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Abstract

The deterministic policy gradient (DPG) method
proposed in (Silver et al.|[2014]] has been demon-
strated to exhibit superior performance particularly
for applications with multi-dimensional and con-
tinuous action spaces. However, it remains unclear
whether DPG converges, and if so, how fast it con-
verges and whether it converges as efficiently as
other PG methods. In this paper, we provide a the-
oretical analysis of DPG to answer those questions.
We study the single timescale DPG (often the case
in practice) in both on-policy and off-policy set-
tings, and show that both algorithms attain an e-
accurate stationary policy up to a system error with
a sample complexity of O(e~2). Moreover, we es-
tablish the convergence rate for DPG under Gaus-
sian noise exploration, which is widely adopted in
practice to improve the performance of DPG. To
our best knowledge, this is the first non-asymptotic
convergence characterization for DPG methods.

1 INTRODUCTION

Reinforcement learning (RL) has achieved tremendous suc-
cess so far in many applications such as playing video
games [Mnih et al.| [2013]], bipedal walking [Castillo et al.,
2019] and online advertising [[Pednault et al.,|2002], to name
a few. The central aim of RL is to learn a policy that maxi-
mizes an accumulative reward for a task via the interaction
with the environment. To this end, one popular method is to
directly parameterize the policy and then optimize over the
parameter space via (stochastic) gradient descent, which is
referred to as the policy gradient (PG) algorithm [Williams),
1992]]. More variants of policy gradient have been devel-
oped to further improve the performance, including natural
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policy gradient (NPG) [Kakadel 2002], trust region policy
optimization (TRPO) [Schulman et al.,[2015]], proximal pol-
icy optimization (PPO) [Schulman et al.,[2017], actor-critic
(AC)|Konda and Borkar|[[1999],[Konda and Tsitsiklis|[2000]],
Asynchronous Advantage Actor-Critic (A3C) [Mnih et al.}
2016]), Soft Actor-Critic (SAC) [Haarnoja et al., 2018], etc.

All the aforementioned PG algorithms adopt stochastic poli-
cies where the policy is modeled as a probability distribution
over the action space. Rather, many RL applications have
multi-dimensional continuous action spaces, for which de-
terministic policy gradient (DPG) algorithms have been pro-
posed and demonstrated to significantly outperform stochas-
tic PG algorithms in Silver et al.|[2014]]. Motivated by this,
Lillicrap et al.|[2016] combined DPG with DQN and pro-
posed Deep Deterministic Policy Gradient (DDPG), which
extends DQN in discrete action space to a continuous setting.
Later, DDPG has also gained great success in distributional
[Barth-Maron et al.| 2018]] and multi-agent [Lowe et al.|
2017] scenarios. Although DPG and its variants exhibit su-
perior performance in practice, the theoretical understanding
of its convergence is rather limited. In fact, the only attempt
was made in Kumar et al.|[2020], which provided the con-
vergence results for a modified zeroth-order DPG algorithm.
However, what is used commonly in practice is the DPG
algorithm originally proposed in [Silver et al.| [2014], for
which the convergence guarantee remains open.

In fact, the convergence theory of DPG does not follow
from that for stochastic PG algorithms due to a few unique
features that DPG has. (a) The policy gradient in DPG takes
a very different form from that in PG, and admits different
compatibility for function approximation and consequently
different actors to estimate. There is thus no guarantee that
such a designed update rule must have guaranteed conver-
gence as PG. (b) Through determinism in policy, practical
implementation of DPG introduces stochastic noisy sam-
pling to improve exploration. There is no previous theory
on such a mixed deterministic policy update with noisy sam-
pling for exploration. (c) DPG takes alternative simultane-
ous updates between critic and actor with constant learning
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rates for both. Previous analysis for stochastic PG typically
requires sufficiently fast update for critic so that its track-
ing error can be (asymptotically) decoupled from actor’s
convergence error. Such analysis is not applicable to DPG.

Thus, the goal of this paper is to develop new tools to address
the aforementioned challenges and provide the first finite-
sample convergence guarantee for DPG algorithms in|Silver
et al.|[2014]].

1.1 MAIN CONTRIBUTION

The main contribution of this work lies in establishing the
first finite-sample analysis for both on-policy and off-policy
DPG algorithms proposed in [Silver et al.|[2014].

For the on-policy setting, we study DPG-TD, which uses the
compatible approximation rule given by Silver et al. [2014]
to update actor, and adopts temporal difference (TD) learn-
ing with linear function approximation to update critic. We
show that DPG-TD finds a stationary point (up to a system
error) with a sample complexity of O(e~?2). In addition, we
also show that noised DPG-TD (NoiDPG-TD) which uses a
mixture of noisy exploration and the deterministic policies
can also achieve a sample complexity of O(e~?2). For the
off-policy setting, we study DPG-TDC, which uses TD with
gradient correction (TDC) to update critic under off-policy
data and show that DPG-TDC also achieves the convergence
with a sample complexity of O(e~2).

