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Abstract

This paper explores the performance of a random Gaussian smoothing zeroth-order (ZO)
scheme for minimising quasar-convex (QC) and strongly quasar-convex (SQC) functions in
both unconstrained and constrained settings. For the unconstrained problem, we estab-
lish the ZO algorithm’s convergence to a global minimum along with its complexity when
applied to both QC and SQC functions. For the constrained problem, we introduce the
new notion of proximal-quasar-convexity and prove analogous results to the unconstrained
case. Specifically, we derive complexity bounds and prove convergence of the algorithm to a
neighbourhood of a global minimum whose size can be controlled under a variance reduction
scheme. Beyond the theoretical guarantees, we demonstrate the practical implications of
our results on several machine learning problems where quasar-convexity naturally arises,
including linear dynamical system identification and generalised linear models.

1 Introduction

In this paper, we study a minimisation problem of the form

i 1
where f : R™ — R is continuously differentiable, integrable, possibly non-convex and bounded below, and
X C R” is a non-empty convex set. Such problems arise routinely in machine learning and control.

To solve problem , several classes of optimisation methods have been proposed in the literature. Most
existing methods rely on access to the function’s gradient, limiting their applicability in many real-world
scenarios. For instance, in many practical systems in machine learning, one can only observe the input and
output of a deep neural network (DNN) without access to its internal configurations, such as the network
structure and weights. Optimisation methods that rely solely on the (noisy) evaluations of the objective
function are commonly referred to as zeroth-order (ZO) or derivative-free frameworks (Rios & Sahinidis|
2013; |Audet & Hare| 2017)). These schemes have attracted increasing interests in recent years due to their
success in solving black-box problems arising in machine learning and signal processing, such as automated
backpropagation in deep learning (DL) (Liu et al., [2020b)) and evaluating the adversarial robustness of DL
networks (Goodfellow et al.; 2014)), where explicit expressions of gradients are expensive to compute (Cartis
et al., 2010) or even unattainable (Maass et al., |2021). ZO methods provide a solution to these challenges
by estimating gradients using function evaluations.

Multiple ZO algorithms have been developed to solve various optimisation problems, for example, methods
inspired by evolutionary strategies (Moriarty et all [1999), methods based on direct search (Vicentel 2013))
(Anagnostidis et al., 2021), and those that rely on unbiased variance-bounded approximators of the gra-
dient (Ghadimi et al., [2016). Recently, Nesterov & Spokoiny| (2017) proposed and analysed a random ZO
oracle based on Gaussian smoothing. This approach yields a gradient estimate of a point by computing the
function values of the point f(z) and the function value of a point in a neighbourhood of 2 based on Gaussian
sampling. As an unbiased estimator of the gradient of the Gaussian smoothed function, this zeroth-order
method is gaining attention in optimisation because of the desirable properties of the Gaussian smoothed
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function. For example, the Gaussian smoothed function is shown to inherit the convexity and Lipschitzness
of the original function and it possesses a Lipschitz gradient as long as the original function is globally Lips-
chitz (Nesterov & Spokoiny, 2017). Existing results indeed demonstrate its efficacy when applying different
optimisation problems. However, existing convergence guarantees for Gaussian-smoothing ZO methods are
largely restricted to convex, strongly convex, or generic nonconvex settings (e.g., stationarity), and do not
exploit structural properties such as quasar-convexity that have recently been identified in several learning
problems. Nesterov & Spokoiny| (2017)) shows that their proposed algorithm, in expectation, converges to an
e-optimal point (i.e., f(z) — f(z*) <€) in O(ne~ 1) iterations and O(nlog(e~!)) iterations when applied to a
smooth convex function and a smooth strongly convex function, respectively. When applied to a non-smooth
convex function, the algorithm converges to an e-optimal point in O(n?e~2) iterations. The authors analyse
smooth but not necessarily convex cost functions and show convergence of their algorithm to an e-stationary
point (i.e., [|[Vf(z)]| <€) in O(n?e~?) iterations. Considering non-convex functions, Farzin & Shames) (2024)
focus on solving the minimisation problem with smooth objective functions satisfying Polyak-f.ojasiewicz
inequality. It is shown that their proposed methods converge to an e-optimal point in O(ne~!) iterations
in the unconstrained case and they converge to a neighbourhood of the set of e-optimal points in O(e™?1)
iterations in the constrained case, where the size of the neighbourhood is proportional to the variance of the
norm of the error of the gradient estimate constructed by the ZO method. [Pougkakiotis & Kalogerias| (2023)
show that the proximal Gaussian-smoothing ZO oracle converges to an e-stationary point of the smoothed
objective function in O(y/ne~*) iterations, when applied to a non-smooth weakly-convex function. In
(2025b)), the authors consider solving the offline and online minimisation of submodular cost functions
leveraging a Gaussian ZO framework and show that their method finds an e-optimal point in O(n?e~2) it-
erations. In , the author analyses unconstrained non-convex minimisation and, by leveraging
the direct search method, the author shows the convergence to an e-stationary point in O(n%e~2) iterations.

In this paper, we study the potential of the Gaussian-smoothing ZO oracle applied to a class of non-convex
functions that satisfy quasar-convexity. Quasar-convexity is a weaker notion than star-convexity and has
been found in a number of problems that are closely related to DL. For example, Hardt et al. (2018)
showed that the problem of learning linear dynamical systems, which is known to be closely related to
recurrent neural networks, satisfies quasar-convexity under some mild assumptions. [Wang & Wibisono| (2023)
show that generalised linear models with activation functions including leaky ReLU, quadratic, logistic, and
ReLU functions, satisfy quasar-convexity. Results from a number of recent research works also suggest that
neural networks may satisfy some kind of quasar-convexity (Lin et all |2024; Zhou et al., |2018). Moreover,
we are interested in exploring the convergence of the ZO oracle when applied to strong quasar-convex
functions. While it is known that the Polyak-F.ojasiewicz (PL) condition is weaker than
strong quasar-convexity (Hinder et al. 2020), it can be shown that a function which is PY (or satisfying
quadratic growth condition) and quasar-convex is strongly quasar-convex (Wang & Wibisono| [2023| Lemma
7). Therefore, a number of learning problems, including linear residual networks (in large regions of parameter
the space) (Hardt & Ma)},[2017)) and entropy regularised policy gradient optimisation in a class of reinforcement
learning problems (Mei et al.,|2020), might be of interest. In this sense, quasar-convexity captures a nontrivial
subset of nonconvex objectives that are both practically relevant in modern machine learning (ML) and
amenable to sharper guarantees than those available for general nonconvex functions.

Crucially, some of the machine learning problems where quasar-convexity arises are precisely those where
gradient information is expensive, unreliable, or unavailable—making ZO methods natural algorithms of
choice. For instance, in a linear dynamical system identification, the objective is quasar-convex under mild
assumptions (Hardt et al. 2018), yet computing exact gradients requires backpropagation through time
(BPTT), which suffers from large and vanishing gradients in long sequences (Pascanu et all [2013). A
Z0 approach sidesteps BPTT entirely by relying only on trajectory rollouts, which are cheap to obtain
in simulation or from physical systems (Maass et al. [2021). Similarly, when training or fine-tuning large-
scale models where only input-output data is available—such as querying a black-box API of a deep neural
network—Z0 methods are the only viable option (Liu et all 2020b; |Chen et al., 2024), and the underlying
loss landscapes of such models have been observed to exhibit star-convex or quasar-convex structure along
optimisation paths (Zhou et al 2018} [Lin et all [2024)). In reinforcement learning, policy optimisation under
entropy regularisation satisfies conditions closely related to strong quasar-convexity (Mei et al.| [2020} |Cen)
, while the policy gradient itself must often be estimated from sampled rollouts without access to
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an analytic gradient, effectively constituting a ZO setting (Moriarty et al., [1999). These examples illustrate
that ZO quasar-convex optimisation is not merely a theoretical intersection of two separate research threads,
but a problem class that naturally emerges in modern machine learning practice.

These applications have spurred exciting algorithmic design and analysis for functions that satisfy quasar-
convexity. For example, [Hinder et al.| (2020) develop an accelerated first-order algorithm and show its
iteration complexity for both strong quasar-convex and quasar-convex functions. In|Guminov et al.| (2017)
the convergence of Nemirovski’s conjugate gradients when applied to functions satisfying quasar-convexity
and quadratic growth condition is studied. [Nesterov et al.| (2018) proposes an accelerated gradient method
and shows the convergence when minimising quasar-convex functions. Additionally, |Jin| (2020)) studies the
convergence of stochastic gradient descent when applied to both strong quasar-convex and quasar-convex
functions. However, to the best of our knowledge, all the mentioned papers on (strong) quasar-convex func-
tion minimisation are leveraging first-order algorithms while our work is the first that studies the convergence
of a random zeroth-order method for (strong) quasar-convex functions.

Contributions In this paper, we study the random ZO oracle in [Nesterov & Spokoiny| (2017) to solve the
minimisation problem for a class of quasar-convex objective functions. Our main contributions are as
follows.

(i) Zeroth-order convergence under quasar-convezity. We first consider the unconstrained setting of problem
(1). We show that Algorithm [ converges to an e-optimal point in O(ne~!) iterations when applied to
quasar-convex functions and in O(nlog(e~1)) iterations when applied to strongly quasar-convex functions.
Despite the non-convexity, these rates match the order of the best known guarantees for convex and strongly
convex functions.

(i) Proxzimal quasar-convezity and constrained problems. For the constrained setting of problem 7 we
introduce a new notion, called prozimal quasar-convezity, as an analogue to quasar-convexity in non-smooth
optimisation. We show that, when the function satisfies proximal quasar-convexity (resp. strong proximal
quasar-convexity), Algorithm [1| converges to a neighbourhood of the set of e-optimal points in O(ne™?!)
iterations (resp. in O(nlog(e~1)) iterations). We further show that the size of this neighbourhood can be
reduced to values arbitrarily close to zero using a variance reduction scheme.

(iii) Empirical evidence on ML-motivated problems. Although ZO methods are often regarded as inferior to
first-order methods in terms of sample efficiency, our numerical results show that Algorithm [I] can perform
comparably to, and in some regimes better than, gradient descent when learning a linear dynamical system,
and behaves competitively on other quasar-convex ML tasks such as generalised linear models and support
vector machines. These experiments illustrate that the structural assumptions studied in our theory are not
only analytically convenient but also arise in practical ML problems. A possible explanation of the better
performance of Algorithm |1} in comparison with GD, in test cases like learning linear dynamical systems, is
given in Appendix [F]

Outline: In Section [2] we outline the problems of interest and introduce the Gaussian-smoothing ZO ora-
cle. Section [3] presents the main results on convergence and iteration complexities of the Gaussian-smoothing
ZO oracle when applied to (strongly) quasar-convex functions in the unconstrained setting of problem
and to (strongly) proximal quasar-convex functions in the constrained setting when X # R™ in . Sec-
tion [4 offers illustrative examples, numerically confirming the performance and convergence properties of
the proposed algorithm. Lastly, we conclude our paper and discuss potential future research directions in
Section[f] Auxiliary lemmas, proofs of the main theorems, complementary material and additional numerical
experiments can be found in the appendix.

