic (Erd6s & Rényi, 1960; Bollobas et al., 2003), misspecified (Montagna et al., 2023a), and
real-world (Sachs et al., 2005; Van den Bulcke et al., 2006) benchmarks. To ensure reliability, all
results are averaged over 10 independent runs using standard metrics: Structural Hamming Distance
(SHD), Structural Intervention Distance (SID), and F1-score. A comprehensive description of the
experimental protocol, including dataset generation details and backbone configurations, is provided
in Appendix F.

Plug-and-Play Improvements Across Ordering Backbones. While research on ordering-based
causal discovery has seen significant advancements in topological sort estimation, the subsequent
pruning stage has remained largely static, predominantly relying on the standard CAM-pruning
procedure. We hypothesized that this reliance on marginal testing constitutes an overlooked bottleneck
that constrains the potential of even the most sophisticated ordering algorithms. To demonstrate
that PEP resolves this limitation, we replaced the default pruning modules of six state-of-the-art
backbones with our framework. The results in Fig. 2 show a clear and consistent pattern: regardless
of the underlying ordering algorithm or graph topology (ER or SF), the PEP-augmented pipelines
systematically outperform their original counterparts. This substantial reduction in SHD and SID
confirms that upgrading the pruning stage from marginal to context-aware evidence evaluation is
essential to fully realize the capabilities of modern ordering-based methods.
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Figure 3: Comparison under model misspecification scenarios. Each radar chart visualizes structural
accuracy using three normalized axes: inverted SHD & SID, and F1 score (larger areas indicate better
performance). The legend reports the relative area growth rate of PEP compared to the baseline CAM
pruning, quantifying the robustness gain across six distinct data-generating mechanisms.

Robustness Under Misspecification. Standard causal discovery algorithms often rely on strict
assumptions such as additivity or causal sufficiency, which rarely hold in complex real-world systems.
We hypothesized that PEP’s information-theoretic criterion would remain robust even when these
structural assumptions are violated. To test this, we conducted a stress test across six scenarios shown
in Fig. 3. The empirical results reveal a decisive advantage for PEP, which is most pronounced
in the Post-Nonlinear (PNL) setting. In this regime, the data-generating process explicitly breaks
the additivity assumption required by standard marginal pruning. While baseline methods degrade
significantly due to their reliance on rigid functional forms, PEP successfully recovers these complex
dependencies. This confirms that our context-aware evaluation, which approximates Conditional
Mutual Information via a flexible density estimator, effectively transcends the constraints of traditional
approaches. Furthermore, the consistent superiority of PEP under measurement error and confounding
demonstrates the versatility of replacing brittle statistical tests with a general MDL principle that
adapts to the underlying data distribution.

Performance on Real-World Benchmarks. To assess practical utility beyond synthetic data, we
evaluated PEP on the Sachs protein-signaling network and the SynTReN gene expression benchmark
using the CaPS backbone (results in Table 1). On the Sachs dataset, PEP maintains parity with state-
of-the-art performance, confirming that our principled approach incurs no degradation on established
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Table 1: Quantitative comparison on real-world ] .
datasets (Sachs and SynTReN). Best results are high- 1able 2: Impact of pruning strategy under

lighted in bold. (Standard deviations in parentheses). & non-informative random topological order.
This setting isolates the pruning performance

from the ordering quality.

Dataset | Sachs | SynTReN
Metrics | SHD|  SID | F11 | SHD| SID | F11

CAM | 12.0000) 55.000.0) 0.44(0.00) | 41.3(0.9) 17020452y  0.22(0.00) Dataset | Method | SHD | SID | F11
SCORE | 12.0¢00y 45.0(0.0) 0.44(0.00) | 38.6(7.0) 187.558.6)  0-21(0.00) .

DAS | 13.0000) 48.00.0) 0.330.00) | 394s0) 168.3354)  0.23(0.07) SynER ‘ CAN:)%r;‘mﬂg ‘ ;i-g(mﬁ) ég-f)(s,/;) [()).ii(o.n)
NoGAM | 12.00.0) 45.000.0) 0.44(0.00) | 39-2(r.0) 184.9(50.9)  0.20(0.08) 6(7.9) Oe.3)  9-4%.0.18)
DiffAN | 13.00.6) 50.3(7.6) 0.36(0.15) | 41469y  196.7(7a7)  0.19¢0.11) CAM pruning | 19.0 5941+ 0.5000 1=
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Figure 4: Impact of functional form. We evaluate robustness by sweeping the linearity probability
Piin € [0, 1]. For each node, the causal mechanism is generated as a linear function with probability
plin and as a non-linear function with probability 1 — pjjy.

tasks. More importantly, on the challenging SynTReN dataset, PEP delivers a statistically significant
improvement in structural accuracy (SHD). These results indicate that PEP is a robust module: it
preserves reliability on standard benchmarks while offering decisive advantages in complex, noisy
real-world scenarios.

Isolating Pruning Performance via Random Ordering. We sought to decouple the efficacy of
the pruning stage from the quality of the topological ordering. To this end, we evaluated performance
using a random topological order, a worst-case scenario where the pruner must identify the true
structure from a dense supergraph of all possible forward edges without informative ordering cues. As
shown in Table 2, PEP consistently outperforms standard CAM pruning on both ER and SF graphs.
This experiment confirms that the performance gains of PEP are not merely inherited from a strong
ordering backbone but are intrinsic to its local evidence-versus-complexity decision rule.

Robustness to Functional Form Mechanisms. A core advantage of PEP is its theoretical inde-
pendence from specific functional forms, unlike marginal tests that often assume linearity. To verify
this adaptability empirically, we varied the linearity probability pyi, € [0, 1] in the data-generating
process. Specifically, each structural assignment X; := f;(Pa;) + ¢, is chosen to be a linear function
with probability pji, and a non-linear function with probability 1 — pj;,. As shown in Fig. 4, PEP
delivers decisive gains in complex, mixed-linearity regimes (pji, ~ 0.5) where traditional methods
falter. Crucially, even in predominantly linear settings (pi;, — 1.0) where CAM pruning is theoret-
ically optimal, PEP remains highly competitive. This demonstrates that our framework incurs no
performance penalty when the problem simplifies, effectively bridging the gap between complex and
simple causal mechanisms.

Robustness to the Predictive Component. To disentangle the algorithmic contribution of our
framework from the inductive bias of the density estimator, we instantiated PEP with a diverse
suite of predictors: Random Forest (Breiman, 2001), XGBoost (Chen & Guestrin, 2016), Cat-
Boost (Prokhorenkova et al., 2018), LightGBM (Ke et al., 2017), and MITRA (Zhang et al., 2025).
For these standard estimators, we applied Platt scaling to ensure they provide calibrated probabilistic
outputs. As shown in Table 3, PEP consistently improves performance over the CAM-pruning baseline
across this broad spectrum of estimators. This validates a core theoretical premise: the effectiveness
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Table 3: Performance comparison of PEP instantiated with various predictive components on the
SynER dataset (d = 10). We report mean and standard deviation (subscript). Bold indicates the best
performance, and underline indicates the second best. The Avg. Rank is calculated across all 15 row
scenarios (5 orderings X 3 metrics).

PEP w/ Various Predictors

Metric ‘

| CAM-pruning |

Ordering
| (Base) | RF XGBoost CatBoost LightGBM MITRA  TabPFN
CAM 17.1(5.6) 10757 15562 117@e 130 133y  9.9@s
SCORE 14.9(4.1) Tdps 12208  T5@s 7700  100n  54pa
SHD | | NoGAM 14.9(4.0) 7003  11.0@n 6902 7725 9.3(3.4) 4.7(3.9)
DiffAN 16.0(4.0) 9454  136me  99en 10705  104ms T3
CaPS 15.2(3.0) 8909 1235 8621 9.3(3.0) 11.230)  6.83.3)
CAM 42.6(7.3) 33.914.9) 33.0(126) 305095  33.7(10.0)  35.1es) 30855
SCORE 26.65.2) 8242 1142 660 6405 9.9(16)  835(s)
SID| | NoGAM 26.6(5.0) 832 1034 53333 4.5(5.4) 7.9(1.1) 6.0(1.5)
DiffAN 36.50114) | 165105 206017 154015 172016  188u1s) 205123
CaPS 28.4(7.0) 12160 136us 10845  97en 13545 1464
CAM 0.67(0.07) 0.80¢p.08) 0.73(0.11)  0.790.07)  0.770.06)  0.75(0.08) 0.81(0.07)
SCORE 0.73(0.08) 0.899.04y 0-82(0.05) 08903y 089003  0-850.06) 0-91(0.06)
F11 NoGAM 0.73(0.07) 0.90(0.03y 0-84(0.00y 0.90(003)  0.890.04) 0.87(0.05) 0.93(0.05)
DiffAN 0.7000n | 085006 0.7900m 085005 083005 084005 0.87(0.00)
CaPS 0.72(0.07) 0.86(0.05) 0.82(0.04) 0.87(0403) 0.86(0.05) 0'83(0.06) 0.88(0'06)
Avg. Rank ‘ 7.00 ‘ 2.47 5.80 2.53 3.07 4.73 2.40

Table 4: Scalability analysis on synthetic datasets with increasing graph sizes (d € {30, 50, 100})
and an expected edge count of 4d. We compare standard pruning methods against our proposed PEP
framework across various ordering backbones. Results are reported as Mean syq). Bold numbers
denote improved performance (lower SHD/SID, higher F1) achieved by applying PEP.

