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Abstract

In multi-objective learning (MOL), several possibly competing prediction tasks must be solved jointly
by a single model. Achieving good trade-offs may require a model class G with larger capacity than what
is necessary for solving the individual tasks. This, in turn, increases the statistical cost, as reflected in
known MOL bounds that depend on the complexity of G. We show that this cost is unavoidable for some
losses, even in an idealized semi-supervised setting, where the learner has access to the Bayes-optimal
solutions for the individual tasks as well as the marginal distributions over the covariates. On the other
hand, for objectives defined with Bregman losses, we prove that the complexity of G may come into play
only in terms of unlabeled data. Concretely, we establish sample complexity upper bounds, showing
precisely when and how unlabeled data can significantly alleviate the need for labeled data. These rates
are achieved by a simple, semi-supervised algorithm via pseudo-labeling.

1 Introduction

The multi-objective learning (MOL) paradigm has recently emerged to extend the classical problem of risk
minimization from statistical learning to settings with multiple notions of risk [31, 18, 57, 26]. Multi-
objective learning problems are ubiquitous in practice, as it often matters how our models behave with
respect to multiple metrics and across different populations. For example, consider designing a policy
for a self-driving car: the risks could measure different notions of safety (e.g., safety of passengers or
pedestrians), or safety under various conditions (e.g., different locations and weather conditions).

More formally, we study the MOL setting with K population risk functionals Ry, . .., Rk, each quantifying
an average, possibly different, loss ¢; incurred by a prediction model g over the data distribution P¥. The
aim is to learn models from a class G that minimize all K excess risks E(g) := Ri(g) — inf Ry jointly, using
only finite-sample access to the distributions. Here, inf R is the Bayes risk of the kth task, which is the
smallest achievable risk over all measurable functions. Specifically, we study the sample complexity of
learning the set of Pareto optimal models in G. Recall that a model is Pareto optimal in G if any alternative
model in G that reduces one risk necessarily increases another (see Definition 1); we often simply say that
such a model makes an optimal trade-off. Under mild conditions, the set of Pareto optimal models can be
recovered by minimizing a family of scalarized objectives 7Ts that we call the s-trade-offs:!

min 75(g) :=s(&1(g),...,€k(g)), seS 1)
S .

the s-trade-off achieved by g

1We scalarize the excess risks & because they each capture the suboptimality with respect to what is theoretically attainable
when optimizing R without consideration for other risks. Notice however that the Pareto set of the excess risks & is the same as
the Pareto set of the risks Ry, as they are equal up to the constants inf R. We further motivate this in Section 2.3 and Fig. 1a.



where the map s : R — R is from some family S of scalarization functions that aggregates the excess
risks into a single statistic. Notice that if the excess risks were known, the problem in Eq. (1) would
reduce to a family of classical (multi-objective) optimization problems [42, 52, 37]. However, because the
objectives in Eq. (1) depend on distributional quantities that are unknown, we need to learn the solutions
from data. Specifically, we study the sample complexity of achieving Eq. (1) up to errors &5 > 0, a problem
we call S-Multi-Objective Learning, or S-MOL for short. This problem is formalized in Definition 2.

Two main lines of work have studied the sample complexity of MOL, both predominantly in the supervised
framework. In the multi-distribution learning (MDL) literature [26, 3, 49, 71], the goal of the learner is to
recover a solution to Eq. (1) for one specific s-trade-off induced by the scalarization s(v) = max¢ ] k-
This yields the familiar min-max formulation of MOL.? And in the literature for the general S-MOL
setting [18, 57], the learner aims to solve Eq. (1) for multiple scalarizations. Both lines establish sample
complexity bounds in terms of capacity measures of G, which can be shown to be tight in the worst case.

However, solutions with good trade-offs may only be found in a complex model class G even when
individual tasks are easy to solve in smaller classes Hy. In such cases, previous worst-case results do not
address whether it is really necessary to pay the full, supervised statistical cost of S-MOL over G. This
motivates our consideration of semi-supervised multi-objective learning, in which the learner has access
to both labeled and (cheaper) unlabeled data for each of the K tasks. In the single-objective setting, it is
well-known that access to unlabeled data can, at times, significantly reduce the amount of labeled data
required [16, 68]. But for multi-objective learning, the sample complexity in a semi-supervised setting is
largely unexplored, with only a few exceptions [4, 63] that rely on additional assumptions for unlabeled
data to be helpful (cf. Section 6). Thus, the more holistic question we aim to address in this paper is

Given that each task k € [K] is solvable in a hypothesis class Hy, how much labeled and
unlabeled data is needed to achieve trade-offs available in a larger function class G?

The authors in [63] recently established the first sample complexity bounds in a similar semi-supervised
multi-objective setting, but under rather stringent assumptions (see Section 6 for a more in-depth
discussion of their results). In contrast, in this paper, we give a holistic characterization of the conditions
when unlabeled data can help and by how much. In terms of sample complexity upper bounds, we show
that for a large class of losses, the capacity of G comes into play only in the amount of unlabeled data
required, while the amount of labeled data merely depends on that of H;, ..., Hg. Moreover, we show
that these rates are achieved by a simple, pseudo-labeling-based algorithm.

Concretely, our contributions are as follows:

¢ We first show hardness of S-MOL under uninformative losses via a minimax sample complexity lower
bound that holds even when the learner knows the Bayes-optimal models for each task and has access
to the marginal distributions over unlabeled data, i.e., infinite unlabeled data (Section 3.1).

* We then prove that risks induced by Bregman divergence losses—which include the square and cross-
entropy losses—effectively disentangle the multi-objective learning problem. For Bregman losses,
information about individual risk minimizers can significantly reduce labeled sample complexity in
the semi-supervised setting via a simple pseudo-labeling algorithm (Section 3.2).

¢ Specifically, for S-MOL with Bregman losses, we first provide a uniform bound over the excess
s-trade-offs of the pseudo-labeling algorithm for bounded, Lipschitz losses via uniform convergence
(Section 4.1). Our major technical contribution then lies in proving localized rates that are distribution-
specific under stronger assumptions (Section 4.2). Crucially, the labeled sample complexity in both
bounds only depends on the classes { Hy }K_,, while G only appears in the unlabeled sample complexity.

Our analysis reveals an interesting insight: even though the pseudo-labeling algorithm is reminiscent
of single-objective semi-supervised learning procedures, the reason behind the benefits of unlabeled
data turns out to be fundamentally different. In single-objective learning, unlabeled data can only
help if, roughly speaking, the marginal carries information about the labels [12, 25, 74]. Our results,

2Contrary to Eq. (1), in the MDL literature, the risks are usually directly scalarized.



in contrast, hold without any such assumptions. In multi-objective learning, unlabeled data helps the
learner determine the relative importance of each test instance to each task: if the likelihood of an input is
higher under one task than another, a model can accordingly prioritize the more relevant risk to achieve
better trade-offs. This information may be completely independent of the labels assigned by each task.

2 Semi-supervised multi-objective learning

In this section, we formally introduce the semi-supervised S-multi-objective learning problem. For ease
of reference, an overview of notation is provided in Table 2 of Appendix F.

2.1 Preliminaries and the individual tasks

Let X be the feature space, and ) C RY the label space. We are interested in K prediction tasks, indexed
by k € [K] := {1,...,K}, over joint distributions P¥ of (X¥, Y¥) on the product space X x ). We denote
the underlying joint probability measure by IP. From each task, we observe ny i.i.d. labeled samples
{(xk, Yl.k)}?i | from PX, and Ny i.i.d. unlabeled samples {Xf‘ }f\i‘l from the marginal of P¥ on X, denoted P¥.
Let D denote the combined dataset of both labeled and unlabeled data. For each task k € [K], we define
the population and empirical risks of a function f : X — Y as

Rl = [0 FF)] and Ru(f) 1= - 3 (¥, £, @

Mk i3

where /. : Y x J — R is a (not necessarily symmetric) loss function with ¢ (y, i) being the loss incurred
by predicting i when the true label is y. Further, we write F for the set of all functions f : X — ) for
which all integrals in this paper are well-defined.® For each k € [K], we assume access to a function class
Hi € Fan that contains a population risk minimizer of Ry, that is, there exists a f; € JF; such that

fi eargminRi(f) and  ff € H,. (3)
feFa

The risk that any model f : X — ) incurs is at least Ry (f}"), so we focus our attention on achieving small
excess risk with respect to the Bayes optimal predictor, defined as

E(f) = Rae(f) = Rie(f)- )

2.2 Pareto optimality and scalarization

In multi-objective learning, our aim is to learn models g from some function class G that, ideally, achieve
low excess risk on all tasks simultaneously. Since, by assumption, the individual tasks are optimally solved
in Hy, we only consider hypothesis classes G C F, that satisfy G 2 Uye (k] Hi- But even if G is very
large, minimizing all excess risks may not be possible. In particular, in this work we do not assume that
there exists one f : X — ) that performs well across objectives (as opposed to the collaborative learning
framework [13] or the setting in [4]). Instead, the aim is to recover the set of Pareto optimal solutions in the
class G for the K objectives, formally defined as follows.

Definition 1 (Pareto optimality). Let £, ..., Ek be a collection of excess risk functionals defined in Eq. (4).
We say that a function g € G is Pareto optimal in G if there is no other ¢’ € G such that

Jk € [K] s.t. E(§) < E(g) and Vj e [K],Sj(g’) < &i(g)-

3Formally, we assume Fy; to be a subset of the K Bochner spaces L2(P%), k € [K] of functions X — (RY, || - |2).



The subset of G containing all Pareto optimal functions is called the Pareto set. The subset of RX containing
the excess risk vectors of the Pareto set is called the Pareto front, defined as

5(G) == {(&1(8),---,Ek(g)) : gis in the Pareto set of G} C RX.

In words, any model in G that reduces one risk over a Pareto optimal model must increase another risk.
Every Pareto-optimal model corresponds to a distinct “preference” or “trade-off”, all of which are equally
valid from a decision-theoretic perspective [28]. We can quantify such trade-offs using scalarization
functions s : RK — R that, for all f € F,;;, map the vector of excess risks into a scalar objective®

Ts(f) =s(&(f), ..., Ek(f))  with gseargnglinTs(g), (5)
g€

see also Eq. (1). We call 7;(f) the s-trade-off achieved by f. It has a natural interpretation: recall that
Ek(gs) is the cost incurred by the k-th task to make this particular type of trade-off over myopically
optimizing Rj. Then, 75(gs) aggregates these costs (see Fig. 1). This interpretation also further motivates
scalarizing the excess risks instead of the risks: if one task were to have much higher Bayes risk than
another, scalarizing the risks directly would not aggregate the additional cost, cf. Fig. 1a.

Two popular examples of scalarization families are Tchebycheff and linear scalarizations, defined as

. K
Smax = {Sr/{\ax(v> = g%/\kvk | Ae AKl} ’ Slin = {skn(v) = Z AUk | Ae AKl} ’ (6)
k=1

where AK=1 is the (K — 1)-probability simplex. They represent the worst-case and averaged notions of
excess risks, respectively (see Fig. 1a for a visualization of the Tchebycheff scalarization). Minimizing
these families of scalarizations recovers the Pareto set under some conditions (e.g., convexity for linear
scalarization), see the detailed discussions in [45, 22, 42]. But of course, other scalarizations also exist [22].
Our most general result (Section 4.1) holds for scalarizations that satisfy the reverse triangle inequality
and positive homogeneity, defined as

Vo, w € RK: Is(v) —s(w)| <s(|lv1 —w1],..., vk —wk]),

Vo e RK, o >0: s(av) =« - 5(v). @

Both the linear and Tchebycheff scalarizations from Eq. (6) satisfy the properties in Eq. (7).

2.3 Multi-objective learning

Because infycg 75(¢) may be arbitrarily large, we evaluate our empirical estimates of g5 using the excess
s-trade-off, defined, for f € Fyy, as

Ts(f) — inf T5(g)- ®)
g€y

The S-MOL problem is then to achieve small excess s-trade-off across scalarizations with high probability.

Definition 2 (S-MOL). Let S be a family of scalarizations s : R — R, (e5)scs a family of positive
real numbers, and ¢ € (0,1). Let A be an algorithm that, provided with a dataset D and the function

classes {H; }+_, and G, returns a family of functions {gs : s € S} C G. Then A solves the S-multi-objective
learning (S-MOL) problem with parameters ((&;)scs,9), if

P (Vs €S: Ts(gs) — 1257}(g) < £s> >1-4, (S-MOL)
8

where the probability is taken with respect to draws of the training dataset D.
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(a) The attainable risks in each function class (b) The larger G, the smaller the (c) The larger G, the larger the
and one Tchebycheff scalarization of the risks minimal s-trade-off within G due excess s-trade-off on the function
and of the excess risks. to low “bias”. class G due to high “variance”.

Figure 1: (a) All attainable risks for the function classes F,j, G, H1, H». Using scalarizations on the risks directly
can be misleading if the Bayes risk of one task is much larger than that of another: even if both tasks have equal
weight, the Tchebycheff scalarization (6) may inadvertently only solve one task (triangles). Scalarizing the excess
risks avoids this (dots). (b) The Pareto fronts for the classes H1, Hz, G, Fay in the space of excess risks, and two
Tchebycheff scalarizations s3'® (6) with different A (gray dashed line), with the corresponding trade-off minimizers
(dots), and the gap to the minimizers in F,; (bi-directed red arrows). (c) The population and empirical Pareto
3(G) and F(G), and the excess s-trade-off of the estimated Pareto points (bi-directed red arrows) on the same two
Tchebycheff scalarizations.

From the population-level optimization perspective in Eq. (1), better trade-offs become possible as the
class G grows. This is visualized in Fig. 1b, showing the Pareto fronts achieved by the function classes
Fan, G, H1, Ha in a two-objective setting. The separation between the Pareto front §(G) and the theoretical
optimum §(F,);) can be seen as the “multi-objective bias” incurred in S-MOL due to a conservative
choice of G. For two Tchebycheff scalarizations, the red bi-directed arrows in Fig. 1b reflect this point-wise
“bias”. However, because the Pareto front needs to be learned from finite samples, we would also expect
from classical learning theory that as G grows, so does the “multi-objective variance” of an empirical
Pareto front §(G). Fig. 1c illustrates this by the gap between §(G) and §(G), and for the same two
Tchebycheff scalarizations, the red bi-directed arrows reflect the excess s-trade-off. In the next section we
first address how much excess trade-off any algorithm necessarily incurs when learning §(G) from data.

3 Motivating Bregman losses: A hardness result

To answer this in the context of a semi-supervised setting, we now argue that for the unlabeled data to
help solve S-MOL, the structure of the loss functions is key.

3.1 A sample complexity lower bound for ideal semi-supervised S-MOL

Let us consider the class of PAC-learners for S-MOL, which are learners that achieve S-MOL for all
distributions over X x ). For concreteness, consider multi-objective binary classification with zero-one
loss, where S is the entire family of linear scalarizations Sy,:

Definition 3 (Multi-objective binary classification). Let G be a hypothesis class with VC dimension
dg € IN on a data domain X x ) where ) = {0,1}. For each task k € [K], define ¢x(y, ) = 1{y # y} to
be the zero-one loss.

For supervised S-MOL with ¢ = e for all s € Sy, prior works achieve a sample complexity upper
bound of O(Kdg/ 82), up to logarithmic terms, see [18, 57] and Corollary A.1. In fact, a matching lower

*We assume that there exists g; € G such that T5(gs) = infgeg 75(g). Otherwise, all our arguments go through with an
e-minimizer in G, so we do not lose any generality with this assumption.



bound of Q(Kdg/€?) holds as well: after all, the set of s-trade-offs {T; : s € Sy, } contains the individual
excess risk functionals &, and hence solving S-MOL requires the learner to solve the K original tasks as
well. The lower bound then follows from standard agnostic PAC-learning [55, Theorem 6.8]. In short,
previous upper bounds are tight and the sample complexity of supervised S-MOL is @(Kdg /€?), which
also coincides with the sample complexity of MDL under non-adaptive sampling [71].

In the semi-supervised S-MOL setting, the question now becomes: can the unlabeled data reduce the
label complexity of this problem? Perhaps surprisingly, we now show that the same lower bound holds,
even if the learner has additional access to Bayes optimal classifiers f; and the marginal distributions Pk.

Proposition 1 (Hardness of semi-supervised multi-objective binary classification). Fix any K > 1 and any
e € (0,1/12). For a given tuple (P!, ..., PX), denote by S* a labeled dataset consisting of i.i.d. samples from P¥,
let f; be a Bayes optimal classifier of PX, and let P% be the marginal distribution on X. Denote by A any algorithm

that, given {S, f, PXYK |, returns a set of classifiers {gs € G : s € Spn}.

If A achieves (S-MOL) with 5 = ¢ for all linear scalarizations s € Sy, 6 < 1/6, and for all distributions
(P,..., PK) in the multi-objective binary classification setting (Definition 3), then the total number of labeled
samples it requires is at least |S'| + - - - + |SK| > CKdg /&* where C > 0 is a universal constant.

See Appendix D.1 for the proof. Proposition 1 shows that the label sample complexity lower bounds
for supervised S-MOL cannot be improved for the problem in Definition 3—even in an idealized semi-
supervised S-MOL setting where the learner has infinite unlabeled data and can perfectly solve the
individual learning tasks. Moreover, contrary to the MDL setting [71], adaptive sampling cannot improve
upon learners using non-adaptively sampled data.

Proposition 1 crucially hinges on the zero-one loss through the following intuition: Suppose you flip
two biased coins A, B € {0,1}, one with probability P(A = 1) = a > 1/2, and one with probability
IP(B =1) = b < 1/2. The most accurate predictors of the outcomes of each coin separately are the
constant predictors 1 and 0, irrespective of the actual values of a and b. However, suppose now you
would like to minimize the linear scalarization of both prediction errors with weights A1 = A, = 1/2.
Then striking an optimal trade-off would require knowing both a and b, since

{1} ifa>1-p,
argmin ME [1{A # y}| + LE[1{B #y}] =< {0,1} ifa=1-,
ye{o1} {0} ifa<1—b.
Therefore, in this example, knowing the optimal predictors for each coin separately does not help with
minimizing the trade-off. This effect is due to the zero-one loss not being a proper scoring rule in the sense
that knowing the minimizer does not provide any information about the distribution, nor about the
expected (excess) loss of a prediction, which is necessary for weighing the risks of two different tasks
against each other. And indeed, other losses, such as the hinge or absolute deviation loss, suffer from the
same problem. See also [60] for a discussion of calibration in multi-objective learning.