Our results bring the following insights to the understanding
of DPG. (a) Our sample complexity of DPG matches the
best known actor-critic (AC) type PG in Xu et al.|[2020b].
This implies that although the policy gradient of DPG is
more challenging to estimate, the compatible function ap-
proximation for DPG in|Silver et al.|[2014] is as efficient as
that for PG, which yields the same complexity for DPG. (b)
DPG achieves the same sample complexity for more chal-
lenging continuous and possibly unbounded action space
whereas the known theorems for PG typically require the
bounded action space except for Gaussian policy. (c¢) The
noisy exploration does not cause higher sample complexity.
(d) The simultaneous updates for actor and critic without suf-
ficient estimation accuracy for critic still yield convergence
without causing more sample complexity.

Technically, our analysis develops the following novel tech-
niques to handle the unique challenges arising due to deter-
ministic policies. (a) We develop a new analysis to bound
the estimation error of the Fisher information of determin-
istic policy arising via the compatibility property, and then
further capture how such a metric affects the convergence
via its minimum eigenvalue. (b) We develop a new tool to
analyze the coupled actor and critic’s stochastic approxima-
tion processes, due to their simultaneous updates both with
constant stepsizes (which are commonly used in practice).
Previous analysis of (stochastic) PG-type algorithms includ-

ing AC algorithms mainly decouples the critic’s error from
actor’s error either by sufficient updates of critic before each
actor’s update [Wang et al.} 2020, [Kumar et al.| 2019} |Qiu
et al.,[2019, [Xu et al.| [2020b]], or by updating critic much
faster than actor via two timescale learning rates [Wu et al.}
2020, [ Xu et al., 2020c]]. Our analysis allows the coupling
between the two and develops the idea to cancel the critic’s
coupling error by the actor’s overall positive progress to the
stationary policy.

1.2 RELATED WORK

Convergence of DPG and its variants: Since proposed and
practically justified in|Silver et al.|[2014]], DPG has inspired
many variants and gained great success. However, there is
almost no theoretical study of DPG with only one exception
in [Kumar et al.| [2020], which provided the convergence
guarantee for a zeroth-order DPG rather than the original
form of DPG used widely in practice. Our work aims to
provide the finite-sample convergence guarantee for DPG
in its original practical form [Silver et al., 2014].

Convergence of stochastic PG: The vanilla PG is a fun-
damental policy-based RL algorithm. Its asymptotic con-
vergence has been established in |Williams| [[1992], [Baxter
and Bartlett| [2001]], [Sutton et al.| [2000]], Kakade| [2002],
Pirotta et al.|[2015]], TadiC et al.| [2017] via modeling PG
as stochastic approximation (SA). PG has been shown to
find the optimal policy under convex policy function ap-
proximation [Bhandari and Russol |2019]] or in some specific
applications such as LQR [Fazel et al., 2018, |Malik et al.,
2019, [Tu and Recht, 2019]. Convergence of (N)PG under
a more general function approximation has been also pro-
vided in|Shen et al.|[2019], Papini et al.| [2017, 2018} 2019,
Xu et al.|[2019,2020a], Zhang et al.| [2019], Agarwal et al.
[2019], Karimi et al.|[2019], Wang et al.|[2020]], (Cen et al.
[2020].

Convergence of stochastic actor-critic: The AC algorithm
was proposed in|Konda and Borkar| [1999], and since then
has aroused wide interest in understanding its convergence.
Konda and Tsitsiklis| [2000], [Konda [2002]], Peters and
Schaal [2008]], Bhatnagar et al.| [2008, |2009]], Bhatnagar
[2010], |Castro and Meir| [2010]], Maei [2018]] established
the asymptotic convergence for (natural) AC. The non-
asymptotic convergence for (N)AC has been also explored
recently. Under a double-loop setting, where critic can run
sufficiently many iterations before updating actor, the con-
vergence rate for (N)AC has been characterized in|Yang et al.
[2019]],|Wang et al.|[2020], Kumar et al.|[2019], Qiu et al.
[2019]], Xu et al.| [2020b]. Under a two-timescale setting,
where critic and actor update simultaneously but undergo
different diminishing learning rates, the convergence rate
has been provided in [Wu et al.| [2020], | Xu et al.| [2020c],
Hong et al.|[2020], Zhang et al.|[2020]], Shen et al.| [2020].
Under the single timescale setting, where critic and actor



are simultaneously updated with constant learning rates, the
convergence rate was given in Fu et al.[[2021]]. Differently
from the above stochastic PG and stochastic AC, our work
studies the deterministic PG algorithms. The update struc-
ture of our work is the same as that in [Fu et al.| [2021]], but
we adopt the more practical TD updates for critic rather
than LSTD in [Fu et al.| [2021]], which causes substantial
difference in our analysis besides the deterministic policy.