| . d=30 | d =50 | d =100
Ordering ' Pruning
| | SHD | SID | F11 | SHD| SID | F11 | SHD| SID | F11
CAM Base 74.2012.1) 499937 0.540.06) | 13940187y  1463.2(1045)  0.48(0.06) | 275.5(24.2) 6007957150  0.47(0.04)
PEP 67.4133) 391197 0.62(0.09) | 130.7(244) 1193.4(2855 0.55(0.09) | 267.2(25.7) 5205.3(369.1) 0.51(0.04)
SCORE Base 69.6(11.1)  406.745.8)  0.580.05) | 133.0010.4)  1287.4(127.0)  0.51(0.06) | 263.926.1)  5408.4(425.3)  0.50(0.04)
PEP | 55.3(150) 269.30se) 0.70(007) | 114.9212) 974.3(1us5 0.62(0.07) | 246.5033) 4478.4(305.4) 0.57(0.03)
NoGAM Base 69.512.9) 4104657y  0.58(0.06) | 131.9(10.6)  1249.9(160.4)  0.52(0.06) | 264.6(25.0) 5357.6(ug9.5)  0.50(0.04)
PEP | 56.7(123) 247.6(120) O0.Tl03) | 115.2(056) 947.8(71.9) 0.61(07) | 250.026.4) 4338.4(4102) 0.57(0.03)
DiffAN Base 751144y  495.7(7309)  0.53(0.08) | 141.718.4)  1560.1(168.0) 0.46(0.05) | 284.31266) 6338.7(a00.8)  0.45(0.04)
PEP | 66.0(156) 405.8(g57) 0.62(0.10) | 130.0017.7) 1345.8(1u35 0.550.01) | 273.7(30.4) 5579.8(600.7) 0.50(0.03)
CaPS Base T1.2(117)  436.3(4a2)  0.57(0.05) | 136.2(18.1)  1348.1¢129.7)  0.50(0.05) | 276.8(20.0y  5754.1(a27.7)  0.47(0.04)
PEP | 59. 7(13 7 327T.0(06 0.66007 | 12190541 1117.7035 0.58007) | 2658015 5103.7795 0.52(0.05)

of PEP is driven by the information-theoretic rigor of the context-aware evidence score and the
adaptive MDL gate, rather than being an artifact of a single powerful model. While TabPFEN achieves
the best overall rank due to its superior zero-shot density estimation, the consistent gains across all
predictors confirm that our framework is model-class agnostic and robustly distinguishes true causal
mechanisms as long as the predictive component yields calibrated uncertainty.

Scalability to High-Dimensional Graphs. We validated the scalability of PEP by extending our
evaluation to larger synthetic graphs with dimensions increasing from d = 30 to 100. As presented
in Table 4, PEP consistently outperforms the baseline pruning across all graph sizes and ordering
backbones. Crucially, the performance advantage of PEP over standard pruning becomes more
pronounced as the graph dimension grows. For instance, with the SCORE backbone at d = 100,
PEP reduces SHD by approximately 6.6% and improves F1 by 14%. This empirical trend validates
the efficacy of our Adaptive Structural MDL Gate in high-dimensional regimes. Since the search
space scales quadratically with d, the structural penalty €2(n, d) = 7 Inn In d? becomes increasingly
pivotal. By dynamically raising the evidence barrier in proportion to the search space complexity,
PEP effectively mitigates the risk of false positives that typically plagues fixed-threshold methods in
large-scale graphs.
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Figure 5: The panels display (a) SHD, (b) SID, and (c) F1 Score across varying graph node dimensions
d € {10, 30,50, 100}. The red dashed line marks the theoretical baseline = 1.0.

Empirical Validation of the Structural Penalty. We examined the sensitivity of the scaling factor
7 to validate the theoretical basis of our structural penalty. As illustrated in Fig. 5, the optimal
regularization strength exhibits a critical dependency on the problem scale across all three metrics
(SHD, SID, and F1). In low-dimensional settings (d = 10), the framework remains robust even with
weaker regularization ( < 1.0). However, in high-dimensional regimes (d = 100), performance
degrades sharply for small 7, resulting in high SHD and SID values along with a plummeting F1
score. This degradation is driven by an explosion of false positives within the expanded search space
when the penalty is insufficient. Crucially, the theoretical baseline of 17 = 1.0 consistently achieves
optimal performance across all graph sizes and metrics without overfitting. This empirical evidence
supports our design choice to fix 7 = 1.0 as a robust, parameter-free standard that ensures scalability.

Scalability Comparison: Pruning Phase Runtime

Computational Efficiency. We empirically

--®- CAM Pruning

validated the time complexity advantage of our
Hierarchical Group Pruning by measuring ex-
ecution times across varying graph dimensions,
as shown in Fig. 6. In the low-dimensional

o
3

"
N

—=— PEP (Ours)

Crossover Point
(d=40)

regime (d < 30), the baseline retains a slight
edge due to the fixed overhead associated with
neural predictor inference and the prequential
sample-splitting process. However, as the graph
dimension increases, the cubic complexity of
the baseline becomes a severe bottleneck. In
contrast, PEP demonstrates robust scalability
driven by the logarithmic efficiency of group
testing. Notably, at d = 100, PEP reduces the
runtime from = 6,000 seconds to &~ 800 sec-
onds, achieving a 7.5x speedup. This confirms that PEP effectively alleviates the computational
bottleneck of existing ordering-based methods, rendering them practically feasible for larger graphs.

Runtime (seconds) [Log Scale]
=
o

10 30 50 100

Number of Nodes (d)

Figure 6: PEP (solid red) demonstrates quasi-
linear scaling, surpassing the cubic CAM baseline
(dashed grey) at d ~ 40.

5 CONCLUSION

In this work, we presented Prequential Evidence Pruning (PEP), a principled framework that fun-
damentally transforms the pruning stage of causal discovery from heuristic testing to rigorous
information-theoretic model selection. By introducing the Adaptive Structural MDL Gate, we estab-
lished a robust, parameter-free decision criterion that dynamically adjusts to varying sample sizes and
graph dimensions. This mechanism eliminates the need for manual threshold tuning while effectively
controlling false discoveries. Furthermore, our Hierarchical Group Pruning successfully resolves
the computational bottleneck inherent in traditional backward elimination, reducing the complexity
from quadratic to logarithmic and enabling efficient inference on high-dimensional graphs. Extensive
empirical validation confirms that PEP achieves state-of-the-art structural accuracy and robustness
across diverse ordering backbones and misspecified settings. Consequently, our results demonstrate
that PEP not only enhances current ordering-based pipelines but also serves as a scalable and the-
oretically grounded building block for future advancements in high-dimensional causal discovery.

10
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REPRODUCIBILITY STATEMENT

We summarize steps taken to ensure reproducibility. Datasets and generation procedures are described
in Appendix F.1, the compared backbones and their implementations in Appendix F.2, and evaluation
metrics in Appendix F.3. Training and evaluation details, including fold splits and global hyperparam-
eters, are provided in Appendix F. We will release the full codebase and scripts for all experiments
upon acceptance to ensure end-to-end reproducibility.

ETHICS STATEMENT

This work focuses on methodological advances in causal discovery and is evaluated on synthetic
benchmarks (SynER and SynSF) and widely used public datasets (Sachs and SynTReN). No person-
ally identifiable information or sensitive attributes are used.
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A LLM USAGE

We used large language models only for fixing grammar and typos. All technical content, including
theorems, proofs, algorithms, experiments, and analyses, was authored and verified by the paper’s
authors.

B ADDITIONAL DETAILS

Notations. We summarize symbols used throughout the paper for quick reference. Full definitions
are provided in the main text.

Table B.1: Summary of key notations used in the paper.

Symbol Definition

Ern M Forward edge set under order , and its size M = |E.|.

X =(Xy,...,X4),d,n, D Random vector, dimension (#nodes), sample size, and the dataset.

G*, G, G, True DAG, a (candidate) graph, pruned DAG, and a topological order.
Pag(j), Cha()) Parent set and child set of node j in graph G.

Pred,(j), P; Predecessors of j under order 7; P; = |Pred,(j)|.

S, S\{i} =95k Working parent set for j, the set after removing 4, and k = |.S”|.

S, mj Working parent set for node j during pruning; #candidates for j after screening.
p(+)s ¢5,5(- | ) True conditional density and predictive conditional density for X; | Xg.
q§,;k) Out-of-fold predictor for fold k used in prequential scoring.

K, Iy, I} #folds, index set of fold &, and its complement.

0i—(q; ) Prequential log-evidence gain for edge ¢ — j in context .S

rs Conditional log-loss regret of ¢; g relative to p(- | -).

Zs, (v,b), ¢ Per-sample log-diff, sub-exponential parameters, and an absolute constant.
7'_7MDL S, Adaptive Structural MDL gate.

Q(n,d), n Structural complexity penalty and its regularization strength scaling factor.
L(-), M g Code length in nats; local model for node j with parent set S.

I(X;Y | Z2) Conditional mutual information.

0% Margin constant used in finite-sample decision corollaries.

Plin Probability of linear mechanisms in synthetic data generation.

ds, Ad Parametric dimension for context S and its difference .

ABIC Difference in the Bayesian Information Criterion.

a(r), a Per-sample evaluation cost (as a function of parent-set size) and its average.

B.1 DERIVATION OF THE TWO-PART CODE FOR LOCAL EDGE ADDITIONS

In ordering-based pruning, we compare the local model for X; with parent set .S against the restricted
model with S’ = S\ {i}. The description length cost of adding the edge i — j comprises three
transparent information-theoretic components:

1. Identity Cost [In(P; — k)]: This term encodes the choice of the added parent among the
P; — k remaining admissible candidates from Pred, ().

2. Sparsity Cost [In(k + 1)]: Derived from Rissanen’s universal code for integers, this term
naturally penalizes increasing parent set sizes.

3. Structural Penalty [Q2(n, d)]: This term replaces fixed overhead constants with an adaptive
penalty that accounts for the global search space complexity.

Averaging these costs per sample yields the computable adaptive gate:

1

TMPL(S, i) = — [m(pj — k) +1In(k+ 1) + Q(n,d)|,

n
where, as defined in the main text,

Q(n,d) =7-Inn-Ind*.
The structural term Q(n, d) ensures that the decision rule scales consistently with sample size and
graph dimension. This approach aligns with Extended BIC-style corrections for multiple comparisons.

It recovers local BIC-style comparisons in regular parametric regimes while adapting the complexity
penalty to the combinatorial nature of structure learning.
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B.2 FIXED VERSUS ADAPTIVE GATES (SCHEMATIC ILLUSTRATION)

Adaptive versus fixed gates. Fig. B.1 visualizes the benefit of the adaptive mechanism. While a
fixed threshold might work for a specific dataset scale, it fails as n or d changes. The adaptive MDL
gate T]MDL (S, 1) automatically adjusts to the problem complexity: it lowers the per-sample threshold
as n — oo to recover weak signals (consistency) while raising the structural barrier as d — oo to
reduce the risk of spurious edges in large graphs. This aligns with our finite-sample concentration

result for the prequential statistic (Thm. 2).

