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Abstract

The Gromov-Wasserstein (GW) distance quantifies discrepancy between metric
measure spaces, but suffers from computational hardness. The entropic Gromov-
Wasserstein (EGW) distance serves as a computationally efficient proxy for the
GW distance. Recently, it was shown that the quadratic GW and EGW distances
admit variational forms that tie them to the well-understood optimal transport (OT)
and entropic OT (EOT) problems. By leveraging this connection, we establish
convexity and smoothness properties of the objective in this variational problem.
This results in the first efficient algorithms for solving the EGW problem that are
subject to formal guarantees in both the convex and non-convex regimes.

1 Introduction

The Gromov-Wasserstein (GW) distance compares probability distributions that are supported on
possibly distinct metric spaces by aligning them with one another. Given two metric measure (mm)
spaces (Xp, do, po) and (X1,d1, p1), the (p, ¢)-GW distance between them is

=

Dp.q(po, 1) := _inf (/ | (z,2") — di(y, )" dﬂ®7f(x,y,w’,y’)> , (1)
mE€I(po,11)

where TI(ug, 111) is the set of couplings between 1o and p;. This approach, proposed in [25], is
an optimal transport (OT) based L? relaxation of the classical Gromov-Hausdorff distance between
metric spaces. The GW distance defines a metric on the quotient space of all mm spaces modulo
obtained by identifying isomorphic mm spaces (i.e. the underlying measures i, p11) are such that
pg o T~ = py for some isometry T' : Xy — A}). From an applied standpoint, a solution to
the GW problem between two heterogeneous datasets yields both a quantification of discrepancy,
and an optimal matching 7* between them. As such, the GW distance has seen many applications,
encompassing single-cell genomics [3, [15], alignment of language models [[1]], shape matching [23}
24, graph matching [39,40], heterogeneous domain adaptation [41], and generative modeling [8].

Exact computation of the GW distance is a quadratic assignment problem, which is known to be
NP-complete [11]. The computational intractability of the GW problem in (I)) has inspired several
reformulations that aim to alleviate this issue. Recent approaches include slicing [38]], relaxing
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the strict marginal constraints using f-divergence penalties [33]], and optimizing over bi-directional
maps [44]. While these methods offer certain advantages, it is the approach based on entropic
regularization [29,[36] that is most frequently used in application. In [29], it is proposed to solve the
entropic Gromow-Wasserstein problem (EGW) via a mirror descent algorithm with a complexity of
O(N 3) for marginals supported on N distinct points (see, e.g., Remark 1 in [29]). The follow-up
work [32] proposes a low-rank variant of the EGW problem which can be solved in linear time,
wherein only couplings admitting a certain low-rank structure are considered. As an intermediate
step of their analysis, they show that the complexity of mirror descent can be reduced to O(N?) by
assuming that the matrices of pairwise costs admit a low-rank decomposition (without imposing any
structure on the couplings). This decomposition holds, for instance, when the cost is quadratic and
N dominates the ambient dimensions. Although mirror descent seems to solve the EGW problem
well in practice, formal guarantees concerning convergence rates or local optimality are lacking.

The goal of this work is to address the computational gap described above, targeting algorithms with
non-asymptotic guarantees and establishing convexity regimes of the EGW problem—all of which
are consequences of a new stability analysis of the EGW variational representation from [43].

2 Notation and preliminaries

For a topological space .S, we let P(.S) be the collection of all Borel probability distributions on S.
The Frobenius inner product on R% <41 is defined by (A, B)r = tr (AT B); the associated norm is
denoted by ||-|| . A function f : RY — R is p-weakly convex if f+ £]|- || is convex, it is L-smooth
if its gradient is L-Lipschitz. For a Fréchet differentiable map ' : U — V between normed vector
spaces U and V/, we denote the derivative of F" at the point u € U evaluated at v € V' by D Fj,(v).
We adopt the shorthands a A b = min{a, b} and a V b = max{a, b}.

2.1 Entropic optimal transport

Entropic regularization transforms the linear OT problem into a strongly convex one. Given distri-
butions p; € P(R%), i = 0,1, and a cost function ¢ : R% x R% — R, the primal EOT problem
is obtained by regularizing the standard OT problem via the Kullback-Leibler (KL) divergence,
OT(po, 1) = infreri(uo, ) J ¢dm + Dk (7| o ® p11), where € > 0 is a regularization param-

eter and D (p|lv) = [log (‘;—5) dp, it 1 < v, and oo, otherwise. Classical OT is obtained from
the above by setting e = 0. When ¢ € L' (yo ® p1), EOT admits the following dual formulation,

DPey—c
OTc(po, 1) = sup /cpoduo +/<p1du1 fs/ew S dpo ® e,
(po,p1)EL (o) x L1 (k1)

where o @ ¢1(,y) = po(x) + ¢1(y). The set of solutions to the dual problem coincides with the
set of solutions to the so-called Schrodinger system,

po(@)+e1—c(=,-) wote1 (W) —cl,y)
/e E duy =1, pe-ae. x € R%, /e c dpug =1, pi-ae.ye R,

2
for (po, 1) € L*(po) x L*(p1). A pair (¢g,1) € L'(po) x L*(p1) solving () is known
to be a.s. unique up to additive constants in the sense that any other solution (@g, 1) satisfies
Po = @o + a po-a.s. and @1 = 1 — a pi-a.s. for some a € R. The unique EOT coupling 7, is
po(@)tey (y)—c(z,y)

characterized by dﬂ”égm (z,y) =e , and, under some additional conditions on the

cost and marginals, (2)) admits a pair of continuous solutions which is unique up to additive constants
and satisfies the system everywhere, i.e., at all points (z,y) € R4 x R9, We call such continuous
solutions EOT potentials. The reader is referred to [28]] for a comprehensive overview of EOT.

2.2 Entropic Gromov-Wasserstein distance

This work studies stability and computational aspects of the entropically regularized GW distance
under the quadratic and the inner product cost. By analogy to OT, EGW serves as a proxy of the
standard (p, ¢)-GW distance. From here on out we instantiate the mm spaces as the Euclidean spaces
(R4 || - ||, i), for i = 0, 1, and proceed to define the EGW distance for the quadratic cost.




The quadratic EGW distance, which corresponds to the p = ¢ = 2 case, is defined as

. 2
Se(uo.pn) = _jint [ [lo = &I =y~ o[ drome. ')+ eDr o spm). )

One readily verifies that, like the standard GW distance, EGW is invariant to isometric actions on
the marginal spaces such as orthogonal rotations and translations. When ., t1 are centered, which
we may assume without loss of generality, the EGW distance decomposes as

Se(po, 1) = S1(po, 1) + Sz, (ko, 1),
51(#0,M1)=/||$—33'H4duo®uo($,3?/)+/\|?J—y/||4dul @1y, y') — 4Ma2(po) M2 (1), 4y

So.e(po, 1) = A inf . 32||A||% + OT < (kos f11),

E]Rdl) xd

where OT 4 (po, 1) is the EOT problem with the cost function ca : (z,y) € R% x R%
—4||z|?||ly||* — 3227 Ay and regularization parameter . Moreover, the infimum is achieved at some
A* € Dy = [-M/2,M/2]%*% for any M > \/Ma(po)Ma(p1) =: My, ., - The proof of
Theorem 1 in [43] demonstrates that if o and pp are centered and 7, is optimal for the original
EGW formulation, then A* = % J xyT dm.(z,y) is optimal for Sy . and m, = 74+, where A+
is the unique EOT coupling for OT 4+ (g0, f11). Corollary [1|ahead expands on this connection by
establishing a one-to-one correspondence between solutions of S, and Sg ..

Although (@) illustrates a connection between the EGW and EOT problems, the outer minimization
over D) necessitates studying EOT with an a priori unknown cost function c 4.

A similar decomposition holds for the inner product GW problem, where the difference of squared
Euclidean norms is replaced by a difference of inner products. In that case, F.(ug,p1) =

Fi(po, 1) +F2.c(po, i), for Fi(po, ) = [ [{z,2") Pdpo@po(z, ')+ [ [y, y') Pdpo@po(y, y')s
and Fa . (o, p11) = inf g cpaoxay 8||A||% 4+ 10T a (10, f21), with the distinction that no centering is
needed and 10T 4 (1o, pt1) is the EOT problem with the cost function c4(z,y) = —8zTAy. We
restrict our attention to the quadratic EGW problem, similar results hold in the inner product case.

3 Stability of entropic Gromov-Wasserstein distances

We now analyze the stability of the EGW problem with respect to the matrix A appearing in its
variational form (). Specifically, we characterize the first and second derivatives of the objective
function whose optimization defines S . which elucidates its convexity properties and enables us
to devise novel approaches for computing the EGW distance with formal convergence guarantees.
Throughout this section, we restrict attention to compactly supported distributions, as some of the
technical details do not directly translate to the unbounded setting (e.g., the proof of Lemma[J).

Fix compactly supported distributions (i, 1) € P(R%) x P(R%) and some & > 0. Let
D:AcRY M 32| A% + OT A (po, 111)

denote the objective in Sy (110, 1). We first characterize the derivatives of ® and then prove that
this map is weakly convex and L-smooth.