Notation: In this paper, R”, n € N, denotes the n-dimensional Euclidean space with (-,-) as the inner
product. We denote the set of positive real numbers with R~o. We use || - || to denote the Euclidean norm of
its argument if it is a vector and the corresponding induced operator norm if the argument is a matrix. We
denote the weighted norm of a vector by || - ||ar, where |[u|| = (Mu,u)'/?, u € R™, and M is a positive definite

matrix. The projection operator to a closed convex set X C R, is defined as Proj(z) Lo arg mi)r(le —z||%
zTE
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The expectation operator with respect to a random variable u is denoted by E,[]. For k € N, we denote
by U, = {u1,...,ur} a set comprising of independent and identically distributed random vectors {u }x>o-
The conditional expectation over Uy, is denoted by Ey, []. The diameter of a bounded set X" is denoted by
dx and is equal to dy = sup{||x1 — x2|| : ©1, 22 € X}.

2 Problems of Interest And Framework

In this paper, we study the performance of a random Gaussian smoothing ZO method applied to minimisation
problems involving (strong) quasar-convex functions in unconstrained and constrained settings. Our goal
is to understand if such a generic black-box optimisation scheme can enjoy the same type of guarantees
as gradient-based methods by exploiting the quasar-convex structure that appears in several modern ML
models. The Gaussian smoothed version of a continuous function f : R™ — R, denoted by f, : R" — R, is
defined as:

(271_)71/2

1 e e
fulz) = — [+ pu)e™ 2105 qy, /@:/ne 2l gy = dot B (2)

K Jrn

where u € R" is sampled from a mean Gaussian distribution with a positive definite correlation operator

Bt € R™ ™ and p > 0 is the smoothing parameter. The random oracle g, : R" — R" is defined as (Nesterov

& Spokoiny, 2017, Section 3)

[+ pu) — f(2)
7

where v € R™ and B € R"*" are defined above. In Nesterov & Spokoiny| (2017)), it is shown that g,, is an
unbiased estimator of V f,; i.e., Vf,(z) = E,[gu(x)]. We use this random ZO oracle to update our estimate
of the solution to . To ensure the feasibility of the generated points in the constrained case, we leverage
a projection step.

gu(@) = Bu, 3)

Remark 1. In the following, we use the function g,(-) to approzimate the derivative of a continuously
differentiable function f. While in this case the smoothing step may not be necessary, the more general
gradient estimator is valid in applications where function evaluations of f(-) are cheap compared to an
explicit calculation and evaluation of the gradient V f(-), or explicit calculation and evaluation of the gradient
Vf(-) may not possible, as motivated in the introduction.

Remark 2. In the rest of the paper, we assume that B € R™*"™ is selected as the identity matriz B =1, as
is generally assumed in the literature on Gaussian smoothing (Balasubramanian & Ghadimi, |2022; |Farzin
Shames, |2024;|Chen et all,|2024). However, we note that, extensions for the general choice of B are possible,
following the discussions in|Farzin et al.| (20254d]).

The algorithm to solve problem in this paper is summarised in Algorithm where z is the initial guess,
> 0 is the smoothing parameter, ¢t € N is the number of samples in each iteration, hy > 0 is the step size,
and N € N is the number of iterations.

Algorithm 1 Random Min (RM)

1: Input: 29 € X, NeN, {ht}i_,, p>0, teN

2: for k=1to N do

3: Sample uj, ..., ul from N(0,I)

4:  Calculate g (zx), ..., g/, (xx) using ug, ..., uj, and (3).
5 gulor) = 30 g (o)

6: Tpt1 = Projy (z — higu(ar))

7: end for

8: return =y

Algorithm [I]is the natural projected variant of the Gaussian-smoothing ZO method of Nesterov & Spokoiny
(2017): at each iteration, it averages ¢ € N independent two-point function evaluations to construct an
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approximate gradient direction and then performs a projected update. In our analysis, the batch size ¢,
smoothing parameter p > 0 and step sizes {h;} will be chosen to balance the bias introduced by smoothing
and the variance of the random oracle, leading to dimension- and accuracy-dependent iteration bounds under
(proximal) quasar-convexity. We aim to investigate the performance of Algorithm [1| when applied to quasar-
convex functions. First, we consider the unconstrained setting of problem ; i.e., X = R™ Then, we
analyse the performance in the constrained setting of problem ; ie., X CR", X # R". Before proceeding
further, we need to define quasar-convexity.

Definition 1 (Quasar-convex function). Let f : R™ — R be a continuously differentiable function, v € (0,1],
B >0, and x* be a minimiser of f. We say that f is y-quasar-convex with respect to x* if for all x € R™,

* 1 *
f@) =z f(z) + ;Wf(x)ﬁf - ). (4)
The function f is B-strongly-y-quasar-convex with respect to x* if for all x € R™,

fa) 2 f(@) + VS (@)a” =) + G a" )

Quasar-convexity is found in a number of optimisation problems that are closely related to DL or ML (Hardt
et al.,[2018; Wang & Wibisonol, [2023; [Hardt & May, 2017; [Mei et al.,[2020). It also possesses benign properties
for the ease of analysis. For example, it can be seen that any stationary point of a quasar-convex function is
its global minimum and the minimiser of a strongly-quasar-convex function is unique. Compared to general
nonconvex objectives, quasar-convex functions therefore form an intermediate class. They preserve global
optimality properties reminiscent of convexity, while still capturing nontrivial nonconvex ML models as
discussed in Section [l

Next, we consider the constrained setting of problem . Suppose that X C R"™ is a non-empty compact
convex set with diameter dy. Since quasar-convexity is well-defined only for unconstrained problems with
the objective being differentiable (Hinder et al., 2020)), we reformulate the constrained problem to a non-
differentiable unconstrained problem and introduce the notion of proximal quasar-convezity. This formulation
naturally covers composite objectives of the form “loss 4+ convex regulariser/indicator”, which are ubiquitous
in ML. To introduce the concept of proximal quasar-convex functions we first need to define the function

1
Qulz,a) = (= Proxy(x - ¥/ (2))) (6)
where a > 0 denotes a positive scalar and

Prox;(z) = argmzin(Hz —z|? +1(2) — I(x)) (7)

defines the proximal operator corresponding to a convex extended real-valued function ! : R — R U {oc}.
Definition 2 (Proximal y-quasar-convex Functions). Let v € (0,1] and 8 > 0. Consider X C R™ and the
function F(x) = f(z) + l(x) where f : R® — R is continuously differentiable and Il : R — R U {oo} is a
convex and possibly non-differentiable extended real-valued function. Let x* € X be the minimiser of F'. We
say that F' is proximal v-quasar-convex with respect to x* if there exists A C R~q such that

F(z*)— F(z) > = {(Qi(z,a),z* — x), VeeX, VacA (8)

=~

Moreover, F' is proximal B-strongly-y-quasar-convex with respect to x* if there exists A C R~q such that

F(z*) = F(z) > <Ql($,a),w*—w>+§llx—x*||2 VreX, VacA (9)

2=

As discussed in Remark [5] in Appendix [A] when [ = 0, the proximal quasar-convexity reduces to quasar-
convexity. Indeed, it shares similar properties to quasar-convexity. For example, any fixed point of a
proximal quasar-convex function (i.e., x = Prox;(z — aV f(x))) is a global minimum, and the minimiser
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of a proximal strongly-quasar-convex function is unique. Moreover, every proximal strongly-quasar-convex
function satisfies the proximal error bound condition; see Appendix [D} An example of a proximal quasar-
convex function is f(z,y) = 2%y? over X = {(z,y) : @ > 1} or X = {(z,y) : y > 1}, where f is quasar-
convex without constraints (for v € (0,4]) and satisfies proximal quasar-convexity with the aforementioned
constraints (with I(-) = Projy(+), v € (0,2], and @ > 0). Similarly, one can consider the function f(z,y) = zy.
While this function is not quasar-convex, it is a proximal quasar-convex function over the constraint set
X ={(z,y) : 2 >0,y > 0} (with I(-) = Proj»(:), v € (0,1], and a € (0, 1]).

Having this set up, the constrained Problem can be equivalently written as
min{F(z) := f(z) + Zx(2)}, (10)

where Zy : R™ — R U {oo} is the indicator function of the set X’; i.e.,

m {0, 7%

Therefore, for a constrained problem, Definition [2] is equivalent to

Fa) = $(0) 2 2 (Pal, ) =) + Do = o7,
for any z € X, where
Py(r,a) = L~ Projy(x — aV f(x)]. (1)

is a special case of the function @ with the proximal operator replaced by the projection operator and
the function I replaced by the indicator function corresponding to the set X. The mapping Px(x,a) can be
viewed as a projected-gradient surrogate that plays the role of V f(x) in our proximal quasar-convex analysis.

In addition to quasar-convexity, we make a standard Lipschitz assumption on the gradient of the function f
for the derivation of the main results in the following section.

Assumption 1 (Lipschitz Gradients). Let f : R™ — R be a continuously differentiable function. Then there
exists a constant L1 > 0 such that

IVf(x) = Vil < Lillz —yl, VazyeR, (12)
i.e., the gradient of f is globally Lipschitz with constant L.

Here, the index L indicates that the Lipschitz constant corresponds to the Lipschitz constant of the deriva-
tive of f and not the Lipschitz continuity of the function f itself. While differentiability of f is not needed for
the implementation of Algorithm [I} Assumption [l}is a common assumption in the ZO optimisation literature
(Nesterov & Spokoinyl, [2017; Wang et al.l |2020; |Liu et al.| |2018]).

3 Convergence Properties of Algorithm [1]

In this section, we present the main results of this paper in terms of convergence and iteration complexity
of Algorithm [I] when applied to quasar-convex functions. The proofs of lemmas and theorems can be found
in Appendix [A| and Appendix respectively. At a high level, we show that under (proximal) quasar-
convexity the Gaussian-smoothing Algorithm [I] enjoys iteration complexity bounds that match those of
first-order methods for convex and strongly convex problems, up to constants. The results are divided into
the unconstrained setting (discussed in Section and the constrained setting (discussed in Section .

