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Abstract

In many search applications related to passage retrieval, text entailment, and sub-
graph search, the query and each ‘document’ is a set of elements, with a document
being relevant if it contains the query. These elements are not represented by atomic
IDs, but by embedded representations, thereby extending set containment to soft
set containment. Recent applications address soft set containment by encoding sets
into fixed-size vectors and checking for elementwise vector dominance. This 0/1
property can be relaxed to an asymmetric hinge distance for scoring and ranking
candidate documents. Here we focus on data-sensitive, trainable indices for fast
retrieval of relevant documents. Existing LSH methods are designed for mostly
symmetric or few simple asymmetric distance functions, which are not suitable for
hinge distance. Instead, we transform hinge distance into a proposed dominance
similarity measure, to which we then apply a Fourier transform, thereby expressing
dominance similarity as an expectation of inner products of functions in the fre-
quency domain. Next, we approximate the expectation with an importance-sampled
estimate. The overall consequence is that now we can use a traditional LSH, but in
the frequency domain. To ensure that the LSH uses hash bits efficiently, we learn
hash functions that are sensitive to both corpus and query distributions, mapped to
the frequency domain. Our experiments show that the proposed asymmetric domi-
nance similarity is critical to the targeted applications, and that our LSH, which we
call FOURIERHASHNET, provides a better query time vs. retrieval quality trade-off,
compared to several baselines. Both the Fourier transform and the trainable hash
codes contribute to performance gains.

1 Introduction

Consider a corpus X of sets x (which we call ‘documents’) over some universe of discrete items, and
let ¢ be a query which is also a subset of this universe. We wish to retrieve those x € X which satisfy
q C z. In most real-world applications, the items in the universe are not just opaque IDs, but are
embedded in a rich feature space, demanding that the definition of “q C 2” be generalized suitably.

We formalize the notion of soft set containment by writing ¢ = {¢;} and x = {x;} and the
corresponding sets of item embeddings as {¢;} and {Z;}. If ¢,  are sentences, §;,Z; may be per-
word contextual embeddings output from a transformer. If ¢, x are graphs, ¢;, ¥; may be contextual
node embeddings, such as those output by a Graph Neural Network (GNN). These set-of-vector
representations of ¢ and x are generally of variable sizes. A suitable set encoding gadget, such as
simple pooling [41,|31] or a trainable Deep Set [60] or Set Transformer [27]] network, converts them
to fixed-size vectors given by ¢ = SetEnc({q;}) and = SetEnc({Z;}), with x, g € RX. Several
applications [52} 26, |10L 31]] then use the test “q < x” (elementwise vector dominance) as a surrogate
for testing if ¢ C .
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To convert the Boolean test for vector dominance, g < x, into a graded score suitable for ranking
(and backpropagation), these applications [52} 261 (10, [31] use a form of (asymmetric) hinge distance

d(q. ) = ||lg — @]+ ||, = 32, max{0, q[k] — x[k]}. (1

d(g,x) = 0 when ¢ < x holds elementwise, and measures the extent of the constraint violation
otherwise. A search system must retrieve the top-7 documents x with the smallest d(q, =), given
query ¢. Several example applications that fit into this framework are elaborated in Appendix[B] Even
if an application does not fit (I)) exactly, our technique may help address other asymmetric distances.

Our goal When corpus X is large, it is impractical to evaluate (I) for each document z. Our
goal is to retrieve these 7 documents without explicitly evaluating d(g, ) for all x € X, within
query time that scales slowly with | X|. To achieve this, we design an asymmetric Locality Sensitive
Hashing (ALSH) method tailored for hinge distance (I)), which then immediately addresses soft
set-containment based search.

Prior work and their limitations When set elements are represented by atomic IDs, Bloom
filters [36]] and maximum inner product search (MIPS) can be used to find the best 7 corpus items
that are closest to being supersets [46, 159,45 [2]. However, these techniques are designed specifically
for items with opaque IDs, rather than contextual embeddings. LSH [7} 153, [17, 19, [1]] has been
established as a standard technique for fast approximate near-neighbor search (e.g., [FAISS, DPR)
in the space of contextual embeddings. However, they predominantly work for symmetric notions
of relevance, such as Jaccard similarity, dot product, cosine similarity, or Hamming distance, rather
than asymmetric distances like (I)). Neyshabur and Srebro [35]] propose a LSH suited for asymmetric
relevance (ALSH), but it does not provide a satisfactory solution for (TJ), as our experiments show.

1.1 Our contributions

Responding to the above motivations, we present FOURIERHASHNET, a new LSH for hinge distance-
based asymmetric distance measures. Specifically, we make the following contributions.

Scalable hinge distance search for soft set containment From several applications, we distil
the strongly-motivated problem of fast top-7 retrieval using hinge distance (IJ), to capture soft set
containment. To our knowledge, (A)LSH for hinge distance has not been explored till date.

Transformation of hinge distance to enable ALSH design One could leverage its shift-invariant
property to apply a Fourier transform on the negative distance, express it as the dot product similarity
between the corresponding Fourier features and then use Asymmetric LSH (ALSH) [35]. However,
as we show in Section using the negative distance leads to singularities of the underlying Fourier
transform at some points. This in turn does not allow us to design an LSH for such measure. We
circumvent this problem by a suitable transformation of hinge distance to a dominance similarity,
whose Fourier transform is absolutely convergent.

Design of Fourier features Next, we propose a novel method of lifting the dense vectors to
frequency domain, such that the dominance similarity in the original space can be expressed as
the cosine similarity between the infinite dimensional Fourier features. However, our dominance
similarity function is not a positive definite kernel. Hence, unlike Rahimi and Recht [40], we cannot
apply Bochner theorem [44] to obtain finite dimensional Fourier features. Instead, we first scale
the Fourier features with a sinc function and then obtain finite dimensional Fourier features via
importance sampling.

Trainable hashcode design The cosine similarity between the sampled Fourier features is the
unbiased estimate of our dominance similarity measure. This allows the use of conventional random
hyperplane LSH. However, such an LSH is not guided by the underlying data distribution. To mitigate
this limitation, we compute the hashcodes by feeding the Fourier features into a trainable neural
hashing network. Prior approaches [54, [15]] to trainable hashing encourage bucket balance over
the entire corpus, regardless of the query workload. However, this approach is not optimal if most
corpus items are irrelevant for most queries, as is usually the case. We propose a new loss function
that encourages the best-match hash bucket for a query to include relevant documents and exclude
irrelevant documents.

Experiments We show, through extensive experiments, that FOURIERHASHNET is more effective
than existing LSH schemes, and that both frequency domain representations and the new trainable
hashcode contribute to our gains.
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2 Preliminaries

Notation Throughout, we will use [K] to mean {1,..., K} or {0,..., K — 1} as convenient. We
use q to indicate a query and x to indicate a corpus ‘document’. Their (possibly learnt) representations
are denoted by z,q € R¥. For supervision, (¢, z) may come with a binary relevance judgment
rel(q, z) € {0, 1}. We have defined a potentially learnable distance d(g, x) — a computable surrogate
for rel(q, z) — above in Eqn. (TI). One can define a similarity measure sim(g, z) by applying a
monotonically decreasing function on the distance d(q, z). We define ¢ = v/—1 and denote the set of
corpus items as X = {x1,x2,...,x N }. We indicate the domain of query and corpus items as Q and
X respectively. Given a function s(t), its Fourier transform is the function S : C — C which satisfies

1 o0

s(t) = [7_ S(w)e**tdw, where w is the frequency variable and S(w) = 5= 7 s(t)e~**dt. For

a vector g or & € R, the Fourier transform is synthesized using a frequency vector w € R¥ of same

dimension as x or g. Here, a function s(z) can be expanded as s(x) = [ _px S(Lw)e*“"dew.

2.1 Locality sensitive hashing

Indexing corpus items Given a set of corpus items X = {x1,xs, ..., xy }, an LSH will hash each
item z;, L times, which is called the number of trials. For each trial ¢ € [L], it prepares B buckets,
which are indexed as the pair (¢,b) with £ € [L] and b € [B]. In the context of LSH, we draw L
independent samples of hash functions () from a single hash family #, such that A¥) : RX — [B].
A corpus item z is inserted in the bucket indexed (¢, h(¥) (z)), for each ¢ € [L].

Symmetric LSH Given a query ¢, a symmetric LSH computes bucket indices (¢, h(¥) (g)) for all
L using the same hash functions h(*) used for indexing the corpus. Only those items z that are in
bucket (£, h(¥)(q)) are considered as candidates; overall, the candidates are in the union of these
buckets. In the rest of the paper, we will describe retrieval for one bucket under one trial, with the
understanding that L buckets will contribute candidates. An LSH exists if the query and corpus items
are hashed in the same bucket with high (low) probability as long as their similarities are high (low).
Formally, we define symmetric LSH as follows.

Definition 2.1 (Symmetric Locality Sensitive Hashing (LSH)). Given a domain of queries Q and
corpus X with @, X C Z and a similarity measure sim : Z x Z — R. A distribution over mappings
H : Z — Nis said to be a (Sp, ¢S, p1, p2)-LSH for the similarity function sim(-) if for all ¢ € Q
and x € X we have, withp; > psandc < 1,

o if sim(q, ) > So, then Prp.oy[h(q) = h(z)] > p1
e if sim(q, x) < ¢Sp, then Pry,wy[h(q) = h(x)] < pa.

The hash family # is tailored to the specific choice of similarity function sim(g, x) (equivalently, the
distance d(q, r)). When q, z € R¥ and sim(q, ) = cos(q, ), the choice of H corresponds to the
uncountable set of all hyperplanes in K dimensions passing through the origin [9]. When sim(q, x)
is the Jaccard similarity |¢ N z|/|q U z|, H is the space of minwise independent hash functions [[7].