2 PRELIMINARY

2.1 PROBLEM SETUP

We consider the standard RL settings where an agent inter-
acts with a stochastic environment. Such a system is usually
modeled as a discrete-time discounted Markov Decision Pro-
cess (MDP) which is represented by a tuple (S, A, P, r,~).
Here, S denotes the state space, A denotes the action space,
P:SxAxS — [0,1] denotes the transition kernel for
the state transitions, e.g., P(s’|s, a) represents the proba-
bility that the system takes the next state s’ € S given the
current state s and action a; r : & X A — [0, Rimax] 18
the reward function mapping the station-action pairs to a
bounded subset of R, and y € (0, 1) is the discount factor.

Here, we consider a deterministic policy gy parameterized
by 6 € R%, namely, given the current state s, the policy
follows a deterministic function mapping to generate an
action a = pg(s). We also assume that the Markov chains
generated by the policies are ergodic throughout this paper.

2.2 ON-POLICY DETERMINISTIC POLICY
GRADIENT

We first consider the on-policy case where the interaction
with the environment (i.e., the sampling) can follow the
instantaneous target policy .

The goal is to maximize the expected cumulative reward in
the infinite-horizon case given by

J(po) = /SV;LQ(S)T(S,ue(S))dS = Esry, [7(5510())]
ey

where v,(s') = [ Yo' po(s)p(s — &' t,p)ds is
the (improper) discounted state visitation distribution and
p(s — §',t, i) denotes the density at state s’ after ¢ steps
from state s under policy p. In the remaining of this paper,
we denote J(0) := J(ug) and vp := v,,, for brevity.

One popular method to optimize the loss function defined
in (I is to use gradient-based algorithms such as stochastic
gradient descent (SGD). To this end, the gradient of the loss
function has been given by the so-called deterministic policy

gradient theorem [Silver et al., 2014] as follows:

VJ(0) = /S V0(5)V0110(5) Vo Q" (5, @) o (o)

=E,, [vé)ﬂe(s)anw (s, a)|azue(8)] : @)

The policy gradient theorem for deterministic policies sug-
gests a way to estimate the gradient via sampling, and then
model-free policy gradient algorithms can be developed by
following SGD updates for optimizing over policies. The
difficulty of estimating the policy gradient V.J(6) in (2) lies
in approximating V,Q"¢ (s, a). To address this difficulty,
the compatible function approximation was established in
Silver et al.|[2014] which guarantees that V,Q"? (s, a) can
be replaced by V,Q™ (s, a) in the policy gradient. We state
such a property below, which is critical for designing the
deterministic policy gradient algorithms.

Proposition 1. (Compatible function approximation [Sil{
ver et al. [2014)]) A function estimator Q% (s,a) com-
patible with a deterministic policy pg, i.e., VJ(0) =
E,, [Vg,ug(s)VaQw(s,a)|a:H9(s)], if it satisfies the fol-
lowing two conditions:
1. VaQ¥(8,0) a=py(s) = Vopo(s) w;
2. w = wge minimizes the mean square er-
ror E,, [f(s;e,w)Tf(s;H,w)], where £(s;0,w) =
VaQ"(s,0a) |a:,u.g(5) —V.Q" (s, a) |a:#9(8)'

Following the compatibility property, the deterministic pol-
icy gradient can be rewritten as

VJ(0) = Ey, [Vous(s)Veue(s) wg,] 3)

where w¢, can be approximated easily by solving a regres-
sion problem.

2.3 OFF-POLICY DETERMINISTIC POLICY
GRADIENT

In practice, it is often convenient to estimate the policy
gradient via sampling under a behavior policy 3, which is
different from the target policy pyg.|Silver et al.|[2014] has
also provided the deterministic policy gradient theorem for
such an off-policy case, which is given by

VJ5(0) = /S U5(5)Vot5(5) V0@ (5, @) a0y
= EVB [v9M9(S)v(lQue (Sa a)|a:ug(s)] ’ (€]

where vg is the state visitation measure of the policy 3.
Correspondingly, the compatible form is given by

VJs(0) = By, [Vope(s)Voua(s) wh e, ], (5)

where wj . = argmin, E,, [f(s; 0, w)TE(s; 0, w)} and
&(s; 6, w) holds the same form as in Proposition 1}



3 ON-POLICY DPG ALGORITHM

In this section, we first describe the on-policy DPG algo-
rithm proposed in Silver et al.|[2014] and then provide the
finite-sample convergence result for this algorithm.

