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Abstract

When do diffusion models reproduce their training data, and when are they able to
generate samples beyond it? A practically relevant theoretical understanding of
this interplay between memorization and generalization may significantly impact
real-world deployments of diffusion models with respect to issues such as copyright
infringement and data privacy. In this work, to disentangle the different factors that
influence memorization and generalization in practical diffusion models, we intro-
duce a scientific and mathematical “laboratory” for investigating these phenomena
in diffusion models trained on fully synthetic or natural image-like structured
data. Within this setting, we hypothesize that the memorization or generalization
behavior of an underparameterized trained model is determined by the difference in
training loss between an associated memorizing model and a generalizing model.
To probe this hypothesis, we theoretically characterize a crossover point wherein
the weighted training loss of a fully generalizing model becomes greater than
that of an underparameterized memorizing model at a critical value of model (un-
der)parameterization. We then demonstrate via carefully-designed experiments that
the location of this crossover predicts a phase transition in diffusion models trained
via gradient descent, validating our hypothesis. Ultimately, our theory enables us
to analytically predict the model size at which memorization becomes predominant.
Our work provides an analytically tractable and practically meaningful setting
for future theoretical and empirical investigations. Code for our experiments is
available athttps://github.com/DruvPai/diffusion_mem_gen.

1 Introduction

Diffusion models are one of the premier methodologies for deep generative modeling. They exhibit
great capabilities across modalities and are state-of-the-art at synthesizing images [Saharia et al.,
2022} [Podell et al.| [2023]], videos [Ho et al.,|2022} Blattmann et al., 2023}, or proteins [Watson et al.,
2023|]. Despite significant success when used in practice, in the context of large-scale commercial
deployment [Ramesh et al.,[2022] diffusion models are often plagued with data privacy and copyright
infringement issues [Ghalebikesabi et al.,|2023| [Carlini et al., 2023} |[Nasr et al., 2023 |Cui et al., 2023
Wang et al., 20244, [Vyas et al2023| |[Franceschelli and Musolesil [2022], which may have significant
long-term consequences. These issues stem from the possibility and (sometimes) propensity for
diffusion models to memorize their training data. Namely, in some cases, trained diffusion models
generate outputs which are verbatim copies of the training samples [Zhang et al.| [2023| |Kadkhodaie
et al.,|2023]]. Yet, in many other cases, these models can generate outputs which appear natural but
are not present in the training set; this behavior is often described as creativity [Kamb and Ganguli,
2024]| or generalization [Zhang et al., 2023| [Kadkhodaie et al., [2023| [Niedoba et al., 2024]].

In general, memorization and generalization are difficult to disambiguate. There has been significant
empirical work focusing on building heuristic approaches to detect and study memorization in large-
scale diffusion models [Zhang et al., [2023] |Gu et al., 2023} |Yoon et al., 2023} |Carlini et al., 2023}
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Somepalli et al.| 2023, [Wen et al., 2024} Ross et al., [2024] Wang et al.,|2024bja, (Chen et al., [2024a].
Most such approaches use ad-hoc definitions of memorization which compare the features of the
generated samples (w.r.t. some deep neural network encoder) to features of samples from the training
data [Pizzi et al}[2022]|. This choice effectively reduces the question of how exactly can we define
memorization? to how are the features of the chosen encoder related to the input data? which is also
a difficult problem [Papyan et al., [2020, [Yu et al., [2023]]. While such methods appear to perform
reasonably well in some practical cases, we emphasize that such measures of memorization are
ultimately heuristic and there is still scientific disagreement about their efficacy [Stein et al., [2024]].
This is unsuitable for building a scientific understanding of diffusion models that could, among other
things, potentially suggest resolutions to the aforementioned legal and societal issues.

Thus, building a theoretical and scientific understanding of memorization in diffusion models is
critical. The central problem that such a theory needs to contend with is that the training loss promotes
memorization: given a fixed sample set, a sufficiently powerful and perfectly-optimized diffusion
model will always reproduce the training data exactly, i.e., every single one of its generations will
be exactly a training point [Peluchetti, 2023| Biroli et al., 2024, Kamb and Ganguli, [2024]]. Any
theory of memorization must therefore explain why well-trained diffusion models do not always
memorize. Several previous works have proposed different explanations for this issue in terms
of certain aspects of the training procedure, such as the landscape of the stochastic optimization
problem which minimizes the training loss [Wu et al.| [2025], |Vastola} 2025] and the parameterization
of the backbone denoiser in the diffusion model [[Yoon et al.,2023| Zhang et al., 2023, [Wang et al.,
2024c|, | Kamb and Ganguli| [2024, [Niedoba et al., 2024} (George et al.| [2025]]. However, a precise and
predictive theoretical characterization of memorization remains elusive.

Our contributions. In this work, we theoretically investigate memorization and generalization in
diffusion models. We first introduce a memorization laboratory, a natural setting for investigating
memorization and generalization in diffusion models trained on synthetic data. We justify this setting
by proving that within it, we may distinguish a target distribution from its empirical version for many
configurations of problem parameters. To explore the behavior of trained models, we hypothesize
that denoisers trained via gradient descent-like methods memorize or generalize depending on
whether the empirical (training) loss is lower for parameter-matched memorizing denoisers or
generalizing denoisers. This hypothesis, to the best of our knowledge, has not been formally explored
by prior work, and can only be probed here due to the controlled laboratory setting. To formalize
and eventually attempt to falsify this hypothesis, we introduce a partially memorizing denoiser, an
underparameterized denoiser whose output distribution’s samples are always memorized. Within a
simple setting of our laboratory, we characterize the critical level of model (under)parameterization
(“crossover point”) at which the training loss of the partially memorizing denoiser first becomes
lower than the idealized generalizing denoiser, by deriving and using tight theoretical approximations
to these losses. We show that, if our hypothesis is true, then this crossover characterization naturally
provides the location of the phase transition from generalization to memorization in trained denoisers.
Ultimately, we use these theoretically-derived tools to build a predictive model for the phase transition
from generalization to memorization in terms of a minimal set of problem parameters, and show
via experiments that our model achieves extremely low error in practice, validating our hypothesis.
We finish our experiments by examining another setting of our laboratory which captures more of
the complexities involved in training diffusion models on natural images, showing that despite its
additional complexity it is qualitatively very similar to the first case. Beyond the current investigation,
the framework we propose provides an analytically tractable yet rich setting for further investigation
of memorization and generalization in diffusion models.

All proofs are included in the supplementary material. Our notation is presented in Tables|l|and

2 A Memorization/Generalization Laboratory

Diffusion models show a complex tradeoff between model capacity, training compute, and dataset
size with respect to key behaviors such as memorization and generalization. We present a framework
(“laboratory”) to disentangle these different factors. The class of models we study is sufficiently
expressive to admit a rich family of behaviors while remaining tractable for theoretical analysis.



Diffusion models. Given a target probability distribution 7, and a training dataset (%) ; from 7y,
the goal of generative modeling is to define an output probability distribution T which approximates
the underlying target 7, . Diffusion models [Sohl-Dickstein et al.,[2015] [Song and Ermon| [2019, |Ho
et al.,[2020] define such an output distribution 7 as the result of a stochastic process. More precisely,
we consider, for t € [0, 1], a noising process with marginals as follows:

Xe L aXo+0iZ, Z~N(©OI), Xo~m., 8
with ag = 01 = 1 and a3 = oy = 0. This noising process can be associated with the dynamic
dX; = fi Xydt + gudB;,  Xo ~ 7. 2

where f; and g; can be obtained in closed form, see|Gao et al.| [2024] for instance, and (Bt)te[o 1] isa
d-dimensional Brownian motion. We recall that the backward process associated with (2)) is given by

dY = {-fi-Ys + (917t/2)v logp1—¢(Yy)}dt + g1-¢dB;, Yy ~N(0,1), 3)
where p; is the density of X, at time ¢. Using Tweedie’s identity [Robbins, 1956, we have
Viog pi(x:) = (aw@(t, @) — :Bt)/af, )

where Z(t,z;) = E[Xq | X; = =;]. Thus, using the samples (z?)Y ,, practical diffusion models
define a denoiser that approximates & by solving the training loss minimization problem

min Ly (20, \) ®)
where

Ln(@ ) =EDOLy @), Ly }:Emwtx —wH} 6)

over a parametric class of denoisers &g, with A(t) a weighting function, ¢ distributed as Unif([0, 1]),

g . - . - i d ;
and X/ distributed according to the noising process (I) with Xy = x’, i.e., X; = ayx* + 0:Z. We
then substitute the learned denoiser Ty (t, ;) into a suitable discretization of the backward process
(@), via @), which defines the ousput distribution 7 as the marginal distribution of Y;.

As has been well noted in the literature, the training objective (3)) is at odds with the stated goal of
diffusion models. This is because the non-parametric minimizer of (5) memorizes the training data:

argmmﬁN Z, ) Za: softmax(w( - ));, @)

where Z(t, - ) is square-integrable, for any v € RY we have softmax(v); = e/ Z _, €%, and
wi@e) = ———|lowa’ — @y, i=1,...,N
i (T 202 1% ¢l peens AV

We denote the memorizing denoiser in as Tmem (t, ;). Towards theoretically studying the
memorization/generalization trade-off in diffusion models, we first specify our main assumptions
regarding the data and our models which define our memorization/generalization laboratory.

Data and model assumptions. We set 7, to be an equally-weighted mixture of K Gaussians in R?
with means p* € R? and covariances ¥ > 0:

1 K
= 2 Nl =), ®)
k=1

Gaussian mixture models are flexible enough to represent a large class of datasets while being
amenable to theoretical investigation, see [Wang and Vastola, 2024} |Shah et al.||2023| Wang et al.}
2024c] for instance, Sectiond.2]for an example, and Appendix [A|for a further discussion.

Let M € N denote the number of equally-weighted mixture components in a generic Gaussian
mixture g, with 0 = (p!, 31, p™M M) Tweedie’s identity (@) links the statistical model mp
and its associated denoiser &4, which we recall below in Lemma[2.1|and prove in Appendix



Lemma 2.1 (Gaussian mixture model denoiser): Assume that 79 = (1/M) Zf\il N(pt, 2.
Then, we have that

B 1
Zo(t,xt) = — (a:t = af

Qi

i)=

(@2 + 021) Y (2 — apu’) softmax(w(t, act))l> , 9
where for all i € [M]
‘ _ 1 2%, LT 2w i
w;(t, @) = 21ogdet(at ‘4ol 2(wt )T (a2 + o217y — ).

The class of M -parameter Gaussian mixture models constitutes a rich framework for investigating
memorization and generalization. For at one extreme, where M = K, ¥F = ¥¥ and p* = p* for
k € [K] we recover the generalizing denoiser associated to the target distribution (), which we
will denote as Z,; and at the other extreme, with M = N, X? = 0, and p* = ' fori € [N] we
recover the memorizing denoiser & yem as in (7] . We will therefore consider the training loss @ with
the model class specified by Lemma 2.1} and study the role played by the model capacity M as a
function of the data complexity K, the dimension d, and the number of training samples N.

Memorization and generalization. We now aim to quantify our notions of memorization and
generalization. Quantifying memorization in generative models is a complicated issue and many
metrics have been proposed to evaluate it in practice. We adopt a popular, relatively strict metric for
memorization, proposed by [Yoon et al.|[2023]].

Definition 2.2 (Memorization): Given a dataset ()Y, a small absolute constant ¢ € (0,1),
and the output dlstrlbutwn 7 of a diffusion model, we say that a sample & ~ 7 is memorized if

& —2M|? < c||z — @)%, where ¥ is the k-th nearest neighbor in {5 norm to @ in ('),

On the other hand, generalization is easily formalized in statistical learning terms (in contrast to,
e.g., assessing creativity of practical image diffusion models), see Appendix[A] In experiments, we
estimate the generalization error on a held-out set of samples from 7, , which we can freely generate.

Given these quantitative definitions, the key question that we investigate in our laboratory is:

For a trained denoiser Ty, can we quantitatively predict, based on problem
parameters M, N, d, and K, whether it memorizes or generalizes?

By the phrases “the denoiser memorizes/generalizes” we mean that its associated output distribution
7 produces memorized samples or samples (approximately) from the true distribution, as defined
above. As we will 1mmed1ately see, it is also fruitful to understand these behaviors as 7 being “close”

to the empirical distribution 7V of the training set (z?)YY; or the target distribution m, respectively.

Scaling the number of samples. Under the Gaussian mixture model m, that generates the training
data (z%)Y,, the parameters K and d (together with the means u* and covariances 3¥) control the
geometric complexity of the data. Relative to these measures of complexity, the scaling of the number
of samples N plays a fundamental role in the dichotomy between memorization and generalization
behavior we seek to establish. We will focus on the case where N = poly(d), which we argue below
is a correct scaling in which to study memorization and generalization.

