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Abstract

We propose Adaptive Compressed Gradient Descent (AdaCGD) — a novel optimization algorithm for
communication-efficient training of supervised machine learning models with adaptive compression
level. Our approach is inspired by the recently proposed three point compressor (3PC) framework
of |Richtarik et al.|(2022), which includes error feedback (EF21), lazily aggregated gradient (LAG),
and their combination as special cases, and offers the current state-of-the-art rates for these methods
under weak assumptions. While the above mechanisms offer a fixed compression level or adapt
between two extreme compression levels, we propose a much finer adaptation. In particular, we allow
users to choose between selected contractive compression mechanisms, such as Top-K sparsification
with a user-defined selection of sparsification levels K, or quantization with a user-defined selection
of quantization levels, or their combination. AdaCGD chooses the appropriate compressor and
compression level adaptively during the optimization process. Besides i) proposing a theoretically-
grounded multi-adaptive communication compression mechanism, we further ii) extend the 3PC
framework to bidirectional compression, i.e., allow the server to compress as well, and iii) provide
sharp convergence bounds in the strongly convex, convex, and nonconvex settings. The convex regime
results are new even for several key special cases of our general mechanism, including 3PC and EF21.
In all regimes, our rates are superior compared to all existing adaptive compression methods.

1 Introduction

Training machine learning models is computationally expensive and time-consuming. In recent years, researchers have
tended to use increasing datasets, often distributed over several devices, throughout the training process in order to
improve the effective generalization ability of contemporary machine learning frameworks(Vaswani et al.,2019). By
the word “device” or “node,” we refer to any gadget that can store data, compute loss values and gradients (or stochastic
gradients), and communicate with other different devices. For example, this distributed setting appears in federated
learning (FL) (Konecny et al., 2016; McMahan et al.,[2017; |Lin et al.,2018). FL is a machine learning setting where a
substantial number of strongly heterogeneous clients attempt to cooperatively train a model using the varied data stored
on these devices without violating clients’ information privacy(Kairouz et al.). In this setting, distributed methods are
very efficient(Goyal et al.| 2017; [You et al.| 2019), and therefore, federated frameworks have attracted tremendous
attention in recent years.

Dealing with the distributed environment, we consider the following optimization problem

win { 10) =1 £ 1)} 1)
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where = € R? is the parameter vector of a training model, d is the dimensionality of the problem (number of trainable
features), n is the number of workers/devices/nodes, and f;(x) is the loss incurred by model = on data stored on worker
i. The loss function f; : R¢ — R often has the form of expectation of some random function f;(z) := E¢p, [fe(z)]
with D; being the distribution of training data owned by worker 7. In federated learning, these distributions can be
different (so-called heterogeneous case). This finite sum function form allows us to capture the distributed nature of the
problem in a very efficient way.
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Algorithm 1 DCGD method with master compression

n

1: Input: starting point z° € R%; §°,¢¥ € R fori = 1,--- ,n (known by nodes), 3° = 1 3" | ¢
master); learning rate v > 0, worker compressor M™ , master compressor M
2: fort =0,1,2,--- , T —1do

9 (known by

?

3:  Server broadcasts §* to all workers

4: for all devicesi = 1,...,n in parallel do

5. gt = gt — gt

6 gt = MY(V (@)

7: Communicate gf“ to the server

8:  end for

9:  Server aggregates received gradient estimators gt*1 = L 3" | gttt
0. gttt = MM(gt+1)

11: end for

The most effective models are frequently over-parameterized, which means that they contain more parameters than
there are training data samples(Arora et al., 2018)).

In this case, distributed methods may experience communication bottleneck: the communication cost for the workers
to transfer sensitive information in joint optimization can exceed by multiple orders of magnitude the cost of local
computation(Dutta et al.,[2020). One of the practical methods to transfer information more efficiently is to apply a local
compression operator (Seide et al., 2014} Suresh et al., 2017; Konecny & Richtarik, [2018)) to the model’s parameters
(gradients or tensors) communicated across different clients.

Definition 1. A (possibly randomized) mapping C : RY — R is called a compression operator if transmission of
compressed tensor C(x) incurs less communication cost than the transfer of initial tensor x.

Although compression decreases the number of bits transferred during each communication cycle, it also introduces
extra compression errors. As a result, the number of rounds necessary to obtain a solution with the appropriate
accuracy typically increases. However, as the trade-off frequently appears to favor compression over no compression,
compression has been proven to be effective in practice.

Distributed Compressed Gradient Descent (DCGD) (Khirirat et al.,2018) provides the simplest and universal mechanism
for distributed communication-efficient training with compression. With the given learning rate -y, DCGD implements
the following update rule

e '}/% Z glt’ glt = Mf(sz(xt)) 2)

Here, g! represents an estimated gradient, the result of the mapping of original dense and high-dimensional gradient
Vfi(z*) € RY into a vector of same size that can be transferred efficiently with far fewer bits via M! compression
mechanism.

In some cases (Tang et al. [2020; Philippenko & Dieuleveut, [2020; [Fatkhullin et al., [2021), it is desirable to add
compression on the server side to have efficient communication between the server and clients in both directions. One
could easily extend the general framework of DCGD to the case of bidirectional compression. If we define the general
master compression mechanism as M** and the worker compression mechanism as MZ.W’t, we could formally write
the general bidirectional DCGD algorithm as Algorithm I]

2 Motivation and Background

Our primary motivation in this work is to design a compression mechanism that can vary the level of gradient
compression depending on a local optimality condition. This section of the paper introduces several key concepts
essential for the proposed adaptive scheme. We describe constant contractive compressors, discuss what adaptive
compressors already exist in the literature, and rehash a lazy aggregation mechanism — the precursor for our adaptive
compression.
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Table 1 Summary of adaptive compressed methods. AdaCGD, proposed in this work, is superior to its counterparts in all
three settings.