In our main results, we show that this lower bound can be circumvented in learning settings where the
loss functions are proper in the above sense, and hence more informative.

3.2 Bregman divergence losses and a pseudo-labeling algorithm

In this section, we introduce Bregman losses and their key property that allows us to leverage unlabeled
data and alleviate labeled sample complexity via a pseudo-labeling algorithm.

Definition 4 (Bregman loss). Let Y be convex. Aloss ¢ : Y x Y — [0, 0] is called a Bregman loss if there is
a strictly convex and differentiable potential ¢ : Y — R such that £(y, ) = ¢(y) — o) — (Vo(),y — ).

Many standard prediction losses are Bregman losses. For example, the squared loss can be obtained by
setting ¢(y) = ||y||3, the logistic loss by choosing ¢(y) = ylogy + (1 — y) log(1 — y), and the Kullback-
Leibler divergence using ¢(y) = Zzzl yjlogy;. As we now show, an important fact that we will leverage



about learning with a Bregman loss is that the associated excess risk functional can be expressed in terms
of its minimizer. To state it precisely, we introduce the notions of population and empirical risk discrepancies
of a function f € F,j from some h € Hy, defined as:

Ni N _
d(fih) = E [G(h(X}), f(X)], Al i) = Nik Y (), F(RE)). ©)

We further define for some hy € Hy, ..., hx € Hg and h = (hy, ..., hg) the population and empirical
scalarized risk discrepancies of a function f € F,y from h as

ds(fi) = s(di(fihn), - dx(fihg)),  ds(fil) = s(@dy(fim), ., dx(f3 1K) (10)
We are now ready to state Lemma 1, proved in Appendix D.2.

Lemma 1 (Properties of Bregman losses, based on [6]). For each k € [K], let () be a Bregman loss with
potential ¢y. If both E[Y*] and E[¢y (Y*)] are finite, then up to almost sure equivalence, it holds that

fi () := argmin Ry(f) = E Xk =] and Vfe Fa, &(f) = dlfif):

Along with Egs. (5) and (10), Lemma 1 implies 75(f) = ds(f; f*) for f* = (f{,..., f¢). Note that the
second part of Lemma 1 implicitly decomposes the risk into a task-specific intrinsic noise and bias term
(the discrepancy). It turns out that Bregman divergences are, up to transformation of the label space,
the only loss functions that enjoy such a “clean” bias-variance decomposition, see [27, Theorem 12] and
Appendix B for a discussion. This bias-variance decomposition is crucial, because it justifies the following
pseudo-labeling multi-objective learning algorithm (PL-MOL, Algorithm 1).

First, we minimize the individual empirical risks R

over Hy to obtain h = (I1y, ..., hg), the set of empirical Algorithm 1 Pseudo-labeling (PL-MOL)

risk minimizers; thus, we estlmate the task-wise Bayes-  1: fork € [K] do

optimal models fk (Line 2). 5 Given Lemma 1, we can 2. Compute hk = arg minhe?—[ Rk(h)

then approximate the excess risks & via the empirical 3. and for ¢

risk discrepancies d(-; /1) taken with respect to 1. using 4 fors € S do

unlabeled data. Accordingly, the s-trade-off 75(-) canbe s, Compute g = arg min ds(g; 1)
: s g geG s 8

approximated by ds(;;h). The empirical estimate of the =, 4 ¢ -

Pareto set in G is then given as the minimizer of ds (h) 7: Return {g: : s € S}

in G (Line 5). In this second step, of course, one could
also reuse the covariates of the labeled data, but this would at most yield a constant gain.

Notice that the second step (Line 5) is equivalent to first pseudo-labeling all unlabeled data using the
ERMs, and then passing it to the supervised S-MOL algorithm from [57] (“ERM-MOL”, Algorithm 2
discussed in Appendix A.2). Finally, note that from a computational perspective, even if S is not finite,
Algorithm 1 can be implemented, e.g., using hypernetworks, see Appendix A.1.

3.3 Characterization of models with optimal trade-offs: A variational inequality

The pseudo-labeling method illustrates how one can estimate the s-trade-off solutions gs € G from both
labeled and unlabeled data when the losses are Bregman divergences. We now show that Bregman
losses also enable characterizing the minimizers gs via a variational inequality in some cases. From
this inequality, in turn, we can derive conditions for g to have a particularly simple representation.
Specifically, in the case of learning with Bregman losses and linear scalarizations s € Sy, in a convex
model class G, we can show the following result.

SHere, we use ERM for each task separately, but in principle, any algorithm can be used to estimate the f;’s. In particular, if
there were assumptions about information flow between different P¥’s, then it could be of interest to deploy an algorithm tailored
to multi-task learning. However, we do not impose such assumptions, and hence our algorithm and corresponding bounds do not
take advantage of potential shared information between the different tasks.



Lemma 2 (Variational characterization of minimizers). For each k € [K], let {; be a Bregman loss with
potential ¢y. Suppose s = s A is linear with weights A, and ys = Zk 1 /\kPk Denote by (-, -) the inner product
defined as (f, f'), = [ (f(x), f'(x)) dps(x). Then for every non-empty, convex and closed set G C Fyy,

7§(g)=gi,1;fg7§(g’) ifand only if Vg' € G : < XV2¢k )(g—fk*),g’—g> >0

S

where V2 ¢y (g) denotes the function x — V2¢y(g(x)). If G is bounded, such a g € G is guaranteed to exist.

Lemma 2 is a direct consequence of Lemma D.6 and Theorem 46 in [67]. From this lemma, we can
derive the s-trade-off solutions g; analytically in the special case where G = F,j; and all potentials are
shared ¢, = ¢. In that case, since the set of feasible models is unconstrained, the variational inequality in
Lemma 2 holds with equality. In particular, the first argument of (-, -)s must vanish, up to ys-equivalence.
Thus, we can deduce that the s-trade-off solution is of the form

gs(x) = ) wi(0)ff(x),  where wi(x) = Ax—=(x)

ke[K] dpis

so that x — wy(x) is non-negative and } ¢k wx(x) = 1. In short, the optimal prediction with respect
to the s-trade-off on the instance x € X’ is a convex combination of the individual Bayes optimal labels.
Additionally, if the marginals are shared Pf = P, then each dP¥/du; = 1, so the weights w; are
independent of x. However, these are specific settings, and gs does not generally need to take this form. We
will later make use of this specific form in Section 4.2 for our more specialized result.

4 Sample complexity upper bounds for pseudo-labeling

We now present uniform and localized upper bounds for Algorithm 1 for Bregman losses in terms of
Rademacher complexities. Specifically, we use the coordinate-wise Rademacher complexity of a J-valued
function class H C F,;; under distribution P;‘( with n samples, which is defined as

n

1 q
=) oyhi(X

RH) = E [sup
nisi=

K xk.opk
xk,.. xk~pPk | heH
011,012,---0ng~Rad

We discuss the choice and properties of this Rademacher complexity in Appendix E.2.

4.1 A uniform learning bound

We start with some assumptions on the loss functions ¢; that we require for our bounds.

Assumption 1 (Regularity of the losses). For each k € [K], let ¢ be a Bregman loss satisfying:°

¢ Its associated potential function ¢ is py-strongly convex in ) with respect to £;-norm, so that for all
y,y' €Y, itholds that ((y,y") = ¢e(y) = pe(y') — (VoY) y —y') = Hlly = ¥'[13-
e The loss is Ly-Lipschitz continuous in both arguments with ¢;-norm in RY, that is, for ally, i/, y" € Y

it holds that [((y, y") — £(y,y")| < L |y —y" [ and [£(y", y) = £Qy", )| < Ly = " »-
* The loss is bounded by some constant By < o as ¢} < By.

®The norm of the strong convexity potential and Lipschitz continuity in the first argument can be replaced by an arbitrary
norm in Theorem 1. Replacing the norm of the Lipschitz continuity in the second argument in Theorem 1 entails using other
vector Rademacher complexities, described in Appendix E.2. They cannot be replaced in Theorem 2. Moreover, for our results it is
sufficient for the Lipschitz property to hold on the range of G.



The boundedness enables the concentration bounds used in our results and is a common assumption,
and the strong convexity and Lipschitz continuity enable using a vector contraction inequality from
[39], as well as establishing a uniform approximation of the excess risks (see the proof outline below).
Most Bregman losses satisfy Assumption 1 on bounded domains ), while some (like the logistic loss)
require careful treatment of Lipschitz continuity if the gradient is unbounded at the boundary of Y (cf.
Corollary 1 and Lemma E.1). We now state our first main result.

Theorem 1. Suppose that Assumption 1 holds. Let S be any class of scalarizations that satisfy the reverse
triangle inequality and positive homogeneity in Eq. (7), and let {gs : s € S} be the class of solutions returned by
Algorithm 1. Then (S-MOL) holds for any 6 € (0,1) and e = s(eq, ..., ex), where each € is bounded by

1/2 1/2
gkgck(w>+(log;;<k/5>> o o+ (B ) =

ny

with Cy, = max{4Ly, V2By, Li\/24Li / g, Lin/6By/ g}

Theorem 1 is proved in Appendix D.3. Using VC bounds on the Rademacher complexity (see Lemma E.6),
Theorem 1 implies that for VC (subgraph) classes G and H; = H with VC dimensions dg, d;, only
O(Kdy, /€*) labeled and O(Kdg/¢*) unlabeled samples are necessary to achieve e-excess s-trade-off uni-
formly for all scalarizations. Comparing this with the sample complexity @(Kdg /€?) from Proposition 1,
it is apparent that for Bregman losses, Algorithm 1 can alleviate the label complexity of S-MOL signifi-
cantly when dg > dy;, and completely eradicates its dependence on G. It shows that a large complexity
of G can be compensated by a large amount of unlabeled data Ny, as long as %Il‘\,k (G) — 0 for Ny — oo.

Notice that, under Assumption 1, the map g — &(g) or its domain G can be non-convex, in which case
non-linear scalarizations are necessary to reach the entire Pareto front. Theorem 1 applies to many such
scalarizations, and in particular, the Tchebycheff scalarizations from Eq. (6).

Proof outline of Theorem 1. Using the inequality dy (L ﬁ) < d, (gs; ﬁ) and the identity T5(g) = ds(g; f)

o~

from Lemma 1, the proof of Theorem 1 reduces to bounding the two terms ds(gs; f*) — d:(gs ;h) and

ds (gs: 1) — ds(gs; f7). By the reverse triangle inequality and positive homogeneity of the scalarization
defined in (7), both are controlled in each coordinate k € [K] by the uniform bound

sup |di(g: i) — d(gi f7)| < sup |di(giT) — ()| + sup |delgihi) — delgi ff)|
g€y g€g g€g

error from finite unlabeled data error from finite labeled data

The bounds for both terms use the boundedness from Assumption 1 through McDiarmid’s inequality
[41] and the Lipschitz continuity in the second argument for a vector contraction inequality [40]. Further,
the Lipschitz continuity from Assumption 1 together with the contraction inequality enables us to
bound the first term with the global Rademacher complexity of G that is independent of I Finally, the
strong convexity and Lipschitz continuity in the first argument from Assumption 1 implies the bound
SUpfer, i (fs he) — di(f5 f7)] < Sg/z(hk) for the second term (Lemma D.4). This is the origin of the
square-root in Theorem 1, which is unavoidable in a uniform bound. In turn, we bound the excess risk of
h in terms of the global Rademacher complexity of H; using standard uniform convergence arguments.
To aggregate the errors, we take a union bound over the K labeled and unlabeled empirical processes.
Due to the global suprema, the final bound then holds uniformly for all scalarizations.

4.2 Alocalized learning bound

The analysis in Theorem 1 is crude: it estimates the excess risks on all of H; and G, which is why the
global Rademacher complexities appear in the bound and the unusual extra square-root appears. Such an
analysis can be overly conservative, and a localized bound can provide much tighter statistical guarantees
[8, 35]. To facilitate a localized analysis for Algorithm 1, we require some additional assumptions. First of



all, we only consider linear scalarizations, thatis, S C Sy, from Eq. (6), mostly for the following norms
to be Hilbert norms: for all k € [K], s € Sy, and f € Fy, define

IFE=EIFCN3  and  1F12 =5 (15, IF1E)

We also require the following shape, strong convexity and smoothness assumptions.

Assumption 2 (Shape, strong convexity and smoothness). Recall that f € argmin feFu Ri(f)-

* Forall k € [K], the function classes H — f; are star-shaped around the origin, that is, for all « € [0, 1],
if h € Hy — f{, then ah € Hy — f;. Moreover, the function class G is convex and closed.

* There exists a constant v > 0 so that foralls € Sand all h € H; X --- x Hg, the map g —
ds(g;h) — vy ||g||§ is convex on G.

* For some 0 < v < oo, the second and third derivatives of the potentials ¢y are bounded on Y as
sup,cy | V2¢(y)]|, < vand sup,cy [V2¢r(v)||, < v where ||-||, denotes the ¢>-operator norms.

The shape constraints are commonly used in local Rademacher complexity proofs [8], and the strong
convexity acts as a “multi-objective Bernstein condition” [8, 34]. Moreover, the convexity of G, strong
convexity, and smoothness also enable a variational argument that is integral to the bound based on
Lemma 2 (see proof outline below for details). For a refined version of our result, we also require the
following norm-equivalence assumption that allows relating errors in ||-||,-norm to errors in ||||,-norm.

Assumption 3 (Norm equivalence). All covariate distributions P§ are absolutely continuous with respect

to the mixture distributions Z,Ile AkP§‘( for all si{n € §, and there is a constant # so that

dP§

—d (Z,Ile )\kpﬁ‘() < ;72 < oo.

Vk € [K], sin e S esssup

Specifically, as proved in Lemma D.7, Assumption 3 is equivalent to imposing ||-||, < 77 |||, forallk € [K]
and s € S. Sufficient conditions for Assumption 3 are that all weights of the linear scalarizations in S are
bounded away from zero, or P§ < P& and esssup dPk /dP} < n? forallk,j € [K].

We are now ready to state the learning bound in terms of localized Rademacher complexities. Recall that
f¢ is the Bayes model for the kth task, cf. Eq. (3), and for any h = (h1,...,hg) € Hq x -+ x Hg, define

gt .= argmind,(g; h),

g€g

so that g = gsf t cf. Eq. (5). The result depends on the Rademacher complexities of the following sets of
functions, defined using the balls By, = {f € Fan : [|f|; < 1} as

Hie(r) == (Hi — fO) NrBy, and Gr(r;h) == J (G — ghHn By, (12)
sesS

The excess s-trade-off is bounded in terms of the following critical radii, defined for each k € [K] as
[k:inf{VZO:r2 Z%ﬁk ("Hk(r))} and uk:inf{r20:72 Z%’f\,k (gk(r;f*))}. (13)

Critical radii like these are the key quantities of localized generalization bounds [8, 35]. They can be
bounded using VC dimension (Lemma E.6) or with (generic) chaining [21, 59]. We define the worst-case
critical radius in G by replacing f* in the definition of u, with a supremum over ground-truth functions h

oy = sup  inf {r >0:7r2> i)fi’f\,k (Qk(r;h))} , (14)
heHx-xHg

and then u, < {i,. The same quantity appears in our main result.
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Figure 2: Informal visualization of the proof of Theorem 2. We first localize the set of estimators {gs : s € S} (dotted
red line) around the random “helper” set {g} : s € S} (dashed blue line) within the set Gy (1i;; h). We then expand a
set Gy (u, f*) centered at the “true” set {gs : s € S} (solid green line) to include the set Gy (it; 1) C G (w, + L f*)
where [ bounds the maximal deviation of gs to g¢. This way, we may bound the critical random critical radius u of
Gx (1, h) in terms of the deterministic critical radius u of Gy (u; f*) and [ as i < u? + 2.

~

Theorem 2. Let S C Sy, be a set of linear scalarizations, and let Assumptions 1 and 2 hold. Then, if 6 > 0
is sufficiently small, the output {gs : s € S} from Algorithm 1 satisfies (S-MOL) with probability 1 — & and
es =s(ey, ..., ex), where

e (aﬁ +E 4 (N,;1 n n,;l) log(4K/5)> 15)

and Cy = (v’ (I+diamy 1, (¥))/42) max{Li/+* + Bi/~, Li/u2 + Bi/wc }.” If additionally Assumption 3 holds, then for
% =sup,.g5(6,..., %) and ng = (supscgs(1/ny,...,1/ng)) =" we have

e S e (ud+ B + (N7 4 n5") log (4K /9) ), (16)
with Cvk = Cg- (’7”/7)2 maXje[K] (Bk/l”k + L%/P‘%)-

The proof of Theorem 2 can be found in Appendix D.4. By comparing Eq. (11) with Eq. (15), we can see
that, under the additional assumptions, Theorem 2 yields much better rates than Theorem 1, whenever
the critical radii are (much) smaller than the global Rademacher complexities. Effectively, Theorem 1
provides a “slow rate” analysis, while Theorem 2 provides a “fast rate” analysis. Additionally, Theorem 2
avoids the “doubly slow rate” D‘ilflk (Hx)'/? that appears in Theorem 1, and hence can potentially yield
a speed-up of power 4 over Theorem 1; for instance, if H has VC (subgraph) dimension dy;, then the
label complexity reduces to order O(Kdy, /¢) compared to the O(Kdy, /&*) from Theorem 1. While Eq. (15)
depends on the worst location of the true Pareto set gs in G (through i), Eq. (16) refines this bound by
also showing the adaptivity of the algorithm to the specific location of the true Pareto set g; in G.

In the setting where the algorithm has access to the marginals { P;‘(}szl, called the ideal semi-supervised
setting [68], the proof of Theorem 2 also yields a slightly tighter bound than (15) by combining Egs. (33)
and (37). Under Assumptions 1 and 2, we obtain &5 = s(ey, ..., ex) with

e (ri +ng! 10g(2K/(5)> ,
where C;, = % (1+ diam”,HZ(y)) (Be/ i + L&/ 1i2).