For assessing the similarity of probability distributions, it is standard to use the 2-Wasserstein distance
Wy [Blau and Michaeli, 2017]]. We will argue that when N = exp[d log d], there is no meaningful
distinction between memorization and generalization in sufficiently high dimensions. For simplicity,
assume all covariance matrices Ek in the definition of 7, in @) are full rank. Then by [Weed and Bach,

2019, Theorem 1, Proposition 7], we have for all d > 4 that E[W (7, 7¥)] < CoN~—1/24 < Gy /V/d,
for a constant Cy > 0. Therefore, Wo (7, 7Y¥) — 0 and we cannot dlstingulsh the true distribution
7, from its samples 7¥: memorization and generahzation are equivalent. On the other hand, using
[Weed and Bachl 2019} Theorem 1, Proposition 2], one has for any draw of the empirical measure
that Wy (m,, 7)) > CyN~2/? for a constant C; > 0. In particular, if N = poly(d) then the
2-Wasserstein distance is lower bounded by a constant for any dimension, implying a meaningful
distinction between memorization and generalization.



Notation Interpretation
Notation Tnterpretation ( ui) %1, 0; Data generating process parameters
N Number of samples (lfl)z‘:p o Learned model parameters
M Capacity of the model T (t, @) MMSE denoiser, Fiata generating process
K Number of modes Zy(t, xy) MMSE d§n01ser, lge}rned ’mo‘del .
d Problem dimension Tmem (t, Tt) MMSE denoiser, empirical distribution
Zpmem, M (t, X¢) Partially memorizing denoiser
Table 1: Data and model scalings. w Softmax weight vector

Table 2: Data and model parameters.

3 Training Losses and Memorization

Now that we have set up the framework, we turn to answering the following fundamental question:
when do trained denoisers (i.e., approximate optimizers of (B)) memorize, and when do they general-
ize? One first approach to answering this question would be to directly examine the critical points
of the diffusion model training optimization problem (3)) w.r.t. the denoiser parameterization (9).
However, this is not straightforward; the problem is non-convex and there are many spurious critical
points. Therefore, we posit a hypothesis which, roughly speaking, says that the training losses of
surrogate memorizing denoisers with M parameters and generalizing denoisers is all that matters
for predicting the behavior of trained models with M parameters.

To formalize this hypothesis, we will define two simple surrogate denoisers whose training losses
will help us identify transitions between memorization and generalization as a function of the models’
underparameterization. The first of these two summary models is the generalizing denoiser &,. The
second is a partially memorizing denoiser Zpmem,rr, Which memorizes the first M training samplesﬂ

M
4 1 .
Zpmem, M (£, Ty) = E x’ softmax(w(t, x¢));, where w;(t,x;) = —§||atm1—:ct||2/ot2. (10)
=1

Note that here w: R x RY — RM and in the case where M = N, it holds Zpmem, Mt = Emem-
Therefore, we can formulate our hypothesis as follows:

There exists a loss weighting X\ such that a trained denoiser Xy with M parameters
memorizes if and only if Ln(Zpmem, v s A) < LN (T, A).

To attempt to verify this hypothesis, we will estimate the (excess) training losses of the two denoisers
ZTpmem, M and &, and compare them to develop a criterion for when a trained denoiser memorizes.
For tractability, we focus on a special case of the general mixture of Gaussians model (8) where
each mixture component has identical covariance, equal to a constant multiple of the identity matrix
(i.e., ¥% = o021 for each k € [K] for the ground truth model (8, and ¢ = T for each i € [M]
for general denoisers &), as reflected in Table[2] This is a common assumption in the theoretical
literature on diffusion models [Shah et al., [2023] |Gatmiry et al.,[2024]. The structure of the learned
denoiser €y implied by Lemma[2.1] simplifies to:

Zo(t, xy) 010" T + oi ’soft (w(xy)) (11)
= g softmax i
P T 0262 4 027 T Q202 + o2 = " K
where )
w;(a) :_5”041:#1—act||2/(ozf<72+af), i=1,...,M, (12)

with the analogous structure for &, = (1. K o2). In contrast to (TT), the form of the memorizing
and partially memorizing denoisers and @ does not change. Note that when M > K, the
denoiser &g with M parameters can generalize, and when M > N, it can memorizeE]

2For our theory, the choice of the subset of samples we use in the partial memorizing denoiser is irrelevant,
as long as its size is M and it is chosen independently of the samples.

3As we show rigorously in Appendix using properties of the softmax function, the loss (3) of any M-
parameter denoiser &(,1 . M 2y can be achieved by a sequence of M + 1 parameter denoisers. Therefore for
a fixed value of M > K, a denoiser with M parameters can be (arbitrarily close to) the generalizing denoiser,
i.e., denoisers with arbitrarily many parameters can generalize, and similarly for memorization with M > N.
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Figure 1: We observe a remarkable degree of agreement between
our loss approximations and the empirical losses. A simulation of
. . . the loss of the partially memorizing and generalizing denoisers &,
tions (annotated with hats, i€ ,,q -\ atahigh-SNR value of ¢, with d = 50, K = 12, and
Ly ,) which agree well with ex- N = 200, and compare them to the approximations introduced in
periments at even moderate dimen- Theorems [3.1] and We use a constant 2 for the ©( - ) expression
sions (see Figure and Section , appearing in Theorem 3.2] which we can prove is also an upper-bound.

We recall the standard re-expression of the objective in (3) via the orthogonality principle: for any ¢,

N
£x1@) = 7 3 B 1500 XD) = St XDI] + 55 3 E [ @ (e, D) = ') ].13
3 i=1 "t

SO

where Zpem 1S the memorizing denoiser and Xti is distributed as @ initialized with «?, i.e.,
X} = ayx' + 04Z where Z ~ N(0,I).

Our first result fully characterizes the expected excess training loss of the generalizing denoiser &,
given by (TI) with § = (pl, ..., u¥, o2), overadraw of the random i.i.d. sample (z!,..., ") from
7., under an assumption that the cluster centers p* are well- separated in 62 distance For simplicity,
we state our results in the regime where maxy || e ||2 O(d) and o2 (1)f] Denote the signal-to-
noise ratio (SNR) of the noising process (I)) by ¢ : (0,1) — (0, +oo) Where ¥y = a2 /o?, which is
assumed to be decreasing, and its inverse by ¢: (0, +oo) (0,1).

i _ in12 _
2(t, X)) = e (6 XD|°] + L4 (@),

Theorem 3.1: Assume that N = poly(d), mingzp || — p¥'||? = ©(d), maxy, |uk||> = ©(d)
and 02 = O(1). Let k(d) = ¢(O(log(d)?/d)). We have that uniformly on t € [0, k(d)]

E [Lna(@.) — Lna(@ >1@(M)
(m‘)i\;l N,t * N,t mem )| — ’l/JtO'%‘i‘l .

In particular, the leading-order coefficient for the right-hand side is 1.

Although Theorem [3.1] is stated for the excess training loss, our proofs further establish high-
probability bounds on the behavior of the excess loss of the same order of magnitude. Moreover, in
the scaling regime for o2 and (u’j)le treated in Theorem it is easily shown that for practically-
relevant choices of a; and oy, for example the scheme oy = /1 — t2, o, = ¢ that we use in our
experiments in Section k(d) — 1 as d — oo. As a consequence, for sufficiently large d, the
uniform control of the risk for ¢ € [0, (d)] that is established in Theorem 3.1]implies uniform control
of the weighted integrated loss (@), via (T3).

*To motivate this regime, note that in intuitive terms, images sampled from such a m, are centered at a
nominal image whose pixel intensities are normalized to [0, 1], and the variability due to the Gaussian noise can
change each pixel by a constant amount.



Our second result estimates the excess training loss of the partially memorizing denoiser &pmem, -

Theorem 3.2: Assume that N = poly(d), mingz ||puf — p¥'||? = ©(d), maxy, ||k |? = ©(d)
and 0? = O(1). Let (d) = ¢(©(log(d)?/d)). We have that uniformly on t € [0, r(d)]

M
( ’_I)EN [EN,t(:ipmem,M) - LN,t(:imem)] =0 <(1 - N) dO’f) .

In particular, the leading-order coefficient for the right-hand side is between 1 and 2.

Note that by following the proof, we can also derive a corresponding high-probability bound.

When does each denoiser have lower training loss? Comparing Theorem [3.1|and Theorem 3.2}
in high dimensions (d — co) we estimate the training loss difference as

E [Ly(@ V= @] ~ e {o (12 M) go2 - ot
@i, e M N )T ez 1)

where C' € [1, 2] is a constant. Notice that this expression is monotonically decreasing as M — N,
so there exists a “crossover point” M, such that the (approximate) training loss of the partially
memorizing denoiser is higher than that of the generalizing denoiser for M < M, and lower for
M > M,. Solving for M, , we obtain

Tpmem, M, » - T, ~ M*%N 1-—
E, v (@pmenar.s V) = L(@:A)] 0 = { CEO]

E: [A()/ (402 + 1)] } a4
(CORS
which is a linear function of N. This criterion provides a test for our hypothesis: if we believe
that there exists a loss weighting A such that the memorization and generalization properties of
trained denoisers are controlled by the location of the crossover point w.r.t. A, then we should see an
approximately linear relationship between the location of memorization and the number of samples.
We conduct this test in Section[d} in the immediate sequel.

4 Experiments

In this section, we illustrate the versatility and efficacy of our laboratory through experimental
analysis. First, we show that inside the setting of our laboratory, frained models exhibit a phase
transition from generalization to memorization. Specifically in the isotropic Gaussian mixture setting,
our main result builds a predictive model for the onset of memorization, and shows that it resolves to
a simple linear fit as in @]), which validates our hypothesis from Section@ Finally, we showcase
the flexibility of our laboratory by studying a low-rank Gaussian mixture setting which is constructed
to imitate the structure of training a denoiser on natural images, yet still belongs to the setting of our
theoretical laboratory and exhibits similar phase transition behavior as in the simple isotropic case.
We provide further details and more results, including mechanistic analyses, in Appendix

High-level experiment details, and memorization criterion. For training, we use the training
loss (B) with the loss weighting A(¢) = (i /0¢)? (i.e., “noise prediction”). For sampling, we use
the DDIM sampler [Song et al.,2020], more precisely the implementation suggested by [De Bortoli
et al., [2025]], with the “variance preserving” coefficients oy = v/1 — ¢2 and oy = t. We discretize
the time interval [e, 1 — €] uniformly into L + 1 timesteps (t¢)%_,, where e = 103, and use these
timesteps for both training and sampling. For completeness we formally describe the end-to-end
procedure in Appendix [H.2} We consider the memorization criterion introduced in Definition 2.2 with
constant ¢ = 1/9, i.e., & is memorized if ||& — 2D ||2 < (1/9)||& — x(?||?> where & is the generated
sample, and () is the k*" closest point to & in the training dataset. Then, we say that a denoiser Z is
memorizing on average if its memorization ratio is > 1/2, i.e., at least 50% of the samples & drawn
from the associated output measure 7 are memorized; we say it has started the phase transition if its
memorization ratio is > 1/10 and ended the phase transition if its memorization ratio is > 9/10.
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Figure 2: We observe a clear phase transition between from generalization to memorization in trained
models. Left: A plot of the “memorization ratio” — the ratio of generated samples that are memorized over
a set of Neval = 50 generations — as the number of components of the trained denoiser increases. The start
and end of the phase transition, as formally defined at the beginning of Section[d] are bracketed by the gray
shaded region. Middle: A plot of the training loss of the trained model in terms of the number of components,
compared to partially memorizing, fully memorizing, and ground truth denoisers, at a representative ¢ ~ 0.3
with SNR i, =~ 6.704. Right: A plot of the test loss L., estimated over a hold-out set, in the same setting. We
observe that there is a phase transition from generalization to memorization, visible through the behavior of the
memorization ratio and loss plots; the model stops generalizing (i.e., having an acceptable test loss) only when it
starts memorizing (i.e., generating samples which are approximately contained in the training data).

4.1 Experiments for an Isotropic Gaussian Mixture Model

First, as in Section E], we consider the target measure , to be an isotropic Gaussian mixture model,
namely, 7, = (1/K) Zfil N (pi,o2I). As emphasized in the rest of the work, we will study what
happens when we use a denoiser &y corresponding to an isotropic Gaussian mixture model with a
different number of components M, with the parameterization given by (TI).

Existence of a phase transition. The first and ar- Loss Weighting
guably most critical property of the trained denoisers

in our laboratory is that there exists a phase tran- 0.8
sition from generalization to memorization as the

model size increases, which we show in Figure [2] i

Namely, we observe in the rightmost panel that ini-

tially, heavily underparameterized trained denoisers > 0 5 : e
exhibit statistical generalization (i.e., similar train 107* 10° 10* 10" 10
and test loss to the ground truth denoiser &,); then, P

as the model size M increases, we observe a rapid  Figure 3: We can accurately predict the phase
transition to memorization where the generated sam- transition using our loss approximations. The
ples are memorized (nearly) 100% of the time (center optimal loss weighting as per (I3) using normalized
and left panels). We emphasize that this replicates approximate losses. Train and test errors are <
the central observations of many empirical studies of 2 % 107" when the regression targets are ~ 10°.
memorization in diffusion models, such as|Zhang et al.|[2023]], Kadkhodaie et al.|[2023]].