3.1 Unconstrained Problem

In this section, we explore problem with X = R™. The following lemma characterises the behaviour of
fu defined in , when f is a quasar-convex function.
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Lemma 1. Let function f : R™ — R satisfy Assumption |1 and let f be a v-quasar-convexr function with
respect to some minimiser x* € R™. Then f,, defined in satisfies the inequality,

Y(fulz®) = fu(@)) + p2Lin > (V. (z), 5" — z), YV x e R™

The proof of Lemma [I] can be found in Appendix [A]

Now, using LemmalI] we can build the bridge between quasar-convexity of f and convergence of Algorithm ]
The following theorem and corollary characterise the convergence of Algorithm 1] when the objective function
is quasar-convex.

Theorem 1. Let f: R"™ — R be v-quasar-conver with respect to some minimiser z* € R™ and let f satisfy
Assumption . Consider the sequence {xk}r>0 generated by Algorithm |1 with t = 1, step size hy, = h =
m and let Ux—1 = {ug,u1,...,ux—1}. Then, for any N > 0, it holds that

N

: > By [f(z)] - f2¥) <

A(n +4)Ly |Jxo — a*|| n 2PLin(l+y)  pP(n+6)°L
N +1 P

~2 N+1 y 8(n+4)

(13)

The proof of Theorem [I] can be found in Appendix [B] From the upper bound in Theorem [I], the first right-
hand side term of is due to the initialisation error and becomes arbitrarily small for N — oco. The
second and third terms are due to the error caused by the difference between the true function and the
smoothed function, and using the random oracle defined in instead of gradient of the function. These
terms become arbitrarily small for g — 0. The next corollary gives a guideline on how to choose the number
of iterations and the smoothing parameter p for a given specific tolerance e.

Corollary 1. Adopt the hypothesis of Theorem . For a given tolerance € > 0, let R = ||xzg — «*||. If

3 -1 2
M<¢E<4Lm<1+v>+<n+@ L) o N%w_q’

gl 4(n+4) V%€

then,

A * 1 al *
a2 f(@) = 10°) £ 7y 3 B o)) = ") < e

where Ty = argMinge 4. 2n} f(2).

The proof of Corollary [l| can be found in Appendix Corollary [1] implies that, in the quasar-convex
setting, Algorithm |I|reaches an e-optimal point in O(ne~!) iterations, matching the dimension and accuracy
dependence known for Gaussian-smoothing ZO methods on convex objectives.

Remark 3. Considering a v-quasar convex function, it is shown that gradient descent algorithm reaches an
hQOQ )

e-optimal point in O(Rifl) iterations

n O(%) iterations (see Comllary . Both bounds depend inversely on the step size, thus our choice of

, whereas our method (with t = 1) finds an e-optimal point

step size h = m yields an iteration complexity that has a higher order of inverse dependence on . If

instead, we will have the iteration complezity of (’)(”}2%) but the choice of pu given

_ 1
we choose h = FTCETyy

in Corollary [1] will have an extra dependency on 7.

The following lemma characterises the behaviour of f,, defined in , when f is a strongly quasar convex
function.

Lemma 2. Let function f : R™ — R satisfy Assumption |1] and be a [-strongly-y-quasar-convezr function
with respect to some minimiser * € R™. Then f, defined in satisfies the inequality

et = Fu@)) 12 Lan = T o — 2| 2 (T fu(a), 2" — 2.
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The proof of Lemma [2] can be found in Appendix [A] The additional negative quadratic term in Lemma
reflects the stronger curvature implied by strong quasar-convexity. Now, using Lemma [2| we characterise
the convergence of Algorithm [I] when the objective function is strongly quasar-convex.

Theorem 2. Let f : R™ — R be B-strongly-y-quasar-convex with respect to some minimiser z* € R™ and
satisfy Assumption . Consider the sequence {zi}r>0 generated by Algorithm (1| with step size hy = h <
min{m, %} Then, for any N > 0, we have

N

_ ) (1 —~Bh)NT1R? pPLin(1+7)
M2L2(n+6)3
T — 2T D) (4
where U1 = {ug,u1,...,up—1}, R=|lxzo — z*.

The proof of Theorem [2] can be found in Appendix [B] Given the upper bound provided by Theorem [2] the
first right-hand side term of is due to initialisation error and becomes arbitrarily small for N — oc.
The second and third terms are due to the error caused by the difference between the true function and the
smoothed function, and using the random oracle defined in instead of gradient of the function. They
become arbitrarily small for 4 — 0. The next corollary gives a guideline on how to choose the number of
iterations and the smoothing parameter p for a given specific tolerance e.

Lin(1+7)

Corollary 2. Adopt the hypothesis of Theorem @ For a given tolerance e > 0, let a = B2 LR

b= EAOEO g g = 9h(y — 2(n + 4)Lah). If

4vB(y—2(n+4)L1h)’
/J,< “*(a—i—b) I and N>|—1o — | =1

Euy [f(zn)] — f(z¥) <e.
Corollary 3. Adopting the hypothesis of Theorem@f for a given tolerance € > 0, let a = h7355(ff?2((1::‘£)hh) ’
b= ot O and q = 2h72B(y — 2(n + 4) Ly h). If

v3B3(v—2(n+4)L1h)’
€ 1 8L R?
<\ JS@+b)-! and N> |—-1 —1
< 2(a+) an _{75h0g< " ) —‘,

then, By, [llon — 2*]]?] < e

then,

The proof of Corollaries[2]and B]can be found in Appendix[B] Together, Theorems[I]and [2]and Corollaries[IH3]
show that Algorithm [I|achieves O(ne~!) complexity in the quasar-convex case and O(nlog(e~!)) complexity
in the strongly quasar-convex case, i.e., the same iteration-order as in the convex and strongly convex settings,
despite the underlying objectives being nonconvex.

Remark 4. Considering a B-strongly-vy-quasar-convex function, |Hinder et al.| (2020) showed that their

proposed first-order algorithm can find an e-optimal point in O( BL—;Q log (%) log(i)) iterations, whereas our
method (witht = 1) finds an e-optimal point in O(max{1, "zLé } log(i)) iterations with q given in C()rollaryg.
The complexity difference can be attributed to the choice 0} the step size and the limited information available

in the ZO setting.

3.2 Constrained Problem

In this subsection, we consider the constrained optimisation problem, where X C R" is a compact convex
set. In the following, we make an assumption on the variance of the random ZO oracle.
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Assumption 2. The variance of oracle g, defined in is upper bounded by o > 0; i.e.,

Eulllgu(z) = Vfu(@)[]?] < 0

This is a common assumption in the literature of ZO and stochastic optimisation; see, for example, [Maass
et al.| (2021); Liu et al. (2020a)); [Farzin et al.| (2025a)). The variance upper bound o2 can be approximated
via Ey[||g.(z)||]; see more details in Remark |§| in Appendix [Al The variance 02 can be reduced through
the simple variance reduction mechanism built into Algorithm [I] In each iteration, instead of sampling one
direction v and computing a single g,,(zx), we sample ¢ directions and use the average of the corresponding
random oracles in the update step. Such mini-batch averaging is standard in ZO methods (Balasubramanian
& Ghadimi, 2022) and leads to the variance scaling E,[||g.(zx) — Vfu(2x)|[?] < 02/t while preserving
unbiasedness, i.e., Ey[g,(zr)] = V fu(2r). Now, we can characterise the convergence and iteration complexity
of Algorithm [1] when the function is proximal quasar-convex.

Theorem 3. Let F: R™ — RU{oo} be the function defined in and X € R™ be the constraint set defined
mn . Suppose that F is proximal vy-quasar-conver with respect to X and some minimiser x* € X with A
defined in Definition[d and f : R™ — R satisfies Assumption[dl Assume that the constraint set X is compact
and convez with dx as its diameter. Consider the sequence {zy}r>0 generated by Algorz'thm with step size

hy =h= m. Suppose that h € A. Then, under Assumption@ for any N > 0, we have
N
1 An+4)Ly ||lzo — 2*|[*>  dapLi(n+3)32  p2(n+6)3 2dy0
—_ E F —F(z*) < Ly + ———
N+1]§J s [Fzi)] = Fla”) < 72 N+1 M 0% N 8(n +4) v Viy '
(15)

where Uyp—1 = {ug,u1,...,up—1}.

The proof of Theorem 3| can be found in Appendix The first term on the right-hand side of is
an initialisation term that decays as O(N~1!), as in the unconstrained case. The second and third terms
quantify the bias introduced by smoothing and by using the ZO oracle. These terms can be made small by
choosing i appropriately. The last term captures the effect of stochastic variance and decays as O(1/v/%); it
can therefore be controlled by increasing the mini-batch size. Compared with Theorem [T} the constrained
setting introduces precisely this additional variance term due to the projection step and the nonsmoothness.
The next corollary provides a guideline on choosing the hyperparameters for a given specific tolerance € > 0.

Corollary 4. Adopt the hypothesis of Theorem [3 For a given tolerance € > 0, let R = |zg — 2*||, a =
(n+6)3 _ dxLi(n+3)3/2
Ly, and b = dxLi@a3)* g

8(n+4) ¥
2 _ 2 2 2
< Vb? 4 4dae b7 ¢ [lﬁdxa “ and N> 16(n +4)L 1R a1,
2a €272 ~v2e
then,

N
By (8) =) € 3B o)l = 107) <6

where Ty = arg Min,e 4. 2n} f(2).

The proof of Corollary [4] can be found in Appendix [Bl As can be seen, with appropriate choices of (N, u,t),
the projected Gaussian-smoothing ZO method is guaranteed to converge to an e-neighbourhood of the
optimal value for proximal quasar-convex problems. This behaviour is consistent with other ZO methods
on constrained nonconvex problems (Ghadimi et al., |2016; Liu et al., 2018)), where only convergence to a
neighbourhood of the optimum can be ensured in general. Nevertheless, the neighbourhood can be ensured
to be arbitrarily small through the variance reduction step.

Next, we present the convergence of Algorithm [I] when the f is proximal strongly-quasar-convex.
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Theorem 4. Let F : R™ — R U {oo} be the function defined in and X be the constraint set defined in
. Suppose that F is proximal B-strongly-y-quasar-convex with respect to X and some minimiser x* € X
with A defined in Definition[q and f : R™ — R satisfies Assumption[]l Assume that the constraint set X is
a compact conver set with dx as its diameter. Consider the sequence {xy}r>0 be generated by Algom'thm
with step size hy, = h < min{m, %ﬁ} Suppose that h € A. Then, under Assumption@ for any N >0,

we have
N
_ N—k _ . (1= yBR)NHHzg — 2*| dxo
31 =8 B [Pl = F&O) S50 e S i = 2 L) "
p*Li(n + 6)° dxpLy(n+ 3)3/?
AyB(y —2(n+4)L1h)  2vBh(y — 2(n +4)L1h)’
where Uy—1 = {uo,u1,. .., up_1}.