Proof outline of Theorem 2. Again, we decompose the excess s-trade-off into two terms: Assumption 2
implies smoothness of g — d;(g; f), which combined with Lemma 1 and a triangle inequality yields

~ . ~ 2 2 1

Ts(8s) — inf 75(g) < 18 — 845 + s gl = T+ T,

8€g ~—
error from finite unlabeled data  error from finite labeled data

7We assume min {Ly, jix } /7y > 1 for all k € [K]; otherwise, the same holds without the squares on each ratio.
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where we defined the additional “helper” models g, = arg mmgeg s(& h) that are random with respect
to the labeled data through I, but deterministic with respect to the unlabeled data and correspond to
the estimator in the ideal semi-supervised setting where the marginals Pk are known [68]. Our proof then

consists of three steps that all contain non-standard arguments. Fig. 2 Visualizes the proof.

First, we bound Tslab. Using standard localization, we show that the excess risk of the ERMs ﬁk is
of order 2. Here we use the star-shaped assumption on Hy — f{ from Assumption 2; if it fails to
hold, we could use the star-hull of H; — f; instead. We then show how this excess risk propagates
to the models g, using an argument inspired by [63, Theorem 1]:® we prove a quadratic stability of
the minimizer h — ¢ = argmin,___ ds(g; h) under the smoothness, strong convexity and convexity of

g€g
G from Assumptlon 2, using a variational argument based on Lemma 2 (Proposition D.1) to obtain

llgs — gs || SV A |7y — f£12. Crucially, a linear bound follows directly from the Lipschitz continuity
of the losses, but the quadratic bound avoids the square-root from Theorem 1. Combining this bound
with the risk bounds of the ERMs yields TP < s(12,...,2) and directly proves the bound in the ideal
semi-supervised setting.

Second, we bound T;™. Because S-MOL requires solving all scalarized problems simultaneously, there is
no single ground-truth around which we could localize. Instead, we use that the Lipschitz contraction of
the loss from [39] allows us to consider the differences gs — g/. And while the location of gé in G varies
with s, the differences ¢ — ¢/ are all “centered at the origin” and the intersections of G — ¢/ with some
ball of radius r > 0 may significantly overlap for different s € S, see right side of Fig. 2. This leads to the
definition of the random function class Gy (r; k) in Eq. (12) centered around {g/, : s € S} on which we use
Talagrand’s concentration inequality [58] (applicable thanks to the boundedness from Assumption 1).
Using the strong convexity” from Assumption 2 as a multi- objective version of the Bernstein condition
from classical localization [10, 34], we then show that T/™ < s(ul, . ,ﬁ%(), where 1, is the critical radius
of Gi(r; h), without bounding ||gs — g4l <

Third, since Gi(r; h) is random with respect to the labeled data, we need to further bound the random
critical radii 1. We discuss two ways of bounding it: Option 1 simply uses the supremum from Eq. (14),
because then clearly i, < ii,. Option 2 exploits that we already showed that g/ is close to gs. To that end,
we use the critical radii u, from the set Gi(; f*) centered around the set {gs : s € S}, cf. Eq. (13). We
then (essentially) show that gk(ﬁk,A) C Gi(u, + Ag; f*), where Ay = sup, 5 ||8s — 84|l4- Some algebra
(Proposition D.3) then shows 1, < u, + A;. Combining the bound on T1* and the norm equivalence from
Assumption 3 yields Ay < 1%, and so T™ < s(uf + 13,...,u% + %), concluding the proof.

4.3 Discussion of the bounds

We now discuss the bounds of Theorems 1 and 2, and how they could potentially be extended.

Consistency of pseudo-labeling. To begin with, a word of caution: while Theorems 1 and 2 imply
consistency of PL-MOL for Bregman losses, when the losses are not Bregman divergences, Algorithm 1
can even be inconsistent, and hence worse than straight-forward ERM (Algorithm 2). Specifically, the
intuition discussed after Proposition 1 can be formalized as follows: Let Ny = ny = n € N and let
S = {shn} with fixed weights A. There exists a multi-objective binary classification setting with zero-one
loss (Definition 3) and weights A, so that the output gs from Algorithm 1 satisfies

lim P (7;(3?5) > inf T5(g) + c) =1 (17)
g€g

n—o0

for some universal constant ¢ > 0 (e.g., ¢ = 0.1), while Algorithm 2 is consistent. The proof of this is
provided in Appendix D.5.

8See Section 6 for a more detailed comparison with [63].
9Also note that the strong convexity of the potential from Assumption 1 does not imply the strong convexity of the risk
discrepancy: in general, Bregman divergences (i.e., our losses) are not convex in the second argument.
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Generalization beyond Bregman losses. At first glance, the inconsistency from Eq. (17), together with
Proposition 1, suggests that trying to generalize our results beyond Bregman losses may be hopeless. As
previously noted, the key property that the pseudo-labeling Algorithm 1 and Theorems 1 and 2 exploit is
a bias-variance decomposition (Lemma 1) and under mild regularity assumptions, Bregman losses are
the only losses that have this property—up to a bijective transformation of the target space, then known
as g-Bregman divergences [27, Theorem 12].! As such, the pseudo-labeling Algorithm 1 is expected to
work only if the losses are in this set of generalized Bregman divergences. Nevertheless, it is interesting to
determine for exactly which losses the semi-supervised setting can improve upon the supervised one. It
turns out that under stronger assumptions, and using a tailored version of the pseudo-labeling algorithm,
it is possible. We provide a first result of this kind in Appendix B.

Adaptivity and weakening Assumption 3. The second bound of Theorem 2, Eq. (16), is adaptive to
the exact location of the set {gs : s € S} in G. Depending on the geometry of G, this set may lie in a “low
complexity region” of G. If that is the case, then the radii u;, can be smaller than #,, and the bound adapts
to this low complexity. But this comes at a cost: to prove Eq. (16), we require the norm equivalence from
Assumption 3, and have to replace [, by [s. This stems from using Option 2 in the above proof outline to
bound the random critical radii 1, using Proposition D.3. Intuitively, the distance of g; to g5 can only
be controlled in the norm |-||,; in particular, if Ay = 0, then there is no reason that g, should be close to
gs in the norm ||-||,. But 1, defined through ||-||;, has to bound the kth coordinate for all scalarizations
s € §, making the norm equivalence from Assumption 3 necessary. For finite sets of scalarizations, on
the other hand, this can be avoided (but replaced by a union bound), see Corollary A.2. Hence, there
seems to be an inherent tension between controlling the error for all scalarizations simultaneously and
proper adaptivity to the local complexity of the problem. It is interesting to explore this tension further
and whether a different proof technique could improve upon it.

Generalization to other scalarizations. While Theorem 1 demonstrates benefits of the semi-supervised
setting for many scalarizations, the localized bounds in Theorem 2 rely on the linearity of the scalarization.
For example, in Lemma D.6, we use the induced Hilbert space to define the notion of the gradient
Vds(g; h) with respect to [|-||,, and in Proposition D.2 we use linearity to move between scalarized
and coordinate-wise empirical processes, see Eq. (45). Generalizing Theorem 2 to other scalarizations,
therefore, would be an interesting research direction that requires substantially different tools.

5 Examples

We now discuss two applications of the main results. We provide more details on the examples and their
proofs, as well as an additional example and some visualizations, in Appendix C.

5.1 Logistic regression

Denote for any q € [1, co] the norm balls B,‘; ={weR: ||w| g < 1}. Suppose that the covariates lie in
the space X = Bfo C RY, and that the labelsin )) = [0, 1] for each task follow the Bernoulli distribution

Y¥| XK = x ~ Ber(c((x,w})))

where 7(x) = 1/(1 + exp (—x)) denotes the sigmoid function and we assume that w} € B¢. This is the
standard logistic regression setup. The Bayes-optimal models with respect to the logistic loss ¢(y, ) =
—(ylog(y) + (1 — ) log(1 — 7)) are given by f7(-) = o((-,w;)) € H = {h(x) = o((x,w)) : w € BI}.
However, striking a good trade-off between the tasks within H can be impossible (see Fig. 3 for a simple
example). To circumvent this issue, we may want to use some feature map ® : BL — BE, with p > d, and
then learn in the larger function class G = {g(x) = ¢((®(x),w)) : w € BY}. For example, p = O(d*) and

Onterestingly, this exact characterization was an open problem until recently, see [14, 27].
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Figure 3: Learning trade-offs in the classification problem visualized in Fig. 3a (more details can be found in
Appendix C.2). We show 1) supervised linear models, 2) supervised polynomial kernels, and 3) the mixture through
the semi-supervised PL-MOL algorithm. (b) The training data and decision boundaries of the three methods, with a
score threshold of 1/2, for varying trade-off parameters A;. (c) The Pareto fronts for logistic loss and the s-trade-off
as a function of the parameter A; in the linear scalarization. (d) The Pareto fronts for zero-one loss and the s-trade-off
as a function of the parameter A;. We repeat the experiment 10 times and show corresponding interquartile ranges.

H C G whenever ® maps to the set of all polynomial features up to degree «. In this setting, Algorithm 1
effectively exploits unlabeled data to achieve good trade-offs in the larger function class G, as we show in
Corollary 1. This straightforwardly follows from Theorem 1; the proof is given in Appendix C.4.

Corollary 1 (Logistic regression). In the setting described above, let S be some class of scalarizations satisfying
reverse triangle inequality and positive homogeneity. Suppose that ming x) Ny > log(p + K) and miny¢ ) ng >
log(d + K). Then, the output of Algorithm 1 {gs : s € S} satisfies (S-MOL) with probability at least 0.99 and
es =s(e1,...,ex) where g < (10g(dl<)/nk)1/4 + (10g(PK)/Nk)1/2.

We can also empirically observe the benefits of the semi-supervised method, Algorithm 1 (PL-MOL),
over purely supervised approaches—namely, over running Algorithm 2 to learn models from either H
(ERM-MOL linear) or G (ERM-MOL polynomial). Fig. 3 visualizes a toy classification problem with linear
scalarization (see Appendix C.2 for full details), and it compares the resulting decision boundaries, Pareto
fronts, and excess s-trade-off across the different approaches.

The “bias-variance trade-off” discussed in Section 2.3 arises here. In this case, the individual tasks can be
perfectly solved over the family of linear classifiers . However, ERM-MOL over H necessarily fails to
find good trade-offs, since this model class is insufficiently expressive for the multi-objective learning
problem and has large bias. On the other hand, the ERM-MOL over G yields large estimation error or
has high variance, since there was not enough labeled data to solve for trade-offs over the much larger
family of polynomial classifiers. In contrast, the PL-MOL algorithm reduces this variance using only
additional unlabeled data. In this experiment, we can also corroborate the importance of the loss function.
Fig. 3d shows that PL-MOL can be inconsistent when the losses are not Bregman divergences, cf. Eq. (17).
While the Pareto front found by PL-MOL dominates the other methods, it incorrectly weighs the different
objectives per linear scalarization, resulting in a sub-optimal excess s-trade-off (in the sense of Eq. (17)).
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Figure 4: On the left: one fit of the methods on 1y = ny = 5 labeled and N; = N, = 100 unlabeled samples with
weights A = (1/2,1/2). In the center: excess s-trade-off as a function of labeled and unlabeled sample sizes for fixed
weights A = (1/2,1/2). We fix the unlabeled and labeled sample sizes to 212 and 25, respectively. On the right: the
excess s-trade-off of PL-MOL as a function of unlabeled sample size Ny while n; = n, = N, = 23 are fixed, and for
varying weights. We repeat each experiment 10 times and show median, 20% and 80% quantiles.

5.2 Non-parametric regression with Lipschitz functions

Let X = [0,1] and Y = [0,1]. Let ¢, be the square loss. Define for 0 < Ly < Lg the function classes
H ={h:[0,1] = [0,1] : his Ly-Lipschitz} and G = {g : [0,1] — [0,1] : g is Lg-Lipschitz}. Furthermore,
let K = 2 and P¥ have a density py on [0, 1] with respect to the Lebesgue measure. So that Eq. (3) holds,
assume that there exist two functions f;, f5 € H for which E[Y*| XK = x] = fi(x) forall x € [0,1]. We
now apply Theorem 2 to obtain upper bounds for S-MOL in this setting.

Corollary 2. Let S C Sy, be a set of linear scalarizations. Then the output {3s : s € S} of Algorithm 1 satisfies
(S-MOL) with probability 0.99 and €5 = s(eq, ..., €x) where g < (LH/nk)2/3 + (Lg/Nk)2/3for alls € S.

The })roof of Corollary 2 can be found in Appendix C.4. Note that we recover the familiar minimax rate
n~2/3 of Lipschitz regression. In comparison, the crude, unlocalized bound from Theorem 1 would yield
the potentially much slower rates L%_[ 4nk_ V44 L}j/ sz_ 172,

Let us use the example of regression with square loss to further discuss the intuition why unlabeled data
helps here. In the setting from above, consider the linear scalarization s € Sy, with weight 1/2 on each
objective. The solution to minsc 7 | 75(f) can easily be shown to be the point-wise weighted average

p1(x) 1 (x) + pa(x) f5 (x)
p1(x) + pa(x)

X —

7

see Lemma 2. If the Lipschitz constant Lg happens to be large enough for this function to be included in
G, then g5 from Eq. (5) is exactly given by this expression. However, in general, the Lipschitz constant of
this function may be much larger than the Lipschitz constant of #, L3;, when the densities vary more
than the Bayes-optimal models f;. The reason that unlabeled data helps follows directly: at each point
x € [0,1], we need to estimate both f;(x), 3 (x) and the likelihoods p1(x), p2(x) of x occurring in each
task. And of course, these likelihoods can be estimated (indirectly) using only unlabeled data.

We illustrate this in Fig. 4 on the following example: Let H be a set of almost constant functions (that is,
Ly = 0.2),and let f; = a and f; = b for two constants a,b € [0,1]. Minimizing 7;(h) for the weights
A = (1/2,1/2) over H yields the solution hs ~ (a + b) /2 while for large enough L, the solution in G
becomes g5 = (p1a + pab)/(p1 + p2). On the left of Fig. 4, we show one data instance and the resulting
models from Algorithms 1 and 2 when the densities are p;(x) = 0.7sin(20x) + 1 and p, = 2 — p;1. In
the center and on the right, we show the excess s-trade-off in this setting as a function of sample size.
We can see the rates predicted by Corollary 2: when we fix the unlabeled sample sizes as large enough
(N1 = N, = 2'), PL-MOL achieves a small excess s-trade-off already for small labeled sample sizes.
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Meanwhile, ERM-MOL requires a labeled sample size to be of the same order 2!2 before it achieves a
similar excess s-trade-off. At the same time, if we fix the labeled sample size sufficiently large to learn
the almost constant functions in H, only PL-MOL improves with an increasing number of unlabeled
data. In both cases, the familiar n~2/3-rate from Lipschitz regression is observable, as also predicted by
Corollary 2. Finally, on the right of Fig. 4, we see that if we keep all sample sizes fixed—except for Nj—,
then the rates are eventually bottlenecked by the harder task for all scalarizations; the risks stagnate at

AN, 2/3 = A,, which (up to constants and the smaller order terms) again corresponds to Corollary 2.

6 Related work

Our pseudo-labeling method is connected to many fields that are adjacent to multi-objective learning,
like stacked generalization [64, 44], Mixture-of-Experts approaches [43], boosting and weak to strong
generalization [24], multi-task learning [38, 70, 65, 2, 39, 48], multi-risk settings [20, 36, 56], and learning
for multi-objective optimization [46, 52, 73]. We provide a detailed discussion of these in Appendix A.1.

Semi-supervised learning. Semi-supervised single-objective learning is a well-established field of
research, and the question of when and how unlabeled data can help in a single learning problem is rather
subtle [16, 25, 74, 5]. Interestingly, the reason that unlabeled data helps in our setting is quite different
from how it can help in single-objective learning. Contrary to our setup, results that demonstrate a benefit
of semi-supervised settings in single-objective learning usually require the marginals to carry some
form of information about the labels (such as clusterability, manifold structure, low-density separation,
smoothness, compatibility, etc.) [53, 50, 16], without which semi-supervised learners are no better than
ones that discard the unlabeled data altogether [25, 12]. Our results, on the other hand, hold regardless of
such assumptions: if the likelihood of a sample is higher under one task than another, a model with a
good trade-off prioritizes that task, and unlabeled data enables (implicitly) estimating that likelihood.
This is true, even if that likelihood carries no additional information about the labels.

Multi-distribution learning. In the (supervised) multi-distribution learning (MDL) setting, the goal is
to learn only one s-trade-off for the scalarization s(v) = max v;. Then, for VC-classes of dimension dg,
the label complexity to achieve excess s-trade-off ¢ > 0is @((K + dg) /&) using an on-demand sampling
framework, in which the algorithm is allowed to decide which distribution to sample from sequentially
[26, 3,49, 71]. Importantly, this adaptive sampling improves upon the “trivial” rate @(Kdg /€>) (see [71]
and Appendix A.2) by removing the multiplicative dependence on the number of objectives. For non-
adaptive sampling, the rate ®(Kdg /¢?) is tight, that is, the fact that the algorithm has to solve only one
scalarization does not improve upon the sample complexity of solving all scalarizations, cf. Corollary A.1.
Of course, the statistical complexity under adaptive sampling must fail to hold for S-MOL with multiple
scalarizations, because it includes all individual learning tasks. MDL is also related to collaborative
(where the tasks are assumed to share a ground-truth), federated, and group DRO frameworks, for which
we refer the readers to the discussions in [26, 71, 13]. In [4], the authors propose a semi-supervised
framework for group DRO (a problem related to MDL). The underlying assumption in [4] is that for each
label-scarce group, there exists a group with sufficiently much labeled data and which is “related enough”
for cross-group pseudo-labeling to be effective (similar to the collaborative learning setup).

