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Abstract

We propose feature perturbation, a simple yet effective exploration strategy for
contextual bandits that injects randomness directly into feature inputs, instead of
randomizing unknown parameters or adding noise to rewards. Remarkably, this
algorithm achieves O(dv/T') worst-case regret bound for generalized linear contex-

tual bandits, while avoiding the O(d®/2+/T') regret typical of existing randomized
bandit algorithms. Because our algorithm eschews parameter sampling, it is both
computationally efficient and naturally extends to non-parametric or neural network
models. We verify these advantages through empirical evaluations, demonstrating
that feature perturbation not only surpasses existing methods but also unifies strong
practical performance with the near-optimal regret guarantees.

1 Introduction

Contextual bandits have long been a pivotal framework in sequential decision-making and online
learning [0, 8, [31]]. In each round, a decision-maker (the agent) observes contextual information and
must select an action (arm) to maximize a reward. Beyond the classical multi-armed bandit setting,
contextual bandits better reflect real-world scenarios where relevant context (such as features of users
and items to be chosen) informs the choice of action.

A central model of contextual bandits is the (generalized) linear contextual bandit, where the
expected reward is modeled either by a linear function or, more generally, by a generalized linear
model (GLM) [} 10, 15, 135}136]. Within these settings, deterministic methods inspired by optimism
in the face of uncertainty (OFU) [11 6] and randomized approaches such as Thompson Sampling
(TS) [2, 15, 19] or Perturbed History Exploration (PHE) [28l |29, 32] have been extensively studied.
Notably, OFU-type algorithms achieve near-optimal regret of O(d\/f) in linear contextual bandits
(and likewise in GLM bandits), yet often underperform compared to TS and PHE in practice. In
contrast, randomized exploration methods typically exhibit superior empirical performance but suffer
from sub-optimal theoretical guarantees: standard analyses confirm a regret bound of O(dS/ 2T ) 2L
S]] worst-case regret. [H Crucially, this gap is not just an artifact of the analysis; Hamidi and Bayati
[L8] show that it reflects an inherent limitation of randomization in the (generalized) linear TS bandit
algorithm.

This dichotomy prompts a natural question: is it possible to close the gap between randomized
exploration and O(d~/T) worst-case regret? If one adheres strictly to randomizing the unknown

'LinTS [2, 3] satisfies a regret of O(min(d*/?>v/T, dv/Tlog K)). LinPHE was first shown to achieve
O(dv/Tlog K) [28], but has recently been improved to O(ds/ 2\/T) [32]. Since we consider large action
spaces with K > e?, our focus is on the (’)(d3/ 2\/T) regime for randomized (generalized) linear bandits.
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parameters or perturbing the observed rewards (as in PHE), there appears a fundamental barrier [18]]
preventing regret from achieving (’)(d\/T). In this work, we propose a simple yet powerful alternative:
instead of sampling parameters or rewards, we randomly perturb the features used in the reward
model. By shifting the focus of exploration from parameter space to feature space, we circumvent the
limitations that impose higher regret on existing randomized algorithms. Remarkably, our analysis
shows that this new approach not only retains the empirical advantages of randomization but also
achieves O(dv/T) regret in (generalized) linear bandit settings, with no additional dependence on the
number of arms. Furthermore, our method avoids the computational overhead of sampling parameters,
making it attractive for a wide range of real-world applications.

Beyond theoretical efficiency, feature perturbation can seamlessly extend to more flexible or non-
parametric reward models, including neural networks. We demonstrate this empirically, showing that
feature-based randomization can drive effective exploration even when parametric assumptions break
down. By unifying strong theoretical guarantees with practical efficacy in both (generalized) linear
and more complex models, our approach closes a longstanding gap in randomized exploration for
contextual bandits. Our main contributions are summarized as follows:

¢ Feature perturbation for contextual bandits. We introduce a new class of algorithms for
randomized exploration, termed feature perturbation, which focuses on perturbing feature
inputs rather than parameters or rewards. This approach is straightforward to implement and
conceptually distinct from existing randomization strategies.

* Tight regret bounds. To the best of our knowledge, our work is the first randomized
algorithm for generalized linear contextual bandits that achieves: (i) a regret bound of
O(d\/T), matching the best-known guarantees of deterministic (OFU-based) methods;
and simultaneously (ii) benefiting from an instance-dependent constant . Notably, our
algorithm’s regret does not increase with the number of arms.

* Empirical validation. Through extensive experiments on both synthetic and real-world
data, we show that feature perturbation not only performs competitively against existing
randomized methods but also generalizes beyond parametric models (e.g., deep neural
networks), demonstrating robustness even when linear assumptions do not hold.

2 Preliminaries

Notations. For vectors =,y € R?, let ||z|| denote the 2-norm and ||z||4 = VT Az the weighted
norm for a positive definite matrix A € R9*?, The inner product is x "y = (z,v), and the weighted

version is 2 | Ay = (x,%) 4. The notation O hides logarithmic factors in big-O notation, retaining
instance-dependent constants. The set {1, ..., K} is abbreviated as [K].

Generalized linear contextual bandit. A generalized linear model (GLM; [38]) describes a
response 7 € R drawn from an exponential-family distribution with mean p(x " 0*), where z € R? is
a feature vector and #* € R is an unknown parameter. Given differentiable functions g and h, and a
base measure v, the conditional density of r given x takes the form:

dp(r|x; 0%) = exp (m‘Tﬁ* — g(xTH*) + h(r)) dv,

where the derivative of g defines the link function . Let Hy 1 := o({(x,,7,)} 7 = 171) denote the
filtration up to round ¢ — 1. We define P;(-) := P(- | H4—1) and E; [] := E [ | H;—1]. The negative
log-likelihood and the maximum likelihood estimate (MLE) at round ¢ are then given by:

t—1

Li(0) = Z (9(x}0) —r,z]0), 0, := argmin L,(6).

ot €0

In the generalized linear contextual bandit (GLB) setting, the agent observes a context ¢; € C and a
corresponding set of feature vectors X; C R representing each allowable arm a € A(c;) at each
round. After selecting x; € A&}, the reward is generated as r;, = u(x: 0*) + &;, where the noise &; is a
martingale difference sequence adapted to H;_; and is conditionally R-subgaussian. The learner aims
to minimize the regret: R(T') = S°1_, (u(x.0%) — u(x] %)), where x4, := argmax, ¢ y, u(z T 0*)
is the optimal arm at round ¢, which depends on the context c;.



The complexity of the GLB problem is fundamentally determined by the following quantities, which
captures the degree of nonlinearity in the reward function:

DRy D)

% -

T
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7 . K xexrﬁlﬁleee“(x 9), where Xjp t:U1 A (1

3 Algorithm: GLM-FP

Algorithm 1 GLM-FP: Feature Perturbation (FP) in Generalized Linear bandits

1: Input: Regularization parameter A > 0, tuning parameter {c; }
2: fort=1,2,...,Tdo
3: Compute 0, = argmingega L (0; {z,, 7, Y1 7))

4 Sample ; ~ N (0,1
lzeill ,—1
5 Compute Ty; = Ty + ¢4 - ﬁ - (y for all ¢
t
6: Choose i; = argmax;c|x, ] w(Z/[0;) and observe reward r; > Let x;, 1=z,
7: end for

At each step ¢, given the history H;_;, the algorithm computes the MLE 0, via numerical methods
such as SQP or IRLS ([12, 42]); line 3). Instead of perturbing rewards or parameters, we inject
controlled randomness directly into feature vectors using a perturbing distribution, which by default is
multivariate normal (line 4). Unlike prior GLB methods that rely on the vanilla Gram matrix—leading
to a critical inverse dependence on x [2, 136, 41]—we scale perturbations with the weighted Gram
matrix H, = A + VZLt(ét), modulated by a parameter c¢;. This generates perturbed features
{Z;} (line 5), all coupled through a shared noise (;, thereby removing explicit K -dependence and
strengthening both theoretical guarantees and empirical performance. Finally, the algorithm selects
the arm maximizing 1(Z; ét) and updates the history with the observed reward r; (line 6).

3.1 Intuition behind the algorithm

In contextual bandits, randomized algorithms typically fall into two categories: (i) model perturbation,
where exploration is induced by perturbing parameters (e.g., PHE [28]], TS [2,15]), and (ii) reward
perturbation, where deterministic models are trained but stochastic bonuses are added to arm values
(e.g., RandUCB [41]]). The former can be suboptimal even in linear settings [18], while the latter may
break the inductive bias of the function class, since reward perturbations need not correspond to any
realizable model.

—— UCB —— FP
N —e— TS/ PHE
flan) —=— RandUCB

Expected reward

T 2 3 ] 2 T3
Feature space Feature space

Figure 1: (Left) Model perturbation methods randomize rewards via off-estimated models ft (Right)
Feature Perturbation (FP) perturbs inputs and evaluates them with a fixed model f;.

We propose an alternative that retains the estimated model f and introduces randomness through
input perturbations at decision time. By exploring in feature space rather than parameter or reward
space, this preserves structural assumptions, remains effective in overparameterized regimes (p > d),
and reflects real-world contexts where features are inherently noisy [7} 25, 126].