Predicting the phase transition. Next, we show (via Figure [3) that the phase transition is pre-
dictable using only the approximate training losses derived in Section 3} namely, it serves as the

“crossover point” of the integrated approximate training loss Ly (-, 5\) for a particular timestep weight-
ing A(t), and this crossover point is a linear function of the number of training samples N. To

show this, we compute \(t) as follows. First, we create a grid of (N, d, K) tuples and train several
denoisers in each setting in order to estimate the location of the phase transition My (N, d, K), the
first M such that the trained denoiser &g is memorizing on average. Then, we solve the following
optimization problem in the loss weighting A to make M (XN, d, K) close to the crossover point:

2

- ; 15)
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m}}n Z N N
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Figure 4: Our memorization laboratory enables modeling of natural image distributions with latent

low-dimensional structure. Some sample synthetic images from our simple image model (bottom) visualized
alongside their corresponding monochromatic image templates (top).

where Mpt(N, d, K, 5\) is the nearest M to the crossover point with loss weighting A ie.,

I 2
My (N,d, K, \) = arg}&nin (Z MNtOLN (@ pmem,nr (N, d, K)) — L (&, (N, d, K))}) :
£=0

The optimization and normalization details are postponed to Appendix [H.3In Figure 3] we report
that the train error and test error (evaluated on a holdout set) are less than 2 x 107%, signifying
that we are able to compute the location of the memorization phase transition within one or two
M’s on average, making our predictive model extremely accurate. Moreover, the recovered Mpt
is always a linear function of N, namely M (N, d, K, \) = (4/5)N. Therefore, My (N, d, K) ~
Mpt(N ,d, K, 5\) = (4/5) N, demonstrating experimentally that the consequences of our hypothesis
(e.g., (T4)) do indeed hold. Overall, the generalization-memorization phase transition is effectively
predictable via our hypothesis and subsequent theoretical characterization of the loss.

4.2 Experiments for a Simple Image Model

In the previous Section 4.1} we considered data which belonged to an isotropic Gaussian mixture
model. To showcase the versatility of our Gaussian mixture model formulation, we construct a
(low-rank) Gaussian mixture model whose samples resemble natural images. Namely, we consider a
flattened and monochromatic d x d image (“template”) x, € RY, Now, we endow x, with a color c,
sampled randomly as ¢ ~ N (u,, 02I) € R¢. The colored output y € R is givenby y = c® T,
where ® is the Kronecker product. Defining the matrix A, := I ®  we have y = A, c. The
colored image Y € R¢*9*4 i5 obtained by reshaping y. Since ¢ ~ N (u,,02I) and y = A, c, it
holds that y ~ N (A, uy,02A,, Al* ). Note, in particular, that y is a low-rank Gaussian random
variable. By combining multiple templates and color distributions, we obtain a mixture of low-rank
Gaussians for our data distribution, namely, y ~ 7, == (1/K) .5, N(Alul, 02 AL (AL)T). This
is an instance of Equation (8)), and so we can compute its denoiser via Lemma[2.1] In Appendix [H.4]
we discuss some ways to efficiently implement this class of low-rank denoisers. We visualize some
samples in Figure ] with FashionMNIST templates [Xiao et al.l 2017].

Our main result demonstrates that our framework is still expressive enough to model this facsimile of
real-world image distributions, and that it exhibits similar phenomena to the isotropic case, enabling
it to be studied in detail via our laboratory. Notably, we show in Figure [5|that we can still identify a
phase transition phenomenon, which looks qualitatively similar to the isotropic Gaussian mixture
model studied in Section[4.T]and throughout the work.

5 Related Works

Understanding memorization and generalization properties of diffusion models is crucial for practi-
tioners [Somepalli et al., 2023 |Ren et al.,[2024] Rahman et al., 2024} Wang et al., 2024al |Chen et al.}
2024bl, |Stein et al., [2024]]. Indeed, concerns about privacy [Ghalebikesabi et al.,2023| |Carlini et al.,
2023, |Nasr et al., 2023]] and copyright infringement [|Cui et al.| [2023| [Wang et al.} 20244, [Vyas et al.,
2023| [Franceschelli and Musolesi, [2022] are key issues as these models are deployed. Several factors
can influence the memorization capabilities of diffusion models such as duplication [|Carlini et al.,
2023, |[Ross et al., [2024] [Webster, [2023]] or model architecture [|[Chavhan et al., [2024]. We refer to [Gu
et al.| 2023| [Kadkhodaie et al.,|2023] for an in-depth experimental investigation of those issues.
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Figure 5: A phase transition persists in the low-rank Gaussian natural image model. Left: The memorization
ratio as the number of components of the trained denoiser increases while everything else is fixed. Middle: The
training loss of the trained model in terms of the number of components, compared to partially memorizing,
fully memorizing, and ground truth denoisers, at a representative ¢t ~ 0.3 with SNR ¢ ~ 6.704. Right: The
test loss, computed over a hold-out set, in the same setting. We emphasize the identical qualitative picture to
Figure[2] wherein we can observe a phase transition from generalization to memorization from the memorization
ratio and loss plots. Transient “jaggedness” may be explained by larger variance in the loss estimation.

On the theoretical side, memorization in diffusion models has been investigated through the lens
of statistical physics leveraging the concept of phase transition [Biroli et al., 2024 [L1 et al.,[2023|
Ambrogioni, 2023, Ventura et al.,[2024| Raya and Ambrogioni,[2024| Sakamoto et al., 2024, Pavasovic
et al.,2025]). In particular in [Biroli et al., 2024], the authors identify three critical transitions for the
diffusion model generative trajectories assuming that the score is assumed to be perfectly learned.
George et al.|[2025]] investigated generalization and memorization in trained random features neural
network denoisers (nonparametric models) in the case where the data is a standard Gaussian. Our
work is complementary to the theories of “creativity” and generalization of Kamb and Ganguli| [2024],
Niedoba et al.|[2024], Vastolal [2025]], which suggest in different contexts that generalization in
diffusion models arises from the implicit bias of an underparameterized denoiser (Vastola [2025]]
also considers the landscape of the training objective, see [Bertrand et al., 2025]] for a rebuttal).
Our work disentangles the competing factors in the implicit biases discussed in these works and
captures the essential features into our theoretical laboratory. While in this work we only study in
detail the simplest and most interpretable instantiation of the laboratory, further connections from our
framework to such previous work may be possible and enable us to broaden the scope of practical
settings for which we have robust theoretical results.

6 Conclusion

In this paper, we have introduced a theoretical laboratory for measuring and predicting memorization
and creativity in diffusion models. Focusing on data drawn from K -component Gaussian mixture
models and Gaussian mixture denoisers with a number of components ranging from K to the number
of training samples IV, our laboratory disentangles different factors contributing to memorization and
generalization, enabling us to compute tight theoretical approximations for the losses of representative
denoisers within this model class and thereby predict the onset of memorization in trained models at
inference time.

While our current framework allows us to study generalization and memorization behavior in a
rigorous and testable setting, we highlight several avenues of improvement. First, our model can
be extended to capture additional properties of larger and more realistic datasets such as intrinsic
dimensionality or partial data replication. In future work, we plan on expanding the memorization/-
generalization laboratory to cover those cases and refining the asymptotics of our training losses.
We envision the laboratory growing to encompass a framework for understanding memorization and
generalization purely in terms of the geometry of the data, with a robust and extensive experimental
apparatus to test hypotheses and verify predictions, and a rich theoretical toolkit that reduces statistical
questions of sampling in trained diffusion models to geometric questions about the data itself.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: This paper is a theoretical paper aimed at providing a theoretical framework
for the study of memorization in diffusion models. It provides the full study of a partially
memorizing model within that framework and show that the crossover that is identified can
be mapped to a phase transition behavior. These claims are clearly presented in the abstract
and demonstrated in the rest of the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The limitations of the current work are discussed in the conclusion. In
particular, we highlight the limits of our memorization laboratory as well as the current
limitation of our predictive framework.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All results are rigorously proven in the supplementary material as announced
in the introduction. In order to guide the reader, we provide a sketch of proof in

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All experimental details are given in the appendix. The details of our memo-
rization laboratory are also discussed in the relevant Section Overall, the two datasets we
consider (Mixture of Gaussians and the stylized image model) are described at length. Our
training setup, including losses and parameterizations is also fully described. In addition,
we will open source the code.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The code will be released with the supplementary.
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10.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: All the hyperparameters needed to reproduce the results are specified in
Appendix [Hl In addition, in our released code, we provide training and evaluation scripts in
order to reproduce our main experiments.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We have one statistical experiment in the paper which correspond to the
regression to estimate the scaling between the memorization/generalization phase transition
and the crossover of the training losses between the partially memorizing model and the
fully generalizing model. In this case, we provide train and test loss estimated on holdout set.
In Appendix [H] we provide test bars for this regression experiment retrained on a number of
additional seeds.

. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: All the compute resources are described in Appendix [H]

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: All authors have reviewed and agreed to the NeurIPS Code of Ethics.
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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11.

12.

13.

14.

15.

16.

Answer: [Yes]

Justification: We strongly believe that our work is a step forward a better understanding of
the memorization and generalization in productionized diffusion models. Understanding on
a deeper level the memorization of those models have a far-reaching impact from copyright
infrigment to data privacy. We believe that our work could be the basis of further study with
positive societal impacts, ensuring fairness in media generative models. We do not foresee
negative societal impacts of our research.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper poses no such risks.
Guidelines:

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
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Organization of the Appendix

In Appendix A} we recall some basic calculations around Gaussian Mixture Model denoisers and pro-
vide additional discussion of our setting. Justifications about our model class are given in Appendix B
Next, we recall some results on Gaussian concentration bounds in Appendix [C} In Appendix [D] we
present key results for approximating softmax operators. We combine our concentration bounds and
softmax approximation results in Appendix [E]in order to provide approximation of the denoisers in
generalizing and memorizing scenarios. Our main results regarding the training loss approximations
such as Theorem [3.1] are proved in Appendix [F} Finally, full experimental details are provided in

Appendix [H]

A Gaussian Mixture Model Denoisers: Basic Calculations

Justification of Gaussian Mixture Models. Gaussian mixture models represent a canonical model
for assessing learning and sampling algorithms in theoretical computer science, including in the
context of diffusion models [Dasgupta and Schulman, 2007} |Ge et al.,[2018| Shah et al., 2023} |Gatmiry;
et al.}2024], and they have the appealing ability to model data with geometric structure, including
hierarchical structure [Li and Chen, 2024] and low-dimensional structure in natural images [Zoran
and Weiss| 2011} [Wang et al., 2024c]] Most importantly, the task of training and sampling with a
diffusion model on a Gaussian mixture target , via (5) represents an ideal test-bed for investigating
issues of memorization and generalization, because as the number of components in the mixture
is varied, and in particular is as made as large as the number of training data samples N, one can
simultaneously represent the true distribution (8] and the memorizing denoiser (7) within the same
class of models.

Discussion around the denoisers. The key technical challenges we investigate in our laboratory
setting are the characterization of the denoiser &y minimizing (6)) (or, equivalently its parameters
#), and using its properties to prove that its associated sampling measure 7 either memorizes or
generalizes. For the first challenge, typical theoretical studies of regression over a parametric
class of models (as in (3)) rely on the model class being well-specified with respect to the true
model parameters, here those corresponding to 7. In (E]), this is the case when M = K, but as
soon as M > K, existing studies of the loss landscape for diffusion model training with Gaussian
mixture model data/denoisers break down [Wang et al.,[2024c| [Shah et al., 2023]]. With regards to both
challenges, a clear complication that we have alluded to previously is that as M/ — N, the model class
becomes expressive enough to represent the optimal, memorizing denoiser (7)), which is suggestive
that at intermediate values of M, parameters 6 that lead to generalizing-denoiser-like behavior of 7
are no longer prevalent. To overcome these challenges, we adopt the hybrid theoretical-empirical
methodology outlined in the main body, which our laboratory setting enables.

Basic denoiser calculations. We recall Lemma2.1]

Lemma A.1: Assume that w9 = (1/M) S N (i, 5%). Then, we have that

Zo(t, ) = — (mt —o? Z 4 o)z — aupt) softmax(w(t, azt))l> ,
=1
where for all i € [M]
1 1 : .
w;(t, @) = 3 log det(a} X’ + o7T) — 5(3375 — o) (7S + o 1) (ms — aup).