Generalization for all trade-offs (5-MOL). Applying ERM on labeled data to solve S-MOL was
analyzed in [18, 57] and in [17] through algorithmic stability; we discuss their results in Appendix A.2. As
far as we are aware, we are the first to study the S-MOL problem in the general semi-supervised setting.
The closest work to ours is [63], where the question of learning Pareto manifolds in high-dimensional
Euclidean space was studied in a semi-supervised setting. They assume that 1) the ground-truths exhibit a
sufficiently sparse structure and 2) the objectives have a benign parametrization (their Assumptions 1,2, and
3): the paper considers parametric function classes, and the algorithm that achieves the bounds requires
knowledge about a parameter 6; € IR7 so that R depends on distribution P¥ only through 6. Estimating
these parameters and then performing standard multi-objective optimization can enable learning in high
dimensions. The resulting two-stage estimator is similar to our pseudo-labeling algorithm, and they can
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coincide, e.g., for linear regression with square loss. Moreover, in [63] the necessity of unlabeled data in
high-dimensional linear regression is shown. While we borrow an idea for the stability argument in our
Proposition D.1, our results apply to far more general settings.

Comparison of label sample complexities. In order to compare the label sample complexity of our
results with prior work, we summarize the resulting bounds in Table 1 for VC (subgraph)-classes G and
Hy = H with VC dimensions dg, dy;. Recall that in the ideal setting, the marginals are known.

Table 1: Label complexities up to logarithmic factors from this (gray) and prior work for VC (subgraph) classes. It
holds that d; < dg and potentially dy; < dg. A definition of dg is in Appendix B; both dg < dg and dg > dg are
possible. Note that these results are not strictly comparable, as they depend on varying technical assumptions.

zero-one loss Bregman divergence losses
problem class upper bound lower bound upper bound
supervised MDL 461K [71,49] da 1K 126] de 1K [71]
supervised S-MOL %g [57] / Cor. A1 Kg—‘ig Prop. 1 Kgg [57] / Prop. A.1
ideal semi-sup. S-MOL KE—‘ig [57] / Cor. A1 KE—ZQ Prop. 1 % Thm. 1
ideal semi-sup. S-MOL % Prop. B.1 . % Thm. 2

(with stronger assumptions)

7 Conclusion

This work studies when it is possible to mitigate the statistical cost of multi-objective learning, in which
we illuminate the roles of unlabeled data and of the loss functions. This need arises because the function
classes that contain models achieving good trade-offs may need to be much larger than those that are
well-suited for any one task. We show that for general losses, the label complexity of learning multiple
trade-offs simultaneously in a class G is determined solely by the complexity of G, even when the learner
has full access to marginal distributions and the Bayes optimal models for each task (Proposition 1). But
for Bregman losses, a simple pseudo-labeling algorithm can significantly reduce the label complexity
(Theorem 1), where unlabeled data can fully absorb the statistical cost of the expressive model class. Our
analysis with local Rademacher complexities further refines these bounds (Theorem 2) and shows, among
other things, adaptivity of the algorithm under some conditions.

Future work may investigate the tension between controlling the errors of all scalarizations and adaptive
rates, and in this context, whether Assumption 3 is really necessary (see discussion in Section 4.3).
Moreover, it would be interesting to relax structural assumptions in Theorem 2, e.g., by generalizing it to
non-linear scalarizations, and to apply our framework to generative models, which naturally fit into our
vector-valued, divergence-based setting.
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A More on related work

We briefly review adjacent literature (Appendix A.1), and then discuss works on generalization in
multi-objective learning (MOL) for all trade-offs (Appendix A.2).
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A1 Adjacent related works

There are many works considering multi-risk settings in different contexts (not to be confused with the
multiple competing risks in survival analysis, cf. [33]), for example, in fairness or insurance mathematics
through the lens of multiple quantile risk measures [20, 36, 56]. Our work specifically is related to the
fields of ensembling, multi-task learning, and Pareto set learning.

Learning multiple models for one task. Recall that in our Algorithm 1, we first learn multiple models
(one per task), and combine them into a family of models that trade off the different risks. In comparison,
there are many different ways in which combining multiple models can also help on a single task, usually
by using some sort of ensembling. For instance:

e Stacked generalization combines multiple base models via a meta-model that takes their predictions as
input features and outputs the final prediction [64, 44].

* Mixture-of-Experts models maintain a collection of expert predictors, and use a routing mechanism to
select one or more experts based on the new input. This routing is often done through a direct soft
gating or a weighted combination of the models [43].

* Boosting aggregates multiple weak learners to form a single strong predictor for one task, typically
through sequential training where each model corrects the errors of the previous ensemble [24].

In contrast to any of these methods, our pseudo-labeling algorithm uses the predictions from individual
models (in our work ERMs for simplicity) as training targets and fits a new model (or family of models)
from scratch using the unlabeled inputs. This distinction is essential: unlike the aforementioned methods,
our algorithm does not aggregate existing models to solve a single task, but instead leverages them
as a supervisory signal to reduce the statistical cost of learning trade-offs in a richer function class.
In particular, the described methods do not address the core challenge in MOL: the need to reconcile
conflicting objectives within a single model. Our method explicitly constructs a family of joint predictors
that trades off competing risks and can—or sometimes even must—deviate significantly from any of the
base models.

Learning multiple models for multiple tasks. Multi-task learning (MTL), including semi-supervised
MTL, is a problem that is related to MOL in that both are used in settings where multiple learning
problems need to be solved. However, in MTL, the aim is to learn multiple models, one per task, and
exploit relatedness between tasks to improve sample complexity [38, 70]. As such, the problem of striking
a trade-off, which is at the heart of MOL, is not present in MTL. For example, suppose a new instance
x € X is observed. In MTL, we can make multiple different predictions, one per task, in the hope that
each prediction is good for the corresponding task. In MOL, on the other hand, we have to commit to one
prediction for all tasks. Aside from these differences, as mentioned, if there is a relationship between the
different learning problems, we could employ off-the-shelf MTL algorithms to adapt our pseudo-labeling
algorithm by learning the task-specific models in the first part of the algorithm (Line 2 in Algorithm 1).
Finally, from a technical perspective, it is worth mentioning that (localized) Rademacher complexities
have been used for MTL in [65, 2, 39, 48].

Learning for multi-objective optimization. A recent line of research has introduced the so-called
Pareto set learning (PSL) framework [52, 37, 46], which has found various applications, e.g., in finetuning
language models on multiple objectives [62]. PSL is an approach to making learning algorithms such
as Algorithms 1 and 2 computationally tractable: instead of producing a family of models, one for
each trade-off, PSL approximates this family with one fixed function that takes both weights of the
objectives and covariates as input (often called a hypernetwork [46]). However, importantly, there is no
direct connection of PSL to the learning part of the MOL problem: it is actually purely a computational
technique. Specifically, if one approximates the outputs of Algorithms 1 and 2 with PSL, then it inherits
their statistical guarantees up to the approximation errors. The name Pareto set learning has its origin in
the fact that to find such a PSL function, it is common to minimize some expected scalarization, where
the expectation is taken with respect to weights of the objectives [69]. A standard way to make this
tractable is to sample the weights [46]. Generalization is then usually discussed in terms of the number of
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sampled weights, not the data. See also [63] for a discussion. Finally, beyond hypernetworks, various
other learning techniques have been deployed for multi-objective optimization when evaluating the
objectives is expensive, such as active learning in [73, 72, 30].

A.2 Generalization for multiple scalarizations

In multi-objective optimization, decision makers can be broadly categorized based on whether they have
an a priori or an a posteriori preference over Pareto solutions [28, 32]. An a priori decision maker aims
to recover a specific Pareto model, which is the solution to a trade-off 7 that is known beforehand. In
contrast, an a posteriori decision maker will first recover the whole Pareto set. Recall from Section 2.3 or
[22] that, under mild conditions, this entails solving a family of optimization problems

Vs e S, min 75(g). (18)
g€g

The preference of such a decision maker is then informed by the set of trade-offs that are possible.

The learning version of the problem has been studied for both types of decision makers, where the trade-
off functionals need to be estimated from data. This leads to two types of algorithms and generalization
bounds. The a priori approach has been especially developed in the context of learning with fairness or
multi-group constraints [26, 3, 49, 71]. The a posteriori approach, to which our work mostly belongs, has
been studied by [18, 57].

Then, to learn the Pareto set, empirical risk minimization (ERM), or perhaps more aptly empirical trade-
off minimization, is a natural approach to learning all Pareto solutions. The idea is simply to use labeled
data sampled for each of the K tasks to empirically estimate the s-trade-off functional 7; of any model.
The Pareto set can then be found by minimizing the estimated trade-offs. This algorithm, that we call
empirical risk minimization for multi-objective learning (ERM-MOL), is formalized in Algorithm 2.

Learning the Pareto set through ERM has been described and analyzed by [18], where S is a family of
linear scalarizations. In particular, they provide a sample complexity upper bound that depends on the
complexity of S through a covering number of the weights that appear in S. Later, [57] extended the ERM
framework to go beyond the empirical estimator of the risk functionals, allowing for any “statistically
valid” estimator based on uniform convergence. They further improve the sample complexity upper
bound by removing dependency on S in [57, Theorem 2]. Their result can be used to derive bounds for
ERM in §-MOL: we now instantiate their bound in our setting (see Section 2.1), making the following
assumption to enable comparison with our results:

Assumption 4 (Regularity conditions for ERM-MOL). The risk and excess risk functionals are equal,

vKEK:  inf Re(f)=0.

Proposition A.1 (Sample complexity of ERM-MOL). Suppose that Assumption 4 holds and that the loss
Ui (-, -) is bounded by B and Ly-Lipschitz continuous in the second argument for each k € [K]. Let S be any class
of scalarizations satisfying reverse triangle inequality and positive homogeneity (7). Then, for any § € (0,1),
the class of solutions returned by Algorithm 2, {gs : s € S}, satisfies (S-MOL) with probability 1 — 6 and
s = s(e1,...,€x), where for each k € [K], ¢ is given by:

1/2
W) . (19)

ex = 6LRL (G) + 2B ( -

We demonstrate the implications of this bound for a VC class and for linear scalarizations below, using
the VC bound on the Rademacher complexity (Lemma E.6):

Corollary A.1. Let G be any hypothesis class with VC dimension dg € IN on data domain X x Y where
Y = {0,1}. For each task k € [K], define {x(y,y') = 1{y # y'} be the zero-one loss (cf. Definition 3). Let
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Algorithm 2 ERM for Multi-objective Learning (ERM-MOL)

Input: Labeled data {(Xf‘, Yl-k) }}?kl, hypothesis space G, scalarization set S.
1

fork € [K] do
Define the empirical risk functional: R (g) := = T b (YE 8 (X))
end for
fors € Sdo
Minimize the empirical s-trade-off: g5 = argmin s s (ﬁl (), ..., Rl ).
end for
Return {gs : s € S}.

(P, ..., PX) be any tuple of data distributions over X x ). Then, for any 6,e > 0, the output of Algorithm 2
{35 : s € Syn} satisfies (S-MOL) with probability 1 — § and &5 = ¢ for all s € Sy, whenever the number of

samples is at least ny = Q) (%%(K/&)) for each k € [K].

See Appendix A.3 for proofs.

Dependence on the size of S in our results. The authors in [57] noted that the dependence on S
in [18] is sub-optimal, in the worst case by a factor of Klogny, and that such a dependence could be
removed. Here, we should add that this is only true because in [57] the learning bounds are exclusively
globally uniform—no localization bounds were derived. Similarly, the bound from our Theorem 1 is also
independent of the size of S. Theorem 2, on the other hand, paints a more nuanced picture: the size of
the sets Gi(7; f*) from Eq. (12) depends on the size of S through a union: if all local neighborhoods of the
gs are “similar,” then S does not affect the bound at all. However, if the local neighborhoods are very
different, then the union may be larger than any of the individual neighborhoods and hence the bound
will grow with the size of S; see the right side of Fig. 2. See also Section 4.3. Nonetheless, if S is finite,
Theorem 2 also yields the following bound.

Corollary A.2. Let S C Sy, be finite and let Assumptions 1 and 2 hold. Define
— i .2 k
w(s) := mf{r >0:1" >Ny, (rBH,Hk Nn(g —gs)) } .

Then, if § > 0 is sufficiently small, the output {gs : s € S} from Algorithm 1 satisfies (S-MOL) with probability
1—6andes =s(eq,..., ex), where

& < Ek (ui(s) + [i + (N,:l + n;l) log(4K|S]| /5)) ,

with Cy = Cy(s) from Eq. (16) where we set > = y%(s) := max {1/Ay : k € [K], Ay > 0} for s = shn.

Proof. Consider the where S = {sl]{“} is singleton. Because we only consider this one scalarization, we can
make the following case distinction for each k € [K]: either A, = 0, so we can ignore index k completely,
or Ay > 0 and so esssup dP% /d (Z]K:l P)) < 1/Ay. Hence, Assumption 3 is satisfied for S = {si"} with
n2(sin) = max {1/Ay : k € [K], Ax > 0}. The bound for S = {sli"} follows from Theorem 2, and the
corollary for a finite S follows from a union bound. O

A.3 Proofs for ERM-MOL

Proof of Proposition A.1. The proof is analogous to the proof of [57, Theorem 2], additionally using
Rademacher complexity and McDiarmid’s bound to bound the supremum (denoted Cy in [57]) and
slightly different assumptions on the scalarizations. We repeat the proof here for completeness.
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Fix 6 > 0. By a standard Rademacher bound (also see Appendix D.3), the following generalization
guarantee holds for each task k € [K],

(20)

. é
P(vgeg: |Ri(g)—Rulg)] <er/2) 21— .

For any scalarization s, let 7 denote the empirical s-trade-off

~

Ts(8) = s(R1(g), ..., Rk(g))-

~

Then, 7 is well-approximated by 7T;. By Assumption 4, Ry = &, so that when the event Eq. (20) holds
for all k € [K], and this occurs with probability at least 1 — J by a union bound, we obtain that:

sup | T:(g) — Ts(8)| = sup [s(R1(g), .., Rk(8)) —s(R1(8), ..., Rk(g))]

g€g €6
< SUIQD s(|R1(8) = Ra(g)|,-- -, | Rk(g) — Rk (8)])
g€
<s(e1/2,...,€x/2), (21)

where the first inequality used the reverse triangle inequality, and the second inequality used the above
claim. In particular, this will allow us to bound the excess s-trade-off of gs as follows:

~

Ts(8s) — Ts(gs) = Ts(8s) — ﬁ(g;) + T5(8s) — ﬁ(SS) + 7A;(85) — Ts(8s)
(a) (b) (c)
<s(e1/2,...,ex/2) +s(e1/2,...,€x/2)

<s(e1,..., k),

where the (a) and (c) terms both contribute at most s(e1/2,...,ex/2) error from Equation (21), while the

(b) term is non-positive, since g minimizes the empirical s-trade-off 7;. The last inequality follows from
the positive homogeneity of the scalarizations. O

Proof of Corollary A.1. From Proposition A.1 and the VC bound on Rademacher complexity (Lemma E.6),
there exists a constant C > 0 such that for each k € [K] we have ¢ < ¢ for whenever ny is sufficiently
large:

1 K
> (72C2L§dg +16B2 10g5> :
The result follows, since we have that for any s € Syy:
s(er,...,ex) <s(e...,€) =¢

which concludes the proof. O

B Beyond Bregman losses: pseudo-labeling for zero-one loss

In this section, we revisit the example of zero-one loss to discuss what changes in our setting could
enable the semi-supervised setting to help after all, as alluded to in Section 4.3. In particular, we have to
introduce an assumption that circumvents the negative result in Proposition 1 (and Eq. (17)). It turns out
that we have to strengthen our most basic assumption that each task separately is easy to learn according
to Eq. (3). Instead, we may assume that some auxiliary problem, namely learning 6 (x) := E[Y*|X* = x|
(which does not correspond to f; in this setting), is easy. Then an algorithm may, as a first step, use
another loss to estimate 6; and then use the fact that the excess risk in terms of zero-one loss can be
expressed as £ (g) = E[|20,(X) — 1] - |g(X*) — 1{6:(X*) > 1/2}]).
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Let O be function spaces from X to [0,1] and let f;(-) := arg ming g, 7- Ly (Ve — 0(XF))? as well as

a1 (g;0) := &0/1 (g:61),..., &%/1 (¢;0x)), where we defined the zero-one rlsk discrepancy
(%0 = Z [20(xE) — 1] - |2(xh) - 1{8u(XH) = 172} ] .
In the next proposition, we replace Eq. (3) with assuming that E[Y*| X = -] € @, and in particular, we do

not—and in some strong sense cannot—assume that ®; C G.

Proposition B.1. Consider the multi-objective binary classification setting (Definition 3) and let S be a class of
scalarizations that satisfies the reverse triangle mequalzty and is positive-homogeneous (7). Suppose it holds that

E[Y¥|X =] € O. Then {g; € argmin, g ds AV (g;0) : s € S} satisfies (S-MOL) with probability 1 — & and
es =s(ey, ..., ), where

1/2
- ( /1og 21</5 \/ 1og(flK/5)> ) |
k

The proof of Proposition B.1 is in Appendix B.1 and is analogous to that of Theorem 1. Denoting dg, the
VC subgraph dimension (a.k.a. pseudo dimension) of @, and dg the VC dimension of G, by Lemma E.6
we can see that the proposition yields a label complexity of Kdg, / ¢* and an unlabeled sample complexity
of Kdg /€. But does Proposition 1 not prevent any benefit for zero-one loss? What happened?

There is no contradiction: the Rademacher complexity of @, may be arbitrarily larger than the Rademacher
complexity of any Hj from Eq. (3). It is exactly this phenomenon that Proposition 1 exploits: even when
we know f, we can come up with a hard instance where the Rademacher complexity of @ is of the
same order as G, yielding the need for correspondingly many labeled samples, and hence being unable to
benefit from unlabeled data. Only under the (much) stronger assumption that the auxiliary problem of
learning x — E[Y*|X¥ = x] is easy, may we benefit from unlabeled data.

