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Abstract

We explore “omitted label contexts,” in which training data is limited to a subset of the possible labels.
This setting is standard among specialized human experts or specific focused studies. By studying
Simpson’s paradox, we observe that “correct” adjustments sometimes require non-exchangeable
treatment and control groups. A generalization of Simpson’s paradox leads us to study networks of
conclusions drawn from different contexts, within which a paradox of nontransitivity arises. We
prove that the space of possible nontransitive structures in these networks exactly corresponds to
structures that form from aggregating ranked-choice votes.

1. Introduction

Knowledge is powered and limited by the data that drives it. When seeking to understand the relevance
of a study, the most critical aspect is its data’s context. Two common “data contexts” are (1) the
population of participants and (2) interventions made on that population. Optimizing a context for
utility might involve a census of the target population with perfectly focused interventions. The real
world, however, weighs utility against feasibility; budget constraints limit a study’s participants, and
moral constraints limit its interventions.

Domain Adaptation A study may attempt to transfer conclusions from a sub-optimal data context
to a target one. Most broadly, this topic is known as domain adaptation (DA). DA formally deals with
transferring from a training probability distribution p (V) to a target distribution ¢ (V). For a specific
training task, we often separate the measured variables into V = (Y, X), where Y is the “label” and X
are the “covariates.”

DA is made possible through assumptions on the shared information between p and g. Two such
assumptions are covariate shift (Shimodaira, 2000) and label shift (Schweikert et al., 2008). Another
setting that can be considered to fall within DA is causal inference, which seeks to identify the effects
of intervening on a variable (often a treatment) without actually performing that intervention (Pearl,
2009; Imbens and Rubin, 2015; Peters et al., 2017). From a DA perspective, our data-context is
“observational” and our target context is “interventional,” i.e. ¢(V) = p(V |do(T =¢)) forT € V.
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The best way to learn causal effects is to perform interventions in a clinical “randomized controlled
trial” (RCT). RCTs utilize a random partition into treatment and control groups, which ensures that
no potentially relevant factors (like the severity of a disease) can affect the probability of receiving
treatment. This “exchangeability” between treatment and control forms a key principle of the
interventional distributions that causal inference aims to emulate. That is, an intervened variable’s
value (such as do(T = t)) contains no information about that variable’s usual causes.

A common technique within DA is to transform the data’s distribution to the target context
through reweighting. These weights make up for poorly represented portions of a data distribution
by giving them more importance. For label shift, this corresponds to weighting data by the ratio of
label probabilities (w(x,y) = g(y)/p(y)). Similarly, covariate shift can be accounted for using a
ratio of covariate probability densities (w(X, y) = ¢(x)/p(x)). Causal inference performs similar
reweightings to transform observational data into distributions with exchangeable treatment and
control groups, e.g. “inverse probability weighting” (Imbens and Rubin, 2015; Cole and Hernén,
2008; Hernan MA, 2020). Covariate adjustment techniques like the “backdoor adjustment” (Pearl,
2009) and “G-computation” (Robins et al., 2009) perform adjustments at the distribution level that
can nonetheless be thought of as reweighting data.

Omitted Label Contexts This paper will discuss a relatively new branch of the DA tree introduced
by Mazaheri et al. (2021), which we will call “omitted label contexts.” Such settings are limited to
only a subset Y* C Y of the labels for Y € /. For example, “dogs vs. cats” is omitted label context
(omitting all other animals), but “dogs vs. non-dogs” is not. While the relative probabilities of
classes within this subset are maintained, data from all other labels are unobserved. More precisely,
rD/p(y5) = q(y])/q(y3) for yx1,yx € Y*, but p(y’) = 0if y’ ¢ Y*. Within the scope of this
paper, we will restrict our focus to [U/*| = 2.

Omitted label contexts are motivated by a few real-life scenarios within medicine and epidemiology.
Omitted label contexts are extremely common in the study of rare conditions. For example, a census
genome sequencing of the US population would be an impractical and financially infeasible task.
Instead, databases like TCGA (Tomczak et al., 2015) allow focused access to patients with specific
(and often rare) cancers by omitting the “healthy label”. In study designs, investigators may opt for
an omitted label context (e.g. breast vs lung cancer) or induce further label shift by working with a
uniform distribution on the labels of interest. In these cases, it is useful to determine a notion of
consistency. Though less related to the issues discussed in this paper, “immortal time bias” (Suissa,
2008) can also be thought of as an omitted label context in which patients are excluded due to death
before the end of the study.