10 Scenario 1: Simple Dataset (Clear Signal) Scenario 2: Complex Dataset (Overlapping Signal)
. : : [ False edges
0.8 1 1 [ True edges
: i — =~ Fixed threshold
2064 1 9 1 —— Adaptive gate
G 1 1
1 |
& 0.4 1 ] I
1
021 ] ! ‘
4 [
0ol = [l : . | y y d L= Ee ; I ‘ = H =
-1 0 1 2 3 4 5 -2 -1 0 1 2 3 4 5 6

Evidence Score Evidence Score

Figure B.1: Fixed versus adaptive gates (schematic). Left: when the distributions of §;_,; for true
and false edges are well separated, both a fixed threshold and the MDL gate succeed. Right: when
the distributions overlap, a fixed threshold erroneously includes many false edges, whereas the MDL

gate T]MDL(S ,4) adapts to (n, P;, k) and maintains separation without validation tuning.

B.3 RATIONALE AND COMPLEXITY OF BACKWARD ELIMINATION

In this section, we justify the choice of a backward elimination strategy for PEP, analyze its computa-
tional complexity, and explain how our Hierarchical Group Pruning strategy mitigates its inherent
limitations regarding cost and irrelevant contexts.

Rationale: The Necessity for Synergy Detection. A fundamental design choice in PEP is the use
of backward elimination (starting with all candidate parents) rather than forward selection. This is
driven by the need to detect non-additive, synergistic interactions (e.g., the XOR problem or collider
structures). In a forward selection approach, candidates are typically evaluated marginally. However,
in cases of pure synergy (e.g., X; = X; @ X>), the marginal signals are often null ((X;; X) ~ 0).
Consequently, a forward search would prematurely discard true parents before their interactive effects
could be observed. Backward elimination, by contrast, evaluates each edge ¢ — j in the context of all
other potential parents S \ {i}. This ensures that if X; and X5 are both present in the context, the
conditional evidence 01 ;(g; S) will correctly reflect the strong information gain I(X;; X | Xa),
ensuring the retention of synergistic edges.

Computational Complexity of Standard Backward Elimination. While theoretically superior
for synergy detection, standard greedy backward elimination incurs a high computational cost. For a
fixed node j, let P; = | Pred(j)| denote the initial number of candidate parents. In the worst-case
scenario (e.g., a sparse true graph where most candidates are false positives), the algorithm performs
P; evaluations in the first round, P; — 1 in the second, and so on. The total number of evaluations
Neyay 18:

5 PP 1)

Neval = Zk = % S @(PJQ) @)

k=1
Consequently, the total runtime scales quadratically with the number of candidate parents. Specifically
for PEP, with K -fold cross-fitting and per-sample cost &, the complexity is Tyandara(j) € O(K -n-a-
Pj2). This quadratic scaling becomes a prohibitive bottleneck for high-dimensional graphs (d > 100),
as confirmed in Fig. 6.

Addressing Limitations via Hierarchical Group Pruning. Reviewers may rightly concern that
starting with a full context containing many irrelevant variables could be computationally expensive
and introduce noise. This limitation is precisely what motivates our Hierarchical Group Pruning
strategy in § 3.4. By recursively testing groups of parents, this strategy addresses both concerns:
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1. Computational Efficiency: It reduces the complexity from quadratic @(Pf) to logarithmic
O(slog P;), making the "backward” approach feasible even for large P;.

2. Noise Reduction: By pruning entire blocks of irrelevant variables in early group tests,
the algorithm rapidly reduces the size of the conditioning set S, thereby mitigating the
interference from irrelevant variables much faster than examining them one by one.

Thus, PEP leverages backward elimination for its theoretical completeness in capturing synergies,
while employing hierarchical pruning to resolve the practical challenges of scalability and noise.

B.4 COMPLEXITY OF HIERARCHICAL GROUP PRUNING

This section provides a formal complexity analysis of the Hierarchical Group Pruning strategy
introduced in § 3.4. For a fixed node j, let P; = | Pred(j)| denote the number of candidate parents
(predecessors) and let s be the number of true parents (sparsity). Recall from Appendix B.3 that the
standard PEP procedure (Algorithm 1) employs sequential backward elimination, which performs
@(sz) edge-evaluation tests per node in the worst case. This results in a total computational cost of
O(K ndeQ), where K is the number of folds and & is the average per-sample evaluation cost of the
predictive component q.

The hierarchical variant optimizes this by recursively partitioning the P; candidates into disjoint
groups and applying the MDL decision rule to these sets. We analyze the complexity under the
following canonical sparsity assumptions: (i) The initial groups form a balanced binary partition of
the P; candidates. (ii) Any group containing at least one true parent is recursively split until all true
parents are isolated. (iii) Any group containing no true parents (null group) is identified and discarded
after a constant number of tests, as its prequential evidence falls below the MDL gate.

Under these conditions, the number of PEP evaluations for node j is bounded as follows:

* Null Group Pruning: Groups that do not contain any true parents are pruned early. The
total number of tests spent on these null groups is proportional to the number of siblings of
the active paths, bounded by O(slog P;).

* Active Search Paths: Each true parent corresponds to a single path from the root to a leaf
in the partition tree. Since the tree height is logarithmic, identifying a single true parent
requires O(log P;) group tests.

» Total Complexity: With at most s true parents, there are s such paths. Therefore, the total
number of group evaluations scales as O(slog P;).

* Leaf-Level Refinement: Once a group reduces to a small cluster of individual candidates,
the final per-edge pruning incurs only a constant-factor overhead relative to the group search.

Combining these factors, the total number of evidence evaluations 75" for node j satisfies:
T3 € O(slog P;j), assuming s < P;.

This represents a substantial improvement over the quadratic complexity G)(Pf) of the baseline,
particularly in high-dimensional sparse regimes.

Crucially, this hierarchical strategy acts solely as an efficiency enhancement and does not alter
the underlying decision logic. Both groups and individual edges are accepted if and only if their
prequential gain exceeds the adaptive MDL gate TJMDL(S ,1) defined in Eq. (3). Consequently, the
theoretical robustness guarantees established in § 3.2 remain fully applicable to the hierarchical
variant.

B.5 RELATED WORK

Continuous Optimization & Bayesian Approaches. One major paradigm in causal discovery is
to cast the problem as a single, continuous optimization problem. This line of work was famously ini-
tiated by NOTEARS (Zheng et al., 2018), which introduced a fully differentiable characterization of
acyclicity, enabling standard gradient-based methods. This foundational idea was extended by subse-
quent works to handle non-linear relationships using neural networks, such as GraNDAG (Lachapelle
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Table B.2: Comparison of local edge evaluation mechanisms across constraint-based tests, decompos-
able BIC scoring, and PEP. All code lengths are in nats.

Conditional Independence (CI) Tests

Decomposable BIC Scoring

Prequential Evidence Pruning (PEP)

Core approach

Decide edges by testing X; L X; | Xg
with a user-chosen significance level.

Select a graph by maximizing a global de-

composable score that trades off in-sample
fit and parametric complexity.

Prune edges under a given order by comparing a
local prequential evidence gain with a computed
code-length penalty.

Evidence score

Test statistic 7'(X;, X; | Xg) that esti-
mates or surrogates I(X;; X; | Xg).

Local in-sample log-likelihood difference
under decomposability, £(S) —£(S\ {i}).

Prequential log-evidence gain 6;,;(¢;S) =

18 gl o)
E g : "
"3 ’b("’ﬁé) ‘ “’(é\)m>
of-fold.

d out-

, with g;

Decision rule

Reject Hy if p-value < o (per-test or
FDR-controlled).

Acceptif £(S) — £(S\ {i}) > LAd"E"
(parametric penalty).

Accept if 6;;(q; ) > 7}MPU(S,i), where
T?IDL(SJ) is given by Eq. (3) with Q(n,d) =
nlnnlnd?.

Representative
properties

Nonparametric options available; requires
«; test-by-test decisions and multiple-
testing control.

Consistent under correct parametric fam-
ily; global, in-sample objective; decom-

posable local updates.

Prequential and context-aware; sample-size aware
penalty; no threshold tuning; model-class agnostic.

et al., 2020) and GOLEM (Ng et al., 2020). Further advancements include DrBO (Duong et al., 2025),
which employs sophisticated search strategies like Bayesian optimization, and CGP-CDE (Dhir et al.,
2025), which integrates flexible Gaussian Process models. From a more strictly Bayesian perspective,
where the goal is to infer a posterior distribution over graphs rather than a single point estimate,
methods like DiBS (Lorch et al., 2021) and DECI (Geffner et al., 2024) have been proposed. While
powerful, these approaches typically involve complex, model-specific training procedures to learn
both the graph and functional parameters.

Prior-Data Fitted Networks for Causality. Prior-Data Fitted Networks (PFNs) (Miiller et al.,
2022) use large-scale, synthetic pre-training to approximate Bayesian predictive inference via
in-context learning. TabPFN (Hollmann et al., 2025b) realizes this idea for tabular data and provides
calibrated, zero-shot predictive densities that are valuable when samples are scarce or mechanisms
are heterogeneous. Building on this paradigm, several works adapt PFNs to causal inference tasks.
These include models such as FairPFN (Robertson et al., 2025a) for fairness-aware prediction,
Do-PEN (Robertson et al., 2025b) for estimating interventional outcomes without a known graph,
CausalPFN (Balazadeh et al., 2025) for treatment-effect estimation with calibrated uncertainty, and
the comprehensive CausalFM (Ma et al., 2025) framework, illustrating the promise of PFNs as
general-purpose causal tools. In contrast, we shift the focus to causal discovery. Rather than building
an end-to-end PFN for inference, our contribution is a new framework (PEP). It leverages the PFN as
a powerful predictive engine to compute a prequential evidence score, which is then assessed by a
principled MDL gate.

C PRELIMINARIES

C.1 CAUSAL ADDITIVE MODELS (CAM)

CAM (Biihlmann et al., 2014) is a two-stage, ordering-based approach for learning DAGs under an
additive structural equation model (SEM). In this framework, each variable is modeled as:

X; = Z fin(Xk) + €5,

k€pa(j)

where the noise terms ¢; are independent. The learning problem is decomposed into two distinct
phases: (i) estimating a topological order and (ii) pruning edges consistent with that order. The
key design choice in CAM is to decouple these tasks. The order is estimated by maximizing the
restricted likelihood under the additive SEM, whereas sparsity is enforced only during the subsequent
pruning step. This separation transforms the intractable structure learning problem into a manageable
combination of permutation search and variable selection.