Proposition 1 (First and second derivatives). ® : A € R%*% s 32| A||2 + OT 4 < (110, pt1) is
smooth, coercive, and has first and second-order Fréchet derivatives at A € R%*% given by

D®4(B) = 64tr(ATB) — 32/xTBy dra(x,y),

D2® (B, C) = 64tr(BTC) + 32 / 2T By (hOA’C(x) + i C(y) — 32xTCy> dra(z,y),

where B,C € R%*%1 7 4 is the unique EOT coupling for OT a - (uo, p11), and (hOA’C7 hf’c) is
the unique (up to additive constants) pair of functions in C(spt(uo)) x C(spt(u1)) satisfying

e (@) +ef (1) —ca(=.v)

/ (hgl’c(w) + hf7c(y) - 3295TC?/) e B duy(y) =0, Va €spt(u),

&)

el @ teft W —cal@y)

/ (hg"c(x) + h?’c(y) - 32$T0y) e E duo(xz) =0, Vy € spt(p).




Here, (o8, o) is any pair of EOT potentials for OT a ¢ (10, p11)-

Proposition [T| essentially follows from the implicit mapping theorem, which enables us to compute
the Fréchet derivative of the EOT potentials for OT () -(uo, 1) using the Schrodinger system (2)).
The derivative of OT ) . (40, p41), which is a simple function of the EOT potentials, is then readily
obtained. By differentiating the Frobenius norm, this yields the derivative of ®. See Appendix [A.T]

As DO 4)(B) = (64A — 32 [ zyT dma(z,y), B>F, we can interpret 64A — 32 [ xyT dma(z,y)
as the gradient of ® which we denote D®| 4). This perspective is utilized in Section | when studying
computational guarantees for the EGW distance, as it is simpler to view iterates as matrices.

As a direct corollary to Proposition [T} we provide an (implicit) characterization of the stationary
points of ® and connect its minimizers to solutions of S.. Details are provided in Appendix [A.2]

Corollary 1 (Stationary points and correspondence between S, and Ss ).

(i) A matrix A € R%*% js q stationary point of ® if and only if A = % JxyTdra(z,y). As @ is

coercive, all minimizers of ® are stationary points and hence contained in Dy, ,, -

(ii) If po and py are centered, then a given matrix A minimizes ® if and only if 7 4 is optimal for
Sc and satisfies 5 [ xyT dma(z,y) = A.

(iii) Suppose o and py are centered. If S. admits a unique optimal coupling 7., then ® admits a
unique minimizer A* and w, = ma~. Conversely, if © admits a unique minimizer A*, then 7«
is a unique optimal coupling for S..
Although the second derivative of ® involves the implicitly defined functions (h?’c, hf’c), its
maximal and minimal eigenvalues, Apax (D2<I>[ A}) and Anin (D2<I>[ A]), can be controlled which
enables us to characterize convexity and smoothness of ®.

Theorem 1 (Convexity and L-smoothness). The map ® is weakly convex with parameter at
most 3221/ My(po)Ma(p1) — 64 and, if /My(po)Ms(p1) < <5, then it is stricily con-
vex and admits a unique minimizer. Moreover, for any M > 0, ® is L-smooth on Dy with

L <64V (3226_1\/M4(/1,0)M4(/J,1) — 64) .

Theorem |1| follows from Proposition [I| by considering the variational form of the maximal and
minimal eigenvalues; see Appendix [A.3|for details. In general, optimal EGW couplings may not be
unique. Theoremm provides sufficient conditions for uniqueness of solutions to both S, . and the
EGW problem by the connection discussed in Corollary [I| when the marginals are centered.

4 Computational guarantees

Building on this stability theory, we now study computation of the EGW problem. The goal is to
compute the distance between two discrete distributions 119 € P(R%) and 1 € P(R%) supported
on Ny and N; atoms ()N, and (y(j))j-vzll, respectively. In light of the decomposition (@), we
focus on Sy ., which is given by a smooth optimization problem whose convexity depends on the
value of . Throughout, we treat D<I>[A], for A € R%*d1 35 the matrix 644 — 32 f zyTdra(z,y).

4.1 Inexact Oracle Methods

As these problems are already dyd;-dimensional and computing the second Fréchet derivative of
® may be infeasible (in particular, it requires solving Eq. (3))), we focus on first-order methods.
Given the regularity of the S, . optimization problem, standard out-of-the-box numerical routines
are likely to yield good results in practice. However, to provide meaningful formal guarantees one
must account for the fact that evaluation of ® and its gradient requires computing the corresponding
EOT plan, which entails an approximation. We model this under the scope of gradient methods with
inexact gradient oracles [13} |16} [17].

For a fixed & > 0 and p, 111 as above, we seek to solve minacp,, 32||Al|%+O0T a (10, 1), where
M > M,, ., which guarantees that all the optimizers are within the optimization domain (cf.

Corollary . As we are in the discrete setting, the EOT coupling 74 for OT Ae(po, 1), A € Dy,



is represented by IT4 € RNo*N1 where IT} = 74 (2(),y()). The inexact oracle paradigm
assumes that, for any A € D), we have access to a §-oracle IT4 for IT4 with || TI4 — IT4 ||, < 4.
Such oracles can be obtained, for instance, by Sinkhorn’s algorithm [12} [35]].

Proposition 2 (Inexact oracle via Sinkhorn iterations). Fix § > 0. Then, Sinkhorn’s algorithm

(Algorithm returns a 6-oracle approximation 4 of IT in at most k iterations, where k depends
only on pg, i1, A, 8, and ¢, and is given explicitly in (T7).

The proof of Proposition 2] follows by combining a number of known results, see Appendix [C| With
these preparations, we first discuss the case where ® is known to be convex on D).

4.2 Convex case

Assume that @ is convex on D), e.g., under the setting of Theorem [I} As convexity implies that
the minimal eigenvalue of DQCIJ[ A] is positive for any A € Dy, Theorem 1| further yields that ® is
64-smooth. With that, we can the apply inexact oracle first-order method from [13]]. To describe the
approach, assume that we are given a d-oracle II# for the EOT plan IT2 for OT a (uo, f11), and
define the corresponding gradient approximation

D4y = 64A — 32 Tisic ) (y))TEIA, ©
>J>4V1

We now present the algorithm and fol-

Algorithm 1 Fast gradient method with inexact oracle .
low it with formal convergence guaran-

k+1

Fix L = 64 and let )y = *31 and 7, = 1%3 tees.
I k< 0,Aq < 0,Gp < DP4,), Wy < apgGo The sign, min, and multiplication oper-
2: while stopping condition is not met do ations in Algorithm|I]are applied entry-
3: Dy +— Ak - L7'Gy, wise. Due to inexactness, stopping con-
4: By, + Ysign(Dy) min (£ [Dy|,1) ditions based on insufficient progress
5. C) «— Msjgn(_m) min (l |M’ 1) of functions values or setting a thresh-
2 L ML . >
6: Apiy — 1,Cr + (1 — 73,) By, old on the norm of the gradient require
. =~ care. A condition based on the number
7 Gip1 = DOpay of iterations is discussed in Remark [T}
8: Wit ¢ Wi + ap11Grt1

9: k+—k+1
10: return By We now provide formal convergence
guarantees for Algorithm [I]

’Eheorem 2 (Fast convergence rates). Assume that ® is convex and L-smooth on Dy; and that
I14 is a §-oracle for TIA. Then, the iterates By, in Algorithm 1| with D®4,; given by (@) sat-

isfy ®(Bg) — ®(B*) < % + 38’, where B* is a global minimizer of ® and ' =

32M6D 1<i<n, H:v(i)(y(j))THl where || - ||1 denotes the entrywise 1-norm. Moreover, for any 1 >
152N,

oo

1
+ 2 1 + 77_35/

* (12
307, Algorithm requires at most k = [—;’ + % 14 W—‘ < [— MW—‘

iterations to achieve an n-approximate solution.
The proof of Theorem[2] given in Appendix[A.4] follows from Theorem 2.2 in [13] after casting our
problem as an instance of their setting. Some implications of Theorem 2] are discussed next.

Remark 1 (Optimal rates and stopping conditions). First, consider the convergence rate of the
function values. The first term on the right-hand side exhibits the optimal complexity bound for
smooth constrained optimization of O(1/k?) (cf, e.g., [27]). The second term accounts for the
underlying oracle error. Notably, the progress of the optimization procedure and the oracle error
are completely decoupled in this bound.