Asymmetric LSH (ALSH) In many applications, like the current setup (), we have asymmetric
similarity where sim(q, x) # sim(z, ¢). In such cases, we employ two different hash families G and
‘H to determine the bucket of query and corpus respectively. Formally, we define ALSH as follows:

Definition 2.2 (Asymmetric Locality Sensitive Hashing (ALSH) [35]). An asymmetric LSH is
(So, ¢So, p1, p2)-ALSH for a similarity function sim(e,e) over Q, X if we have two different
distributions over mappings G and H such that, with p; > py and ¢ < 1,

. if sim(q, z) > So then Prgg n~nulg(q) = h(z)] > p1
* if sim(q, x) < ¢Sp then Pry g nn[9(q) = h(x)] < pa.

As an example, given ||z| < 1, consider sim(q,z) = q'z/||q||2, which can be re-written as
cos(a(q), B(x)), where a(q) = [0;q/|lqll2], B(x) = [\/1 — ||x||%; z]. Thus, we can apply random
hyperplane hash on both «(x) and 3(x) to construct g(q) = sign(w - a(q)) and h(x) = sign(w -
B(x)) with w ~ N(0, I). If ||z|| is unbounded, no ALSH exists for sim(q, z) = q " =/||q||2 [33].
In (So, ¢So, p1, p2)-ALSH, retrieval of items with similarity score more than Sy out of a database
of items having a similarity score less than ¢Sy will admit time-complexity O(n” log n) and space
complexity O(n'*?) where p = log p1/log p» [33].
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Figure 1: Outline of FOURIERHASHNET. (a) Given the input query embedding g and corpus
embedding x, we apply the asymmetric transformation in Eq. (I0) to obtain corresponding Fourier
features F, (1w M) and F, (ww'M). (b) We use the generated Fourier features as inputs, to train
asymmetric Fourier transformation networks ¢, and ¢, using Eq. (I2). This generates transformed
Fourier representations z, = ¢,(F,(tw'*)) and 2, = ¢, (F,(tw'M)), which are in turn used to

o~

train the random hyperplanes W using Eq. (I4)). The trained @, ¢ and W thus obtained are used to
generate final hashcodesg(q) = sign(W ¢, (F, (tw'M))), h(z) = sign(W ¢, (F, (ww-M))).

2.2 Problem statement

Given the set of training queries @) and corpus X, with supervised relevance scores rel(q, z) € {0,1}
and the surrogate score d(q, x) defined in Eq. (I)), we aim to design an LSH of the distance d(q, x)
which can efficiently retrieve top-7 corpus items for any new query ¢’.

Why are existing methods not suitable? As we discussed in Section|2.1] relevance metrics for
popular LSHs are mostly symmetric, e.g., cosine, dot-product, and Jaccard similarity. In particular,
Jaccard similarity, although commonly used in set-related applications, is not suitable for our problem,
where we define rel(q, ) = 1 when ¢ C x and 0 otherwise — it is possible that there exists a higher
overlap between ¢ and « when ¢ € x, and a lower overlap when ¢ C z. E.g., suppose ¢ = {a, b},
z1 = {a,b,¢,d, e}, and o = {b}. Here, rel(¢q,z1) = 1 and rel(g, x2) = 0. However, the Jaccard
similarity J(q, x) is not able to reflect the order of rel(q, x) since J(q,z1) = 2/5 < J(q,x2) = 1/2.

As discovered by Charikar [9, Lemma 1], the similarity functions in symmetric LSH are inversely
related to a metric, which must satisfy symmetry and triangle inequality. Although a query normalized
dot product similarity appears asymmetric, it can be expressed using cosine similarity. This readily
allows us to use a random hyperplane based (asymmetric) LSH. In contrast, it is not immediately
apparent how to find such a connection for our asymmetric hinge distance (TJ).

3 FOURIERHASHNET: A new ALSH for hinge distance search

Overview of our approach We design an ALSH for d(g, x) in three steps. In the first step, we
construct a suitable dominance similarity function sim(g, =) from d(q, =) in such a way that there
exists a probability distribution p : RX — [0, 1] and bounded Fourier representations F,(.w) and
F,(ww) of both query ¢ and corpus items x such that

sim(g, ) = / o Fy(1w) " Fy(1w)p(w)dw = Egrp(e) [Fy(1w) " F (10)] @)

In the second step, we approximate the expected value of the F,(ww) " F, (w) using a finite sample
of Fourier features. This allows us to apply random hyperplane LSH , similar to asymmetric dot
product LSH. However, these hyperplanes are drawn from an isotropic Gaussian distribution in a
data-oblivious manner, which results in suboptimal bucket distribution in terms of accuracy-efficiency
trade off. To tackle this issue, in the third step, we train the random hyperplanes W which takes the
Fourier features as input and give (soft) binary hashcodes, which are optimized to effectively trade
off between accuracy and efficiency. Next, we provide the details of the above three steps.

3.1 Design of dominance similarity function sim(g, ) from hinge distance

Limitations of simple choices of dominance similarity function sim(q, z) A dominance similarity
function sim(q, x) is inversely related to the hinge distance d(q,x). Chierichetti and Kumar [11]
characterized that, any function of a similarity measure is LSHable, if and only if this function is
a probability generating function. However, this characterization applies only to symmetric LSH
and no such guiding principle is available for an ALSH. In this context, one can experiment with
simple designs of sim that are inversely related to d. An immediate choice is sim(q, z) = —d(q, ).



However, if we allow g and « to be any vector from RX | then sim(g, «) is not bounded. Finding
ALSH for unbounded similarity measures is extremely difficult if not impossible. For example, no
ALSH exists even for dot product similarity in two or more dimensions [35]. Moreover, suppose we
express sim(q, x) using the Fourier expansion

sim(q, = Z / S (wwy)err (alk]==[K]) g, . 3)
ke[K]
Then, S(w), i.e., the Fourier transform of the function s(¢) = —[t]+ used in each dimension, has

a singularity at w = 0. In particular, we have S(1w) = —18'(w)/2 + 1/27w?. Here, §'(w) is the
derivative of Dirac delta functional. Thus, S(1w) becomes unbounded as w — 0. These issues
eventually prevent us from designing bounded Fourier features F (ww) and F, (ww) for Eq. ().

sim(q, x) with bounded Fourier transform The key reason for which S(tw) becomes unbounded
as w — 0 is that the function s(t) = —[t]+ is unbounded at ¢ — co. However, in practice, the
embeddings are bounded and we have a bounded difference |g[k] — x[k]| < T'. Thus, it is reasonable
to ignore the effect of [g[k] — x[k]]+ when |g[k] — =[k]| > T To this end, we compute sim(q, =) as

Tt if0<t<T,
sim(q, x) = Z s(q[k] — z[k]), where s(t) = ¢ T if —T<t<O0, 4)
kE[K] 0 otherwise.

In practice, we choose T as a hyperparameter greater than max;, |q[k] — x[k]|. Upon restricting the
computation within this domain, one can immediately show that sim(q, ) = KT — d(q, z).

3.2 Computation of finite dimensional Fourier features for dominance similarity sim(q, x)

Fourier transform of s(¢) We next compute the Fourier representation S(ww) of s : R — R (@).
Proposition 3.1. (Proven in Appendix @) ) specified in Eq. () has Fourier transform
() = T sin(wT) N sin®(4L) " sin(T) T cos(wT)
2mw Tw? 2mw? 2mw

&)

Re(S(w)) Im(S (w))
While the Fourier transform of —[¢].+ is unbounded as w—0, here, S(tw) is bounded everywhere.

Computation and sampling of Fourier features Once we compute S(:w) using Eq. (3)), we use
Eq. (3) to compute sim(g, x) as follows:

sim(q, x) Z / [Re(S(wwr)) + (Im(S (wwy,))]et<r@Fl==kD gy, (6)

ke[K]
Now, we define S, («w) and S, (1w), the query and corpus specific Fourier representations:

.S'C](ka):[u;~C [Re(S(wp))| [ cos(wrg[k]), sin(wig(k])],

|Tm (S (cwi))| [ — sin(wgqlk]), cos(wkq[k])]]
Sm(awk):{ [Re(S(wy,))|| cos(wrx[k]), sin(wyz[k])],

|Im(S(LoJk))\[cos(wk:c[k]),sin(wkw[k‘])ﬂ )

Here, u;, = sign(Re(S(wwg))), vy = sign(Im(S(wwy))). They ensure that the dot-product
S, (twr) TS, (wy,) equals to the real part of the integrand in the RHS of Eq. (6). Since the dominance
similarity sim(g, z) is a real quantity, the imaginary part of the RHS integrates to zero. Therefore,
using the dot product of the vectors S, (wwy) and S (wwy ), which are purely real, we can express

sim(q, x / Z S, (1) T Sy (1w )dwy, = / S, (1w) " S, (1w)dw (8)
© Le[K] weRK

Here, So(tw) = [Se(tw1), .., Se(twi)], w = w1, ..,wk]. Note that, the expression of S, (wwy) is
different from S, («wy,) in Eq. (7). This maintains the asymmetry in the final dot product in Eq. (8).
Inspired by the seminal work of Rahimi and Recht [40]], several works [50, 37 have exploited Fourier
transformations to approximate various functions using inner product between the feature maps.
However, the functions that Rahimi and Recht [40] considered are shift invariant positive definite
kernels. This allowed them to leverage Bochner’s theorem [44] which establishes that the Fourier



transformation of these kernels are probability distributions. However, in Eq. (§), there is no such
readily available probability distribution. In response, we attempt to find out a probability distribution
p(w) which allows us to draw samples using an importance sampling like procedure, as follows:

S S
sim(q, #) = Egpmp(w) [Fy(tw) " Fy(ww)] , where, Fy(1w) = q(Lw),Fx(Lw) = m(Lw), )
p(w) p(w)
Let {w} ]”i 1 ~ p(w) be M i.i.d random samples. We compute the Monte Carlo estimate as follows:
1 , .
sim(q, z) ~ i Z F,(1w?) " Fp(1w?) o cos(F,(wwM), Fy(ww!-)) (10)
je[M)

Here, F,(1w! M) = [F,(iw'),.., Fy(1w™)]. Note that, as suggested by Egs. (7) and (),

1 1 M K |Re(S(w!))|+Im(S(ew?))|
dependent of the query or corpus, which leads to the proportionality relation. We choose the probabil-
ity distribution p(w) guided the proportionality constant || Fy (cw!*")|| and set p(w) = [, e[K] p(w),

where p(w) o< |[Re(S(w))] + [Im(S(:w))|. However, the integral of these terms may not be bounded.
Therefore, we set the support of p(w) between [—wmax, Wmax), thus eliminating the higher frequency
terms. The effect on the overall score is small. Attenuation of the higher frequency signals can be
seen as a multiplication with a low pass filter in the frequency domain, which affects a convolution in
the time domain. Its impact on the similarity score is proportional to 1/wyy,ax. This still allows us for
ALSH despite frequency truncation.