3.1 ALGORITHM

In|Silver et al.|[2014]], a compatible DPG algorithm using
TD critic update was proposed, which we call as DPG-TD
and describe in Algorithm [I] This algorithm introduces a
critic parameter w to estimate the gradient of Q-function
based on the compatibility property. At each iteration, w
is updated by TD with a linear function approximator
Q"(s,a) = ¢(s,a)Tw (line 9 of Algorithm . The al-
gorithm uses 6 as an actor parameter to update the policy
(line 13 in Algorithm[T)) based on the compatibility property.

Algorithm 1 DPG-TD

1: Input: o, oy, wo, g, batch size M.

2: for t=0,1,...,7T do

3: for j=0,1,...,M — 1do

Sample s; ; ~ dg,. Generate a; ; = o, (St,;)-
Sample s;41,; ~ P(:|s4,,a4,;) and r; ;. Generate
at1,j = o, (St+1.5)-

6 Denote z; j = (8,5, at,j)-

7 61 =11+ v0(ig1,5) T we — @@ ;)T wy.
8:  end for
9

AN

M—-1

DW= we+ D5y 00T )-
10 for j=0,1,...,.M —1do
11: Sample s} ; ~ vy,

12:  end for

M—1
13: 9t+1 = 9,5""% Zj:() Vguot (SLj)V@/J/@t (sévj)th.
14: end for

3.2 TECHNICAL ASSUMPTIONS

Before providing the result, we first introduce technical
assumptions, all of which are standard or necessary mild
regularity requirements.

Assumption 1. For any 01,03,0 € RY there ex-
ist positive constants L, Ly and \g, such that (1)
110, (s) = po, ()| < Ly ll0h —0af,Vs € S (2)
[V ot16, () = Vanoy(9)l < Ly 01 — 62, ¥s € S: (3)
the matrix Vg = E,, [Vgug(s)V(;ug(s)T] (which we
call as Fisher information of deterministic policy) is
non-singular with the minimal eigenvalue uniformly lower-
bounded as omin(Vy) > Ag.

The first two statements can be easily satisfied for properly
parameterized policy classes such as the linear approximator
used in Silver et al.|[2014] and the smooth neural network
class. The last one ensures that w, defined in Proposition

is solvable and unique. A similar assumption has been also
used in|Liu et al.|[2020].

Assumption 2. For any a1, ay € A, there exist positive con-
stants Lp, L., such that (1) the transition kernel satisfies
|P(s|s,a1) — P(s'|s,a2)] < Lp|lay — azl|,Vs, s’ € S;
(2) the reward function satisfies |r(s,a1) — r(s,a2)| <
L, ||lay — az]|,Vs,s" € S.

In Assumption[2] the first statement is standard in the theo-
retical studies of RL [Bertsekas, [1975)|Chow and Tsitsiklis|,
1991}, Dufour and Prieto-Rumeau, 2013} |2015]], where the
transition kernel is assumed to be Lipschitz continuous with
respect to (w.r.t.) both state and action. |Shah and Xie| [2018]
relaxes the Lipschitz continuity to be only w.r.t. state when
considering a continuous state space. In this paper, we need
the Lipschitz continuity to hold only w.r.t. action, because
DPG algorithms are commonly used for continuous action
space. The second statement can be easily satisfied for a
properly defined reward function.

Assumption 3. For any a1, as € A, there exists a positive
constant L¢y, such that ||V Q"¢ (s, a1) —VoQ" (s, a2)|| <
Lg|la1 — az|,V0 € RY, s € S.

Assumption [3|indicates that the Q-function is smooth over
action, which is a standard assumption in deterministic pol-
icy related studies [Kumar et al., [2020]], and is also known
as a principle to mitigate overfitting in the value estimation
for actor-critic algorithms [Fujimoto et al., [ 2018]].

Assumption 4. The feature function ¢ : S x A —
R? is uniformly bounded, i.e., ||¢(-,-)]| < Cy for
some positive constant Cy. In addition, we define A =
Ea, [6(2)(10(") — 6())T] and D = Eq, [6(x)9(2)7),
and assume that A and D are non-singular. We further as-
sume that the absolute value of the eigenvalues of A are
uniformly lower bounded, i.e., |0 (A)| > A4 for some posi-
tive constant \ 4.