In the rest of this section, we are going to prove Lemma[2.1] This property is well-known and can be
found in [Peluchetti, 2023 Biroli et al., 2024, |[Kamb and Gangulil 2024] for instance but we include
its proof for completeness First, we compute p;. Recalling the noising process, (I)), we get that for
any t € [0,1] and z; € R?
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ni@i) = [ piolaifeo)dr(ao)

M ) )
— (1/M) Z/R pyo (| o) (1, ) (o) dzo

M
= (1/M) ZN(:ct; app’, ot T + %Y.

i=1
Therefore, we get that for any ¢ € [0, 1] and =, € R?
Viogpi(x:) = V() /pe()
_ Yt (o + ale) Haup! — m)N (@ 0qp’, 07T + 07 X)
M N (@ appt, 021 + a230)

02T + a3 oup' — x;) softmax(w(xy));, (16)

uMg

with w defined as in the lemma statement. Finally, using Tweedie’s identity we get that for any
t €10,1] and z; € R?

Viogpi(we) = (uZo(t, ) — 1) /07
Therefore combining this result and @]) we get that for any ¢ € [0,1] and x; € R?

Zo(t, @) = — (mt — 0} Z S ol (xy — ) softmax('w(wt))i) ,

which concludes the proof.

B Nesting of Model Classes

Here we will sketch a rigorous proof of the claim that the loss (6) associated to any M -parameter
GMM denoiser can be represented, in a limiting sense, by that of a (M + 1)-parameter GMM denoiser.
For simplicity, we will treat the case where X! = X for i € [M], i.e. all components have the same
variance. Given such a M- -parameter GMM denoiser followmg the form in Lemma- we show
that the M + 1 parameter model given by the parameters (u!, 3, ..., uM S mp™ ), form € N,
provides a suitable loss approximation as m — 0o. Comparmg the denmsers in Lemma@ we see
that it suffices to show a suitable degree of approximation of the softmax autoregression

[t o pM o mpM] softmax(waryi(z)) ~ [p!
where the weight vectors are subscripted to denote the number of parameters. Because we are
concerned with loss approximations, it suffices to show this approximation for ; given by a noisy
sample from the GMM ,, following Equation (I). We have

(o pM mpM] softmax(way 41 ()

pM] softmax(way (),

1 —
e*é(matqumt)T(afEJro’fI) Ymaru™ —x;)
_ M
=mu

1
Z( 16w’+€ 5 (moyph 1—x) T (a?S+02I)~ 1 (mapM—x,)

ek

+ Z K M 1 M T(a2% -1 M
1 Z(— ewe 4 e~ 3 (mayp™ —x) T (af +o2I)~ 1 (map —:ct)

where we write wy, for the k-th entry of w41 above. From here, we can construct a hlgh probability
event (using Gaussian concentration) on which X/ is bounded for any sample z! initializing the
noising process (coming from (6)), and then it follows by an application of Gaussian concentration
that on this event,
—g(maup —2) T (@FB+oiD) " (man —z.) _ ()

)

lim e
m— 00
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whence by the previous expression

1 M

(wt o pM o mpM] softmax(wari1 () Smooco K

pM] softmax(wps ().

Given that loss approximations for (6) only evaluate on X for which we can construct the aforemen-
tioned high-probability event, this establishes the claim that (M + 1)-parameter models’ losses can
achieve any M -parameter model’s loss.

C Concentration Bounds

C.1 Chernoff-Cramér bound for y-

In this section, we give some basic results regarding the concentration bounds of 2 random variables.
Those lemmas will be key to establish our main sparsity results in Appendix [E] First, we recall the
Chernoff-Cramér bound, see [[Boucheron et al., 2003, page 21] for instance.

Theorem C.1: Let X be a real-valued random variable. Let M (t) = E[exp[tX]]. Then, we have
that for any a € R, P(X < a) < inf;~q M (¢t) exp[—tal. In particular if X ~ x2(p) withp € N,
we get that for any € € (0,1)

P(X < (1= 2)p) < exp |2 (e +log(1 - )], (17)
and
P(X > (1 +¢&)p) < exp {—g(s—log(l—ka))}. (18)

As a consequence for any € € [0, 1]

2
P(X — p| > ep) < 2exp [—ps} . (19)

Proof. We have that (I7) and (T8)) are direct consequences of the Chernoff-Cramér bounds. Then for
any x € [0, 1], we have that log(1 — ) + = < —22/2 and log(1 + z) — < —22/2 + 23 /6. Hence,
we have that for any = € [0, 1], we have that log(1 — z) + 2 < —2?/8 and log(1 + ) —x < —22/8
which concludes the proof of (T9) using an union bound. O

One of the main application of Theorem[C.1]is to establish the concentration of the squared norm of
Gaussian random variables.

Lemma C.2: Let g ~ N(u,02I) be an isotropic Gaussian with mean p and covariance o*1.
Then for any 0 < € < 1, one has

P(lllgl2 - (el + 0%d)| = cov/d(oVa + ||ull)] < 4expl—de?/8].

Proof. We have g 4 @+ ow, where w ~ N(0,1), so

d 2 d 2
lgll* = Nl + owl* = [l + o®[lw]]* + 20 (i, w) = || ]| + 02 |[w]|* + 20 (s, w)
d
= [l + o [lwlf* + 20 pflws (20)

where the last line follows by rotational invariance of the Gaussian distribution, and therefore in
particular

2
Ellgl?] = lpl” + do®.
By Theorem|[C.1] we have for every 0 < e <1

P[|llw]? — d| > de] < 2exp[—de?/8),
and by Gaussian concentration, for any ¢ > 0, we have

Pllwy| > #] < 2exp[—t2/2)],
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S0 in particular
Pl|w1| > E\Q/ﬂ < 2exp[—de?/8).
Thus, using a union bound, we have for any ¢ € [0, 1]
P[[llgl2 = (lull® + 0*d)| > vV + |ul)]
= P[|o?wl? + 20| llwi — o%d| > coVd(oVa+ | ul)]

)
< P|o?||[wl? - d| + 20|l fwr| = covVd(oVd + ||ul)]

d
<P|o? [[lell® — d| — de] + 20|l {Jur| - ﬂ > o]

< 4dexp[—de?/8],

which concludes the proof. O
The following result will be used in the proof of Theorem [F.3]

Proposition C.3: Let (g°)", be i.i.d Gaussian random variables N'(0,021d) and (w)}~}' a
collection of positive random variables. Then, for any € € (0, 1), we have with probability at least
1 — 6nexp[—de?/2]

2

do?(1 — 3¢) Z softmax(w);x’ — x"|| < 2do?(1 + 3¢).

Proof. First, we have that

2 2
Z softmax(w);x/ — x"|| = Z softmax(w);(z’ — z™)
n—1
< Z softmax(w);||x’ — :n"”2
j=1

Therefore, using that &/ — x" is a Gaussian random variable /(0,202 Id), we get using a union
bound and Theorem [C.1} that with probability 1 — 2n exp[—e2d/8]

2

Z softmax(w);x’ — x"|| < 2do2(1+¢).

For the second part of the proof, we have that
2

Z softmax(w);z’ — x| = |z"|* + Z softmax(w);z?|| — 2 Z softmax(w); (x’, ")
no1
> |l - 2 Z softmax(w); (z’, ™)

> e 2Zsoftmax )l
n—1

nn2 j n
EZsoftmaX(w)j{H:c 1© = 2]z]|]|="]}-

Jj=1
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We have that with probability at least 1 — 2n exp|[—de2/8] that || < %‘/E. Combining this
result with Theorem and a union bound we get that, on an event of probability at least 1 —
4n exp[—de? /8],

2

n—1 1
Z softmax(w);x’ —x"|| >
j=1

3
|

) ,
softmax(w); {||z"||” — |=]|||="||}

v

3
-

> ) softmax(w); {[|z"||* — eVd|jz" |}

(]

1
d(1—¢) —eo?d(14¢)? > d(1 — 3¢),

<.
Il

IV
* 1o

g

which concludes the proof upon using a union bound. [

C.2 Coupon Collector Bounds

In order to derive our results in the case of the partial memorizing denoiser, we will consider the
following result from the coupon collector’s problem.

Proposition C.4: Let K € N be the number of means. Consider the distribution m =
(1/K) Zszl N (¥, 021) and let ()Y, be a collection of i.i.d samples from . For any '
denote k; € [K| the index of the associated mean, i.e. ' = p* + o, w’, with w' ~ N'(0,I). Let
S = (z%){_, such that £ > (1 +log(d))K log(K). For any k € [K], denote Ay, the event such that
there exists i1, 1o € [€] such that k;, = k;, = k. Finally, denote A = ﬂszl Aj. Then

P[A] > 1 — K18 (1 4 log(K) log(d)).

This result is a simple control of the tails of the coupon collector problem. In fact, much more precise
estimates could be derived, see [Erdos and Rényi| [1961] for instance.

Proof. We only deal with the case K > 2. The case K = 1 is trivial. First, note that we have for any

ke [K]
H%m@;y+éﬁéyl

(%) (+55)

< exp[—£/K] (1+K6_1)_

Note that t — exp[—t/K] L5 is decreasing on [K, +-00) and therefore we get that

Klog(K)log(d) )

P[AY] < exp[—(1 + log(d)) log(K)] (1 + ol

Using a union bound and that K /(K — 1) < 2 we get

P[A] > 1 — 2K~ 5@ (1 4 log(K) log(d)),
which concludes the proof. O
D Softmax Approximation

Low-Temperature Behavior. The following elementary lemma is useful. It shows that the key
quantity controlling 1-sparsity of the softmax is the scale of the temperature 7' relative to the gap
between the largest and second-largest element of the softmax weight vector. For completeness we
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recall the definition of the softmax operation. For any v € R™ we have that v € R" and for any
ie{l,...,n}
_ expluy]

> k=1 expl]

Lemma D.1: Let v € R" be such that v; # vj fori # j. Let k = arg maxy ¢ 1
the index of the largest element of v, and define

softmax(v);

n} Uk denote

7=g§g(vk—vi),

as the “gap” between the largest and second-largest element of v. Then for any p > 1, one has

|Isoftmax(v/T) — ex|, < 2(n — 1)e~ /7.

Proof. The idea is to notice that taking the ratio between elements of the softmax has a simple
expression, namely

softmax(v/T); _—(vk—vi)/T

softmax(v/T) ’
where £ is as in the statement of the lemma. By definition of &, we then have for every i # k

softmax(v/T); < e/ Tsoftmax(v/T), < e /7,
and thus
softmax(v/T) > 1— (n—1)e™ /7,
This gives
[softmax(v/T) — ex||h < (n —1)Pe /T + (n—1)e /T,

S0 in particular

[softmax(v/T) — ex||, < (n — 1)e /T (1 +(n— 1)—1+1/p>
<2(n—1)e /T,

O

Note that to guarantee approximation in ¢?, in the worst case (reflected in the proof) it is necessary
that the temperature depends logarithmically on the number of vector elements n.

This proof operates in a worst-case regime where every non-maximal element of the vector v may
have the same magnitude. In reality, if there is a more structured distribution of non-maximizers,
the estimates improve correspondingly. The proof could be improved to capture this by using a
different, more precise measure of the distribution of entries of v. For example, if some precise
rate of decay of the entry distribution could be asserted, it seems reasonable that this, rather than
the vector dimension n, would force the ultimate dependence of T for P approximation. It seems
reasonable that something like this should obtain for weight vectors of distances between random
vectors.

The following lemma is a slight extension of Lemma [D.T]

Lemma D.2: Let v € R” be such that v; # v; for i # j. Let k = arg MaXys 1, .} Vi denote
the index of the largest element of v. Let S be a subset of [n] such that k € S and denote

Vs = Ilngl;l(vk _'Ui)a

as the “gap” between the largest of v and the largest element not in S. Denote

explvg/T)
Zies explv; /T ’

if £ € S and softmax(v|s/T), = 0 otherwise. Then for any p > 1, one has

softmax(vis/T)¢ =

||softmax(v/T) — Softmax(v‘s/T)Hp < (14 [S)Y/P(n — |S|) exp[—vs/T].
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Note that Lemma|[D.1]is a special case of Lemma[D.2|where S = {k}.

Proof. Letf & S, we have that
softmax(v/T), = softmax(v/T)y exp[(—vr + v;)/T] < exp[—~s/T].
In addition, we have that for any ¢ € S

_explo/T] explve/T)
softmax(vys/T)¢ — softmax(v/T), = diesexplvy/T] Y, cqexplvy/T] + Zies explv; /T
expluve /T > igs explvi/T]

 Yies exP[vi/T] Yes explvi/T] + 305 explvi/T]
< Zsoftmax('u/T)i < (n—19|) exp[—~s/T].
i¢S
Therefore, we get that for any p > 1
[softmax(v/T) — softmax(vjs/T)||7 < [S|(n — S|)? exp[-sp/T] + (n — |S|) exp[-1sp/T]
< (n = |S|)? exp[=7sp/T)(|S| + (n — |S) "1 F1/7)
< (n = [S])” exp[—sp/T1(1 + |S)),
which concludes the proof. O

E Results on High-Dimensional Denoiser Behavior

In Appendix [E.T| we present some results which will help us control softmax approximation in
Appendix [E.2] where we leverage those results to obtain controls on different denoisers.