Our algorithm, GLM-FP, implements this principle by applying stochastic perturbations to contexts

while keeping f fixed. Unlike TS, PHE, or RandUCB, which rely on modified models f;, GLM-FP
strictly adheres to the learned model and shifts exploration to the input space, yielding both theoretical
and practical benefits. In doing so, we develop and analyze feature-perturbation-based strategies
within the GLB framework that extend naturally beyond model perturbation methods.

4 Regret analysis of GLM-FP

We now establish the regret guarantee for GLM-FP. Our analysis proceeds by controlling both
parameter estimation error and the variability induced by perturbations, while ensuring a non-trivial
probability of stochastic optimism. We begin by stating the standard boundedness assumption used
in generalized linear bandit analyses [1H3} 15, 113} [15} 129, 134,136} 44].

Assumption 1 (Boundedness). The feature space X and parameter space © are compact subsets of
R®. For any « € Xy and 6* € ©, we have ||z|| < 1 and [|0*| < 1.

4.1 High-probability events and stochastic optimism

With the confidnece width 5;(0) defined in Proposition over ellipsoidal confidence sets around

the MLE 6,, we ensure that 6* € ©,(6, \) with high probability. In parallel, we require perturbed
contexts Z; to remain concentrated around their unperturbed counterparts.

Lemma 1. Lert € [T] 6 = 6/(4T), and v:(6) = B(6")\/210g(2/9). Define the events
B, = {vT <t 0, — 6%, < @(5')} and By = {¥r <t, 2,5 € Xy Bri € Ex(2r)}

where & (z) :={Z e R? | (T — x,0,)] < Ye(0")||x|| 51} represents a high probability region for
the perturbed feature vector for each arm x. Under Assumption with ¢; = (0"), we have

P(ErnEr)>1-3, and Py(u(@ 0,) > p(l0%) | By, Er) > 1=

Thus, with high probability, (i) parameter estimates remain close to 8%, and (ii) perturbed features
are both concentrated and stochastically optimistic. Unlike Thompson sampling, which incurs

an additional v/d oversampling factor, our construction keeps f;,v; = (’)(\/&), yielding tighter
exploration terms. Further technical details are deferred to the Appendix

4.2 Regret bound of GLM-FP

Theorem 1. For all § € (0,1), define &' = 6/(4T). Under Assumption|l} with ¢, = B;(8') and
A = O(d), the cumulative regret R(T') is bounded with probability at least 1 — § as follows:

R(T) =0 (d\/nTT +d? //@) .

Discussion of Theorem The leading term of the regret guarantee is O(d+/k.T'), which matches
the minimax optimal regret bound in terms of the dimensionality d, the horizon 7', and the instance-
dependent constant . [3}34]. While RandUCB [41]], another randomized algorithm, also achieves
a regret bound of O(d\/f ), it is penalized by its inverse dependence on «, lacking adaptation to
instance-dependent complexity. In contrast, to the best of our knowledge, our result is the first to show
that a randomized algorithm achieves a regret bound with linear d-dependency, without additional
dependence on the number of arms, benefiting form ~. in GLB problems.

5 Experiments and Conclusion

Due to space constraints, detailed experimental results are deferred to the Appendix |l In this work,
we introduced a novel randomized exploration strategy, feature perturbation, which improves the
regret bound by a factor of v/d compared to prior randomized algorithms. As a result, our algorithm
attains the theoretically optimal bound O(d+/T') without inverse dependence on & in contextual
GLBs. These findings highlight the effectiveness of feature perturbation in contextual bandits and
open new avenues for extending randomized exploration to broader online learning applications.
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A Related works

Contextual bandits have been extensively investigated under various modeling assumptions. In the

linear bandit setting, deterministic methods based on OFU [11 [6] achieve near-optimal O(dv/T)
regret, but often exhibit conservative exploration in practice. By contrast, randomized algorithms
such as TS (2[5, 0] and PHE (28] [29]] typically show better empirical performance yet suffer from a
higher O(d3/?+/T') regret bound. Notably, Hamidi and Bayati [18] demonstrated that the extra Vd
inflation in TS-type algorithms is unavoidable in worst-case scenarios: eliminating this factor would
lead to a linear dependence on T'. Consequently, parameter-based randomization cannot, in general,

achieve O(dv/T) regret without further modifications.

Generalized linear bandits (GLB; [15} 36]]) extend linear bandits to settings where rewards follow
a nonlinear link function. UCB- and TS-based approaches [2} 141 have also been applied
here, displaying the same contrast between deterministic and randomized exploration. While UCB-
type methods reach O(d+/T) regret, they tend to over-explore in practice; randomized strategies
mitigate this over-exploration but retain an additional v/d penalty in the worst case. Like their linear
counterparts, these methods rely on sampling the unknown parameter or perturbing rewards rather
than altering the feature representation.



Table A.1: Representative GLB algorithms: regret bounds and source of stochasticity.

Type Algorithm Regret Upper Bound  Stochasticity
GLM-UCB [I3] O(dVT/x) -
Deterministic  Logistic-UCB-2 [23] ~ O(dv'T + d?/) -
OFUGLB [34] O(dvk.T + d? k) -
LinTS [2] @:(d?’/ 2T /k) Parameter ()
GLM-TSL [29] O(d**VT/k) Parameter (6)
Randomized ~ GLM-FPL [29] O(d**VT/r) Reward (r)
RandUCB [41]] O(dVT/k) Linear utility (x " 0)

GLM-FP (Ours) o (dvk«T + d?/k)  Feature vector (x)

By contrast, our work introduces a new class of feature-perturbation (FP) algorithms designed
to circumvent the dimensional penalty inherent in standard randomized approaches. Instead of
randomizing parameters or rewards, we propose to perturb the features directly. This perspective not
only preserves the empirical robustness associated with randomized strategies but also achieves a
tight regret bound in both linear and generalized linear settings—thereby reconciling the theoretical
and practical advantages of contextual bandit exploration.

Landscape of GLB Algorithms. Generalized linear bandit (GLB) algorithms can be broadly
divided into deterministic OF U-type and randomized exploration-based methods. OFU approaches

such as GLM-UCB [13]] and Logistic-UCB [23] achieve the tight O(dv/T) or O(dv/'T /k) regret
bound, and refinements further improve confidence construction [24], achieving O(1/dT log K) in
the finite-/ arm setting. Abeille et al. [3]] provided an instance-dependent analysis showing that the
regret can benefit from the curvature constant &, achieving O(d+/k.T'). Subsequent works [33] 34]
relaxed the dependence on .S or improved computational efficiency [14] while preserving the same
order. Randomized methods such as Thompson Sampling (TS) and Perturbed History Exploration
(PHE) [2L 15,128} 29], as well as more recent algorithms like EVILL [22] and RandUCB [41], typically
achieve superior empirical performance but incur an additional v/d penalty in the worst case, yielding
O(d3/?/T) for infinite arms or O(d+/T log K /) for finite arms. Our proposed feature perturbation
(FP) departs from parameter- or reward-perturbation by randomizing the input features, thereby
closing this gap: as summarized in Table [A.T] FP is the first randomized algorithm for GLBs to
provably achieve O(dv/k.T + d?/k) regret with no dependence on K, unifying the tight guarantees
of OFU-type methods with the empirical robustness of randomized exploration.

Comparison to RandUCB Algorithm. Our linear variant LinFP (see [C.2) and RandUCB [41]]
coincide in the linear bandit setting. Both sample randomized scores f;(z;) ~N (2,50, 82|74 13, -1)

and couple the arms identically, yielding matching O(dv/T) regret bounds. The difference lies only
in the source of randomness: FP perturbs the input features, whereas RandUCB perturbs the reward
estimate itself. These distinct mechanisms collapse to the same Gaussian rule under linear models,
though they have been analyzed through different theoretical perspectives. Equivalently, one may
view RandUCB as a special instance of FP with an identical perturbation distribution, differing only
in interpretation and analytical framework.

In generalized linear bandits (GLBs), however, the two algorithms diverge fundamentally. RandUCB
extends its linear recipe by linearizing the link function, introducing a multiplicative £~! penalty
and yielding a regret bound of (;)v(d\/f /k). In contrast, GLM-FP perturbs the inputs directly using a
curvature-aware Gram matrix that weights past features by /l(xTét), enabling both anti-concentration

(for exploration) and concentration (for confidence). This yields a tighter regret of O(dv/k.T'), linear
in d and directly in k,. Conceptually, FP injects stochasticity before inference, so that each sampled
reward f (Z) remains within the hypothesis class—preserving inductive bias and reflecting epistemic
uncertainty. RandUCB, in contrast, adds randomness after inference, producing post hoc scores that
may not correspond to any f € F. As a result, in expressive models FP remains aligned with the



model structure, while RandUCB may misalign exploration incentives, leading to divergent empirical
and theoretical behaviors.