Most broadly, omitted labels are a form of sampling bias — a topic that has been studied in detail
within the causal inference literature (Correa et al., 2019). Bareinboim and Tian (2015) calls a causal
effect “recoverable” if it can be computed in the presence of a selection mechanism. An important
difficulty within omitted label contexts is that they are “irreversible.” Zero-probability labels cannot
be “weighted-up” to transform the distribution to that of the general population. With respect to
covariate adjustments, this makes the causal effects unrecoverable.

1.1. Summary

This paper will begin by illustrating the potentially severe consequences of omitted label bias,
particularly with respect to unrecoverable causal effects. We consider what happens when these
effects are ignored, demonstrating that omitted labels can give rise to reversals in calculated treatment
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effects. This paradox is driven by the non-exchangeability of “correct” causal inference weights in
omitted label contexts, i.e., standard adjustments to exchangeability give us incorrect quantities.

Contributions The problems that arise within omitted label contexts are unsurprising — computing
(what is known to be) an unrecoverable causal effect is impossible. However, within the details
of these failures emerges a structure between the conclusions of multiple studies with different
restrictions on their labels. Specifically, a “new” ! paradox manifests within the combination of
erroneous causal conclusions. We will link this paradox to a 200-year-old observation from social
choice theory known as the “Condorcet paradox,” which demonstrates how ranked-choice votes (i.e.,
a preference ordering of the candidates for each voter) can result in a cycle of aggregate preference
(Nicolas et al., 1785). In a surprising connection between social choice theory, causality, and machine
learning, we prove that these phenomena are one and the same.

The task of combining conclusions from different models is sometimes referred to as decision
fusion (Castanedo, 2013). The usual reasons for studying decision fusion involve lack of access to
data or inability to combine datasets (e.g., because of non-overlapping covariates). As advances in
large models (such as LLMs) transition us from data-based to model-based vehicles of information,
studying how to fuse decisions from multiple models will be of growing importance.

Outline Section 2 begins by explaining Simpson’s paradox through an example that will be expanded
on throughout the paper. Section 3 studies omitted label contexts and shows how and why they can
exhibit Simpson’s paradox in causality. Section 4 introduces Condorcet’s paradox and the linear
ordering polytope and shows their relationship to networks of conclusions from different omitted
label contexts. Section 5 concludes the paper and discusses its implications.

Notation In general, we will use the capital Latin alphabet (i.e., X, Y, T) to denote random variables,
with Y being the “label” or class we wish to predict or determine the causal effect on, X being the
covariates, and T being the treatment. The lowercase Latin alphabet will denote assignments to these
variables, e.g., xM means X = x(1). Vectors and sets of random variables will be in bold-face font,
while other types of sets will use caligraphic font (e.g., Y = {y", y(®,...}). The following notation
is used throughout the paper:

Pr(-) will be used for probability. p(-) and g(-) will also be used when discussing DA.

+ 1/ denotes an all 1 vector of size £.

+ A! denotes the £-dimensional simplex. Thatis, 1 € A¢ iff 1 € [0,1]¢ and 172 = 1.

* < and = denote element-wise inequality. For example, we say w < vif w; < v; Vi € [{].

* We will use Co(S) to denote the open convex hull of S, Co(S) to denote the closed convex
hull, and Bo(-) to denote the boundary.

2. Simpson’s Paradox

We will ease into our dissection of errors in causal quantities by discussing Simpson’s paradox.
While these observations are well-studied, we present them here in a form that is generalized to
multiple labels in the following section. This discussion will rely on hypothetical observational data

1. The paradox is very similar to the one introduced in Mazaheri et al. (2021) but has not been observed for causality of
covarite shift.
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Table 1: The left table shows a specification of counts for Simpson’s Paradox. On the right, the 2nd
and 3rd rows have been weighted up so that both the treated (¢(!)) and untreated (+'*)) groups have a
(weighted) distribution on X that matches the marginal distribution, which is uniform (all rows must
sum to 10).