Paper Any C? Theory? Strongly convex rate®™ Convex rate General nonconvex rate
Jhunjhunwala et al.|(2021) X X X X X
Abdelmoniem & Canini|(2021) X X X X X
2
max{r, - T}
. . 1 n 2 LAg e
Honig et al{(2021) X m T X O(—=+ +7)
. Laryo
Qu et al|(2021) X X X o(—)
Zhao et al.[(2022) X linear ) X X
Mao et al.|(2021) X linear ¥ X X
Khirirat et al.{(2021) X X X X
4 o2 A
Mishchenko et al.|(2022) x @ x O(ffe 4 Zetey o(ZL 4 e
. T M 24y Mg+C3/Amin
THIS WORK (1-min {2, Amin}) O (%) o (ﬁ)

() Rates, as suggested in the original paper, are derived from (Reisizadeh et al., [2020) and calculated for non-local full gradient setup
@ =0,7 = 1.

 We show the rate for non-local full gradient setup, i.e. o2 =0andT = 1.

© Their work does not present any explicit rate.

@ & > 0is a parameter of IntSGD algorithm.

 This column incorporates rates for the Polyak-Eojasiewicz nonconvex setting for its similarity with the strongly convex setting.

Notation: k = TLL {C;}3_, are scalar constants, A, = |z° — z*|2,Ay = f(zo0) — f*, My = max{L_ +

/2Bmax __1 _ / Bmax I ;
Ly A, g — }.My=L_+ L4 e (see Lemma!fordelalls).

2.1 Constant contractive compressors

Most methods employing gradient compression mechanisms use a compressor with a constant compression level. In
this approach (Beznosikov et al.l 2020; Khirirat et al., 2018)), one sets

Mi(x) = C(x), 3)

where C : R? — R¢ is a compression operator. There are two large classes of compression operators (or compressors)
widely presented in the literature: i) unbiased compression operators and ii) biased or contractive compression operators.
Our focus in this paper is on biased operators, the definition of which we provide below.

Definition 2 (Biased or contractive compression operator). A mapping C : R? — R? is called biased or contractive
compression operator if there exists 0 < a < 1 such that

E[[C(z) —2|?] <(1—a) |z ~ VzeR™ )

Top-K (Alistarh et al., 2018)) and adaptive random (Beznosikov et al.,|[2020) sparsification compressors are typical
examples of contractive compressors. Due to the biased nature of these compressors, until recently, there was a gap
between the experimental and theoretical development of gradient descent methods based on contractive compressors.
Thus, during the last years, algorithmic approaches have provided several methods of high practical importance, most
notable of which is the so-called error feedback mechanism (Seide et al.,[2014), fixing a divergence issue that appeared in
practice and theory (Beznosikov et al.,[2020). In contrast, in the theoretical development, until very recently, analytical
studies offered weak sublinear (Stich et al., 2018; |Karimireddy et al.| 2019; Horvath & Richtarik} 2021) convergence
rates under, in some cases, strong unrealistic assumptions. Recently, |[Richtarik et al.| (2021) fixed this by providing
a novel algorithmic and theoretical development that recovers GD O(1/T) rates, with the analysis using standard
assumptions only. [Fatkhullin et al.| (2021) subsequently extended the framework by including several algorithmic and
theoretical extensions, such as bidirectional compression and client stochasticity. Despite these advances, there are
still many challenges in the theoretical understanding of these methods. One such challenge is a lack of a thorough
theoretical study of error feedback methods in a convex setting.

2.2 Existing adaptive compressors

Using a static compression level of the compressor for all clients could limitate the optimization framework’s capability.
Conversely, adjusting the compression level for every client could help reduce overall training time, for example, in
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Table 2 Comparison of convergence guarantees results of methods employing lazy aggregation.

Adaptive Bidirectional Str cvx PL General
Method o Cvx case

compression? case case noncvx case  NONCVX case
LAQ (Sun et al.[[2019) X X X X X
LENA (Ghadikolaei et al., [2021) X X
LAG (Richtarik et al.|[2022) X X X
cLAG (Richtarik et al.;|2022) X X X
AdaCGD (NEW, 2022)

hardware heterogeneous cases (Horvath et al., 2021; |/Abdelmoniem & Canini, [2021)).Ideally, the optimizer should be
able to define the particular compression level for each client separately based on the local client’s data.

Despite the significant practical interest in developing such methods, there is currently little research and understanding
of adaptive mechanisms of this type. Only a few papers (Qu et al.,[2021; |Honig et al., 2021} [Mishchenko et al.,[2022)
provide convergence guarantees with explicit rates, and most of them are designed for the specific type of compressors
only, mostly quantizers. So, in (Jhunjhunwala et al., 2021), the authors design a mechanism for adaptive change of

quantization level sk~ . ;Eii; of a random dithering operator (Alistarh et al.| 2017). DAdaQuant (Honig et al.| [2021)
and FedDQ (Qu et al.,2021)) suggest ascending and descending quantizations throughout the training. AQUILA (Zhao
et al., [2022)) and AGQ (Mao et al.| 2021) build an adaptive quantization on top of the Lazily Aggregated Quantized
(LAQ) gradient algorithm (Sun et al., 2019). IntSGD (Mishchenko et al.l 2022) adaptively sets the scaling parameter a*
of a vector plugged in a randomized integer rounding operator. CAT S+Q (Khirirat et al.| 2021) proposes an adaptive
way to choose k: the top-k elements of the gradient at iteration ¢, only signs of which clients send to the server along
with the gradient norm. Table[I] provides a detailed comparison of these works.

2.3 Adaptive compression via selective (lazy) aggregation

We revisit the LAG mechanism, proposed by [Chen et al.| (2018]), and consider it an alternative way to embed adaptivity
into the framework by introducing communication skipping. According to the lazy aggregation communication scheme,
each worker ¢ only shares its local gradient if it is significantly different from the last gradient shared previously.
Otherwise, the worker decides to skip the communication round. One can consider LAG as an adaptive mechanism that
chooses between two extremes: sending a full gradient or skipping the communication round.