Stage 1: Order Search. CAM searches over the space of permutations, optionally restricted by
a preliminary skeleton, and selects the order that maximizes the likelihood of the additive SEM.
The consistency of this maximum-likelihood order estimator has been established for both low-
dimensional and high-dimensional regimes. Intuitively, once the topological order is fixed, the
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problem of causal discovery reduces to a set of potentially nonlinear regressions of each node on its
predecessors.

Stage 2: Pruning and Feature Selection. Given the estimated order, CAM performs variable
selection to remove spurious edges. For each node X, it fits a Generalized Additive Model (GAM)
using its predecessors as covariates. It then tests the null hypothesis Hy : f;x(-) = 0 for each
candidate parent Xj. Edges that fail to demonstrate a statistically significant contribution at a user-
defined level « are discarded.

Relationship to Conditional Independence Testing. The pruning mechanism in CAM serves as a
marginal, additivity-constrained proxy for a Conditional Independence (CI) test. Conceptually, the null
hypothesis f; ; = 0 corresponds to the conditional independence statement X; LI X}, | Predz(j) \
{k}. However, this equivalence holds strictly under the assumption that the true dependencies are
additive. Because the test evaluates each parent individually within this additive structure, it acts
as a marginal proxy. This creates a critical limitation: CAM pruning cannot capture non-additive
synergies, such as XOR-type interactions, where the marginal contribution of a parent may be zero
despite a strong joint dependence.

In summary, CAM provides a robust baseline characterized by an efficient likelihood-based order
search and a GAM-based pruning step. This precisely delineates the comparison point for our work.
While PEP retains the ordering paradigm, we replace the marginal, hypothesis-based pruning of
CAM with a joint, context-aware evidence rule designed to overcome the limitations of additivity
constraints.

C.2 SCORE-BASED LEAF IDENTIFICATION VIA THE SCORE FUNCTION

Let s(z) = V,logp(z) denote the score function. Under additive noise models with X; =
fj(XPa(j)) + ¢; and independent noise terms ¢, the j-th component of the score function de-
composes such that the contribution from children nodes vanishes at the leaves. Practical ordering
algorithms leverage the properties of the score Jacobian (or the Hessian of the log-likelihood) to
iteratively identify and remove leaf nodes:

* Variance-based (SCORE). In nonlinear settings, Rolland et al. (2022) demonstrate that
anode X is a leaf if and only if the variance of the j-th diagonal element of the score
Jacobian is zero. Based on this, the leaf is identified by minimizing the variance:

j = argmin Var|8,,s,(X)].
J

» Expectation-based (CaPS). To accommodate both linear and nonlinear relationships ro-
bustly, Xu et al. (2024) propose utilizing the expectation of the Jacobian diagonal. A leaf
node is identified by maximizing this expected value:

j = arg max diag(E [V5(X)])

* Diffusion-based Estimation (DiffAN). Sanchez et al. (2023) leverage Denoising Diffu-
sion Probabilistic Models (DDPMs) to scale score estimation, computing the Hessian via
backpropagation. To bypass prohibitive retraining after each leaf removal, they introduce
the deciduous score update. Specifically, the score for the remaining variables is adjusted
analytically by subtracting a residue A;:

VCEL 10gp(l‘)
H, i (log p(w))
Ay

Viegp(z—;) = Viegp(z) — H. ;(logp(z)) -

These criteria yield effective order-estimation subroutines, which we integrate with our proposed
pruning module.

C.3 PREQUENTIAL SCORING VIA SAMPLE SPLITTING

Given a dataset {z(*)}"_, and a candidate parent set S C Pred(j) for node j, let ¢; 5 denote any
predictive conditional density estimator for X; given X 5. To ensure statistical independence of the
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error terms, we employ a K -fold sample-splitting strategy. We partition the indices {1, ...,n} into
disjoint folds {; }#<_,. For each fold k, we fit a predictor on the complementary set /¢ and evaluate
the log-likelihood exclusively on the held-out fold Ik :

K
o 1 Ry (s) 1 (s
breq (7, ) = — > | D log g\ (28 1 2§)).

k=1s€l

This prequential evaluation mitigates in-sample optimism. Furthermore, conditional on the fitted
predictors, it renders the per-sample contributions independent across s. This independence property
is crucial as it enables the application of concentration inequalities for edge-wise evidence differences.

C.4 CONDITIONAL MUTUAL INFORMATION (CMI)

For random variables (X, Y, Z) with a joint density p, the Conditional Mutual Information (CMI) is

defined as:

p(X Y, 2)
p(X [ 2Z)
In the context of PEP, the population target of the prequential log-evidence gain for an edge ¢ — j

equals I(X;; X; | X\ ;) assuming an ideal predictor ¢ = p. This theoretical connection justifies
the interpretation of our ¢ statistic as a context-aware measure of conditional dependence.

I(X;YZ)E[log ]H(X|Z)H(X|Y,Z).

C.5 MINIMUM DESCRIPTION LENGTH (MDL) PRINCIPLE

The Minimum Description Length (MDL) principle formalizes the trade-off between model fit and
complexity, effectively quantifying Occam’s razor. It posits that the best model is the one providing
the shortest lossless description of the data. Using a two-part code, the total length is given by:

L(D; M) = L(M) + L(D | M),

where L(-) denotes the code length in nats. The coding theorem establishes a direct link between
code length and probability, specifically L(x) ~ — log p(x). Consequently, MDL minimizes the sum
of the model description cost and the negative log-likelihood of the data. PEP utilizes this principle to
derive a decision gate that adapts the penalty based on the combinatorial complexity of the graph
structure.

C.6 STRUCTURAL CAUSAL MODELS (SCMS)

A Structural Causal Model (SCM) over X consists of a DAG G* and structural assignments
Xj = filXpag.(i)s €1)s  F=1....d,

with mutually independent exogenous noises € = (g1, ...,&4)." The induced observational density
factorizes as

d
p(x) = [] M| 2pac. ),
j=1

which is the global Markov property of the DAG. Interventions do(X g = xg) replace the assignments
{f;j : j € S} by constants and sever incoming edges into .S, enabling interventional semantics via
the truncated factorization. Ordering-based discovery exploits the existence of a (possibly estimated)
topological order 7 to constrain candidate parents for X to the set Pred.(j) = {i : 7(z) < 7(j)}
and reduces structure learning to pruning spurious edges among these forward links.

C.7 TABULAR FOUNDATION MODEL (TABPFN) AND PRIOR-DATA FITTED NETWORKS

Prior-Data Fitted Networks (PFNs) instantiate in-context learning for supervised tasks by training a
transformer to approximate the Bayesian posterior predictive over a prior of tasks. A PFN receives,
at inference, a full dataset context and emits predictive distributions for held-out points in a single

!Independence of the exogenous noises (causal sufficiency) may be relaxed to allow latent confounding, but
we keep the canonical acyclic, causally sufficient case for clarity.
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forward pass. TabPFN specializes this idea to tabular data: it is pre-trained on a very large corpus
of synthetic datasets sampled from SCM-driven generators spanning mixed data types and diverse
mechanisms. Practically, for any X; and parent set S it returns a calibrated conditional distribution
¢;,s(- | xs) from which we compute prequential log-likelihoods. For regression with discretized
outputs, we integrate the predictive mass over the bin containing the observed value; for categorical
data we use the emitted probabilities directly. This zero-shot, calibrated density estimation is what
makes TabPFN a convenient predictive component for our framework, eliminating per-dataset training
while supporting mixed types.

D ILLUSTRATIVE EXAMPLES: WHY CONTEXT-AWARE PRUNING MATTERS

This appendix provides, on concrete mathematical examples, the two claims made in the Introduction
and in § 3: (i) pruning must be context-aware to capture non-additive structure and to avoid confound-
ing, and (ii) PEP’s computed MDL gate replaces tuned thresholds with an auditable code-length
cost. Each example walks through the marginal calculation (what classical pruning would see) and
the PEP calculation (the prequential log-evidence gain §), then states the decision under the MDL
rule 6 > 7MPL (Eq. (1)-Eq. (2)). These examples mirror the advantages emphasized in the paper’s
opening sections and experiments.

Notations. All logarithms are natural (nats). For p € (0,1), h(p) = —plogp — (1 — p) log(1 — p)
denotes the binary entropy. We write S C Pred,(j) for the co-parents of X; (including ¢ when
testing i — j). At the oracle (¢ = p), E[d;;(p; S)] = I(X;; Xi | Xg\{iy) by Thm. 1; bounded
log-loss regret perturbs this by at most g + g\ {43 (Prop. 1); prequential scoring yields concentration
(Thm. 2).

D.1 Noisy XOR: A CANONICAL CASE OF DISCRETE SYNERGY

We begin with the classic XOR problem, a canonical example where two parents are only informative
when considered together. The data is generated by X3 = X; & X5 & N, where the parents

X1, Xo & Bernoulli(1) and N' ~ Bernoulli(e) is a noise term.

A marginal analysis, which evaluates the link X; — X3 in isolation, would find the variables to be
independent, as the influence of the random co-parent X» averages out any effect. This leads to a
marginal mutual information of exactly zero:

I(X;),; Xl) =0.
A single-parent test would therefore fail. In contrast, PEP’s context-aware approach conditions on
X, revealing a clear signal where the oracle evidence gain is strictly positive:
E[d1-5(p; {1,2})] = I(X5; X1 | X2) =102 — h(e) > 0.

This demonstrates that while the marginal signal is null, the conditional signal is strong, allowing our
proposed method to correctly identify the synergistic relationship.

D.2 MULTIPLICATIVE INTERACTION: A CASE OF CONTINUOUS SYNERGY

To show this principle extends beyond discrete cases, we consider a continuous synergy defined by

pid. . . .
X3 = X X3 + ¢, where parents X1, Xo "= A(0, 1) and noise £ ~ N'(0,52). A marginal analysis
based on first-order statistics, such as linear regression or covariance, will fail. Because the variables
are zero-mean, the marginal covariance is zero:

COV(Xg, Xl) = 0.

