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1. Introduction

In this paper, we study the problem of existence of invariant measure for stochastic
differential equations driven by Lévy process. Basically, we investigate a stability
property that may be called “boundedness of solutions in probability in the mean”
which together with the Feller property verifies the existence of an invariant mea-
sure by means of the well-known Krylov—Bogolyubov Theorem. In particular, we
are interested in some situations when the equation is “stabilized” in the above
sense by noise. This phenomenon is well understood in the case of Gaussian noise
(as discussed already in the classical Khasminskii’'s monograph [12], for infinite-
dimensional systems [I5]) and we focus on contribution of the stochastic jump
terms.

Stochastic differential equations driven by Lévy noise have been extensively
studied in recent years. Important fundamental results in this field are presented,
for instance, in the monograph [2] from which we take the basic setting of the
problem.
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The topic addressed in this paper is related to the problems of stability (and sta-
bilization) of trivial solution to Lévy-driven stochastic equation which was recently
studied in several papers. In [5], asymptotic a.s. stability is shown in the linear case
(under conditions analogous to those in this paper if restricted to such case). In [4],
asymptotic stability in probability, in the mean and the moment stability is studied.
The paper [19] deals with boundedness in probability and the moment bounded-
ness, for a time-changed Lévy noise, an analogous problem in the case of Gaussian
noise is also investigated in [19]. Some related results can be also found in [ [16]
and an analogous problem for equations driven by discontinuous semimartingales
are studied in [18]. Reference [I7] presents a general treatise on stochastic stability.

Existence of stationary distributions has been addressed in [0, [9]. In the latter
paper, the existence is shown by means of Lyapunov method but the effect of
stabilization by noise is not considered (the noise has to be “small enough”). In [1], a
class of invariant measures is described in general terms by means of Fokker—Planck
equation. For infinite-dimensional systems, existence of invariant measure has been
studied, for example, in [3] or [14]. Some other aspects of stochastic equations
driven by Lévy noise have been addressed, for example, in [10, 11} 20] (filtering
and control), [22] (finance mathematics), [7] (CARMA time series models) or [21]
(signal processing).

A related problem of existence of random attractors for equations with two-sided
Lévy noise has been treated in [23].

This paper is divided into five sections. In Sec. [Il the problem is posed and
some preliminary standard results are recalled. In principle, for the most general
formulation of the stability theorem we only need local boundedness of the coeffi-
cients besides existence and uniqueness of solutions. However, we also present some
standard conditions (Lipschitz and linear growth conditions) which verify this basic
assumption and which are also helpful in more specific cases.

In Sec. 2| a general Lyapunov-type criterion for boundedness in probability in
average is proved under fairly general conditions on coefficients of the equation (the
local boundedness, cf. Assumption B.1]).

The general theorem from Sec. [2is applied to the equation containing the drift,
diffusion and compensated integral terms in Sec.Bl The main result (Theorem [B1])
is formulated for locally bounded coefficients and then specified in the linear growth
case (Corollary FLT)). This result allows us to discuss stabilizing roles of particular
terms in the equation and their mutual influence. The section is closed by an exam-
ple where such interplay of particular terms in the equation is demonstrated and
also, relation to moment stability of solutions is discussed.

In Sec. M the general statement from Sec. 2] is applied to the equation with
uncompensated integral term, drift and diffusion. Theorem [5.T]is analogous to The-
orem [Tl from the previous section. In Theorem 1] a different approach is adopted
and a stability criterion is found which is expressed directly in terms of jumps. Sec-
tion M is closed by two examples: In the first one, the linear equation is studied.
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In the second one, the influence of the parameter dividing small and big jumps is
discussed.

Section [f] summarizes consequences of the previous parts for the existence of
invariant measure (stationary solution) if the equation defines a Feller Markov pro-
cess, which may be viewed as the main results of the paper.

Notation. Throughout this paper, we measure the norm of a matrix A € R™*" as
AP =", Y%y A7, Furthermore, we denote By(R?) the Banach space of real,
bounded, measurable functions defined on R? endowed with the supremal norm
||, similarly we use the standard notation for the vector spaces Cp(R?), C*(R?)
and L2 (R?). When instead of real-valued functions we deal with vector- or matrix-
valued functions we modify the notation in an obvious way, such as Cy(RY; R?),
Cp(R%; R?*4) | etc. without any change on the notation for the supremal norm |-|__.
Finally, for K € (0,00) by Bx we mean the closed ball in a Euclidian space of
radius K (with dimension always clear from the context) and the complements are

denoted by the superscript c.

2. Preliminaries

Let (Q,F,(Ft)t>0,P) be a filtered probability space with the filtration (F)i>0
satisfying the usual hypotheses and assume that W is an (F;)-Wiener process
with values in R"™ which is independent to an (F;)-Poisson random measure N
on Ry x (R™\ {0}). The Poisson measure N has the intensity measure div(dy),
where v is a Lévy measure on R™ \ {0}, i.e. we have fRn\{O}(|y|2 A Dv(dy) < oo.

Let N denote the compensator of N (cf. [2, Sec. 2.3.1]).