Richtarik et al.[(2022) recently extended this idea by introducing the CLAG algorithm that dispatches a compressed
update when an old gradient estimate differs too much from the gradient at a new iteration or skips the communication
at all. At each iteration of the algorithm, worker ¢ updates its gradient estimate gf'H by the following rule:

t t+1 AN t+1 t)|2 t+1 £y]12
i1 _ )9 HC(VLia™) —gf) i [V = gil* > VG = Vi), 5)
‘ gt otherwise,
where ¢ > 0 is a trigger parameter, g} is a gradient estimate at previous iteration, and C is a biased compression operator.
When the condition in the first line, called a trigger condition, fires, worker i sends an update C(V fi(xz'™!) — g?) to
the server that smartly aggregates updates from workers and gets new full gradient estimate ¢g**' = (1/n) S°1, gi*™.
When the trigger condition does not fire, worker 7 skips communication, which means gf'H = g!. Trigger parameter
(¢ controls how frequently the trigger condition will fire, i.e., how often clients skip communication. The update rule
in Equation (3)) also could be seen as an adaptive compression switching between two extremes: compressing at a
pre-defined compression level or compressing at the maximum possible level, in other words, not sending anything at

all.

Although both LAG and CLAG perform well in practice, their fixed and limited compression levels could restrict their
performance and make these methods sub-optimal. It is of particular practical interest to create a more general method
with evolving fine-tuned compression levels.

3 Summary of Contributions

We highlight our main contributions as follows:
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o New class of adaptive compressors. In (Richtarik et al., 2022), the authors propose the different classes of
compressors unified through a single theory. Despite the large variability of the compression mechanisms, including
the algorithms with lazy aggregation rule, the compression level in all of the considered algorithms is pre-defined
and constant during the training. In this work, we take a step further and formulate an extended class of adaptive
3PC compressors (Ada3PC) with tunable compression levels defined by some general trigger rules. As original 3PC
compressors, this class of compressors is very general and includes several specific compressors such as AdaCGD, which
includes EF21 and CLAG as special cases. We build Ada3PC compressors upon a large class of biased compressors, such
as Top-K and adaptive random sparsification.

e Convergence guarantees with strong rates unified by a single 3PC theory. We provide a strong convergence
bound for strongly convex, convex, and nonconvex settings. Compared with the adaptive methods outside the 3PC
context, we provide a more elaborate theory with better convergence rates. For AdaCGD, we recover O(1/T) rate of GD
up to a certain constant in general nonconvex case. It is superior in comparison with O(1/+/T) rate (Honig et al., 2021}
Qu et al.} 2021) for SOTA in adaptive compression outside 3PC context. The convergence theory in a convex set is of
particular interest due to its novelty even in the case of 3PC for some key cases of AdaCGD, such as EF21 and CLAG. In
other words, it is a new SOTA result for the error-feedback method in the convex setting.

o Extension of 3PC theory with bidirectional compression. We extend 3PC methods with bidirectional compression,
i.e., we allow the server to compress as well.

Table 2| compares AdaCGD with other described in the literature lazy algorithms.

4 Ada3PC: A Compression-Adaptive 3PC Method

4.1 3PC compressor

Richtarik et al.[(2022) introduces the general concept of three point compressors. Here we provide its formal definition
for consistency:

Definition 3. We say that a (possibly randomized) map Cj, , () : R? x R? x RY — R?is a three point compressor

he ye TE
(3PC) if there exist constants 0 < A < 1 and B > 0 such that the following relation holds for all z,y, h € R?

E [[IChy(2) — 2]?] < (1 = A)||h = yl* + Bllw - y*. (6)
Authors show that EF21 compression mechanism satisfies Deﬁnition Let C : R — R? be a contractive compressor
with contraction parameter «, and define
Ciy(@) :=h+C(x — h). (7)
If we use this mapping to define a compression mechanism M via (2) within DCGD, we obtain the EF21 method.

Another variant of 3PC compressors introduced in (Richtérik et al., 2022} is CLAG compressor. Let C : R? 5 Rebea
contractive compressor with contraction parameter .. Choosing a trigger ¢ > 0, authors define the CLAG rule

®)

oty [P Cla =) i = B > Gl =y,
Y h, otherwise,

If we employ this mapping into DCGD method (2) as communication mechanism M¢, we obtain CLAG. It includes LAG
compressor C* as a special case when compressor C is identity.

4.2 Adaptive 3PC compressor

We are ready to introduce the Adaptive Three Point (Ada3PC) Compressor.
Definition 4 (Ada3PC compressor). Let C!,C2,...,C™ be 3PC compressors: C' : R3¢ — R? for all i. Let

Py, P, ..., Py,_1 be conditions depending on h,y,z, i.e. Pj : R? x R? x R? — {0,1} for all j. Then, the
he ye Te
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adaptive 3PC compressor, associated with the above 3PC compressors and conditions, is defined as follows:

C,lly(a:) if Py(h,y,x),
Ciry(x)  elseif Py(h,y,x),
Gl (z) =12 ..., )
Cpr () elseif Py (h,y, @),
¢, (@) otherwise.

Ada3PC compressor first finds the smallest index j for which P;(h,y,z) = 1 (if such index does not exist, we set
7 = m). Then, Ada3PC applies C/ compressor on vector x.