Assumption[d]is standard in the studies of TD learning with
linear function approximation [[Zou et al.} 2019, |Wu et al.,
2020, |Xu et al., |2020bjc]]. This assumption guarantees the
solvability of TD learning with linear function approxima-
tion. To be more specific, it ensures that Eg4, [0¢] = 0 has a
unique root, namely w;, which is also the global optimum
of TD learning for a fixed policy pg.

Remark 1. We will abuse the notations a bit and assume
that Assumptions|l|andH|also hold for the off-policy case,
with the expectations taken over the behavior stationary and
(improper) visitation distributions dg and vg.

3.3 CONVERGENCE RESULT

In this subsection, we provide the finite-sample convergence
analysis for DPG-TD in Algorithm ]



Note that the deterministic policy gradient VJ(6) in @)
has a different and more challenging form to analyze com-
pared with stochastic PG, which requires the development
of several new tools. First, we characterize the Lipschitz
property for the deterministic policy gradient, which serves
as a crucial step in the finite-sample analysis of DPG-TD.
The previous study of DPG in Kumar et al.| [2020]] takes
such a property as an assumption. Here, we formally estab-
lish such a Lipschitz property with the proof provided in
Section[I]of the appendix, and characterize the dependence
of the deterministic policy gradient on the basic parameters
of the MDP.

Lemma 1. Suppose Assumptions[I\3|hold. Then the deter-
ministic policy gradient V J(0) defined in (2)) is Lipschitz
continuous with the parameter Ly, i.e., V0,,0, € R,

[V J(01) = VJI(0)]| < Ly |01 — 2], (6)
where Lj; = (%LPLiLVCU+1LJ) (L +M> +

vy
L, LpL.L,
L (LQLH+gL§;RImLMO +”P77*).

In the following, we provide the convergence guarantee
for DPG-TD. Our main technical novelty lies in the devel-
opment of a new framework to analyze the coupled actor
and critic’s stochastic approximation processes, due to their
simultaneous updates both with constant stepsizes. Our cen-
tral idea is to cancel the critic’s cumulative coupling error
by the overall positive progress of actor’s approach to the
stationary policy. This is different from the previous analysis
of (stochastic) PG-type algorithms which mainly decouples
or asymptotically decouples the critic’s error from actor’s
error. We provide a proof sketch in Section [3.4] with the full
proof given in Section 2] of the appendix.

Theorem 1. Suppose that Assumptionshold Let cv,, <
480, C3 :

ﬁ;M > % oy < min 4LJ, 24)212 } Then the

output of DPG-TD in Algorlthm sansﬁes

mink ||V.J(6,)| <dpz2y c3k?,
te(T)

T M
8 Ries 14412 2
where ¢ = as(lj’y) + Sa. b wo—wgo ,Co =
48L2 LAC? o2 2
2 2\ 4wk we o 144Lj
{48@ (C3C% + C3) + —52 Yaw T

36L4 C?

'UJ&?
Rmaxcdn Co = X (1=7)°

L L,C 2L;1L1) _ _
/\\IJJ )lel Q’y) (LQL + /) Ly = L;21,7CQ -
L.+ Lp - %,Lu 2C,,LPLW and Ly defined in
Lemmall} and we define

e3 = 1813 + MLelhod iy 0 = 202,C, =

Rmax Cqb C — L,LL CQ L —

—w, |- M

K= mgx”w;

Theorem [T]indicates that the convergence upper bound con-
sists of three parts. The first term captures the convergence

rate and vanishes sublinearly with the number of iterations.
The second term captures the variance caused by the stochas-
tic sampling and can be controlled by the batch size. The

which is

last term captures the system error Hw; — Wi,

uniformly bounded by some constant «. Such a system error
includes two parts of the approximation errors. The first part
is introduced by the difference between the optimal output
Q-function of TD learning and the ground truth Q-function.
The second part captures the approximation error due to the
fact that none of the linear functions in this class satisfies
the compatibility property in Proposition|[I] In practice, the
high capacity of the neural network class can significantly
help to reduce such an error and achieves better convergence
accuracy.

Theorem [I]also captures how the Fisher information of de-
terministic policy ¥y :=E,, [V@ﬂo(S)Vgﬂg(s)T} affects
the convergence rate via its minimum eigenvalue bound
Ay. Such a metric arises due to the compatible function
approximation and captures how well actor estimates the
deterministic policy gradient. Clearly, larger Ay indicates a
better system condition (smaller C.,, and L,,) and hence a
faster convergence.

Based on the convergence rate in Theorem [I| we provide
the sample complexity of the algorithm as follows.