T X [YyO [y Ty® T X [YyO [y Ty®
ON QN ] 7 0 O Tx0O 1730 70 | 0
O T XM 0 | 99 O T XM 0 | 99
(DT xO@ o 1 | 99 ONEIONEN 1 | 99
O ORI 3 0 D TxD T 70 T30 | 0

Table 2: On the left we give an augmentation of Table 1 with a third column. Now, the 1st and 4th
rows must be weighted up in order to balance the distribution of X (all rows must sum to 100).

on a treatment 7 and its outcome Y, given in Table 1 (left). To map these quantities to a real-world
example, suppose X indicates the severity of a disease. Severe cases receive treatment at higher
rates (and recover at lower rates) than mild ones. In aggregate, treated patients have lower rates of
improvement than untreated patients.

The driver for Simpson’s paradox is the difference in severity between those who did and did not
receive treatment and the effect of this severity on patient outcomes. That is to say, the treatment
and control groups are not exchangeable. To remedy this, we can reweight the rows of our table
to exchangeability by emphasizing the severely ill patients who did not receive treatment and the
mildly ill patients who did receive treatment. This is accomplished by reweighting datapoints
(t,x,y) according to the inverse probability/propensity of receiving the treatment that they got,
w(t,x,y) = 1/Pr(t | x), sometimes referred to as “Inverse Probability Weighting” (IPW) (Imbens
and Rubin, 2015). In our example, IPW weights up the second and third rows by a factor of 10, as
shown in Table 1 (right). When this reweighting is interpreted as a synthetic study on 40 participants
(20 treated and 20 control, each with a 10 : 10 split on severity), the new apparent treatment effect is
13/20 — 7/20 = 30%.

An alternative perspective is that the causal effect of the treatment lies in the outcome changes
within each severity group. By separately considering the severe and mild patients, we can average

T X [YyO Ty T,y®
T XxO 1 2 1 0
D TxD ] 0 2 1
ONEC 0 2
O EICNEN) 1 2
O T xM 2 0 1
O T x@ 2 0

Table 3: A specification of counts that mimics Condorcet’s paradox.
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outcomes according to the marginal probability distribution of severity. Following this intuition,
the “backdoor adjustment” (Pearl, 2009) calculates the probability distribution of ¥ = y(*) under an
intervention of 7' = ¢\/):

Pr(y® | do(+\/))) = ZPr(x) Pr(y® | x,tU)).
X

The difference between the two possible interventions gives the “average treatment effect” (ATE),

1 +3/10 7h0+9/3 3

ATE = Pr(y™" | do(r()) = Pr(yV | do(+?)) = 5 5

Notice that the marginal probability distribution of X is uniform, corresponding to an equal weighting
of the x(9 and x!) rows in Table 1. In fact, both IPW and backdoor approaches result in the same
weightings of the rows of the table because Pr(z,x)/Pr(¢ | x) = Pr(x).

Simpson’s paradox has been the subject of a long list of works to which it would be impossible to
do full justice. Pearl (2022) and Hernan et al. (2011) describe Simpson’s paradox as “solved” by
causal modeling. We will focus on one key takeaway: the choice of how to re-weight sub-cases
(rows of our table) plays a key role in the conclusion of a study, sometimes reversing the apparent
relationship (as in Simpson’s Paradox).

An important observation is that there is a geometry to the way in which these errors occur.
Notice that the reversal in Table 1 would be increased by further increasing the probability of rows 1
and 4, e.g., by changing the 3,7 counts to 300, 700. This reweighting strengthens the dependence
of T on X. While we will not dive further into the geometry of Simpson’s paradox, its existence
motivates the structures we will study within networks of contexts.

3. Omitted Label Contexts

Now that we understand the potential effects of reweighting distributions on covariates, we will
move our focus to the study of omitted label contexts. As discussed in the introduction, omitted
label contexts involve the removal of some labels while preserving the relative probabilities of the
non-removed labels. This removal can shift the apparent distribution of any variable that is associated
with Y, including both treatment 7" and covariates X.

3.1. Causality within Omitted Label Contexts

Consider a second hypothetical dataset that augments Table 1 with an additional column, shown in
Table 2. When y® is excluded, the observed dataset is equivalent to Table 1, which we recall has an
ATE of .3 on the outcome of y(!) (relative to y(©).