4.3 Adaptive Compressed Gradient Descent

There are many ways to define meaningful and practical compressors in the context of the adaptive 3PC framework.
Here we provide one particular, perhaps the simplest scheme, which we define as AdaCGD. In this scheme, we have
a set of m EF21 compressors {C ( )} je1...m sorted in order from the highest compression level to the lowest, i.e.
a; < ... <y, where o is a corresponding contractive parameter of the j-th compressor. For example, if we use
Top-K in CEF compressors, the first and last indices correspond to the compressors with the smallest and the largest K,
respectrvely We choose the first compressor, i.e. with the strongest compression, which satisfies a trigger rule. We
design the j-th trigger rule following an intuition of lazy aggregation rule:

Py = lz = ¢ (@) < Clle -yl (10)

As in the original LAG rule, the left side of (T0) presents the difference between the actual gradient and its estimate,
while the right side compares gradient differences on neighboring iterations. The key difference of (T0) trigger from
LAG and CLAG rule () is that the left side of this trigger condition depends explicitly on the level of compression.
This feature is essential as it enables the desired rule-based compressor selection. Altogether, we can define AdaCGD
compressor formally.

Definition 5 (AdaCGD compressor). Given the set of m EF21 compressors {C ( )}jet...m. sorted in descending
order of compression level and ( > 0, adaptive AdaCGD compressor is defined wrth a switch condition as follows:

h if |z — Al yl?,
Co ot (x) else lfllaf—CEF Ha)ll? < ¢l -yl
ciC(x) =4 ..., (1)
Croy ™ ) elseif o — Cpy " (@) < Cllw — g1,
CEI; " (x) otherwise.

If C,};]I; "™ uses Top-d compression, i.e., identity operator, AdaCGD is an adaptive compressor composed of the whole
spectrum of compressors from full compression, i.e., communication "skip", to zero compression, i.e., sending full
gradient. Since the standalone "skip" connection is not 3PC operator, it may not be evident that AdaCGD is a special case
of Ada3PC. For this reason, here we provide the following lemma:

Lemma 1. AdaCGD is a special case of Ada3PC compressor.
It is easy to see that if { = 0 AdaCGD reduces to EF21. Similarly, CLAG is a special case of AdaCGD when m = 1.
5 Theory

In this section, we present theoretical convergence guarantees for Algorithm [T]with Ada3PC compressors in two new
cases presented in Table[2] The results for general and PE nonconvex cases can be found in the appendix.
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5.1 Assumptions

We rely on standard assumptions to get convergence rates of Algorithm 1]

Assumption 1. The functions f1, ..., fn : R? — R are convex, i.e.
filz) = fily) = (Vfily),z — y) 2 0, Y,y € R",Vi. (12)
Assumption 2. The function f : R* — R is L_-smooth, i.e.
IVF(z) = VW)l < L-|lz =yl Yo,y € RY. (13)

Assumption 3. There exists Ly > 0 such that 237 ||V f;(z) — Vf;(y)|? < Li||lz — y|* forall z,y € RY. Let
L be the smallest such number.

We borrow {L_, L } notation from (Szlendak et al | [2022). Assumption avoids a stronger assumption on Lipschitz
smoothness of individual functions f;. Moreover, one can easily prove that L_ < L.

The next assumption is standard for analysis of practical methods (Ahn et al., 2020), Rajput et al.| (2020). However,
compared to previous works, we require a more general version.

Assumption 4. We assume that there exists a constant 0 > 0 such that E[||zt — 2*||?] < Q?, where z' is any iterate
generated by Algorithm[l]

Assumption 5. The functions fi, ..., f, are differentiable. Moreover, f is bounded from below by an infimum f*f € R,
ie. f(x)> fi forall x € RY

5.2 Adaptive 3PC is a 3PC compressor

While this may not be obvious at first glance, Adaptive 3PC compressors belong to the class of 3PC compressors. We
formalize this statement in the following lemma.

Lemma 2. Let C* be an adaptive 3PC compressor. Let {C'}™ | be 3PC compressors associated with C*, i.e. for all i
there exists constants 0 < A; < 1 and B; > 0, such that for all h,y, x € R4

E|Chy(x) — 2l < (1= A)l[h = ylI* + Billz — y]*.

Then, C°? is a 3PC compressor with constants Ay, == min{Ay, ..., A} and By := max{By,..., B, }.

Proof. Let us fix h,y,x € R? and let j be the index, such that P;(h,y,2) = 0 for all i < j and, if j < m,
Pj(h,y,x) = 1. Then,

; ©®
El|Cisy () — z|* = E|C} , (2) — 2|* < (1 = A)|[h = y[* + Byllz — y|®
< (1 - Amin)”h - y”2 + Bmax”x - y||2

O

In the definition of Ada3PC compressor, we never specify what conditions P;s are. They are completely arbitrary! The
latter enables us to build infinitely many new compressors out of a few notable examples, presented in (Richtarik et al.,
2022).

5.3 Convergence

In this subsection, we show how assumptions we make about minimized functions and compressors affect the conver-
gence rate of Algorithm
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Convergence for convex functions. The first result assumes that MW in Algorithm is a 3PC compressor, MM is
an identity compressor: MM(z) = x Vx € R%

Theorem 6. Let Assumptions and hold. In Algorithm assume MY is a 3PC compressor, MM is an identity
compressor, and the stepsize vy satisfies 0 < v < 1/M, where M = L_ + L4/ %. Then, for any T > 1 we have

E[f(x7)] - fa*) < max {1, 4} 2242,

where ' := f(a") — f(a*) + 5 £ XIL, [V fi(at) — gI|” for any t > 0.

The theorem combined with Lemma [2]implies the following fact.

Corollary 1. Let the assumptions of Theorem @ hold, assume MY is an Ada3PC compressor, MM is an identity

compressor, and choose the stepsize v = %23 Then, for any T > 1 we have
Lot L/ e

E[f(@7)] = f(a*) < max {L_ + Ly, [Bune, 1] 205000

Thus, to achieve E [ f(z)] — f(x*) < € for some € > 0, the Ada3PC method requires

T=0 (maX{L + Ly /2 max, Al- } 2(92:<I>g)>

iterations.