We study an equation driven by the pair (W, N). More specifically, assume
we are given Borel measurable mappings f:R™ — R™, g : R™ — R™*"
H, K:R™ x R" — R™ and a constant ¢ € (0,00) and consider the equation

X, = f(X,_)dt + g(Xo_)dW, + / H(X_,y)N(dt, dy)
{lyl<c}

+ / K(Xe,y)N(dt,dy), >0, (2.1)
{ly|>c}

Recall the standard requirements on the coefficients in ([2) that are sufficient
for existence of a unique global solution for any Fp-measurable initial condition
(see [2 Sec. 6.2]).

Lipschitz condition: There exists Ly € (0,00) such that
F@) = )V lg(2) — g(2)* v /{ )~ HEp) v < e oF
y|<c
(LIP)

for any z,z € R™.
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Growth condition: There exists Ly € (0,00) such that
[ G i) < L1+ o), (GRO)
y|<c

for any z € R™.
Continuity condition: We have
K(-,y) € C(R™;R™) (CON)

for all y € {Jy| > c}.

In the following, we may proceed without (LIP]), (GRQ)), (CONI), however, under
these assumptions the results can be substantially simplified.

We only assume that for any € R™ the unique solution to ([ZI]) denoted as
X7 is given and it defines a time-homogeneous Markov process. It is convenient to
assign the Markov process in the usual manner a translation semigroup of linear
operators (S¢,t > 0) acting on By(R™) as

Sif(x) =Ef(XY), [fe€BR™), zeR"™, (2.2)

for ¢t > 0.
For our purposes, the following concept is crucial.

Definition 2.1. We say that Markov process with translation semigroup given
by 22) is Feller, if

Stf S Cb(Rm)v f S Cb(Rm)v (23)

for any t > 0.

We consider two concepts of stability of Eq. (21)). The first one is related to a
particular solution and can be formulated for any stochastic process, while in the
second one, Markov process induced by the equation is considered.

Definition 2.2. A measurable stochastic process Y on a probability space
(Q, F,P) with values in R? is bounded in probability in the mean if

1 t
lim hmsupg/ P[|Ys| < Rlds = 1. (2.4)
0

R—oo  t—o0

Definition 2.3. We say that Markov process induced by Eq. (ZI]) possesses an
invariant measure if there exists a Borel probability measure p* on R™ and a
solution Y to (Z1]) such that

E.f(Y;f) = o (w)ﬂ*(dﬂc)» f S Bb<Rm)7
for every t > 0.

The following statement is a particular case of Krylov—Bogolyubov Theorem.
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Theorem 2.1. (Krylov—Bogolyubov) Markov process defined by Eq. (Z1)) possess
an invariant measure, if both

(1) it is Feller;
(2) there exists x € R™ such that X is bounded in probability in the mean.

Proof. The proof can be found e.g., in [13]. |

3. General Lyapunov Criterion

In this section, we investigate general criterion for stability the system (2.1 in
terms of boundedness in probability in the mean.

We will deal with a specific Lyapunov function that takes the following form.
For p € (0,1) denote V,, an arbitrary (but fixed in the sequel) element of C*(R™)
satisfying

DV, € CGy(R™;R™), D?V, € C,(R™;R™*™), (V1)
Vo(z) =z, 2] 21, (V2)
0<Vp(a) <of”, o[ <1 (V3)
If follows that the derivatives of V), take the following form:
DV, (2) = plaf 2, (3.1)
D2V, (@) = p(p — 2) [of”~* 22” + plafP 21 (3.2)

for x € Bf, where I is the identity in R™*™.
Using only (V1) the It6 formula may be used to obtain the differential of V,,(X),
where X is a solution to (21).

Proposition 3.1. (It6 formula) Let X be a solution to (ZI) and p € (0,1). Then
1
%,00) = (42X DY (X)) + 3T (X0 )T D2V (X l(X,)) )
+ DV, (X))  g(Xy—)dW,

Ve HOG ) - V(X )N )
{lyl<c}

+ [ W+ H X ) - ()
{lyl<c}
DV (X ), H(Xo,y)(dy)dt
[ G+ R (X)) ~ VXNt dy), (3.3)
{ly|>c}
fort > 0.
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Proof. See [2| Theorem 4.4.7 and Remark below]. O

The form of It6 formula (3] motivates us to study the linear operator £ that
is given as follows. Denote Dom(L) the linear subspace of C?(R™) of functions
V € C?(R™) such that the following prescription:

LV (x) = (f(x), DV (x))

+ 5 Tr(g(@)" DV (@)g())
+ [ VG H@w) - V) - (Hw), DV @)ldy)
{lyl<c}

+/ V(z+ K(z,y)) — V(z)v(dy), x=eR™ (3.4)
{ly|=c}

defines an element of By(R™). Then define £ : Dom(L) — B,(R™) by B4).
In fact, our aim is to rewrite (B3] as

dVy(Xy) = LV (X;—)dt + DV, (X )T g(X4—)dW;

+/‘ Vo(Xie + H(Xo—,y)) — Vp(Xem)N(dt, dy)

{lyl<e}

ﬁ/ Vo(Xim + K (Xom,y)) — Vp(Xem)N(dt, dy)
{lyl=c}

B /{l |2¢} Vo(Xio + K (X, y)) = Vo (X Jp(dy)dt, — (3.5)

for ¢ > 0 and any p € (0,1).
We will prove ([B.35]) under some additional conditions on the coefficients.

Assumption 3.1. The following mappings:

z— f(z), (3.6)

z i g(), (3.7)

z H (z,y)* v(dy), (3.8)
{lyl<c}

T |K (z,y)|" v(dy) (3.9)
{lyl>c}

are locally bounded on R™ for p € (0,1).