A test based on correlation would find no effect. The context-aware approach of PEP, however,
targets the CMI by evaluating the full conditional distributions. This is strictly positive and correctly
quantifies the information gain from the interaction:

2

E[01a(p; {1, 2})] = I(X3; X1 | Xp) = %EX“‘ [log(l * fﬁ)} -0

This confirms that our method can identify purely interactive signals that are invisible to common
marginal tests, with an evidence gain that appropriately grows as the noise o2 decreases.
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D.3 CONFOUNDING: A CASE OF AVOIDING SPURIOUS EDGES

Here we verify that context is crucial for avoiding false positives. Consider a common confounder
C ~ N(0,1) generating X; = aC + ¢; and X; = bC' + ¢;, with no direct edge between them. A
marginal analysis will be fooled by the confounder, as the common cause C' induces a non-zero
spurious correlation:
Cov(X;, X;) = abVar(C) # 0.

This would lead a marginal method to incorrectly add a non-existent edge. The context-aware
approach of PEP avoids this by including the confounder C' in the context set. By d-separation, the
variables are conditionally independent, and the oracle evidence is exactly zero:

E5ims;(p: (1. )] = I(X;: X, | ©) = 0.

This verifies that when the confounder is observed, our mechanism correctly finds zero evidence and
prunes the spurious edge.

D.4 POST-NONLINEAR EFFECTS: A CASE OF ROBUSTNESS TO WARPING

We next consider a case where a simple relationship is obscured by a non-linear transformation:
X3 = g(X1 + X3 + €), where g is an invertible, non-linear function. A marginal analysis can be
easily fooled. A simple test focused on mean effects might fail because the function g distorts the
underlying additive structure. The context-aware approach of PEP is robust to this distortion due to a
key property of mutual information: its invariance to invertible transformations. The oracle target for
PEP therefore remains strongly positive:

I(Xg;Xl |X2):I(Q(X1+X2+E);X1 ‘XQ)ZI(Xl + Xo+6; X4 ‘Xz) > 0.

This shows our metric correctly identifies dependencies even when they are obscured by complex
transformations.

D.5 SUPPRESSOR EFFECT: A CASE OF HANDLING COLLINEARITY

Finally, we examine the classic suppressor effect, which occurs with highly correlated parents (p =~ 1)
in the model X35 = (81 X1 + B2 X5 + ¢, where 31 &~ —f35. In a marginal analysis, the effects of the
two parents nearly cancel, leading to a marginal covariance close to zero:

Cov(X3,X1) = p1 + B2p = 0.

A marginal test would see a weak signal and might incorrectly prune a true parent. The context-aware
approach of PEP resolves this by assessing the contribution of X; given X». The conditional signal
remains strong, as captured by the CMI:
2 1— 2
I(X3: X1 | Xo) = %log(l + Lf)) > 0.
g

This demonstrates that our method can identify the true importance of a parent even when its signal
is masked by other, highly correlated parents.

D.6 THE FINITE-SAMPLE DECISION GATE

The preceding examples analyzed the oracle CMI, which represents the ideal signal. This final example
connects this theory to the practical, finite-sample decision rule that PEP actually implements. A
traditional approach might have a strong evidence metric but still rely on a heuristic or tuned threshold.
In contrast, PEP provides an auditable acceptance condition. Our concentration guarantees (Thm. 2)
establish a probabilistic lower bound on the empirical evidence d;_,;(g; S) that we measure from data.
PEP’s final step is to keep an edge only if this conservatively estimated signal exceeds the computable
MDL penalty, 7™MPL_ This transforms the pruning decision into a transparent and principled trade-off,
which can be intuitively summarized as:

I(X5Xi | Xovgiy) — (26reg + ¥n(@)) > 7MPE(S,4) .

Signal Uncertainty Complexity Cost

This provides a complete, theoretically grounded recipe for making a decision, moving beyond the
simple identification of a signal.
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E PROOFS FOR THEORETICAL GUARANTEES

E.1 POPULATION IDENTITY: PROOF OF THM. 1

Proof. Let S’ = S\ {i}. Under the ideal predictor assumption ¢ = p,

E[6i—;(p; S)] = E[logp(X; | Xs) —logp(X; | Xg)] (©6)
=—-H(X; | Xs) + H(X; | Xs) @)
:I(X],XZ ‘XS/)7 (8)

where the second equality follows from the definition of conditional entropy, and the last equality
utilizes the chain rule for conditional mutual information. All expectations are finite by Assumption 1.
O

E.2 STABILITY: PROOF OF PROP. 1

Proof. Let S” = S\ {i}. Define ps(-) = p(X; | Xg) and ¢s(-) = ¢;,5(X; | X), and similarly for
S’. Then,

E[d;—;(q; S)] — E[d;i—;(p; S)] = E[log gs — log gs/] — E[log ps — log ps']
= E[log gs — log ps] — E[log gs — log pg']

—rg —rgr
=—rsg+rgs.
Consequently, |E[d;—,;(¢;.S)] — E[0;—;(p; S)H < rg + rg. If the regrets satisfy rg,rs: < ¢, then
the bias is bounded by 2¢. O

E.3 CONCENTRATION: PROOF OF THM. 2

Proof. Let Zs = log qj,S(Xj(-s) | ng)) —loggj,s (Xj(.s) | Xés,)), where S = S\ {i}. Consider
the K-fold sample splitting procedure and denote by @52 and Qﬁks), the predictors fitted on the
training set I;; (complement of fold k). Let F be the o-algebra generated by all fitted predictors
{(@ﬁkg, (?;kg, )} . For any index s € Iy, Z is a measurable function of the data point X (*) and the

predictors (Zjﬁks), Zj;kg,) By construction of the sample splitting, X () is independent of the training

data used to fit the predictors in F. Therefore, conditional on F, the terms {Z; : s € [n]} are
statistically independent.

Assume that the conditional sub-exponential Orlicz ¢); norms are uniformly bounded almost surely:
1Zs — E[Zs | Fllly, < civ and |Zs; — E[Zs | F]| < c2b aus. for constants (v,b).” Applying the
conditional Bernstein’s inequality, for any ¢ > 0, we have:

L[t
Pr F | <2exp|—cnminq —, +- .
v2’b

Taking expectations over F and using the tower property E[E[Z, | F|| = E[Z,] yields the uncondi-
tional tail bound with the same exponent. Since 8;,;(q; S) = = >°"_| Z,, the claim follows. [

> ¢

1 n
7ZZS—E[Z5|]:]
ns—l

Uniform-Over-Edges Extension. Let &, = {(4,5) : i € Pred,(j)} be the set of all candidate
forward edges, with |E;| = M. If the sub-exponential parameters (v, b) hold uniformly for all edges
in &, then by applying the union bound, we obtain:

[t
Pr ((igl)zg;w léiﬁj(q; Sij) — Eldis;(q; Sij)” > t) < 2M exp (—cnmln {1/2, b}) ,

where S;; denotes the co-parent context used for testing the edge ¢ — j.

2A sufficient condition is that the conditional log-densities are uniformly bounded above, and g;,s, g; s/ are
bounded away from 0 on the support of p; more generally, it suffices that the conditional Moment Generating
Function (MGF) exists in a neighborhood of 0.
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E.4 MDL PENALTY DERIVATION AND FINITE-SAMPLE CONSISTENCY COROLLARY

Two-Part Code for One-Parent Augmentation. Let P; = |Pred;(j)| and k = |S'\ {i}|. Aug-
menting the parent set from S’ = S\ {i} to S requires encoding two pieces of information: (i) The
identity of the added parent among the P; — k remaining candidates. This can be encoded with a cost
of In(P; — k) nats using an optimal prefix code. (ii) The new set size k + 1. This contributes a term
In(k 4 1) (up to a constant) under a universal code for integers. We absorb the constant overhead and
global structural penalties into the term 2(n, d) as defined in Eq. (4) of the main text. Dividing by n
yields the local per-sample MDL gate:

MDL(g ) = % In(P; — k) + In(k + 1) + Q(n, )]

Corollary 3 (Finite-Sample Consistency under a Margin). Fix a node j and context sets {S;; } for
testing candidates i € Pred(j). Suppose there exists a margin v > 0 such that:

E0i—;(q; Sij)] > TJMDL(SU, i)+~ forall true parents i € pa(j),

and
E[6;—,;(q; Sij)] < TJMDL(SU, i) —~ forall non-parents i ¢ pa(j).

If the sub-exponential condition of Thm. 2 holds uniformly with parameters (v, b), then the probability
of making any decision error at node j satisfies:

7y
Pr (any decision error at node j) < 2Pjexp (—cn min { - }) .

v2’ b

This implies that false inclusions and false exclusions vanish exponentially as n increases.

Proof. For any candidate 4, Thm. 2 implies Pr(|§;—; — Ed-;| > ) <
2exp(—cnmin{y?/v?,~v/b}). If i € pa(j), a false exclusion occurs only if §;,; < 7MPL
which implies d;_,; — Ed;—,; < —~. Similarly, for i ¢ pa(j), a false inclusion occurs only if the
deviation is > . Applying the union bound over at most F; candidates yields the claim. O

Remark (Parametric Add-on). If g; s belongs to a parametric family with dg free parameters
trained by Maximum Likelihood Estimation (MLE) on n samples (in contrast to our default prequen-
tial usage), one could incorporate a BIC-style penalty term 3(dg — d S\{i})k’% into Eq. (3). Our
non-parametric default formulation strictly penalizes the combinatorial search space; the statistical
complexity of the predictive model is handled implicitly by the prequential scoring mechanism.

E.5 BIC CALIBRATION UNDER REGULAR PARAMETRIC CONDITIONS

This subsection provides a classical calibration of PEP’s decision rule under regular parametric
assumptions. The result is intended for orientation only. It shows that the prequential evidence gain
reduces to the usual in-sample likelihood gain up to o,((log n)/n) and that, after adding the familiar

%Adloi  term to the gate, the PEP rule recovers a local BIC comparison. The main guarantees of

PEP in the paper do not rely on these assumptions and follow instead from the CMI target, regret
stability, and prequential concentration.