Next, observe that all terms involved in the upper bound for the number of iterations are explicit as
soon as a desired precision 1 is chosen since the oracle error § can be fixed according to Proposi-
tion[2) Consequently, it can be used as an explicit stopping condition for Algorithm ]



4.3 General case

We now discuss an optimization procedure which
does not require convexity of the objective. This
accounts for the fact that outside the sufficient
conditions of Theorem convexity of @ is
generally unknown. However, the same result

Algorithm 2 Adaptive gradient method with
inexact oracle

Given C € Dy, fix the sequences [ =

Lo =k oandr = 2 ; .
20> Tk = ar» k= &+2 shows that ® is L-smooth with L = 64 V
1: k<1, A1 + Cy, G1 D(I)[Al} (3225_1 M4(,LLO)M4(,U/1) - 64) and OT(.)’E 18

2: while stopping condition is not met do

3. Dk £pA§7 Bka L’'-smooth with L' = 3226_1 M4(/L0)M4(/,L1)
4 B, « % sign(Dj,) min ( % |Dy.| 1) Hence, we adapt the smooth non-convex optimiza-
5. Ej + Cyp 1 — Gy, tion routine of [21]] to account for our inexact ora-
6 C M -y cle. Notably, their method adapts to the convexity

: k¢ gsign(By) min (y7 | Byl 1) of ® as described in Theorem[3]

7: Ak+1 +— 1.CL + (1 — Tk)Bk

8: Gip1 E‘I)[Ak+1] Unlike AlgorithmE], which is initialized at any
9: kek+1 fixed Ao, the starting point in Algorlt.hmg] should
10: return B, be chosen according to some selection rule that

avoids initializing at a stationary point (e.g., ran-
dom initialization). Indeed, if Ag is set to a stationary point of ®, then D® (4, = 0 and, conse-
quently D®4,] ~ 0 (given that the approximate gradient is reasonably accurate), which may result
in premature and undesirable termination. Clearly, this is not a concern for Algorithm [1] since it
assumes convexity of ®, whereby any stationary point is a global optimum.

The following result follows by adapting the proofs of Theorem 2 and Corollary 2 in [21]]. For
completeness, we provide a self-contained argument in Appendix [D|along with a discussion of how
this problem fits in the framework of [21]].

Theorem 3 (Adaptive convergence rate). Assume that ® is L-smooth on Dy; and that 4 is a
S-oracle for TIA. Then, the iterates Ay, By, in Algorithmwilh D4, given by (0) satisfy

1. If ® is non-convex and OT .y (o, p1) is L'-smooth, then mini<i<p Hﬁﬂ ' ||F <

k(;gi?i)L(LQ)HCO_B*”Q M ||B*||§, M)—FSL(S where B* lsaglobalmzmmzzer

of ®, and §' = 32M621<Z<N0 | ()T,
2. If @ is convex, then minj<;<y, Hﬁt_ (B; — A, )H LHCO B*||2. + 8Ld'.

F S B+ 1)(R12)

We first show that when Hﬁk_ Y(By, — Ay) H  is small, D®4,) is approximately stationary.

Corollary 2 (Approximate stationarity). Let Ak, By, be iterates from Algorithmland assume that
B, € lnt(D]u) Then, | + Hﬁk Bk — Ak HF

The proof of Corollary [2] follows from the J-oracle assumption and the fact that when By, is an
interior point of Dy, we have By, = Ay, — 3, Gy,. See Appendix[A.5|for details. When By, is not an
interior point of Dy, the interpretation of |3, ' (By — Ay)||F is less straightforward. However, as
all stationary points of ¢ are contained in Dy, ., it is expected that Algorithm 2{will converge to
an interior point. By analogy with Remark ] w‘ﬁen all iterates are interior points Algorithm 2] yields
a bound on the number of iterations required to achieve an approximate stationary point.

The following remark addresses the distinctions between the convex and non-convex settings.

Remark 2 (Adaptivity of Algorithm[2). As in Theorem[2] the convergence rates are decoupled into
a term related to the progress of the optimization procedure and a term related to the oracle error.
In the case where ® is non-convex, the dominant term in the optimization error is O(1/k), which
coincides with the best known rates for solving general unconstrained nonlinear programs [21|]. On
the other hand, when ® is convex, the rate of convergence improves to O(1/k®) which essentially
matches the best known rates for the norm of the gradient in the unconstrained accelerated gradient
method applied to a convex L-smooth function (see Theorem 6 in [34] and Theorem 3.1 in [10]).
This adaptivity is beneficial, as ® may be convex beyond the conditions derived in Theorem|[I]



An empirical comparison of Algorithms[T]and 2]in the convex setting is included in Section[4.4] In
particular, Algorithm([T]is seen to outperform Algorithm[2)in terms of average runtime despite having
the same per iteration complexity when the inexact gradient is computed using Sinkhorn iterations.
Remark 3 (Computational complexity of Algorithms [T)and [2). As Sinkhorn’s algorithm is known

10 have a complexity of O(NgNy) (cf- e.g. [32]]), the gradient approximation (6) can be computed in
O(NoNy) time. It follows that Algorithms|I|and IZ| admit a computational complexity of O(NoNy).

4.4 Numerical Experiments

We conclude this section with some experiments that empirically validate the rates obtained in The-
orems [2] and [3] and the computational complexity discussed in Remark [3] All experiments were
performed on a desktop computer with 16 GB of RAM and an Intel i5-10600k CPU using the
Python programming language. Blown-up figures are included in Appendix [H

Convergence rates. Figure|l|(a) presents an exam-
ple of applying Algorithm |I| to a convex ®, where
the marginals are pg = 0.46_14 + 0.661 and
py = 0.46_101 + 0.65;.31, with & chosen large
enough to guarantee convexity. The theoretical rate
of O(k~?) from Theorem [2| on the optimality gap
®(By,) — ®(B*) is seen to hold[l] Figure [1] (b) il-
. \ ‘ —o v A lustrates the progress of Algorithm 2] applied to a
oo T P non-convex @, for g = £ (803 + 008+ 0-0.5)
= ® © and py = 3 (5(0.120‘6) +0(—0.5,0.3) + 0(0.4,-0.3) )
Figure 1: The top row compiles plots of  for ~With <7 0.07 which makes_<1I> non-convey. The
the different examples. The bottom row con- Ok ™) rate for min; <<y 18; (B; — A;) | in the
sists of plots tracking the progress of the iter- NON-convex case from Theorem[3lis well reflected in
ates. In (b) and (c), Algorithm2]is initialized this example. Flgure,m (c) shows theltgA!gorlthm 2
atCo = (1,1) x 10~ and Cy = 1 x 10—, can match the theoretical rate of O(k ) in the con-
vex regime when initialized in a region of local con-
vexity. In this example, the generated marginals are
po = % (6—0.1 + 6—-0.2 + 0.2 + 0.3+ S0.3) and p1 = £ (0.2 + 6—0.3 + do.3 + 0—0.4 + 6p.4) and
¢ = 0.03. The stopping condition used in all these example is |G|/ < 5 x 10~% and the approxi-
mate gradient (6)) is computed using the implementation of Sinkhorn’s algorithm from [19].

d=1 d=16

/

respectively.

Time complexity. To study the time complex-
ity of Algorithms [I] and 2] we first choose the di-
mension d € {1,16,64,128} and let pg,u1 €
P(RY) be supported on N € {16, 32,64, 128,256,
512,1024, 2048, 4096,8192,16384} samples of a
mean-zero normal distribution with standard devi-
ation 0.05 for o and 0.1 for p;. The weights are
chosen uniformly at random from [0, 1) and normal-
ized so as to sum to 1. This procedure is repeated
to generate a collection of pairs of random distribu-
tions {(p0., 111.:)}5%. In the sequel, a single ex-
— ————— periment refers to the process of timing the compu-
N oy tation of S (po,, pt1,;) for some fixed d, N and all
i =1,...,500. For practical reasons, we choose to
abort an experiment before all 500 EGW distances
have been computed if the total runtime for this ex-
periment exceeds 20 minutes. The average runtime
is then computed among all completed calculations
in a single experiment.

T
11444

Figure 2: The various plots compile the aver-
age runtime of Algorithms [T]and 2} and two
versions of the mirror descent algorithm in
the convex regime for different combinations
of dand N.

The convex case: First, ¢ is chosen as 1.05 x 16/ M4 (o) M4(p1) so as to guarantee convexity
of ® for each instance by Theorem [I] Figure [2] presents the average runtime of both algorithms
in this setting with the stopping condition |G[[r < 107%. We compare the performance of our

!The plot shows the approximate gap ®(B},) — ®(B*), where B* is the approximate minimizer.



methods with the two implementations of the O(N?) mirror descent algorithm provided in [32].
The first implementation includes certain algorithmic tweaks when d?> < N, whereas the second
only requires d < N to achieve the quadratic complexity. Our implementation of the mirror descent
algorithm is based on the code provided in [32] with some small modifications (e.g., EOT couplings
are computed using Sinkhorn’s algorithm from the Python Optimal Transport package [19] and
some extraneous logging features are removed). We note that the first version of the mirror descent
algorithm encounters “out of memory” errors for N = 16384.