Note that the following would hold even under weaker assumption of local bound-
edness of (B9) only for p € (0,p*) for some p* > 0.

Lemma 3.1. Fizp € (0,1). Under AssumptionB.I we have that V,, € Dom(L) and
the Ité formula B3] for V,, holds.
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Proof. Let p € (0,1) be given. To show that the first two terms in (B4 are well
defined and locally bounded in z is straightforward. We proceed with the integral
terms in more detail.

The compensated term: We use Taylor’s reminder in the integral form and (V1)
as follows:

/{l |<c} Vol + H(z,y)) = Vp(2) = (H(z,y), DV (2))| v(dy)

/{|y|<c}

<Dl [ HG )P v,
{lyl<c}

/0 H(a,y)" D*Vy(ar + 0H () H(x y)(1 — 0)d6)| v(dy)

for x € R™. By Assumption Bl local boundedness of the compensated term now
easily follows.
The uncompensated term: We use (V2)), (V3)) and estimate

/{|y|zc} Vo(@ + K(2,y)) = Vo ()| v(dy)
- /ﬂm} Vi(z + K(z,y)) = |2+ K(z,y)["|v(dy)
" /{y>c} [+ K@)l + Vo(a)v(dy)
- /{|yzc} 2v(dy) + /{yzc} K (2,9)[" + |2|” + V, (2)v(dy)

<v({lyl = e}) 2+ |2" + V(=) +/ K (z, y)[" v(dy)  (3.10)

{lyl=c}

for x € R™ with the last term being locally bounded by Assumption [311
The formula (B3] is valid as it is just a different form of (33]) provided that

/{ Ve KK ) = e vl

is well defined for every ¢t > 0 almost surely, which is the case by (BI0) and the
almost sure local boundedness of the trajectories of the solution to [2.1]). O

Having Lemma [3I] we will now prove the main criterion for boundedness in
probability in the mean. The proof is an adaptation of work of Khasminskii (cf. [12])
established for the special case of diffusion processes.

Theorem 3.1. Let Assumption Bl hold. Then the solution to 2I)) with any
deterministic initial condition is bounded in probability in the mean if there exists
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p € (0,1) such that there exists Ry € (0,00) such that for all R € (Ry,00) there
exists Ar € (0,00) with

Ap — 00, R— o0 (3.11)
and

LV,(z) < —Ag, |z|>R. (3.12)

Proof. Let x € R" and write shortly X = X7 for the unique solution to (21 with
the initial condition . As X is a global solution, the stopping times

T = inf{t > 0,|X;—| > k},

for k € N, tend to infinity almost surely. Now fix ¢ > 0, k € N. By Lemma B.1] the
It6 formula (BE) implies

Vo(Xinn) = V(x)

tATE tATE
— / LV, (X, )ds + / DVy(Xs- )T g(Xs-)dWs
0 0
tATE ~
[ W+ HX ) - (XN (ds.dy)
0 {lyl<c}
tATE
s R K ()~ V(XN (s dy)
0 {lyl>c}

B /Omrk /{ i }%(Xs— + K(Xs—,y)) — Vp(Xso)v(dy)ds. (3.13)

We compute expectations of all the stochastic integrals in (B13).
We have DV,'g € L3 (R™) and X, is bounded almost surely on (0,7),

loc
therefore

tATE
E/ DV (X ) ' g(Xs_)dW, = 0.
0

Similarly, the compensated integral is centered,

tATE ~
E / / Vy(Xoe + H(Xo_y)) — Vy(Xol )N (ds, dy) = 0
0 {lyl<c}

as from Taylor’s expansion and local boundedness of (B.8]) we have

tATE
E / / Vo(Xee + H(Xom ) — Vo(Xa ) v(dy)ds
0 {lyl<c}

tATE
=
0 {lyl<c}

tATE
DVEE [ X ) r(dg)ds < ox.
0

/0 DV (X 0H(Xo ), H(X ) (L~ 0)d6]| (s

<

W=
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For the uncompensated term by BI0) and local boundedness of ([B3]) we have

B[ Vo(Xoo + K(Xo,y)) — Vo(Xo)| v(dy)ds
L Ve KX = (e i)

=F /0 i v({lyl = )2+ [Xeo | + Vo (Xso))ds

tATE
+IE/ / |K(Xs_,y)[" v(dy)ds < co.
0 {lyl=c}

Therefore,

tATE
B[ W+ KX ) - V(X )N (s, dy)
tly[>c}

Y (Xy_ + K(X,_, Vo (X o )v(dy)ds.
/“ qu K (X)) — V(X )o(dy)

Finally, £V, € LS (R™)

loc
tATE
IE/ LV, (Xs-)ds
0
is well defined. We have shown that
tATE
—V(z) <EV,(Xinr) —V(z) = IE/ LV, (Xs-)ds.
0

For R € (Ry,0), we have from assumption ([3.I2) and local boundedness of LV,
that

LV, (@)

IN

—AR1{|I|ZR} + (SlllpREVp(l')> 1{\1\<R}
x| <

IN

_AR1{|x|2R} + Sl%p EVP(CC) < 0.
zeR™

Denote

k= sup LV,(x) < .