E.1 Gaussian Mixtures and Softmax

The following lemmas are the key to establish our main results. They allow us to use our softmax
sparsity results in the context of diffusion denoisers. In particular, Lemma will be used in
Lemma [E.4l while Lemma[E.2] will be used in Lemma

Lemma E.1: Given vectors (u¥)&_ satisfying

: k k'
|| P — Ha =75 >0,

consider the distribution T = (1/K) ZkK:l N(uk, 02I). Fori € [N), letx’ ~ 7, fix0 <t <1,
and let x ~ ayx' + 019, where g ~ N(0, I) is independent from . Let k; denote the index of
the (uniquely defined) cluster centroid p* associated to x'. Then for any 0 < e < 1 satisfying the
coupling condition
iy
e <

T 4y/d(0Fo? + o)’

one has with probability at least 1 — 4K exp[—de? /8]

2.2
ir;éll? o ‘”HQ — |Joupl — :ch2 > %.

Proof. Start by writing il phi+o,w, where k; € [K] is unique and w ~ N(0, I) is independent,
then write, for any k € [K],

Hatﬂf - m||2 = ||04t(li]*C —z') - Ut9H2 = Hat(ﬂf —pl - oaw) — Utg||2~

This is equal in distribution to the squared ¢? norm of a Gaussian random variable with mean
ay(uf — pk) and covariance (ao? + o7)I. Applying Lemma|C.2] it follows

Pl|llackst - 2]* = (@2[lh — p|” + (0302 + 0F)d)| = e2*] < Bexp[—d=?/3),
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where for concision ZF = \/d(a?02 + 07)(\/d(a?02 + 0}) + ou||u® — pki|). Taking a union
bound over k € [K], the above control holds for all k& simultaneously with probability at least
1 — 3K exp[—de?/8]. More precisely, we have that with probability at least 1 — 3K exp[—de?/8],
forany k € [K] with k # k;

4+ (a20? + 07)d) > —<=F, @1

ol = |* = (03 ki — b
and
lowpls —a|* < (1 + e)d(aZo? + o?),
Using (ZT)), we have that for any k € [K] with k # k;

|aept — 2| > (1 - e)d(a2o? + 02) + a?||ut — ki

—eag/d(afo? + of)|| i — pit .

Consequently, we have on this event that, for each k € [K] with k # k;,

2

lowssh = || = Jeuplt = a|* = oF |k -
e (2a(ata? 4 02) + anfatato? + Bk

To simplify this bound, notice that we have for all k € [K] with k # k;

2 )
— can/d(ao? + o)k -

).

2
> ik =

2
%Hu’i — pl

if and only if

apy > dey/d(aio? + o?).

Similarly, we have for all & # k;

2 2
LIk — b |* — 20d(a20? + 07) = Lk = pab

if and only if

apy > \/8ed(aio? + o).

So it is enough to enforce

Q7Y
max{e, ve} <
{ J 4y/d(aio? + o?)

to get that on the aforementioned event, for every k € [K| with k # k;

2.2
i st — o = flaup — o > L,

which concludes the proof. O

The following lemma is more involved than Lemma [E.I] The main reason is that contrary to
Lemma the softmax weights we are investigating involve not only the means ( p’j)szl but the
datapoints (x?) j-Vzl which are random.
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Lemma E.2: Given vectors (u¥)K_ satisfying

ph—pf | >y >0,

min

k!
consider the distribution 7 = (1/K) ZleN(u’j,afI). For each j € [N], let ©7 ~ . Fix
i € [N]and0 <t <1, and let x ~ cyx’ + 01g, where g ~ N(0, I) is independent from (zg)é\le
Then for any 0 < € < 1 satisfying the coupling conditions

oy

€<
2/d(2a302 + 0?)
and
g2 a?o?
l—e = 202’

one has with probability at least 1 — 4N exp|[—de?/8]

min Hatwj - 33H2 - ||ata:i - :BH2 > a?o?(1 —¢)d.
JFi

Proof. We start by writing 27 < u% + o,w? for each j € [N], where k; € [K] is unique and
w’ ~ N(0, I) is independent. We will first argue that it is enough to consider only those indices j
for which the class assignments agree: that is, k; = k;, where we recall that x ~ ax’ + 0,9 and
therefore  is associated with k;. We have for any j € [N]

; d j ; k; :
! — x = o (w — wh) + oy (puy — pt) — oug,

so by rotational invariance

. ) 2 . .
laa? — @]” L ||l — |+ [|aron(w’ — w') - g

ki
Hy

(o (w] —wh) — ovg1). (22)

k; .
+ 20 ||y — Nfl

In what follows, we consider the case j # .

A first lower bound in the case of different means. First, suppose that k; # k;. The random
variable a0, (w] — w!) — o,g1 is equal in distribution to a Gaussian random variable with mean
zero and variance 20?02 + 2. Call this random variable X; by Gaussian concentration, for any
t > 0, we have
P(IX] > 1] < 2exp[—t*/2(2a{ 0} + 7)),
so in particular
d(2a202 + 02)
2

]P’lX| > < < 2exp[—de?/8].

Combining this result with (22), we get that with probability at least 1 — 2|{j € [N] | k; #
ki}| exp[—de? /8], we have for every j € [N] for which k; # k; that

vz’ — |

ki

2 ; i 2 k;
+ ||ewo(w? — w') — ougl|” — 6atHu*J — i/ d(2a2a? + 0?).

2 kj k;
Z Qy H/’I’*J — My

Given that

min || pf — pl'| =7,

kk!
if ayy > 2e4/d(2a302 + 07), we have on the previous event

2
A
2

> ||l (w’ — w') — UtgHZ.

kj ki

2 . .
pit — el 4 o (w? — w') — oug|”

o’ — >
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Now, note that for those j for which £; = k;, we have as above
; 2 4 ; i 2
Hatwj - :cH = Hata*(w] —w') — UtgH )
Therefore, we get that with probability 1 — 2N exp[—dz? /8] we have that
Hatwj — a:H2 > Hata*('wj —w') — atgH2. (23)
Lower bound on the difference (first stochasticity level). We are going to give a lower bound for
j # i on the quantity
j i 2 i 2
Hatcr*(w —w') — otgH - ||ata: - a:” .
We have for j #£ i
|2

Hata*(wj —w') — thH2 - ||ata:i - :I:H2 4 Hata*(wj —w') — og||” — lowgll®

afof“wj — wiH2 — QUtata*<wj — wi,g>
L 0202||w! —w'||* = 200010001 ||w? — w'||

where the last line uses rotational invariance of the Gaussian distribution. Once again using Gaussian

concentration, we have that with probability at least 1 — 2 exp[—de?/8] that |g;| < £¥<. It follows
from a union bound that, on an event of probability at least 1 — 2N exp[—de?/8], it holds

Hozta*(wj — 'wi) — atgH2 — Hatwi — :1:”2 > afowaj — wiuz — E\/gatata*ij — 'w7H
Lower bound on the difference (second stochasticity level). Now, as before, if it holds for all

such j
2€Ut \/g

lw —w'|| >
[e TXopm

then the preceding bound can be simplified to

2 2
; ; 2 ; 2 _ a0 , 12
lasos (w? —w') —org||” — Java’ - 2|" = == o’ —w']"

This leads us to consider the lower tail of the random variable min;; ||w’ — w?||, which was studied
in Appendix [C| A coarser approach will be sufficient for our purposes: when j # i, the random
variable £ ||w’ — w'||? is distributed as a x2(d) random variable, so Theorem|C.1|implies that for
any 0 < ¢’ <1,

IP’[ij — win >2(1- 5/)d} >1—exp [_d(;l)z} .

We can for simplicity simply enforce &’ = €. In this case, if we add the additional condition

then by a union bound, it holds with probability at least 1 — NN exp[—de? /8] that for all such 7,

2 2
lawo (! —w') —arg|* ~ [|ava’ — 2|* > Z 25 0! —w'|* 2 aZo2(1 ), @4)

Finally combining (24), (23) and a union bound, we get that with probability at least 1 —
4N exp[—de? /8], we have
|2

. ; 2 ;
m;n”atw] —z||” — ||z’ —x||” > ool (1 —e)d,
VE)

which concludes the proof. O
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Lemma E.3: Given vectors (u¥)X_ satisfying

min
k£k!

ph—pf | >y >0,

consider the distribution 7 = (1/K) ZleN(u’j,ofI). For each j € [N], let ' ~ . Fix
i € [N]and0 <t <1, and let x ~ cyx’ + 01g, where g ~ N(0, I) is independent from (JZJ);VZI
Then for any 0 < € < 1 satisfying the coupling conditions

oy

€<
2/d(2a302 + 0?)
and
g2 a?o?
l—e = 202’

one has with probability at least 1 — 4N exp|[—de?/8]

i e — z” ~ e’ — o > LT,

where S;, where j € S; if kj = k;, where k; is the (unique) index of the mean in (u’j)le associated
with .

The proof of this lemma is similar to the one of Lemma[E.2}

Proof. We start by writing 27 = % + o,/ for each j € [N], where k; € [K] is unique and
wJ ~ N(0, ) is independent. We have for any j € [N]

axd — x 4 o (w! — w') + at(ufj — ph) — oy,
so by rotational invariance

2 4 ,
4 + |leveos (w? — w') — thH2

o’ — f* £ a2 |l — i

(e (w] — w}) — org1). (25)

k; )
+ 2O‘tH;u/*J - y‘ljl

In what follows, we consider the case j # 4. First, suppose that k; # k;. The random variable
QO (w{ — w?l) — 0491 1s equal in distribution to a Gaussian random variable with mean zero and
variance 20702 + 7. Call this random variable X; by Gaussian concentration, for any ¢ > 0, we
have
P|X] > 1] < 2exp[—1*/2(2070% + o)),
S0 in particular
d(2a202 + 0?)
2

Combining this result with (23), we get that with probability at least 1 — 2|{j € [N] | k; #
ki}| exp[—de? /8], we have for every j € [N] for which k; # k; that

]P’l|X| > < < 2exp[—de?/8].

i 2
lowa? — ||

2
> af || — pl |+ [Jaron(w! —w') = oug||” - car || — pl||\/d(20i0? + o).
Given that
: kK
- >

min ||pl = | 2,

if ayy > 2e4/d(2a202 + 0?), we have on the previous event
2 2
X 2 o k ) X . 2
! — ||” > ?t p —pl| + o (w? —w') — oug]|

ay?
2

Y

[|aeos(w’ — w') — UtgH2 +
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Therefore, we have that with probability at least 1 — 2N exp[—ds? /8] for any j ¢ S;
aiy’

2

||ozta:j _ a:H2 > Hatcr*(wj —w') — UtgH2 + (26)

Lower bound on the difference (first stochasticity level). We are going to give a lower bound for
j # i on the quantity

Hata*(w —w') — otgH — Hata: — :BH .
We have for j # i

oo (w’ — w') — otgH2 — |Jouz’ — :1:H2 4 oo (w’ — w') — thH2 — |lowgl?

2 21, ] il|2 j i
atJ*H'wj —w || - 2Utata*<w] —w ,g>
d 2 2. ill2 9 j i
= atJ*H'w —w || — Utata*glnw —w H
where the last line uses rotational invariance of the Gaussian distribution. Once again using Gaussian

concentration, we have that with probability at least 1 — 2 exp[—de? /8] that |g;| < #. It follows
from a union bound that, on an event of probability at least 1 — 2N exp[—de?/8], it holds

o, (w? — w') — arg||” — |awa’ — z||” > 0?0?|jw! — w'||* — evidoao, |w’ — w'l].
Lower bound on the difference (second stochasticity level). Now, as before, if it holds for all

such j
! i) = Z7
(7R

then the preceding bound can be simplified to

2 2
; ; 2 ; 2 ;0 , 12
lazos(w? = w") —oug||” = [lava’ — @||” 2 =5 o’ —w'||".

This leads us to consider the lower tail of the random variable min;_;||w’ — w?||, which was studied
in Appendix [C| A coarser approach will be sufficient for our purposes: when j # i, the random
variable 1 ||w’ — w’||? is distributed as a x2(d) random variable, so Theorem|C.1|implies that for
any 0 <&’ <1,

IP’[ij - wiH2 >2(1— sl)d} >1—exp [_dS/)T .