Corollary 1. Suppose that the same assumptions in The-
orem[I| hold. Then the output of DPG-TD in Algorithm[]]
satisfies mlnE IVJ(0)]1 < €+ c3k2, by using the total

number ofsamples 2MT =0 (1/6 )

Corollary [T| shows that DPG-TD attains an e-accurate sta-
tionary point (up to the system error) with a sample com-
plexity of O(e~2). To our best knowledge, this is the first
finite-sample characterization for DPG.

Despite the policy gradient of DPG is more challenging
to estimate, the sample complexity of DPG in Corollary [I]
matches the best known stochastic PG (with AC scheme)
in [Xu et al.|[2020b]. Furthermore, such a result does not
require critic’s update in DPG to accurately track the deter-
ministic policy gradient at each step and hence is practically
desired, whereas the sample complexity guarantee in [ Xu
et al.| [2020b] for stochastic PG requires sufficient accuracy
of tracking the policy gradient at each iteration.

DPG with noisy sampling for exploration. In practice,
the deterministic policy used in Algorithm[TJusually suffers
from the inefficient exploration. To overcome such an issue,
Silver et al.| [2014] proposed to use a noisy sampling for
DPG. To be specific, in lines 4-5 of Algorithm [I] a noisy
policy, e.g., g, (s) = pe,(s) + N(0,02), is adopted to
generate actions ay j, a;41,;. Correspondingly, the states for
critic’s updates in lines 4-5 of Algorithm [I] are generated
by the stationary distribution dy, associated with the noisy
policy 7g,. The rest of Algorithm|[T]is unchanged. We refer



to such an algorithm as noisy DPG-TD (NoiDPG-TD).

Following the same techniques for the proof of Theorem|I]
and replace the stationary distribution dp, by dr,, , we read-
ily obtain the convergence result for NoiDPG-TD as follows.

Corollary 2. Suppose that the same assumptions in The-
orem [1] hold. Then the output of NoiDPG-TD satisfies
mmE IVJO)|° <e+0O (k?), by using the total number

ofsamples @) ( )

In Corollary 2] the system error « is determined by the
noisy policy. Corollary [2|indicates that the noisy sampling
for exploration does not cause higher sample complexity
compared to DPG-TD.

3.4 PROOF SKETCH OF THEOREM

In the following, we outline the proof of Theorem (1] to
highlight our new approach to analyzing the coupled actor
and critic’s stochastic approximation processes, due to their
simultaneous updates both with constant stepsizes. The cen-
tral idea is to cancel the critic’s cumulative tracking error by
the actor’s overall positive progress to the stationary policy,
which is different from the existing analysis of (stochastic)
PG-type algorithms that mainly decouples or asymptotically
decouples the critic’s error from actor’s error. Further, we
develop a new analysis to bound the estimation error of the
Fisher information of deterministic policy arising via the
compatibility theorem, and then further capture how such a
metric affects the convergence via its minimum eigenvalue.

The main proof consists of three steps. First, we characterize
the error propagation of tracking a dynamic critic target (i.e.,
dynamic tracking error) based on its coupling with actor’s
update progress. Second, we bound the critic’s cumulative
tracking error in terms of actor’s update progress via the
compatibility properties of DPG. Last, we establish the over-
all convergence by canceling out the cumulative tracking
error via the actor’s overall positive progress towards the
stationary policy.

Step I: Characterizing dynamics of critic’s error via
coupling with actor.

In the first step, we characterize the propagation of the
dynamics of critic’s dynamic tracking error based on its
coupling with actor’s updates. That is, we develop the re-

2 2
and Hwt — wgtH by

lationship between Hth — w;t+1
their coupling with actor’s updates.
Recall that wy, is the global optimum of TD given a fixed
policy p,, or is equlvalently the unique root of gy, (w;) :=

Ea,, {M Zj o6y, J)} = 0. We first give the follow-

ing bound on the update rule of w, in Algorithm [I] given
by the TD learning property [Tsitsiklis and Van Royl, 1997,

Bhandari et al.| 2018, |Xiong et al.,[2020],

. 112
w, |

Qy A .
< (1- %) Blhw - wi |+

M > 48(waA

E e~
2403 (CACY + CF)
M )

where o, < 202 ,

In the previous analysis of (stochastic) AC algorithms, suf-
ficient TD updates of critic result in a controlled small
tracking error before updating the actor, which is hence
decoupled from the actor’s progress. In contrast, DPG-TD
takes alternative updates between critic and actor, so that
the critic’s tracking error is inherent and non-vanishing.
Thus, we take a new approach to characterize the moving
dynamics of the tracking error and directly couple it with
the actor’s update as follows,

4L

2
—YE|6 —0
<+ 641 — 64|

*
E H’U}t+1 — th+1

Aty L2 48a2(C3C3 + CF)
+<1—4>]EHwt—w9t|| n Lt

Clearly, in the above bound, the two tracking errors at times
t+1 and ¢ have different targets w;Hl and wg, due to actor’s
one update between critic’s two consecutive updates. Hence,
actor’s update is necessarily coupled into the dynamics of
the critic’s tracking error.