Convergence for bidirectional method. Here, we analyze the case when meaningful compressors are applied on
both communication directions, i.e., both MM and MW are 3PC compressors.

Theorem 7. Let Assumptions and @ hold. Let M™ and M" be 3PC compressors and the stepsize in Algorithm be
set as

0<< ! . (14)
L +Ls \/ ODUEYE 287 (14 22GTA )
Fix T and let 27 be chosen uniformly from {z° xt, - 2T~} uniformly at random. Then
E[[[v/@D|*] < 25 (1)
where Wt = f(') = £ + 3y llg® = 5111° + G (1+ 22622 ) LS00 (gt =V fi(at) | for any t > 0.

In the theorem, superscripts “M” and “W” denote master and worker compressor parameters, respectively. Theorem 7]
implies the following corollary.

Corollary 2. Let the assumptions of Theorem |z hold, assume MM and MY are Ada3PC compressors and the stepsize

1

v = .
68 BW +1) 2BV 3BM  (2—AW )
L7 +L+ \/ ma:;:M max ) + A max (1+ a‘AM min

min min min

Fix T and let 37 be chosen uniformly from {z°,x*,--- 2T =1} uniformly at random. Then, we have

2\1/0 <L+L+\/ th]a:jq(jmax+1)+2fz§/]ax (1+ Bma);(2 Amln))>
A 2 min min min
E[|[viaD|] < . |

Thus, to achieve E |||V f(21)] ||? < €2 for some € > 0, Algorithmrequires

M w w AW
20 L_+L, GBxxxa;j:Afrxxax+1) + fnldx (1+ BHI&XA(; nun)>
0 min min min

T

T =

iterations.
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6 Experiments

In this work, we use the similar setup described in (Richtarik et al., [2022). Namely, we aim to solve the logistic
regression problem with a nonconvex regularizer:

d 2

N
: R | —yia] Tj
Iuin f(z) =+ i§:110g(1 +e )+ /\;:1 7 |

where a; € R, y; € {—1,1} are the training samples and labels with regularization hyperparameter A > 0 are chosen
at A = 0.1 level. In training we use LIBSVM [Chang & Lin|(2011) datasets phishing, ala, a9a. Each dataset has been
split into n = 20 equal parts, each representing a different client.

{=0.16 =054 {=2171 ¢ =256.00

- EF21-x16-topl
LAG=1
—k— CLAG=I6-topl
10-5 A= AdaCGD-x4 10-5 ~A— AdaCGD-x4

»— GDxl —»— GDxl

0 5000 10000 0 5000 10000 0 5000 10000 0 5000 10000
#Mbits/n #Mbits/n #Mbits/n #Mbits/n

- EE21-x16-topl
LAG=x1L
4~ CLAG-x16-topl

- EF21-x16-topl
LAG=1

- EF21x16-topl
LAG=x1
—— CLAG-=x16-topl —k— CLAG-x16-topl

10-5 A AdaCGDx4 10-5 A AdaCGDx4
+— GDxl »— GDxl

104 10+ 104

Figure 1: Comparison of LAG, CLAG, EF21 and GD with AdaCGD on phishing dataset. 1x,2x,4x (and so on) indicates
the multiplication factor we use for the optimal stepsizes predicted by theory.

Figure [I| compares AdaCGD with other 3PC methods. We fine-tune the stepsize of each considered algorithm with
(20,21 ..., 28) multiples of corresponding theoretical stepsize. As a contractive compressor, we use the Top-k operator.
For EF21 and CLAG, we use the top-1 compressor, which is usually the best practice for these methods. In the experiments,
AdaCGD is shown to be comparable and, in some cases, superior to CLAG and always superior to LAG. In other words,
AdaCGD efficiently complements CLAG and other 3PC methods. Additional experiments and details are available in the
appendix.
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APPENDIX

In Appendix [A]we state the basic facts needed for detailed proofs of the propositions. In Appendix [B] we provide the
proofs missing in the main part of the paper. Appendix [C|contains experimental details and extra experiments. We
briefly discuss the main limitations of the paper in Appendix D]

Contents
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A Basic facts

We start the appendix with common math facts. Lemmas [3]and d] present classic Cauchy-Schwartz inequality for vectors
in metric space and random variables in probabilistic space, respectively. Lemma[5]shows a classic upper bound on
quadratics. Lemma 6] provides a sufficient condition that ensures a quadratic inequality appearing in our convergence
proofs holds.

Lemma 3 (Cauchy-Schwartz inequality for arbitrary vectors). Let x,y € R be arbitrary vectors. Then, the following
inequality holds

(@ o)l < [l=llyll, (16)

where (-,-) and || - || denote the inner product and the induced norm, respectively.

Lemma 4 (Cauchy-Schwartz inequality for random variables; section 6.2.4 of (Pishro-Nik}|2014)). For any two random
variables X and Y, we have

[E[XY]| < VE[X?]E[Y?], (17)

where equality holds if and only if X = oY, for some constant o € R.
Lemma 5. Let a, b, c,d € R? be arbitrary vectors. Then, the following inequalities hold

lla = blI* < 2(la — ¢l|* + [lc = ]1*), (18)
la —0)1* < 3(lla — c]|* + lle = dlI* + [|d — b]]*). (19)
Lemma 6 (Lemma 5 of (Richtérik et al.,[2021)). If0 <~ < ﬁ, then ay? + by < 1. Moreover; the bound is tight
; T S | 2
up to the factor of 2 since = < mln{ﬁ, 5 < NS
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B Proofs for Sections 4 and

B.1 Lemmafil

At first glance, AdaCGD does not seem to be an Ada3PC compressor. However, we can construct an Ada3PC compressor,
which is equivalent to AdaCGD.

Lemmal[l} AdaCGD is a special case of Ada3PC compressor.