Geometry and Scalability in Randomized Exploration. Recent studies have examined when ran-
domized exploration can match the O(d+/T') guarantees of optimistic approaches. Abeille et al. [4]
identified a class of geometric conditions—absorbing, strongly convex, and smooth action sets—under
which Thompson Sampling (TS) achieves optimal dependence on d. While these conditions provide
valuable insights into the role of geometry, they often fail to hold in high-dimensional or unstructured
settings. Subsequent works [18| [29] further clarified that posterior variance inflation can inherently
introduce the extra v/d factor observed in randomized methods. In contrast, feature-level perturbation
achieves similar statistical optimality under the standard boundedness assumption, bridging geometric
optimality with more general feature-level regularity. From a computational standpoint, randomized
exploration in large or continuous action spaces raises significant scalability challenges. Several
strategies have been proposed to mitigate this issue, including lazy or delayed updates of the Gram
matrix [1]], two-stage candidate selection using approximate nearest neighbors, and optimization-
oracle-based methods such as batched soft elimination [19]. These approaches highlight a trade-off
between statistical tightness and computational efficiency: while algorithms like FP prioritize theoret-
ical optimality in the online setting, batched or oracle-based techniques offer scalable alternatives for
large-scale practical applications.

Connections to Feature Perturbation in Broader ML,  Feature perturbation is a common idea
in other areas of machine learning, most notably in computer vision and natural language process-
ing, where it is employed for robustness or regularization during training. Examples include data
augmentation [40], adversarial training [[17], or NoisyNets for exploration in deep reinforcement
learning [16]]. In these contexts, perturbations are introduced at training time to improve model
generalization or robustness. In contrast, our FP algorithm introduces perturbations at decision time
as a principled mechanism for exploration in online learning. This distinction highlights the novelty
of FP: rather than making a static predictor robust, we leverage feature perturbations dynamically to
induce stochasticity in action selection, enabling efficient exploration. The same principle applies
naturally when contextual information comes from high-dimensional embeddings, such as ResNet
or ViT features for images [20} 27] or BERT embeddings for language [[L 1], where FP can induce
semantically meaningful exploration by perturbing compact representations. Thus, FP not only closes
a theoretical gap in contextual bandits but also suggests a unifying exploration paradigm that resonates
with broader trends in modern ML. Finally, this perspective also provides a bridge to reinforcement
learning (RL), where perturbing the state—action feature representation can serve as an efficient
alternative to parameter-space randomization used in posterior sampling or Noisy Networks [21}39].
Extending feature perturbation to structured settings such as Linear MDPs or value-function approxi-
mation is a promising direction for future work, potentially unifying exploration principles across
bandit and reinforcement learning paradigms.

B Properties of FP distributions

B.1 Perturbation in Thompson Sampling

The perturbation distribution utilized in the TS algorithm to bring randomness to the parameter, as
described by Abeille and Lazaric [2] is as followed:

Definition B.1 (Definition 1. in Abeille and Lazaric [2]]). D' is a multivariate distribution on R%,
absolutely continuous with respect to the Lebesgue measure, and satisfies the following properties:

1. (Anti-concentration) There exists a positive probability p > 0 such that for any unit vector u € R,
PCNDTS(UTC >1) >p,

2. (Concentration) There exist positive constants ¢ and ¢’ such that for all 6 € (0, 1),

P prs (||g|| < \Jed 1og(cfd/5)) >1-04.

10



B.2 Examples of FP distributions

Below, we provide examples of distributions satisfying the anti-concentration and concentration
properties.

Example 1: Gaussian distribution ( ~ A/(0,I) The concentration property comes directly from
as the inner product of a standard multivariate normal random variable ¢ and an arbitrary
unit vector u follows a standard normal distribution. In the same manner, for a unit vector w,

1 1 1
P T¢>1)=P,. >1) = —erfe(—=) > ——. B.1
con(on (u' ¢ >1) N, (2 > 1) QCrC(ﬂ)_zl\/ﬁ (B.1)
Thus, the standard Gaussian distribution satisfies the concentration property with ¢ = ¢/ = 2 and
anti-concentration property with p = ﬁ. Adjusting the scale of the covariance matrix, we can

easily prove other variants satisfy the conditions.

Example 2: Uniform distribution { ~ qu(o V) Let the random variable ( = rv, where

r = |¢| € [0,v/d] and v = ¢/|¢] is a unit vector. Then, 1" ¢ can be expressed as the product of
two independent random variables, 7 and u v (~ Beta(%, 451)), as r - (u"v). These two random
variables follow the distributions:

drd—1

fr(r):ﬁ, r e [0,Vd], and  fur(x) =

3

r'(3) s
f@ﬁiggu—x% , xe[-1,1].

—~ |l

Based on these random variables, we can write:

Vd 1
fure() = / / 8= ) 1) o o)

Using Monte Carlo simulations, we observe that « T ( has a lighter tail distribution compared a
standard normal distribution. Accordingly, ¢ = ¢ = 2 satisfies the concentration property. By
proposition 9 and 10 in Abeille and Lazaric [2],

where I, (a, b) is the incomplete regularized beta function. This suggests that the Uniform distribution

satisfies the anti-concentration property with p = T 6\1/5.

C Application of FP algorithm

C.1 Generalized version of GLM-FP

In Section 3] we introduced how FP can be applied to the contextual bandit settings in which
the reward model extends beyond generalized linear models. We provide the general algorithmic
framework below.

Algorithm C.1 Feature Perturbation in Bandit Problems

1: Input: Regularization parameter A > 0, tuning parameter {c; }
2: fort=1,2,...,Tdo

3: Compute f = argmin . » Zt;:ll(f(xﬂ“) — 7,)? via a least squares oracle

4 Sample Zy; ~ D(xy;, Xy;) for all 4 >e.g., D(wy, Bei) = N (w4, I/1)
5 Select arm i; = arg max;c(|x,|) f (T4) > either i.i.d. or via shared perturbation
6: Observe reward r; = f*(x¢;,) + &

7: end for

11



C.2 Application to the linear bandit problem

While line 4 in Algorithm [C.I] merely defines the sampling distribution for each arm, in prac-
tice—mirroring the design of GLM-FP—one may introduce a shared perturbing factor that is first
sampled and then applied to all arms. This construction induces dependencies across the perturbed
arms and can serve as the basis for the arm selection mechanism.

Algorithm C.2 LinFP: Feature Perturbation in Linear bandits

1: Input: Regularization parameter A > 0, tuning parameter {c; }
2: Initialize: V7 < A1, by < 0Oy
3:fort=1,2,...,Tdo

4 Compute Gt Vi 1y,
5 Sample ¢; ~ (0 I) > Shared perturbing factor
. HaLm” —1
6 Compute T4; = x4 + ¢ - W (¢ for all ¢
7: Choose i; = arg maleHXt 0 50, > x;@; ~ N (0, 2|2 H%/t—l) for all ¢.
8 Observe reward r;, = xmt@* +&
9: UpdatthH = ‘/t =+ xt,itx;l,—itﬂ bt+1 = bt + xmtrt
10: end for

In Appendix [Hl we compare LinFP, the linear variant of our approach, to LinTS [2, 5]. The
primary algorithmic difference lies in lines 67 of Algorithm[C.2] In our method, the shared random
vector (; is used to perturb each feature vector. In contrast, LinTS perturbs the model parameter as

Gt = Ht + ¢ - Vt Ct, and selects the arm maximizing x,; Gt For LinTS, we have:

[xtzgt] - xtzet + Ct - xtzv 1/2E[C ] - xtzet

Varleg6,] = ¢ - Varle V726 = & -2 iV e = el -

While the marginal distribution of a:mé‘t under both methods is identical, the use of a shared perturba-
tion (; in LinFP induces algorithmic coupling across arms. This distinction is further discussed in

Appendix [H|

D Limitations

Our analysis focuses on structured settings such as generalized linear bandits (GLBs), where feature
perturbation achieves both strong empirical performance and provable regret guarantees. While the
same principle shows promise in more flexible or non-linear models, theoretical guarantees in these
broader settings remain open. The current formulation, though practically effective, is heuristic
outside the GLM framework and lacks formal justification under complex function classes. Extending
the theory to overparameterized or general Lipschitz models represents an important direction for
future work, where feature-level stochasticity may offer a stable alternative to parameter perturbation.
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E Table of notations

This section introduces additional notations and concepts essential for the analysis. For ease of
reference, Table [E.T| summarizes the key notations defined in this paper, along with newly introduced
notations. Conventional concepts such as d, T', A, C, X, K or r are omitted here. The concepts will
be reintroduced as needed in subsequent sections.