. Thus, the value is in-

Theorem 3.2. (Proven in Appendix @ Let g, € RX, cos™! be Lipschitz with Lipschitz constant
Leos; the hyperparameter T in Eq. (@) be chosen such that T > ||qg — @||; the frequency sampling
distribution p(wi) x [|Re(S(wi))| + \Im(S(wi))H with the support set wi € [~Wmax; Wmax| and
the proportionality constant I (wmax) = f:‘:’;x [[Re(S(w)| + |Im(S(w))|]dw. Then, the mapping
g(q)[i] = sign(w, Fy(w*)) and h(z)[i] = sign(w, F,(w!'M)) where w; ~ N(0,1), consti-
tutes a (So, ¢So, p1, p2)-ALSH for some p; and p- if we choose the support set [—wmax, Wmax| and
the number of samples M as follows:

AK Lo, <6+ 2T ) o 1 { Al eos
(1 —¢)So T —maxg q || — ql|eo (1 —-1¢)So

2
Wmax > } KI(wmax). (11)
Based on the outlined assumptions, the above Theorem guarantees that FOURIERHASHNET is an
(S0, ¢So, p1, p2)-ALSH for the asymmetric dominance similarity score, subject to appropriate choices
of wiax to bound the effect of frequency truncation and M to bound the variance of the Monte Carlo
sample estimate.

3.3 Trainable hashing network

Random hyperplane LSH Eq. (I0) provides an asymmetric transformation on the input query-
corpus pair, which maps it into the cosine similarity space, thus allowing for Random Hyperplanes
hashing. We sample H spherically symmetrically distributed normal vectors {w; }/Z,, i.e., w; ~
N(0,1T), each perpendicular to a random hyperplane passing though the origin. For each query ¢ and
the corpus =, we can generate H-bit hashcodes g(q), h(z) € {#1}* from the Fourier features (T0)
as follows: g(q)[i] = sign(w, F,(w'M)) and h(z)[i] = sign(w,] F,(tw!-M)). Consequently,
we can index the given corpus with IV items, into a hash table with 27 buckets. For each query ¢, we
restrict our search within bucket b = g(q). If the corpus items are uniformly distributed across all
buckets, then it enables sub-quadratic time retrieval with N/2 comparisons (per trial).

Data driven hashcode generation The above random hyperplane LSH approach suffers from two
distinct limitations: (1) the quality of Monte Carlo approximation obtained in Eq. (I0), depends
on the suitability of p(w), and (2) the hyperplanes are data oblivious. Data oblivious hyperplanes
provide the best efficiency if the corpus embeddings are uniformly spread over the K dimensional
sphere, which allows the random hyperplanes to evenly allocate the corpus items across different
hashcodes. However, in practice, the spatial distribution of the embeddings is not uniform. This
results in a skewed distribution of the corpus items across the hash buckets.

To tackle the first problem, we improve the quality of the Fourier features through a trainable
nonlinear transformation. Here, we use two networks ¢, and ¢, which takes the Fourier features

for the query and corpus, i.e., F,(ww' M) and F,(tw!*) as input and outputs corresponding



transformed Fourier representations z, = ¢4 (F,(ww'M)) and 2z, = ¢, (F,(1w!M)). We train ¢,
and ¢, by minimizing a BCE loss on {cos(z4, 2;), rel(g, )} pairs for ¢ € Q and = € X as follows:
q{(r}n(ﬁri ZqEQ,zeX - [rel(q, x)log(1 + cos(zy, z5)) + (1 —rel(q, =) log(1 — cos(z,, zI))} (12)
Next, we train the random hyperplanes W =
[wW1,Wa,..] using the transformed Fourier fea-
tures {z,} and {z,}. The final hashcodes g(q)
and h(x) are obtained as g(q) = sign(Wz,),
h(z) = sign(Wz,), where W are the final
trained random hyperplanes. For training pur-
poses, we use tanh(W e) as a smooth surrogate
of sign(W'e). The loss function loss(Q, X | W)
used to train W consists of three components.

Algorithm 1 FOURIERHASHNET

function Train(X,Q, {rel(q, z)}qcq,zex)
. Draw wl,.JW Np( )

Compute F, (1w M), F, Lwl My (E(}
Train ¢q, ¢ from rel(q, ),
Train W by minimizing the loss
Return ¢, ¢, W

function Index({ F,, (tw M)} pex)

(Eq @

Require: Trained networks ¢, W

1:

2

3

4

5

6

1:

2

. : W 1..M

(1) Collision minimizer For any query ¢, our i h(@) < sign(Wea (Fo(wo 7)) Vo € X
5
6
1:
2
3
4
5

goal is to ensure that assigned bucket contains
only positive items. Assuming corpus items are
uniformly distributed across buckets, we ensure
that for any query ¢, the N/2 most relevant
items X, measured in terms of d(q, «) will have
higher amount of bit overlap than rest of the items
Xyx. Here, X, and X x indicate positive and
negative silver instances (not gold instances) indi-
cating top N/2H items in terms of the (possibly
trained) hinge distance d(q, x). We encode this by minimizing the following ranking loss.

A=) > [1+tanh(Wz,) " tanh(Wz,) — tanh(Wz,) T tanh(W2,)],  (13)
4€EQ x€X 4y &' € X gx

This loss encourages that tanh(W z,) " tanh(W z,)) > tanh(Wz,) " tanh(Wz,/) + 1, i.e., the

number of common bits between ¢ and = € X, is atleast one more than the same between ¢ and .

(2) Fence Sitting We set fence sitting loss as Ay = ) ||| tanh(W 2,)| — 1|1. This prevents
the optimizer from arriving at a trivial solution by setting all hashcodes to zero.
(3) Bit Balance  We set the bit balance loss as Az = >, 1) | 22, ¢ x tanh(W z,)[d][. This enforces
that each position should have an equal number of +1 and —1 , thus ensuring that each random
hyperplane evenly splits the set of points. Finally, we estimate W by minimizing the loss, with A\, as
hyperparameters such that >, \; = 1, which is given as follows:

lOSS(Q, X | W) = )\1A1 + /\QAQ + A3A3, (14)

Algorithm [T|summarizes the overall procedure.

for x € X do
hash z to bucket b = h(x)
Return the bucket sets B
function Retrieve(q)

Require: Trained networks @, w
1. 1\1)

Compute F, (Lw based on q’

9(q") < sign(Way(F, (wo1)

Rank all z in the bucket b = g(g’) based on the
distance d(q’, ) to obtain the list List,.

Return List,

Difference from existing trainable LSH LSH training has been extensively studied [54, [15] 43,
with Fence Sitting and Bit Balance losses being well known. However, the Collision Minimizer loss
differs significantly from existing approaches. Current techniques seek to ensure load balance across
hash buckets for all corpus items, including the ones that may not be relevant to most queries. This is
unnecessary for query workloads which touch upon only a small subset of the corpus to generate the
best responses. In contrast, our Collision Minimizer loss ensures that only the top-most bucket for
any given query allows relevant items and explicitly denies irrelevant items. Thus, it is informed by
the query workload, rather than assuming load balance for all items in the corpus. Such an approach
may result in balanced bucket loads, but not necessarily.

4 Experiments

In this section, we provide a comprehensive evaluation of our method against several baselines
and ablations on four datasets. Appendix [F] describes additional experiments. Our code is in
https://github.com/structlearning/fhashnet,

4.1 Experimental setup

Datasets We experiment on datasets sampled from anonymized real-world Web log data, viz,
MSWEB and MSNBC. MSWEB [3] is generated using logs from www.microsoft.com, containing
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Figure 2: Effect of different similarity measures on LSH, measured in terms of variation of MAP vs.
average query time (in sec) for all methods. Here, the final score used for ranking the relevant items
is that similarity score for which the LSH is designed for.

records of the areas of the website visited by the users. MSNBC [8] is a collection of logs of user page
requests from msnbc.com. In both cases, a record (either g or z), is a passage that is regarded as a bag
of words. Given a collection V' of such word bags, (|V| = 11234 for MSWEB and |V'| = 111290
for MSNBC), we sample |Q| = 500 bags from V, designating them as queries, and designate the
rest as corpus items X = V\@Q. Consistent with typical information retrieval application scenarios
[51]], we generate gold relevance labels based on (multi)set containment for MSWEB (MSNBC).
(Additional methods for evaluation are explored in Appendix[F) We build the query set ), such that
the number of relevant items Ny = [{z € X : rel(qg, z) = +1}| € [5,500] for each query q. We

create four datasets by changing average relevance counts per query, NV ;q. They are: (1) MSWEB-1
where Nq@ = 35.624. (2) MSWEB-2 where Nq@ = 20.392. (3) MSNBcC-1 where Wq@ = 24.09

(4) MSNBC-2 where Nq@ = 19.78 The set of queries ( is partitioned into 20% training set @y, 20%
validation set (Qgey and 60% test set (Qest.

Design of query and corpus embeddings g,z We begin with a pre-trained sentence transformer
model [41]] to obtain 768 dimensional dense contextual representations feature, and feature, for
the each word in bags ¢ and z. Embeddings of words belonging to a bag are fed into a deep set
[60] network to obtain a bag representation g, € R¥, with K = 294 (chosen via hyperparameter
sweep). To train the parameters inside the deep set network, we use g,  to compute the proposed
asymmetric hinge distance d(g, =) (I), feed it into a trainable sigmoid layer o and minimize

g2 BCE (rel(q, ), o(—d(q, ))) (15)
which uses a BCE loss on the gold relevance labels. Once we obtain g and x, we use Algorithm|[I]to
obtain trained ¢4, ¢, and W (Train(-)), which are then used for indexing (Index(-)).