Proof. Let us consider the following Ada3PC compressor constructed from one LAG compressor and m EF21 compressors.

heoif o —h|2 < Clle—yl?
C}A6 = - Tif ||z = A2 < ¢l —y?,
= otherwice. lz = B2 < ¢l — o]
EF ,1 . EF .1 ) )
Ise if ||x — < —
Coy () = 4 Crw” (@) else if [lz — 'y (@)1 < CJlv — |2,
EF ,m— . EF ,m—
Cyy " (@) else if [lz — Cy ™ (@) < ¢l — y?,
Ci]:j 1; () otherwise.

If |z — h||? < ¢|lz — y||% then Cp, ,, applies the LAG compressor to x. This LAG compressor in turn outputs , as it does
C;?Cy for the same condition. If the opposite is true, i.e., ||z — h||? > (|lz — y||%, Cp , checks the same conditions and

chooses the same compressor as Cfl\(;. Thus, Cﬁ% is equivalent to Ada3PC compressor Cj, . 0

B.2 Theorem

The proof of Theorem [f|requires several auxiliary results. Lemma 7] states the descent lemma typical for the analysis
of biased compressors. Lemma [§] shows how individual 3PC compressors, applied at clients, affect the aggregated
divergence of gradient estimates from gradients. Lemma@presents a technical upper bound on Lyapunov function ¥,
Lemma 7 (Lemma 2 of (Li et al.l 2021)). Suppose the function f is L_-smooth and x**! = 2t — ygt, where g* € R?
is any vector, and v > 0 is any scalar. Then we have

1 L_

Fat*) = ) < =IO = (5 = 55 ) I =o'+ et - VO 20)

Lemma 8 (Lemma B.3 of (Richtarik et al., [2022)). Let Assumption@hold. Consider Algorithmmwith 3PC compressor
MY and identity compressor MM. Then for all t > 0 the sequence

1 n
t E (2t — gtl1?
¢ = ni4 IV fi(z") — gl @D
satisfies
E [GH_l] <(1-AE [Gt] + BLﬁ_IE [thH B xtHQ} ’ @

where A and B are parameters of MV

Lemma 9. LetAssumptionhold. Let Lyapunov function ¥t := f(x?) — f* + %Gt. Then, for any t > 0, the following
inequality holds

EV' < ¢ (ENVF@)IP)+SEG?) (Elllet - 2| + TEIGY). @3)

where x* is any point belonging to Argmin f(x).

Proof. By definition of convexity we get

Byt = Ef(mt)—f*+%EGt

D mvreat - o)+ %IEGt
- o{[oren ] - )

15



Under review as submission to TMLR

By applying Cauchy-Schwartz inequality on vectors and random variables we finish the proof

(enn - )

D[\ I9s60le+ JBar st - a2 + LB

2 ¢ (ENVF@I + SEG) (Elllet —a*?] + TE[GY).

Now we are ready to prove the main theorem.
Theorem@ Let Assumptions EI and hold. Assume the stepsize v of algorithm satisfies 0 < v < 1/M, where
M=L_+ L4,/ %. Then, for any T > 0 we have

1 1) 2(92+ 90
]E[f(xT)]—f( )<rnax{7 A}T'

Proof. Combining Lemma 7] Jensen’s inequality , we get

F@ ) = f@') < —2 IV - (1 - L) LA Z s Zm

2y 2
v 112 1L t+1 2 t )12 (24)
< L N _ 1= t .
<295 - (5 - 5 ettt = 2P + M;n% Vi)
__7 2 (L L- t+1 2 4 ot
—-JIAOI? - (5 - 5 ) ettt - o+ e
Now applying Equation (24) and Lemmal 8] on the difference of Lyapunov functions, we obtain
B[] -E[W] = E[fe) - f@)] + IE[6H] - IR (6]
@ 1 L_ ¥
2 IR0V - (5 - 5 ) B lle - 2P + JE [0

TR [Gt+l] _ %]E [Gt]

@ 1 L.
2 IRV - (5 - 5 ) Bl - o]
+- [(1 = AEG") + BLZE |« — o' - E[GY]] -
Rearranging the term, we get
1 L. ~vBL? A
E[W]-E[W] < -2 [IV/)IP] - (7 -5 *) E[llo™+! —o*|?) - S3E [¢"].

‘We further note that

2
1 L_ ’YBL+ ZO@LQ %7 tLy< 1Lemma.’yg 1 '
L_+ L%

Appropriately chosen stepsize gives

E [0 —E[¥'] < - mln{

b0l
v i

b RNV + JEE).
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Rearranging the terms, we have

E[U'] —E [¥'H!]

E ||V + ]E G' < 25
I97HIP)+ FE 6] < =y es)
from what we deduce that E [¥' 1] < E [¥].
Using Lemma[9)and (23), we have
EVHEY < (BEUY)’ < (]E IV £ + %Eet) (E [l — 2*[12] + %E [Gt])
E t _ x|2 ’YE Gt
< [”73 z*|| } [G°] (E [\I/t} _E [\I,H»l])'
min {1, 2
Using that JE [G'] < EW¥' < ¥ and E [||z° — 2*||?] < Q2, we obtain
02 \1/0
EV'HEP < hi (E[¥'] —E [w"]).
min {7, 2
Rearranging again, we get
min {3, 2 1 1
Q24+ 90 — \E[WHH]  E[W! )
Summing up from ¢ = 0to ¢t = T — 1, we finish the proof
E [f(z")] - f(2*) <E [¥7] < max 22198+ 00 (26)
- - v A T
O
B.3 Theorem[7]
Algorithm 2 3PC-BD (Bidirectional 3PC algorithm)
1: Input: starting point z° € R%; ¢°, e R? fori = 1,--- ,n (known by nodes), §° = % > 3¥ (known by master);
i=1

learning rate y > 0.
2: fort =0,1,2,--- , T —1do

3 Broadcast g* to all workers
4:  for for all devices z' =1,...,nin parallel do
5. gl = gt — ygt
~t+1
6: g£+ = gf,Vfi(xf)(vfi(xt+l))
7 Communicate §'™* to the server
8: end for
9. gitl=1 Z st+1
10: CM ( )
11: end for
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For Theorem we assume that both compressors M" and MM in Algorithm are 3PC compressors. The main steps
of the algorithm are:

2t = gt — gt

~f-|-1 C~f Vi t)(vfl( t+1))

n

1
~t+1 ~t4+1
gt+ _ ﬁ Z gt

i=1
M 1
g =Col (3
n
Unlike in the previous subsection, we use additional notations: P! := |[|gf — Vfi(z!)|*, P! L5 P!and
i=1

Rt = Ha:“’l — mt||2.