B.1 Proof of Proposition B.1

Denote 6;(-) := E[Y¥| XK = -] € H,. In the multi-objective classification setting with zero-one loss, we
can write (e.g., [19, Section 2.1])

Ec(g) = E [ [206(x*) - 1] - |o(x*) — 1 {ou(x}) = 1/2}] .
Denote temporarily fy(x, ¢) = [26(x) — 1| - |g(x) — 1{6(x) > 1/2}|. Then
fo(x,8) — for(x,8)] < [[20(x) — 1] — |26"(x) — L[| + [20(x) = 1| - [1{6'(x) = 1/2} — 1{B(x) = 1/2}
2 2 J0(x) = 0/(x)| +2 |0(x) — 0'(x)] < 4]0(x) —0'(x)|.

where in (a) we used that the indicators can only disagree if [6’(x) — 0(x)| > |6(x) — 1/2]. It follows that
forany g € G,

€x(9) — B (58| < [€nle) — (580 + | (8:80 — B/ (5:80)|
‘ [fek (X*,8) —fa, Xku%’”ﬂL’dO/l(gﬁk) /! (8r9k)‘
< 4E [|0(x*) = Be(XN) || + | (g8 — 4" (g6

Be bound each term separately.
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First, analogous to Eq. (31) in the proof of Theorem 1, since the square loss is 2-Lipschitz on [0, 1], with
probability at least 1 — 6/ (2K)

E Hek(xk) _§k(xk)H < \/IE [(ek(xk) _gk(Xk)>1 - \/249%(@“ i (210%(2K/5)>1/z.

Ny

For the second term, we use that ¢ — fp(x, g) is 1-Lipschitz continuous. Denote c(x) = 1{0(x) > 1/2};
then

|fo(x,8) — fo(x, &) < 120(x) = 1] [|g(x) — c(x)] = [g'(x) — e(x)|[ < [g(x) —g'(x)]
Hence, using contraction again, we get the analogous bound to Eq. (30) with probability 1 — ¢
2 1%
sup’do/1 0) — dy/ " (g:0¢)| = sup N, Zfék(Xf'(fg) }'
3€G g€G | Yk i=1
[21log(1/9)
<2£)f{ ({xv—>f9(xg :g€Gh)+ og /
< 69"?\1,((9) + M.
N

Hence, we have proved that with probability 1 — 4, for all k € [K], we have

2log(2K/6)\ /2 2log(2K /6
sup |£(g) — Ay (g:8)| < \/249%k (©) +2 (fifi)) e, (0) + %
gEg k A

The rest of the proof is then identical to the proof of Theorem 1 provided in Appendix D.3, but we replace
the “claim” with this previous uniform bound.

C More examples

In this section, we discuss an “easy” example for classification, the toy setting used in Fig. 3, and provide
another example applying Theorem 2 to linear regression.

C.1 An easy example for classification

Let X = R?> and ) = [0, 1]. Consider the two distributions P!, P2, defined by sampling the covariates
from a mixture of Gaussians, and then labeling from a linear logistic model:

X'~ IN(O, L) + AN (—ey, 1), X2 ~ IN(0, 1) + AN (e1, ),
Y X! = x ~ Ber(c ({x, —e1) +1/2)), Y?|X? = x ~ Ber(c ({x,e1) +1/2)).

In this model, when using cross-entropy loss, each task is solved optimally by a linear classifier that
discriminates between the two Gaussians in each task, that is, by f;(x) = o ((x, —e;) +1/2) and
f3(x) = o ((x,e1) + 1/2), respectively. However, striking a good trade-off using linear models in the two
tasks simultaneously is impossible. Specifically, consider the function classes (note the slightly different
setup to Section 5.1) defined as

H:{h:xH<w,x>+b:w€20-5’%,b€lR},

g:{g:x»—> <w,<I>(x)>+b:wEZO-B%O,bGJR},
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ERM-MOL - linear models ERM-MOL - polynomial kernel PL-MOL - polynomial kernel

Task 1

Task 2

Figure 5: Classification with logistic loss on two tasks (one per row) that are not fully compatible. The gray lines
are the decision boundaries for the ERMs hy, hy of the two tasks. The black lines and red /blue shading show the
decision boundary of the three methods (one per column).

where ® maps x to all of its p = (2J2r3) = 10 polynomial features up to degree 3. In one data instance

of n; = ny = 24 labeled data points sampled from the statistical model defined above, we run three
different algorithms on cross-entropy loss using linear scalarization with equal weights:

* ERM-MOL (Algorithm 2) on the function class H of linear models.
e ERM-MOL (Algorithm 2) on the function class G of polynomial kernels.

¢ PL-MOL (Algorithm 1) using H in the first stage for all tasks, and G in the second stage with an
additional number of Ny = N, = 400 unlabeled data points.

We now show the resulting decision boundaries at threshold 1/2 in Fig. 5.

Clearly, striking a good trade-off in H is not possible, while the variance of the larger function class G
induces a larger error on the few (117 = np = 24) labeled data points. Algorithm 1 (PL-MOL) on the other
hand reduces this variance using the N; = N> = 400 unlabeled data points.

C.2 A hard example for classification

We now discuss another example, where finding a trade-off is harder than in the previous example. This
is the same problem used in Fig. 3. Specifically, consider the data from Fig. 3a: the support of task 2 is
completely contained within the support of task 1, and in particular, there is an area where the labels of
the two tasks disagree (the bottom left “striped rectangle”). Both tasks are optimally solvable by linear
models, but trying to solve both tasks at the same time is impossible, even in F,j;. Meanwhile, better
trade-offs still become available using, e.g., polynomial features.

We sample n; = np = 25 data points uniformly from the regions in Fig. 3a and, in Figs. 3b and 3c, label
them according to the linear logistic model Y*|X* = x ~ Ber(f{(x)), that is, with noise and in accordance
with Eq. (3). Again, we run the three different algorithms on the logistic loss using linear scalarization:
ERM-MOL (Algorithm 2) on the function class # of linear models, ERM-MOL on the function class G of
linear models on polynomial features up to degree 5, and PL-MOL (Algorithm 1) using H in the first
stage for all tasks, and G in the second stage with an additional number of Ny = N, = 300 unlabeled
data points. PL-MOL fits linear models to the labeled data and uses these to predict (soft) pseudo-labels
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for the unlabeled data, resulting in Fig. 6. Some resulting decision boundaries of each method are shown
in Fig. 3b, and the Pareto fronts (on the test data) as well as excess s-trade-offs are shown in Fig. 3c.

As discussed in Section 4.3, the pseudo-labeling Algorithm 1 can
fail when the losses are not Bregman divergences, and even be
inconsistent in terms of s-trade-off, as demonstrated in Eq. (17).

Pseudo-labeled (soft labels)

While for the proof of Eq. (17) a simple coin-flip example is suf- F ) e g
ficient, in the example from Fig. 3a, this effect also happens. To = o ||fos E
amplify this effect, in Fig. 3d we generate the labels in task 1 *| & Lo . 2

without any noise, and in task 2 according to this model: o %
Bapt Fo2

Ve |X(2) e 0 x is in the “red region” of task 2, & ;
Ber(0.65) x is in the “blue region” of task 2, *

Task 1 (pseudo, soft)

where recall the different regions from Fig. 3a. Merely changing Task 2 (pseudo, soft)

the loss to the zero-one loss then breaks Algorithm 1 in the sense

of Eq. (17). In Fig. 3d, we show how the same algorithms perform Figure 6: Pseudo-labeled data using PL-
in a large sample regime (17 = 1 = 400). PL-MOL does not attain MOL with logistic loss.

the best-possible trade-off within G, even when it recovers the

Pareto front of G.

C.3 /p-constrained linear regression

We now discuss another example where the localization can yield much tighter results than Theorem 1.
To that end, we consider the following problem of constrained linear regression with squared loss.

Let X = BY, Y = [~1,1], and ¥ be the squared loss. For R € [0,1], define the hypothesis spaces
H = {h(x) = (x,w) : |[w|], <R} and G = {g(x) = (x,w) : ||w|, < 1}. We consider distributions that

satisfy E [Yk|Xk = x} = (w}, x), that is, a (possibly heteroscedastic) zero-mean noise model
Yk = <kak> +& with VxeX: E [g’ka - x} —0,

where ff = (wf,-) € H C Fyy for all k. Suppose that the covariance matrices of X* have smallest
eigenvalue bounded from below by x € [R, 1] (which is easily satisfied). Theorem 2 then yields the
following corollary, proven in Appendix C.4.

Corollary C.1 (¢;-constrained linear regression). In the setting described above, the output of Algorithm 1
satisfies (S-MOL) with probability 0.99 and es = s(eq, ..., ex) for all s € Sy, (Eq. (6)), where

e <mind L 2RV L f 12
ke NG kN N |-

Here 1/ny and 1/ Ny are the localized rates, where Theorem 1 would yield 1/,/n; and 1/+/Nj instead.
Notice that if # is very small (i.e., R < 1/(2xny)), then the first term is small due to the smaller complexity
of H, while the second term may only become small due to larger unlabeled sample size Nj.

C.4 Proofs for the Examples

In this section we provide the proofs of Corollaries 1, 2 and C.1.

Proof of Corollary 1. We apply Theorem 1 to the setting. First, note that ff(x) = E [Yk|Xk = x} =

o({x,wf)) is contained in H, so that Eq. (3) holds. Also note that the loss ¢(y,7) = —(ylog(§) + (1 —
y)log(1 — 7)) is a Bregman loss (Definition 4) induced by the potential ¢(y) = ylogy + (1 —y) log(1 —y).
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Moreover, for all ¢ € G we have that g(X) C [o(—1),0(1)], since for all w € B and ®(x) € B we have
that | (w, ®(x))| < [[wll [ @(x)]|e < 1.

We can then check Assumption 1 (using the remark that only the range of G needs to be considered):

1. Because %(])(y) =1/(y(1—y)) >4forally € [0,1], we have that ¢ is 4-strongly convex.

2. Making use of the fact that the range of functions in G lies in [0(—1),0(1)], we get that £ is L-

Lipschitz in both arguments with L = m. To see that, employ Lemma E.1 with diam|,|(}) =

1and ;—;zfp(y) < m on the range of G.
3. Similarly, because the range of functions in G lies in [o(—1), ¢ (1)], the loss is bounded by ¢ < B =
—log(c(-1)).

Hence, we may apply Theorem 1. Standard bounds on the Rademacher complexities yield

1 [2log2d 1 /2log2
k < - 2084 k < 2 [|21984P
Ry, (H) < 2 n and %Ry, (G) < 1 N,

This can be proven using Lipschitz contraction with respect to the sigmoid (which is 1/4-Lipschitz
continuous). For both bounds, there exist distributions so that the bound is tight. Plugging this into
Theorem 1 yields (for some fixed high probability, such as 0.99)

o < log p 1/2+ log K 1/2+ logd 1/2+ log K /2
N N Mk Mk

< <logdK)1/4+ (long>l/2

Ny

where the last inequality holds if max { 1(;\‘7’ 2y IOI%K, M, logK } < 1, which we assumed. O
k k Ny ny

Proof of Corollary 2. We verify the assumptions of Theorem 2: Eq. (3) holds by definition of the data
generating model. Assumption 1 and the smoothness from Assumption 2 hold, because the square loss
¢ is 2-Lipschitz and 1-bounded on ) = [0,1], and induced by ¢(y) = y? which is 1-strongly convex,
and max {¢",¢""} < 2. The other parts of Assumption 2 hold because the function classes G and H are
convex, and the strong convexity holds with s = 1: For every s = skin € Siin a quick calculation shows
that

delrh) = [ (800) — hn(x)PAaps(3) + (8(3) — o) Aapa(x) d
81 = [ £ 0p(x) + Azpa(x) d
which implies that
i)~ 1812 = [ (5~ 10 = 2(0) Arpr () + ((8(3) ~ ha())?  £)) Aapalx)

and hence the strong convexity follows from the convexity of g — (g —a)? — g* forany a € R.

To apply Theorem 2, denote the space of 2Lg-Lipschitz functions [0,1] — [~1,1] as G, and note that for
any function g € G we have that G — ¢ C G. Hence, we can see that

Gelri) = 1B, 0 (G-l c {g e G: sl <r}.
seS
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Denote by N(t, A, ||-||) the covering number of a set A with norm ||-|| at radius ¢ > 0, see e.g., [61, Chapter
5] for a definition. It is a standard fact [61, Example 5.10] that the metric entropy of {g € G : ||g]|, < r} is

bounded as ”
VO<t<r: logN<t,{g€g:||g]|k§r},|\~||k>_Tg.

Hence, using standard bounds with Dudley’s entropy integral [21], we can bound the Rademacher
complexity of this function class by

% ({g € Gllle<r}) 5 i [0 (1 {g € O+ glho <} 1)
o
<

< |Lgr

R (H(r)) S

.
(Lg)Y2t7 124t

and, similarly for #;(r) we get that
Lot
Ny '
Solving the corresponding inequalities > >/ %{Lr and r? > LTgkr yields
SL3Pn?®  and  wg SLYONSPR.
Plugging this into Eq. (15) from Theorem 2 and noting that 1) for any fixed confidence 1 — § (such as

0.99) the confidence term goes to zero faster than the main terms, and 2) the constants Cy are universal
constants in this example, yields the result. O

Proof of Corollary C.1. Denote ¥ = E [Xk(Xk)T} , lm and g, = (-, w) € G, so that for any w,w’ € R?

o = gl = E | (5039~ g0r(x)) | =B | ({w =, x))°| = (0= ) "m0 - w),

and by an identical argument di (gw; go) = (w — ') TSk (w — w') = ||gw — gw ||7- Tt follows that

s(Swi f Z)\k ( w — wy) ) 2 (w — wk)>
(w—w,) <Z /\kzk> w—wy) + ds(gw,\}f*) (22)
where we defined the minimizers
gs = 8w, with w, = argminds(gw; f (Z /\kzk> (Z Akaw;> .
[[wl,=<1 k=1

This holds because the unconstrained minimizer coincides with the constrained one, ensured by the
bounded norms ||wf||, < R < x and bounded smallest eigenvalue pimin (£r) > x—note that because

HXkH2 < 1 we have that pmax(Z) < 1—which implies

AN T At (50 7]
A2 A2 W k=1 kﬂmax k k
<k_21 ' k> <k_21 o k) Z:k 1 /\kﬂmln(zk>

2 o R
K

<1

2

32



We verify the assumptions of Theorem 2: Eq. (3) holds by definition of the data generating model.
Assumption 1 and the smoothness from Assumption 2 hold, because / is 4-Lipschitz and 4-bounded on
Y = [-1,1], and induced by ¢(y) = y* which is 1-strongly convex, and max {¢"”, ¢"""} < 2. The convexity

of ds(g; h) — ||g|> . in Assumption 2 holds with constants s = 1 by inspecting Eq. (22), and G and H are
clearly convex.

We now bound the critical radius rg := inf {r >0:72 > 9%’,2(.7:1((1’))} of the following function class

r) = {(w) : ||w|, < 2R, w Tw < r*}. Note that because pimax(Z; ') = 1/ pmin(Zx) < 1/x and
Xk € B, it holds that

2
n n
E|Y oxt| = 2 G (X TE Xk =B Y (x5 Ty xk < 7,
i=1 51 ij=1 i=1 K

n

Y. oiXf

i=1

<

and thus we get by Jensen’s inequality that for any R,7 > 0
<

n
k
sup <w,§ O'iXI-> _\ﬁ'
w ' Tpw<r? i=1 5! Kn

and, by standard Rademacher complexity bounds (applying Cauchy-Schwartz and Jensen’s inequality),

sup < Z (Tsz>
[wll,<2R i=

Hence, we can solve r2 > r/+/xn and r2 > 2R/ V/nto get, taking the minimum of the two,

72 < min 1 2R
R kn’ \/n

R(Fr(r) < L E

.
<'E
n

2R

R (Fr(r)) < L <

n

We are now ready to apply Theorem 2. Noting that
Hi(r) = By, 0 (M= £) € {0} s Jw]l, < 2R 0 S0 <7} = Fr(r)
and that the set G (r; f*) is included in Fi(r);
Ge(r; f*) =By, N U (G — gs)

seS
={(w) 0 s < Ay —wa) : fwll, < 1,4 € AK1)
c {0 mw <72 Jwlly <2} = R,
we can apply the previous bound on the critical radius and get that

[2<min{1 ZR} and ﬁ2<min{l 2}
k= Ky (/g k= N;" v/Ni

Plugging this into Theorem 2 yields the result. O

D Proofs of the main results

D.1 Proof of Proposition 1

To prove a sample complexity lower bound, we show a reduction from a statistical estimation problem to
the semi-supervised multi-objective binary classification problem.

33



We start by constructing a statistical estimation problem, defining a family of distributions parametrized
by the set of Boolean vectors o € {0,1}%. We aim to use samples from a distribution to estimate its
associated parameter; the distributions will be designed so that any estimator given insufficiently many
samples will fail to estimate the underlying parameter well for some ¢. Then, we show that any learner
that solves the multi-objective learning problem (S-MOL) with & = € and § > 5/6 can be used to
solve the parametric estimation problem, implying a sample complexity lower bound for S-MOL. For
convenience, we reproduce the PAC version of S-MOL here:

v(PL,...,PX) e PK, ]P(Vs € Sin, Ts(gs) — 11615 Ts(g) < e) >5/6, (23)
8

where P is the set of all distributions over X x ).

Let’s consider the K = 2 case first. We show that n > d/1024¢? samples are necessary.

Defining the statistical estimation problem. Let Ap := {x1,...,x;} C & be a set shattered by G. For
each o € {0,1}¢, define the distributions P} and P2 over X' x ) where (i) the marginal distributions on
X is uniform over the shattered set {x1,...,x;}, and (ii) their conditional distributions on ) = {0,1}
given x; are Bernoulli distributions. Let ¢ = 4¢ and define:

1 1 1 1
1_ , 2 ‘ 3 )
P, ,g[d] Oy; @ Ber < + c¢71> and P ] ig[d] Ox; @ Ber (2 c(1 Uz))

Fix a sample size n € IN. Define the family Q = { Q. : ¢ € {0, 1}d}, where:
Xn
Q, = (P}, ® P§> .

Let Z, ~ Q, consist of 7 i.i.d. draws from P} and P2 each. The statistical estimation problem will be to
construct an estimator & (Z, ) for o that recovers at least 3/4 of the coordinates of o

”AC(ZO) 0 Hl 1 5
Pl—mm— "~ < _ | > ).
max ( | 3 ( 4)

Reduction to multi-objective learning. Suppose that a learner can solve the S-MOL problem (23) for
K = 2 using at most n samples. The reduction from estimating o is as follows:

1. Given any instance ¢ € {0,1} of the above statistical estimation problem, have the learner solve
the MOL problem over (PL, P2) and linear scalarization Sy, using data Z, ~ Q, and zero-one loss.