Table E.1: Notations and concepts for the analysis of the main theorem

Notation Definition

M, Self-concordance constant
L, Lipschitz constant of the link function
Ly Lipshitz constant of the negative log-likelihood function

©:(8,\) 1 — 4 probability ellipsoidal relaxed confidence set with regularization A for the true parameter 6*

Bi(9) VAS2X +2(1 4+ SM,)(log(1/0) + dlog(2eL:/d)) = (5(\/3)

7(8) Be(3/(4T))+/clog(4c'T/5) (c, ¢': constant satisfying concentration property)
&l@) {7 ERGE - 2,801 < W (/AT) ol }

Ko Average derivative of link function at the true optimal arm over 7" rounds

K Minimum reachable derivative of link function

Warm-up stage

Ir {t e (H\/mxtnﬁt_, > 1) v (thuvﬂ > 1)}

Taylor remainder term

a(x) Jo (1= wple] b, +u(@T b, — ] 6;))du
a(0,v) fol(l — )i (zf 0+ u(zv—2[0))du
Matrices

Vi POMEEOARPY

Vi PO TARIPY I

H, Zi;ll w(z] 0z ] + AT

H, Zi;ll a0z, al + M

Hy(0.v) Y72\ ar0,v)ea]

Other notations

R* maxgex |z 0%)]
0y argmingeuTe[th]@T(&)\) /}’(x;ra)
(7(t),we)  argmax, e, 1) 0e0. 6 (2 0) — p(z] 0;)

(p, cs7) constants related to standard normal distribution (p = 1/(4\/em), csr = 1/210g(2/0"))
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F Proof of main theorem

The first step in our proof is to derive the high-probability confidence bound for the estimate 6.
Using this bound, we ensure that both concentration and anti-concentration events occur with high
probability. Finally, we compute the regret bound of our algorithm under these events.

F.1 Confidence bound for the true parameter

An important step in analyzing the regret bound of the algorithm is to establish a confidence set for
the underlying parameter 6*. This involves constructing a region that reliably contains 8* throughout
the learning process. To obtain a practical and tighter bound, we adopt confidence sets derived from
the log-likelihood function using an ellipsoidal relaxation.

Proposition F.1 (Adapted from Theorem 3.2. in Lee et al. [34]]). Ler £; := maxgee ||V L:(0)|| be
the Lipschitz constant of the loss function, and M, := sup,¢ x gee |ii({x,0))| /1((x,0)). For any

A > 0, define the regularized Hessian I:It = VQLt(ét) + M. Then, with probability at least 1 — 6,
forallt > 1, it holds that §* € ©,(5,\) := {# € R? | ||§ — Ol 7, < Bt(9)}, where

B4(8) = \/4)\ +2(1+ M,) <log; +dlog <2edﬁt)>

Proof. We rederived Theorem 3.2 of Lee et al. [34]] to obtain a tighter bound with improved depen-
dence on the regularization parameter A, such that the X term no longer scales with M.

By Theorem 3.1. in [34]], with probability at least 1 — §, for all ¢ > 1, the following inequality holds:

- 1 2eSL
Lt(G*) — Lt(gt) S IOg g + leg ( ed t) = Wt(5)2

Then we observe:
t—1

/01(1 —uw)V2 Ly (+u(0* — 0,))du = /01(1 —u) Zu(zj(ét +u(0* = 0,))z,x) du

T=1

_Z</ (1 —w) () (0; + u(6* —et))du)xfxfzﬁt(étﬁ*%

ar(6;,0%)
where the second equality follows from Fubini’s theorem, where the order of the integral and the

summation can be switched. Using Taylor’s theorem with an integral remainder (Proposition[G.2),
we can further deduce that, with probability 1 — §:

Wi(6)2 > Ly(0%) — Ly(6y)
= (VLy(0:),0" — ) + (0" — 6,) T (/1(1 —u)V?Ly(0; + u(6* — ét))du) (0" = 6r).

0

As the optimality condition at 8, infers that (V L, (6;), 0* — ;) > 0 and by equation (Proposition|G.1))

we have that
* N 2 1
WO 2 0" = 85, 6,0y > 355537 |

where the last inequality holds, since

* T Gt T 1 ~
- =———(H,— ).
Hi(6,6") Z <2+25M >$ Tr = 5 asar, e~ AD

‘0* — 0, ”th T (Proposition[G.T)

Accordingly,

2 « A2
I, <1 ax —0u]" < 48X+ 2(1 + SM)Wi(8)* = B.(6)°,
and by Assumption [T} we finish a proof. O

2It has been shown by Lee et al. [34] that £; = O(t) for linear, logistic, and Poisson bandit instances.
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F.2 Proof of Lemma I}Stochastic Optimism

Let the event £, be defined as F;, := { W@l ;) > u(ast*ﬂ*)}. This event corresponds to the case

where the chosen perturbed feature vector yields an optimistic expected reward relative to the true
optimal arm at step 2. To bound the anti-concentration probabihty as required in Lemmal(I] we aim to

lower bound IP’t(Et | E,, Et) conditioned on the events F; and F;. For any ¢ € [T], we have:

P, (Et | E},Et) P, (u(ajét) > u(a]6") | Et,Et)

= P (:Tc;r 0, > x;';e* | E,, Et) (. p is strictly increasing)

> P, (@T*ét - xt*Qt > xt*ﬁ* xlﬁt | E‘t,Et> (." zy = argmax x;ét)
i€[| A ]

> Py (@t* — T, Op) > ‘<$t*,9* - ét>‘ ‘ EuEs)

T
el \ |, L
> P Be(8") ——— H9 ” G| 0: > ||$t*i|g;1”9t -0 HHt Ey, By
t
>

GNP <<t,ut> > B erl g | Br Br)

= P{Cu) >1) > 4\/67 =p,

where the third inequality follows from the Cauchy-Schwarz inequality, and the fourth from the
assumption that under the event E;, we have [6* — 6, 7, < Bt(0"). The final inequality follows
from the anti-concentration property of the standard normal distribution, as detailed in (B.T). For
simplicity, we henceforth fix p := 1/(4+/em) as the corresponding lower bound on this probability.

F.3 Proof of Lemma I} Concentration

We now proceed to establish how the probability of each event defined in Lemmaﬂ] can be ensured
using the confidence bound 3;(§) derived in Appendix E Each event is analyzed and bounded
individually, and the results are then combined to complete the proof of the lemma.

Bounding £ Let &' = §/(4T). By the choice of 3,(d) in Proposition we have that

VI<t<T, IP(Hét — 6" 4, gﬁt(é’)) >1-0

g, < B0 }>>1—ZP(||et—e*
T

(Vo1 <500} ) 21- 35

t=1
— P(Ep) Zl—Td’:lf%

T
from union bound, P (ﬂ {Hét _p*

t=1

a2 5t(5l))

Bounding Er The expression for the perturbed feature vector z,; is given as the expression
- till 5 . .

Toi = Ty + ﬁt(é’) 7, H Ct with the choice of ¢; = 8;(4"), where ¢; is drawn 4.7.d. from N'(0, I).
Note that the constants c and ¢’ using standard multivariate normal distribution are both 2, from now

on for simplicity, we let c¢sr := 1/21og(2/4"). Since all arms are couple with same (;, we can write

3Uncoupled sampling means Cy;’s are sampled for each arm respectively and it results in extra log K term in
the regret bound because of the union bound over the number of arms at each step.
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Vi<t<T, P (thi € Xy; ’(iti — T4, 0y)

< (@ )lel g ) 1)

f
= P <V€Cti € Xy ﬂt(f;/)"xti”g;l |<<t7 |9At">‘ <cs 'Bt(5/)|5cti"ﬁt1> (F2)
t
= PG u) <cs) >1-4, (F3)
where u; is a unit vector. The first equality holds by the definition of ¢s and Lemma [T} and the
inequality follows from the concentration property. The cancellation in the second equality plays a
critical role in removing arm-wise dependence in GLB setting. A union bound over 7" rounds yields
0

]P’(ET)ZlchS’:le.

Finally, applying the union bound across the events Er and Er, we have that

IP(ETQET) >1- g

Remark. To guarantee the same probability level 1 — ¢’ as in equations —, which bound
the randomness arising from perturbations to the feature vectors, Thompson Sampling requires the
confidence parameters (3 and 7 to be inflated by an additional factor of v/d. This inflation arises due
to the right-hand side of the concentration bound in Definition which scales with v/d. Such
adjustment is necessary to control the deviation in the perturbed estimated expected reward, which

takes the form x " (5 — é) This is consistent with the reasoning discussed in Appendix

F.4 Proof of Theorem/[I]

In this section, we establish the regret guarantee for our algorithm. Given the complexity of the
analysis, we divide the proof into multiple steps. Supporting lemmas and their proofs are deferred to

Appendix [G|

Step 1 (Warm-up) We begin by partitioning the 7" rounds into a “warm-up” stage and the primary
stage. The set of time steps corresponding to the primary stage is defined as:

Iy = {t em: <me 1) A(Jeddyr < 1)},

where Ht, V;, and 0; are given by:
t—1 t—1
H, =\ + Zﬂ(xTTéT)meI, Vii= M /K + Z xTJUTT, 0; = argmin /,'L(a:;rﬁ).
O€U [, 71O (3,))

T=1 T=1

The introduction of H; is crucial because H; = \I + Z __1 iz Tét):cTz depends on ¢, which
prevents direct application of the Elliptical Potential Lemma (EPL; Lemma@ as discussed in
Section E} To address this, we leverage H,, which incorporates the minimum derivative of p within
future confidence sets @,), ensuring it serves as a smaller Gram matrix suitable for bounding the
regret. Similarly, V; is introduced to directly apply EPL.