Step II: Bounding cumulative tracking error via com-
patibility theorem for DPG.

In this step, we bound the cumulative tracking error based
on the dynamics of the tracking error from the last step.

To this end, we first bound the difference between two con-
secutive actor parameters via DPG’s properties. By the

update rule of #; in Algorithm l we have 6,11 —0; =
S8 050 Vona,(s; ) Vana, (s; )T we = aoho, (we.Br).

Since hg, (w¢, B:) is not an unbiased estimator of the de-
terministic policy gradient V.J(6;), we characterize such
a bias by exploiting the compatibility theorem as well as
the property of Fisher information of deterministic policy
defined in Assumption [I] and obtain the following bound
(see Lemma@ for the proof)

E |[ho, (we, Br) — V.J (6:)]”
402
< 3L2E ||lw, — wy,||” + 3L3K% + #

The above bound then connects the critic’s error dynamics
from Step I to the policy gradient and yields the following

result:
Ay, .
< (1222 ) Bfjur - u

4802 (C3C2 + CE)  8LZ% a2
+ BoulCaCu £ G | B i 02

E|

*
W41 — Wy,
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Thus, we obtain the cumulative dynamic tracking error as
: 2 _ 8 wo —wj, |
ZEHW —wg, " < Tweo

4803,(CRCL+CR) | 81307 (410 o 6L e
Jr[ 7 + v 3Ly K"+ —

o T—1

B4L3,0f ZIEHVJ 0,)]% .

w

8T  64L2
Oy pRre

The above bound connects the cumulative dynamic tracking
error to the convergence rate of actor’s update via policy
gradient, i.e., such an error depends on how fast actor’s
update approaches to the stationary point.

Step III: Overall convergence by canceling tracking er-
ror via actor’s positive progress.

In this step, we establish the overall convergence to a sta-
tionary policy by novel cancellation of the above cumulative
tracking error via actor’s update progress.

We first bound the cumulative policy gradient by the cumula-
tive tracking error via the relationship between the progress
of loss function and the tracking error as follows:

9 L2 T-1
BT ST
t=0

42
6L\
M

The previous analysis of (stochastic) AC typically exploits
the fact that the above critic’s tracking error can decay suf-
ficiently fast by decoupling it from actor’s update, which
does not hold here. In contrast, we exploit the connection
of the cumulative tracking errors and the cumulative policy
gradient that we establish in Step II, and show that such a
tracking error can ultimately be canceled by the actor’s pos-
itive progress towards a stationary point. This also explains
why the critic’s inaccurate estimation does not affect the
overall convergence guarantee. Such an idea is captured as

follows:
ag 144L2 L? 0‘9
4 X202, Z E[IVJ(0)]
Rmax + 18a9Lh

*1 Ay,

48a2 (CA02 +C?) 8L%a2 9 9 GLﬁC?uE
w L = &
+ M + N, 3Ly k4 Vi

T-1

«

< 2 EIVIE)*
t=0

Rmax 3049 2 2
— | 3L
oLt < nE 4

w0 —w;, |

) 180{9L%T

3ay 2,2 |
3Lik
Ay, T 4 (

4 2
Ufcw§ .T
M

2w and rearranging the above

Finally, by letting cig < 57 .0
terms, we complete the proof.

4 OFF-POLICY DPG ALGORITHM

In this section, we consider the off-policy setting, where
the behavior policy is different from the target policy, and
provide the convergence guarantee of such an off-policy
DPG algorithm.

4.1 ALGORITHM

The design of the algorithm is based on the compatibility
property in (3). However, off-policy TD with linear function
approximation is known to not necessarily converge [Baird,
1995]]. To overcome such a divergence issue, Silver et al.
[2014] adopted TD with gradient correction (TDC) to update
the critic parameter. Note that since critic in DPG estimates
the Q-function rather than the value function, there is no
need to use the importance sampling to adjust the sampling
distribution [Silver et al.l 2014]. We call the compatible
DPG using TDC updates as DPG-TDC, with its details
given in Algorithm 2]

Algorithm 2 DPG-TDC
1: Input: «,,n, ag, wo, ug, By, batch size M, behavior
policy .
2: for t=0,1,...,7 do
3 for j=0,1,...,M — 1do
4: Sample z; ; := (51,5, ar,;) ~ dga.
5: Sample s;41,; ~ P(:|s4,,a,;) and r; ;. Generate
ar+1,5 = 1o, (S141,5)-