rEeR™
We shall write
tATE
—V(.’L’) < E/ _AR]-{\XS,ZRH + kds.
0
Now taking the limit as & — co. We obtain
t
—Vi(x) < fAR/ P[|Xs—| > R]ds + xt
0

with ¢ > 0 arbitrary. Finally, for ¢t > 1

1 t

—/ PlIX. | > Rlds < L5 0 po

t Jo AR
by (BI1]), which already implies (2.4]). The assertion of the theorem now follows by
the equality Xs_ = X almost surely for any s > 0. O
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4. Stabilization by Compensated Jumps

Throughout this section, we assume Assumption Bl to hold. We investigate sta-
bilization properties of compensated jumps. Thus, for simplicity, we put K = 0
in (21 and obtain the equation:

dX; = f(Xy—)dt + g(X—)dW; + / H(X, ,y)N(dt,dy), t>0. (4.1
{lyl<e}

The main result of this section is presented in Theorem [£.I] and in an important
Corollary[EIlwhere the conditions are simplified under specific growth assumptions.
First, we prove some technical formulas.

For our purpose it is useful to denote

H(z)={yeR": |y| < c,xz+ H(xz,y) =0}, (4.2)

for z € R™.
Note that by the relations

m%wu»:/ \H(z, )| v(dy)

{lyl<c}nH(z)

<[ HE vy < oo
{lyl<c}

for x € R™, which are due to Assumption 3.1} it follows that
v(H(x)) < oo, x€R™, x#0. (4.3)
First, we prove a technical lemma.

Lemma 4.1. For p € (0,1), we have

/{I - }Vp(x + H(z,y)) — Vp(x) — (H(z,y), DV, (x))v(dy)

z+ H(z,y H(z,y),x
/ 1og| (z,y)|  (H( 2) >V(dy)
{lyl<chH(z)e ] ||

H 2
/ <log |z + (w,y)l) o(dy)
{lyl<c}nH(z)e ||

- (% - 1) V(H(x))l < oo, (4.4)

< plaf”

+

N3

for x € BY.

Proof. Take p € (0,1). Now, fix x € B{ and distinguish two cases.
Step I. If y € H(x) then we have

Vil + H(z,p) - V(@) — (H(w,5), DVp(@) = [ (0= 1) (45)
by BI).
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Hence, ([£3) yields

/H( : Volz + H(z,y)) = Vp(x) = (H(z,y), DV, (x))v(dy)

<plalv (H(w) (1 _ %)) (4.6)

Step II. For the second case, when y € {|y| < ¢} NH(z)°, we remind the particular
form of Taylor’s expansion

P_1
a4 =loga+ = (log a)?, (4.7

for p > 0 and some p € (0,p) with a € (0, 00) fixed. We now apply (L7 to the case
o+ Hoy)l

||
and use (3) to compute
Vole + H(z,y)) = Vp(z) — (H(2,y), DVy(2))
p (H(z,y), )
e
+(Vo(e + H(z,y)) = |z + H(z,y)")

|r+1‘1(‘z»y)\ 1

=z + H(z,y)| - [2|" —p

~ (H(z,y),2)
p |z

=plaz|’

+(Vo(z+ H(z,y)) = o+ H(z,y)|")
2
= plzff <logw+2 <1og |z + H(z, )|) B (H(w,|y2),:1c>>

| || |z

+(Vp(e+ H(z,y)) — o+ H(z,y)[").

The term
(Vo(z + H(z,y)) — |v+ H(x,y)[")
is not positive by the definition of V,, (cf. (V3)) and since p < p, we have
Volw + H(z,y)) = Vp(x) — (H(z,y), DV, (x))

e (1 & 7| ) : (4.8)
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Both the terms on the right-hand side of (@8] are integrable over {|y| < ¢} N H(x)
as follows from the fact that log(a) < a — 1 for any a € (0, c0):

H 2
{lyl<e}nH(z) ||

< /{ I <7'H (lziy)')zyuy) <o (4.9)

by local boundedness of (3.8]). Similarly, we estimate from above

z+ H(z,y H(x,y),x
/ 1Og| (z,y)|  (H( 2) >V(dy)
{lyl<c}H(a) ] ||

1 2
/ o P HEDE B2
{lyl<e}nH(z)

2 || |z
1 |x+H(x,y)|27|x|2 <H(I’,y),$>
S 5/ 2 -2 2 V(dy)
{lyl<c}nH () |z] |z]
H 2
:/ <M) v(dy) < 0. (4.10)
{lyl<einr(z) \ |7

Estimation from below is not needed as the left-hand side of (8] is integrable.
Therefore, by (@8] we have

/ Voo -+ H () = V(o) = (H(a,y).2)v(dy)
{lyl<e}nH(z)

r+ H(z, H(x,y),x
Spmw</' g P+ @)l (Hwy)a),
{ly|<c}nH(z) |

|| |
% 2
+ }—7/ (log w) v(dy) |. (4.11)
2 Jyi<eromia) 2]
Now by ([#6) and [II) we get the desired inequality in (53)). O

Now, we prove the main result of this section. For this purpose, we assume that
there exists b € R and ¢,7 € (0,00) and K > 1 such that

(f(x),2) <blz|?,

g(2)| <7, % .- (4.12)

for x € B%.
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Remark 4.1. An important example of coefficient g : R™ — R™*™ that satis-
fies (£12) is when n = 1 and

g(z) =Gz, xeR™,

for some G = (g;;) € R™*™ positive-definite. Then we may take & = |G| and we
have

|g(x)Tx{ = (Gz,x) > olz)®, z€R™
for some ¢ € (0, 00).