The proof of Theorem [4] can be found in Appendix [B] Given the upper bound provided by Theorem [4] the
first right-hand side term of becomes arbitrarily small for N — oco. The third and fourth terms, in
turns, become arbitrarily small for 4 — 0. The second term can be made arbitrarily small using the variance
reduction technique. Comparing the bounds in Theorems [] and [2] besides the terms caused by using the
random oracle g, instead of the gradient and initialisation error, in the constrained case, there exists an
extra term, caused by the variance of the random oracle. The next corollary gives a guideline on how to
choose the hyperparameters for a given specific tolerance e.

Corollary 5. Adopt the hypothesis of Theorem . For a given tolerance € > 0, let R = ||lzg — ¥, a =

L?(n+6)3 _ dxLi(n+3)%/? _
TRt b= M,f(v;g(n&)m), and ¢ = 2h(y — 2(n + 4)L1h). If

_ 2 2 2 2
j < ShE VP Fdae tz[éldxa W o N>{1 <R)_1l,

i S 1
2a q>y2B2€? vBh %8\ e

then,
Euy  [f(zn)] = f(z¥) <e

The proof of Corollary [f| can be found in Appendix [B] In particular, for proximal strongly quasar-convex
objectives, Algorithm attains an e-accurate solution in O(nlog(e~!)) iterations, with an e-sized neighbour-
hood whose radius can be reduced arbitrarily by increasing ¢t and by decreasing pu.

4 Numerical Examples

In this section, we illustrate the performance of Algorithm [I] via numerical examples. In our experiments, we
use the performance of gradient descent (GD) as a benchmark. Although GD acquires first-order information
about the function and thus is generally considered superior to ZO methods, we see that in some of our
examples, Algorithm [I] performs comparably to, or even better than, GD. We report here a subset of
representative scenarios and defer further details and additional experiments to Appendix[E] Unless otherwise
stated, curves show the average objective value and one standard deviation over multiple runs. In this section,
we illustrate the performance of Algorithm [I] on several optimisation problems where quasar-convexity or a
related structure is known or strongly suggested to hold. In all experiments, we use gradient descent (GD)
as a benchmark. Although GD has access to first-order information and is often assumed to be superior to
70 schemes, we observe that in several examples RM

4.1 Learning Linear Dynamical System

We first consider linear dynamical system identification (LDSI), a setting where the objective is known to be
quasar-convex under suitable assumptions (Hardt et al., 2018)). Suppose that observations {u;,y;}_; C RxR
are generated by a linear time-invariant system

Ty = Ax; + Buy, y; = Cxy + Du; + &,
where x; € R" is the hidden state and A € R»*", B € R**!, C € R™*" D € R are unknown.

10
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Experimental setup. We generate the true parameters and inputs following Hardt et al.| (2018) with
n = 20 and time horizon T = 500. Following Hinder et al| (2020), we generate 100 sequences at the

beginning and minimise
1 T
(72 -,

Licn

1
B X
(u,y)EB

where B is a batch of 100 sequences and T7; = T'/4. The model is
i‘i_i_l = Afl -+ Bui, QZ = C’.@l + ﬁui, i‘o = 0,

with parameters (A, B,C, ﬁ) to be learned. The initial point (A(h Co, ﬁo) is obtained by perturbing the true
parameters (A, C, D) while ensuring that the spectral radius of A remains less than 1. We assume B is known
and set B = B. The noise term is & ~1072N(0, I,,), as in . The quasar-convexity parameter
~ derived in [Hardt et al| (2018) is difficult to compute precisely in practice, so we tune it numerically in the
simulations (the same holds for Li(f)). We set N = 1000, h = 107%, ¢t = 1, and pu = 10~° for RM. For GD,
we also experiment with step sizes h = 107° and h = 10~% for comparison. Moreover, we consider a system
of coupled mass-spring-dampers and generate the true parameters accordingly. We generate 200 sequences
with n = 10, and time horizon T" = 300. The details of the dynamical system are given in Appendix
We set N = 1500, h = 1073, t = 1, and p = 10~7 for RM. For GD, we also experiment with step sizes
h=10"3 and h = 5 x 1073 for comparison. As ¢ = 1, the number of gradient calls for GD with fixed step
size is the same as the number of iterations. The number of function calls for RM with fixed step size is
twice the number of iterations. We consider both of the algorithms with Armijo line search (LS) step size
selection , which iteratively reduces the step size until a sufficient decrease condition for the
objective function is satisfied. The maximum possible step size for the Armijo LS settings is hg = 10~'. We
learn the parameters of the system using RM and GD, and then generate a sequence using the same inputs
to compare the sequences generated by the learned systems with the sequence corresponding to the true
system. For the sake of comparison with other ZO methods, we consider the CMA-ES method, explained
thoroughly in . We set the initial step size op = 5 x 1072 (As suggested by
Appendix A)) and population size of 18 (as suggested by eq (48))) for CMA-ES.

Results. First, for the dynamical system with random parameters, Figure |1| shows the average objective
value and standard deviation over 5 runs, versus iterations and CPU time, for both RM and GD. Consistent
with the discussion in Appendix [F} the ZO method seems to exhibit favourable convergence properties
compared to GD in this setting, and can achieve similar or better optimisation performance despite using only
function evaluations. We should note that there are cases where GD diverges, and the gradient magnitude
increases dramatically when h = 107, which are excluded from Figure Second, for the real physics-based
system, Figure [2shows the loss function values versus the number of iterations and CPU time, while Figure[d]
shows the sequence generated by the predicted dynamical systems using RM and GD with the same inputs,
compared to the ground truth sequence. It can be seen that, in this example and for fixed step size cases,
RM outperforms GD (even with a smaller step size) and can follow the true sequence closely. Also, for the
Armijo adaptive step-size case, we can see that RM outperform GD. Figure [3] presents the average of loss
function values versus CPU time for CMA-ES, GD with Armijo LS, and Algorithm [I] with Armijo LS over
5 runs. It can be seen that, in this example, RM outperform both of the other methods. More discussion
on the results is given in Appendix

4.2 Black-Box Nonlinear System lIdentification

In the preceding experiments, gradients of the objective function were available and GD served as a bench-
mark. We now consider a setting where gradient information is fundamentally unavailable, making zeroth-
order methods a necessity rather than a design choice.

We consider the problem of identifying the parameters of a dynamical system whose internal dynamics involve
unknown non-linear components. Specifically, the true system is a physics-based simulator that, given an
input sequence {u;}._, and candidate parameters (A,C, D), returns an output sequence {9;}~_ ;. The

11
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Figure 1: Learning linear dynamical systems with random parameters: average objective value (mean + one
standard deviation) over 4 runs, versus iterations (left) and CPU time (right), for RM and GD.

— RMh=10" N —— RMh=10"
GDh=10" | | AN~ GDh=10"*
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Figure 2: Learning real dynamical system: loss function values versus iterations (left) and CPU time (right).

***** RM with Armijo LS
—— CMA-ES
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1073
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CPU Time (s)

Figure 3: Learning real dynamical system: average of loss function values over 5 runs versus CPU time.

12
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Figure 4: Generated sequences using the same input and predicted dynamical systems for RM and GD.
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Figure 5: Black-box nonlinear system identification: average of loss function values versus CPU time for
Algorithm [[]and CMA-ES over 3 runs.

simulator contains actuator saturation and Coulomb friction, both of which are non-linear. Consequently,
the loss function

A, C.D) = s ( 3 S (= w0 (17)

(u y)eBi=T1

where ¢; is obtained by rolling out the unknown nonlinear simulator with parameters (121, C , 15), cannot be
differentiated with respect to the parameters. Gradient-based methods are therefore inapplicable, and zeroth-
order optimisation is the only viable approach. This setting models practical scenarios such as interacting
with compiled legacy simulation codes (Rios & Sahinidis, 2013} |[Audet & Hare, 2017), querying physical
hardware through sensors and actuators (Maass et al. 2021)), or interfacing with proprietary software whose
source code is inaccessible.

We compare Algorithm [1| against CMA-ES . Full details of the simulator, including the
unknown nonlinear components and experimental parameters, are given in Appendix [E.7} Figure [ shows
the average of the loss versus iterations and CPU time over 3 runs. It can be seen that Algorithm [If with
Armijo line search converges faster than the other algorithms.

13
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Figure 6: Breast Cancer SVM: average objective value (mean + one standard deviation) for h = 1074, versus
iterations (left) and CPU time (right), for RM and GD.

4.3 Support Vector Machine with smoothed hinge loss function

We evaluate RM on a real-world classification task. We train a support vector machine (SVM) on the
Breast Cancer dataset (Dua & Graff] |2019)) using Algorithm |1} The SVM loss is the smoothed hinge loss
from [Hinder et al.| (2020),

m

f(z) = Z Dol — bia?az),

where a; € R™, b; = £1 are given by the training data (m = 569, n = 30), and ¢,(2) = 0 for z < 0, é
for z € [0,1], and #;“ + 1 for = > 1. When o = 1 the loss is convex, and for all a € [0,1] it is smooth
and a-quasar-convex. We choose a = 0.5, N = 10000, z = 10~7, ¢t = 1, and five initial points sampled from
N(0,1,). Ast =1, the number of gradient calls for GD with fixed step size is the same as the number of
iterations. The number of function calls for RM with fixed step size is twice the number of iterations. We
consider seven step sizes [107*,5 x 107°,107°,5 x 107%,1076,5 x 1077, 10~7]. For each step size and initial
point, RM is run four times and averaged. We run GD with the same step sizes for comparison. Table [I]
reports the average CPU time (wall-clock time) and decay rate 1 — J;((z]:)) over initialisations, for both RM
and GD. Figure [6] shows the average loss and standard deviation versus iterations and CPU time. In this
test, across all step sizes, RM closely tracks GD in both convergence speed and final objective value.

| RM | GD
Step size
| Time (s) Decay Rate|Time (s) Decay Rate

1x107*| 8.805 97.170 8.676 97.163
5x 1075 8.925 96.693 8.708 96.714
1x107°| 9.106 93.855 8.966 93.810
5% 1076 9.112 91.841 9.210 91.839
1x10-%| 9.374 53.010 9.738 83.934
5x 1077 9.540 65.256 10.190 74.523
1x1077| 9.994 45.368 11.481 45.106

Table 1: Breast Cancer SVM with smoothed hinge loss: mean execution time and decay rate for RM and
GD for different learning rates. In all scenarios, the two algorithms return almost identical solutions.