Lemma 1 (Reduction to BIC under Regular Parametric Conditions). Fix a node j and a context
S C Pred,(j) withi € S, and let S" = S\ {i}. Suppose q; s and q; g are correctly specified,
regular parametric conditionals with respective dimensions dg and dg/. Assume i.i.d. data, K-
fold prequential (sample-splitting) scoring with fixed K, and standard regularity conditions (MLE
consistency and asymptotic normality, positive-definite Fisher information, and uniform integrability
of log-likelihoods). Then,

1 1
613 (:8) = - (log L;(8) ~ log Ly(8")) + o, ( Oi”) , ©)

where log L;(-) denotes the in-sample maximized log-likelihood for X ; given the indicated parent
set. Define the augmented penalty:

. N1 logn
rPIAPIC(S i) 1= rMPL(S,5) + 2 (ds — dsr) (10)

J
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with 7;"PY(S, i) as in Eq. (2). Then the PEP decision rule
0isj(q; S) > T]MDL+BIC(S, i) (11)

is asymptotically equivalent to the local BIC inequality:

1
(log L;(S) —log Lj(S/)) - i(ds —dg/)logn > log(P; — k) + Alog(k+1) + Q(n,d) + 0,(1),

ABIC(i—4;S)
(12)
where k = |S'| and P; = | Pred.(j)|. In particular, if P; — k = 1 and the combinatorial penalty
terms are negligible, the rule reduces asymptotically to ABIC(i — j;5) > 0.

Proof. Let Mg and Mg denote the local parametric families for S and S’, with parameters g € Rds

and fs, € Rs’. For a single observation (xg.s),xf;)), let {5(0s;5) = logpes (a:;‘q) | a:f;)) and

ls(s) = >0 1 Ls(0s;s). Let Og = arg maxp, {s(0s) be the Maximum Likelihood Estimator
(MLE), and similarly for .S’.

Step 1 (Prequential-In-sample Alignment). Let {I;;}}_, be a fixed K -fold partition with |I;| = nj, <
n/ K. Denote fold-wise MLEs by ég_k) (trained on the complement of ;). Standard M-estimation

stability implies égﬁk) —fg = O,(n~1). A second-order Taylor expansion around 6, summed over
se€lyandk=1,..., K, yields:

K
Preqs = 3 > £5(05;5) = £s(fs) + Op(n=2),

k=1 s€ly

1 1 ~

~P = —lg(0g) + O, (n~3/?).

L Preds = —ls(fs) + Op(n™"'")
An identical relation holds for the subset 5.

Step 2 (Gain Identity). By the definition of ¢ in Eq. (1),

1 1 A A _
di—j(q;5) = E(PFGQS - Pfe%‘/) = 5(55(95) - ES,(GS/)) + Op(n 3/2)-
-3/2

This confirms Eq. (9), as n is negligible compared to (logn)/n.

Step 3 (Equivalence with Local BIC). Multiplying Eq. (11) by n and substituting Eq. (9) yields the
inequality. Rearranging terms to isolate the BIC components results in Eq. (12), establishing the
claim. O

Scope. The calibration above relies on fixed-K cross-fitting stability of MLEs and a second-order
expansion; it does not invoke Laplace approximations for marginal likelihoods. It demonstrates that
prequential (out-of-fold) gains recover the in-sample BIC regime under regular parametric families.
However, the default operation of PEP remains model-class agnostic and applies beyond this regime,
with guarantees derived from its CMI target, regret stability, and prequential concentration.

F IMPLEMENTATION DETAILS

All experiments were conducted on a single NVIDIA RTX 6000 GPU. Reported results represent
the average over 10 independent runs with distinct random seeds for data generation. In each run,
the dataset was partitioned into a training set (context) and a test set (query) to strictly adhere to the
prequential principle of out-of-sample evaluation.

Our approach prioritizes a principled design to obviate per-dataset tuning. For the PEP framework,
we fixed the structural scaling factor at = 1, consistent with the theoretical derivation in § 3.3. The
predictive component was instantiated using the pre-trained TabPFNv2 (Hollmann et al., 2025a)
model without fine-tuning.
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For the comparative experiments involving alternative predictors (Random Forest, XGBoost, Cat-
Boost, LightGBM), we employed the Aut oGluon framework® (Erickson et al., 2020) to ensure
a standardized implementation. We utilized the default hyperparameter settings provided by Auto-
Gluon to avoid manual tuning bias and applied Platt scaling to the outputs of these models to ensure
probability calibration.

F.1 BENCHMARK DATASETS

To ensure a rigorous evaluation, we designed two distinct experimental settings tailored to the specific
goals of each analysis:

* Main Performance Benchmarks (SynER and SynSF): We configured the functional
relationships to be fully non-linear (pi;, = 0.0). This setting ensures a fair comparison
with score-based ordering methods (e.g., SCORE, DAS, NoGAM), which typically rely on
non-linear identifiability assumptions.

» Misspecification Stress Tests: Since this suite includes a scenario specifically designed for
purely linear relationships (LINGAM), we established the baseline (vanilla) environment
as a mixed setting with a linearity probability of pj;, = 0.5. This dual setup allows us to
validate the robustness of our method under both idealized non-linear conditions and more
general, heterogeneous environments.

Synthetic Dataset Generation Details. All synthetic datasets were generated via a two-step
process: (1) sampling a ground truth Directed Acyclic Graph (DAG) from a random graph model,
and (2) sampling data from a Structural Equation Model (SEM) defined by that DAG. Unless stated
otherwise (e.g., in scalability experiments), the primary comparative benchmarks employ a default
configuration with d = 10 nodes, n = 2000 samples, and dense graphs having an expected number
of edges equal to 4d.

* Erdos-Rényi (ER) Graphs: The ER model (Erdds & Rényi, 1960) generates homogeneous
graph structures. For a given number of nodes d, each possible undirected edge is included
with a fixed, uniform probability p. To enforce acyclicity, we first establish a random
permutation of the nodes to define a topological order and then orient the selected edges to
be consistent with this order. The resulting graphs are characterized by a degree distribution
that approximates a Poisson distribution.

* Scale-Free (SF) Graphs: The SF model (Bollobas et al., 2003) generates heterogeneous
structures that mimic real-world networks. We utilize the Barabasi-Albert model, which
employs a preferential attachment mechanism. The graph grows iteratively: at each step, a
new node is added and connected to existing nodes with a probability proportional to their
current degree. This “rich-get-richer” dynamic results in a power-law degree distribution,
characterized by a few highly connected hubs and many sparsely connected nodes. Similar
to the ER model, edge orientations are determined by a random topological order.

Real-World Benchmark Details. To assess performance in practical scenarios, we utilized two
established real-world benchmark datasets:

¢ Sachs: The Sachs dataset (Sachs et al., 2005) is a standard benchmark derived from a
protein-signaling network in human primary T cells (n = 853, d = 11). The ground truth
causal graph, established through expert knowledge and interventional experiments, contains
20 edges. This dataset evaluates the ability to recover known biological pathways from
observational flow cytometry data.

e SynTReN: The SynTReN (Synthetic Transcriptional Regulatory Network) dataset (Van den
Bulcke et al., 20006) is a pseudo-real-world benchmark that simulates gene expression data.
The underlying network structure is extracted from the *E. coli* transcriptional regulatory
network (not random), while the observational data is generated using a kinetic model that
simulates transcription and translation dynamics. For our experiments, we use a version
with d = 20 nodes (genes) and n = 500 samples. This dataset challenges algorithms with
realistic, non-random graph structures and complex noise profiles.

Shttps://github.com/autogluon/autogluon
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Misspecified Scenario Details. To rigorously evaluate robustness, we generated synthetic datasets
under six scenarios designed to systematically violate core causal discovery assumptions, following
the methodology of Montagna et al. (2023a). The parameters were set as follows: confounder
probability p = 0.2, signal-to-noise ratio v = 0.8 for measurement error, unfaithfulness probability
Punfaithful = 0.3, and an exponent of 3.0 for post-nonlinear transformations.

* Latent Confounders: Violates causal sufficiency. For randomly selected pairs (X;, X;)
without a direct edge, we introduce a latent confounder C. The generation process becomes
X, = fi(pa(i)U{C})+¢; and X; = f;(pa(j) U{C}) +¢;, inducing spurious correlations
that test the algorithm’s ability to avoid false positives.

* Measurement Error: Violates the assumption of error-free measurement. Observed data X

is generated by adding independent Gaussian noise to the true values X: X, =X, + Nis
where 7; ~ N(0, 07). This tests resilience to data corruption.

 Unfaithful Distributions: Violates the faithfulness assumption. We create cancelling paths
by adding a direct edge X; — X}, to apath X; — X; — X}.. The parameters are tuned such
that the causal effects cancel out, rendering X; and X marginally independent (X; 1L X}).
This tests the ability to recover true edges despite masked statistical signals.

* Autoregressive Model (Non-i.i.d.): Violates the i.i.d. assumption. We introduce temporal
dependency via an AR(1) model: z(*) = Az(>=1) 4 ¢(*) where A is the adjacency matrix.
This tests robustness to temporal correlations.

* Post-Nonlinear (PNL) Models: Violates the additivity assumption. A non-linear distortion
g; is applied to the entire mechanism: X; = g;(3 ;¢ a(j) fi,k(Xk) + €;). This creates
complex non-additive interactions, testing model flexibility.

* Linear Non-Gaussian Acyclic Model (LINGAM): Violates the Gaussian noise assump-
tion required by some score-based methods. Data is generated from a linear SEM with
non-Gaussian (uniform) noise ¢;. This tests the algorithm’s reliance on Gaussianity for
identifiability.

F.2 BASELINE SELECTION

We benchmark PEP against a comprehensive suite of state-of-the-art ordering-based causal discovery
algorithms. While DAS was evaluated alongside other methods, we report its results primarily in this
appendix. Since DAS shares the exact same ordering mechanism as SCORE, applying a deterministic
pruning module like PEP yields identical structural results for both backbones. Therefore, to avoid
redundancy, we utilize SCORE as the representative baseline for this family of variance-based
algorithms in the main text.

We utilized the implementations for CAM, SCORE, DAS, and NoGAM from the dodiscover
package*. For DiffAN and CaPS, we used the authors’ original implementations’. The specific
characteristics of each baseline are as follows:

* CAM: The Causal Additive Models algorithm (Biihlmann et al., 2014) decouples discov-
ery into two stages: likelihood-based ordering and GAM-based pruning. It estimates the
topological order by maximizing the restricted likelihood of the additive SEM via greedy
search. For pruning, it fits a Generalized Additive Model (GAM) for each node X; against
its predecessors and tests the null hypothesis Hy : f; () = 0 for each parent candidate X.
Edges are retained based on the statistical significance (p-value) of the contribution.