The plots show that the four algorithms perform similarly on the considered examples, and empir-
ically validate the O(NN?) computational complexity from Remark To verify that the algorithms
all converge to solutions with similar objective values, we evaluate the relative errorE] between all
pairs of algorithms for each d, N. The largest relative error we observe is 6.6 x 1076 for d = 1 and,
for the other choices of d, is at most 4.2 x 1072, The values obtained are thus in good agreement.

d=1 d=16

The non-convex case: To evaluate the performance
of Algorithm when convexity is unknown, we set
€ to violate the condition of Theorem [T} but still
be large enough so as to avoid numerical errors.
If errors in running Algorithm [2] or the mirror de-
scent methods occur, we double ¢ until all algo-
aois rithms converge without errors. The initial point
C) for Algorithm [2] is taken as the matrix of all
ones scaled by min{M, 1} x 1075. We consider
two ways of choosing the smoothness parameter
L, which effectively dictates the rate of conver-
— wis=—__ | gence. The firstis to set L equals to the theoreti-
S "7 " cal upper bound from Theorem ie, L = 64V

Figure 3: The various plots compile the av- (322571\/ My (po)Ma(pr) — 64 ). As this choice

erage runtime of Algorithm [2] with the two may be too conservative in practice, we also con-
methods for choosing L, and two versions sider setting L via a line search. Namely, we fix a
of the mirror descent algorithm in the non- value for L (e.g., the theoretical upper bound or an
convex regime for different combinations of arbitrary value) and check if the algorithm converges
dand N. for a given choice of d, N, ji9 4, 41,5 If so, we mul-

tiply L by 0.99 and repeat this procedure until the
algorithm no longer converges. For each d and IV, we choose the value of L that attains the fastest
convergence, and repeat this procedure for 5 pairs of distributions. For Algorithm 2] with the choice
of L that comes from the theoretical bound and the two versions of mirror descent we follow the
same methodology as in the convex case. The average runtimes of all methods are reported in Figure
[Bl The restriction to 5 runs in the line search case is only out of convenience and we note that all
algorithms yield similar results if we restrict to 5 runs throughout.
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The plots again validate the O(N?) time complexity for all four approaches. However, we see that
choosing L in Algorithm 2Jaccording to the theoretical upper bound may indeed be too conservative,
as it results in a 10 x slowdown compared to the other methods. By setting L via the line search, on
the other hand, Algorithm [2]and mirror descent exhibit similar performance. This suggests that the
longer runtime of Algorithm [2| with the theoretical L value can be attributed to this being an overly
conservative choice as opposed to a fundamental limitation of this method. Optimization routines
that update L at each iteration have been proposed in [3| 26, 37], but require solving an additional
EOT problem at each step for our application. As such, these approaches may reduce the number of
iterations required for convergence, but at the cost of increasing the per iteration complexity.

5 Conclusion

In this work, we have addressed stability for the EGW problem over Euclidean spaces with quadratic
cost. The analysis leveraged variational characterizations of these EGW distances that tie them to
EOT with a certain parametrized cost function. The stability analysis was used to study convexity

Relative error is measured by maX;ec(d,N) |S§‘1(,uo,i,,u1,i) — sz(uoyi,ul,i)|/(5f1(ug,i,u1,i) A

S22(poq, p.:)), where S (o4, p11,:) and S22 (puo,4, u1,:) denote the objective values achieved by the first
and second algorithm of the pair, and C(d, V) is the collection of completed runs from a given experiment.



and smoothness properties of this variational problem, which led to two new efficient algorithms
for computing the EGW distance. The complexity of these algorithms agrees with the best known
complexity of O(NN?) for computing the quadratic EGW distance directly, but unlike previous ap-
proaches, we provide, for the first time, non-asymptotic convergence rate guarantees in both the
convex and non-convex regimes. This stability analysis also lays the groundwork for solving the
EGW problem via smooth optimization methods.
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A  Proofs

A.1 Proof of Proposition 1]

We first fix some notation. Let S; = spt(y;) for ¢ = 0, 1 and define the Banach spaces
e={ o) € €50 xC(51): [ foduo =0}
S = {(fo,fl) € C(So) x C(S1) : /foduo = /f1dﬂ1}.

Consider the map Y : R%>d1 x @ — C(Sy) x C(S;) given by

eo()+e1(y)—ca,y) po(x)+p1()—ca(z,)
T (A, o, 1) (/6 : dul(y)—l,/e : dpo(z) — 1)-

For fixed A € R%*% the solution to the equation Y(A,-,-) = 0 is the unique pair of EOT
potentials (g, pf1) for 19, 1 with the cost ca satisfying the normalization from &. Observe that,
by compactness of Sy and S, the potentials are bounded.

The following lemmas verify the conditions to apply the implicit mapping theorem to Y in order to
obtain the Fréchet derivative of the map A € R%*d1 1 (& o). Given that OT a . (ko, p11) =
[ pdtduo+ [ pdun, the derivative of the map A +— OT 4 (110, p11) and that of @ itself will readily
follow.

Lemma 1. The map Y is smooth with first derivative at (A, g, 1) € R4*4 x & given by,

vo(te1 (W) —cal,y)
€

DY .00 (Bsho, ha) = (/(ho(') + hi(y) + 32(-)TBy)e dp(y),

[ho(w) + )+ 3257 B(g)e A duom) ,

where (B, ho, hy) € Réoxd x ¢,

The proof of this result is straightforward, but included in Appendix [E.I] for completeness. Now,
define {4 1= DY (4 ,a ,a (0,-,-) and let w4 be the EOT coupling for OT 4 - (uo, 11). Note that

for any (ho, h1) € €, we have £4(ho, h1) € §, which follows by recalling that dj:é‘m (,y) =

28 (@) +ef () —ca(@.y) .
: and observing

/(fA(hmhl))ldMo Z/hoduo+/h1d7TA =/hoduo+/h1du1

/(fA(ho,hl))sz = /hodﬂ'AJF/hldﬂl = /hodqur/hldlh-

We next prove that & 4 is an isomorphism between € and § by following the proof of Proposition
3.1in [9].

Lemma 2. The map £ 4 is an isomorphism between € and §.

Proof. Observe that £ 4 extends naturally to a map on L?(110) x L?(111) and admits the representation

€a : (fos f1) € L (o) x L*(p1) = (fos f1) + L(fo, f1) € L*(po) x L*(pa),

where

B O+ef ) —calw) e @) +ef ()—calz,)
£l ) = ([ e B2 ), [ aore T ).

Lemma|11]in Appendix [E.2|demonstrates that £ is a compact linear self-map of L?(p19) x L?(u1).
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We first show that € 4 is injective on E := {(fo, f1) € L*(uo) x L*(u1) : [ fodpo = 0}. Suppose

;hat (fo, fu) satisfies £a(fo, fi) = 0. Multiplying (€4 (fo, f1))1 by fo and (€a(fo, f1))2 by fi, we
ave

_ P O ref () —cal.v)

/ (RO +hORm) e : dpin () = 0,

@t ()—calz.)

/ (Fo(e) () + () e : o) = 0,

and summing these equations gives f(fo + f1)%dra = 0. As 74 is equivalent to pig ® 1, we have
fo+ f1 = 0 po ® pi-ae., which further implies that (fo, f1) = (a, —a) po ® pi-a.e. for some
a € R. Consequently, ker(£ 4) is 1-dimensional and & 4 is injective on E.

Next, we show that {4 is onto F' := {(fo, f1) € L*(uo) x L*(u1) : [ foduo = ffld,ul}
As in the lead-up to this lemma, {4(E) C F. By the Fredholm alternanve (cf. Theorem 6.6 in
[7]), (Id +L)(L?(uo) x L*(111)) has codimension 1 and, as F' has codimension 1, we must have

fa(E) =F
As such, for any (go,g1) € § C F, there exists (hg, h1) € E for which
£a(ho, h1) = (ho, h1) + L(ho, h1) = (g0, 91)-

As ﬂ(ho, hl) S C(SQ) XC(Sl), (ho, hl) = (go,gl)—[:(h(), hl) € C(So) XC(Sl) Withf hOdMO =0,
and thus (hg, h1) € €. This implies that {4 (¢) D § and from before we have {4 (&) C §, yielding
€a(€) = F. We have shown that £4 : € — §F is a continuous linear bijection and hence an
isomorphism by the open mapping theorem (cf. Corollary 2.7 in [7]). O

We now apply the implicit mapping theorem to obtain the Fréchet derivative of (goé')7 wg')).

Lemma 3. The map A € R4*% vy (o8t o) € & is smooth with Fréchet derivative
A,B ; AB
D(@O)vwg))[A](B):_(hO 7h‘1 )7

where (h?’B, hf’B) € € satisfies

& @)+ (y)—ca(zy)
/ (hf?’B(m) +hB(y) - 32xTBy) T d(y) = 0, Va € spt(po),
(7

A,B A,B T ¢(‘?(I)+wiq(y)*CA(I,y)
(ho () +hi " (y) — 322 By) e : dpo(z) =0, Yy € spt(u),
with (o8, o) being any pair of EOT potentials for (i, j11) with the cost c a.