14
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5 Conclusions And Future Research Directions

This paper analysed the performance of Gaussian-smoothing ZO random oracles for minimising (strong)
quasar-convex functions, both with and without constraints. For the unconstrained problem, we established
convergence and iteration complexity bounds of the ZO scheme when applied to quasar-convex and strongly
quasar-convex loss functions, showing that it matches the order of guarantees known for convex and strongly
convex objectives. For the constrained problem, we introduced the notion of proximal quasar-convexity and
derived analogous complexity bounds for the projected ZO method, including the effect of variance reduction
on the size of the attainable neighbourhood of the optimum. We also empirically illustrated regimes in which
the ZO method behaves competitively with, and sometimes better than, gradient descent when learning a
linear dynamical system, together with additional quasar-convex machine learning examples.

Several directions appear promising for future work. One is to extend the constrained analysis to settings
with unbounded or more structured constraint sets that arise in control and reinforcement learning. A further
future step is to analyse the convergence of Algorithm [I] with Armijo LS step size selection. Another is to
study min-max and saddle-point problems by exploiting quasar-convexity/concavity, for instance, in robust
or adversarial training. A further avenue is to design adaptive ZO schemes that more directly leverage the
averaged landscape interpretation of Gaussian smoothing in recurrent and deep network training.
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A Proofs of Auxiliary Results and background material

In this section, we collect proofs of auxiliary results and background material, which are necessary to show

the main results of the paper. We start with proofs of Lemmas [I] and [2]
Proof of Lemmal[ll Let P(u) = e~ 3Ilull” Then, from we have

ful) = % [ e+ )Py

< %/ﬂ <f(x*) + i(Vf(x—k/w),x—kuu—x*)) P(u)du

< / (Fa )+ %Wf(w + ), = a") + %Wf(a: + ), i) P)du

< fula®) + %(Vfu(x), x—x*) + el /H<Vf(x + pu), u) P(u)du.

YK

Here, the second line is due to quasar-convexity of f and the third line is due to the fact that f(z

f(z* 4+ pu) for all uw € R™. Thus we have

fu(@®) 2 fu(z) + %ny(m),w* — ) - 7% /<Vf($ + pr), w) P(u)du,
or
Y(fu(@®) = fu(@)) + B[V f(z + pu), pu)] > (V fu(z), 2" — ).
Now, to bound E,[(V f(z + pu), pu)], we recall Assumption |1] and accordingly we have
2
F() < ot )+ (V5 ), —pa) + 22 ),

which is equivalent to

2
(V1 + ) ) < o ) = f )+ 2L 2

*)S

(18)

Computing the expectation with respect to v and considering (Nesterov & Spokoinyl, 2017, Lem. 1 & Thm.

1), we get

2n
E[(Vf(x+ pu), p] < fou(e) — flx) + 24 < 2Ly,

(19)

(Here, the second inequality follows from (Nesterov & Spokoiny}, [2017, Thm. 1).) Thus, combining with

we obtain
V(fu(@®) = ful@)) + P Lin > (Vfu(2), 2" — x),

which completes the proof.

Proof of Lemma[3 As in the proof of Lemma |1} let P(u) = e~ 2 2llull® . From we have

ula) = ;/Rnf(ﬁuu) o
< %/R (re) Vf(er/w) T4 -z >7§Hx+uu—x*||2)P(u)du
= [ (7 )+ <Vf(1’+W)w*x>
+ 29t ) = Dl =1~ L2l = 2o — ) Pl
< ey + (o) =) = Gllo =P+ Lo [ (914 )0 Plupd

18
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The second line is due to the strong quasar-convexity of f. The third line is due to the fact that f(z*) <
f(z* + pu) for all u since z* is a global minimiser. The last line is due to the fact that E[(x — z*, puu)] = 0.

Moreover, from (Nesterov & Spokoiny}, |2017, Lem. 1), E[—"ZTﬂHuHQ] < —Lfn and a negative value can be
eliminated from the upper bound. Thus we have

V(fu(a™) = fu(@)) + Eu[(V [ (2 + p), pu)] — %VHJS o*|* = (V fu(2),2" — x)

Similar to the proof of Lemma E,[(V f(x+pu), pu)] can be upper bounded, which completes the proof. [

Remark 5. Consider an extension of the function Q;(z,a) in @, i.e., consider

Qi(z,a) = %(m ~axgminlls — 2| + (=) — (z) + 20(V (@), 2~ 2)] ).
We can see that
¢ =gl 0500, )~ )
Iz = 2)? + 2(V f(2), 2 $>+;12(l(2)—l($))]
Iz = 2> + 2V f(2), 2 — z) + |V f(2)[|* + %(Z(Z) —1(2))]

(1)~ 1),

= arg ml [
= arg mln[

- argmzin[Ha(Z —z)+ V(@) +

Thus, if 1(+) is constant, then 2z’ = x —aV f(x), Q;(x,a) = Vf(x) and prozimal v-quasar-convexity reduces
to y-quasar-convezity independent of the positive scalar a.

Remark 6. If obtaining o is of interest, we can see that

Eulllgu(zr) = V fu(@o) 1] < Eulllgu(@l® = 219, (@) IV fu(z) | + 1V £ (@) [1%]
E

<
< Bulllgu(@o)ll” = 1V £u@o) 1) < Eulllg(@r)l?)-

The second inequality is due to E,[g,(zx)] = Vf.(zx). From this expressz'on an upper bound for
Eullg.(zi)||?] can be obtained and the upper bounds can be candidates for o2. For example, from (Nesterou
& Spokoiny, |2017, Thm. /) we know that for a Lipschitz function f we have E 119 (2)|12] < Lo(f)?(n+4)?,

where Lo denotes the Lipschitz constant. Moreover, for a function f with Lipschitz continuous gradients, we

have Ey[||g.(2)|]?] < %L%(f)(n +6)3 + 2(n + 4)||Vf(z)||>. These upper bounds can be used as candidates
for 2.

B Proofs of the theorems and corollaries

In this section, we give proofs of the main results presented in this paper.

Proof of Theorem[1 Let ry def ||zr — 2*||, then we have

T = |k — hgp(ze) — 27(1* < rf = 2h{gp(ze), 2x — 27) + 1?[[gu ()|, (20)
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Taking the expectation with respect to uy and considering (Nesterov & Spokoinyl 2017, Them 4) leads to

Buylrf ) < 78 = (T o) = 2) 47 (L 12 a9 )
2 n 3
<18 = 1 (fu@) — Fula) — 2 Lam) + 2T L2 o 4 vl
2 « 2 2 o [1P(n+6)° *
<t = 20070 — 1) = w2zam) = L)+ | LN a4 ) - 0
2 * 2 1P(n+6)° 5,
< ri = 2h(y = 2h(n + ) La)(f (k) = (@) + 2hp* Lin(1 +9) + ————Lih
2 * 2 1P(n+6)° 5,
=1 — hy(f(zr) = f(@7)) + 2hp”Lin(1l + ) + ——5 Lk

The second inequality is due to Lemma and the third one is due to (Nesterov & Spokoinyl (2017, Thm 1) and

f having Lipschitz gradients. Now, we take the expectations with respect to U;_1 and let pg f Ey, [ri]
and pg = 3. Thus,

B [f(an) — flar) < PPt 200 Lan(L+ ) 2 + 6

L?h. 21
vh v 2y ! @)

Summing this inequality from k& = 0 to k¥ = N and dividing it by N + 1, yields

N
1 A(n+4)Ly [lwo —2*|* | 2p*Lin(1+7) | p*(n+6)°
—_ E —f(z") < L
N+1’;J U [f (@] = f(z7) < 2 N1 ~ T Bt
which completes the proof. O

Proof of Corollary [l Adopting the hypothesis of Theorem [I} we want to upper bound the addition of side
terms of by €. Thus, by upper bounding each term dependent on N and u by §, we obtain the lower
bound on the number of iterations N and the upper bound on the smoothing parameter pu. O

Proof of Theorem[3 Let ry def [|zr — 2*||, then we have
i1 = o = hgu(ar) — o*[[* <o = 2h(gp (@), ax — &™) + B3| g, (x> (22)

Taking the expectation with respect to uy and considering (Nesterov & Spokoiny} 2017, Thm. 4) leads to

2
By [ri] < vk — 20V fulan), or — %) + B2 (2(n + D[V f(zx)]1* + %L?(n +6)%)

< 72— M) — £u)) + D g~ 2P — 2 Lam) o
23
R+ DL () — 1)+ L+ 6))
2,2 Qn 3
< (1= myB)rE = 2h( 2+ HLR(F ) — F0) + 2 Lan(1 ) + LD

The second inequality is due to Lemma |Z| and f,, having Lipschitz gradients. The third inequality is obtained
by considering (Nesterov & Spokoiny, [2017, Thm. 1). Now, we take the expectations with respect to Ux_1
and recursively apply the above inequality. Hence, we have that

N

_ . (1 —~yBh)N*'R? (*Lin(1+7)
Z;O—W%WfWﬂmdﬂmﬂ—f@)h%my_%n+®hm B = 2t DL
pL3(n +6)°

(7 — 200+ ) L1h) 29
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which is obtained considering the geometric sequence summation rule

N N
(1 —~Bh)N 1— (1 —~BR)N+1 N
(L= Bh)™ " = = 1—~Bh
kz::o " kzzo =B~ (= (=B — g~ W o
1 (19Nt 1
T 1—(1=9Bh) T yBh’
which completes the proof. .