* SCORE: This algorithm (Rolland et al., 2022) identifies the topological order by recursively
finding leaf nodes. Under non-linear assumptions, a node X; is a leaf if and only if the
variance of the diagonal of the score Jacobian is zero. The score function s(z) = V, log p(x)
is estimated using a Stein gradient estimator. The leaf identification criterion is:

J = argmin Var [W] .
i D

*https://github.com/py-why/dodiscover
Shttps://github.com/vios—s/DiffAN, https://github.com/E2real/CaPSs
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By default, SCORE employs CAM pruning on the fully connected DAG derived from the
estimated order.

* DAS: The Discovery At Scale algorithm (Montagna et al., 2023b) utilizes the same variance-
based ordering criterion as SCORE. Its primary innovation lies in an intermediate pruning
stage that uses off-diagonal elements of the score Jacobian. It performs an initial, compu-
tationally efficient edge selection based on E[|0x, s;(x)|] # 0 <= X} € pa(j). This
step reduces the candidate set for the final pruning stage, which typically defaults to CAM
pruning to refine the graph.

* NoGAM: The NoGAM algorithm (Montagna et al., 2023c) generalizes score-based ordering
to arbitrary additive noise models. It identifies leaf nodes by minimizing the mean squared
error of a score prediction derived from estimated noise residuals R;. The criterion is
formulated as:

~ . 2
j = argminE | (E[s;(X) | By] - s;(X))*].
J
The score function is approximated via score matching based on Stein’s identity. Like other
score-based methods, it relies on post-processing (e.g., CAM pruning) to obtain the final
DAG.

* DiffAN: This algorithm (Sanchez et al., 2023) adopts the variance-based leaf identification
criterion of SCORE but introduces a scalable score estimation method. Instead of kernel-
based estimation, DiffAN trains a probabilistic diffusion model to approximate the score
and its Jacobian via backpropagation. It employs the deciduous score update to efficiently
handle iterative leaf removal without retraining. The final graph is obtained via standard
post-processing pruning.

» CaPS: The Causal Discovery with Parent Score algorithm (Xu et al., 2024) proposes an
ordering criterion robust to mixed linear and non-linear settings. It identifies leaf nodes by
maximizing the expectation, rather than the variance, of the score Jacobian diagonal:

5= v (g (2] ).

CaPS utilizes a ”parent score” for efficient pre-pruning of weak edges and supplementation
of strong edges, reducing the computational burden on the final CAM pruning step.

F.3 EVALUATION METRICS

We evaluate the accuracy of the recovered graph structures using a suite of standard metrics. Let TP
(True Positives) denote the number of correctly identified edges, FP (False Positives) the number of
incorrectly identified edges, FN (False Negatives) the number of missed true edges, and R the number
of edges with a reversed direction.

 Structural Hamming Distance (SHD): The SHD measures the overall structural dissim-
ilarity between the estimated graph and the ground truth graph. It is defined as the total
number of edge operations (additions, deletions, or reversals) required to make the two
graphs identical:
SHD = FP + FN + R.

A lower SHD indicates a more accurate structural recovery.

Normalized and Inverted SHD (SHD'): For visualization purposes (e.g., in radar charts
where larger areas imply better performance), we report a normalized and inverted version
of SHD. Since the maximum possible SHD for a graph with d nodes is bounded by the total
number of possible edges d(d — 1), we define:

SHD

T2
SHD 1 Ad—1)"

Here, SHD' € [0, 1], where 1 indicates a perfect match.

* Structural Intervention Distance (SID): The SID is a causally-informed metric that
quantifies the number of downstream errors in interventional reasoning resulting from the
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estimated graph. It counts the pairs of variables (¢, j) for which the set of causal paths from
1 to j is incorrectly estimated. A lower SID indicates that the graph is more faithful for
predicting intervention effects.

Normalized and Inverted SID (SIDT): Similar to SHD, we normalize SID by its maximum
possible value d(d — 1) and invert it to align with accuracy metrics:

SID
SIDf =1 ————.
d(d—1)
A value of SID' closer to 1 signifies better causal reasoning capability.

* Precision, Recall, and F1 Score: These metrics assess edge discovery accuracy by treating
the problem as a binary classification task for each potential edge.

— Precision measures the fraction of predicted edges that are correct:
TP
TP + FP
— Recall (True Positive Rate) measures the fraction of true edges correctly identified:

TP
TP +FN’

Precision =

Recall =

— The F1 Score is the harmonic mean of Precision and Recall:
2 - Precision - Recall

F1 Score = — .
Precision + Recall

— Note on Reversed Edges: We treat reversed edges (R) as a distinct error type. For
metrics like the False Discovery Rate (FDR) or False Positive Rate (FPR), reversed
edges are included in the numerator alongside false positives (e.g., FPR = (R +
FP)/(TN + FP)). We adopt this strict convention because a reversed edge, while
identifying an adjacency, represents a fundamentally incorrect causal claim and should
be penalized as a false discovery.

G ADDITIONAL EXPERIMENTAL RESULTS

Detailed Numerical Results. This section provides the precise quantitative data corresponding
to the visualizations presented in the main text. We report the mean and standard deviation for all
experiments in tabular form to ensure transparency and reproducibility. Specifically, the numerical
results for the structural penalty ablation study (Fig. 5) and the misspecification stress tests (Fig. 3)
are detailed in Table G.1, Table G.2, and Table G.3, respectively.
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Table G.1: Detailed numerical results for the ablation study on the structural penalty scaling
factor 7). All experiments utilize the SCORE ordering backbone. The table is split into two panels for
readability: low-dimensional graphs (d = 10, 30) on top and high-dimensional graphs (d = 50, 100)
below. While weaker regularization (n < 1.0) suffices for small d, the theoretical baseline (17 = 1.0)
is essential for performance in high-dimensional regimes.

P | d=10 | d=30
actor 7
| SHD| SID | F11 | SHD| SID | F1+

0.0 (NO penalty) 71(30) 37(48) 090(005) 1434(102) 2246(519) 052(002)
0.25 516 52us 092006 | 77.00sm 2614042  0.65.0.01)
0.50 524 6.7un 091006 | 618144 2597501 0.690.05)
0.75 5Asyy  TTsa 0900 | 557032 269874  0.70(.06)
1.0 (Theoretical) 54(34) 85(59) 0-91(0‘06) 55.3(12‘9) 2693(486) 0.70(0‘07)
Factor 1 | d=50 | d =100

| SHD| SID | FI1 | SHD| SID | F1+1
0.0 (NO penalty) 3641(373) 900.9(149‘2) 0.38(()‘02) 12646(1538) 4290'1(3618) 0.25(002)
0.25 1669(19(,> 9717(1702) 054(005) 4697(7(}3) 45540(4051) 045(004)
0.50 127.6(101) 969.2(1556) 0.600.06) | 300956 4474601355  0.54(00s)
0.75 1151003 9733(us1) 062006 | 2620004 451433380 0.56(0.0)

1.0 (Theoretical) 1149(212) 974'3(148.5) 0.62(0'07) 2465(233) 44784(3934) 0.57(0'03)
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Table G.2: Detailed scenario comparison on SynER (d = 10). Rows are grouped by Scenario and
Ordering Backbone, while columns represent the evaluation metrics. Standard deviations are reported
in subscripts. Bold indicates the better performance between CAM-pruning (Base) and PEP.

Scenario Ordering Pruning SHD | SID | F11 Precision T  Recall 1
CAM Base 21.40(4440) 40~10(10.28) 0.61(0.09) 0.94(0404) 0-43(0.08)
PEP  18.00(3.77) 39.40(11.57) 0.68(0.08) 0.76(0.06) 0.66(0.08)

Base 21.20 38.20 0.62 0.99 0.45
SCORE (4.18) (8.68) (0.09) (0.02) (0.08)
PEP 8.60(2 54) 18.50(6.66) 0.86(0.06) 0.94(0_03) 0.84(¢.06)

PNL
NoGAM  BER 970G i) 20500 ) 08dnry 004 0810
DIFAN  PER 18100, 4950, 0.6700) 081 0.640 00
COPS  PEP 700G 15200 08Sey 00T 08T
CAM . PEP  BGOGL 22000 080 08ine 088 e
nean O RER 3805T) 910050 09304y 095060 0900
NoGAM  pER 300l D600 001 ey 004 004 ny
DIFAN  DEP 5700 ) 30.30(0050) 080000 0.780m 083000
CaPS Base 7.903.26) 18.40(6.35) 0.83(0.06) 0.95(0.04) 0.74(0.10)
PEP  2.80(1.515) 7.80(450) 0.94(0.03) 0.96(0.03) 0.96(q.04)
CAM. BEb 3240050 4930100 06300 072000 07400
cotonng JOF PEP 100057 23801400 08805k 0930000 08500

Base  24.50 45.30 0.58 0.97 0.47
NoGAM (4.31) (10.31) (0.10) (0.03) (0.10)
PEP  11.70(3.01) 27.30(911) 0.81(5.07) 0.93(0.0a) 0.86(0.07)

. Base  25.80 65.10 0.52(0.10) 0.82 0.46
DiffAN (5.64) (14.66) (0.12) (0.08) (0.12)
PEP  22.10(5.3 58.40(11.49) 0.63(0.0s) 0.790.06) 0.68(0.07)

CaPS Base 22.80(4.82) 41.20(10.08) 0.62(0.10) 0.94(0.04) 0.53(0.11)
PEP 9.10(2.35y 22.50(3.53) 0.86(0.05) 0.96(0.03) 0.88(0.05)

Base 20.00 52.50 0.51 0.88 0.39
CAM (4.43) (12.19) (0.11) (0.05) (0.10)
PEP  18.30(4.19) 49.70(12.33) 0.57(0.10) 0.66(0.08) 0.51(0.13)

SCORE Base 19.80(4_24) 49~50(10.66) 0.52(0_10) 0.94(0_03) 0.40(010)

. re-Err PEP 8.40(2.31) 24.80(8.70) 0.790.07) 0.91(0.05) 0.75(0.08)