We can for simplicity simply enforce e’ = ¢. In this case, if we add the additional condition

2 2 2
9 Qy oy

1—e = 207’

then by a union bound, it holds with probability at least 1 — N exp[—de? /8] that for all such j,

2 2
o, (w! —w') = org|* = |eww’ — a||* > 2% ||w’ — wi||* > aZo2(1—e)d, (27
Finally combining (27), and a union bound, we get that with probability at least 1 —
4N exp[—de? /8], we have
_ . 2.2
min o’ — & |* ~ [laa’ — o|* > afod(1 - e)d + =,

which concludes the proof. O

E.2 Denoiser Approximations

Finally, we prove Lemma [E.4|and LemmalE.5| Those results control the approximation of the true
denoiser in Lemma|E.4Jand the memorizing denoiser in Lemmal|E.5] Those approximations express
that under certain conditions the true denoiser can be replaced by a Gaussian denoiser and that under
certain conditions the memorizing denoiser can be replaced by a point in the dataset.
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Lemma E.4: Given vectors (u¥)K_ satisfying

ph—pf | >y >0,

min

k#k
consider the distribution T = (1/K) Zszl N(uk, 02I). Fori € [N), letx’ ~ 7, fix0 <t <1,
and let ©t ~ ayz' + 04g, where g ~ N(0, I) is independent from '. Let k; denote the index
of the (uniquely defined) cluster centroid p* associated to z*. Define the nearest-neighbor (one
sparse) denoiser T"°™(t, ') associated to %, (t, x}) (recall Lemma by

2 2
_ ; a0 3 o ,
phom (t, :L‘i) * i t k;

2 2 27t 2 92 PRt S
;o + 0} opoy + 0}

Then for any 0 < € < 1 satisfying the coupling condition
@
o< t7Y 7
4y/d(a?0? + o?)

one has with probability at least 1 — 4K exp[—de? /8]

. : 2Ko? ma: k 202
Ha_"*(tm%) _ a—:nom(tm;)H < o XkE[K] ”/"’*H ox [_4( Y at ] ;

ajol +of aio; +o7)
Proof. We apply Lemmas [D.T|and [E-T] Our hypotheses let us apply Lemma[E-T] which gives that
with probability at least 1 — 4K exp[—de?/8]

22
i k |2 ki P12 Yooy
Recall the expression for the denoiser (Lemma [2.1] (12)). The weight vector

. 1 .
um(wbr:‘*gHO%ufgfwﬂP/(afvfﬁfdf)

is related to the gap condition we have asserted: in particular with probability at least 1 —
4K exp|—de? /8]

, 4 7o}
. (b)) — [ D E—
ik o )~ nle) = g

Hence, an application of Lemma [D.T] gives that for any p > 1,

||softmax(w(x})) — ey,

i

2.2
ng(K—l)exp {— 7 % }

d(aioi +o7)
Using this result, we get

. . 2 .
[ (8, ) — 2" (¢, )| = m,w-’(% —w(z}))||
2
o .
aggf:_ G—%I‘Heki — ’lU(ZE:E)Hl
(K — 1)o2 202
( )oi ex [_4( Ty ] ’

2 2 2 2 2 2
oy + o0 ajo? +ot)
where we have defined

M=[p} ... pf]eR™K, F=l§g[a;§}|\u’ill7

which concludes the proof.
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Lemma E.5: Given vectors (u¥)K_ satisfying

: k k'
ol >~ >0,

consider the distribution T = (1/K) Zszl N(uk, 02I). Fori € [N), letx’ ~ 7, fix0 <t <1,
and let ¢ ~ ayx' + 04g, where g ~ N(0, I) is independent from x*. Then for any 0 < ¢ < 1
satisfying the coupling conditions

«
e < t7Y

= 2/d(2a%02 + 02)’

g2 <a§of
l—e = 202’

one has with probability at least 1 — 8 N exp[—de?/8]

and

2201 _
|Zumem(t, @) — @[] < 2NT, exp [Mﬂdd] ,

2
20}

with

Dy = max /Il + oVl + (1 + £)o2d.
ke[K]

Proof. The proof is similar to that of Lemmal[E-4} we apply Lemmas|[D.T|and [E:2] Our hypotheses
let us apply Lemma which gives that with probability at least 1 — 4N exp|—de?/8]

min ||ap@’ — miHQ — [Jouz’ — :c;||2 > alo?(1 —e)d.
J#i

Recall the expression for the denoiser (Lemma[2.1} (I2)). The memorizing denoiser corresponds to
o4 = 0, so the weight vector

wj(@l) =~ o’ — 2] /o?,
is related to the gap condition we have asserted: in particular with probability at least 1 —
4N exp[—de? /8]
a?o?(l—e)d
i = 202
Hence, an application of Lemma [D.T] gives that for any p > 1,

min w;(xh) — w;(x) >

, 202(1—¢)d

||softmax(w(x})) — ein < 2(N —1)exp [_W} _
Using this result, we get

[@mem (1, 2) — a'|| = || M (e; — w(ay))|
< Iller, —w(@y)],

202(1 —¢)d

< 2T'(N — 1) exp {—OW*Q(OEE)} ,
where we have defined

M=[z' ... V] eR™N T = max|z7|.
JE[N]

Finally, using Lemma [C.2] we have that forany 0 < e <1
P12 = (I |2 + 02d)| = coV(ou/d+ |l ])] < 3expl-de?/8],

so with probability at least 1 — 4N exp[—ds? /8] we have

r< k|12 4 eo, V|| pk|| 4 (1 + €)o2d.
< e /2 + oVl + (1 + )0
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By a union bound, we conclude that with probability at least 1 — 8 N exp[—de?/8] that

_ i i a?o?(1 —¢)d
Hmeem(t,iBt) —x H < 2T'(N —1)exp {_tQUf)} 7

for each ¢, which concludes the proof.

O

Finally, we derive similar results for the partially memorizing denoiser. We recall that & pmem, s (¢, %)
is given by
Zpmem, M (T, ;) = Z softmax(w);ax’,
jeld
o= 1 J — |2
where w; = —5 5 [loza? — xf||*.

Lemma E.6: Given vectors (u*)K_| satisfying

pi— | >y >0,

min
k£k!

consider the distribution T = (1/K) Zszl N(pu¥ 02I). Fori € [N], letx’ ~ 7, fix0 <t <1,
and let ¢! ~ ayx' + 04g, where g ~ N(0, I) is independent from x*. Then for any 0 < ¢ < 1
satisfying the coupling conditions

Oét")/
€< :
2/d(2a202 + o?)
g2 a?o?
l—e = 20%°
We consider two cases, first assume that i € [{] then one has with probability at least 1 —
8N exp[—de?/8]

and

2 201 _
| @omemar (£, 1) — @[] < 2NT., exp [—Wﬂ ,

2
20;

with

T = ma /1 + oVl + (1 + o2

Second, assume that i ¢ [¢], with probability 1 — 8N exp|—de? /8] — K ~18(®) (1 +log(K) log(d)),
Si ={j €, k; =k} is not empty and

Z pmem, M (£, TL) — Z softmax(wls,);z7 || < Tyw(1 + N)?exp [—

2.2
a;y ]
JES:

2
20}

Proof. The first part of the proof where ¢ € [¢] is identical to Lemma We now assume that
i ¢ [f]. First, using Proposition we have that on an event with probability 1 — K ~1°8(@) (1 4
log(K)log(d)), S; is not empty. In addition, using a union bound we have that with probability at
least 1 — 4N exp[—de?/8] — K~ '°8(d) (1 +-log(K)log(d)), S; = {j € ¢, k; = k;} is not empty and
2.2
minloce? — ol ~ Joce’ - af* > 2
JESi 2

Therefore, using Lemma[D.2} we get that

||softmax(w) — softmax(w|sj)Hp < (14 [S:)YP(IS| — |Si]) exp [—

aiy?
207 |’

iy’
202

< (1+ N)YPNexp {—
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Using this result, we get

Z pmem, 11 (L, Th) — Z softmax(wls,);2|| = || M (softmax(w
JES:

s,) — softmax(w))||

< T'[|softmax(wl]s,) — softmax(w)||,
aiy’
207 |’

< (N +1)’Texp [—

where we have defined

M=[z' ... x| e R T =max|z’|.
Je[N]

Finally, using Lemma@ we have that forany 0 < e <1
P{|Il27]1® — (162 + o2a)| = co. V(o Vd+ |12 )] < 3expl-d=?/s),

so with probability at least 1 — 4N exp[—ds? /8] we have

DT = s /[P + eVt + (1+ €)o2d,

By a union bound, we conclude that with probability at least 1 — K ~'°8(®) (1 + log(K ) log(d)) —
8N exp[—de? /8] that

Zpmem, M (, :ci) — Z softmax('w\si)jmj <T,(14N)%exp [—

2,2
ayry ]

b
JES:

2
20}

which concludes the proof.

F Training Loss Approximations

In this section, we give proofs of results that imply our main results stated in the main body, namely
Theorem [3.]and Theorem [3.2] In the proofs, we will use a convenient shorthand for the training loss
defined in (6) when specialized to the Gaussian mixture model denoisers of interest. Namely, since in
this case the loss is effectively a function of the learnable mean parameters and the shared learnable
variance parameter in the model, we will write

E[LN(tys- -5 155 03)]
to denote the loss of the generalizing denoiser Ly (%),
E[[,N(ml, ol O)]
to denote the loss of the memorizing denoiser £y ¢(€mem ), and
E[Ln(z!,...,z"0)]

to denote the loss of the partially memorizing denoiser £ N,t(:iprrlerrl, M)-
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Theorem F.1: Given vectors (u%)E_| satisfying

ph—pf | >v>0,

min

k#k!
consider the distribution T = (1/K) Zszl N(uk, 02I). Fori € [N), letx’ ~ 7, fix0 <t <1,
and let % ~ ' + 04g, where g ~ N(0, I) is independent from x*. Consider the denoiser
I, (t, 1) associated to the true distribution m,. Then for any 0 < & < 1 satisfying the coupling
conditions

and

[E[ﬁNO"’}m s al‘l'f(ao-i)] - E[‘CN(mla s 7wNa0)]] 2 92, 2
where the residual E is explicit in the proof.

We denote ¢, = o /o? and ¢ its inverse function.

Proof. The proof will be an application of Lemma [E.4]and Lemma[E.5]

Nominal value decomposition. First, we define for any i € [V]

aio? o}

a?o2+o

~nom

T (t,:ci) =

7 k;
x; + T
252 2t 2 Fx
thO'*+0't t

This nominal value Z"°™ (¢, z}) will be crucial for the rest of our analysis. Using (T3), we have that

2 2
’]E[L‘N(Ni,...,uf,af)} _E[KN(CCl,-..,wN,O)] _dojo;

2 .2 2
ajo; + o

2 2
doio;

-

B2 (1 ) ~ Zman(t,20)]] -

=z~

252 2
=1 aioy +oj

2

1 do?o7?

N

M=

E[[[@.(t,@}) — 2" (¢, @) + 8" (t,2)) - @i + @i — B (8, 20)|*]

22 2
7 a;o; + o

%

In what follows, for simplicity, we denote Ai

~nom

A} =&, (t, @) — " (t, @) + T; — Bmem (L, T}).
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‘We have that

2 2
E[Ln(py,....pnE 02)] —E[Ln(2!,...,2",0)] — do?o?

(28)

2 2 2
ajoy + o

N
1 i —nom i 2 dU%Uz
= N; |:”At +x (t,sct) —le } _ W—’—to—t2
1 & e ) do20?
SNZ?““ o) —=il] - G Lo
: i nom 7 2 1/2
Nz [1421°] +*ZE[HA I } E[[la™ ¢, @) - ai]|’]
N
1 —nom i 2 dO'*O'
S Ll G
2 N ~nom |12 B 2
+NZ{ {lm* (t,x}) — & (t, x))|| ] +E[Hwi—mmcm(t,mt)” }}Jr

B[l 2h) — (6 2]] + B o~ Eman(t2] ]}

2} 1/2.

2| -
M- )

i=1

<E[Jan ) -
In the rest of the proof, we control each term in (28).

Control of generalizing denoiser. First, we are going to control E [Hiz*(t, xl) — & (t, z}) H2] .
First, we recall that by (TT)

2 2

ST, + 5 Zu softmax(w);,

2
ooy + o
t+ Pl

OZtO'

Z,.(t,x!) = e
t* t

In what follows, we denote

I' = max
ma [

In addition, we have that

x! = o pl + yow +oig = oztp; + (a?0? + 02)Y/2g.

where k; is the index of the mean corresponding to «*. Finally, we have that for any p € N

Ellg]"] < E[llg]*]""* < 27/%(D(d/2 + p) /T(d/2))"/? < 2/2(d/2 + p)/2.