Proof. Fix A € R%*d with corresponding EOT potentials (90‘04, gof). For notational conve-
nience, define the shorthands D1 Y4 = DY (4 ,a ,41(,0,0) and DT 4 = DY 4 o4 ,4)(0,,)
(cf. Lemmal[I). By Lemma@], Dy 4 is an isomorphism and we may invoke the implicit mapping
theorem (cf. Theorem 5.14 in [6]). This implies that there exists an open neighborhood U ¢ R0 *
of A and a smooth map g : U — € for which T (B, g(B)) = 0 for every B € U and

Dygia)(B) = —(D2Y 4)~ ! (D1 T a(B)),

—Dgpa)(B) solves (7). By construction, g(B) = (¢f’,¢T) and by repeating this process at
any A € R%*d1 we extend the differentiability of the potentials to the entire space R% <41, O

Given the dual form of the EOT cost, Lemma [3]suffices to prove Proposition [I]

Proof of Proposition[l} As OT ac(po,p1) = [¢gtduo + [ p{*dur, Lemma [3| implies that
OT (., (1o, 1) is smooth with first derivative at A € R%*4 given by

D(OT(-)7a(u07ﬂl))[A](B) = _/h§7Bdﬂ0 - /hf7Bdﬂla
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where B € R%*% Integrating the first equation in (7) w.r.t. po while using uig@ﬁ -(2,y) =

e (@) +ef (v)—ca(@.v)
£

, yields

/(hf?’B(:E) Jrhf’B(y)) dra(z,y) = /hOA’Bduo Jr/hf’Bdul = 32/ITByd7rA(x,y),
®)

whence
D(OT (e (o, 1)) 4 (B) = —32/$TByd7TA(:E7y)~

As || A||% = tr(ATA), we have D (32]|-]|%) a)(B) = 64tr(ATB), which together with the display
above yields

D®4(B) = 64tr(ATB) — 32/xTBy dma(z,y),
as desired.

e (@) +ef () —ca(x.y)
£

For the second-order derivative, recall from Section that djoﬂéqm (z,y) =e
As in the proof of Lemmal[I] as the map

A CRY s ((2,) € S x St - ot (@) + o () — cale,y)) € C(So x S))
is differentiable at A € R%*1 with derivative
C e Rboxdi ((m,y) €Sy x Sy — (hg"c(x) +RAC(y) — 32xTCy>) € C(So % S1),
the expansion

dmat+c dma dma
T (2,y) = ————(z,y) P
dpo @ pa dpo ® pa dpo @ pa
holds uniformly over (z,y) € Sp x S1, where Ro(z,y) = o(C) as ||C||r — 0 and za c(z,y) =
het () + B (y) — 322TCy. Thus,

/@™ Bydraic(r,y) — [aTBydra(z,y) —c' [2TByzac(z, y)dra(z,y)|

- —€_IZA7C($,y) (x,y)—l—Rc(x,y),

sup

| Bllp=1 IClr
=H;ﬁ1p ’/wTByIICEch(x,y)duo ®u1(x7y)’
=1

< swalllyl [ 1€15 Ree o)l duo i o,0).

(z,y)€51 xS2

As Re(z,y) = o(C), this final term converges to 0 as ||C||p — 0, so

D?(OT .o 0)) ) (B, ©) = 3271 [ 7By (1) + 1 ) — 3207Cy) dmala).

As D(32| - H%)[ (B) = 64tr(ATB), D*(32]| - ||%)[A} (B, C) = 64tr(CT B). Altogether,

A
D2®(4)(B, C) = 64tr(BTC) + 32" / 27 By (h (@) + h{C (y) - 3207Cy) dra(a,y).

Coercivity of ® follows from the fact that

OTac(po,pn) = _ inf {/‘4||95||2|y||2 — 3227 Ay dr(z,y) + eDyw (7| 1o ®u1)}’
me(po,m1)
> it Lol - s21 Al eelante
me(po,m1)
My (po)Ma(pa) — 32| All v/ Ma(po) M2(p1),
such that ®(A) = 32| A% + OT a.c(ko, 1) = +oo as | Al p — oo O
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A.2  Proof of Corollary/[l]

Item (i). The expression for the stationary points follows immediately from Proposition |1} To see
that all stationary points are elements of Dy observe that if A is a stationary point, then

ook

Ayl =1 \ / zy]dmmy] 5 [ lewslinate.) < 5/l MG

Item (ii). As discussed in Section if 7, is optimal for S, then % [ xyT dm.(z,y) minimizes .
On the other hand, if A minimizes ®, then we have A = % f xyT dm 4 and hence

2
Sa.e (s 01) — 8 H [ natey)| —4 [ helPlolanate.y)
F

1
—32<2/xde7rA,/xde7rA> + eDri(mallpo ® 1)
F
2

+ eDki(mallpo @ pa)-
P

= =t [ ValPlolParaey - 8 | [ o7 dmaten)

By @),

Se(po, 1) = Se(po, 1) + Sa,e (o, f11)
2
:/|Hx*w/ll2*||yfy/ll2| + 2|z — 2| Ply — ¥ ||Pdra @ ma(z, y, 2, y)
9
—4 / 212y l2dpo ® pa (. ) / 2|2 ly]|2dma (. y) ©)

2

—8H/xyT dra(z,y)|| +eDiL(mallpo ® p).
F

As o = &/ [Plly = I? = (Il = 267 + [/]7) (Io]? = 2075 + /), we have
[lle =o' Ply o/ Pdra @ mae. v’y
=2 [ ol P ® (o) + 2 [ ol Pdmae. )

+4 / I‘T.T/yTy/ dra @ ma (.T, Y, ,'L'/, y/)7

which, together with (@) yields

2
Se(uovm):/H\x—z’llz—IIy—y’||2| dra @ ma(z,y,2',y') + eDrL(mallpo @ m),

proving optimality of 7 4.
Item (iii). Suppose S. admits a unique optimal coupling If two matrices A and B minimize O,

then m4 = wg by unlqueness SOA =3 fxyT d7rA(:c y) =3 5 [ xyT drp(x,y) = B. Conversely,
suppose ® admits a unique minimizer A* If 7 is 0pt1mal for S¢, then 7 solves the EOT problem
OT A+ c(pt0, f41), SOT = TA~. O

A.3 Proof of Theorem I

The proof of Theorem [I]depends on the following lemma. The variance bound is seen to be sharp
up to constants in Appendix [B]

Lemma 4 (Hessian eigenvalue bounds). The following hold for any A € R%*xd1

(i) The minimal eigenvalue of D2<I>[A], Amin (D2<I>[A]), admits the lower bound 64 —
322c7 sup| o po1 Var, (XTCY), where sup| o .~ Vars , (XTCY) < /My (p0) My (1)
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(ii) The maximal eigenvalue 0fD2<I>[A] satisfies Amax (D2<I>[A]) < 64.

Proof. We first prove Item (i). The minimal eigenvalue of D2<I>[ A] 18 given in variational form as

1o, D*®.4(C,C)

= HCian ) {64||C||% +32¢71 /;UTCy (hOA’C(:v) +hC(y) — 323:TCy) dma(x, y)}
=

> 64 + 321 | i‘nf {/xTCy (h?’c(x) +hC(y) — 323:TC’y) dma(z, y)} ,

[F=1

using the formula for D2<I>[ 4] from Proposition Recall that (hg1 ,c’ hf’c) satisfy

e (@) +ef (v)—ca(z,y)

/ (hf’c(fv) +hi(y) - 32xTCy) e . dui(y) =0, V€ spt(uo),

<P(‘)4(I)+<piq(y)ch(Iay)

/ (h(?’c(x) + hf’c(y) - 32$Tcy) € c duog(z) =0, Yy €spt(u),

such that, multiplying the top equation by hOA’C and integrating w.r.t. o and performing the same
operations on the lower equation with h‘fLC and pq respectively,

J (e @) "+ 1€ € @) ~ 207 Cun ()| dmate) o,

/ [ha“”(x)hf”(y) £ (hCw) - 32xTCyh‘f"C<y>] dra(z,y) = 0.
Summing these equations gives
32/xTcy (ha“’c(x) +hf’c(y)) dra(z,y) = / (ha“’c(x) +hf’c(y))2dﬂA(:c,y),
such that

32/chCy (ha“’°'<m> +hi ) - 32wTCy) dra(z,y)

2
— [ (4@ + 12 w) drateg) - 32 [ @ CoPdnatay)
which proves the first part of Item (i). It remains to show that
2
/ (nC @)+ nC W) drale,y) - 322 / (@TCy)2dma(z,y) > —322Var, ,[XTCY].

By Jensen’s inequality, we have

[ (1@ 19 w) anaten > ([0t + hf‘"’@)dm(:c,y)f

2
= 322 (/ xTCydWA(x,y)) ,

where the equality follows from (8), proving the desired inequality.
To prove the uniform bound on the variance in Item (i), observe that

sup Varg,[XTCY] < sup E,,[(XTCY)?]
ICllF=1 ICllF=1

< sup ||CI2 / |2 lly|2dm a(z, v).
ICllF=1

</ My (o) Ma(p1)

where the final two inequalities follow from the Cauchy-Schwarz inequality.
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We now prove the upper bound on the maximum eigenvalue of qu>[ 4] from Item (ii) again using
its variational characterization,

Amax (D2(I)[A]) = |\C§|l\1p DQ(I>[A](C, C) = 64 + Anax (Don(.)ys(/uL(),/Jl)[A]) .
=1
Observe that OT 4 c(po, 1) = infrem(ug,uy) 9(A, T, po, p11,€), where g depends on A only
through the term 32tr(AT [ 2yT dr(z,y)) which is linear in A. It follows from, e.g., Proposi-
tion 2.1.2 in [22] that OT .y - (uo, p11) is concave. As such, Ayax (DQOT(.LE(#O,M)[A]) < 0, so
Amax (D?®4]) < 64. 0

Proof of Theorem[l] We first discuss the convexity properties of ®. By Lemma [
Amin (D?®a) + 5| Al|%) > 64 — 32271\ /My(po) My(p1) + p for any A € R%* and p > 0.
When this lower bound is non-negative, ® is p-weakly convex on R%*% by definition. It fol-
lows that ® is always p-weakly convex for p = 32271\ /My(uo)My(p1) — 64. Moreover, if
VvV My (po)Ma(pr) < 55, then Ayin (D2<I>[A]) > 0 such that ® is strictly convex.