2. Query the learner for the solution to the linear scalarization s1,, = s&n with weights A = (3, 1).
Denote this solution by g, /2( -;Z) € G and construct the estimator o"\jor, for o as:

oMoL(Ze)i = gsl/z(xi; Ze).
Correctness of reduction. Before proving correctness, we make a few observations:

1. For P},, the conditional label distribution associated to x; € A} is either biased toward 1 or uniform
over {0,1}. In either case, under the zero-one loss, the label 1 is Bayes optimal, and so the constant
function f; . = 1is a Bayes-optimal classifier for P}. Likewise, f5 . = 0 is Bayes optimal for P2,

2. A function g : X — Y only incurs excess risk from an instance x; drawn from PL when 0; = 1
and g(x;) = 0. Similarly, it accumulates excess risk from instances x; from P2 when ¢; = 0 and
g(x;) = 1. The total excess risks of g is given by:

_ 2c 2c

€1(g) g%%l{g(xi)ﬂ} and €z(g)=E%}(1—ai)1{g(xi):1}.
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For the linear scalarization s /», we have:

Ton(9) = 5 (E1(8) +&2(9)) = 5 ¥ 1s(x) # i)

i€ld]
3. Since G shatters AX), it contains a function g, that satisfies g (x;) = 0; for all i € [d]. Thus:
inf 7512(8) = Ts12(80) = 0.
4. Given g : X — Y, define the Boolean vector g € {0,1}4 by 0g; = g(x;). Then, by our choice of c,
the excess s1 /,-trade-off of g is related to the Hamming distance between ¢ and ¢

llog =y

1
< —
— <7 (25)

7;1/2(g) _;elg 721/2(8) <e
. c
since ﬁl/z(g) =7 |log— 0ol

This last point implies the correctness of the reduction. That is, if a learner can solve (23), then we can use
it to construct opjor that achieves (24). In particular, (25) shows that:

. . o Zo) — 0O 1
IP<7;1/2 (351/2(';20)) 7;2(51 7;1/2(g) < 5) = ]P<|| mo ( P ) l < 4).

We now show that this statistical estimation problem requires at least n > /1024¢? samples across P}
or P2. This holds for any estimator including those that knows that f;  and f; . are Bayes-optimal

classifiers and that the marginal distribution over X for both P} and P2 are uniform over the shattered
set. In particular, the lower bound applies to the semi-supervised MOL learner, which is given access to
these Bayes-optimal classifiers and marginal distributions over X'

Minimax lower bound. We now show that if n < d/1024¢2, the following bound holds:

o) —elh 1) . 2

max min P ( 7 <7 ¢

o T
where @ : (X x Y x X x Y)" — {0,1}9 ranges over all estimators using 1 samples from P} and P2 each.

For every ¢ and ¢ it follows from Markov’s inequality that

ST
=2~ o E[I5(Z0) — olh].

We lower bound max E[||0(Z,) — ||1] for any estimator & using Assouad’s lemma:
[

Lemma D.1 (Assouad’s lemma, [66]). Let d > 1 be an integer and let Q = {Q : o € {0,1}%} contain 2¢
probability measures. Given 0,0’ € {0,1}9, write o ~ o' if they differ only in one coordinate. Let & be any
estimator. Then

max E [||a(Z)_a||1]g‘21.min{1— ;KL(QU|Q‘,/):0~0"},

7 Z~Q¢

where KL(-||-) measures the Kullback-Leibler divergence between two distributions.
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When ¢ and ¢’ differ only in one coordinate, the KL divergence between Q. and Q, is bounded:

KL(Qc Qo) = - KL(Pg|[Pp) + 1 - KL(P7||P:)

( zeZd]KL( +eoi|| 5 +CU))

where the last inequality holds when ¢ = 4e < 1/3 by Lemma D.2. Indeed, we've assumed ¢ < 1/12.

By Assouad’s lemma (Lemma D.1) and the above bound on the KL divergence, in the worst-case setting,
any algorithm using n samples will have expected error at least

max E [|7(2)~olh] > 5 (1— 4;)

7 Z~Qo

Plugging into Equation (26), we finally obtain:

. o — ol 2 2 [4nc? 5
nw v < <S4S = <=
mgxm:rmlp< i ~1)=3"3V 7 <%

where the last inequality holds whenever v/ 4nc?2/d < 1/4, which holds when n < d/1024¢2.

Generalization to all K > 1. The MOL problem with K tasks is at least as hard as M = |K/2| separate
MOL problems each with two tasks. This leads to a total sample complexity lower bound M - d /1024¢2.
We obtain the lower bound CKd/e? in the statement of the result by setting C = 1/3072 and using
Lemma D.3, which shows that |[K/2] > K/3 for all K > 1.

More explicitly, we can reduce M separate copies of the statistical estimation problem for oy, ..., oy into
a single MOL problem over the distributions:

( PZk 1 PZk ”)’

(%540

wherek =1,..., M. Define s’l‘ /o to be the linear scalarization that equally divides all weight across the
2k — 1 and 2k components:
k U2k—1 + U2k
s1/2(v) = 5 :

Then, an estimator ¢ for o can be obtained from the by defining as before:
ki = &g, (xi)-

The analysis from the K = 2 setting now holds for each k = 1, ..., M. This implies that at least d/ 1024¢2
samples must be drawn across each pair of the 2k — 1 and 2kth distributions. This concludes the proof.

Lemma D.2 (KL-divergence bound, e.g. [15]). Let x € (—1/3,1/3). Then:

KL(% I %—O—x) < 2x2 and KL(%—FxH%) < 4x2.

Proof. By a direct computation, we have that whenever 4x2 < 1/2, which is satisfied when x €
[-1/3,1/3],

1,1 1 1
KL(3 13 +7) = 3los Tz <24
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where the last inequality holds from the fact that log 1172 < z whenever z € [0,1/2].

For the second inequality, we show that the function ¢(x) = KL(1/2+ x||1/2) is L-smooth on (—1/3,1/3)
where L < 8 and has zero derivative at x = 0. This implies that it is upper bounded by 5x2. In particular,
the first and second derivatives are:

#/(x) =log(1+2x) +log(1-2x)  and  ¢"(x) = ',

so that ¢”" < 8 whenever x2 < 1/9. O

Lemma D.3. Let K > 1 be a natural number. Then, |K/2] > K/3.

Proof. There are two cases:

e When K is even, then |K/2| = K/2 > K/3.

e When K is odd, then |K/2] = (K —1)/2 > K/3, where the last inequality is equivalent to
3(K —1) > 2K, which is further equivalent to K > 3.

D.2 Proof of Lemma 1

Let /i be a Bregman loss associated with the potential ¢;. The first part is proven in [6, Theorem 1]: for
any Y* such that E[Y¥] and E[¢;(Y*)] are finite, it holds that

fi = argmin E[6(Y*, £(XF))] = E [Y¥|x* = ]
fe€Fan

Then, by definition of Bregman divergences, we have the following generalized Pythagorean identity [7,
Equation (26)]
Oy, %) = by, 2) + b(2, %) = (y = 2, Vr(x) = Vi (2)),
so that by the tower property (see also [6, Equation (1)])
Ri(f) = E[6:(Y., £(X5))]
= E [zk(yk,lE [yﬂx’f} )} +E [Ek(]E [yﬂxk} ,f(xk))}

Ric(f¢) d(fifi)
— (B [Y* — B [Y¥XH] ]|, Vo (F(x¥)) - V(B [YHXH])).
=0
Rearranging yields that & (f) = Ri(f) — R (f{) = di(f; ff), which is the second claim.

D.3 Proof of Theorem 1

The proof of Theorem 1 relies on the following lemma on estimating the excess risk functionals & with
the risk discrepancies di(f; hy) under Assumption 1.

Lemma D.4 (Excess risk functional estimation). Suppose that Assumption 1 holds and that a function I
achieves excess risk Ex(hy) < €x. Let ¢y = Lg+/2/ uy. Then, the risk discrepancy functional di(-; hy) defined in
Equation (9) approximates E(-) uniformly on Fyy, that is,

sup |di(fiT) — E(f)] < cv/ex

feFa
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Proof. Recall that f} € Hj is the minimizer of & over F;;. Then for all f € Fy:

| (1) — E(F)] = |di(Fili) — di(f; 7)) (Lemma 1)

= |E [l (e (XF), F(XF)) — b (fE(X5), £(X))]|
< Lk]EHﬁk Xk — fr( Xk || 5 (Lipschitz continuity from Assumption 1)
<L \/ E| |71 (X¥) — fE(XF) || ) (Jensen’s inequality)
< L \/; -E [ (f,;‘(Xk),ﬁk(Xk))] (strong convexity from Assumption 1)

k

< /e, (Ex(he) < ex)
which is the claim. O

Proof of Theorem 1. For k € [K], let I be the empirical risk minimizer obtained in Line 2 of Algorithm 1
for the kth objective. Let us recall that we use the empirical risk discrepancy di(-; ) as an estimate for
the excess risk & (-) = di(-; ff), following the properties of Bregman losses in Lemma 1. We now prove
the theorem assuming that the following claim holds.

Claim. With probability at least 1 — J, each estimate dy (- ;ﬁk) approximates the population excess risk
functional & up to error g, /2:

Vke K], sup |di(gih) —di(g fi) | < /2, (27)
8 )
=<k

where ¢ is bounded as in Eq. (11).

Then, for any scalarization s that satisfies the reverse trlangle inequality, the s-trade-off 7; is also well-
approximated by emplrlcal scalarized discrepancy ds(;h). In particular, we obtain

sup \ds(g;h) — Ta(g)| = sug |s(di(g; ), ..., dx(g: 1)) — s(di(g fE), - dx (g )|
I EY g€

Ssugs(hﬂ(g;ﬁl)—dl(g;f;?), |dk (g5 hx) — di (5 f7)])
g€

<s(e1/2,...,ex/2), (28)

where the first inequality used the reverse triangle inequality of s, and the second inequality used Eq. (27).
In particular, this allows us to bound the excess s-trade-off of g; (cf. Eq. (8)), the minimizer of the empirical
scalarized discrepancy in G obtained in Line 5 of Algorithm 1, as follows:

T5(8s) — Ts(gs) = Ts(8s) — dS(gs/ ) + dS(gs/ ) ds(gs, ) + dS(SSr ) Ts(8s)
(a) (b) (c)
<s(e1/2,...,ex/2) +s(e1/2,...,ex/2)

=s(ey,...,€),

where the (a) and (c) terms both contribute at most s(e1/2,...,¢&x/2) error from Eq. (28), while the (b)
term is non-positive, since gs minimizes the empirical scalarized discrepancy ds(-; h). The last equality
follows from positive homogeneity of the scalarization. Then, the result follows for all such scalarizations
simultaneously. It remains to prove Eq. (27).

Proof of claim. Recall that di(g; %) is an empirical estimator of di(g; /) based on the unlabeled
samples:

N o - ~ ~
di(g:Ty) = Niigk(hk(xik),g(xf‘)) and  di(gili) = B [Ge(Re(X¥),2(x))],

ki=1
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where these were defined in Eq. (9). Moreover, di(g; /Hk) itself is an estimator of the excess risk functional
Ek(8) = dr(g; f{), where f{ is the Bayes optimal regression function (Lemma 1). Thus, we have the
decomposition:

A Te) = Eu(9)| = | k(g ) — de(: )| + |dx(giTe) — E(s)|. 29)

Ty k Ty g

We can bound T, ; and Tj  separately:

(a) For each k € [K], we condition on the labeled samples (i.e., on h) and employ a standard Rademacher
bound on the function class:

lG 06 = {x = L (T(x),8(x)) 1 g € g}.

With probability at least 1 — §/(2K),

Do - 2log(2K/9)\'/?
Ty < sup [di{gi ) — (i) < 200 (5, 00) + B (2B )
8€g k
. 2log(2K/5)\/?
< 6Lkme(g) + By T , (30)

where the first inequality applies symmetrization (Lemma E.5) and the bounded difference inequality
(Lemma E.2), and the second inequality follows by contraction (Lemma E.4).

(b) For each k € [K], we apply Lemma D.4 to bound Ty, in terms of the excess risk of I, which is a
minimizer of the empirical risk Ry (-) defined in Eq. (2):

~ 1
Rilh) = - 3 (Y h(XD).
i=1

In order to use the lemma, we need to show that the excess risk of J is indeed upper bounded by ¢.
First, observe that the excess risk can be upper bounded as follows

&) = Rye(l) — Rie(ff)
= Ri(hx) — Re(hi) + Ric(le) — Rie(f) + Re(ff) — R ()

<2 sup |Ri(h) — Ry(h)|.
heHy,

)_
)_

Again by symmetrization (Lemma E.5), bounded difference (Lemma E.2), and contraction (Lemma E.4)
for the function class ¢x o Hy := {(x,y) — € (y, h(x)) : h € Hy}, we obtain that with probability at least
1-4/(2K),

) 2log (2K 172
2 sup | Ry (h) — Ry()| < 4%, (£ 0 Hy) + 2By (0‘6(/‘5)>
heH, Mg

2log(2K/5) > /2

< 12LRE (Hy) + 2By ( o

And so, by Lemma D.4, we obtain that with probability at least 1 — 6/ (2K),

210g(2K/(5))1/2 1)

Tb,k < Ck\/lszmlflk (fHk) + 2By ( e

where ¢ = Lg+\/2/ py.
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The claim in Eq. (27) follows by a union bound. By combining Equations (29) to (31), we obtain that with
probability at least 1 — 4, for all k € [K]:

sup |di(g7) — E(9)] < ex/2,
g€g

where we can set ¢, as:

21 2K/é 172 21 2K/8 1/2
/2 = 4L, () + By (ng(\,/)> + Ck\/12Lkmnk (H) + 2By (Og;/)) .
k k

This concludes the proof of Theorem 1. O

D.4 Proof of Theorem 2

In this section we provide the proof of Theorem 2, but leave some of the technical details to auxiliary
lemmata that we prove after concluding the main proof. See also Fig. 2 for a visualization of the proof.
We outline the proof in Section 4.3.

D.4.1 Preliminaries

We begin by introducing the notation p; = P;‘( as well as the mixture distribution ys = s(yy, ..., yx)-
Recall the definitions of the (semi-)Hilbert norms

Iflei= [ B IFOIE and fle= s (IR 111,

which correspond to the inner products (denoting (-, -) the inner product on RY)

(") 5:/X<f/f/>d.”k and ()= s(({" )kex)-

We first verify that these are indeed (semi-)Hilbert norms and inner products.

Lemma D.5. The functions (-,-);, (-, -)s and |||, ||-||; defined above are the inner products and norms of the
L2 (ux) and L*(ps)-Bochner spaces of functions X — (RY, ||-||,), which are Hilbert spaces.

See [29, Definition 1.2.15] for a definition. We prove Lemma D.5 in Appendix D.4.3 and use it throughout
without explicitly referring to it. Note that we have implicitly assumed that Fay € Nie[k L% (py).

In order to use first-order calculus throughout the proof (e.g., variational arguments), we derive the
gradient and smoothness of the map g — d;(g; h) below. We also prove Lemma D.7 in Appendix D.4.3.

Lemma D.6 (Gradients and smoothness). Forany h € Hy x --- x Hg, denote by Vods(g; h) : X — R the

gradient of the map g v~ ds(g; h) induced by the Fréchet derivatives on L*(s) and the inner product (-, -). Then
it holds that'!

K
d
Vs(gh) - x = 12 Mg E (1) V() (8(3) — ()
k=1

Moreover, if Assumption 2 holds and we denote D = diamy.,(Y), then the map g — ds(g; h) is C™ :=
v(14 D)-smooth in |||, that is, the gradient from above is CS™-Lipschitz continuous in g with respect to ||-||,.
Moreover, for g" = arg min, . ds(g;h) andall g € G

(32)

h cm K|
ds(g;h)—ds(gs;h)ST 8§~ 8&s o

Note that whenever Ay > 0, the Radon-Nikodym derivative dpy /dus is well-defined.
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Lemma 2 is a direct consequence of the gradient characterization in Lemma D.6 together with Theorem
46 in [67]. Finally, we show that if Assumption 3 holds, the norms ||-||, and || ||, are equivalent.

Lemma D.7. Let S C Sy, be in the set of linear scalarizations (6). Then, for any 1 € [0, c0)

sup{ H;Hk :ke[K],seS, fe ]-'au} < ifandonlyif Vke [K],s€S: esssupzl;k <>
S S

We also prove Lemma D.7 in Appendix D.4.3.

D.4.2 Main proof of Theorem 2

Recall the empirical and population minimizers of the corresponding risk discrepancies from Eq. (9)
VseS: g cargminds(g;h) and g5 € argminds(g; f*).
Y PEY
Our goal is to bound 75(gs) — infecg 75(g) simultaneously for all s € S. By Lemma 1, we have 75(gs) —
infocg T5(8) = ds(8s; f*) — ds(gs; f*) so that we focus on bounding this equivalent expression.

The basic decomposition of our proof is a triangle inequality with a helper set of minimizers of the
population risk discrepancy, defined with respect to pseudo-labeled data as

gl € argmind(g; h).
g€g

Specifically, by the smoothness from Lemma D.6, we can bound the excess trade-off as
~ o o O ~ 2 2
ds(@si ) — ds(gsi ) < 5= 18 = sl12 < ™ ( 1@ — 412+ g — &2 ). (33)

= Tun _.7lab
s =T}

Here T quantifies the error from having a finite amount of labeled data to estimate fi with Iy and
how that error propagates to g., and T'™ quantifies how close to g, we can get with the finite amount
of unlabeled data. Our goal will be to bound the terms T} and T'™ using localization, simultaneously
for all s € S. For the general proof technique of localization, we take inspiration from the approaches
outlined in [61, 54, 34, 8, 10, 35].

We proceed in three main steps also outlined in Section 4.3.

1. To bound TP, we first use standard localization bounds for the ERMs in each task separately, using
uniform bound on the local sets H(r) = (Hx — f;) NrB)|.|, from Eq. (12). We then show how their

errors translate to g through a deterministic stability argument.