Combining those results, we get that for any p € N
E[Ja|"] < 2% (17 + (0302 + 02)7/2(d/2 + p)?'?) .
Similarly, we have that for any p € N
{Hmnom(t’xi)up} < o2 (Fp + (atg + Ut)p/2(d/2 +p)p/2)
For any event A such that ||Z.(t, z}) — ™ (t, z}) H2 < O, we have that
B|l2. (t.2}) - 2°(t.2))|*] < CBlA] + 2B[A 2 ( [lal']" + B[z .2 ”2)

< C 416 (T% + (a0? + 02)(d/2 + 4)) P[A°]"/2.
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Now, combining this result and Lemma [E-4] we get that

|| ¢, 2}) - 2" ¢, )|’

2
o [ 2Kof maxyex] ek Vai
= 2 2 2 eXp | —57 3 3 2
oo} + oy 2(ajo? +07)

+64 (max |12 + (aZo? + o2)(d/2 + 4)) K exp[—ds?/16].

Therefore, there exists a numerical constant Cy > 0 such that
_ . _ N2
E[[2. (@) - & (t, 1)

2.2
<Gy <,§n[ax 11 + (1 + af)d) K (exp [—2(”] + exp[—da?/m]) .
€[ K

ajo?+op)

Control of memorizing denoiser. Second, we are going to control E [Ha:t — Zem (t, 1) ||2} . The

proof is similar to the control of E {H:c* (t,xh) — "o (¢, x?) ||2] . We recall that we have

Tmem (t, Tt) g T softmax (w);,

where )
wi(xy) = —§Hat$i - $i|\2/0t2

Similarly as before, we have for any p € N
E | o l7] < 22N+ (@/2+ 977
1€

Therefore, we get that
E[l|z;|[7) < 2P N(T? +0%(d/2+p)""?),  E[|[@mem(t, x})[?] < 2P N(IP +0%(d/2+p)"/?).

Note that this upper-bound is rather loose but given the rate of growth of N with respect to d that we

. . . _ : 12
will consider we won’t need a tighter bound. For any event A such that Hmmem(t, xy) — || <,
we have that

. ) ) 1/2
@t 2}) - a'[*] < CPIA] + 2P[A]/ ( [T + B[z ) )
< C 416 (T% + 02(d/2 + 4)) P[A]/2.
Therefore, combining this result with Lemma@ there exists a numerical constant C; > 0 such that
E[ | 2men(t,2}) - o]

<y (max k)% 4+ (1 + Uf)d) N2 (exp { ozta(l—s)d} +exp[—d52/16]) .
kE[K 20’t

Control of the nominal expectation. For the nominal error ||Z"°™(t, z}) — x'||, we have by the
nominal denoiser’s definition in Lemmaand the distributional assumption &* ~jj 4. T

o . o? k 112
H nom(tw)_mH * mz+ t /'l’i_ 7
¢ ato2 +02"t a2o2 402"
2 2 2 2
_ MT%  oowl + Mo g — o,
= || =530« —S 5 350t9d — O« )
a?o? —|— o? a?o? + o?
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where w® ~ N(0, I) is independent of g* ~ N(0, I). In particular, this is equal in distribution to
the squared #2 norm of a Gaussian random variable, which has zero mean and isotropic diagonal
covariance with diagonal elements

2 2
oo o2 o202
2 tY % 2 * _ *“t
‘7*1*22_,_2 +oi 252162 ) o202+ 02
Q0 T 0 ayoy T 0% a0y T 0%

An application of Theorem|C.1|then gives that with probability at least 1 — 2 exp[—de? /8]

2 2
doio;

i||2 . dO’EO’tz

& (¢, ;) —

2 2 2 2 9 2
ajoy + o ayoy + 0}

For any event A such that
ZHQ _ do?0?

Hxnom(t, wi) _ S C,

a?o? + o}
on that event, we have that

; 12
Bl -] - o T

< C—‘,—]P’AC 1/2 ( [H H4} 1/2 —|—]E|:H1_7n0m(t>wi)”4} 1/2)

Therefore, there exists Co > 0, a numerical constant, such that

2 2
[Hwnom (t, wt H ] do;oj

2.2
doio;

2 2
. 12 do‘o
—nom [ 7 *t
||:c (t,x}) — ||

<x|

|

2 2 2
Qio; + 0

ato? + o?
do?c?
<e— X1t o4 24+ (1+40%)d —£2d/16].
< e o (um 1P + (14 02 ) exol-€2a/1
Therefore, there exists C3 > 0, a numerical constant, such that
do2c?
E[EN(NL...,uf,Uf)}—E[EN(ml,...,:cN,O)]— * L

252 2
ooy + o

<00y (o b+ (140 (2 4 V)
E—5—5 5 + max o
= a?o?+o0? 3 Ha *
2.2 2.2
Yo ajoi(l—e)d 9
X {exp {—W] +€Xp |:—*20_t2 +6Xp[—€ d/16] .
Let us further simplify the bound. We have that
E[Ln(p) plol)] —E[Ly(z! zV,0)] - ﬂ
*? ¢ttt *x ) * LA K at02+0't2
do?c? da 252
<e—HF Tt 4051 *12/d Poly ( L1
< e (1 ma 1P/ +a) Oly(d) g (1/a3 + 1)
22 2
oy *( ) 2
S et S d/16
- {eXp[ 2(ajo? +Ut2)] +€Xp[ 20 ] Foepled/ ]}
where we have used that
do?0?

(1/o2 + 1) > 1,

alo? +o?
with ¢, = a2 /o2
O

Proposition F.2: Assume that N = poly(d), v* = O(d), maxye g ||k ||* = O(d) and 0?2 =
O(1). Let k(d) = (O(log(d)?/d)). We have that uniformly on t € [0, x(d)]

2.2
st )

2 2 2
Qio; + 0

The claim will then follow by an appropriate choice of constant in the definition of k(d), which will
make the residuals in the previous expression of the correct order of magnitude to be nontrivial,
and guarantee the approximation for t within the claimed interval.
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Proof. First note that ¢ = ©(log(d)/d'/?) satisfies the coupling condition. Next, if we assume that
d is large enough so that 1 — ¢ < 1/2. We have

1 K 2 1 N dUEUtQ
E[‘CN(IJ’*M-‘,H*JO—*)}_E[EN(CL.7"'71: 70)]_01202+U
t t
do?o? & do?0? 9
< EQ%JEJF 2 + Cy <1+ max [l ey H /d+‘7 )POIY(d)a%JEJFJtQ (1/0* +1/)t)

1. /
X exp [_16 min (log(d)Qﬂ/’tUzd’ 113121‘1/&>} .

Theorem F.3: Given vectors (u*)K_, satisfying

pi—pf | >y >0,

min
k#k'
consider the distribution m = (1/K) Zszl N(pk 021). Fori € [N], letx® ~ 7, fix0 <t <1,
and let Tt ~ cux® + 0,9, where g ~ N(0, 1) is independent from x'. Consider the partial
memorizing denoiser Tpmem v (t, T1). Then for any 0 < ¢ < 1 satisfying the coupling conditions
Q7Y
2\/d(afo? +o7)’

e <

and

1—e = 20?7’

‘
<1 - N> do? — E(e,t,d)

<E[Ln(z!,....2%0)] —E[Ln(z',..., 2", 0]

14
<2 (1 - N) do? + E(e,t,d),

we have that

where the residual = is explicit in the proof.

Proof. The proof will be an application of Lemma [E.6]and Lemma [E3]

Softmax value decomposition. Using (I3), we have that
[EN( (B 0)] [EN( 7...,iL‘N7O)]

1 i i
N [ |wpmem M t w%) - ﬁmem(t,$;)‘|2:|

=z
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s
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_
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I
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-
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where
i = i i21? = i 212
IAY] < E[Hmmcm(t,mt) — } E[prmcm,M(t, i) — ail| } .
In the rest of the proof, we control each term in (28).

L. . . _ 2
Control of memorizing denoiser. Second, we are going to control E [H:I:Z — Emem (L, ) || } . The

proof is similar to the one of Theorem [F.I|but we reproduce it for completeness. We recall that we
have

Tmem (t, Tt) Zw softmax(w);,

where )
w;(zr) = —gHatwi —xi||*/o?
Similarly as before, we have for any p € N
B hoil?] < 22N+ (@/2+ 977
ic
Therefore, we get that

Elllai]|”] < 22PN (I +0%(d/2+p)"?),  E[[@mem(t, z})[|?] < 2P N(IP +0%(d/2+p)").

Note that this upper-bound is rather loose but given the rate of growth of N with respect to d that we

. . . _ » 12
will consider we won’t need a tighter bound. For any event A such that || Zmen (¢, }) — 2*||” < C,
we have that

. ) o a1/2 ) 1/2
E[[@mem (t, 2f) — @'[|°] < CPIA] + 2P[A)"/? <1E[|\m;|ﬂ +E[ [z )] )
< C 416 (T% + 02(d/2 + 4)) P[A9]/2.
Therefore, combining this result with Lemma@ there exists a numerical constant C'; > 0 such that
B[ ment,21) - 2|

1—
<C (;H?X )% + (1 + af)d) N? (ex [ 0%2(25)61} + exp[—d52/16]) .
0t

Control of the partial memorizing denoiser. Third, we are going to control

E [Halr:Z — Zpmem, M (T, w§)||2] . First, similarly as before, we have that
E[l|z;|[7] < 2P N(I? +0%(d/2+p)"?),  E[|[@mem(t, @})|?] < 2°PN(IP+02(d/2+p)"/?).
For any event A, we have that

= i i||2 = i i||2

‘E[prmem Mt xy) —x H } — E[Hmpmem,M(uwt) —x H 1A”
c — 1 4 1/2

< 2P[A°] 1/2( [H dl } +]E[prmem,M(t,a:t)H } )

<16 (T2 + 02(d/2 + 4)) P[A]'/2. (29)
Hence for i € [¢], using LemmalE.6| we have

E |:||53pmem,JVf (ta :13;) - 2131H2:|

2 2 1
< 2NT, exp [ W] +16 (0% + 02(d/2 + 4)) (8N)*/? exp[—d=?/16].
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Now, for i ¢ [¢], we have that

H:Epmem,M(t, aci) — sclHQ = :Epmem)M(twi) — Z softmax(w|si)ja:j + Z softmax('w\si)jwj —x!

JES; JES:
2

= || ®pmem,ar (t, ) — Z softmax(wls, ),z

JES:
2
+ Z softmax(wls,);z’ — z
JES;
+2 <mpmem7M(t, xi) — Z softmax(wls, )z, Z softmax(wls,);z’ — a:l>
JES: JES:
Therefore, we have that
2
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JES:

< jpmem,M(tv .’Eé) - Z SOftm&X(’LU'Si )jmj
JES;

+ || Zpmem,ar (t, L) — Z softmax(wls, )’ Z softmax(wls,);z’ — =’
JES; JES:

Therefore, we get that

2

_ , 12 . .
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Hence, using this result and Lemma we get that with probability at least 1 — 8 N exp[—de?/8] —
K~108(d) (1 + log(K) log(d))

2
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where A is the event of Lemma|E.6] Hence, combining this result and (29) we have

2

5,);2) —a'

I [Hipmcm,M (t, ;) — wz}ﬂ —-E Z softmax (w
JES;

2,2
<T,(1+N)%exp [—atz }
0%

+16 (T2 + 02(d/2 + 4)) [(SN)I/Q exp[—de?/16] + K ~1°5@/2(1 4 log(K) log(d))l/z}

24,2
+ 80, (1 + N)Zexp [_ O‘;Z ] N(T + o, (d/2 + p)/2).

t
2
] , we use Proposition which

concludes the proof. O

Finally, in order to control E {H Zjesi softmax(wls, )j;cj —

Proposition F.4: Assume that N = poly(d), v* = O(d), maxye g ||k ||* = O(d) and 0?2 =
O(1). Let k(d) = s(log(d)?/d). We have that uniformly on t € [0, k(d)]

E[Ln(z!,...,2%0)] —E[Ln(z!,...,2",0)] =© ((1 - Jf/,) daf) :

Proof. The proof of this result is similar to Propositionby letting ¢ = O (log(d)/d/?). O

G Additional Related Work

Memorization in diffusion models. Understanding memorization and generalization properties
of diffusion models is crucial for practitioners [[Somepalli et al.,|2023| Ren et al., 2024, Rahman
et al., 2024, [Wang et al.| [2024a, [Chen et al., 2024bl Stein et al., 2024]]. Indeed, concerns about
privacy [Ghalebikesabi et al.,[2023| (Carlini et al., 2023} [Nasr et al.|[2023] and copyright infringement
[Cui et al., |2023| 'Wang et al.,|2024a, |Vyas et al., 2023} [Franceschelli and Musolesi, 2022] are key
issues as these models are deployed. Several factors can influence the memorization capabilities of
diffusion models. Duplication and out-of-distribution samples have been shown to lead to replication
in diffusion models [Carlini et al.| 2023| Ross et al., [2024, [Webster, [2023]] and solutions have been
proposed by curating the dataset [Chen et al., |2024a] or introducing dummy data and adapting
diffusion models to unseen data [Daras et al., 2024} [Yoon et al., [2023]]. Neural network architectures
have also been shown to play a role in memorization with [Chavhan et al.| 2024] identifying specific
neurons causing memorization and [Wen et al.| [2024, Wang et al.| [2024b] analyzing variability in the
prediction function to identify problematic prompts in image models. We refer to [Gu et al.,[2023]] for
an in-depth experimental investigation of those issues. Finally, we highlight the work of [Kadkhodaie
et al., 2023}, in which the authors investigate the inductive bias image denoisers to investigate the
generalization properties of state-of-the-art diffusion models.