L-smoothness of ® follows from the mean value inequality (see e.g. Example 2 [2 p.356])

|D®(a] — DOgjllr < sup sup |D’®c(A— B,E)
CE€[A,B] |E|r=1

< sup (A (D*@icy) |V [Amax (D* () |) |14 = Bl r,
C€[A,B]

)

for any A, B € R%*d1 where [A, B] denotes the line segment connecting A and B. The claimed
result then follows by noting that, for any A, B € D)y, [A, B] C D) by convexity and the supre-
mum over D), is achieved by compactness and the fact that the objective is continuous. Indeed, the
maps Amax(*), Amin(+) are continuous on the space of symmetric matrices, and D2<I>[.] is continuous
as @ is smooth. O]

A.4 Proof of Theorem

In this section, we show that Theorem 2.2 in [13] on the convergence rate of Algorithm I]is applica-
ble in our setting. We particularize their result to a fixed prox-function d = 1|| - ||% which is smooth
and 1-strongly convex.

First, we justify the expressions for the iterates By, C, in Algorithm[I] which are defined in [13] as
the proximal operators

L
Bj, = argmin {tr (GIV)+ = ||V - Ak”%} ;
VeDu 2

L
C), = argmin {tr (WIV)+ = V||?:} .
VeDu 2

Rearranging terms, both problems can be written, equivalently, as

argmin{HV—UH%}, (10)

VeDu

forU = A, — L™ 'G), and U = — L~ W, for the By, and C}, iterations respectively. The solution
of (I0) is given by V'* defined entrywise by (cf. Section 5.2.2 in [[14])

M 2
V= 7sign(U)min <M|U|, 1) .
Next, we show that our notion of §-oracle yields a ¢’-approximate gradient in the sense of Equation
(2.3) in [13]. Precisely, we prove that
~ T
tr (D04 - Do) (B-©))| <4, (11)
forany A, B, C € D). By Holder’s inequality,
’tr ((ﬁq)[A] — D(I)[A])T (B — C)) ‘ <M HECI)[A] — D@[A}‘

’
1
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and the choice B = —C = %Sign (5<I>[ a) — Do A]) saturates the above bound. Recall that

Daa — Doa =32 Y- 2 (y0)" (I —11). (12)
1SN,

where HﬁA — HAH < ¢ uniformly in A € Dy by the J-oracle such that

> [ )], <32 X [ 0),

1<i<No 1<i<Ng
155N, 1<5EN,

Do~ Do, < 52 fr - 2|

o0

where | - | is applied componentwise in the above display. Combining the displayed equations yields

[or (Do — Do)  (B-C))| <s2m8 37 o9 ()
1<i<No

1<5<N,

;
1:5/’

proving Eq. (TT).

With these preparations Theorem [2]follows from Theorem 2.2 in [13] and the discussion following
its proof, noting that Y1 &1 = (HDE+2), O
A.5 Proof of Corollary 2]

As Ay, By, be iterates from Algorithmwith By, € int(Dyy) such that By, = Ay, — ﬁkf)(b[Ak] by
definition. By the triangle inequality,

|D® a7 < |DP(a,—D®a, | p+ DPayllr = |1D@ 4, —DPayllr+8; " (Be — Ak) |IF.

It remains to bound || D®4,] — §<I>[Ak_] || F using the §-oracle. By (12),

R (ym)T (ﬁ;]\, _ H;})

| D®a) — DO g || = 32

1<i<No P
1<j<N
_ P
<32 Y |n3_n;3_|”$<z> (ym) i
1<i< Ny
1<j<Ny
<8204 T >0 [y
1<i<No
1<j<M
<326 > [y
1<i<No
1<j<N

B Sharpness of variance bound from Lemma [4]

Let p1g = 5 (00 + 0q) and pg = 5 (0o + &) for a € R% and b € R, In this case, any coupling
7 € TI(po, p1) is of the form w00 (0,0y + Tos0(0,6) + Ta09(a,0) + Tabd(a,p) With the constraint that
Too = Tap and mop = Teo = % — Tab. FOr any Ac D, OTAY&-(,U/[),M:[) is given by

m€I(po,p1)

= ig)fl/z) {—map(4]|al?[|b]|* + 32aT Ab) + 2em4p log(4map) + (1 — 27map) € log (2 — dmap) }
Tab€(0,

inf {/ —4|z|?|lyl|* — 3227 Ay dn (2, y) + eDyi (|| o @ Ml)}
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the objective is a sum of convex functions and the first-order optimality condition reads

eZ

2(1 +e?)’
for z = (2[|al|?||b]|* + 16aT Ab) /e. Let 7* be the corresponding EOT coupling for OT 4. (10, 111)-
For any C' € R%0*d1,
Vare [XTCY] = w5, (1 — m,) (aTCb)? < iy (1 — 5[ CllE [l * 0],
with equality for C' = Cab™ with C' € R. Hence,

sup {Vare: [XTCY]} = 5, (1 — mg)llal?[[b]1%,
ICllr=1

4)|al/?||b]|? + 32aT Ab = 2¢log(4map) — 2el0g(2 — 47ap) <= Tap =

which can be made arbitrarily close to 1 ||a|?(|b||* for fixed a,b by choosing A € Dy; and e > 0

as to make 2 sufficiently large. On the other hand, /M (po)Ma(p1) = 3|lal|?[|6]|, such that the
variance bound in Lemma4]is tight up to a constant factor.

C Sinkhorn’s Algorithm as an inexact oracle

Given po = ZZN:OI a;6, € P(R%) and puy = Z;V:ll b;d, € P(RN), let a,b denote the corre-

sponding (positive) probability vectors. Fix an underlying cost function ¢ : R% x R% — R and
(2D 4 ()

e >0, and let K € RNo*M with K;; = ef(f. Consider the standard implementation of

Sinkhorn’s algorithm (cf. e.g. [12,[19]).

Algorithm 3 Sinkhorn Algorithm

Fix a threshold ~ and a maximum iteration number K, x.
Vo < ]lN1 /N1
k1
repeat
ug < a/(Kvg_1)
Vi < b/(KTuk)
1" < diag(u ) Kdiag(vy)
k+—k+1
until |[TT*1y, —alls < york > kpax
return IT*

Ju—

R A A S

,_
=4

In Algorithm [3] the division of two vectors is understood componentwise. The stopping condition
is based only on one of the marginal constraints as ]lJT\,0 IT* = b7 by construction.

The following definitions enable describing the convergence properties of Algorithm [3} we follow
the approach of [20]] with only minor modifications. Let R‘_f_ denote the set of vectors with positive
entries and, for x,y € Ri let

Z;Y;j
d(z,y) =1
(x,y) =log 199%d gy

denote Hilbert’s projective metri on Ri. By definition,
dH(JI,:(j) :dH('r/yv]ld)a (13)
forany z,y € Ri and, setting x = e,y = e* componentwise,

dg(z,y) = log max eWit#wi—%,

1<i,j<d
= 12%};(1’11)1* + z; —wj; — 2,
- _ N — mi _ ) (14)
lrg?écd(log x; —logy;) 1Ignz‘1£d(10g x; — logy),

= max log (> — min log <> .
1<i<d Yi 1<i<d Yi

3dy (z,y) = 0if and only if z = ay for o > 0, d g is symmetric and satisfies the triangle inequality.
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It was proved in [4} [31] that multiplication with a positive matrix is a strict contraction w.r.t. dg.
Precisely,

forany A € R‘iXd and z,y € R%, where
A) -1 LA
MA) = VIA =L Ay = A
Vn(A) +1 1<i,j<d Aji A
1<ki<d

Let
E={AeR}""™M . A = diag(r) K diag(y) for some z € R,y € R},

and observe that if A, B € FE, there exists x4 B € Rfo,yAvB S Rfl for which A =
diag(za,p)Bdiag(ya,g). In this setting, letd : E X E + [0, c0) be such that

d(A,B) =du(za,B: 1n,) +du(yas: 1n,),
then d is a metric on E. As the EOT coupling IT* satisfies
IT;, _ e¢(m<i>)+w(y<.7‘i),a(m<i>,ym)

aibj

)

where (¢, 1) is any pair of EOT potentials, IT* = diag(u*) K diag(v*) € E for
() ()
=10 CE

* —
u; = az;€e € y v; = b€

J
Note that u* = a/(Kv*) and v* = b/(KTu*).

In the sequel, we analyze the convergence of IT¥ to IT* under d. The following result translates
bounds on d(IT*, IT*) to bounds on || IT¥ — IT* || .

Lemma 5. Fix ¢ > 0. If d(TI* TI*) < 6, it follows that |[TT* — TT*||oc < €® — 1.