2. To bound T, we condition on & and simultaneously localize around the (random) functions g/ for all
s € §, resulting in a uniform learning bound on local sets

gk(?}/ﬁ) ZT’BH.Hkﬁ U(g—g;> (34)
seS

that are “centered” at the helper set {g} : s € S}.

3. The resulting bound on T{™ from the previous step is random, because g/ depends on h, so we need to
further bound it. We prove two ways of doing that, so that the bound takes the minimum of the two:
the critical radius of Gi(r, f*) = By|., NUses(G — gs) from Eq. (12) together with the bound on Tlab,

or a worst-case bound taking the supremum over such {g/ : s € S}.

See also Fig. 2 for a visualization of the corresponding sets.

Throughout, we heavily use the following monotonicity property of the Rademacher complexity, analo-
gous to the usual localization proofs. The proof can be found in Appendix D.4.4.
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Lemma D.8. Consider the sets from Egs. (12) and (34). Under Assumption 2, the functions

k k -k
o TR L (G -

are non-increasing on (0,00) forallh € Hy x - - - X Hg.

Step 1: Localization for ERMs in H; and bounding TIb,  In this step, we first bound the error of learning
fi with the ERMs T (or, in fact, any other estimator that satisfies the basic inequality Ri(hie) < Ryl -
Recall the definition H(r) = (Hy — ff) N 7By, from Eq. (12), and the corresponding critical radii [}, =
infdr>0:7>> Eﬁﬁk (Hi (1)) } Using the non-increasing property from Lemma D.8, we can summarize
the bound in the following Lemma.

Lemma D.9. Under Assumptions 1 and 2, and if & > 0 is sufficiently small, we have that ]P(E}Sab) >1— 6, where
we define the event
Be Lt log(K/s
+<k+g 8()21%. (36)
P Mg 0

The proof of Lemma D.9 can be found in Appendix D.4.5, and it essentially follows the localization
technique from [8]: We bound the suprema of the empirical process over Hy(r) using Talagrand’s
inequality (Lemma E.3) in terms of the Rademacher complexity and variance. Using Lemma D.8 and a
peeling argument, we get the bound in terms of the critical radius.

L2
k [2

Pw,{%e ’W—ﬁ S sk

Next, we show that the bound from Eq. (36) directly translates into a bound on the helper set {g} : s € S}

with respect to labels from h but known covariate distributions. To do so, we prove the following stability
result. Effectively, it removes the square-root from Lemma D.4 that appears in Theorem 1.

Proposition D.1 (Quadratic stability of minimizers). Denote g" = arg min, g ds(g; h) and CS* := v* /42,
Under Assumptions 1 and 2, we have for any h,h' € Hy x -+ x Hy, any s = SR“ € S, that

We prove Proposition D.1 in Appendix D.4.6. Note that a linear bound would directly follow from
Lipschitz continuity of the losses. However, this would yield much slower statistical rates than the
stability argument from Proposition D.1. Recalling the definition of {; from (36), we can now use

Proposition D.1 with g? =g, g{ = gs, to conclude that on E};‘b, itholds that for all s € S,

g?*gs

n 2 st X 7112
< C Y A [l = el
$ k=1

T = g gl S s (o 2R) @)

Eq. (37) describes how well our estimators would approximate the true set {g; : s € S} if we had an
infinite amount of unlabeled data. In that sense, this can be seen as an intermediate result in the ideal
semi-supervised setting by combining Eqs. (33) and (37).

Step 2: Localization along helper Pareto set in G to bound T3"™. We now need to take into account the
finite sample effect of having only Nj unlabeled samples to estimate the risk discrepancies.

To perform localization around the helper set, we again rely on Talagrand’s concentration inequality
(Lemma E.3). The benefit of Talagrand’s inequality in standard localization usually comes from the fact
that it accounts for the variance of the losses when centered at the ground truth, which can usually be
controlled by its radius of the local function class. We also used this in Step 1. Now, however, we need to

simultaneously localize for all scalarizations s € S. Hence, recall Gi(r; ﬁ) from Eq. (34) where, intuitively,
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r uniformly controls the deviations g; — ¢’ for all s € S. To keep track of which g/ any g € G(r;h)
“belongs to”, we also define the set

My(r) = {(s,8) 15 € S,g— gk € Gulr, )} (38)

Lifting the set G (r; h) to S x G is inspired by a similar trick from multi-objective optimization, where the
Pareto set is often lifted to this larger space to obtain its manifold structure, cf. [51].

We apply Talagrand’s concentration inequality on M (r) and use a localization argument, summarized
in the following lemma. Define the radii i, = inf {r >0:7%> %If\]k (Gr(r; 1)) }, and note that these radii
are deterministic with respect to the unlabeled data, but are random with respect to the labeled data
through the ERMs, a point revisited in the next section. Recall that g is the minimizer of ds(g; k) and
g/ is the minimizer of ds(g; k) (Eq. (9)). The next proposition bounds T = ||3s — g% ||§ (or, in fact, the
deviation of any estimator satisfying the basic inequality ds(gs; 1) < ds(g; h)).

Proposition D.2 (Localization along helper Pareto set). Under Assumptions 1 and 2, and for sufficiently small
0 > 0, we have that P(E§™) > 1 — 6, where we define the event

| L
E;“::{vs:sR“eS: 185 — &HSNZ)‘k( ~%+<k+%>bg(£j/®>} >

7’

The proof of Proposition D.2 can be found in Appendix D.4.7.

Step 3: Bounding the random critical radii 1. Recall that i, is deterministic with respect to the
unlabeled data, but random with respect to the labeled data. To make the bound fully deterministic, we
prove two bounds, so that their minimum appears in Theorem 2.

Option 1 is taking the trivial approach: recall from Eq. (14) that we define for the function ¢ =
argmin, . ds(g; h) the set

Ge(r;h) = | J(G—-g"n By,
seS

Then the following deterministic worst-case localized radii

oy = sup  inf {r >0:12> %lf\]k (gk(r,‘h))}
heH  x-xHg

bounds 1 < @i (and u? < #i?) deterministically (i.e., also almost surely).

Option 2 is more nuanced: If Assumption 3 holds, we can combine Eq. (37) with an expansion argument
to bound u; in terms of the [, and the u,. To relate them, we employ the following key proposition.

Proposition D.3 (Critical radius shift). Let G be any class of functions that is convex (Assumption 2), and let
n € IN. Let ||-|| be any norm on Fyy and let B = {f € Fuy : ||f|| < 1} be its unit ball. Define

Gr)=J(G—-g)NrB  and Gdr=UG-g)nrB
seS seS

as well as the critical radii (for R, defined w.r.t. an arbitrary distribution)
U= inf{rZO:iRn (G(r)) grz} and  w:= inf{rEO:S‘in (G'(r) ng}.

Let A = sup, g ||gs — &||- Then it holds that & < 5(u + A).

The proof of Proposition D.3 can be found in Appendix D.4.8. We can apply Proposition D.3 to our
setting: recall the definitions of G; (r) from Eq. (34) and Gy (r) from Eq. (12), and the definitions 1, =
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inf {r >0:72 > gk(r;ﬁ)} and u, = inf {r >0:72 >Rk (Ge(r f* ))} From Assumption 3, Lemma D.7,
and Eq. (37), we know that on EX® from Eq. (36), for (% = sup,_g5 ({3,...,(%)

2 2
sup g4 — gos < sup ||t — &2 S suprPC*tos (2., 0k) < pPC-gE =i A2
seS seS seS
Employing Proposition D.3 with this A yields 17 < u2 + 5?Cst - {%.

LZ
Cc2dd .— max By + % , (40)
ke[K] \ Mk Mg

[%9 ‘= SUpP,cg s([%,..., [%(), and ng =1/ sup,.gs(1/ny,...,1/ng). We can bound

We define

U Sup+°C -G

~

K
L2 By | Li)\ log(4K/s
=uf +7*C'sups | [ S+ L = log(4K/0)
seS M He o My Mk k=1

<12 4 PCstCedd <% + log(:§/5)>

< pPctcadd (u,% + 15+ log(:f/ ‘5)> (41)

Note that in general, either bound can be tighter. For practical purposes, it may be easier to bound i,
anyways, so the detour through 1, may be unnecessary.

Putting everything together. From Eq. (33), we see that on Ega/bz N E}},, which holds with probability at
least 1 — ¢ by union bound, for all s € S, the excess s-trade-off 7;(gs) — infgeg 75(g) is bounded by

o (Tem 4 T

K LZ LZ L2 LZ
<om( Yo (S (L Be) losUR/D) L oo (Lig ) (Be, Li) log(ak/0)
=1 04 T Ny 1y M i

(from Egs. (37) and (39))

K L2 B, B, L2
<Y A CMCtmax{ —k 4 2k Pk L TR R (2 4 2 4 (NS 401 ) log(4K/6) ),
k;k {72 TR (k k(k k)g( ))

=:Cy

where < only hides universal constants. From the two options of bounding 1, we obtain:

1. The first bound, valid without Assumption 3: Recalling C™ = v(1 + D), CS* = 2z

492

K
7s(8s) — mf Ts(8) S ) MG (uk + 2+ (N,zl + n,:1> 10g(4K/5))
k=

1
3 L L?
where Cj =< V( )m {,Yk"'lik §k+§}.
k ‘uk

2. The second bound, valid under Assumption 3, by plugging in Eq. (41) and C?44 from Eq. (40)
K ~
To(ge) — inf 7o(8) S Y MG (uf + B + (NF !+ ngh) log(4K/9))
gGg k=1

h 6 C 2cstcadd C 2 Bk + L%
where k= Lk = ax —- |-
1 froE e "
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That concludes the proof of Theorem 2, with the proofs of the auxiliary results presented next.

D.4.3 Proof of preliminary lemmata

Proof of Lemma D.5. The claim for (-, -);, |||/, k € [K] is true by definition, but also as a special case of
the scalarized form: for any s = si" € Sy, and f, f' € L?(p;) we have

(fof)e =5 f o Dk [ = | <f,f'>d<kflwk> = [{f £ dns

where (-, -) is the Euclidean inner product. This is exactly the inner product of the Bochner L? (i) space

(e.g., [29]). Further, plugging in f' = f we obtain directly that (f, f), = ||f||?, verifying that the norm is
induced by this inner product. O

Proof of Lemma D.6. Recall that (-, -), denotes the inner product of the norm ||- ||§ =YK Al ||£ In this
proof, we use Fréchet derivatives (denoted D) and the corresponding gradients V¢ induced by the inner
product (-, -).. Background on Fréchet derivatives can be found in [1, 11]. From Lemma D.5 we know
that ||-|, actually is the (semi-)Hilbert norm that corresponds to the Bochner L2(y) space with respect to
the space (R, ||-||,), where recall that ji5 denotes the mixture distribution

K
ps =Y Axpx  where i = P%.

It is then easily shown that the gradient of YX_| A4E [Qk( <( Xk))} for any differentiable functions Qj :
R75 Y — Rwithsup, ¢, [[VQ(y)||, < M < eo, induced by (-, -),, is given by

3 k K dpy
Ve L ME [Qee(X)] s o R, v Y 4 (VO (g(0)).
k=1 k=1

Indeed, for any f € Fay C L?(jis), we can write the Fréchet derivative as the limit

D (i ME [Qk(g( }> Z Ak lim [Qk(g(Xk) +€f(Xk))} _F [Qk(g(Xk))}
k=1

e—0 &

= Z ME KVQk (XM, f (Xk)>} (dominated convergence)

—ZAk/ (VUg(0), ) T ()

-/ <Z Ak d"k <g<x>>,f<x>> dpis(x)
= < X Akd—;‘iwgk og>,f>

S

where we could use dominated convergence thanks to sup, .y, [VQ(y)[l, < M < co. This implies the
claimed form of the gradient.

Since ¢ is Lipschitz and differentiable, its gradient in g is bounded. Further,

K K
ds(gih) = Vi Y Medi(gile) = Vs Yo M [60n(X),g(X"))]
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and the gradient of a Bregman divergence in its second argument is given by

VyDy(x,y) = Vy (¢(x) — ¢(y) — (Vo(y), x —y))
= —Vo(y) — V2p(y)x + V(y)y + Vo(y)
= V2(y)(y — x),

so that the previous derivations imply for the Bregman losses that

Veds(gih) : x D ’*" Pi(8(x)) (g(x) — By (%)),

which is the first claim of the lemma.

dﬂk

Note that ys-almost surely Zk 1Mz = 1. Hence, for every fixed h, and g, ¢/,

||ngs(g?h) - ngs(g’?h)Hi

2
d / /
et [ V(9 (= 8) = V2e(8') e — )] || s
1 d‘us 2
K d
< [ Eagtt [oa tn ) - guta) 0~ ) e ensen’s inequality)
d / / / 2
< / ZA i ([P0 (& =], + |[(Porte) - Vi@ = )|,) s @2

To bound the first term, we use from Assumption 2 that the #,-operator norm of V2¢(g(x)) is bounded
by v > 0, so that

Vo) —8)|, < vlg—£ll,-

To bound the second term, we use that ||l — g'||, < diam.,(¥) =: D, and so

| (P2e() — V2pu(e ) 2|

< D |[V2ul(9) - V29(2)

which together with the smoothness from Assumption 2 implies

|V29c(2) = V2u())

1
_ H/o (v3¢k(g+t(g/_g))(g_g,)dtHz cols—gl,

Plugging both into Eq. (42) yields
/ 2 K dpy o 2 12 2 2 112
[Vgds (83 1) = Vs (g3 )][; < /Zﬁkd%v (1+ D)8 = &lldms =v*(1+ D)* g = &
vok=1

Hence, by equivalent characterizations of smoothness (e.g., [11, Corollary 18.14]) it follows that

v(1+D
ds(g;h) —ds(g' ) = (Vgds(8'3h), 8 = &) < % ls - 'll5-

For the minimizer g = arg min, g ds(g; h) we can use the variational inequality (Vds( ghn),g— gi’}s >
0 (e.g., [67, Theorem 46]) to obtain the bound

v(l+D 2
(g — as(glm) < WD) g gn)

This concludes the proof. O



Proof of Lemma D.7. Denote py = P;‘( and ps = ) x Ak Recall the definition of the essential supremum
of a function f : X — R (with respect to p;):

esssup f = 1nf{a ER: pus(f(a,00)) = 0}.
We start with “<=": Since us({x € X : dui/dus(x) > #*}) =0, forany k € [K],s € Sand f € Fyy,

If1E = /Ilfll ykdﬂs < IfI2 = Iflk <nlfll;.

Now we show “=-": Choose an arbitrary y #0 € Y and measurable A C X, and let f = (v/ [|y||,)14
Note that || f||3 = 14. Then for all s = sine §

K K
= [ £ = MFIE < P IFI2 =02 o A7 DA = 7 1 A (4) = s (4).
j=1 j=1

This implies the bound a := esssup dyuy/dus < 7%, since for any ¢ > 0 we can choose the measurable
event A := {x : dyy/dus(x) > o — e} which satisfies (by definition) ys(A:) > 0 and so

T= ,us(As) A gdﬂs Hs =

Taking ¢ — 0 concludes the proof. O

D.4.4 Proof of Lemma D.8

For the first function, the argument is standard, we repeat it here for completeness. Let 0 < r < r’ and
consider some h € Hy(+'). Then |||, < ¢" and hence |(r/r")h||;, < r, so that (r/r")h € Hy(r) by the
star-shape of Hj from Assumption 2. Therefore, we have that

"
;mlﬁk (Hi(r)) = sup Z 2 % Thi(X)| < Ry, (Hi(r))
heH(r) Mk i= 1j=1
which is the claim.

For the other function the proof is identical once we realize that the convexity of G from Assumption 2
implies that G (r; h) is star-shaped around the origin. Indeed, for any h € Hy x --- X Hg and g =

arg min, . ds (g;h), since (G — g") NrBy is convex and contains the origin,

ge | JG-ghnrBy = Vae0,1], age |J(G—gl)nrB.
seS seS

We require this star-shapedness for all h € H; x - - - x Hg, because we also localize around g} = gsE that

are random elements and may be anywhere in G.

D.4.5 Proof of Lemma D.9

The proof of this Lemma is a mixture of Corollary 5.3 in [8] and Theorem 14.20 in [61]; see also [34] for an
exposition. We repeat it here for completeness and because we make slightly different assumptions from
[8, 61], see Remark 1 below. Recall the definition of the sets for any r > 0,

Hk(r) = (Hk —f;?) ﬂrB”.”k
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and the random variables

Te(r) = sup |(Ri(h) = Relf)) = (R(h) = Re(f7))]
h—freH(r)

which are the suprema of empirical processes indexed by the function classes defined as

{(xy) = by, h(x) = by, fi (%)) = h = fi € Hi(r)}-

By Assumption 1, these function classes are uniformly bounded by By > 0. Hence, by Talagrand’s
concentration inequality (Lemma E.3), for any choice of deterministic radii r1,...,rg > 0, the event

Q> (11, 1) = {vk € K]+ Telr) < 2B [Te(ry)] + V2 Tr?“k)l;g(K/ ) +3Blogn<k1</6>}

holds with probability at least 1 — 6. Here 72 (r) is a short-hand for the variance proxy from Lemma E.3,

defined as
()= sup  Var [G(Y5 h(XN) - G(Y, £ (XF)] .
h—feH(r)

We now bound E [Ty ()] and Tkz(rk). Using symmetrization (Lemma E.5) and vector contraction
(Lemma E.4), recalling that ¢y is Li-Lipschitz w.r.t. the £;-norm in its second argument, we can bound

E [Ti(r)] < 6Ly, (He(r))  and  12(r) < L2

Therefore, we get on the event Q}Sab(rl,. .., rg) that for all k € [K]

log(K/96) n 3Blog(K/(5) .

Ti(ri) < 12Li%R5, (Hi(ri)) + V2Lir
M i

Now recall the definition
o= inf{r >0:1 > D%Ifzk(?-ék(r))} :

By (35), we get that for any r > [,

i, () 04

r - L
and therefore, if r;. > I, for all k, on the event Qléab (r1,...,rx) (which holds with probability at least 1 — ),
it holds that

Te(re) < 12Lgrgl, + V2Ler IOgiK/ %) +3Blog(nK/ 0 _. gy(r0).
k k

We now choose ry := Hhk —fe y which are random radii, so we have to perform a peeling argument.