Evaluation Given a test query ¢ € Qs and a set of N, é candidate corpus items, we rank them in

increasing order of their hinge distances d(q, x) . Then we evaluate the average precision (AP) for
the query and average over queries to report mean average precision (MAP) — see Appendix [E.6]

4.2 Effect of different similarity measures on LSH

Setup Here, we compare FOURIERHASHNET against the three LSH baselines, viz, Random
hyperlane (RH) [9], Dot product LSH (DP-RH) [35] and Weighted MinHash (WMH) [12], that are
tailored towards cosine similarity, dot product similarity and Weighted Jaccard Similarity, respectively.
For each LSH method, we train the embeddings g, @ and the final hashcodes ¢(g) and h(z) using the
same networks, as in our method. Furthermore, we set the final relevance measure for ranking to be
the similarity score for which the LSH is designed.

Results We vary the mixing hyperparameters A; and A5 in our loss (TI4) and the number of buckets
B to explore the tradeoff between accuracy (MAP) and average query time. In Figure[2] we summarize
the results. We observe that: (1) FOURIERHASHNET outperforms all the baselines by providing
significantly better time-vs.-MAP trade-off across all datasets. In MSWEB datasets, all the baselines
except DP-RH show poor performance. All baselines perform poorly for the MSNBC dataset. We
remark that cosine similarity, dot product or weighted Jaccard similarity are not suited for vector
dominance search. Therefore, the maximum possible MAP obtained by them are severely constrained.
(2) In MSWEB datasets, DP-RH performs moderately, by achieving a MAP value around 0.4-0.42
within 0.03 seconds (average query time). This is because dot product can be computed significantly
faster than all the other distance/similarity measures. In particular, it is ~7.5x faster than our hinge
distance , ~10.3 x faster than cosine, and ~5.1 x faster than Jaccard similarity.
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Figure 3: Trade-off between query time and accuracy (MAP) for MSWEB and MSNBC datasets
where there is >10X speedup compared to exhaustive search. We apply different LSH methods
on hinge distance guided embeddings, viz, RH+Hinge, DP-RH+Hinge, WMH+Hinge, FLORA and
FOURIERHASHNET; and, then use the hinge distance to finally rank the retrieved items.

4.3 Comparison against other efficient indexing techniques

In Sectiond.2] we used the similarity score corresponding to each LSH method for final candidate
ranking. The baselines performed poorly, which may result from a poor choice of final similarity score
or the indexing method. Here, we evaluate FOURIERHASHNET against baseline indexing methods
applied on hinge distance guided embeddings. We consider LSH and Inverted File Indexing (IVF)
based indexing variants in this section, and discuss graph-based indexing methods in Appendix [F]

Comparison with LSH based indexing . Shrivastava and Li [47]] showed that an LSH not tailored
to the final scoring function may still provide an effective filter. Accordingly, we set the final similarity
function to be dominance similarity, and compare against four possible LSH baselines.

Given the embeddings g, « trained (I5) using hinge distance, we feed them into the four baselines,
each of which trains a hashing network in a different way. (1) RH+Hinge: We train a set of
random hyperplanes represented by W and compute the hashcodes as h(q) = sign(Wgq) and
h(z) = sign(Wz). (2) DP-RH+Hinge: We train random hyperplanes W for these embeddings
to compute the hashcodes as g(q) = sign(W[0, q/||q||]) and h(z) = sign(W[/T? — ||x||2, x]).
(3) WMH+Hinge: We use the best performing WMH implementation from DrHash toolkit [58] to
obtain the hashcodes. (4) FLORA[15]: We train asymmetric hash networks (net;, nety) using an
end-to-end data-driven approach, which minimizes bit balance and decorrelation loss, along with a
consistency loss which predicts the final similarity score using cos(net; (q), neta(x)).

Figure [3] compares the performance of FOURIERHASHNET, RH+Hinge, DP-RH+Hinge,
WMH-+Hinge and FLORA in terms of MAP for MSWEB and MSNBC datasets. Here we ana-
lyze the section of the trade-off curve which provides >10X speedup compared to exhaustive search.
The complete tradeoff curve is provided in Appendix[F (1) The newly designed baselines are now
seen to perform significantly better than those used in the previous experiments with Figure [2| How-
ever FOURIERHASHNET still outperforms all the baselines. (2) RH+Hinge, despite achieving the
second highest scores in many cases, is seen to suffer from a large variance in performance within
any given time budget. This would make it difficult to tune the hyperparameters to achieve the
requisite performance v/s retrieval speed trade-off. (3) DP-RH+Hinge is seen to have a significantly
worse performance than FOURIERHASHNET everywhere. This indicates that DP-RH is ill-suited to
asymmetric hinge distance based retrieval.(4) We observe that for the same amount of query time
invested, FLORA’s MAP can lag ours by over 10%, particularly when faster average query times
are required. FLORA’s hyperparameter tuning is also more delicate, with there being unsuccessful
settings (where MAP grows very slowly with query time) very close to relatively successful ones.

Comparison with IVF indexing We use the widely used FAISS-IVF [21] library, which supports
IVF indexing based on L2 distance (IVF-L2) and Inner Product similarity (IVF-IP). Additionally,
we propose an alternative Fourier+IVF+IP, where we apply Fourier transformation on the input
embeddings, before using IVF-IP. We provide embeddings g, «, trained using hinge distance to all
the methods, and use hinge distance to rank retrieved items.

Figure [] compares the performances in terms of MAP, across all datasets. We observe that: (1)
FOURIERHASHNET outperforms both IVF-L2 and IVF-IP across all datasets. FAISS-IVF retrieval
suffers because its quantizers, that assign vectors to the Voronoi cells, rely on a metric like L2 or IP,
which are unsuitable for asymmetric hinge distance. (2) Fourier transformation provides a significant
boost in performance across all datasets, as seen while comparing Fourier+I VF+IP against IVF+IP.
However, FOURIERHASHNET still outperforms Fourier+IVF+IP, most noticeably in MSWEB-2.
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Figure 4: Trade-off between number of corpus items being evaluated and accuracy (MAP) for
MSWEB and MSNBC datasets where there is >10X speedup compared to exhaustive search. We
apply FOURIERHASHNET and different IVF methods, viz, IVF+L2, IVF+IP, and Fourier+IVF+IP, on
hinge distance guided embeddings; and then use the hinge distance to finally rank the retrieved items.

4.4 Ablation study @ FourierHashNet @ RH+Hinge (Untrained)
. .. FHash (Untrained)
Data driven vs data oblivious LSH To perform 0.6

ablation study on our proposed hashcode training

method, we propose an alternative FHASH (UN- o

TRAINED). This applies our Fourier features fol- g‘“

lowed by a data oblivious random hyperplane LSH, 0.0 008

without any data driven hashcode training. 0~01hm(:)-0(lsoc()'-(i llﬂ%im%t?sect)kg
In Figure [5] we compare the complete design of (2) MSWEB- 1 (b) MSWEB-2

our method, i.e., FOURIERHASHNET and FHASH
(UNTRAINED) against the untrained versions of
RH+Hinge and DP-RH+Hinge. We make the following observations: (1) Benefit of Fourier transfor-
mation: The MAP vs time trade-off curve of FHASH (UNTRAINED), consistently dominates all the
baselines across both datasets. (2) Benefit of hashcode training: Compared to FHASH (UNTRAINED),
we observe that FOURIERHASHNET allows for significantly more choices of trade-off points, where
higher MAP is required.

Ablation on collision minimizer Here, we replace the collision minimizer in
loss(Q, X | W) (I4) with decorrelation loss which encourages hashcodes to be dissimilar:
Ar=3, |tanh(W z,,) T tanh(W 2,)|, a commonly used loss in prior work [54} [15].

Figure 5: Effect of untrained RH

Figure 6] compares the performance of the two vari-

ations of the losses in terms of MAP, for MSWEB )
datasets. We observe that: (1) Our loss contain- 105
ing the collision minimizer term performs better R0
. . . . < 4
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navigating the performance vs average query time o o ]
trade-off, as seen in MSWEB-2, as it is more spread Figure 6: Collision minimizer vs. decorrelation.
out across the time axis.

5 Conclusion

We have presented FOURIERHASHNET, an ALSH for asymmetric hinge distance, strongly motivated
by text, image and graph retrieval applications. By converting hinge distance to a proposed dominance
similarity and applying a suitable Fourier transform to the dominance similarity, we can estimate the
distance as an inner product over an importance-sampled spectrum, which further enables the use of
a trainable LSH in the frequency domain. Experiments show that FOURIERHASHNET dramatically
speeds up queries while preserving or improving retrieval accuracy. Our approach can be extended to
any shift invariant functions including Chamfer distance, box embeddings, etc. Box embeddings are
known to model more complex set operations like set overlap and set difference [42, [13]], making
them an interesting avenue for future research. One limitation of FOURIERHASHNET compared to
simple symmetric LSHs is the increase in computational cost to compute the Fourier transform. One
can explore other types of transformations to mitigate this cost.
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Locality Sensitive Hashing in Fourier Frequency

Domain For Soft Set Containment Search
(Appendix)

A Limitations of our work

1) In Eq. @)’ the probability distribution p(w) is determined based on the proportionality constant
[|[Fo(twtM)]|, and we set p(w) = [T1ex) p(w), where p(w) o< [Re(S(w))| 4 [Im(S(w))|. We
note that this choice of distribution is not informed by the data distribution. Doing so may further
improve FOURIERHASHNET.

(2) In our approach, the dominance similarity function is represented as an expectation of inner
products of functions in the frequency domain, as described in Eq. (I0). The accuracy of this
representation relies on the quality of Monte Carlo approximations, which is influenced by the
number of w samples used. Our experimental findings, presented in FigurdI3] suggest that it may
be necessary to generate up to 100 samples per dimension to reduce the approximation error to
acceptable levels. A better choice of p(w) may reduce the number of samples needed.

(3) During our experimental investigations, we discovered that the computation of our proposed
dominance similarity score is approximately 7.5X slower, compared to the dot product similarity on
our datasets. This aligns with earlier observations where matrix subtraction operations have been
known to be significantly slower than dot product. This disparity in computation speed represents
another potential limitation of our approach, which could be addressed by exploring alternative
designs for the dominance similarity function.