Theorem 4.1. Assume that f,g satisfy @I2). Let Ry € (1,00) be such that

H H
0= sup log lz + H(z,y)| (ﬂﬂ,y),x>y(dy)<OO (4.13)
2
e€Bg, J{|yl<c}nH(x)e || 2|
and
H 2
sup / <logw) v(dy) < oo, (4.14)
2€ B J{lyl<e}nH(z)e ||

where H(x) is defined in [@2). Then the solution to [@Il) with any deterministic

initial condition is bounded in probability in the mean if

1
b+ 552 —a*+a<0. (4.15)

Moreover, the condition (LI5]) need not to be satisfied if v(H(x)) > 0 uniformly in
xr € By, .

If we assume the growth condition (GRQOI), then o < Ly < oo, where Lo is
from (GRO|) and « is from (@I3) . Moreover, the condition ([£I4) is satisfied.
We summarize this claim in the following corollary.

Corollary 4.1. Assume (GRO) and [@I2). Then the solution to ([AI) with any
deterministic initial condition is bounded in probability in the mean if ([EID) holds,

where
H H
a = sup / log o+ Hz,y)l _{ (x’g)’@u(dy). (4.16)
e B J{|y|<c}nH(z)e Ed |z|
Proof. It easily follows by ([@3)), (£I0) and Theorem A1l |

Proof of Theorem [4.1l We have to verify that (312) with A satisfying (311])
holds.
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Let p € (0,1) be fixed. First, observe that due to (IZ), we have K € (1,00)
such that

(F(2), DVy(2)) + 5 Tr(o(@) D*Vy(w)g())

= plal” 2 ((2), ) + (o — D)2l o) 2] + S el 2 (@)

1 1
<plol” (b+ 37 + 560~ 1?) (4.17)

for x € B%.
Combining (£I7) with ([&3]) we obtain

1 1
c%@»SpmpP+§aﬁ+Q¢—1)f

H H
+/ log [z + H(z,y)| ¢ (w»y2),w>y(dy)
{lyl<e}nH(z)e || 2|

H 2
+1_9/ <1og |z + (:v,y)|> o(dy)
2 J{lyl<ernm(z)e ||

)]

< plaf?

1 1
b+552+§(p—1)g2+a

H 2
o [ (tog 1201 V(dy)], (w.13)
2€Br, J{Jyl<eprmi(e)e |z

for € Bf, where R = Ry V K. In (@I8) note that 1/p —1 > 0.
Now taking p > 0 sufficiently small we get that there exists x > 0 such that

LVy(2) < —rlal?, (4.19)

for z € Bf if (@I5) holds.
Moreover, if v(H(x)) > 0 uniformly in B , taking into account that

- (% _ 1) V(H(z)) — —00, p— 0+,

uniformly in z € B, [@I8) implies (£I9) even if [@I0]) does not hold.
Finally, ([@I9) already guarantees (B812)) with Ag satisfying (BI1), which com-
pletes the proof. |
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We can see that in the condition (AIH) the sign of o that comes from (LI3)
determines if the compensated integral stabilizes the system. The sign of « is deter-
mined by the interaction of two terms

H
w and — |7, (4.20)
x x

log

for z,y € R™ fixed. We can interpret the coefficient value H(z,y) as the (vector)
jump of the solution from state point z given that the driving noise attains value
of y. Moreover, both the terms in ([@20) have always opposite sign. The first one
is negative if the jump H(z,y) “aims towards the origin” while the second one,
coming from the compensation, is negative only when |z + H(x,y)| > |x|. This can
be seen if we rewrite it as
_ <H(‘T7y2)’x> — —COS(¢(LL',y)) |H(£L’,y)| ,
|| |z|

where ¢(z,y) is the angle between H(x,y) and 2. The following example quantifies
this interplay in the case of simple linear equation.

Example 4.1. Let v({|y| < ¢}) < oo, m = n = 2 and consider the unique solution
to the equation

dx, = / H(X,_y)N(dt, dy), t>0,
{lvl<c} (4.21)

Xo=1x9 € R2,
where H(z,y) = qRyx, x,y € R? for some ¢ > 0, and rotation matrix R,
cos¢ —sing
Ry = ,
sing  cos¢
where ¢ € [0,27) and 2o # 0. In this case, we can separate jumps and the compen-

sating drift, so ([@2]]) shall be written as

dXt *ql/({|y| < C})Rdet,dt + qR¢Xt7dPt, t> O7

X, = € R?,

where P, = N(t,{|y| < ¢}),t > 0 is a Poisson process with intensity v({|y| < ¢}).

We can use Corollary 1] to assess boundedness of X in probability in the
mean. If ¢ = 1 then H(z) = {|]y| < ¢} and X is bounded in probability the mean.
Rewriting ([@I0]) we see that the same holds if

a:/ log |z + qRgx| <qR¢x,I>V(dy) <0
(lyl<c} || |z|?
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for x € R%, 2 # 0. More specifically,

/ log |z + qRyz| <qR¢x,I>V(dy)
{lyl<e}

2] |
1 2
= v({lyl < ) (5 loa(l +2gcos + ) — geoss ),
for x € R%, 2 # 0. Therefore, X is bounded in probability in the mean if
log(1 4 2qcos ¢ + ¢*) < 2qcos ¢. (4.22)

Let us inspect the condition ([£22]) in more detail.
Denote by

8§ =1{(g,8) € (0,00) x [0,2) : log(1 +2gcos 6 + ¢?) < 2qcos 6}

the set of couples (g, ¢) € (0,00) x [0, 27) for which [@22]) holds. We briefly inspect
the set S by considering three distinct cases.