Although the full context has the exact same (uniform) marginal probability distribution on X,
the inclusion of the y(®) column now requires that we weigh up the 1st and 4th rows (rather than the
2nd and 3rd rows). See the right side of Table 2 for the resulting (weighted) counts. When we use
these weights to compute the ATE on y(!), we see a reversal of the treatment effect:

1/100 +3/10  7/10+9/100

ATE =
2 2

—.195. ey

This can be understood by graphically modeling the selection bias as in Bareinboim and Tian
(2015), shown in Figure 1. Figure 1 (a) shows the graph describing a confounding variable X causing
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Figure 1: (a) A causal DAG depicting confounding from a common cause X. (b) The causal DAG
that “severs” X — T by reweighting for exchangeability. (c) The causal DAG depicting the effect of
an omitted label context C, which has been conditioned on.

both T and Y. The goal of IPW and the backdoor adjustment is to reweigh the distribution to fit the
DAG in Figure 1 (b), i.e. the distribution of X is exchangeable in both #(*) and ‘! or equivalently
X 1 T. Figure 1 (c) shows the effect of restricting the labels of Y within a dataset context (such as
with omitted label contexts), which involves conditioning on a child of Y. That is, let C be an indicator
for Y’s membership in the restricted set of labels and condition on C = 1 to induce omitted label bias.
X and T are not d-separated” because conditioning on a variable that is causally downstream of both
X and T can induce a spurious correlation between them.

This effect darkens the outlook for causal inference in omitted label contexts, particularly because
the globally correct reweighting of Table 2 involves counts that do not appear exchangeable when
we omit the y®) column. We are no longer guided by the principle of exchangeability in our
observed data. Finding the correct adjustment requires knowledge of the context-induced distribution
Pr(X,T,Y | y € {y,y(®}). This distribution cannot be obtained without extending the study to all
labels.

In response to this difficulty, we will study what can be learned when we have many different
omitted label contexts. These contexts do not provide access to the full joint distribution that would
be needed to correctly compute a backdoor adjustment. However, the aggregation of these contexts
provides partial information that can be formalized.

4. Networks of Contexts

Before we discuss the structures within networks of omitted label contexts, we will introduce another
paradox from social choice theory: the Condorcet Paradox (Nicolas et al., 1785). We will see that
this paradox and its structure are deeply related to networks of conclusions drawn from omitted label
contexts.

4.1. The Condorcet Paradox

The Condorcet paradox works as follows: three voters each have preferences y(©) — y(1) — y(2),
y = y@ 5 3O and y@ — yO - y(D with ¢ — b indicating a preference of a over
b. These preferences are generated by rotating a starting ordering three times, meaning that
y() — i+l mod 2)y iy two out of the three voters. The result is an aggregate cycle of preference
y©@ -y - 32 5 30 with frequencies of 2/3 voters for each edge.

This paradox can be generalized into what we will call an “aggregation of rankings” (AR) — a
complete directed-graph?® on the set of labels Y with weights on each y() — y{/) corresponding
to the fraction of voters who prefer y() to y(/). AR structures are a convex combination of total

2. see Pearl (2009) for more information on d-separation.
3. These graphs are always complete, but we use graph terminology as in Mazaheri et al. (2021) in order to reference
properties that are dependent on cycles.
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Figure 2: The Condorcet paradox as an aggregation of rankings.

orderings (i.e., graphs with edge weights of 0 or 1), with component weights corresponding to the
fraction of voters carrying each total ordering. See Figure 2 for an illustration of this perspective for
the Condorcet paradox. As a result, the space occupied by all possible AR structures is known as
the “linear ordering polytope,” which has been the subject of extensive study (Fishburn, 1992; Alon,
2002).

The preferences of voters in the Condorcet paradox can be embedded into a table of frequencies,
with each voter becoming a specific value for covariate X. Table 3 demonstrates this using the counts
2 > 1 > 0 to induce high, medium, and low preference. Notice that the order of preferences for each
x in the (1) half of the table (first three rows) exactly correspond to the order of preferences given by
the voters in the Condorcet paradox, starting with y(© — y(1) — 32 for x(0) and shifting the order
for the other values of X.

The (9 half of the table complements the (1) half so that the counts for (10, x¥), y()) and
(tD, x, y()y always sum to three. As a result, restricting our table to any two columns still yields a
uniform probability distribution on X, i.e. Pr(x(? | y € {y®D,y)}) = Pr(x(D | y € {y®),y)}) =
Pr(x® | y € {yD,yU)}). This is the distribution that a naive study would average over when
applying a backdoor adjustment, meaning that

Y3+0n+1/1

Pr(y@ | do(tV),y € (y@,yV}) = — =%
)
0/3+2/2+1/3
Pr(y @ | do(t' ),y € {y @, yM}) = — =

The calculations in Equation 2 conclude that the ATE on y(© in the y € {y(?), y!)} context is +1/o.
These calculations are the same for the ATE on y!) for y € {y"), y®} and the ATE on y® for
y € {y®, y©} due to the cyclic shifting of columns. Hence, the studies separately conclude that
the treatment increases the relative frequency of all three labels, which is clearly impossible. The
embedding of the Condorcet paradox into causal conclusions implies a correspondence between
aggregations of rankings and backdoor adjustments (or any other case-based weighting).