B Example applications of soft set containment

Natural Language Inference (NLI) In (NLI) [4], ¢ and x are sentences, regarded as sequences of
words as items. A transformer network [14}41]] converts each sentence to an embedding vector. We
infer x = ¢ if ¢ < x [26]. Consider now a claim verification application that, given a claim as a
query and a Web-scale corpus, needs to quickly retrieve passages that best support the given claim.
This application exactly motivates FOURIERHASHNET.

Market basket Given a basket of supermarket items, we may query purchase logs for frequent
supersets to make recommendations. The corpus contains itemsets purchased in the past, each is a
‘document’ x. The query q is the current basket. Hard set containment tests for ¢ C x. However, we
would like to ‘soften’ items in ¢ (say, from one toothpaste brand to another. Each item has a short
textual description, which is passed into BERT [41]] and the [CLS] embedding read out as the item
representation. An itemset is then embedded using a (suitably fine-tuned) set encoder (such as Deep
Set), giving us g and x. To the extent g < x, we regard the query basket as “soft-contained” in the
document basket.

Knowledge graph (KG) completion Vendrov et al. [52]] embedded types and entities in a KG
to vectors such that if two types are related via ¢ is-subtype-of ¢, then i; < 5 was encouraged,
and if entity e is-instance-of ¢, then € < t was encouraged in suitable loss functions. Later, these
order embeddings were generalized to box embeddings where is-subtype-of and is-instance-of were
modeled as boxes in high dimensions contained in other boxes [10]. These models naturally motivate
fast retrieval using dominance similarity.

Subgraph isomorphism search Here we expect a corpus graph x will be relevant if query graph ¢
is a subgraph of z, i.e., that x has a subgraph that is isomorphic to q. In reality, we want to score
highly corpus graphs that have subgraphs almost isomorphic to the query graph. A graph neural
network (GNN) [25] [18]] can build suitable contextual embeddings g and x for the entire graphs,
which can be used to test for approximate subgraph isomorphism, i.e., ¢ < x. There are several
applications of subgraph isomorphism search. In material and drug design, there are large molecule
databases. A researcher wishes to predict properties of a new query molecule by retrieving similar
molecules in the database. Each molecule is modeled as a modest-sized graph with nodes (atom,
DNA bases) and edges (valence, etc.). In image search [22], the query ¢ may be a graph fragment,
e.g., (person, feeding, pet), and the goal is to find corpus graphs = where ¢ is approximately a
subgraph [31]], e.g., « can contain (man, feeding, dog).
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C Further discussion on related work

In this section, we discuss existing work related to each of the three major components of our work—
set embeddings, use of frequency domain for computing representations, and locality sensitive
hashing.

Neural set embeddings Motivated by various machine learning questions that are better formalized
by using a set of items as primitive, there has also been a recent line work on set embeddings. Zaheer
et al. [[60] consider models that act on sets and characterize the structure of such permutation-invariant
models, but do not consider asymmetric query based measures e.g., containment. Skianis et al. [48]]
casts the similarity measurement between sets as a combinatorial flow problem, which in turn is
approximated by a linear program. Lee et al. [27] propose the Set Transformer, a model that uses
self-attention to model interactions among the input set elements. Our model is different from the
existing line of work in focusing on asymmetric metrics that can measure containment, as well as in
using the frequency domain representation of the metric to build a scalable LSH.

Application of frequency domain transformation in machine learning One of the most cele-
brated uses of the frequency domain representation was by [40]], who proposed using random Fourier
features for shift-invariant kernels. Since dot-product kernels are not shift-invariant, Bochner’s
theorem, a key tool in creating random Fourier features, does not apply. Hence, alternative ran-
dom feature-based approximations have been proposed, primarily focusing on polynomial ker-
nels [23) 138} 13} 49, 30]. All of the above work is on symmetric kernels. For our asymmetric
dominance similarity function, we design a sampling distribution by taking into account the individ-
ual frequency-level coefficients of the Fourier representation. Raginsky and Lazebnik [39] provided
a random Fourier based approach for LSH. However they only focused on similarity of the Mercer
Kernel class, which is symmetric in nature.

Locality sensitive hashing The third main pillar of our work is locality sensitive hashing (LSH)
which enables efficient retrieval. Answering queries using sketches or hashes in order to measure the
similarity or containment of documents has a long history, pioneered by Broder [6]. In more recent
years, semantic search or vector search, sometimes called “dense passage retrieval” [24] employing
scalable near-neighbor search engines, has emerged as a credible, often more powerful, alternative
[34, 29] to standard information retrieval schemes, as the vector embeddings can capture more
nuanced contextualization and semantics. While there are a number of variants of LSH, including
multi-probe [32]], our presentation and experimentation focus on a single-probe setting in which the
hashing hyperplanes are learned from the data. In particular, we build upon the asymmetric hash
constructions in Shrivastava and Li [46] and Neyshabur and Srebro [335].
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D Proofs of the technical results

D.1 Proof of Proposition 3.1

Proof. Consider two functions BOX,, ; (for arbitrary positive constants a, b) and RELU7 defined as
follows:

aif —b<t<b

Boxa,b@):{wse sts (16)
LIf0<t<T

RELUT(t):{Oelse - a7

Observe that s can be written in terms of these new functions as follows: s(t) = BoXyp 1 (t) —
RELU(t). By linearity of Fourier transform,

S(w) = Foxs r (w) — FreLuy (tw) (18)
where, Fy(w) denotes Fourier transform of f(t) for any function f. Now let us compute
]:RELUT (Lw).

1 T —lw
Frerug (w) = 5~ i te™"tdt (19)
1 e—LwT LT(’,_LwT
= — 2
2mw? + 2mw? + 2mw @0)
1 cos(wT) — tsin(wT) = T(tcos(wT) + sin(wT))
- 2 2 + o2y
2mw 21w 2mw
_ 2 sin?(wT'/2)  Tsin(wT) _, sin(wT") n LT cos(wT) 22)
2mw? 2nw 2mw? 2mw
Since BOXTyT(t) is a rectangular pulse, its Fourier transform is
sin(wT’
‘FBOXT,T (LW) - 2T ZETW ) (23)
Substituting the above Eqs. (22)) and 23) into Eq. (I8), we get S(tw) as follows.
sin(wT) —2sin*(wT/2) Tsin(wT)  sin(wT)  Tcos(wT)
=2T - - 24
Slw) 2w [ 2mw? + 2mw “or? e 27w 24)
BOXT,T(LUJ) G(Lw)
Re(S(w))
sin(wT) _sin®(4L) sin(wT) T cos(wT)
=T 2 — 25
2mw + omw? | 21w? 2mw (25)
Im(S(w))
O

D.2 Proof of Theorem 3.2

Theorem Let g, € RX, cos™! be Lipschitz with Lipschitz constant L..; the hyperparameter
T in Eq. @) be chosen such that T > ||g — x||~; the frequency sampling distribution p(wy,)
[|[Re(S(wi))| + [Im(S(wq))|] with the support set w], € [—Wmax, Wmax). Furthermore, we define

im 1= = [ I .
Agim e and T (wmax) [[Re(S(w)| + [Im(S(w))|]dw. Then, the

—Wmax
mapping ¢(q)[i] = sign(w," Fy(w'M)) and h(z)[i] = sign(w; F,(w' ™)) where w; ~ N(0,1),
constitutes a (Sg, ¢So, p1, p2)-ALSH for some p; and po if

4Asim 4Lcos 2
max ) — | KI max ) - 26
Wmax = T )8, {a—@& (Wmax) (26)
Proof Define 2 = [~Wmax, Wmax) . For w € €, we have the following relationships:
Re(S(wi )| + [ Im(S(w?!
. w
ie[M],ke[K] p(wy,)
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We also define that sim,, (¢, ) = Joco F,(w) " F,(w)p(w)dw. This gives us the following
result:

Pr[g(q) = h(2)|w'] =1 — %cos*1 (

g,h

Fq(wl"'M)TFx(wl"'M) > (28)

[[Ey (@t M|y (w2
T
Lo ([ B Fww)p(w)dw)
m wea  |[Fg(@][[|Fx(w)]|
1..M\T 1..M T
_ lCOS_l <Fq(w ) Fm(w )) 7COS -1 ( Fq Lw F (Lw) ( )dw) (29)
™ MK (wmax) wea || Fy(wl[||Fx(w)]]
—_—

KI(wmax)

C1- Lot ()Y L (S0002)) L (Tale0)

T K1(wmax) d KI(wmax) m KI(Wmax)
Term-1
—lcos*1 Fy(wh )T Fy(w! ) + —cos~ ! Fy(w) " F, (1w)p(w)dw (30)
™ MKI(Wmax) s wen KI(wmax)
Term-2

Next we bound Term-1 and Term-2. First we bound Term-1 as follows:

1 i /.\w ) Lco i
ot (e ) ot (S| < B ot - )
(3D
2T
KL (6 + >
T —maxg q || — qlleo
Asim
<
o WQKI(Wmax)wmaX

(32)
The last inequality is due to Lemma|[D.T] Next we bound Term-2 in Eq. (30).