Case 1. If ¢ € [0,3) U (35,2m) then if ¢ > 0 is big enough, we have (¢,¢) € S.
This corresponds to the case when the jumps point in the opposite direction to
origin, therefore, the stabilization effect is driven by the compensating drift. The
smaller |cos ¢| is, the smaller ¢ > 0 is needed in order to have (¢,q) € S and if
¢ € [0, 3] U[ZE, 2m) then (¢, q) € S for any ¢ > 0.

Case 2. If ¢ € [F, 2F] U [2F, 32], then for any ¢ > 0 we have (¢,q) € S¢, where
S¢={(q,¢) € (0,00) x [0,27) : log(1 4 2qcos ¢ + ¢°) > 2qcos ¢}

and we do not observe the stabilization property of the compensated integral. This
case also covers both the jumps and compensation being orthogonal to the direction
to the origin.

Case 3. If ¢ € (27, 2%), then (¢, ¢q) € S if ¢ > 0 is small enough. The larger |cos ¢
is, the larger ¢ > 0 we can take to keep (¢,q) € S. For ¢ = 7, we can even take
q > 1; then the solution jumps over the origin and still the stabilization property
is obtained. However, ¢ = % is already too large and (, %) € 8¢ which means
that even though the norm of the process after jump decreases, the stabilization
property is lost. This is due to the compensation term, which drives the system in

the direction opposite to the jumps.

Note that the solution X can be constructed directly using the interlacing pro-
cedure. Denote 7, k € N the arrival times for P. Using the matrix exponentiation,
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X; takes the form
X, = (I + Ry)Fevlul<ehatRe g

if t € [k, Tkt1), where k € Ny. Moreover, for p > 0, we are able to compute the
moments explicitly

E |Xt|p _ |x0|p e~ t(1+pgcos p—|I+qRy ") (4.23)
for t > 0. Using [@23)), it can be shown that, if p > 0 is sufficiently small, then
E|X:"—0, t— o
if and only if (¢,¢) € S and
E | X¢f — 00, t— o0

if and only if (¢,q) € S¢.

In Corollary 1] we have seen that ([@1]) is a sufficient condition for boundedness
in probability in the mean under some assumptions. This example shows that in
the case of the linear equation, (@I]) provides also if and only if condition for
convergence of pth moment of the solution for sufficiently small p > 0 in the infinite
time horizon.

5. Stabilization by Uncompensated Jumps

Throughout this section, we assume Assumption Bl to hold. We investigate sta-
bilization properties of uncompensated jumps. Thus, we put H = 0 in 21 for
simplicity and obtain the following equation:

dX, = f(X, )dt + g(X,_)dW, +/ K(Xi_,y)N(dt,dy), t>0. (5.1

{lyl>c}
The main result of this section is presented in Theorem Bl Now, we proceed
similarly as in the previous section. Set

K(z)={y e R": |y| > ¢,z + K(z,y) = 0}, (5.2)
for z € R™. We have the following technical lemma.

Lemma 5.1. Forp € (0,1/2), we have

/{ L Thle+ Kr0) = afalay)

<plaf’ / log My(dy)
{ly|<c}nK(z)e ||
2

1
+ ]—?/ (log w) v(dy) — (— - 1) v(K(z))| < oo,

2 J{yl<ernk(@) || p
(5.3)

for x € BY.
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Proof. To prove the inequality (B3] the same ideas as when proving the similar

estimate (4] for the case of compensated integral can be used. This time we
estimate the first integral on the right-hand side of (53] from above,

rz+ K(z,
(oK) ||

1 x+ K(z,y)l
= _/ 1Og| (p )l V(dy)
{ly|>c}nK () ||

1 K PP
< _/ |z + (x,yp)l || o(dy)
{ly|>c}nK () |z]

1 K P
< LD (ay) < oo,
{ly|>c}NK () ||

where we used the local boundedness of ([B.9]). For the second integral on the right-
hand side in (53]

2
OS/ (1 gW) v(dy)
{ly|>c}nK () ||

1 K Py ?
_ _2/ <log |z + (f,y)l ) o(dy)
P J{y1eink (@) ||

1 z+ K(z,y)|” — |zf 2
1 EECTISEA I
{lyl>e}nic() 2]
=y L R
{wzence@ 2™
again using (3) (here we need p € (0,1/2)). O

Having the estimate (5.3]) at hand we obtain similar result for uncompensated
integral as in the compensated case in Theorem 411

Theorem 5.1. Assume that f,g satisfy @I2). Let Ry € (1,00) be such that

K
B := sup / log wy(dy) < 00 (5.4)
2€ By J{ly|2 e}k (@) |
and
K 2
sup / <10g w) v(dy) < oo, (5.5)
zeBg, J{lyl<cini(z)e ||

where K(z) is defined in (&2). Then the solution to [l with any deterministic

wnitial condition is bounded in probability in the mean if

1
b+552—g2+ﬁ<0. (5.6)
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Moreover, the condition ([B.6]) need not to be satisfied if v(KC(x)) > 0 uniformly in
xr € By, .