Proof of Corollary[3 Adopting the hypothesis of Theorem [2] we want to upper bound the addition of side
terms of | . 14) by €. Thus, by upper bounding each term dependent on N and p by §, we obtain the lower
bound on the number of iterations N and the upper bound on the smoothing parameter . By plugging in

a, b, ¢, and p into , we have

N
31 = BN By, [f ()] — f(2) < e
k=0

Since the left-hand side of the above inequality is the summation of N + 1 positive terms, and each in
expectation is less than €, we obtain the desired result. O

Proof of Corollary[3 Considering Lemma [3]in Appendix [C] any strongly quasar-convex function with Lips-
chitz gradients satisfies the Polyak-Lojasiewicz (PL) inequality (see Definition [f]), or equivalently, a quadratic
growth condition (see Remark . Considering and using Lemma and Remark in Appendix we
have

N

KB (1 —yBh)N*T1R? P Lin(l+7)
kgo — 1B s, B lllze = ) < 2h(y — 2(n+ 4)L1h) | hyB(y — 2(n + 4)L1h) 28)
(P Li(n +6)°

4vB(y —2(n+4)L1h)’

By plugging a, b, ¢ and u into , we have
N
S0 =B Bl — 7] <
k=0

Since the left-hand side of the above inequality is the summation of N + 1 positive terms and each in
expectation is less than €, we obtain the desired result. O

Before we continue with a proof of Theorem [3] we define additional auxiliary variables. Considering Algo-
rithm |1) and using , we define the variables

sk S Pt gu(en), h)s ve = Palo, V() he), pe S Pr(ar, Vi), ). (27)

As a result, we can see that in the constrained case we have xy11 = ) — hgsg.

Remark 7. Considering Algorithm [1] and Definition [§ with I(z) = Ix(z), we have Prox;(-) = Projy(-),

Qi(z, hy) = pr and F(z*) — F(xy) > (Ql(ajk,hk) x* —xy) or f(z*) — fzp) > (pk,x — xg), which will be
used in the proof of Theorem[3

21



Under review as submission to TMLR

Proof of Theorem[3. Let 7y o [lzr — 2*|| and g, (xk) — Vfu(zr) = &, and let the auxiliary variables s, vg,
pr be defined in . Then we have

o1 = o — hsy — 2|

<72 = 2h{sp, xp — %) + h2||sk||?

< r,% — 2h{pk, x — ") — 2h(s — Vg, 2 — *) — 2h{vg — pg, T — ¥ + hQHgM(xk)H2 (28)
< riy = 2h(pk, 1 — @) + 2h|sp — ol lex — 2| + 2hljo — pellllzr — 2] + h?|lgu(zx)]]?

<rh = 20(pr, wx — &) + 2hdx || g (@) = V fu(@p) || + 2hdx ||V fu(zr) = Vf (@) ]| + 22| |gu ()]

<7} = 2h(p, oy — %) + 2hdx||& || + hdapLa (n+ 3)*2 + B3| g, (xx)||*.

The second inequality is due to ||sg|| < ||g.(x)| which can be obtained from (Ghadimi et al., 2016, Lem. 1),
noting that the function h defined in (Ghadimi et all [2016, (1)) is the constraint set indicator function with
h(zy) =0 and o = 1. The latter is the consequence of the fact that in our case V(z, z) defined in (Ghadimi
et al., 2016} (8)) is equal to ||z — z||3/2. The fourth inequality is due to |sx — vg|| < [lgu(xK) — Vfu(xr)|]
and [vy —p + k|| < ||Vfu(er) — Vf(zi)|, which can be obtained directly from (Ghadimi et al., 2016,
Prop. 1) (letting @ = 1). The last inequality is due to (Nesterov & Spokoiny, 2017, Lem. 3). Taking
the expectation with respect to uj and considering Ix(z*) = Ix(2zx) = 0, Ey,[[[§k]l] < % (due to Jensen

inequality Fy, [[|€k]1]? < Eu, [|1&k)%] < “’72), (Nesterov & Spokoiny}, 2017, Thm. 4), Remarkand Deﬁnition
lead to

B, [ria] <ri—2h(pr, x),— >+2hdx7+hdqu1(n +3)2 + hQ(ML? +2(n+ 4[|V fzx)|?)
ri = 2hy(F(2y) — F(2%)) + 2th% + hdxply(n+3)%2 + hz(ML? +2(n+ 4V f(zx)|)
<rp—2hy(F(zy) — F(a¥))+2hdx \/+hdqu1(n +3)%2+h? (n+6)313? +4(n+4) L (f(zr) — f(27))
< 12— 2h(y — 2h(n + 4)L1)(F(z1) — F(z*)) + 2hdx — NG + hdxpLi(n + 3)3/2 + (”%6)31:%2
— hy(F (1) — F(2*)) + 2hdx 2 NG + hdxpLy(n+3)32 + (n+6)3L§h2 (29)

Now, we take the expectations with respect to U;_; and let py def Eu, [7“,%] and pg = r%. Thus,

o Pk —Pres1  dapLi(n4+3)%%2  p2(n+6)% , 2dyo
E F(zp)] — F(a2") < + + Lih + . 30
Z/lk—l[ ( k)} ( ) = ’)/h ~ 2 1 'Y\/i ( )
Summing this inequality from k = 0 to £k = N and dividing it by N + 1, yields
N
1 dn+4)Ly ||lzo — 2| dapLi(n+3)32  p2(n+6)3 2dy0
—_— E E F —F(z")< L
N+1k:0 Z/fk—l[ (xk)} ({E )— 72 N +1 + ~ + 8(’1’L+ ) v ’Y\[
which completes the proof. O

Proof of Corollary[jl Adopting the hypothesis of Theorem [3] we want to upper bound the right-hand side
of by €. Thus, by upper bounding each term dependent on N and ¢ by §, and upper bounding the term
dependent on p by £, we obtain the bounds on N, ¢, and p. O
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Proof of Theorem[]). Let ry def |z — z*|| and & = gu(zx) — V fu(zk), and let sy, vk, pp be defined in (27).
Then

i1 = oy — hsy — 2|

<72 = 2h{sp, xp — %) + h2||sk||?

< r,% — 2h{pk, x — x*) — 2h(s — vk, T — *) — 2h{vg — pg,xp — ¥ + hQHgM(az:k)H2 (31)
< riy = 2hpr, 1, — @) + 2hl|sp — ol — 2| + lox — prlllle — 2| + B2[|g, ()]

< = 2hpy, ax — &) + 2hdx || g (x1) — V (@)l + 2hd [V fu(zr) = V f(@p)ll + h||g, (@)

<1} = 2h{pk, xk — &%) + 2hdx |6 ]| + hdxpLy(n + 3)%% + h2||g,.(xx)| .

The second inequality is due to ||sg|| < ||g.(xk)|| which can be obtained from (Ghadimi et al., 2016, Lem. 1)
noting that the function h defined in (Ghadimi et al. [2016, (1)) is the constraint set indicator function with
h(zy) = 0 and a = 1. The latter is the consequence of the fact that in our case V(x, z) defined in (Ghadimi
et al., 2016| (8)) is equal to ||z — z||3/2. The fourth inequality is due to |[sy — vi|| < ||gu(zk) — V fu(zr)||
and |lvy — prl| < ||V fu(zr) — Vf(xr)||, which can be obtained directly from (Ghadimi et al., 2016, Prop.
1) (letting @« = 1). The last inequality is due to (Nesterov & Spokoiny, 2017, Lem. 3). Taking the
expectation with respect to uy and considering Ix(z*) = Ix(zx) = 0, Ey, [ll€k]]] < % (due to Jensen

7
inequality Fy, [||&]]]? < By, [|I€]?] < ‘772)7 (Nesterov & Spokoiny}, 2017, Thm. 4), Remark and Deﬁnition
lead to

3
2

E,, [r,%ﬂ] <72 — 2h{pp, zp — *) + th;gi + hdypuLi(n+3)2 + hz(“;L%(n +6)% +2(n+4)||VF(2)|*)

Vit

<12 = 2hy(F(zg) — F(a*) + 2l — 27|%) + 2th% + hdapLy(n + 3)3/2
2
+ (5L (n +6)° + 2(n + 4) |V f(2)]|)
<72 = 2hy(F(xy) — F(2*) + ngk —x*||?) + 2hd;(% + hdxpLi(n+ 3)%

R L3+ 6+ A+ DL (f (o) — F()

< (1 — hyB)r? — 2h(y — 2(n + 4) L1 h) (F(zy) — F(x*)) + thx% + hdapLy(n+3)%/2 + B2 L3 (n + 6)%.

We take the expectations with respect to Ui_1 and recursively apply the above inequality, leading to

N

B 1 — yBh)N+1R? dxo
| = BRYN K (B [Fa)] — F(a*)) <= +
1;)( YBh) N T (B, [F (k)] — F(z7)) “2h(y —2(n+4)Lih) | h/ivB(y — 2(n + 4)L1h) )
p2Li(n + 6) dxpLi(n +3)%/?
AyB(y —2(n+4)L1h) ~ 2yBh(y —2(n+4)L1h)’
which is again obtained using the geometric sequence summation rule in .
O

Proof of Corollary[5 Adopting the hypothesis of Theorem [} we want to upper bound the addition of side
terms of by e. Thus, by upper bounding each term dependent on NV and ¢ by 7, and by upper bounding
the terms dependent on y by 5, we obtain the lower bound on the number of iterations N, ¢, and the upper
bound on the smoothing parameter u. By plugging a, b, ¢, and p into , we have

N

D Q=B N By [f (20)] - fa7) < e

k=0

Since the left-hand side of the above inequality is the summation of N + 1 positive terms and each in
expectation is less than €, we obtain the desired result. O
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C Some Other Function Classes Related to Quasar-Convexity

In the introduction in Section |1} we pointed to convex, star-convex and Polyak-Lojasiewicz (PL) functions
besides the class of (strong) quasar-convex functions. In this section, for the sake of completeness, we
provide definitions of these function classes and highlight important connections and differences. For a
thorough presentation on the topic with more details, we refer to |Hinder et al| (2020). As an important
result in the context of this paper, we prove that a PL condition can be implied by strong quasar-convexity
and we give the relation between their corresponding parameters.

Definition 3 ((Strong) Star-convexity). Let z* be a minimiser of the differentiable function f : R™ — R.
The function f is star-convex with respect to x* if for all x € R™,

f@) = f(x) +(Vf(2), 2" — ),

The function is strongly star-convexr with respect to x* if for all x € R"™,
* * 6 *
F@*) = f@) + (Vf(@),2" = 2) + Dl — 2|

Remark 8. (Strong) Star-convezity is a special case of (strong) quasar-convezity when v in Deﬁm’tion 18
equal to 1.

Definition 4 ((Strong) Convexity). Let the function f : R™ — R be differentiable. The function f is convex
if for all x1,z2 € R™,
f(z2) > f(21) + (Vf(21), 22 — 1).

The function is strongly convex if for all x1,x2 € R™,

Flwa) > @) + (V). a =) + 2l —

Remark 9. (Strong) Convezity is a special case of (strong) star-convexity when zo in Definition[4) is fived
at the minimiser x*.