Proof. By Lemma 3 in [20], whenever d(IT¥, II*) < § it holds that
6*571§%71§e571,
ij
forevery 1 <7 < Ny,1 < j < Nj. As such,
I, — I <TF (1—e ) v —1) < (1—e?)v(e’—1) =€ —1,

yielding ||TT* — TT¥|| o, < €% — 1. O

Towards bounding d(TT*, TT*), we first show that the iterates uy,, vy defined in Algorithmconverge
to u*,v* under dg.

Lemma 6. Let uy, vy, be iterates generated by Algorithm[3| Then,
drr (ug, w*) < ANK)*FVdg (ur, u)
dr (vg, v*) < MEK)*dg (vo, v*).

In particular, dg (ug, ©w*) — 0, dgg (vg, v*) = 0 as k — oo.

Proof. The second claim follows from the first and the fact that A(K) < 1. To prove the first claim,
we have, by definition,

dp (U1, u*) = dp (K“Uk K“v) = dy (Kuy, Kv*) < MK)dg (v, v*) ”
b b
*) = N R T Toy* *
n(v) =i (oo gorar ) = 9 (KT KT0) < AR ().
as M(K) = MKT). Thus, dg(upsr,u*) < MNK)2dg(ur,v*) and dg(veer,v*) <
A(K)2d g (v, v*). The conclusion follows by applying these bounds repeatedly. O
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Next, we bound the progress of the iterates TI* to IT* under d in terms of dz (us, u*), d g (vg, v*).

Lemma 7. In the setting of Lemmal6] we have that

d(IT% I1%) = d g (ug, u*) + d g (vg, v*) < ME)2FDdg (ug, u*) + MK)2dg (v, v*).

Proof. The second inequality follows from the first by Lemmal[6] By construction,

T4 = diag (uj) I diag <UJ) ,
Uk Vk

d(ITF TTFH) = dy (“j,nNo) dy (“j,ﬂNl) :
Uk Vg

=dy (uj,ux) +dg (vj,0r),

such that

taking the limit as j — oo and applying Lemma [6] yields

d(I1%, I1*) = d 7 (g, w*) + dpr (vg, 0%,
where we have also used the fact that lim;_, ., d(IT¥, TI*+7) = d(IT* II*) as follows from [20) p.
731] and [35]. O

As u* and v* are a priori unknown, we now bound d(u*, u*) in terms of d(a, up ® Kwy), which is
a measure of how much IT* violates the marginal constraint/*|and another analogous term.

Lemma 8. In the setting of Lemmal6| we have that

dH(CL, vV © KTuk_H)
= ANK)?

Ky
(g, ) < L1010 L)

ST roakp 0 le)s

Proof. By construction, we have that
dp (ug, v*) < dp(upsr, ur) + dg (g, u*),
<dg (I{avk’ Uk) + A(K)?*d g (ug, u*),
=dy (a,uk ® Kl}k) + )\(K)QdH(uk,u*),

where we have applied the triangle inequality and (T6). The claimed result for vy, follows from the
same argument. O

Combined, Lemmas [/|and [8| provide an explicit bound on the total number of iterations required to
ensure that d(IT*, IT*) achieves a given precision.

Proposition 3. Let IT* be given by Algorithmand fix 6 > 0. Then, for every

1 5(1 — MK)?)
Pt g N E)) 8 <dH(a, O Koy) + MK )2dp (b, 0 KTu1)>’

d(ITF, I1*) < 6.

Proof. 1t follows from Lemma|[7]and Lemma [§] that

/\(K)Q(k_l)dH(a, u; © K’Ul) + /\(K)deH(b, Vg ©® KTul)

4, 1) < 1 —AK)?

The upper bound on the number of iterations required to achieve d(IT*, II*) < § then follows from
basic algebra. O

‘IR N, = ur © Kv, where © denotes elementwise multiplication.
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Now, we demonstrate why the termination condition based on the 2-norm (or an equivalent condition
based on the 1-norm) endows us with a §-oracle approximation and provide a bound on the number
of iterations required to achieve it. Theorem 1 in [18] proves that there exists k& < 1 +3 % satisfying

up © Kvg —ally + [lvg © KTugp g — b1 <6,

for R = —2log <e ICllee /e minj<i<n, a; A\ b; > This gives a bound on the maximal number of
1<j<N;
iterations to achieve the 2-norm termination condition via the standard inequality || - |2 < || - ||1.

We now bound d in terms of the Euclidean distance as to control d(TT¥, IT*) by ||uy © Kvi, — al|.
Lemma9. Lerr,s € R‘i be arbitrary, then
dp(s,7) < (rit + 57 1)llr = sll2,

where i* € argmax; ;4 r; N (s; —ri) and i, € argming <, <4 57 (si— 1)

Proof. We have by (T4) that

di(s,r) = ] Si n 1 Si
ulor) = g o)~ 2y e ()

Observe that

1—<1g< ><—1
54 Ty T

using the inequalities 1_%: <log(l + z) < x for x > —1. Whence,
-1 . -1
dy(s,r) < g}g)ﬁlor (si —mi) — lgnilér}\fosi (si — 1)
=1t (sie —rie) =57 (80, —74,)

< (7‘51 + si_*l) ls =7,

By combining Lemmas[7]and [0 we arrive at the desired result.

Proposition 4. Let a = mini<;<n, a;. In the setting of Lemma EI the iterates IIF generated by
Algorithm[3|with the threshold a > ~ > 0 satisfy

Ek||a — U @K'Ung
—NK)

d(IT*, 11*) <

where_E), denotes the constant from Lemma [9} Hence the 2-norm termination criterion in Algo-
rlthmts satisfied in k iterations for some k < 1 + E and

d(I1*, I1%) < 1fE§(WK) =1 fZ(K) (@' +@-77).

Proof. The first claim follows directly from Lemmas [7] and [0 together with the fact that
dg (vg, v*) < AM(K)dg (ug, u*) (see (]ED)

It is clear from the discussion preceding Lemma|§|that |up © Kvg — all2 < 7y for some k < 1+ %,
which corresponds to the 2-norm termination condition for Algorithm 3| To see that E < a~! +
(@ — 7)1, let w* = uy, ® Koy, and observe that ||a — w¥||s < |la — w*||2 < 7. Hence, for any
index 1 < i < Ny, a; — v < wk and, as such, (wF)~! < 17§ﬁ O

The proof of Proposition [2] then follows by combining Propositions [3] and Proposition[d] The max-
imal number of iterations for Algorithm [3|to output a §-oracle approximation of the EOT coupling
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II4 is thus

. 1 5(1 - ANK)?)
= min {1 T g (N(K)) (dH(a,u1 & Kup) + \(K)2dg (b0 © KTu1)> ’

1—26"tlog (e ICll/e min a; Ab; ) }
1<i<Np
1<j<N;
17

D Convergence of Algorithm 2|

In what follows, we slightly adapt the proof of Theorem 2 in [21]] to conform to the inexact setting.
We first clarify that they treat the composite problem

inf f(z) +g(z) + Q(x),

z€R?
where f is L’-smooth and non-convex, g is L”-smooth and convex, and Q is non-smooth and convex
with a bounded domain. Hence f + g is L = L’ + L” smooth and possibly non-convex.

Our problem conforms to this setting (up to vectorization) with f = OT .y -(po, 1), g = 32| - ||,
and Q = Ip,,, the indicator function of the set D), defined by

0 if A e Dy
I A — ) )
D (A) {+oo, otherwise.
When @ is convex, we set f =0and g = ® hence L' =0, L = L".
As @ is L-smooth, by Lemma 5 in [21]],
L
O(By) < ©(Ax) + tr (DO, (Bi— Av)) + 5 |1 Br — Ail}., (18)
and for any H € R%*% letting L’ denote the Lipschitz constant of OT . . (o, p11), the same

result gives
®(Ag) — (1 = 7%)®(Bg-1) + 7 ®(H))

=7 (P(Ag) — ®(H)) + (1 — 71) (P(Ak) — ®(Bi-1))
< (i (DT (A~ 1)) + 5 - AknF)
+ (1 =) (tr (D‘I’[TAk](Ak - Bk—l)) + 5 1 Br-1 — Ak%) (19)
= tr (Dq)F—Ak](Ak — 7. H — (1 — Tk)Bk_1)>

L'T L'(1—-7
b A T

1By, — A7
72 Br-1—Ch-1l%
recalling the update A, = 7,Cx—1 + (1 — 7) B—1.
Denote the subdifferential of Zp,, at A € R%*%1 by
IIp, (A):={PeR™ " . Ip (X)—Ip, (A) > tr (PT(X —A)), forevery X € R%o*%}
AV = (Cht = wG) I+ Ip, (V) ],

there exists P € 0Zp,, (C},) for which G, +P+ (C’;C —C+1) = 0 (see Theorem 23.8, Theorem
25.1, and p. 264 in [30]). Thus, for any U € Rdonl

As C'; is optimal for the problem argminVGRdoxdl {

1
tr((Gk + P)T(Ck — U)) = %tr ((Ck — Ckfl)T(U - Ck))
1
= 2 (||Clc71 ~ Ul = IC = U7 — |Cr — Ck71||2F> )
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where the final line follows from some simple algebra. As P € 01p,,(Cy), tr(PT(C, — U)) >
Ip,,(Ckr) —Ip,,(U) = —Ip,, (U), whence