Cardinal vs Ordinal Systems The Condorcet paradox is primarily driven by the loss of information
in an ordinal system. That is, an ordering of A — B — C cannot distinguish between the magnitude
of the preferences A — B and A — C. If voters were instead allowed to allocate multiple votes
among the candidates (e.g. one voter gives 2 votes for A, 1 for B, and 0 for C), it would be clear that
A — C is a stronger opinion than A — B (thatis, 2 — 1 < 2 — 0). Indeed, such “cardinal” voting
systems do not give rise to paradoxes of transitivity (Conklin and Sutherland, 1923).

Consider mapping the paradox we have described here to a weighted DAG structure. The
edge-weight on y() — y(/) corresponds to a do-intervention that has been computed on a context
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that omits all labels other than y?), y/) . Since these edge-weights are constructed using ordinal
values (i.e., the probability distribution on the Y), we would not expect the Condorcet paradox to
emerge. Nonetheless, we will show that these “aggregations of soft rankings” occupy the same linear
ordering polytope as “aggregations of rankings.”

4.2. Aggregations of Rankings and Soft Rankings

Table 3 used counts of 2, 1, 0 to induce preference between labels in each row. Because this system is
cardinal, the “preference” (the relative frequency of each label) can take on any value in [0, 1]. For
this reason, we refer to the induced preferences in each row of our tables as a “soft ranking.” We will
now formally define both aggregations of rankings (ARs) and aggregations of soft rankings (ASRs).

Definition 1 (Ranking) A ranking of Y is a function A : Y x Y — {0, 1} generated by a total

ordering. We use A(y'D,yU)) =1 to denote preference y') — y) and A(y?,y1)) = 0 for
() @)

yuoeyy

Definition 2 (Aggregation of Rankings (AR)) An aggregation of rankings is specified by a set of
rankings A and a corresponding weight function a € Al (indexed by A € A).

Definition 3 (Aggregate Preference) An aggregation preference in an AR between y,y) € Y
is defined to be

RA,(I(y(i), y(”) = Z O/AA(y('),y(’))
AeA

Corresponding to rankings, ARs, and aggregate preferences R4, we will have soft rankings, ASRs,
and aggregate probabilities Fg g.

Definition 4 (Soft Rankings) A soft ranking on Y is a function B : Y x Y — [0, 1] generated by a
categorical probability distribution on 1, p € alY!.

B(yW,y0y = P
pitpj

Definition 5 (Aggregation of Soft Rankings (ASR)) An aggregation of soft rankings is specified
by a set of soft rankings B and a corresponding weight function B € A®! (indexed by B € B).

Definition 6 (Aggregate Probability) An aggregate probability in an ASR between yV), y() € Y
is

Fop(y ™,y = 3" BBy, y)).
BeB

Observation 1 Suppose the probability distribution for a covariate adjustment on X (e.g. X in our
previous examples), Pr(X | Y € {y®,y(D}), is the same for all pairs of labels {y,y)}. The
treatment effects computed for each label pair then correspond to the difference between the aggregate
probabilities in two ASRs with a B € B for each assignment of X = Xxand B = Pr(x | Y € {yD,y()}).
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Observation 1 illustrates the connection between ASRs and the paradox of nontransitivity
developed in the previous section — namely, that the backdoor adjustment is a weighted sum of
conditional probabilities that can each be interpreted as a soft ranking. The remainder of this paper
will be dedicated to showing that ARs and ASRs on the same cardinality |{/| = n can hold the exact
same vectors of weights. This gives a correspondence between the notion of “consistency” when
combining causal quantities in omitted label contexts and aggregations of rankings in the already
well-studied linear ordering polytope.

To make our statement precise, we will denote A as the set of {0, 1}**~1) vectors associated with
the output values of some A in a total ordering and Co(.A) as its convex hull. Note that Co(A) is
the space of edge-weights for ARs, i.e., vectors with entries corresponding to R(y?), y(/)). Similarly,
denote B as the set of [0, 1]"*~1) vectors generated by some categorical distribution and observe
that its convex hull Co(®) is the space of possible edge-weights for ASRs.