Definition 5 (Polyak-Lojasiewicz functions). Let n > 0 and x* be a minimiser of the differentiable function
f:R™ = R. The function f is PL if for all x € R",

SIVI@I 2 (@) ~ ) (%)

Lemma 3. Let f : R™ — R be a B-strongly-y-quasar-convez function satisfying Assumption [1, Then f
202
satisfies the PL condition (33|) with % as the PL parameter 0.

Proof. Considering Definition [1| and the fact that f(a*) — f(x) < 0, we have
o os I8
(VI@),z—a?) = o — x|

Considering the Cauchy-Schwarz inequality, we obtain

18

B
2

IVf (@)l = — x|

From the Lipschitz gradient inequality and the fact that Vf(z*) = 0, we have
* * * L1 (12 * L1 * (12
fl@) < f@™) +(Vf(z7), 2 —27) + —llz = 27| < f(27) + o lle — 27|

Thus

2L,
7232

2122
Vi@ o V@) > 2 b

f@) — ) < - > 27

(f(z) = f(z7)).
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Remark 10. From|Karimi et al.| (20106), it is known that if a function f : R™ — R satisfies the PL condition
with n as the PL parameter, then f satisfies the quadratic growth condition f(x) — f(z*) > 2|z —z*||%.
Thus if f is a B-strongly-y-quasar-convex function with Lipschitz gradients, we have

212
>7B
=8I,

lz — 2|1%,

f(@) = f(z7)

which follows from Lemma[3}

D Strong Proximal Quasar-Convexity Implies Proximal Error Bound

It is known that strong quasar-convexity implies the PL condition in . One may wonder whether the
proximal version of this condition has a similar relation. It turns out that a strong proximal quasar-convex
function indeed satisfies a proximal error bound condition (or equivalently, proximal Polyak-Lojasiewicz or
Kurdyka-Lojasiewicz condition) Karimi et al.| (2016)).

Suppose that F' = f + [ is strongly proximal quasar-convex according to Definition [2| Using the definition
of strong proximal quasar-convexity, we have

1
F(z*) — F(z) > —(Proxq(z —aVf(x)) —z, 2% —x) + g”:p — x|
ay
This implies that
1
—(x — Proxy(z — aVf(z)),z" —x) + é”m —z*|* <o.
ay 2
When z = z*, the proximal error bound condition holds trivially. Now, let us assume that x # z*.
Rearranging terms, we have
p

§H9:* —z|]* < %(Proxal(x —aVf(z))—z,z*—x) < %||Proxal(x —aVf(x)) —z|||lz* — z|.

Therefore, if we let X* denote the set of minimisers of F', we see that

. 2
min |z — [l < [|lz7 —zf| < ——|[Proxe(z — aVf(2)) — 2],
TpEX*

aBry

as desired.

E Numerical Examples Complementary Details

In this section, we present additional numerical examples to illustrate the theoretical findings in Section
All experiments are implemented in Python and run on a Dell Latitude 7430 laptop with an Intel Core
i7-1265U processor.

E.1 Learning a Mechanical Linear Dynamical System

We consider a chain of 5 coupled mass-spring-damper oscillators (n = 10 states) illustrated in Figure [7| and
discretised from the continuous-time model

& = Acx + Beu, y = Cex + D.u. (34)

Here, the state is defined as = = [x1, vy, T2, V2, T3, V3, T4, V4, T5, V5] |, Where z;, v; are position and velocity of
mass i. The continuous-time dynamics for mass i = 1,...,5 (m;, k; = 2.0, ¢; = 0.4, coupling k., = 0.6) are:
Ty = vy, (35)

U = miz [U — kizy — v + kept(@iz1 — ®3) + kept(®iz1 — ) |, (36)
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common input force u

~

C5
I3
Cq
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Xt
C2
Xt
C1
= kcpl kcpl kcpl kcpl
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AAAA
VWWW

AAAAAAAAAAAAAAAAAAAAAAA
VWWWWWWWWWWWY
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AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAMAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV VWY

Figure 7: Chain of five coupled mass—spring—damper oscillators.

with 2¢p = ¢ = 0 (fixed wall), u (common input force), and masses m = [1.0,1.1,1.2,1.0,0.9]. Accordingly,
the matrices in are defined as

0 1 0 o --- 0 1/(7)71
ai,i b1 €1 0 0 0 !
A,=|0 0 0 1T 0 - B = 1/ms| s Ce=1[0,0,02,0,1,0,0.2,0,0.2,0], D.=0,
€9 0 @22 b2 €9 te .
[1/ms,

(37)
where a1 = —(kl + kcpl)/ml, ass = —(/455 + kcpl)/m5, i = —(kl + 2/€Cp1)/mi for i € {2,3,4} and
by = —ci/m;, e; = kepi/m; for i € {1,...,5}. We discretise the continuous-time system using forward Euler
with time step Ts = 0.05s, the discrete-time dynamics matrices are

A=I+T,A., B=T,B.,, C=C., D=D,, (38)

and the spectral radius of A satisfies ||A] < 1, i.e., stability is preserved through the time step selection 7.
This model represents realistic wave propagation and vibration modes in a coupled mechanical chain. As
explained in Section we learn a dynamical system using RM and GD to be able to follow the outputs
of the true dynamical system for the same inputs. We should note that the Armijo LS step size selection
for RM does not use the gradient of the cost function and it uses the random oracle instead. It can be
seen in Figure [2] that for fixed step sizes, RM outperforms GD in minimising this loss function, even with
a b times smaller step size. We can see the same for the case of the Armijo LS step size selection. It can
be seen that the performance of GD with Armijo LS step size selection is comparable with RM with a fixed
step size. In Figure 4] we compared the generated sequence by the systems learned by RM and GD for the
same input with the true sequence. It can be seen that the sequence generated by RM, with both fixed and
Armijo LS step sizes, closely follows the true sequence, while GD follows true sequence only with Armijo
LS step size selection. We should note that the algorithms are learning a dynamical system to be able to
follow the output of the true system with the same input distribution of the generated dataset, as desired.
In Table [2, we can see that the mean squared error of the sequence generated by RM is 100 times smaller
than that of GD in the fixed step size case, and it is 10 times smaller in the Armijo LS step size case.
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Table 2: Test MSE for the coupled mass chain
RM-fixed RM-Armijo GD-small GD-large GD-Armijo Initial

Test MSE  2.96 x 107% 156 x 107° 3.98x 1072 147x1072 7.85x10"*% 5.34x 1072

E.2 Empirical Risk Optimisation in Generalised Linear Models

This set of examples is based on optimising the empirical risk of a generalised linear model (GLM) with link
functions, i.e.,

1 1
min — Z 3 (/\(wTJCi) - yi)z,

where m is the number of samples. |Wang & Wibisono| (2023)) show that GLMs with activation functions
including leaky ReLU, quadratic, logistic, and ReLU satisfy quasar-convexity.

Each data point z; is sampled from N(0,I,,) and the label y; is generated as y; = A(w, z;), where w, ~
N(0,I,,) is the true parameter and A(-) is the link function (sigmoid, ReLU, or leaky ReLU with parameter
a = 0.5). Due to randomness in the scheme and the initial points, each experiment is run 20 times for both
RM and GD, and the average is reported. We consider m = 1000 samples in dimension n = 50. The initial
points are sampled from 10~2N(0, I,,). The parameters L; and v are unknown, so we tune them numerically.
The step size is set to 1072 for both algorithms. The number of iterations is 2 x 10* for the sigmoid link
and 6 x 103 for the other two links. We set = 10~% and ¢t = 1. As ¢ = 1, the number of gradient calls for
GD is the same as the number of iterations. The number of function calls for RM is twice the number of
iterations. Figures[§] [0] and [I0]show the average objective value and its standard deviation over 20 runs as
a function of iterations and CPU time for the sigmoid, leaky ReLU, and ReLU link functions.

1071 —— RM 107 —— RM
GD GD

function values (sigmoid)
7
function values (sigmoid)

1072

0 2500 5000 7500 10000 12500 15000 17500 20000 0.0 0.5 1.0 1.5 2.0
Number of Iterations Time(s)

Figure 8: GLM with sigmoid link: average objective value (mean + one standard deviation) over 20 runs.

E.3 Hard Quasar-Convex Function fT,o
Hinder et al.| (2020) introduce a “hard” quasar-convex function

T

Fro(@) = a@) + 0 3 T(ay),

=0

where T(H =120 fe tl(itzl dt and ¢(z) = (21 —1)* + 1 Z (fEZ — x;41)%. They show that L; = 3 and
v = 100Tf for this function. We choose T =20, 0 = 10 6 N = 50000, h = 1073, p = 1074, ¢t = 1, and

sample the initial point from N(0, IT). As t = 1, the number of gradient calls for GD is the same as the
number of iterations. The number of function calls for RM is twice the number of iterations. Figure[TI]shows
the average objective value and standard deviation over 10 runs versus iterations and CPU time for RM
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Figure 9: GLM with leaky ReLU link: average objective value over 20 runs.
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Figure 10: GLM with ReLU link: average objective value over 20 runs.

and GD. We can see that, while having less information, Algorithm 1| performance is similar to GD. In this
example, querying the function value is more expensive than calculating the gradient due to the existence of
the integral. Thus, each iteration of Algorithm [I] takes more time than each iteration of GD.

10— RM 101 RM
| GD GD
‘
|
=00 10°
g |\
Z 107 107!
10-? 1072
0 10000 20000 30000 40000 50000 0 2 1 6 3 10

Number of Iterations Time(s)

Figure 11: Hard function fT_’,,: average objective value (mean + one standard deviation) over 10 runs.
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Figure 12: Entropy-regularised bandit: soft sub-optimality error (mean over 20 runs) for two values of 7.

E.4 Entropy Regularised Policy gradient Reinforcement Learning

We next evaluate Algorithm |1 on an entropy-regularised policy gradient problem. Mei et al.| (2020, Lem.
15) shows that the corresponding objective function satisfies the PL inequality and has Lipschitz gradients.
Since it has not been shown that the cost function below satisfies quasar-convexity, we apply Algorithm
without theoretical convergence and performance guarantees. Following [Mei et al.| (2020, App. D.2), we
consider a single-state bandit with 20 actions. The rewards r(a) € [0, 1] are chosen randomly, the initial
parameter § is sampled from a Gaussian distribution, the step size is h = 0.1, u = 107%, and t = 1 (see (Mei
et al., 2020, Secs. 2 and 4) for full details). As ¢ = 1, the number of gradient calls for GD is the same as the
number of iterations and the number of function calls for RM is twice the number of iterations. The loss is

max Eqer, [r(a) —7log(mo(a))]

and the convergence metric is the soft sub-optimality error
T *
o =mr (r—7log(mr)) — Wért (r — 7log(mg,)).