1 1 Fq(wl"'M)TFm(wl‘“M) 1 Fq(Lw)TFm(Lw)p(w)dw)]
i { o8 ( MK (@) +cos e KT (Wma)
(33)
< Leon Fy(w" )T Fy(w'M) /M — / Fq(waFx(Lw)p(w)dw‘ (34)
K1 wen
e | Y R R [ R R e

jelM] weN

Taking expectation with respect to w, we have:

1 1 Fq(wl”'M)TFm(wl'“M) 4 ( Fq(LW)TFr(Lw)p(w)dw) ]
;E [ — cos < VK I (wmma) + cos /w KT (@) (36)
Leos . .
< mE j;}\:ﬂ Fy(w’)" Fp(w’)/M —LFq(Lw)TFx(Lw)p(w)dw’ (37)
1/2
< e Variance[jgﬂ R R@)M|)  (E12]< VEIZF) o9
1/2
S (Variance [F (z,w)TF,.(Lw)]> (39)
WKI(wmaX)\/M a ‘
LCOS T 1/2 Lcos
= m\/ﬁ <Variance [Fq(wk) Fm(wk)}> < i (40)
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The last inequality follows from bound on the variance due the following:
Fy(wi) " Fo(wi) = Sq(wr) " Sa(wr) /p(wr) (41)
_ Re[S(w)] cos wi(q[k] — 2[k]) — Im[S(w)] sin wi(q[k] — z[K]))

(42)
(L/D)[[Re[S(w)]| + [Im[S(w)]]]
I
_ (IRelSE)]l +1ImISE)] _ | )
|Re[S(w)]| + [Im[S(w)]|
Putting Egs. (32) (@0) into Eq. (30), we will have the upper bound for sim(q, z) < ¢Sy:
. 1 _ Slm(q 1’) Lcos Asim
E[P =h N <py=1-=cos™* ’
[gﬁ[g(q) (@)lw]] < p2 T (KI(wmax)) * VKM * 72 K I (Wmax )Wmax
(44)
Similarly, we have the lower bound for sim(q, z) > Sp:
. 1 _ Slm(q .'L') Lcos Asim
E[P =h N >pr=1-=cos* ’ - -
[gv}rl[g(q) (x) ‘w ]] = ™ €0 (KI(Wmax)) IRY KM 7"'Ql(l(wmax)Wmax
(45)
Now, note that:
1 [ 1 ( cSp ) 1 ( So )] 1 d 1
— |cos ———— | —cos > (c—1)Sy — cos™ " (s)
T KT (wmax) K1 (wmax) 7K T (Wmax) ds 5€(cS0.50)
1 1
7K T (Wmax) (e=1)So x 1—s2
- (1 — C)SO
7K I (wmax)V1 — §2
(1 — C)SO
~ K1 (wWmax)
(@) 2Asim 2Lcos
> +
WQKI(Wmax)wmaX T/ KI(wmaX)M
(46)
The last inequality (i) is due to the conditions that:
4Asim 4Lcos 2
max T o M 71 NO KI max)- 47
Wmax = 1 )8, >{(1—c)50 (Wmax) 47
This leads us to the following relationship:
1-— l cos ! ( ¢S ) Leos + Bsinm
Qo KI(Wmax) ™V KM 7"-2I(I(Wma,x)Wmax
1 — SO Lcos Asim
<1-—-— ! — - 48
=T (KI(wmaX)) VM 72K (W)W (48)
Thus, we have:
1 1 ( Slm(q,x) ) Lcos Asim
p2 =1— —cos — +
Q Kl(wmax) sim(q,ac)<c50 ™V KM 7-‘-2I(I((fdrﬂax)Wma,x
<1—Zcos ! cSo Leos Agim
- T KI(wmaX) W\/W WQKI(wmax)wmaX
<1 1 -1 SO Lcos Asim
- i o8 KI(Wmax) v KM 2 K[(wmax)wmax
<1- lcosfl ( sim(q, ) )  Leos , Agim
i KI(Wmax) sim(q,z)>So ™V KM ™ Kl(wmax)wmax
=i (49)
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D.3 Effect of truncating frequencies

Lemma D.1. Letsim,, (¢ ,2) = Eemp(w) [Fy(tw) T Fy (1w )] with p(w) being defined as follows:

HkG[K] |R€(S(ka))‘ + |IH1(S(ka>| if, w e [_WmaXawmaX]
p(w) o { 0 otherwise (50)
Then, if T > maxg 4 || — q||, then we have:
T
6K + 2K max {1, }
T — maxg,q |2 — gl|

|§1me (g, z) — sim(q, z)| < (51)

TTWmax

Proof Let S(ww) be the Fourier transform of s(¢), 7! is the inverse Fourier transform, « is the
convolution operator. Further, we define the LOWPASS(w | wimax) is defined as

LOWPASS(w | Wimax) = 1if |w| < wmax and 0 otherwise. (52)
Let us define the filtered or frequency truncated signal of s(t) as defined in Eq. (@) as:
% (1) = F1[S(w)LowPass(w| wmax)}
= F 1S (w)] % FHLOWPASS (W | wimax)]- (53)
In this context, si/\mwmx (¢, z) can be expressed as follows:

—
Slmwmax (q, x)

= QFq(Lw)TFx(Lw)P(w)dw Y
- Sy (1w) " Se(w)dw °Y
weN
= 3 [ oS0 costen(alh] — #1K) — Tm(S ) sinConall] — ol
ke[K Wmax
(56)
(@) Z /_ h S(wy)) cos(wi (glk] — x[k])) — Im(S (cwy)) sin(wi (q[k] — z[k]))]dws
+ > /‘“"““ S (ww)) cos(wi (g[k] — [k])) + Re(S (twp)) sin(wy (q[k] — z[k]))] dwy
ke[K] Wmax Odd function in wp,
(57)
-3 [ 7 Re(S(wn)) + Im(S (o)) explucon(alk] — 2 [k]))d o9
ke[K Wxnax
= 3 [T St explantai] ~ ol >
kE[K Wmax
= / S (twr ) LOWPASS (W | wiax) exp(wi (q[k] — a[k]))dwy “
ke[K]
= Y FS(wwr) LOWPASS (Wi | wimax)] ©b
ke[K]
(@) Swmax (@[k] — z[k]) ©
ke[K]

Equality (i) is due to the fact that the newly added imaginary integrand is an odd function (since,
Im(S(w)) = —Im(S(—w)) and Re(S(tw)) = Re(S(—w))) and thus, the integral from —wypax
and wyax is zero. Equality (ii) is due to Eq. (33). Next we focus on 5, (¢). Since F~1[S(w)] =
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s(t) and F~ [LOWPASS(w | wppax) = 22¢maxt we have:

S (1) = / s(t — 7) T (63)

oo T

:/ s(t— T )sdeT (64)
o Wmax / 7T

:/ s(t) 0T+ [s (t— T ) - s(t)] T (65)
o T Wimax T

As(t-5r)
= s(t)/ ST —|—/ {s (t - ) — s(t)] ST g (66)
oo TT o Wimax T
As(t-57)

—s(t) + / o; {s (t - w;ﬂ) - s(t)] sif:dT 67)

We only consider the case when t € (—T,T'). We decompose the error term 5, (t) — s(t) as:

Wmax (t—T) : Wmaxt :
Stwmay (1) — 8(t) = / As (t S ) ST +/ As (t S ) ST gr
— 00 Wmax T (th) Wmax T™T

Wmax

(68)
Wmax (t+T) . 0o .
+/ As(t— T )blanT+/ As(t— T )sdeT
Wmaxt Wmax T Wmax (t+T) Wmax T
(69)
Bounding the error |S,, . (t) — s(t)] when —T < ¢t <0 We separately bound the four integrals
as follows:
Bound on the first integral ff::"(t_T) As (t — #) Siﬂ%dﬁ': Thus, s (t — = ) = 0 and
As (t — == ) =5 (t - #) — s(t) = 0 — T. We compute the bound on the first term as:
Wmax (t—=T) ; Wmax(t=T)
/ As (t T > ST = fT/ ST (70)
o Wmax ) 7T oo T
oo .
- —T/ T 1)
wmax(T_t) T
Thus, from Proposition[D.2] we have:
2T 2

Wmax(t_T) 3
/ As (t -7 > T | < (since t < 0) (72)
—c0 Wmax T

Bound on the second integral fwm‘“t As (t — L) S;%dr Since 7 € (Wmax(t — T'), Wmaxt]s

TWmax (T — 1) ~ Twmax

Wmax(th) Wmax

we have 0 < t — 7/wmax < T. Thus, s (t— P ) =T—t+ ;.

‘We compute the bound on the second term as:

Wmaxt :
/ As (t I ) T (73)
Wmax(t_T) Wmax T
Wmaxt :
_ / (T S T) ST (74)
Wmax (t—T) Wmax T
Wmaxt : Wmaxt .
_ —t/ sdeT +/ T sdeT (75)
Wmax(t=T) 7T Wimax (t—T) Wmax TT

_ /wljjaxt SianT n CcOS wmax(t - T) — Cos Wmaxt (76)

Wmax(t*T) T TWmax
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Thus, from Proposition[D.2] we have:
Wmaxt i
T\ sinT
/ As <t - ) dr| <
Wanax (t—T) Wmax ) 7T

Bound on the third integral f;m"t(HT) As (t — L) Siﬂ%d’r: When 7 € (Wmaxt, Wmax(t + 1)1,

2t 2 4
= (77)

TWmaxt  TWmax  TWmax

Wmax

we have —T < t — 7/wmax < 0. Moreover, —T < t < 0. Thus, s(t) = s(t — 7/wmax) = T,
resulting in As (t —

T

) = 0 and the third integral is zero.

Wmax (t+T") -
/ As (t S ) lir=0 (78)
Wmax® Wmax T
Bound on the fourth integral [ ° (o) DS (t - ﬁ) ST gr: When 7 € (wiax(t + 1), 00), we
have —00 < t — 7/wmax < —T. Then, s (t — ﬁ =0.
We compute the bound on the first term as:
/ As (t -7 > ST = fT/ T (79)
Wimax (T+t) Wmax /7T Wmax(T+t) T
(80)
Thus, from Proposition[D.2] we have:
e i 2T
/ As (t— T )S””dT PR - 81)
wana (T+) Wmax / 7T TWmax (T + t)

Bounding the error |5, (t) — s(t)| when0 <t < T

wmax(t_T) 3 Wmaxt 3
§wmx(t)—s(t):/ As (t— T )Smd7+/ As (t— T )S””dT

—o0 Wmax T Wmax (t=T) Wmax T

(82)

+/ As<t—wT )SdeT (83)
Wmaxt max T

Now, since 0 < ¢t < T, we have s(¢t) = T — t, throughout the next part of the proof.

Bound on the first integral fw""“(t_T) As (t — L) Siﬂ%dr: Since 7 € (—00, Wimax(t — T')], we

—0o0 Wmax
z )zs(t— z )—s(t):
Wmax Wmax

have T < t— T /wmax < 00. Thus, s (t — w}:ﬁ ) = (0and As (t _
0—(T—1).