Theorem 7 Co(A) and Co(B) are the same.

It is not difficult to see how soft rankings can be made “harder” by increasing the relative
difference in probabilities. That is, replacing 2, 1, 0 in Table 3 with 100, 1, 0 more closely simulates
an absolute preference. Showing that any set of aggregate probabilities from an ASR can be realized
with aggregate preferences from an AR is less obvious. We will prove this direction by using the
probability table in an ASR to directly construct a corresponding AR.

4.3. Probabilities can Emulate Preferences
We will begin with the simpler direction, given by Lemma 8.
Lemma 8 Co(A) c Co(B).

To prove Lemma 8, we will first show that for every A € A, there exists a B € @ that is arbitrarily close
to it. We will then make use of the following more general lemma, which we prove in Appendix A.

Lemma 9 Consider a set of vectors V = {vy,...,v;} and with v; € R™ for all i. If we have O such
that for every € > 0 and v € V, there exists V € V such that ||V — v||, < g, then Co({V) € Co(V/).

We now give the proof for Lemma 8.
Proof For a given A from a total ordering, we will show how to find a probability vector p that
generates a B with values that are arbitrarily close to the 0, 1 values of A. As already alluded to, this
will involve blowing up the ratios of the probabilities in p.

Let y(® — ... — y(=1 be the ordering specified by A. Let the ith element of p be &' /z, where
z= 27:1 &/ is a normalization factor so that p remains in the simplex. Notice that this assignment
gives us

1 e .
: : — ifi<
B(y",y) = {1;‘?’; ol
1+&i-J e >j
Setting € > 0 arbitrarily close to 0 achieves
B(yW )y — (L i<
0 ifi>y
which means that B(y"), y)) — A(y@, y(/)). Finally, we apply Lemma 9. |
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Figure 3: A demonstration of the inductive step in the proof for Lemma 10. The weights on the LHS
are the aggregate probabilities (y*), y(/)) that we wish to generate, while the numbers within each
vertex y*) specify p;. The weights of the graphs on the RHS are given by Equation 4, with adjusted
(re-normalized) probabilities p%! specified within the vertices. Three subgraphs are highlighted in
red, which represent the smaller sets of labels which can be decomposed according to the inductive
hypothesis.

4.4. Preferences can Emulate Probabilities

We will continue with the more difficult direction, given by Lemma 10.

Lemma 10 Co(®8) c Co(A).

We will prove this direction by showing that every possible instance of B is in Co(.4). Convexity
of Co(A) will then complete the proof.

Let A®¥) c A denote the set of rankings for which y(®) is the “first choice.” Equivalently, A ()
is defined such that we have A(y?,y(/)) = 1 forall j #iand A € A). We extend this notation
to multiple indices, with A7) encoding y() as first choice and y*/) as second choice (i.e., y/) is
preferred over all labels other than y(?)). If only one ranking satisfies the restriction, then we will use
an unbolded A7) to emphasize that we are no longer dealing with a set.

Proof We will induct on the number of labels n. The inductive hypothesis is that any B € B generated
by a categorical distribution p € A" over n labels can be expressed as an AR A, @. This can easily be
shown for the base case of n = 2 by assigning @ 401 = po and @ 4a0) = pj.

Now, assuming the inductive hypothesis to be correct for all B on n labels, we will show how to
construct an AR for a B on n + 1 labels. First, expand Ra_,, which we have not yet specified, into
aggregate rankings on A©®), .. A,

n
Rpe = Z PrRAw) o0 (3
k=0

Now, choose some label y(¥) and construct a new p'¥! € A" that will represent the “conditional”
probability table for all rankings with y*) as their first choice. This is done by setting all
pl[k] = pi/(1 = py), fori # k. This new p'*! implies a BI¥1(y(?), (1)) that matches B(y?), y(/)) for
all i, j # k. BIX also satisfies the requirements for the inductive hypothesis when leaving out y¥)
from the list of labels, thereby reducing the length of the list of labels. We can therefore assume there
is a set of rankings AlX] and corresponding a ¥ that forms an AR for which Rplk] gik) = Bk,

10
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Each Al¥] € Al¥] can now be augmented with a first-choice preference of y*) to generate the set
A®) with corresponding a¥) = k], Using this assignment, we have that

B(yW,yD) ifi,j#k
Ryt quo (7, y)) =21 ifi=k @)
0 if j=k

Applying Equation 4 to Equation 3 verifies that

Raa0 D,y = pit Y piBOW,yD) = (pi+ p)BGW, y) + (1 = pi = p)BOW,yD)
k#i,

=B(y'",y).