Next, we bound each weighted 2-norm using the Elliptical Potential Count Lemma (EPCL;
Lemmal|G.2), which guarantees that the regret incurred during the warm-up phase remains manageable.
Consequently, the cumulative regret over T' rounds is decomposed as follows:

Z{th* 9 }+Z{M33t* 9)}

telr tZlr

Reg(T) warm-up regret

< Reg(T) + 2" (in{H\/u@ bo)a 1} S I 1})
t=1 1

t=
4dR* L K
< K
< Reg(T) + Tog 2 {log (1 Alog2>+10g (1+)\log2)}’
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where R* := max,cx |,u (xTo* )| is the maximum expected reward achievable under the underlying
model.The first and the second inequalities hold from the definition of I and by EPCL (Lemma[G.2)),

respectively. Note that the warm-up regret is (’)( ), which is independent of T'.

Step 2-1 (Decomposition) We decompose the cumulative regret for the primary stage into three
components:

Rea(?) = Y ( {uali6r) = 00} + {@ 60 = el 00} + {(el 0 a0} )

telr

At By Cy

Here, A; and B; relate to the perturbations’ effect on the estimated reward, while C; concerns the
closeness of Gt to 0*. We will bound each term under the events Et and Et

Bounding C; Bounding C, is straightforward. Using the confidence set O;(J, \), abbreviated as
©;, we define (7(t),w:) as the pair maximizing the confidence width computed on the selected action

(270) — e 6,)|-

Under the event Et, we

at round ¢, x, after round ¢: argmax. cp 1) 9co,
know that * € ©, forallt < 7 < T'. Thus,

Ctﬂ{Et N Et} = (,u(x;rét) - u(x;re*)) ]I{Et N Et} < ‘u(x;rwt) - ,u(a:;réT(t))‘ ]I{Et N Et} .

Bounding B, Let 3 := argmax, g, (s,) | 0;) — p(w] 6;)|. Under the event By, Ty € &(zy)

Tt)

holds and we can write:

Btﬂ{EtﬁEt}:(p@:ét)—u(x:ét)) {EtmEt}<‘u T9) — u(a) 6y)

H{EmEt}.

Before proceeding, note that for Z; € &;(x;), we can derive an upper bound using Taylor’s theorem
with an integral remainder (Proposition i Define a;(x fo (1—u)p(z) Oy+u(z "0, —x/ 0,))du,
which accounts for higher-order terms based on the estlmated parameter 6, and feature vectors 2 and

;. The difference ‘u(%;r 0,) — pu(x] 0;)| then can be bounded as:

WG 00) = e 8)] = el 00— w0 + [ (T ) - i)z

-
z, 04

1
< il 0,) |@ — 20, 61) +<Et—xt,9t>2/ (1= w)ji (w7 0+ (@] 0 — ] 6,) )| du
0

1
S u(xj@t) <%t — xt,ﬁt) + M;L<§Et — T, 9t>2/ (1 — u)u (xtTHt + u(%?@t - a;tTHt)) du
0

=a(Ty)
<] 0y) [(Fe — 20, 00)| + My (F0) (@0 — w1, 0)*

< ] Oy ()il o + Mo (@) 710(8) e[+

where the second and the last inequalities hold from the definition of M,, and & (z;) in Lemma
This bound captures both the linear and higher-order contributions to the regret from perturbations in
the feature vectors.
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Bounding A, With £, := { W@y ;) > u(x;[ﬁ*)} and Z; defined above, we write:
At]].{Et n Et} = ( (xt*g*) (E;rﬁt)) :U.{ At N
< ( (2,0%) — _ inf  p(E] et))

Lt€5t(l’t)

<E, Ku(ﬁ 0, it (@ ét)) 1{Bn ) M
Tt t(Tt

— 0 | (w00~ el 0)) + (el B0~ _ int w780 ) v B | (B0 B

< 2F, l( sup ‘u(?c:ét) — u(x] 6y) P(E; N Ey)

§t€5t(1t)
2 s A L
S E]Et H/,L(l’t—ret) - u(x:&t) ]l{Et n Et}i| .

We justify the second inequality under the specified event, and the final inequality follows from
the following reasoning: we use the bound C' < E[Z | Z > (], and compensate for introducing
the conditional expectation by incorporating the inverse of the probability of the conditioning
event. Specifically, define C' := (u(2].0*) — inf, pu(z70;) - 1{(} E; N E;) and Z := (u(Z] ;) —
inf, u(x70;) - 1{(} E; N E;). Then the second inequality holds. To compensate for conditioning on
the favorable event, we use the following logic:

) ‘EthnEt

B {| B0 B} > B {| B B B Y Pu(EL | B By)
> E, { \ EhEtaEt} - P (Lemmal )

The upper bound for this term is similar to the previous part (B;), differing only by a constant and the
inclusion of the expectation over the filtration. However, since our goal is to bound the cumulative
sum over 7" rounds rather than the expectation itself, directly handling the expectation complicates the
application of the Elliptical Potential Lemma (EPL). To address this, we eliminate the expectation at
the cost of introducing a concentration error, which we control using Azuma-Hoeffding’s inequality.

Step 2-2 (Azuma-Hoeffding’s 1nequallty) Unless otherwise specified, we now analyze the regret
bound under the assumption that events ET and ET hold.

S ars 3 et il )]

telr telr
<90 (@) Y el 80wl g +0@) Y (Be el O)lwel g1 | = el 00) el 5+ )
telr telr
Ry
+ Myr(8)? Z @t(ft)||l‘t\|?a[t—1 + My (5)? Z (]Et [@t(ft)nwt"%{;l} — dt(@)”%“?ﬁl;l)
telr telr

R2

Note that R; and R are constructed as martingales. Since the norm of each feature vector satisfies
|z¢] <1,and given H; ' < Hy' = I/Xand ji(z; 0;) < L,,, the following bounds hold:

0 < jila] 6l 1 < LonJa] H 'wy < £, um2<\f

This provides an upper bound for each instantaneous element of R; as £,,/ V. Applying Azuma-
Hoeffding’s inequality (Proposition [G.3), with probability at least 1 — §/4, we obtain:

QTL'i

log 5
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Due to the convexity of Oy, the term £ in &, (x;) is bounded by £,,. Consequently, we obtain:

1 1
ai(z) = / (I—u)i <w2—ét +u(z' 0, — ;v;rét)) du < / (1—uw)L,du=L,/2 (F4)
0 0

Similarly, we can show that
[’M T-1 L 2 < Ly
K H ) iy
<3 (ol o) < Gl < 3
This provides an upper bound for each instantaneous element of Ry as £,,/(2)). Applying Proposi-
tion [G.3] with probability at least 1 — 6/4, we have:

0 < oy (zy)|

By applying a union bound, we conclude that with probability at least 1 — /2, both R; and R are
bounded. Therefore, the regret term ) _,; ~A; can be bounded by:

2 . A .
Z A < » (’)’T(fs') Z M(%Tet)”mtuﬁ;l + My (6')? Z at(mt)|fft||?qt—1> +e,

telr telr telr

where ¢ is a function of T, §, and )\, defined as:

2 2T L2 8 2T L2 8 ~ T
=¢(T == N/ Elog = + M, 2 Elog= | = V= |-
e=¢(T,8,)\) p (m(é) N log s + M,~yr(6) Do log 5) o <d 2

In summary, combining this result with Lemma [T] and the bounds for B; and C}, the total regret
Reg(T') can be bounded with probability at least 1 — § as:

Rea(T) < (241) 3 (wr(@ite 0lerls + Myve(6)P )l

telr

Regpp

+ Z ‘ p(z wi) (ItTéT(t)) +e

telr

Regpgr

Here, Regpp captures the regret arising from perturbing the feature vectors, while Regpqr accounts
for the estimation error of #; compared to the true parameter 6*.

Step 3 (Bounding Regpp) The presence of H .1 in the weighted norm makes it challenging to
directly apply the Elliptical Potential Lemma (EPL; Lemma|G.1)). To address this, we introduce H;,

which allows us to leverage EPL by splitting i(z, 9t) into two components: a leading term based on
6, (used in defining H,) and a transient term that accounts for deviations from 6,.
Regp = v(8") D fula 00|l g + Muyr(8) ) @@l
telr telr ’
<90(8) > (] 0) + |l 00) = ] 80| ) ek g + My ()2 aul@) ol
telr telr

<>l 00)yr (8|l - 1+Z’u 2 00) =il 00)| vr () |wel o+ Mydie (@) vr () e -1 -

telr -~ telr telr
Dt EEP FfP

Bounding >, DF?  We define H; := A + S.'_" ji(x] 0, )x,2. Then for all 7 < ¢, as the
equation i(x] ;) < (2] ;) holds, we write:

t—1 t—1
=AM+ V2Ly(0;) = M+ jla] )wra] = N+ ] 0)zax] = H.  (FS)
T=1 T=1
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Then, we can bound Y, DI? as following:

> DI <ar(8) Y ] 0wl

telr telr

Z f(x] 0y) Z 200 |z |2 o (Cauchy-Schwartz inequality)

telr telr
> izl 0) > (] 0y) el - (By (F3))
telr telr

< 7 (8") Z f(x] 0;) me {1 [ xtTHt)xt"Q } (Definition of Ir)

telr
Applying Lemma|G.T} the second square-root term is bounded by

T — L, T
;min {1, [ /:L(-r;rot)xt”ztl} < \/Zdlog (1 + ;)\ )

To handle the first term in the square root, we decompose it as:

T
W< S 00+ S (il B~ 0%) ) = \/H*T+Z{u (a0}
telr t=1 telr telr

Note that 0, := argminge,,__, ;0. (s, (% #). Let 7’ be an arbitrary 7 whose ©.(J, A) contains
0. Then, the latter term in the square root is then bounded as follows:

5 (il )~ L) = 3 it 8~ 10} 5 el ) - i)

telr telr telr
M#{ Z |u(x;r§t) 507) )|+ Z ’u wt*e*)‘} (Lemma|[G.3)
telr telr
<0, 3 7)ol ot~ T+ ot - T o)
telr telr telr

SMM{2 > [wafw) - ual bey)| + Reg(T)} < M, {2Regesy + Reg(1)}
telr

where the second inequality holds from triangular inequality. For the last inequality, we leverage the
definition of 6, and the pair(7(t), w;), as shown below:

(! 80) = (] 0,)

< TOY — u(z b
_9€g§g7A)‘u(wt) (@ 0-)

= ‘N’(x;rwt) - /J(.’E;FQT(t)) )

< 10) — p(z] 0,
*Te[t,T]r,%Eé%T(é,A)‘M(xt ) = nle Or)

and that under the event Er, as 0* € Urefr, 71O+ (0, A), we can easily show that the second term

\u(a] 0,) — p(ax] 0%)| can be upper bounded by |u(z] w;) — u(x:éT(t))L Note that after decom-
posing Reg(T"), we are currently in the process of bounding its individual components. However,
during this process, Reg(T') itself appears in the upper bound. This issue will be addressed in Step 5,
where we will provide a strategy to effectively resolve this recursive dependency.

Bounding 5", EF*  We define the Gram matrix V; := A/ + '} 2,2 . The introduction of
this matrix is to apply EPL as in the previous section. As the weight ji(x THt) on the weighted Gram
matrix Ht is greater than or equal to x := min,¢ Xr),0€0 u(m ), we have:

t—1

H, =)\ + Zu(x:ét)xrxj > K (nI + leTacI) = KV;. (F.6)

T=1
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Then, we can bound ), Ef" as following:

Z Efp < VT Z ’N (z, 9t oz, et)

telr telr
< Myyr(@) Y |nlel 00) = el 60|l o (Lemma[G.3)
telr '
< M,yr (8 \[ > ’u o we) — (@] Ors)) ‘”zt“v 1
telr
2
< EMuﬁ;/YT((S/)ﬁT((S/) Z th”%_/;h (Lemmal[G.4)

telr

where the third inequality holds from the definition of the pair (7(¢),w;), and by (F.6) Here,
Lemma plays a crucial role by introducing the weighted norm || y-1» which enables the

application of Lemma|[G.1] Utilizing this lemma, we further proceed to bound as:

T
2
> B < ZML,A0(8)8r(8) Y min {1, e ||2v;1} (Definition of I7)
telr t=1 )
< %dM#E#WT((;/)? log <1 + di:) (Lemma|[G-T))

where the final inequality use the fact that yp(8") = ¢5 - Br(8') > Br(d), as ¢y > 1.

Bounding >, Ff* The process closely resembles that of bounding >, Ef¥. we have:

Y ET < Mr(8)? ) an(@) el

telr telr
Ly
<5 ORI 1 (By (F4) and (F))
telr
g M vyr(0 Z min {1 | \Iv_l } (Definition of I7)
rT
dM /J,HT(é’)2 log (1 + d)\) (LemmalG.T)

Combining all three terms, we derive an upper bound for Regp, < 3, {Di¥ + Eff + F[*} as
follows:

T
Regpp < WT((S/)\/QC“O% (1 + ;)\ ) \/“*T + M, {2Regggr + Reg(T)}

5d KT
+ M, L,77(5') log (1 + dA) (F7)

Step 4 (Bounding Regpqy) Next, we proceed to bound Regpgr. The overall process closely
mirrors that of RegFP To begin, we decompose each instantaneous regret term. Let a;(61,602) =

fo (1 —u)pp(z] 01 + u(xf 0y — 2 91))du which is derived from Taylor’s theorem when estimating
the regret for the selected arm x; using two parameter vectors, 61 and 6. Using Proposition [G.2} we
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expand the instantaneous regret term as:

-
T, W

T o) s = o)+ [ (el wn) = i)z

| (] wi) — p(@! 0-4))| = )
& 0: )

1
< () Orr)) ‘@uw - 97(t)>’ + (g, wp — 0T(t)>2/0 (1—wu) ‘H (ItT@T(t) + u(z/ w — ItT@T(t))) ‘ du

1
< fi(x] 6r) ‘<$tawt - 9T(t)>‘ + M, (2, ws — HT(t)>2/ (1 —u)p (x;re'r(t) + ulz) w — m;re‘r(t))) du
0

:&t(ér(t) Wt )
< (! ) + | 8) = (] b,0))]) ’

‘ xtth T(t ‘ + Mﬂdt(é‘r(t)awt)<xt7wt - éT(t)>
< (ﬂ(l’jét) + ‘ﬂ(fﬁjét) - 'r(t) D ‘ T, W — T(t ’ M/L@t(ér(t),Wt)ﬁr(t)(y)Z

EST
Ft

where the second inequality follows from the definition of M, and the last inequality results from
the Cauchy-Schwartz inequality. The key distinction between bounding Regpp and Regpgr lies is the
use of 3(¢") instead of y(d”). The first term then can be upper bounded by the following terms, using
triangular inequality:

(i 80) + | 00) = o] bei)| Yl Vor = b,

< il 0B (il -y, + | ) = ] 00)| By @l -,

EST EST
Dt Et

Bounding ), DEST - By the equation, instead of ¢-dependent H,, we use 7-only dependent H
to upper bound each term. We have:

D DFT<Br(8) Y il 0wl g (t<r(t)<T)

telr telr

< ,BT(é’)\/Zdlog (1 +

L,T
< ﬂT(él)\/2d log (1 + ;)\ ) \/I{*T + M, {2Regggr + Reg(T)}.

T\ |y
é)\ ) ;M z[0%) + Z {U Tt £ 0:) — xtxo*)}

telrp

Since the derivation proceeds identically to the case of Y, DEP, with the only difference being the
use of S in place of yp, we omit the detailed derivation here for brevity.

Bounding 3", EFST  Following the bounding process of Y, LT, and using the equation (F.6),

STEST<8(8) Y ‘M (a7 6y) ‘||xt|\H . t<7(t)<T)
telr telr
4d T
< =M, L,r(9) log 1+ =
d\
Boundlngz FFST For ay (0,1, wy) == fo (1 —u)ia(a] 0.y +u(z] we — 2] 0,(1)))du, as shown
in , it follows that at(HT(f), w) < L,/2. Followmg the bounding process of Y, FfF,
S FET < M B2 Y d@) el (t <) <T)
telr telr
d kT
< ;MHKMBT(&)Q log (1 + dA)
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In summary, combining three regret components, we bound Regpgr < >°, { DFST + EFST 4 FFST)
as follows:

LT
Reggp < 5T(5’)\/ 2dlog (1 + = ) \/ rxT + M, {2Reggsy + Reg(T)}

5d w1
+ ;MNEMBT((S’)Q log (1 + dA) . (E.8)

Step 5 (Solving equation) The equation (E.8) is indeed c¢5» > 1 times the equation (F.7). There-

fore, both Regpp and Regpgr can be bounded using the regret bound of Reggp. Let Reg, .. =
max {Regpp, Regggr}, and we can bound Reg,. . with the equation (F.7). Then we have,

2 2
Reg(T) < (p + 1) Regpp + Regpgr +¢ < (p + 2) Reg, .. +¢,

and accordingly, we get the following inequality:

T 2
Reg .. < VT((S’)\/leog (1 + L‘;)\ )\/KJ*T + M, { ( + 4) Reg, .. + E}
p

T
+ 200,00 (010 (147

dX

Now, The bound takes the form of Reg . < A, /B 4 CReg, .. + D, where the following quantities
are defined:

A= 7T(6/)\/2d10g (1 + i;f) = O(d)

~ T
B::m*T—&—MHe:O(n*T—&—d )\2>

C = M, (; +4) —0(1)

__5d "o KT\ = (d?
e s (1) =6 (£).

focusing on the terms involving d,T, and k. With the choice of A\ = O(d) and applying Lemma
the upper bound for Reg_ ... simplifies to:

. 2 - 2
Reg, .. = O (d\/fi*T +d? + d) =0 (d\/ﬁ*T + d) :
K K

Now, combining all terms, the cumulative regret R(7") can be bounded as:

4dR* L K
T) < Reg(T log (1 K’ log (1
R(T) < Reg(T) + log {0g( + Mlog ) + 0g< + Alog?)}

2 2
2
5 ( + 2) Regmax +e
p

_ 2 _ 2
=0 (d\//@*T + % +dy/ )%;) =0 (d kT + i) . (Choose A = O(d))

Our derived regret bound, 1) (d\/m*T + d2 / n), aligns with the state-of-the-art regret guarantee [3|
1311331 134]).
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G Proof supplement and Lemmas

In this section, we provide key propositions, lemmas, and inequality bounds that are essential for
the main proof. These results serve as the mathematical foundation for the regret analysis and other
theoretical guarantees established in this work.