‘/“’““”‘(t_T) As (t— T ) sianT
e Wmax ) 7T

Wmax (t=T) =
—(T—t)/ ST g

Qor_p—2 2 (34)

Winax (T — )T Wimax™

T

—0o0
Inequality (i) is due to Proposition[D.2]

Bound on the second integral fw"‘a"t As (t — L) si;%dr' Since 7 € (Wmax(t — T'), Wmaxt]s

wmax(t_T) Wmax

we have 0 <t = 7/ < T Thus, s (£ = 7 ) =T =t + 7

Wrnax
Wmaxt :
T sinT
/ As <t - ) dr
W (t—T) Wmax / 7T

/ T () — (T — 1) 2T

max (6= T) T
Wmaxt .
max sinT 2
_ / dr| < (85)
wmax(th) TWmax TWmax
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Bound on the third integral fw""‘“‘t(HT) As (t — L) Siﬂ%dr‘ When 7 € (Wmaxt, Wmax(t + T')],

Wmax Wmax

we have —T < ¢ — 7 /wmax < 0. Thus, s(t — 7/wmax) = T

Wimax (t+T) 3 Wmax (t+71) 1
/ As (t— T )Slde - / - (1 -2 ar (86)
Wmaxt Wmax T Wmaxt T
Wmax(t+T) 4
_y / ST (87)
Wmaxt T
t Wmax (t+T) o ORI 92
_t / sin7 ,_ 2t _ (88)
T Wmax? T ™ OJmaxt TTWmax
Inequality (i) is due to Proposition[D.2]
Bound on the fourth integral fc:);x(t-i-T) As (t - ﬁ) ST dr: When 7 € (Wmax(t + 1), 00), we
have —00 < t — 7/wWmax < —7T. Then, s (t - ) =0.
/ As (t— T )SlanT _ / (T—t)SlanT
Wmax(t"l‘T) Wmax T wmax(t"l‘T) T
@) (T—1t)x2
< -t 89
T Whnax(t+ T)m 89
2
< . (90)
TTWmax
Inequality (i) is due to Proposition [D.2] Hence,
T
6 + 2 max {1, M}
[Soman (1) = 5(8)] < ©On
meax
The above result, together with sim(q,z) = } ;c(xs(qlk] — z[k]) and sim,,,. (q,2) =
2_ke[K] Swmax (@[k] — x[k]) prove the Lemma. Q.E.D.
Proposition D.2. If « and /3 have the same sign and o < 3, then we have:
2 .
B . = iff>a>0
t TQ
/ MR < (92)
o T —ﬁ—zﬂ if0>f>a
d cost int 5 ¢
Proof Note that — >0 — S0 €% ‘rpen we have:
dt t t 12
P sint fd t P cost
/ = — / 4 [COS } dt — / D at 93)
.t L odt |t Wt
B
cosa  cosf cost
= - dt. 94
- [ &
This gives us the following inequality:
/ﬁsintd?f < cosa_cosﬁ . /ﬁ COStdt 95)
o ¢ Q 8 o t?
<1+1+/B|C°Stdt (96)
ol 1Bl Ja P
< 1 n 1 n 1 1
laf 8] @ B
iff>a>0
Cn)

a2
—— if0>8>a
B
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E Additional details about the experimental setup

E.1 Dataset Generation

We obtain the MSWE and MSNB datasets from the UCI Machine Learning repository. Both of
the datasets contain anonymized logs of real world user web activity. Each data item in MSWEB is
a set of text snippets denoting areas of the website www.microsoft.com visited by an user within a
specified time frame. Similarly, MSWEB consists of multi-sets denoting user page requests under
various news categories at www.msnbc.com. Overall, we regard each data set as a collection of
items, each item being a bag of words. For each data set, we sample a subset of items and designate
them as queries, and the remaining items are designated as corpus items. The (binary) query-corpus
relevance for MSWEB-1 and MSWEB-2 are governed by set containment, while for MSNBC-1 and
MSNBC-2 we use multi-set (bag) containment. IL.e., x is relevant for ¢ iff ¢ C z. To test the ability
of FOURIERHASHNET to retrieve semantically similar items close to the gold items, we report not
only on MAP based on gold labels but also scores of the top-10 candidates (Figure[3)). The dataset
characteristics are summarized in Table[/] We create datasets which differ greatly in terms of corpus
size (10734 for MSWEB-1 and MSWEB, 110790 for MSNBC-1 and MSNBC-2), as well as span a
range of average query selectivity between 1.7x107% and 3.3x 1073, We set aside 100 query graphs
each for training and validation, and use the remaining 300 for testing.

‘ Dataset H |Q| ‘ ‘X' ‘ quc)zglglrcl(qw)] mmqggza rel(q,z)] maxqngleQ)‘( rel(q,z)] ‘ EQEQTE)T‘(C!;TKQ,I)]
MsSWEB-1 || 500 | 10734 35.624 9 327 0.0033
MSWEB-2 || 500 | 10734 20.392 9 49 0.0019
MsNBc-1 || 500 | 110790 24.09 9 44 0.00022
MsSNBc-2 || 500 | 110790 19.78 9 34 0.00017

Table 7: Dataset statistics. From left to right: Datasets name, number of queries, number of corpus,
the average number of relevant corpus items per query, the minimum num of relevnt corpus items per
query, the maximum number of corpus items per query and the average query selectivity.

E.2 Learning Representations for g and x for the baselines

During experiments for Section[4.2] in each of the baseline method (Cosine similarity, Dot product
and Weighted Jaccard), we use the respective similarity scoring functions, and minimize a pairwise
ranking loss on the gold relevance labels to learn the deep set network. We observed that the pairwise
ranking loss performs better than the BCE loss for the baselines. The margin enabled pairwise ranking
loss is specified as

Loss = Z Z [margin + sim(q, 2’) — sim(q,x)]+. (98)

qEQ xeX
1/€qu

where sim is the choice of similarity scoring baseline, X, , X¢x are the set of relevant and irrelevant
corpus items for the query g. We use the best performing margin among {1,0.1}.

E.3 Sampling from arbitrary distribution

One key component of FOURIERHASHNET is sampling w' ~ p(w) . We have chosen to set
p(w) x |[Re(S(w))| + [Im(S(w))|, with the support set between p(w) between [—100, 100]. The
samples are drawn using Inverse Transform Sampling,

E.4 Details about fourier transformation network

In our experiments, we generate M = 10 samples for w. The neural networks ¢, and ¢,, are linear
layers which output 10 dimensional transformed Fourier representations z, = ¢, (F, (1w ™)) and
2, = ¢z (Fy(tw!M)). These are trained using the BCE loss specified in Eq. (12).

"https://archive.ics.uci.edu/ml/machine-learning-databases/msweb-mld
*https://archive.ics.uci.edu/ml/machine-learning-databases/msnbc-mld/
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E.5 Details about hashcode generation network

We use the same hashcode training procedure for FOURIERHASHNET, as well as the DP-RH and
RH baselines. In all three cases, we generate 64 dimensional hashcodes. For FOURIERHASHNET,
the random hyperplanes W are trained on 10 dimensional trained Fourier representations z, 2.
For RH we use the original embeddings g and «. For DP-RH, we use the augmented embeddings

9(q) = sign(W0, q/||q[]) and h(z) = sign(W[\/T? — ||z||?, z]).
E.6 AP and MAP measurements

Suppose a query g is associated with Vg, relevant corpus items (as judged by humans). Suppose the
system provides a ranking over all N corpus items, and the relevant items occur at ranks 71, . .., 7N, -

Then AP for query ¢ is defined as (1/Nyg) ZqN:qu (i/r;). This is because, up to position r;, we have
seen i relevant items, which means we can shorthand i /r; as prec@i (precision at 7). We can rewrite
the sum as ﬁ Zi\;l prec@r x rel@r, where N is the size of the whole corpus, and rel@r is the

(0/1) relevancqe of the item at rank r. In case the retrieval algorithm does not assess all N corpus items,
but stops with the best L hash buckets, which contain, say, N, (; items, we should use the following

formula for AP: ﬁ@ Ziv:ql prec@r x rel@r. Note that we should still divide by /V;q, otherwise an

algorithm that maps the query to a densely relevant but small bin, which fails to retrieve most relevant
items, might be rewarded in an unfair manner.

E.7 Top-10 score measurement

In Appendix [F| we provide additional experiments where we compare FOURIERHASHNET with all
the baselines not only in terms of MAP, but also in terms of the Top-10 score. We use the sum of
Top-10 scores normalized in [0, 1] via the sigmoid transformation used in Eq. (I3): Top-10(q) =
2 eTop-10( N2 o(—d(q,x)). Any hashing protocol is expected to retrieve the corpus items, which

have the highest similarity scores with respect to any given query. The Top-10 score evaluates it
independently of how the retrieved items match with true relevant items. Therefore, the Top-10 scores
provide an evaluation mechanism that is independent of the gold relevance labels and solely relies on
the scores dictated by the trained embeddings. This offers a valuable means of assessing performance
without being influenced by subjective human judgments.

E.8 Licenses

We utilize a publicly available pre-trained sentence transformer model [41], which is licensed under
the Apache License 2.0. Additionally, we employ the DrHash toolkit [58] for various implementations
of the baseline Weighted Minhash (WMH) algorithms. The DrHash toolkit is publicly available under
the MIT License. We duly acknowledge the original authors of the baseline methods in our citations.
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F Additional experiments

F.1 Applying baseline LSHs on hinge distance guided embeddings

In continuation of the results reported in Figure 3] in Figure[8] we present the complete view as well
as the zoomed versions of the trade-off curves for all datasets.
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Figure 8: Trade-off between average query time and accuracy (MAP and Top-10 scores) for MSWEB
and MSNBC datasets (First two rows: complete view across full time axis, last two rows: Zoomed
version of first two rows until the average query time there is > 10X speedup compared to exhaustive
search). We apply different LSH methods on hinge distance guided embeddings similar to Figure 3]
then use the hinge distance to finally rank the retrieved items.