Hence, our construction of pl[k] is valid. This completes the inductive proof. As stated earlier,
convexity of Co(A) gives the desired result. |

Figure 3 illustrates an example inductive step in the proof for Lemma 10.

5. Discussion

This paper studies dataset contexts and how they affect the conclusions we take from them. Specifically,
we have explored how the traditional principles of causal inference break down in omitted label
contexts through the manifestation of two well-known paradoxes. These paradoxes warn practitioners
about causal inference within a label-biased setting. In addition, the structures of these paradoxes (as
described by Theorem 7) provide insight into their nature and define a notion of consistency between
partial studies.

The study of omitted label contexts may have applications in handling other forms of label bias.
In the study of rare diseases, it may be unfeasible to avoid scaling up the proportion of affected
individuals. This is a form of label bias and comes with all of the caveats discussed in the preceding
sections. An intriguing alternative is to instead combine the label of interest with another similarly
rare disease. In a dataset of two rare diseases, one can maintain the relative probabilities of the labels
while keeping their portion of the dataset nontrivial. In order to extend the results of this type of
study to the broader population, one can imagine computing multiple ratios of increasingly more
common labels in order to compute the context-induced distributions needed to perform adjustments.
Such a combination requires a deep understanding of the structure in networks of contexts.

While the linear ordering polytope has a few counterintuitive properties, such as the breakdown of
preference-transitivity, it also has limitations. For example, the Condorcet paradox actually represents
the “maximum amount of nontransitivity” that is possible in a cycle of three choices. It is not possible
for a cycle of 80% preferences to exist, nor is a cycle of 100%, 50%, 70% possible. In fact, for any
cycle of length ¢, the aggregate preferences along that cycle must sum to between 1 and € — 1, a
property discussed in Fishburn (1992) as the “triangle inequality” and Mazaheri et al. (2021) as the
“curl condition.”

These limitations can be harnessed to provide bounds on unmeasured aggregate preferences, or
“missing edge weights” as discussed in Mazaheri et al. (2021). That is, if we are missing a study
on two labels, we can provide bounds on that study’s likely outcome using the outcomes of related
studies. Furthermore, we can use these properties to detect inconsistencies within sets of studies.
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As larger machine learning models become more costly to train and comprehensive data drifts
towards private datasets, many practitioners are choosing to re-purpose pre-trained “checkpoints” to
new tasks. Of course, these checkpoints all come from data-contexts. Hence, we see decision fusion
from different contexts as an essential upcoming field to launch data science into a new age.
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Appendix A. Proof of Lemma 9

Convex hulls of finite sets in R are convex polytopes, which can be expressed as an intersection of /
halfspaces indexed by f with {x : a® xx < pf )} (Griinbaum et al., 1967). Vectors a® " can be
combined as row-vectors of a matrix, A, so that any convex polytope can be expressed as

(aHT b
{x : Ax < b} =4x: : X< &)
(at)T ph)

For convenience, the vectors af), ) are assumed to be unit vectors throughout.

The idea behind the proof will be to analyze the movement of the boundaries of the polytope defined

by ¥ = {v1,...,V,n} and corresponding polytope defined by the “perturbed points” = {¥y, ... ¥,,}.

The key is to show that a point that is far enough from the boundary of Co(Y’ will also be within

Co({), given by Lemma 11. This required distance from the boundary will be relative to the amount

by which the perturbed points have moved. As we make the perturbation arbitrarily small (i.e. £ — O,
all points in the interior of the polytope will be included.
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Lemma 11 Let

Co(V)={x: Ax < b}
Co(V) = {x: Ax < b}

as given by Equation 5. If AX < b — £1¢ and ||v; - ¥i||, < & Vi, then Ax < b.

To prove Lemma 11, we will need to show that the boundaries of the polytopes do not move too
much. We will do this using Lemma 13, which bounds how far Bo(Co(V)) can be from Bo(Co({))
along a single “face.”