G.1 Supporting Lemmas for main proof

Proposition G.1 (Lemma D.1. of Lee et al. [34]). Let u be increasing and self-concordant with M.
Let Z C B(S) :={z € R| |z| < S} inR. Then for any z1, z2 € Z, the following holds:

1 1(21
[0 ey iz )

This proposition establishes a lower bound for the integral involving a self-concordant, particularly
useful for controlling weighted norms and derivatives in regret analysis. The following proposition
provides the well-known Taylor’s expansion expression with integral remainder. We highlight specific
cases that are frequently used throughout the main proof.

Proposition G.2 (Taylor’s Theorem with Integral Remainder Form). Let n > 0 be an integer and let
the function f : R — R be (n + 1) times differentiable at the point xo € R. Let ™ to denote its
n-th derivatives, then f(x) can be expressed as:

") (g , v
s =3 T oy L e e g

7!
i=0

Especially for n = 0, by letting t = 2o + u(x — xq), f(x) can be expressed as:
f(x) = f(xo) / f(t f(zo) + (z — o) / I (zo +u(x — z0)) du (G.1)
Especially for n = 1, by letting t = xo + u(x — x9), f(x) can be expressed as:

F(@) = Fao) + Fao)(@—ao) + [ F/(O)@—t)dt

zo

= f(wo) + f'(zo)(x — xo) + /0 f" (o + u(x — w0)) (1 — u)(w = x0)) - (x — wo)du

1
= f(xo) + f'(x0)(x — x0) + (2 — 930)2/0 f" (o + u(z — x0)) (1 — u)du (G.2)

Similarly, with multivariate function f : R* — R and n = 1, we have that:

2
fl@) = f(xo +Za—fx0 +fox0 / 17u)%f(xo+u(xfxo))du

o 0
+ ; 2(z — z0)i(z — 20); /0 (1—u) Bz; T@f(xo + u(z — 20))du
1
= [(20)+Vf(wo) " (& — wo)+(x — o) " </ (1 —w)V?f(zo + u(x — xo))dU> (z — x0).

0

The following lemmas provide critical tools for analyzing regret bounds in the context of bandit
algorithms. Specifically, they focus on bounding terms that involve weighted norms of feature vectors
under Gram matrices. These results are pivotal in deriving efficient bounds on cumulative regret and
exploration.

Lemma G.1 (Elliptical Potential Lemma). let {xf}f | be a sequence in RY satisfying |x.| < R for
allt <T. For a gram matrix V; := \I + ZT L T-x), we have that

R2T
in {1 2,1} < 2dlog (1 .
;mln{ ) “xt”V, = 0g ( + d)\ )
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Lemma G.2 (Elliptical Potential Count Lemma). For R,c > 0, let {xt}tT 1 be a sequence in R?
satisfying |z.| < R for allt < T. For a gram matrix Vy := A\ + ZT L -2, the length of the

sequence N := {t e [T ”xt"\/fl > c} is bounded as:

2d R2
Nl < v ey 18 (” Mog<1+c2>>

The following connects the smoothness of (i to the difference in p.
(@) = (y)| < My () = ply)l-

Proof.
1
i) — )| = (o = v) [ ity -+ (e~ 9))du By (GI) with [ = 0
)
<lo =l [ 1ity-+ule )] du
’ 1
<Myl —y] [ ply+ ule - y))du
" 1

=M@ =) [ty +ule =)

= My, |u(x) = p(y)| (By (G.I) with f = 1)
where the second equality holds since the integral term is positive as & > 0. O

The following lemma bounds the difference in p values, using linearization as in the previous works.
Lemma G.4. Foranyt > 1 and 61,02 € O, we have the following:

(@) 01) — p(x] 02)] < 297(5 \/7“51”25"\/ 1

1
(4,01 — 02) / (] 0y + u(z] 0 — 2 0))du
0

Proof.

(By (G-1))

(e 1) — p(ay 02)] =

1
< {”xtHH:&) |61 — 62 "I?L(t) }/0 L,du  (Cauchy-Schwartz, £, -Lipschitzness)

<L, ”zt"ﬁ:&) {H91 - éT(t) ”Hm) + |62 — éT(t) HHT(”} (Triangle inequality)
< 28,0 () Lyulzel g

<28,y Loy, By (EG)
< 2/61" \/>|$t||v 1 (t S T(t) S T)

Lemma G.5. Let A, B,C, D, X € R™. The following implication holds:
X<AVB+CX+D = X <2(AVB+ A*>C+ D)

Proof. let f : x — 2% — px — g for p,q > 0. Then the roots for f(z) = 0 are:

pE/p?+4q
——

Ty, T2 =
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Now, as f is a convex function, 2 < px + ¢ implies:

P VPP +4g _ p+(p+2yq)
2 = 2

r <max{xi,z2} < =p+ 4. (triangle inequality)

And accordingly, we have:

r<pVr+qg = Vr<p+q
= < (p+q)* <20 +2¢g (G.3)

where the inequality holds from (x + y)? < 2(2% + 3?). Then according to the equation (G.3)),

X<AVB+CX+D = X<AJCVX+AVB+D (triangle inequality)
— X <2(AV0)? +2(AVB + D) = 2(AVB + A*C + D)
O

G.2 Auxiliary bounding inequalities

We introduce key probabilistic inequalities and bounds frequently used in the analysis of randomized
algorithms. These results provide tools to bound the probabilities of deviations and concentration of
random variables, which are essential for deriving high-probability guarantees in the main analysis.

Proposition G.3 (Azuma’s inequality). If a super-martingale (Xy);>o corresponding to a filtration
Hi_1 satisfies | Xy — Xi—1| < ¢ for some constant ¢y forallt = 1,...,T then for any o > 0,

o2
P(Xr — Xo > ) < 2exp (—T> .
23 ¢
Proposition G.4 (Chernoff bound). For a random variable X and its moment-generating function
M(t) = E [¢!X],
>a)<i —ta
P(X >a) < %I;EM(t)e
Accordingly, for a random variable following a standard normal distribution (i.e. X ~ N(0,1)),

2 o
>a) <i — —ta)=e %
P(X >a)< t11>1£ exp( 5 ta) =e 7.

[N

Lemma G.6. Let z be a random variable sampled from the standard Normal distribution. Then for
all 6 € (0,1),

P(|z] < v/210g(2/8)) > 1—4.

Proof. By proposition [Proposition G.4l P(|z] > a) =2P(z > a) < 2~ . Set the right-hand side
as 0, and get a = /21og(2/6). O

H Carving off the \/d factor compared to TS

The proposed algorithm, GLM-FP, adopts a novel exploration strategy by perturbing the input feature
vectors, in contrast to conventional randomized algorithms such as Thompson Sampling (TS), which
introduce randomness into the model parameter 6. This design yields a regret bound with linear
dependence on d, whereas TS incurs a higher O(d*/?) dependence. We examine the origin of this
discrepancy by comparing the linear variants of both algorithms (see Appendix [C.2)), highlighting
how each introduces randomness to facilitate exploration.

The randomized evaluation score ﬂ(xl) (either x; ét for TS or E;E ét for FP) for each arm used for
action selection in both algorithms is straightforward to compute as follows:

2 2

(TS) ﬁ(ml) = xlgt = x;éﬁ—ct ac;r-Vfl/Q(t, (FP) ft(m,) = E;rét = x;ét—i—ct ZtH.I'tiHthl,
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(a) Ilustration of the transformation of the feature vectors in TS. (b) Cumulative regret vs. d.

Figure H.1: (a) Transformation of the well-explored arm x;; and under-explored arm x> using

A = D'2PT, where Vt_1/2 = PDPT". Left: (; induces a proper bonus. Right: (; reverses the
effect. (b) Average terminal regret R(T") over 100 runs with 7" = 200,000, K = 50, and varying d.

where ¢; ~N(0,1I) and z; ~ AN (0,1). Thus, for each arm individually, both methods induce the

same Gaussian distribution)'| f; (z;) ~ N (26, ci|lzei]|?,-1). However, the object of perturba-

t
tion—parameter in TS versus feature in FP—fundamentally alters how exploration bonuses are
assigned and how arm comparisons are coupled at each timestep.

In TS, the bonus (x;, <t>vt—1 /2 projects each arm onto a shared random direction (; in the ‘/;_1/ 2

transformed space. As conceptually illustrated in Figure[H.Ta] this shared dependence can produce
counterintuitive effects: well-explored arms may occasionally receive large bonuses simply due
to alignment with (;, while under-explored ones may be neglected. Because the same (; governs
all arms, the analysis must ensure uniform reliability of exploration across directions, requiring
high-probability control of the d-dimensional Gaussian vector (;. Applying a union bound over d
coordinates introduces an additional v/d factor into the regret bound.

FP, in contrast, decouples exploration from directional uncertainty. Its bonus z; - ||x¢; ||th1 scales
directly with per-arm uncertainty, ensuring under-explored arms systematically receive larger bonuses.
Since randomness enters only through the scalar z;, the analysis reduces to bounding a one-
dimensional Gaussian projection « ' (; for some fixed unit vector .