Base 19.50 49.90 0.52 0.95 0.41
NoGAM (4.30) (12.28) (0.10) (0.03) (0.10)
PEP  9.40(54) 27.60(365 0.76(0 07y 0.90(0 05y 0.73(0.08)

e Base 21.70 E 63.89 0.47 0.78 0.41
DiffAN (4.83) (8.07) (0.12) (0.07) (0.11)
PEP 18.70(4.81> 60.00(1943) 0.59(0,12) 0.67(0412) 0.55(0420)

CaPS Base 18.50(429) 44.80(10,08) 0.60(0.12) 0.92(0@4) 0.48(0,12>
PEP 7.40(2.06) 48.30(9.78) 0.81(0.08) 0.89(0.08) 0.73(0.14)

Base 9.70 24.70(7.5 0.78 0.93 0.66
CAM (2.33) (7.56) (0.08) (0.05) (0.10)
PEP 8.40(2.50) 23.60(7.71) 0.86(p.07) 0.84(0.06) 0.88(¢.06)

SCORE Base 9.40(2.39) 22.00(6.80) 0.80(0.08) 0.97(0403) 0.68(0.10)
PEP 3.60(2.13) 9.20(4.18) 0.93(0.04) 0.95(0.04) 0.96(0.04)

Non-i.i.d
NoGAM  BER 3502 96000 091000 00400 0.040 )
DIAN  PEb  Ba0(sun 2080014 08O w0790 b0 083000
G Wb et siofu) owdii) ovens 0oosb
M B 1970500 o0s0it) 03t Oonob veds)
e SCORE PP 9705t 204015 070000 0920 0e) 0850

Base 22.20 59.80 0.50 0.94 0.37,
NoGAM (3.64) (11.29) (0.07) (0.04) (0.08)
© PEP 11.10(3.12) 33.60(9.69) 0.77(0_07) 0.91(0_05) 0.82(¢.07)

. Base 24.10 83.10 0.46 0.77 0.36
DiffAN (4.37) (13.72) (0.10) (0.07) (0.11)
PEP 19.30(3.90) 72.20(12.47) 0.57(0.08) 0.76(0.06) 0.62(¢.07)

Base 20.60 55.50 0.57 0.92 0.45
CaPS (3.61) (9.33) (0.09) (0.05) (0.10)
a PEP 8.50(2.14) 27‘60(8.65) 0.82(¢.05) 0.94(0_04) 0.85(0.06)
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Table G.3: Detailed scenario comparison on SynSF (d = 10). Rows are grouped by Scenario and
Ordering Backbone, while columns represent the evaluation metrics. Standard deviations are reported
in subscripts. Bold indicates the better performance between CAM-pruning (Base) and PEP.

Scenario Ordering Pruning SHD | SID | F11 Precision T  Recall 1
CAM Base 18.00(5440) 58~40(18.40) 0.44(0.13) 0.56(0.23) 0.37(0.15)
PEP  13.00(5.04) 36.75(2025) 0.67(0.21) 0.6200.25) 0.75(0 16)
Base 14.70 41.00 0.59 0.77 0.48
SCORE (3.16) (8.26) (0.09) (0.12) (0.11)
PNL PEP 12.00(;.58) 22.40(7.77) .73(0_05) 0.64(0_04) 0.86(¢.06)
Base 13.90 36.80 0.61 0.80 0.50
NoGAM (3.51) (11.17) (0.11) (0.14) (0.12)
0 PEP 10.60(2.30) 19.00(12.41) 0.76(0.06) 0.67(0.06) 0.88(¢.07)
.o Base 14.33 50.67 0.58 0.69 0.51
DiffAN (4.27) (16.03) (0.12) (0.15) (0.11)
! PEP 11.00(6.08) 26.00(7 00) 0.73(0_12) 0.66(0_14) 0.83(0.07)
Base 13.20¢: 38.70 0.64 0.75 0.56
CaPS (3.26) (7.82) (0.08) (0.11) (0.09)
a PEP 7.50(2.07) 27.75(8.01) 0.80(0.05) 0.79(0.09) 0.80(0.05)
Base 28.83 73.50 0.19 0.17 0.22
CAM (1.83) (8.69) (0.04) (0.03) (0.06)
PEP  28.33(; ;5 65.00(529) 0.26(0.05) 0.21(0.04) 0.32(0 06)
Base 4.00 15.20 5y 0.89 0.89 0.90
SCORE (3.23) (14.05) (0.09) (0.10) (0.08)
LiNGAM PEP 6.40(1.56) 6.80(10.43) 0.86(0.10) 0.79(0.13) 0.95(¢.05)
Base 4.10 15.90 0.89 0.90 0.88
NoGAM (2.51) (12.25) (0.07) (0.08) (0.07)
0 PEP  4.60(350) 5.20(5.40) 0.89(0.06) 0.84(0.0s) 0.96(0.03)
. Base 19.00 57.50 0.51 0.46 0.59
DiffAN (4.57) (6.41) (0.09) (0.10) (0.08)
! PEP 18.60(5.13) 40.80(11.63) 0.58(0.10) 0.49(0.11) 0~72(0.08)
CaPS Base 4.20(2.94)y 14.70(12.68) 0.89(0.08) 0.90(0.10y 0.89(0.07)
PEP 3.44(3.64) 8.00(9.11) 0.92(0.08) 0.89(0.11) 0.94(0.06)
Base 17.20 52.00 0.53 0.57 0.50
CAM (5.05) (11.55) (0.15) (0.18) (0.14)
PEP  16.00(4.75) 46.60(1142) 0.60(012) 0.57(010) 0.63(0 17)
Base 13.00¢: 32.60(14 0.68 0.71 0.66 5
SCORE (3.92) (12.94) (0.12) (0.11) (0.15)
Confounded PEP  11.60(3.36) 21.00(14.51) 0.75(0.09) 0.70(0.09) 0.81(0.16)
Base 13.80 37.00 0.65 0.69 0.63
NoGAM (3.26) (12.44) (0.09) (0.09) (0.11)
PEP  11.40(3565) 27.60(10.55) 0.72(0.11) 0.69(0.00) 0.78(0 17)
: Base 18.70 51.60 0.54 0.52 0.57 :
DiffAN (5.23) (10.71) (0.13) (0.14) (0.13)
! PEP  15.20(4 15, 47.60(13.22) 0.60(0.15) 0.58(0.10) 0.63(0 10
Base 15.00 34.33 0.65 0.63 0.68
CaPS (3.03) (6.86) (0.07) (0.07) (0.08)
PEP  8.75(305 26.25(14.52) 0.79(0.10) 0.87(0.11) 0.73(0.12)
Base 19.20 5y 66.60 0.33 0.49 0.25
CAM (1.75) (10.28) (0.09) (0.14) (0.07)
PEP 19.60(1.14y 61.00(9.90y 0.834(0.07) 0.46(0.09) 0.27(0.06)
Base 15.70 49.10 3: 0.54 0.78 5y 0.42
SCORE (2.71) (10.33) (0.10) (0.15) (0.11)
. re-Err PEP 14.60(2.51) 40.60(17.44) 0.58(0.09) 0.76(0.00) 0.48(¢.12)
Base 15.30¢2.5 47.90 0.55 0.81 0.42
NoGAM (2.58) (13.36) (0.09) (0.15) (0.10)
0 PEP 14.00(3.54) 36.20(15.66) 0.60(0.14) 0.79(0.13) 0.49(¢.15)
Base 18.14 57.71 0.45 0.57 0.38
DiffAN (2.79) (9.74) (0.08) (0.14) (0.07)
PEP  19.00(316) 57.25(13.80) 0.42(0.0sy 0-52(0.13) 0-35(0.05)
Base 15.83 43.83 0.55 0.68 0.47
CaPS (1.47) (9.83) (0.01) (0.09) (0.04)
PEP  16.00(082) 46.25¢754) 0.51(004y 0.82(0.07) 0.38(5 03
Base 15.20 53.20 0.55 5y 0.64 0.49
CAM (4.66) (18.34) (0.15) (0.20) (0.12)
PEP  13.60(.07) 32.80(1411) 0.66(0 17y 0.64(0 15 0.69(0 17)
Base 14.80 54.60 0.56 0.66 0.50
SCORE (4.29) (21.80) (0.14) (0.15) (0.16)
Non-iid PEP 11.80(4.97) 34.80(21.12) 0.71(g.12) 0.68(g.14) 0.74(¢.13)
Base 15.30 54.40 0.55 0.64 0.49
NoGAM (4.30) (21.16) (0.14) (0.16) (0.14)
© PEP  10.40(4 7y 34.80(2416) 0.73(012) 0.69(011) 0.78(0 15)
. Base 17.60 56.50 0.51 0.54 0.48
DiffAN (5.76) (17.75) (0.15) (0.18) (0.13)
! PEP 14.80(4.32) 46.00(11.77) 0.62(g.12) 0.60(p.11) 0.66(¢.15)
Base 14.50 48.90 0.60 0.60 0.61
CaPS (4.50) (20.79) (0.15) (0.11) (0.05)
a PEP  11.83(5 35 42.33(12.64) 0.68(0 04y 0.77(0.09) 0.61(0.05)
Base 11.90 45.70 < 0.63 0.67 0.61
CAM (3.84) (12.22) (0.11) (0.13) (0.10)
PEP 11.50(1.91) 30.00(762 0.71(0.04) 0.65(0.05) 0.77(0.02)
Base 6.50 24.75 0.83 0.87 0.80
SCORE (0.93) (8.31) (0.03) (0.05) (0.04)
Unfaithfal PEP  5.80(;6s) 10.20(920) 0.87(0.01y 0.81(0.05) 0.95(0.03)
Base 6.10 25.40 0.84 0.89 0.19
NoGAM (2.08) (12.59) (0.07) (0.10) (0.01)
© PEP 5.80(3.03) 14.60(17.97) 0.86(0.09) 0.80(0.10) 0.93(0.00)
: Base 12-75(1,67) 46.62(12.15) 0'64(0.06) 0.64(0_05) 0.66(0.08)
DIffAN" PEP  11.25(,71) 38.75(10.45) 0.69(0.0n 0.64(00s 0.77(0 12
Base  5.10(152, 17.20(5.20) 0.87(0.04y 0.90(0.04y 0.92(0.05)
CaPs PEP  3.78(146) 12.11(713 0.910 04y 0.91(005) 0.92(0 05)
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