Definition 12 Choose f € [h]. Define:

W =(w: @) Tw=p) weVv)
W) = {Vi:vj € W(f)}

We restrict the size of |W(f )| = ¢, which is the number of points needed to define a halfspace in RE.
This can be done by allowing for multiple identical ag, by combinations corresponding to all size €
subsets of the v; along the boundary.

Note that Co(W'F)) describes a “face” of the polytope Co(V) indexed by f which is perpendicular
to a). Co(W)) describes the perturbed face.

Lemma 13 Choose f, g € [h] arbitrarily and let W) = {w;f), (f)}andW(f) ={W; (f) . ~E,f) }.
For everym'Y) € Co(W()), we have (4®)™m® < p®) 4 ¢

Proof Because m € Co(W(/)), there is some A € A, with
g —
m® = Z 4w e Co(w) (©6)
i=1
Consider also

4
@ = Z 4w e Co(W) (7)
i=1

Note that the norm of the difference between these two vectors is bounded:

2 Aitw —w)

) _ ~<f>“

[ -], =

2

®)

<&
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Also note that because m® e Co(W()) C Co(V), we have that (3®)Tim® < 5. Now, a simple
application of Cauchy-Schwartz gives:
(ﬁ(g))Tm(f) - (5(g))T(ﬁl(f) + (m(f) _ m(f)))
— (ﬁ(g))Tﬁl(f) +(5(g))T(m(f) _ ﬁl(f))
—————
<b(® )

<B4 |5<g>“ “m(f> _ﬁlm”
2 2

<b® ¢

With this, we are now ready to prove Lemma 11.
Proof Choose an arbitrary face g € [/]. Recall we have x € Co(V) with (a'®)Tx < b — & and we
wish to show (a®)Tx < h(®),

Let m,((f) be the result of extending 4‘® from x to Bo(V). This must hit some face with
(a(f))Tm,((f) =b), s0 m,((f) € Co(W)). That s, find 8 such that

m{" = ga® 4+ x e Co(W) (10)

First, lets bound 3. Notice that because m,((f) € Co(W)), we have

¢
f f
(a®)Tm = @) (Z AW, ))
i=1

, (11)
_ Z/li(a(f))Twi(f) = pW
i=1
So, we have
p) = (a(f))Tm,((f) =B (a(f))'l'ﬁ(g) + (a(f))Tx =Se<p (12)
—_—
<1 <b(N-¢

Now, apply Lemma 13
(g(g))Tm,((f) <b® 4+g

(a®)Tx + (ﬁ(g))Tﬁ(g)lg <b® 4 ¢ (13)
(a®)Tx < p(®,

Face g € [h] was chosen arbitrarily, so this holds for all half-spaces in the convex polytope. Hence,
we have Ax < b. |

Appendix B. Counts that Follow the Correct DAG

The paradox presented in Table 3 used counts yielding a distribution that does not precisely follow
the given DAG. We will now show how to construct a similar set of counts with the statistics needed
to imply the causal structure.
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T X [yO TyMTy®@
DT xD 20, | o 0
D @ 0 281 | Bi
(M x3) Yi 0 2y1
1@ | x(M 0 a | 2ap
1O [ @ 28> 0 B>
O 1Tx3 1 v | 2y, 0

Table 4: A more general specification of counts for our paradox.

Consider Table 4. The structure is copied from Table 3. If @| = a3, 51 = B2, and y; = 3, then
we notice that the relative probabilities of Pr(x) are given by the as, Bs, and ys. If these coefficients
are all equal, then we have every row considered with equal weight, as in the main paper.

While setting all of the Greek coefficients to 1 provides a nice intuition for how the paradox
emerges, it does not give a distribution that obeys the requirements of the given DAG. In order for our
distribution to (1) factorize according to the DAG and (2) be faithful to the DAG, we must have the
following properties:

I.TAY
20X LY
3.T L X
4. TLY|X
5. X ALY |T
6. TLX|Y

With all of the Greek coefficients set to 1, we notice that conditions 5,6 are met. The domain
expertise setting effectively conditions on Y by restricting its values. When restricted to two columns,
we also meet condition 4.

The remaining conditions (as well as condition 4 in the broader case) can be met by varying the
Greek coeflicients. A Jupyter notebook available here allows one to explore different settings to the
Greek coeflicients to achieve this paradox. One exampleisa; =81 =y =landay = 1.1, = 1.2,
v2 = 1.3. The code returns whether the 6 independence conditions hold. The three ATEs for each
omitted label context are then printed. All code was run on a Macbook Air with an M1 processor.
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