From an equation-level viewpoint, the regret of TS also admits the decomposition of ours [2]. For
both algorithms, the estimation component Regpq is bounded in the same manner, and the anti-
concentration event occurs with the same probability p. Consequently, the optimism-driven term in
the regret scales with the concentration width divided by p. The essential difference therefore lies in
the concentration width—or, equivalently, in how each algorithm controls the perturbation magnitude
that also determines the second part of the decomposition. We express the perturbation term as

(TS) o] (0 = 60| = eelwi ViG] < collwaillyr - IV 26 lvi = eellally - |G,

4T
(FP) |(@: — 1) 0] = Ct|\|$t||v*1%| = cillzailly 1 - [u ¢l
t |0t |2 t
The concentration width in TS depends on ||(;||2, the norm of a d-dimensional Gaussian vector,
whereas that of FP scales with the one-dimensional projection |u T (;|. To obtain a uniform high-
probability guarantee across all coordinates, a union bound over the d-dimensional perturbation space
introduces an additional O(+/d) factor for TS. Thus, despite having identical marginal distributions
for individual arms, the two algorithms differ fundamentally in how their perturbations couple across
arms: TS requires concentration over all directions in R?, whereas FP relies on a single scalar

randomization. This structural decoupling eliminates the extraneous v/d factor, yielding linear O(d)
dependence in the regret bound and clarifying the geometric origin of FP’s improvement over TS.

“In the linear bandit setting, this distribution also matches RandUCB [41]], though its derivation is conceptually
distinct and diverges beyond the GLB case.
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I Experiments

We evaluate our proposed algorithms in two contextual bandit settings: (i) generalized linear bandits
(GLBs), including linear and logistic models, and (ii) nonlinear contextual bandits based on neural
networks. All results are averaged over 100 runs (GLBs) or 5 runs (neural bandits) to ensure
robustness. Experiments were conducted on modest compute resources: GLBs on a CPU server (Intel
Xeon Silver 4210R, 40 threads), and neural bandits on a single NVIDIA RTX 3090 GPU. Each GLB

run completes within minutes, while neural runs finish in under an hour.
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Figure I.1: Comparison of cumulative regret across contextual bandit algorithms: linear (top), logistic
(middle), and neural (bottom).

I.1 Generalized linear bandits

We evaluate GLM-FP in both linear and logistic bandit settings, comparing against e-greedy, UCB,
TS, PHE, and RandUCB. Parameter estimation is performed via regularized weighted least squares
(linear) or IRLS (logistic). We consider K = 100 arms per round over horizons 7" = 20,000 (linear)
and T' = 10,000 (logistic). Contexts and §* are sampled from a standard Gaussian and normalized.
For logistic bandits, we use the sigmoid link and constrain ||6*|| < 4 to keep logits in [—4, 4]; linear
rewards include Gaussian noise N (0,1). Feature dimension d is varied over {10,20,40}, with
confidence level § = 1/T and regularization A\ = 10~%. Parameter estimation is performed via
regularized weighted least squares (WLS) in linear bandit setting or IRLS in logistic bandit setting.

Baselines and tuning. For linear bandits, baselines include e-greedy [30], LinUCB [[1], LinTS [5],
LinPHE [28]], and RandLinUCB [41]]. For logistic bandits, we include e-greedy, OFUL-GLB-e [34],
LogTS, LogPHE, and RandUCBLog [29]]. Hyperparameters follow the original papers: TS-based
methods and ours use inflation ¢; = 1; e-greedy uses &; = €4/7T/t with ¢ = 0.05.

Results. As shown in Figure[L.1] (top and middle), GLM-FP consistently achieves the lowest regret
across all tested dimensions. While RandLinUCB performs competitively in the linear case, GLM-FP
exhibits superior robustness, particularly in fixed-arm settings or environments with non-stationary
arm sets. In the logistic setting, GLM-FP outperforms all baselines across all tested configurations,
demonstrating its effectiveness even when the utility scale (i.e., 2 " §*, the inner product term inside
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(+)) or the reward noise variance is varied. These results highlight the reliability and adaptability of
our approach across diverse GLB scenarios.

1.2 Neural bandits

We extend the feature perturbation framework to neural contextual bandits through a simple and
scalable algorithm, DeepFP. At each round, DeepFP perturbs inputs as ¥;; = x4 + (t, Where
Cti ~ N(0,1/t). The variance decay 1/t reflects the diminishing feature uncertainty over time,
analogous to the confidence scaling ||x|| fr— in GLBs. This enables exploration without requiring

posterior sampling or gradient-based confidence intervals. Unlike Neural TS, which perturbs predicted
rewards (essentially a randomized UCB), or FTPL, which perturbs past rewards, DeepFP directly
perturbs the input features. This structural distinction simplifies implementation, preserves the
inductive bias of the function class, and remains stable in high-capacity models where p > d, since it
acts in feature space rather than parameter space. Consequently, DeepFP provides a principled and
computationally efficient approach to exploration in neural bandits.

Experimental setup. Following Zhang et al. [43], we evaluate neural contextual bandits using
classification tasks on three UCI benchmark datasets [37]]: shuttle (7 classes, 9 features), isolet
(26 classes, 617 features), and mushroom (binary, 112 features). These tasks are converted into
multi-armed bandit problems via a disjoint feature mapping [35]]: for a k-class classification problem
with input dimension d, we construct a kd-dimensional feature vector by embedding the input x into
the slot corresponding to each class. Each z; is treated as the feature of arm ¢, and a reward of 1 is
given if the chosen arm matches the true label, and O otherwise. Regret is measured as cumulative
classification errors over 1" = 10,000, with each experiment repeated five times on shuffled data.

Neural architectures. To examine the effect of capacity, we consider both shallow and deep neural
networks. The shallow network consists of a single hidden layer of size d x 100 with ReL.U activation,
followed by a fully connected layer of size 100 x 1 and a softmax output, following the design in
Zhang et al. [43]. The deep network instead uses two hidden layers: the first of size d x 50 with
ReLU, and the second of size 50 x 50 with ReLU, followed by a 50 x 1 output with softmax. Both
models are trained online using the Adam optimizer (learning rate 0.001, batch size 32), updating on
the most recent 32 observed samples at each round. Figure [[.T(bottom) reports results for the deep
model.

Baselines and tuning. We compare against e-greedy, NeuralUCB [44], NeuralTS [43], and
FTPL [29]. For NeuralUCB and NeuralTS, the confidence matrix inverse is approximated di-
agonally for efficiency. In DeepFP, instead of perturbing the entire kd-dimensional parameter space,
we perturb only the d-dimensional subspace corresponding to the chosen arm. This masking avoids
interference across arms and ensures more accurate value estimation.

Results. As shown in Figure [[.I(bottom), DeepFP consistently outperforms all baselines across
the three datasets. It achieves strong performance without relying on posterior approximations or
confidence intervals, and remains effective even in complex, high-dimensional settings. These results
demonstrate that simple feature perturbation can provide a robust, scalable, and principled approach
to exploration in neural contextual bandits.

LI.3 Additional experiments

We further explore robustness by varying the parameter norm S and context set size |C| (see figure
captions). For neural bandits, we also evaluate on MNIST and Fashion-MNIST datasets. Each
28 x 28 image forms a K-armed context (K = 10), where the i-th arm corresponds to placing the
image in the ¢-th channel. The architecture of the model is as follows: two convolutional layers are
applied with ReLU activation and 2 x 2 max pooling after each. The first layer uses 32 filters and the
second 64 filters, both with kernel size 3 x 3 and stride 1. The resulting 64 x 7 x 7 feature map is
flattened and passed through two fully connected layers with hidden size 128, followed by ReLU
and a final output scalar. This design enables efficient learning of visual features while maintaining
compatibility with the bandit framework through arm-wise shared representation.

29



Results in Figures[[.2]to[[:8] confirm the adaptability of feature perturbation across linear, logistic, and
neural settings, including vision-based bandit tasks.
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Figure 1.2: Linear Bandit. |C| = 1, d = {5, 10,20}, K = 100, S = 1.
d=10 d=20 d =40
1500
e
& 1000 1000
o 1000
2
2 50 500 500
s
o ﬁ:ﬂ‘ﬂ
0 0 0
0 5000 10000 15000 20000 0 5000 10000 15000 20000 0 5000 10000 15000 20000
Round Round ¢ Round ¢
e-Greedy ~ —— LinUCB — LinTS — LinPHE —— RandLinUCB —— GLM-FP (ours)

Figure 1.3: Linear Bandit. |C| = T, d = {10, 20,40}, K = 100, S = 2.
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Figure 1.4: Linear Bandit with noise N'(0,0.1%). |C| = T, d = {10, 20,40}, K = 100, S = 2.
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Figure 1.5: Logistic Bandit. |C| =1, d = {5,10,20}, K =100, S = 1.
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Figure 1.6: Logistic Bandit. |C| = 1, d = {5,10,20}, K = 100, S = 4.
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Figure 1.7: Neural Bandit. Multi-layer perceptron model with one hidden layer and output layer.
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Figure 1.8: Neural Bandit. Experiments on MNIST dataset with a CNN model.
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