Proof. The proof is analogous to the proof of Theorem A1l we only here use the
estimate (B3] in place of (4. m|

We see that the sign of 8 in (B.4) determines if the uncompensated integral
stabilizes the system. Unlike in the case of compensated integral in previous section
we are able to develop criterion which is determined directly by direction of the
jumps. It turns out that in such case ad hoc computations are more efficient than
using general result from Theorem [5.I1 These computations depend heavily on the
fact that the intensity of jumps v({|y| > ¢}) of the uncompensated integral is finite.

Theorem 5.2. Assume that f,g satisfy [@I2). Furthermore assume that there
exist v > 0, a« € [0,1), L € (0,00) and Ry € (0,00) such that

o+ K (2,y)| < 7yla] "+ L (5.7)

for x € By, and y € {|y| > c}. Then the solution to (B.1)) is bounded in probability
in the mean for any deterministic initial condition if either

e a#0 or
o (B0 with 8 =log~y holds, i.e. if

1
b+ 552 — >+ v({ly| > ¢})logy < 0. (5.8)

Proof. We verify that ([2.4) holds. Taking arbitrary p € (0,1), n € N,n > Ry and
z € By, (V2), (V3) and 1) yield

[ Vel K = Vatatay)
= ~/{| > } |£L’ + K(l’,y)lp - |5U|p + (‘/;7(:1; + K(l’,y)) — |$ -+ K($,y)|p)u(dy)
< / 4+ K (z,9)]” — |2|” v(dy) + 2v(jy| > ¢)
{lyl>c}

= / AP |2 PUY) 2P u(dy) + 2v(ly| > )
{ly|=>c}

P (II’T“ P-1

=plz] v(lyl > c) +2v(ly| > ¢)
p ()P =1

< pla| e v(lyl = ¢) +2v(ly| > ¢)

2
—plol” (1og 2+ (10w )" ) + 2001l = ),
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Taking into account (LI7) and (I2) we have K € (0,00) such that

1?4 log L+ P (g LY
(-1 +1og L+ & (1o 1))+ 20(4ll 2

(5.9)

1 1
LV,(z) < plz|’ (b—i— 552 + 3

for x € Bf, where R > Ry V K. For the case a = 0 we further simplify (5.9)) to

1 1
£Vha) < plal? (b+ 37+ 50— 1ig? + 1o+ B0g)? ) +20({l < ).

If we take p > 0 sufficiently small, we see that if (E.8]) holds, there exists k > 0 and
R € (0,00) such that

LV,(z) < —k|zl? (5.10)

for z € B%.

On the other hand, for a > 0 the inequality (EI0) may be shown for some & > 0
even without assumption (B.8]) by taking n € N sufficiently large. Indeed, (59]) shall
be rewritten as

LVy(x) < plal’ (w — alogn) + v({ly| = ¢})

for x € Bf, where R > Ry V K and

w:b+152+1(p—1)g2+(1+£)log7. o
2 2 2

Remark 5.1. Corollary tells us that the uncompensated term stabilizes our
system if the jumps tend towards the origin and intensity of this stabilization is
proportional to the intensity of the jumps. Indeed, the system may remind stable in
the sense of boundedness in probability in the mean even for jumps in the direction
opposite to the origin. Also, taking v # 0 in Theorem [5.2] we see that if the norm of
the process after jump gets small enough, then the system is stabilized even with
arbitrarily small intensity of the jumps.

In the case of the linear system Corollary .2

Example 5.1. Let m =n =1, v({|ly| > ¢}) > 0 and in (&I) we put f(z) = bz,
g(x) = ox, K(z,y) = qx,x € R,y € {|]y| > ¢} for some b,0,q € R, i.e. we deal with
the equation

dXt = bXt_dt + O'Xt_th + th_dPt, t Z 0,
(5.11)
Xo = X0
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for some z € R where P, = f{\y\>c} N(t, {|y| = ¢}),t > 0, is a Poisson process with

intensity v({|y| > ¢}). In this case, we have

|z + K(z,y)| = || [1 + 4]
for x € R,y € {|y| > ¢}. Therefore, if ¢ # —1, we may put v = |1 +¢|,a =L =0
in (&7) and obtain boundedness in probability in the mean for (511I) provided

2

b— % +v({lyl > c})log|1+ ¢ <0 (5.12)

holds.

Therefore, the uncompensated term stabilizes the considered system for
g€ (—2,—-1)U(—=1,0). The case ¢ = —1 leads to K(z) = {|]y| > ¢}, 2 € R, where
K(z) is defined in (&2). Therefore, we may use Theorem [E.] directly and obtain
boundedness in probability in the mean regardless the sign in (512]).

Now, we present an example that merges results from Secs.[Blanddl We compare
the stabilization properties of compensated and uncompensated integrals occurring
together and treat the constant ¢ € (0,00) as a parameter of the problem.