Beyond the observations made in Figure [3] we make the following additional observations.

(1) The complete view for both Top-10 score and MAP score, clearly demonstrates FLORA’s
high sensitivity to hyperparameter tuning. FLORA is seen to have the highest variance in scores
for any given time budget across all the baselines. In terms of Top-10 score, while FLORA
is marginally ahead of FOURIERHASHNET in a few instances in the MSWEB datasets, it is
significatly outperformed by FOURIERHASHNET in the MSNBC datasets. This may be due to
the significantly higher average query selectivity in the MSNBC datasets.

(2) In terms of Top-10 score, FOURIERHASHNET achieves the maximum possible value 4 x faster
than the nearest competitor RH+Hinge, in MSWEB-1 and MSWEB-2. In terms of MAP score,
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RH+Hinge and WMH-+Hinge achieve a maximum MAP of 0.5 in MSWEB-1 and MSWEB-2, and
0.62 in MSNBC-1 and MSNBC-2. However, FOURIERHASHNET achieves the same MAP values
1.33x faster in MSWEB-1 and MSWEB-2, and 2 x faster in MSNBC-1 and MSNBC-2.

(3) Interestingly, the gap between FOURIERHASHNET and RH+Hinge seems to widen for MSWEB-2,
when compared to MSWEB-1. This is possibly due to the presence of several queries in MSWEB-1,
which have >300 relevant corpus items. This affords RH+Hinge a greater opportunity to fetch high
scoring items, which is not the case in MSWEB-2.

F.2 Ablation study on hashcode training

In continuation of the results reported in Figure 3] in Figure[9] we present the complete view as well
as the zoomed versions of the trade-off curves for all datasets.
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Figure 9: Trade-off between average query time and accuracy (MAP and Top-10 scores) for MSWEB
and MSNBC datasets (First two rows: complete view across full time axis, last two rows: Zoomed
version of first two rows until the average query time there is > 10X speedup compared to exhaustive
search). We compare FHASH (UNTRAINED) against the untrained versions of RH+Hinge and DP-
RH+Hinge, as well as against FOURIERHASHNET.

Beyond the observations made in Figure[5] we make the following additional observations.
(1) In terms of both Top-10 score and MAP score, FHASH (UNTRAINED) clearly outperforms both
RH+Hinge and DP-RH-+Hinge, across all four datasets. This strongly highlights the advantage of our
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Fourier feature generation method.
(2) In every setup, FOURIERHASHNET enables a wider range of options for accuracy score vs

retrieval time trade-off.

F.3 Ablation study on collision minimizer (14)
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Figure 10: Trade-off between mean query time and accuracy (MAP and Top-10 scores) for MSWEB
and MSNBC datasets (First two rows: complete view across full time axis, last two rows: Zoomed
version of first two rows until the mean query time there is >10X speedup compared to exhaustive
search). We compare our hashcode training loss loss(Q, X | W) (14), against a variant which replaces
the collision minimizer component A; with a decorrelationloss 3, | tanh(Wz,) " tanh(W z,)|.

In continuation of the results reported in Figure [6] we present the complete view as well as the
zoomed versions of the trade-off curves for all datasets. Beyond the observations made in Figure 6}
we make the following additional observations.

(1) In MSWEB-2, the alternative variant shows a sudden plunge in MAP performance trade-off at
around 0.1 seconds. This type of discontinuous drop is not observed in any of our cases.

(2) In MSWEB-1, there is a variation of 0.1 MAP at around 0.05 seconds. Such high variability is not

observed for any of our trade-off curves.

F.4 Identifying best performing Weighted Minhash algorithm for our datasets

For implementation of baseline Weighted Minhash (WMH) algorithm, we use the best performing
WMH implementation available in the DrHash toolkit [S8] to obtain the hashcodes. We comapare
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Figure 11: We compare performance of Weighted Minhash variations, in terms of trade-off between
mean query time and accuracy (MAP and Top-10 scores) for MSWEB and MSNBC datasets, until the
query time there is >10X speedup compared to exhaustive search.

across the 8 available baselines in the toolkit: minhash [7]], chum [12], icws [20], pcws [36], licws
[28], ccws [55], i2cws [57] and gollapudi2 [16].

We make the following observations.

(1) Across all four of our datasets, for both MAP and Top-10 score, the top 3 performers are minhash,
gollapudi2 and chum. The remaining algorithms are often significantly worse in performance, as can
be seen for MAP in all 4 datasets and for Top-10 in MSNBC-2.

(2) Among the top 3 performers, chum is seen to be the best perform in terms for both MAP and
Top-10 score, in MSWEB-2, MSNBC-1 and MSNBC-2. In MSWEB-1, chum is tied with minhash
and gollapudi2 for the top position.

Driven by these observations, we choose chum as the representative baseline for WMH in our
experiments.
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F.5 Effect of M, number of samples of w on FOURIERHASHNET performance
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Figure 12: Effect of M, number of w samples, on the trade-off between mean query time and accuracy
(MAP and Top-10 scores) for MSWEB datasets.

Here we check the impact of varying the number of samples (M) for w. We consider three different
values of M, i.e., 10, 50 and 100, for generating the fourier features Fy,(tw'M) and F, (1)
which are then fed into the neural networks ¢, and ¢,, for learning the transformed Fourier representa-
tions z, and 2, using the BCE loss specified in Eq. (I2). Finally, we train the random hyperplanes W
and check the MAP and Top-10 score performances for the three variations - FOURIERHASHNET(10),
FOURIERHASHNET(50) and FOURIERHASHNET(100). We observe that the final performance trade-
off of both MAP and Top-10 scores, remains roughly the same across all three variants. This
shows that trainable Fourier transformation is able to compensate for the quality of Monte Carlo
approximations affected by the number of w samples M.

Next, we investigate how well the MC estimates of the Fourier features approximate the
dominance similarity function sim(g,z). Here, we set the dimension of ¢ and = as K =
1. We set T = 20 and we sample g,z ~ Unif[—20,20]. Finally, we compute

— 1..M 2
simpy(q,2) = Wl ZOI cos(F, (1w M), F, (1w'M)) and measure the variation of e =

]Eq,w.NUnjf[_QO,go] I |sim(q, x) — nglM(q., x)||] with M, the number of samples of w. Figure sum-
marizes the results, which shows as M increases, €g;,,, decreases.
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Figum 13: Variation of €y = IEq,menif[—2O,20] H |Slm(q7 {E) - 51’\nM((L LC)”] with M, the number of
w samples.
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F.6 Applying baseline LSHs on hinge distance guided embeddings with noisy labels

In certain applications, the accuracy of ground truth labels can be compromised by noise or subjective
human judgments of relevance. We evaluate the performance of FOURIERHASHNET and the baselines
in a noisy label setup to test its robustness.

Starting with the hinge distance guided embeddings, we initially rank the corpus items based on their
dominance similarity scores. Subsequently, we intentionally flip the labels of the bottom-ranking
10% of positive labels to negative, and an equal number of highest ranked negatively labeled items
to positive. This simulation reflects a plausible scenario since the lowest ranked positive items
and the highest ranked negative items are particularly susceptible to misclassification in real-world
settings. Furthermore, this approach ensures that the average query selectivity for each dataset
remains unchanged.

As before, we apply different the LSH methods on hinge distance guided embeddings, viz, RH+Hinge,
DP-RH+Hinge, WMH+Hinge, FLORA and FOURIERHASHNET; and, then use the hinge distance to
finally rank the retrieved items.
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Figure 14: Trade-off between average query time and accuracy (MAP and Top-10 scores) for MSWEB
and MSNBC datasets (First two rows: complete view across full time axis, last two rows: Zoomed
version of first two rows until the average query time there is > 10X speedup compared to exhaustive
search). We apply different LSH methods on hinge distance guided embeddings similar to Figure(§],
and then use hinge distance to rank retrieved items. Evaluations are conducted using noisy labels.

31



We make the following observations.

(1) In terms of MAP score, FOURIERHASHNET continues to outperform all other baselines across all
four datasets. Furthermore, when comparing the performance in the presence of noise, as depicted in
Figure[14] to the corresponding results obtained in the noiseless setting illustrated in Figure[§] we
observe that FOURIERHASHNET outperforms all its competitors by a significantly higher margin in
the presence of noise.

(2) In terms of Top-10 score, we note that the results in Figure [I4] for the noisy setup are
identical to the results presented in the noiseless setting shown in Figure This observation
indicates that the evaluation based on Top-10 score is unaffected by label noise. This supports the
argument made in Appendix [E.7]that Top-10 score evaluation enables a more subjective assessment
of performance, focusing on the quality of the embeddings themselves.

F.7 Comparison with graph based indexing methods

Here, we compare the performance of FOURIERHASHNET with a representative graph based indexing
method. We use the Hierarchical Navigable Small Worlds (HNSW) implementation of Hnswlib [33].
We extend the SpaceInterface class of nms1ib/Hnswlib to implement HNSW for hinge distance.
In order to track the number of distance computations performed by HNSW during retrieval, we
used a counter inside fstdistfunc_. We count the number of distance computations as a surrogate
for real time, to avoid non-determinism in measurements and low-level implementation differences.
We search across different values of M, ef and ef construction, and track the number of distance
computations against corresponding MAP values.

#calls to fstdistfunc_ | MAP Method
839 0.17 HNSW
1162 0.53 | FOURIERHASHNET
1549 0.43 HNSW
1668 0.51 HNSW
1846 0.58 | FOURIERHASHNET
2578 0.59 HNSW
3529 0.71 HNSW
3926 0.72 | FOURIERHASHNET
4773 0.77 HNSW

Table 15: Number of distance computations and the corresponding MAP values on MSWEB- 1 for
HNSW and FOURIERHASHNET.

Table presents our study on MSWEB- 1dataset with 10734 corpus items. We observe that FOURIER-
HASHNET LSH has an edge over HNSW in the regime of fewer distance computations, with a MAP
of 0.53 using 1162 distance computations. However, when allowed more distance computations,
HNSW outperforms FOURIERHASHNET with a MAP of 0.71 in 3528 computations, and a MAP of
0.77 in 4773 computations.

32