Definitions of memorization. Note that our definition of memorization (Definition[2.2) is connected
to the one of Eidetic Memorization as introduced by |Carlini et al.| [2023]]. Similarly, to [[Carlini et al.}
2023, we acknowledge that this notion of memorization is strong as it implies that an image is
memorized if there exists a near perfect copy in the training dataset which does not fully capture
copyright infringement or data privacy issues. We refer to [Elkin-Koren et al.} 2023|| for an in-depth
discussion of those issues.

Memorization and overfitting. A priori, it may not be clear why memorization in diffusion models
is substantially different from overfitting which has been a long-standing and well-studied property
of machine learning systems Hastie et al.| [2009]]. Overfitting is characterized by a large gap between
training and validation losses. However, overfitting is not directly connected to memorization. For
a small number of parameters, the partially memorizing denoisers defined in Section [3|have large
training and validation losses which ultimately have a small gap, meaning that such models are not
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significantly overfit; however, every single sample they generate is memorized. Meanwhile, the
model corresponding to the fully memorizing denoiser defined in Section [2]is both very overfit and
does memorize. It is also worthwhile to discuss the connection of diffusion model memorization with
benign overfitting |Bartlett et al.| 2020]] and double descent |Belkin et al., 2019]]. In particular, we
wish to clarify why the setting of diffusion models may be separated from benign overfitting. The
core difference is as follows: in the usual double descent setting, one studies an overparameterized
learning problem, such as regression or classification, and there are many models at a fixed parameter
count which obtain the minimal training loss; then it is up to (implicit) regularization to choose the
best solution, which benignly interpolates the training data. As the number of parameters increase,
the training loss of the trained model never increases, and the validation loss eventually also decreases
(after an initial increase for the purpose of overfitting). Meanwhile, in the case of diffusion, there
is exactly one model which obtains the minimal training loss, which is the memorizing denoiser,
and this does not change no matter how many parameters are allocated. Certainly the memorizing
denoiser does not benignly interpolate the training data. As the number of parameters increase past a
certain point, the training loss never decreases, and in fact may increase, showing that double descent
or benign overfitting indeed do not apply straightforwardly to the case of diffusion.

H Experimental Details

We run all experiments on several Nvidia A100 80GB GPUs using Jax 0.6.0 and Equinox 0.12
[Kidger and Garcial, |2021]]. Each training/evaluation job occurs on a single A100 and the results are
saved to file to be aggregated later. Aggregation, analysis, and visualization occur on a single A100.

H.1 Datasets, Optimization, and Initialization Details

In our experiments in Section[d.1] we generate synthetic Gaussian mixture models, by generating the

K means g’ uniformly on the sphere of radius v/d and setting the ground truth variance o2 = 1, as
prescribed by the results in Section[3] The experiments conducted in Figuresandand Appendix[H.3|
are all under the setting N = 200, d = 50, and K = 12. For the sweep in Figure [3| we take (N, d, K)
tuples from [50, 100, 150, 200] x [30, 40, 50, 60] X [3, 6, 9, 12], obtaining a total of 64 (N, d, K) tuples.
For each setting of (N, d, K) (including the sweep in Figure we train 20 models at different model
sizes M starting from M = | N/10| and moving in increments of | N/10| to M = 10| N/10]; then,
training 10 more models where M is equally spaced between the M where the phase transition starts
and the M where it ends (using the empirical criterion in Section ).

In our experiments in Section we generate synthetic colored FashionMNIST data by sampling
K FashionMNIST [Xiao et al) [2017]] images uniformly at random to use as “templates”, then
using the PIL (Pillow) utility to reshape them to 15 x 15 resolution. For each of the K templates
(components) we generate a color vector using a Gaussian with ground truth mean and variance
(ul,0?) = (0,1) € R3 x R. We take the Kronecker product of the color vector and the template as
described in Section[4.2]in order to form the sample. Figure {]uses the setting N = K = 8 while
the experiment in Figure [5|uses the setting N = 100, K = 4, and color dimension d = 3. Here we
train 10 models at different model sizes M, starting from A = | N/10] and moving in increments of
|[N/10] to M = 10| N/10].

For all experiments, we use the “variance preserving” process which yields oy = /1 — 2 and
o = tfort € [0,1]. We use the objectlve (1251) to train our model denoisers. For training, we
always train with the loss weighting \(t) := a7 /o2, which is equivalent to using noise prediction
([Karras et al., [2022]), and ¢ ~ Unlf((ﬁg)/ o) Where we use L = 25 decreasing timesteps ¢, =
0.01+0. 998(L E)/L =0.999—-0.998¢/L € (0, 1). In lieu of computing the (obviously intractable)
inner expectation in L ¢, we use Ng,p := 100 Gaussian noise draws for each of the NV samples to
estimate the expectation. We use full-batch Adam for Nepocns €pochs (also, iterations) to optimize
the objective; for experiments in Section we have Nepochs = 50,000 and for experiments in
Section @] we have Nepochs = 100, 000. We use a “warmup-decay” learning rate schedule: for
Nyarmup := Nepocns/10 epochs the learning rate linearly increases from 0 to 1073; for the remaining
Naecay := Nepochs — Nwarmup €pochs the learning rate linearly decreases from 1072 to 107°.

For all models we train, we use a “partial memorization initialization” along with the Adam optimizer
We use this initialization because the loss at a truly random initialization is extremely high, in many
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cases often at least eight orders of magnitude larger than the loss at optimum, and Adam is often
unable to learn effectively given this massive conditioning. The partial memorizing initialization, in
the context of the isotropic Gaussian mixture model, sets the initial 02 t0 1079, and each mean [,l,i to
a random sample. In the context of the simple image model, it sets each initial template parameter
A_: to the template which generates a sample, the corresponding initial color vector to the unique
vector which generates the (not identically zero) sample given that template, and the initial color
variance o2 to 107%. Notice that in the experiments such as Figure even models initialized with
this partial memorizing initialization end up learning (nearly) generalizing solutions — unless of
course it is more favorable to memorize, which occurs with very large M.

H.2 Formal Description of Sampling Scheme

We use the implementation of the DDIM sample prescribed in|De Bortoli et al.|[2023], i.e., using the
above notation and given a denoiser &

- Otorr o Otoiq _ ~ ~
iy =~ By, + | @ty — — o Z(ty, t,), &y, ~ N(0,I).

te te

As previously stated, we use increasing timesteps t; = 0.999—¢/L for L = 25and ¢ € {0,1,...,L}.
Notice that we use the same timesteps for sampling as for training. We implement this iteration using
the DiffusionLab PyPI package [Pail, [ 2025].

H.3 Formal Description of Loss Weighting Regression

Recall that in Section |4.1|we predicted the phase transition using the loss approximations derived in
Section E} To do this, we solved a regression problem @]) Here, we will discuss how we solve this
problem efficiently by smoothing and regularization.

Namely, as a bilevel semi-discrete quadratic program, the problem (I3) is hard to optimize outright
via gradient methods. As a result we parameterize the distribution over M via a temperature-weighted
softmax with high temperature 7 = 1/20, placing an entropy penalty (Bsparsity = 1072) on the
softmax output to ensure that the learned distribution over M is sparse. The overall problem is (using
the notation from (I3))

_ ~ 2
. Mpt(Na d) K7)‘) Mpt
min 3 ( S (30)
(N,d,K)
_Bsparsity Z Zﬁ(N,d,K,M,X)log;ﬁ(N7d7K,M,5\)
(N,d,K) M

where  Myy(N,d, K,X) =Y M -p(N,d, K, M,
M
~ T ~ . . 2
and  p(N,d,K,-,\) = softmax({fé (zfzoA(t@)(LN,,,(epmemM(N. d,K)) — Ly 4(0.(N,d, K))) } >
M
In all cases, when we report the loss we refer to just the MSE component described in (30).

H.4 Simple Image Model Calculations

In this section we simplify the computation of the colored image denoiser in Section [4.2] Recall
our setup in Section along with the notation in Lemma Under the settings p!, = A’ u?, and
3 =02Ar(A?)T, it holds that

pl=Alul = (Ioz)ul =ul @)
S=clIes)(Iez) =cd(Iez)(I@)) =Tz (z)")
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Also, simplifying the inverse (a>3% + 02I)~! using the Sherman-Morrison-Woodbury identity
obtains

: 1
(@*2! + 0’0 = = (I+ 22>

2o aar)

— % (I Al [ 2% +(A1)TA1}1(A1)T>.

Calculating the interior term first, we obtain

(ADTAL =T o) (Tox) =T @) ) Tez)=Tc(x) (@)

=I®[|=.]*] = [lz; |1,
which yields
(a22i_~_0_21-)—1:i I_;Al(A’L)T
i o? el £ R

1 a?o?
o (1 i)
Another part that requires elaboration is the action of (A%)" on a (block) vector, say 8, which has
(%) 61
(ADTo=T o) 0= @))o= 2
()",
Finally, the last part that can do with simplification is the log-determinant, which obtains

2
log det(a?X% + ¢%I) = log det (02 [I + O;Ei})
%

2 .
= log det(o*T) + log det (I + 0[221)

= 2cd? log(o) + log det < *Al (AY) )
= 2cd? log(o) + log det < )TAl)
= 2cd? log(o) + log det <I + o > | *||ZI>

= 2cd? log(o) + log det <{1 } )

= 2cd?log(o) + clog <

)
=c <2d210g(0) —Hog{l + 23 w;2}> .

These terms are all simple to compute, and therefore so is the true denoiser (as well as any we
parameterize).

H.5 More Experimental Results

Interpreting the learned models. In this section we take advantage of the white-box nature of
our denoiser and specifically how it relates to the data generating process, to try to uncover some
mechanistic aspects of memorization in this setup. There are two questions we wish to answer:
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Learned Variance Dist. to Nearest Sample Dist. to Nearest True Mean
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Figure 6: Left: A plot of the learned variance as a function of the model size M. Middle: The average distance
of a learned mean to its nearest sample in the training data, as a function of M. Right: The average distance
of a learned mean to the nearest ground truth mean, as a function of M. All plots include the start and end of
the phase transition. While the variance eventually decays to 0, it surprisingly only does so linearly, and for
every M before the end of the phase transition the ground truth variance does not collapse to 0. Similarly, as the
memorization ratio increases and the phase transition occurs, the average distance from a learned mean to the
nearest sample decreases linearly as a function of M. Meanwhile, the average distance from a learned mean to
the nearest true mean increases. Surprisingly, this behavior happens during the generalization phase as well.
Note that the provided example is representative among our trained models.

Memorization Ratio Training Loss, ¢ = 6.704 Test Loss, ¢ = 6.704
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Figure 7: Our loss calculations and memorization trends are stable under different random seeds. We
observe the same behaviors as Figure[2] when re-attempting the same experiment with three separate random
seeds; we provide error bars but note that they are extremely small, indicating a tiny variance.

* Is the learned variance o2 ; an effective proxy for memorization or generalization?
* How do the learned means p!,; behave in memorized and generalized models?

Recall that the ground truth (generalizing) denoiser has variance o and means p’, and the memo-
rizing denoiser has variance 0 and means a'. Thus, one intuition would be that a smaller variance
implies a propensity of the trained model to memorize, and learned means closer to samples would
imply the same. To verify this behavior we plot the learned variance and the average distance of the
learned means to training samples and ground truth means, respectively, in Appendix [H.5] We can
confirm that our basic intuition is true, with a twist: while the learned variance o2, ; decreases as
the model size M increases, it does so linearly, and even in the generalization regime. Similarly the
average distance of each learned mean to the closest point in the training dataset decreases linearly to
0. In this sense, these and other mechanistically derived quantities may serve as a continuous proxy
for the rapid phase transition, a behavior also observed in large models with far more complicated
“circuits” [Nanda et al., |2023| |Schaefter et al., 2023]].

Assessing the variance of different seeds. In Figure[/| we examine multiple runs using different
random seeds to see their effect on the loss and memorization plots (akin to Figure[I)). The shading
on the memorization plot, which showcases the minimum and maximum value of the quantity across
three seeds, amounts to error bars on the regression experiment in Figure 3] since the approximated
losses will be the same (as they are computed deterministically), and the only remaining variation is
the regression target, i.e., the location of the phase transition.
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