Example 5.2. Consider Eq. (Z1]) with finite Lévy measure v. For notational sim-
plicity, set

M(z,y) = {H(W) O (5.13)
’ K(z,y) (z,y) € R™ x{ly| > c}. '

Therefore, ([27I]) can be written as

04X, = f(X,_)dt + g(Xo_)dW, + / M(Xo_, y)N(dt, dy)
{lyl<c}

+ / M(Xe_,y)N(dt, dy), > 0. (5.14)
{ly[>c}

Assume that [@II2) holds with f locally finite and in compliance with Assump-
tion (B7) of Theorem [5:2]let there exist v > 0 such that

|z + M(z,y)| < 7]zl

for every x € Bf and y € R"\{0}. Furthermore, for simplicity assume that the
solution X does not jump directly to the origin almost surely, i.e.

v({y € R"\{0}:2 + M(z,y) = 0}) = 0
for every z € BY.
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Then Assumption Bl is satisfied and ([B.I4]) can be rewritten as
dX; = (f(Xt) */ M(Xt,y)V(dy)> dt + g(Xe—)dW,
{lyl<c}

Jr/ M(X¢—,y)N(dt,dy), t>0.
R\ {0}

Therefore, we may expect that the parameter ¢ € (0,00) influences the stability
properties of our system only through the perturbation of the drift

[ M),
{lyl<c}

We now combine proofs of Theorems [£1] and [5.]] to assess stability in terms of
boundedness in probability in the mean and obtain the condition

1
b— inf / wu(dy) + =72 — g + v(R™\ {0})logy < 0.
w€Bi Jyl<er 2] 2

We can see that stability properties of (&.I4) may depend on ¢ € (0,00). In the
simple case

M(z,y) =qx, ze€R™, yecR"\{0},

for some g € R, q # —1, we get condition
1
b—qrv({ly| <c})+ 552 —a? +v(R"\ {0})log|1 +¢| < 0,
or equivalently
b+ 352 —o?

TR0 +log|l +¢| < ¢r(e), (5.15)

where

r(e) = YL <D e (0, 00).

v(R™\ {0})
The function 7:(0,00) — [0, 1] is non-decreasing and by (B.I58) we may conclude
that if ¢ < 0, which corresponds to the case when the solution exhibits jumps
towards origin, the chance that (G.15]) is satisfied gets smaller with increasing c. For
q > 0, we get the opposite behavior.

6. Invariant Measure

In the final section, we formulate the main result of this paper concerning the exis-
tence of the invariant measure for Eq. ([ZI)). Due to Krylov—Bogolyubov Theorem
(cf. Theorem [ZT), it easily follows by Theorems [Tl and [E11
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We treat the compensated and uncompensated term simultaneously using the
notation as in (B.I3) and rewrite [21) as

0X, = F(Xo )b+ g(Xe )AWs + /{ MG )N Gy
y|<c

+/ M(X._,y)N(dt,dy), t>0. (6.1)
{lyl>c}

To exclude the cases when the jumps in (G aim directly into the origin, we
again adopt the useful notation
M(z) ={y eR" sz + M(z,y) =0}

for x € R™.

Theorem 6.1. (Invariant measure) Let Assumption Bl hold and let Eq. (61)
define Markov process which is Feller. Moreover, let b,o,7,v € R,0,5 > 0 be
such that there exists Ry € (0,00) such that

(f(z),2) <blzl”,

_ g(@)"x
o) <z, L0
x+ M(z,y M(z,y),z
/ log e+ Mz y)l _ 1{\y\<c}(y)% v(dy) <7,
M(z)e |z| |z|
for x € B, where 1(y|<cy denotes the indicator function of the set {|y| < c}, and
let
M 2
sup / (1og w) v(dy) < oo.
z€Bf J M(x)e ||
If

1
b+§E2—g2+7<0
then Eq. [6)) possesses an invariant measure.

Proof. The statement follows directly from Krylov—Bogolyubov Theorem by The-
orems [£.J] and B.1 O

Now recall the standard assumptions (LIP)), (GRO)) and (CON]) (which translate
into assumptions on M in an obvious way) under which the existence of Markov
process defined by (G.1]) is guaranteed. It is known (cf. [2] Secs. 6.6 and 6.7]) that this
process is Feller if in place of (GRQ)) the following stronger condition is assumed.
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Growth condition II: There exist Hy : R™ +— Ry, Hy: R™ — R such that
|H (2,y)| < Hi(x)Ha(y), (GRO II)

x € R™ y € {|y| < ¢}, Hy is Lipschitz continuous and f{|y|<c} Hs(y)*v(dy) < oo.
Indeed, in (cf. [2, Note after Theorem 6.6.3]) it is shown that under the assump-

tions (LIP), (GROTI) and (CONJ) the ([G.1]) defines Markov process such that the

mapping
r— X/, zeR™

has an almost surely continuous modification for ¢ > 0. This already implies Feller
property as in (23] by the Dominated Convergence Theorem.
Moreover, Theorem may be simplified as follows.

Theorem 6.2. (Invariant measure I1) Let assumption (LIP)), (GROTI) and (CON))
hold. Moreover, letb, 0,7,y € R, a,7 > 0 be such that there exists Ry € (0,00) such

that
(F(a),a) < blal.
T
9@ <72l % -
i

|z + M(z,y)| )
Jat(oye <log T Lijyi<ep(y) SHELE ) (dy) <,
Jorx € By, .
If
1—2 2
b + 50’ — g +'Y < 0,

then Eq. em (6.)) possesses an invariant measure.

Proof. The statement follows directly from Krylov—Bogolyubov Theorem by
Corollaries 4.1l and since (G]) defines Feller Markov process. |
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