Lemma [T0]is an analogue of Lemma [§] (in bidirectional case we need slightly different arguments at some steps).
Lemmal|l 1]is another technical lemma that upper bounds E [||g* — §*] ||%.

Lemma 10. Let Assumptionhold, C" be a 3PC compressor, and f]f"'l be an 3PC-BD estimator of V f;(x'*1),i.e.
gt = C;”;,Vfi(zt)(vfi(xtﬂ)) @27
for arbitrary g9 for all i € [n],t > 0. Then
E [P <(1-AYE[P'] + BYLIE[R']. (28)
Proof. Define Wt := {gt,--- g, o', x'"1}, then
B[] B [B [PE | W]
) []E [Hgfﬂ B sz‘(xtH)HQ | Wt”
2
~E [E Mcgg,vh(zt)(vfi(le» - Ve WtH (29)

(- e [Jgt - VA6 + BUE[IVAG) - VA

n

Averaging the above inequalities over i € [n], we obtain (Z8). Indeed,
1
=D B[R]
n

IR pi+l
EZ i i=1

2 20— [t - TAE] + L 3 B | - VA

i=1

E |:Pt+1} —E

— (1-AVE[P'] + Bwle[Hw o) = fiah)|’]

Aésumptzon@ W . W2 41 ty2
< (1—-AME [P"] + BYLE|x x|

— (- AME[P] + B I2E[RY.

O

Lemma 11. Let Assumptions |3| and @ hold, CM C¥ be 3PC compressors. Let gﬁl be an 3PC-BD estimator of
Vfi(xtth), ie.

9" = Cgt gy (V") G0
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n
and let g** be an 3PC-BD estimator of g+ = 2 3~ i, iie.
i=1

9" = Cyr g (") 31
for arbitrary ¢°, §? for all i € [n],t > 0. Then
E[[lg" =g °] < (1= A"ME [g' - 3']°] + 3B"(2 — AME[P'] + 3B"(B” + DIZE[R'],  (32)
where g = 371 gb,9" = 5 30t

Proof. Similarly to the proof of Lemma we define Wt := {gt,--- gt x' x'T'} and bound E {Hg“r1 — gttt ||2} :

B[l g+ ] = [E [l g 1w
{ {HC (G — ~t+1H2 |Wt”

@u—AMm (gt = 37] + BME[lg™* - 2°IF] (33)

Further, we bound the last term in (33)). Recall that

n 1 n

} 1. w
I =2 0" = 0D G (VAGET). (34

|
— [Hctw o) (Vi) — gt 2]
? % [HC L g (V™)) = vfi(wtﬂ)Hz}

1=

Then,

thvm) Vi@t - gi

el ] - [

S B (1A - Vel LY v -l

=1

I/\@

3(1— AY)= ZE“V}S gf»Hg}—l—:%BWﬁZE{HVfi(xt“ = Vfi(a")|’]

i=1

3SR [|v At - VaG[] + ZE[HW -4’
=1

AssurrgtiONEB(Q — AME [PY] +3(BY + 1)[2E [thﬂ —at|| }
=3(2—- AM)E [P'] +3(BY + 1)L3E [R], (35)

where the first inequality follows from Young’s inequality. Plugging (33) into (33) we finish the proof:

B [Hgtﬂ _ §t+1H2} <(1-AME [Hgt _ gtHﬂ +3BM(2 — AV)E [P!]
+3BM(BY + 1) LAE [R'] .
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Having proved the previous lemmas, we can now show the convergence of bidirectional 3PC algorithm.

Theorem[7} Let Assumptions[3|and[d|hold, and let the stepsize in Algorithm2)be set as

-1
6BM(BV+1) 2BW 3BM(2 — AW)
0<y< (L_ + L+\/ Vi + Y <1 + Vi . (36)
Fix T and let &7 be chosen uniformly from {x° ', --- 2T~} uniformly at random. Then
200

E||vr@n|] < = 37
IVIEOI| < 5 (37)

where WT = f(a%) = f" 4 g lg" = 317 + G (14 2Z522) L0 9t - Vi)

Proof. We apply Lemmaand split the error || gt — V f () H2 into two parts

1) D e - JIv@I - (5 - 5 ) R+ et - Vi)
2 1) - 2N - (5 - 5 ) R+ 2l = V1P g - o
1 L = .
< 1) - LIS - (22) F Sl VGO o
— 1) = FIVF@I - (5= 55 ) B+ aP o 68)

where in the last inequality we applied Young’s inequality. Subtracting f™f from both sides of the above inequality,
taking expectation and using the notation 6* = f(2?) — f*f, we get

L
B 0] <B 0] - 38 [I9/0] - (5 - 5 ) EIR] + B [P+ [l - o] o9
Further, Lemmas [T0]and [TT] provide the recursive bounds for the last two terms of (39)
E [P <(1-AME[P']+BYLIE [R'], (40)
E [Hgtﬂ _ gt+1||2} <(1-AME [Hgt il } +3BM(2 - AV)E [P!]
+3BM(BY +1)L3E [R'] . (41)

Summing up (39) with a - multiple of @) we obtain

E [5*1] _,_A%[E [Hgt_gtH?} <E 6] —’VIE [va )l ] <_2>]E[Rt]
+E[P] +1E [~ o' |]

g (=l - 1)