1
1(G{(Ci ~ 1) € To,, (U) + 5 (ICr ~ U = i~ U} = |G ~ Cual3) - @0)

By the same steps applied to the other subproblem with By and Ay taking the place of C} and
C);,—1 respectively,

1
tr (GL(By —U)) <Ip, (U)+ 25, (lAx = Uz — |1Bx = Ul — |1Br — A7) -

Setting U = 7,Cy + (1 — 7%)Br—1 € Dy (by convexity) in the previous display, bounding
—|| By, — U||% above by 0, and recalling that Ay, = 7,C)_1 + (1 — 74 ) Bi_1 such that A;, — U =
Tk (Cr—1 — Ch),

tr (G (By — 7Ck + (1 — 75) Bg-1)) < (TRlICx — Cr—ally — | Be — Akl7) -

25
Combining with (Z0) upon scaling by 7,

tr (GL(By, — .U + (1 = 73.) By 1)) < 7Ip,, (U) + (T21Ck — Cr-1ll7 — | Bx — Akl%)

25
Tk
o (ICk—1 —U|% = ICx = U|% = |Cx — Ci1ll7)
by the choice of 7%, Bk, 7k, we have that ;—’z - ;—’Z < 0 such that
TL
tr (G{(Bi — U + (1 = 74)Bi-1)) < 7eZp,, (U) + ﬁ (ICk-1 —U|% - ICx = U||7)
1
— —||By — Ag||%.
5 1B~ Al

Combining the equation above with Eq. (I8) and Eq. (I9) and setting H = U € D) (otherwise the
bound is vacuous),

(By) ~ ®(H) < (1-7) (D(By1) — O(H)) +tr (DO, (B~ nH — (1-7) By1) )

L'r L'(1—-7 L
a2 P B o LB
<(1—=7) (®(Bg-1) — ®(H ))+5,+T(”Ck 1*H||F*||Ck*H||F)
LT L'(1-7 L
k||H A5+ uﬁ?HBk—l—Cia—lHiﬂ‘f’ == ) IBr— Ax|l%
2 2 25k

where the inequality follows from the §-oracle which implies the bound (cf. (IT)))

tr (G — D® Y - 2))|) < ¢,
Y;UE%M{M K ()7 ( )|} <

observing that By, 7, H + (1 — 7.) Br—1 € Dy by convexity (1 € (0, 1)).

Applying Lemma 1 in [21] yields, for A; = ﬁ,

k
o(By,) - ®(H) -1 Ti 2 2
S = A (9 g (16— HIR - 16— HIE) +
L'

—Ti) 2 2 L 1 2
i Y - NS N Z_ _—\IB, - A,
D) 7 | Bi-1 i 1||F+(2 252>” i ill )

Co—H|Z & L ;
i=1

Ll(l — Ti) 2 2 L 1 2
+T7i ”Bzfl - CZ*1||F + 5 - T@ ”Bz - AZH .
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By convexity of | - ||%,

2 2
1H — A%+ 71— 7)||Bi 1 — Cia )%
<2 (|H|% + |43 + (1 = 7) (|Bia|% + |Cia[|2))
<2([|H|F 4+ 1 =) Bic1l|F + millCicallF + (1 — 1) (|1Bica |7 + |Ciza 7))

<2 (|H||% (14 75(1 = 7)) max] - ||%)
Dy
<2 (I + S0Pt

observing that 7; € (0, 1] hence 7;(1 — 7;) < +. Thus, for H = B*, a global minimizer of ®,

1
3

k
®(By) — ®(B) 1—Lp; 2 _ |Co — B*||%
E B, — Al < —=

Ay 2A;0; 1B 1||F = 21

i=1
z 5
+y A (5'+L’Ti <|B*||F + M2d2d2>>
=1

By construction, Zle A7 = j—;, and ®(By) — ®(B*) > 0. It follows that

mln”ﬁ Y(B Ai)HF

<2 iiﬁ’( LA 7”00_3*“% +iA’16’ 2 (1B + Sadias

- \iS A 2m el Ay, £ 16
AsBi=%.m = g, and 4; = “+1) i 26 ,iLﬁ = A2k A7t = ERLELD) 4,

k 96L> 24LL 5M?2d3d?

? 1 2 *2 / *|2 0%1

1 (Bi—-A)|.<—"——|C,—B 8LS B 2T 0T

min 6,7 (B~ 407 < praygy 1C0— B + 828+ 205 (1871 + 200 )

This proves the claimed result in the non-convex setting.

In the convex regime, recall from the prior discussion that we may set L’ = 0 in the previous display,
proving the claim.

E Additional Results

E.1 Proof of Lemmal[l]
The proof of Lemma ] follows from the following lemma coupled with the chain rule for Fréchet
differentiable maps.

Lemma 10. Let pi; € P(R%), fori = 0,1, be compactly supported with spt(j;) = S;. Then, the
map f € C(Sy x S1) = ([ eV dpy(y), [ ef@)dpug(z)) € C(So) x C(S1) is smooth with first
derivative at f € C(Sy x S1) given by

h e C(Syx S1) (/h(~7y)ef("y)dﬂ1(y),/h(x,~)ef(m")du0(:c)> € C(Sy) x C(S1).

Proof. First, we show that the map f € C(Sy x S;1) +— ef € C(Sy x Sy) is Fréchet differentiable
with D(e))(4)(h) = he?. Fix f € C(So x S1) and consider

+h h
' Hef _ef_hefHoo,SoxSl f . He _1_hHOO,S(J><Sl
1mn < ||6 ||OO7SO><SI lim
heC(SoxS1) 17|l s, 50 % 51 heC(SoxS1) |1 00,50 %S4
Hh‘loo‘soxsl_>0 Hh“oo,S()XSI_>O
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Fix arbitrary (z,y) € Sp x S1. By a Taylor expansion,
1
eh(x,y) =14+ h(x’ y) + iei(z’y)hZ(z,y)’

where [¢ (&, y)| € [0, [, )] ie. [€]loe,50x51 < lhllocysxs, - That i,

h
e"—1—h 1
im || ||OO7SO><SI < lim ,e”f”ooysoxsl Hh||oo~SO><Sl = 0.
heC(SoxS1) 11| 0,50 x 54 ReC(SoxS1) 2 ’
”hHDO,SoXSEA)O ‘lhl‘oo,50X514’O

On the other hand, the derivative of f € C(Sy x S1) — [ f(z,y)dui(y) € C(So) at any point
is given by h € C(Syp x S1) — [ h(z,y)dpi(y) € C(Sp). The claimed expression for the first
derivative then follows by the chain rule. The derivatives of this map can be computed to arbitrary
order inductively by the prior argument. O

Proof of Lemmall} Observe that the map (A, ¢g, 1) € R%*4 x & 5 o1 —ca € C(Sp x S1)
is smooth with first derivative at (A, g, p1) € RW>*41 x & given by

(B, ho,hy) € ROX% x @ v ho @ hy + 32T By € C(Sp x Sh).
The result then follows from Lemma([I0]by applying the chain rule. O
E.2 Compactness of £

Lemma 11 (Example 2 in [42]]). Let ¢ > 0, o € P(R%), u; € P(R4), and A € R%*% pe
arbitrary and let (pgt, o) be EOT potentials for OT a (1o, 11). Then, the map L : L*(ug) x
L?(pu1) = L*(po) % L*(pn1) defined by

B @)+ (y)—ca(zy) B @)+ () —cale,y)
£lont) = ([ 5 BT 5000 ), [ e T g ).

is compact.

Proof. For simplicity, we prove only that

waEL%m%%/f@K@J@M@GL%m%

e (@) tef () —ca(@.y)
=

is a compact operator for ¢ : (z,y) € R% x R4 s ¢ . For any y € R% and

f € L o), |L2(f)(y)]? < 111720 J 1€ ) |Pdpo, as (-, y) is bounded on spt(p) such that
this operator is well-defined.

Let f,, be a bounded sequence in L?(j). By the Eberlein-Smulian theorem [42] p. 141], up to
passing to a subsequence, f,, converges weakly to f € L?(pg). For fixedy € R%, £(-,y) € L2 (o),
hence Lo(fr)(y) — L2(f)(y) and it follows from the dominated convergence theorem that, for any

g € L*(m1), [ Lo(fn)gdpr — [ L2(f)gdpa such that Lo(f,,) — Lo(f) weakly in L*(p1). Also,
by dominated convergence,

|@@M@W=/@mﬁmé/ummmﬂmumww

such that Lo(f,,) — La(f) strongly in L?(p1). As f,, was an arbitrary bounded sequence in L2 ()
and Lo(f,) — La(f) strongly in L?(11) up to a subsequence, Lo is a compact operator. O
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Figure 1: The top row compiles plots of @ for the different examples described in the text. The
bottom row consists of plots tracking the progress of the iterates. In (b) and (c), Algorithm [2]is
initialized at Cyp = (1,1) x 107° and Cy = 1 x 10~°, respectively.
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Figure 2: The various plots compile the average runtime of Algorithmsand and two versions of
the mirror descent algorithm in the convex regime for different combinations of d and N.
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Figure 3: The various plots compile the average runtime of Algorithm with the two methods for
choosing L, and two versions of the mirror descent algorithm in the non-convex regime for different

combinations of d and V.
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