Figure [12] shows the average soft sub-optimality error over 20 runs for 7 = 0.5 and 7 = 5. We can see that,
while having less information, Algorithm [1| performance is similar to GD. Similarly to |Cen et al.| (2022),
increasing 7 leads to smaller final §; and faster convergence.

E.5 Recurrent Neural Network with Residues

In this example, we evaluate Algorithm [I| on a simple recurrent neural network (RNN) with one hidden
layer. The formulation is closely related to the LDSI experiment but now it includes a nonlinear activation
function. We consider observations {u;,y;}7_; C R x R, corresponding to a non-linear model

Tip1 = F(sz + Bui), 9; = Cx; + Duy,

where T'(+) is the activation function, x; € R™ is the hidden state, and A € R"*", B € R"*1 C € RI*"
D € R are again unknown weights. We minimise the loss

1 T
T Z(yi — )%,
i=1

we set n = 20 (number of cells in the hidden layer), T'= 100 (sequence length), and generate 500 sequences
and targets sampled from a zero-mean unit-variance normal distribution. The sigmoid function is used as
activation. We adopt a full-batch approach and minimise

1 1 a ~\2
@ Z T_TIZ(%*%) )

(u,y)EB i=T1
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where B is a batch of 500 sequences and 77 = 7'/10. The initial weights are sampled from a zero-mean unit-
variance normal distribution. We tune the remaining parameters numerically and set N = 1000, h = 1074,
i =10"% and t = 1. The number of gradient calls for GD is the same as the number of iterations and
the number of function calls for RM is twice the number of iterations. While this network is not proven
to satisfy quasar-convexity globally, Hardt & Ma) (2017) shows that linear residual networks satisfy PL-
type conditions under certain assumptions. In light of Lemma [3] and the LDSI structure, we include this
example as an exploratory case. Figure illustrates the network structure, and Figure reports the
average objective value and standard deviation over 3 runs for RM and GD as functions of iterations and
CPU time. In this example, similar to the results in Section under same step-size selection, despite of
having less information, RM performs better than GD. A possible explanation for this phenomenon is given

in Appendix [F]

............. > Ti—1 > ZT; > TP R -
Figure 13: Structure of the trained recurrent network.
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Figure 14:
and GD.

RNN experiment: average objective value (mean + one standard deviation) over 3 runs for RM
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E.6 Constrained Strongly Quasar-Convex Cost Function

In this section, we report experiments on the synthetic strongly quasar-convex test function introduced
in [Hermant et al.| (2024)). The objective is of the form

h(z) = f<||z2>g(||j”2) . zeRY,

with
d

£(6) = 2, g(x1,...,xq) = Z(ai sin(bjz;)? + 1),

=1

and where the coefficients {a;}%_; and {b;}¢_, are drawn independently according to

a; ~ Unif[0,1],  b; ~ Unif[-2.5,2.5].

Following Hermant et al.| (2024), we fix d = 100 in all experiments. This construction yields a 2-strongly-1-
quasar-convex function, while exhibiting substantial nonconvexity through the oscillatory sin(-) terms.The
radial factor f(||x|[2) = ||x||3 enforces a quadratic growth away from the minimiser, whereas the angular
factor g(z/||z||2) introduces many regions of negative curvature along the sphere.

Constrained variant. To study projected algorithms, we additionally consider the constrained problem

min h(x) subject to ||z||1 < p,
TER?

for a prescribed radius p > 0. The feasible set is the ¢;1-ball. This setting preserves the nonconvex angular
structure of A while imposing a simple convex constraint, and allows for a comparison between projected
gradient descent and Algorithm We set p = 20, N = 10000 and h = 1073 for both algorithms and report
the results for the average of 10 runs. We test 3 scenarios where i) t = 1 (number of sampled directions) and
p=1075ii) t =1 and p = 1071°, and iii) t = 10 and pu = 10719, without any change in projected GD. The
results are shown in Figure [I5] It can be seen that the convergence behaviour of Algorithm [I]is consistent
with Theorem 4] Decreasing u leads to convergence to a point closer to the optimal point and increasing ¢,
leads to a trajectory closer to GD as the variance of the random oracle is lower. By tuning the parameters
ti and u, the convergence is more accurate and closer to projected GD.

E.7 Black-Box Nonlinear System Identification: Details

We provide full details of the black-box nonlinear system identification experiment described in Section [£.2]
The underlying system is a chain of 5 coupled mass-spring-damper oscillators (Figure'f[)7 identical in structure

to the system described in Appendix but augmented with two physically motivated nonlinearities:

e Actuator saturation. The input force applied to each mass is restricted to the interval
[~ Umax, Umax|, modelling the finite capacity of a physical actuator, known as actuator saturation.
This is modelled using the saturation function. Specifically,

Umax U < Umax
d’(u) = Sat(u, umax) = U u € [_umam Umax] ) (39)

—Umax u < —Umax
where umax = 2. This operation is non-differentiable at u = tuyax.

e Coulomb friction. Each mass experiences a velocity-dependent friction force that opposes its
motion with constant magnitude:

P(v) = —vesign(v), v.=0.2. (40)

This operation is discontinuous at v = 0.
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Figure 15: Constrained strong quasar-convex function experiment: average cost function value over 10 runs

The discrete-time dynamics of the true system are given by

Tip1 = Axy + B d(ug) + Ts U(ay),

where U(z;) € R? collects the Coulomb friction terms applied to each velocity component, and & ~
1073A(0, 1) is observation noise. The matrices (A, B, C, D) are constructed from the coupled mass-spring-
damper chain with parameters identical to those in Appendix The loss function is evaluated by
rolling out the nonlinear dynamics with candidate parameters (A, C, D) and comparing the predicted
outputs against recorded training data. Since the forward pass involves the unknown non-linear operations,

32

yr = Cay + Do(uy) + &,




Under review as submission to TMLR

the gradient of the loss with respect to the parameters cannot be computed. This makes gradient-based
optimisation inapplicable and motivates the use of zeroth-order methods.

We generate N = 200 input sequences of length 7' = 300, with inputs drawn from A(0,1). The output
sequences are recorded from the nonlinear simulator with the true parameters (A, B,C, D). The first
Ty = T/4 time steps are discarded as a burn-in period. The initial parameters (Ao, C’g, ﬁo) are obtained
by perturbing the true parameters with additive noise of magnitude ¢ = 0.1, with the spectral radius of Ay
projected to be less than 1. For Algorithm we set N =300, p=10"% ¢t =1, and h = 1072 (fixed step
size). For the Armijo line search variant, the maximum step size is hg = 107!, For CMA-ES, we set the
initial step size 0 = 5 x 1072 and use the population size of 18 as suggested by eq (48)).

The results in Figure [f] show that Algorithm [I] successfully minimises the black-box objective, converging
to a low loss value despite the complete absence of gradient information. The Armijo line search variant
achieves faster initial convergence than CMA-ES, while the fixed step-size variant converges steadily.

F Possible Explanation for Why Algorithm [I] Outperforms GD in LDSI

While the performance of ZO methods have been generally considered inferior to first-order methods with less
information available, our experiments in Section and Appendix [E.5] have shown that it actually performs
better than gradient method when learning a linear dynamical system. In this section, we will examine this
phenomenon, which may shed light on future algorithmic development on learning linear dynamical systems
and recurrent neural network training.

Let f: R™ — R be a twice differentiable function. Recall that each update in Algorithm [I]is given by @j41 =
x — hgu(xy) for some step size hy, > 0 and some gradient approximation g, (xx) with Elg, (zx)] = V f. (k).
Therefore, given the iterate xj, at the k-th iteration, the expected update rule is

Elzgi1log] = 2 — iV f () — hi(V fu(zr) — Vf(2r))- (42)

A natural question then arises: Where does the vector —hy(V fu(2r) — V f(xr)) drift the iterate to and how
does smoothing take place in the iterate?

To answer this, let us compute the vector explicitly. [Nesterov & Spokoiny]| (2017)) shows that the gradient of
the Gaussian smoothed function can be written as

1 flx+ pu) — f(x
Vi =+ [ Lt @)

K Jrn 12

_1yl2
Bue 21" yqy

with k defined in . Therefore, using Taylor series, we have

Viu(z) = Vf(x) = %/n (f(x * NZ) — /@) - <Vf(l‘),u>) Bue~ 21 ydy
1 / <f<x> Vi@t P o )= f@) o f(xW) Bue 3%
K Jrn o
= i /Rn uTVQf(ﬁ(x,u))uBue—%H“”?udu (43)

where £(x,u) € R™ is some vector on the line segment between x and x 4 u; i.e., {(v,u) = tx+ (1 —t)(z +u)
for some t € [0, 1]. Since each &(z,u) depends on the direction u, it is in general impossible to compute the
integral. Having said that, the integral sheds light on the information contained in the vector V f,,(z)—V f(x).

For simplicity, let the entries of the random vector in the Gaussian smoothing be independently and identi-
cally distributed by assumption, i.e., B = I,,. Consider some u € R™ and write £ = {(z, u) for simplicity of
notation. Suppose that the second derivative is continuous and thus the Hessian V2 f(£) can be diagonalised
as V2f(£) = Y1, Nivjvl for some set of eigenvectors {v;}?_; and eigenvalues {\;}7_;. Moreover, we write
the vector uw = Y, a;v; as the linear combination of the basis vectors. Putting aside the probability den-

sity, then, each vector u carries a weight of u? V2 f(£(z,u))u = Y. A;ja?. This implies that the integral
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% f]Rn uT'Vv2f(&(, u))uBue_%Hu”Qudu takes the average of the landscape of the neighbourhood of z, in the
sense that more weight is given to the direction whose curvature is large. Contrary to the issues of exploding
or vanishing gradients of gradient descent when learning a linear dynamical system, this “stablises” the gra-
dient approximation and therefore reduces the chance of exploding gradients; see Section [I.1] for numerical
results. Such inference also applies to other zeroth-order methods, such as uniform smoothing
and coordinate-wise smoothing |Chen et al| (2024]).

The above development sheds light on the algorithmic design in a recurrent neural network training problem.
Having a similar representation as a linear dynamical system identification problem (except for the non-
linear transition of the state), it is known that gradient-based learning algorithms encounter the problem of
exploding and vanishing gradients; see, e.g., Bengio et al.| (1994); Pascanu et al.|(2013); Hardt et al. (2018).
As [Pascanu et al| (2013)) hypothesised that the problem of exploding gradient of recurrent neural network
occurs when the curvature along some direction explodes, we see that the expected update of Gaussian
smoothing ZO oracle avoids the issue by escaping from such a direction.
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