6: Denote ¢ ; = ¢(s¢,5,a¢,5)-
7 Otj = Ttj+ 7¢f+1,j“’t — bi
8: end for
9w = we+ Y ol [0ni0; — VPrr1,i b1 5] -
100wy = up + 1w ZMA (6,0t — PrbL jue).
M j=0 2] PtJ ,J Pt 9t
11: for j=0,1,...,M —1do
12: Sample s} ; ~ v, .
13:  end for
M-1
14 O = 0,4+55 3, Voue, (s} ;)Vopa, (st ;)" wy.

15: end for

As shown in Algorithm [2] while the state-action pair at
time ¢ is sampled by the stationary distribution with the
behavior policy /3, the action corresponding to state s;41
is still generated by the target policy. In addition to the
updates of w; as critic and 6 as actor, a gradient correction
parameter v is also updated in line 10 of Algorithm 2}



4.2 CONVERGENCE RESULT

In this subsection, we characterize the convergence rate and
sample complexity for DPG-TDC in Algorithm 2] Similarly
to the analysis of DPG-TD, we first show the Lipschitz
continuity property for off-policy DPG-TDC.

Lemma 2. Suppose Assumptions[I|[3|hold. Then the deter-
ministic policy gradient V J3(0) defined in @) is Lipschitz
continuous with the parameter L ,, i.e., V01,0, € R4,

IV J(01) = ViJg(02)l| < Ly, 100 =02, (8)
where Ly, = £ (LoLu-+ 5713 Runax LuCy+ 2522Ee) 4
L Rumax L
ﬁ (Lr + %)

Compared with Lemmal[I] for the on-policy case, the Lips-
chitz parameter L ;, in Lemma@has the same dependence
on 1 — v as Ly, but does not have the state visitation error
term because the behavior policy does not change as actor
updates the policy.

To analyze the off-policy algorithm DPG-TDC, one of the
main challenges lies in the complication arising due to the
extra correction parameter u;. To overcome this, we treat
the update of critic as a lifted linear system with respect to
a grouped state z; = [w] ul |7 € R?¢ and then analyze the
key properties of such a system matrix.

We next provide the convergence guarantee for DPG-TDC

in the following theorem. The full proof of Theorem [2] can

be found in Section 4] of the appendix.

Theorem 2. Suppose that Assumptions[Ifd| hold. Let cv,, <
P 480, CF : Nayw | .

208 M > —%;0p < min {mv 24L;?Lw, >
-1, A+AT

D1 AfA

max {0, Omin ( where A, D are defined in

Assumption ] Then the output of DPG-TDC in Algorithm ]
satisfies

mink [V J5(6)]* < 5+ 35 + eon”.

te -T M
where cy agsl(%l"f;) + 1;\1’%1; !zo — Zp, 2 ,C5 =
isa(caey +op) + IRt
B6LAC2  co = 18L3 + 2huliol iy €2 = 5(1 +
)O3 CF = (14 7) R C3, Lur = 522+ 508,

given by (1), L, defined in Lemmal2| and other constants
remain the same as those in Theorem |l

Theorem 2] can readily imply the sample complexity for the
convergence of DPG-TDC as given below.

Corollary 3. Suppose the conditions in Theorem[2]still hold.
Then the output of DPG-TDC in Algorithm 2] satisfies

ink || V.Jz(0;)]* < 2,
mnin IVIa(0)]" < €+ cor

by using the total number of samples 2MT = O (1/62).

In Corollary [3] the system error « is determined by the
off-policy distributions, and thus differs from that of the on-
policy DPG-TD algorithm. Overall, Corollary [3|shows that
oft-policy DPG-TDC achieves the same sample complex-
ity as on-policy DPG-TD in Corollary [I] (up to a different
system error). To our best knowledge, there has been no
existing study on off-policy stochastic AC, where critic uses
TDC with general nonconvex policy function approximation.
Our techniques can be extended to fill such a gap.

S CONCLUSION

This paper provides the first finite-sample analysis for DPG
algorithms in both on-policy (DPG-TD) and off-policy
(DPG-TDC) settings. Up to the system error that neces-
sarily exists for actor-critic algorithms, we show that both
DPG-TD and DPG-TDC can find an e-accurate stationary
policy with a sample complexity of O(e~2). Our results
and the analysis techniques can lead to several promising
extension directions. For example, it would be important
to explore whether DPG converges to a globally optimal
policy as stochastic PG/NPG. Convergence of more popular
algorithms such as DDPG is also interesting to study.
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