+ TM (3BM(2 — AV)E [P'] 4+ 3BM(BY + 1)L3E [R'])

E 0] - JE[[V/@)I] + 2E [lo" - ']

1 L, 37BM(BW+ 1)L2
(2 S B [
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. . . . ~ 3BM (2— AW) .
Then adding the above inequality with a 7 ( 1 + ==—;5—— ) multiple of {#0), we get

Mo _ AW
B (1] =B (5] + k[l - 7)) + g (14 20w )

<E[8] - JE[IVF@)IP] + B |lls" - I’

1 L_ 3WBM(BW +1)L2 / 3BM(2 — AV) ,
B o +)1{«:[11zf]+fy(1+AM)IE[P*]
BM(2 — AV
- % (1 - 3(AM)> (1—-AY)E [P'] + BYLE [R'])
)12 vy 3BM(2 — AW) ~
<E[5]+ gk [ls' - o] + g (1+ 252 ) B () - B [I9se0)]
1 L. 3yBMBY+1)Li ABVLZ 3BM(2 — AV) .
(o e () e @
Thus by Lemma|6|and the choice of the stepsize
-1
M(BW W M(9 _ AW
OS7<<L+L+\/GB (§M+1)+25M (1+3B (ZMA ))> ) (43)
the last term in (@2)) is not positive. By summing up inequalities for t = 0,1,--- ,7 — 1, we get
0<E[¥"] <¥ - VZE[\W -
Multiplying both sides by % and rearranging we get
T—1
1 12 200
- ;E Ivr@H]*] < T
O

B.4 Convergence for general nonconvex functions

The results in two subsequent subsections set M™ as a 3PC compressor and MM as an indentity one. According
to Lemma@, Adaptive 3PC is a 3PC compressor. Thus, convergence results from (Richtarik et al.| [2022) are valid for
Adaptive 3PC compressor. It leads us to the following corollary.

Corollary 3 (Corollary 5.6 of (Richtdrik et al.L[2022)). Let Assumptions|2) E]and@hold Let MY and MM in Algorithm[I]
be Ada3PC and identity compressors, respectively, and choose the stepsize v = ————————. Then, for any T > 1
_ +L+ IY!?X

we have
2(/(2°) — F@) (Lo + Ly /Bmx) RIS 100 - G f(a0))2
E[|V£(T)]?] < ( /) E[LYT e - VGO |

T + AT

That is, to achieve E |||V f(27)||?] < &2 for some £ > 0, Algorithmrequires

2(f(2%) — f(z™)) (L + L/ A‘;ﬁ‘:) E[L5" (192 — Vi(a®)?]
r=0 g2 + Apine?

iterations.
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B.5 Convergence for PLnonconvex functions

The setup here is the same as in the previous subsection, except we add the following assumption.

Assumption 6 (PL condition). Function f : R? — R satisfies the Polyak-Lojasiewicz (PE) condition with parameter
n>0ie.,
IVf(@)” > 2p(f(2) = f*) VaeRY,

where x* := argmin f(z) and f* = f(x*).
z€R4

Corollary 4 (Corollary 5.9 of (Richtérik et all [2022)). Let Assumptions [5 and [6] hold. Let MY and MM
in Algorithm[l|be Ada3PC and identity compressors, respectively, and choose the stepsize

1 Amin
Lot Ly /2P 20

Then, to achieve E [f(xT)] — [* < e for some € > 0 the method requires

Y = min

L7+L+ % 0y _ inf El n O—V 0\ [12 A
O [ max M\/I,Amm log 1) — @) + [nzlglllgz Fi(20) |12/ Amin]

iterations.
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C Experimental details and extra experiments

All simulations are implemented in Python 3.8 and run on Intel(R) Xeon(R) Gold 6230R CPU cluster with 48 nodes.
We fine-tune the stepsize of each considered algorithm with (20,21 ... 2%) multiples of the corresponding theoretical
stepsize. As contractive compressor we use Top-k operator. For EF21 and CLAG we use top-1 compressor, which
usually the best in practice for these methods. For AdaCGD we choose compressors varying from full compression
(skip communication) to compression of 50% of features. In order to provide fair comparisons, we choose master

compressor MM as identity operator in these experiments. For the stopping criterion we choose communication cost
of the algorithm.

We use the setup described in|Richtarik et al.| (2022)), namely logistic regression with nonconvex regularizer:

N d 2
min | f(z) = & > log(1+ e % ) + A Y 205 |
z€R i=1 j=1 j

where a; € R?, y; € {—1,1} are the training samples and labels with regularization hyperparameter A > 0 chosen at
A = 0.1 level. We solve this problem using LIBSVM [Chang & Lin| (2011) datasets phishing, ala, a9a. Each dataset
has been evenly split into n = 20 equal parts where each part represents a separate client. Figures [2}Jd] compare AdaCGD
with LAG, EF21 and their generalization CLAG. In the experiments, AdaCGD is shown to be comparable and in some cases

superior to CLAG and always superior to LAG. In other words, AdaCGD efficiently complements CLAG and other 3PC
methods.
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Figure 2: Comparison of LAG, CLAG, EF21 and GD with AdaCGD on phishing dataset.
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Figure 3: Comparison of LAG, CLAG, EF21 and GD with AdaCGD on ala dataset.
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Figure 4: Comparison of LAG, CLAG, EF21 and GD with AdaCGD on a9a dataset.
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D Limitations

The main limitations of the work are assumptions we make upon functions f; of the problem[I} But, on the other hand,
these assumptions govern the convergence rates we report: for example, we cannot show linear rate for convex functions
due to the fundamental lower bound (Nesterov et al.,|2018)).

Another limitation comes from the analysis of Bidirectional 3PC algorithm (Theorem[7). We show the analysis only for
general nonconvex functions.
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