Define the event
Wb .= (ke (K, he He: [lh—fill > tand Te(h— L) > 30l — il )}

Because ||k — f¢|, < diamy. (V) =: D, we know that for any M satisfying 2, > D <= M
log(D/1,)/ log(2), for any ||k — ff||, > I, there must be at least one 0 < m < M so that 2"~1[,
|h = £, < 2™, Moreover, a calculation shows that the functions @y satisfy

Vm < M: 302", 8) > & (2", 5/2™).
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for sufficiently small 6, and so IP(Wi-ab) is bounded by

]P< U {Hk € [K],h e Hy: 2" l[k < |1k = fElle < 2" and Tie(|| — £, )>3q’k(||h_fk*||k/5)}>
me[M]

< yYr <3k € [K]: Te(2") > 3q>k(2m—1[k,5))

me[M]
m m m (ﬂ) (5
< Y P(3ke[K]: T2"y) > @(2M,6/2M) < Y T < 4.
me[M] me[M]

where in (a) we used that H’(Q}sa}’zm (2", ..., 2MK)) > 1—46/2™M.

Now, by the standard risk decomposition, we have that

Ri(i) = Ri(f7) = Riell) = Rlle) + Rali) = Red(f) +Re i) = Ref) < 2T ([ — £

<0

k)'

and we can make a case distinction.

Remark 1. Many localization proofs for general loss functions only assume strong convexity and Lipschitz
continuity (see, e.g., Section 14.3 in [61]), and therefore one needs to handle the case where the L2-radius
is bounded but the excess loss is not (tightly) bounded, which would occur in the first case below. In our
setting, by the smoothness (Lemma D.6), a bounded radius directly implies bounded excess risk, so this
case cannot occur and no separate treatment is required.

Either r, = Hhk - fE H [, and we are done, or 7, = Hhk fr H > [, and so, because ]P(Wl"‘b) <4, we
have with probability at least 1-9

T () = Tk (Hﬁk —fk*Hk) < 3D (Hﬁk -

k,(s) = 3y (11, 0).

Recall that by Assumption 1, ¢ is j-strongly convex w.r.t. ||-||,, so that 4 (y,y') > & |y — v/ ||§ Hence,
we have that

~ 2
= B R - x|
xk~pk 2
2 ~ 4 12
<Z | ¢ X5, h Ri(h) — Rie( 7)) < —Ti(ri) < =@y (14, 6),
e xe oo k(fk( ), k) Vk( x (k) k(fk)) m k() “ k (7%, 0)

where we used Lemma 1 in the second equality. Solving 17 < L2 3 Pr (1, 0) for ry, we get that

7 <

82944 12 144 812\ log(K/6
: kz+<Bk+k log(K/9).

,uk k 13 Ny
Hence, in either case we have
L? B log(K/é
A5 e (B i) sle)
k My

Ny

Therefore, because ]P(Wiab) < 4, we have that ]P(E};’b) > 1 — 6, where

L2 B log(K /6
Ly (B L) loslk/0)

,uk Mk My Ny
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which concludes the proof for localization in H.



D.4.6 Proof of Proposition D.1

Recall the form of the gradient V¢d(g; k) from Lemma D.7. For every fixed g, and any h, I,

Vs ;h>—vgds<g;h’>|\§

2
d
ae (V20x(8) (= ) = V() — )| s
2
d . .
< / Z)‘k d‘uk P (&) (he — ) — V2 (8) (h} H ds (Jensen’s inequality)
k=1 “Hs
K
d
<12 ZAk/dL;k (A
k=1 s
e 2
=V kZl)Lthk—h;CHk (43)

This is what we call “cross-smoothness”.

Denote ¢ = g" and ¢’ = gﬁ’/. We may now use a generalization of the stability argument used in the proof
of Theorem 1 in [63], where the following argument was used in R” and for unconstrained optimization:
By the convexity of G (Assumption 2), and the optimality of g, g’ we get these two variational inequalities

(Vgds(g:h),8' —g), >0  and (Veds(g'ih'),§—8), >0 <= (Vds(g' ;1) —g), <0,

see Lemma 2 and [67, Theorem 46]. Combining both, and subtracting (Veds(g; k'), ¢’ — g) on both sides
we see that

(Veds(g:h) — Veds(g; '), 8 — 8)s = (Veds(g's W) —Veds(g;H'), 8" — 8)s- (44)

From the second item in Assumption 2, and the main results in [47], we get that the right-hand side of
(44) is lower bounded as

2
27[lg = &'lly < (Veds(g's ') = Vods(g: 1), 8" = 8),,
and from the cross-smoothness in (43), we get that the left-hand side of (44) is upper bounded by

(Veds(g:h) = Veds(g:h'), 8" — 8), < ||Veds(g:1) — Veds(g: 1) ||, [|8" — gl

K
<vlg" =gl J kgAk e — -

Combining the two, we can see that

K 2 K
zvr|g—g'||§<vug/—gusJ 3=l = =g < g 1o el =

This is the claimed quadratic bound.

D.4.7 Proof of Proposition D.2

Throughout this proof, condition on the T In particular, all expectations and variances are conditioned
on hy. Recall from Eq. (34) that for any v > 0

Gi(r;h) = |J(G -8 nrBy,
seS
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and from Eq. (38) that
Mi(r) = {(5,8) 5 € 5,8 — g € Gelr; ) }.

The first part of this proof is mostly standard and follows the same proof structure as Lemma D.9. Define
the random variables

Ze(r) = sup |(d(il) — dilgh i) — (d(giTe) — di(gliTe))
(5,8)EM(r)
1~ S Sk 1Tk
= sup [ ) (Gl (XF), (X)) — (e (X5), 86(X)))
(s.g)eMy(r) | Tk i=1

—B(le(he(XF), (X)) — fk(ﬁk(Xk),gé(Xk)))‘
which are the suprema of an empirical processes over the function classes for k € [K]

{3 = (), 8(x)) = Cel(x), 84(x)) : (5,8) € M) }

By Assumption 1, these function classes are uniformly bounded by By > 0. Hence, by Talagrand’s
concentration inequality (Lemma E.3), for any choice of deterministic radiir1,...,rx > 0, the event

QP (11 1) = {Vk € [K): Zulr) < 2E Zi(r)] + ﬁ\/ (1) 1og(K/9) 5 Bilog(K/2) }

N N

holds with probability at least 1 — 8. Here 02 (rx) is a short-hand for the variance proxy from Lemma E.3,
defined in this section as

aR(r) = sup  Var [L((X¥), g(x¥)) = bl (XF), gL (X)) .
(s.:8)€Mi(r)

We now bound E [Z(r)] and ¢2(r). Using symmetrization (Lemma E.5) in addition to vector contraction
(Lemma E.4), recalling that /) is Li-Lipschitz w.r.t. {,-norm in its second argument, we can bound

E|[Zi(r)] < 6L¢RY, (Gk(r;h))  and  of(r) < L3

Therefore, we get on the event Q§"(ry, ..., rk) that

log(K/4é) 6B, log(K/4d)

Zi(ry) < 12LRK (Gr(r;h)) + V2Lyry
k N N

Define ~
U, = inf{r >0:72> mlf\,k(gk(r;h))}.

By Lemma D.8, which holds under Assumption 2, we get that for any r > 11,

R (Ge(rih) _ R, (GG )

< Uy

r e

Therefore, if r, > 1, for all k, on the event Q" (71, ..., 7x) (Which holds with probability at least 1 — 9), it
holds that for all k € [K],

log(K/9)
Ni

~ log(K/é
Zk(rk) S 12Lkrkuk + \/ELka Ogg\] / )
k

+3Bk = ‘Yk(rk,é).
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We now come to the part of the proof that is less standard. Consider the family of random radii
=g —gtll, seS.
We perform a peeling argument to bound the probabilities of the two events
Wig := {3k € [ ] s Zi() = YWy, 0)}
Wit = {3ke Kl s€8,g€G: [|g— gl = W and Z(|[g — &6l = 3¥i(lg — &

L 0) )

Remark 2. Contrary to Remark 1, here we include the case where the radii are small, because we have to
control all K radii simultaneously. One could also adapt the following proof without this case, but the
resulting bound would be the same (up to constants).

By the previous derivations, IP (W(%‘) < 4, and for Wil we apply a peeling argument. Because
g — 8llx < diamy.,(Y) =: D, we know that for any M satisfying
XMy > D <= M >log(D/%;)/ log(2),

and for any [|g — g.||; > 1, there must be at least one 0 < m < M so that 2"~ 11, < [|g — gL[|; < 2™,.
Moreover, a calculation shows that the functions ¥y satisfy

VO <m<M: 3¥.(2"'%,0) > ¥ (2™, 6/2™)
for small enough J, which yields that

P (Wﬁl) = H’( U {3ke[K,se8gc§: 21y < g — &, <275
me[M)

and Zx(||g — g¢|) = 3¥k(||g — g

k,m)

< ¥ P (e K] Z2") = 3H2" iy 0) )
me[M]

mss mss @) 4
< Y P(Gke[K]: Z (M) > ¥r(2M,6/2™)) < Z 2—
me[M] me[M

where in (a) we used that P(Q}7,, (2", ...,2™Mik)) > 1—4/2". Combining the two with a union
bound yields P ((ng)c N (Wg’l‘)c> > 1—26. Condition on (W) N (W§T)<.
By the standard risk decomposition, we get for all s € S

ds(§s;ﬁ)—ds(gg;ﬁ):ds(§s; ) — ds(g h)+d5(8 h) (gs' )+d5(gs/ ) ds(gg;ﬁ)

<0

< ds(8s; h) - dS(gs/ )-I-ds(gs, h) — ds(g;;ﬁ)
= <(dk Goihy) — di (G ) + di(gs; Tye) — dk(g;ﬁk))kem>
<5 ((Z0Diew) (45)

Further, by the “multi-objective Bernstein condition” ||gs — g% ||§ < %(ds (s;h) — ds(gs; 1)), implied by
the second item from Assumption 2, and Eq. (45),

rg =S ((1’?)2,. vy (1’?()2> = Hg\s *géHs

(4:88) = de()) < 25 (ZeDicr)-
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On the event (W)¢ N (Wih)¢, we thus get for every s = si" € S

rgg

K
( Z )Lklfk(ﬁk,5) + Z /\kB‘Pk(rli/5)) % (Z )\ka uk, + Z Ak3‘Pk(7’i/5)> .

kery <ii, kory >, k=1

R

We can simplify the first term using ab < 1 (4 + b?) as

1 & - 1 & ~ _ [log(K/$é) log(K/6)
= Y MY, 0) = = Y A [ 12033 + V2Lt [ L 4 3B —
,Y;kk(k) 7k;k( Kl Jellg N; VA
1 & ~ log(K/é
<= Y A (13Lku§ + (Lk+3Bk)og(/)> = by 1.
T k=1 Nk
Plugging this into the bound on 2 yields
1 & . log(K/6) log(K/6)
1’? < *k:X:l/\k (36Lkr,iuk +5Lk1’i Tk + 18Bka + bs,1
1 & . log(K/9) By log(K/9)
= — Ap 17 A | 36Lsuy, + 5L | ———= +18 Ap——=2—=+D
L (Vi k)(ﬂ( (i 5Ly [ B z Nt
=g ::hs,Z
1 K 1/2 K 1/2
< = Ap(75)? Aa? +bs1+b
_7<k_21 k(k)> <k—21 kk> s,lbs,Z
K az 1/2
=75 ZAk% +bs
k=1 7
%/_/

=:a5

where the last inequality is Cauchy-Schwarz. Some algebra shows that r? < rsas + bs implies rg <
2(a2 + bs), and so

2
K
223 (712 (36Lkﬁk+5Lk log(K/5)> +13%~%+ (Ly +3By) log(K/8) 18Bklog(K/(5)>

k=1 Ni Y Ni Y Ni

L2 L L2 Ly B\ log(K/d)
< A 7k =k ~2_|_ _~_7k+7k L0g\R/9)
Z k(( 2 7)“" 7Ty ) N
L2 L2 By log(K/é)
< k2 Zk oy Pk ) 08\ /0)
2Ak< i <72+ ’r) N

where in the last line we used L,/ > 1. Therefore, because P ((ng)c N (ngll)c ) > 1 — 26, we have
that P (E§™) > 1 — 6, where

L2 L2 B\ log(2K/é
o (e —dress oo glts Ea(ate (B 2) e

which concludes the proof of this part.

D.4.8 Proof of Proposition D.3

Recall that A = sup, ¢ ||gs — 4 ||. For every r > 0, we have the following key inclusion
G'(r) CGlr+8)+{g —gi:5€S}
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To see that, leth = g— g, € G'(r). Thenh+ (g, — gs) =g —gs and |[|[h + (g, — gs)|| < 7+ A.

Because Rademacher complexity is sub-additive, we get that for all r > 0

R (G'(r)) SR (G(r+A) + {gs — gL 15 € SY)
<R (G(r+A4))+Ru ({gs —ge:5€S})
<Ry (G(r+4)) + R (G(D))

where in the last step we used that

—{gs—gtiseSt={gl—g:s€S} CG(a)

Using that for all 7 > u we have %, (G(r)) < r2, we get that
R (G'(u+8)) <Ry (G(u+24)) + Ry (G(8)) < (u+28)" + Ry (G(A))

and using that r — R, (G(r)) /r is non-increasing (by Assumption 2 and Lemma D.8), we get that

N (9(4)) <

u—i—Amn (Glu+A)) <A(u+A4),

which together yields
Ry (G (u+A4)) < (u+28)2+Au+A).

Again, by the fact that r — R, (G'(r)) /r is non-increasing (Lemma D.8), we get that forall » > u + A

R (G'(r) < R (G (u+4)) < LH—LA ((u +2A)? +A(u+A))

u—I—A

In particular, for the choice r = 5(u + A)

Ry (G (5(u + A))) ( 1 2A) +Au+A))
)2

5((u+A +2(u+A)A+A2+A(u+A))
<5(5(u+A)?)
= (5(u+4))?

which implies that it < 5(u + A), completing the proof.

D.5 Proof of Equation (17)

Let X = {x0}, Y = {0,1} and let G = {g(x9) =y :y € {0,1}}. From now on, we let y = g(xp).
Consider the two random variables Y!,Y?, so that P(Y! = 1) = p; and P(Y? = 1) = p,. Moreover,
denote y; = ff(x0) and y» = f7(xo). We get that

Toy) = ME [1{Y! # y}| + AE [1{Y? £y}
=M ((1=y)p1+y(1—p1)) + 22 (1 -y)p2 +y(1—p2))
It follows that

1 AMpr+App>1/2
0 else

ys = argmin T5(y) = {
ye{01}

with 75(ys) = min {A1p1 + Aap2, 1 — (A1p1 + Azp2) }
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Now, Algorithm 1 first estimates the ERMs from the i.i.d. data
~ L1 E ~ ~ L1 E -
i=argmin— Y 1{Y} £y} =1{p1 >1/2}  Hr=argmin= Y 1{Y? #y} =1{p > 1/2}
yefo1r o yefo1} i3

where we defined py = % i Yik . Then, PL-MOL sets (note that the unlabeled data has no effect here)

¥s = argmin M 1{y1 # y} + o l{ip Ay} =

ye{o,1}

1 /\1?1 + )\292 >1/2,
0 else.

Now choose A = (1/4,3/4) and p1 =1, p» =2/5. Then A;p1 + Appp =11/20 > 1/2and so ys = 1, but
AMy1 + Axyp = 1/4 < 1/2. We can see that

- N 1 3
Ys = 0 <— /\1]/1 +/\2y2 = Zyl + Zyz <1/2
=h=yandp =y
< p;>1/2and p < 1/2
in which case T5(¥s) = 7s(0) = Ap1 + Aap2 = 11/20 and T5(ys) = Ts(1) = 1 — (Ap1 + Azap2) = 9/20.
And so, since by the law of large numbers IP (p; > 1/2 and pp < 1/2) — 1, we see that

lim P (ms) >

n—o0

Ei{rgl}ﬁ(y) +0.1> = lim IP (75 = 0) > lim IP (1 > 1/2and f» < 1/2) =1

¥
which concludes the proof. Consistency of Algorithm 2 holds trivially, also from Corollary A.1.

E Auxiliary results

Lemma E.1 (Lipschitz continuity of Bregman divergences). Assume diam.|(Y) = sup, ¢y [ly —y'[| < oo

and that ¢ is v-smooth w.r.t. ||-|| and ||V¢(x) — V¢(z)||, < M||x —z||. Then Dy is Lipschitz continuous in
both of its arguments separately, that is, for all x,y, z we have

Dy (y, %) = Dy(z,%)| < (5 + M) diamy (V) ly — =],

Dy (y, %) = Dy(y,2)| < (5 + M) diamy(¥) [lx — ]|

Proof. This follows from the three-point identity: First,

Dy (y, %) = Dy (2,%)| = [Dy(y,2) = (v =2, V(x) = V(2))|
% ly —2[% + lly —2[l Vg (x) = Vo ()],
> lly =2 +2M |ly — 2] | x — 2|

(5 + M) diamy (V) 1y - =]

INIA

IN

and second, by the same argument,
Doy, %) = Dy(y,2)| = |Dg(z,x) = (y = 2, V(x) = V§(2))]|

=< % lz = 2l* + lly = 2 [ Ve(x) = Vo),

> llz = x|? +2M [y — 2| |x — 2|

(5 + M) diamy () |1x — 2]

IN N

IN

which concludes the proof. O
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E.1 Concentration inequalities

Lemma E.2 (Consequence of McDiarmid’s inequality [41]). Let F be a function class of measurable functions
X — R that is B-bounded, sup_  |f(x)| < B forall f € F,and X, Xy, ..., Xy be i.i.d. random elements in X.
Define

Z = sup
feF

]P<|Z—]E[Z]| <B W) > 1 26.

S|
Nags

f(Xi) —E U(Xl)]|-

Then it holds that

The proof can be found, for instance, in [61, 54]. A significant improvement over Lemma E.2 is Talagrand’s
concentration inequality, stated next.

Lemma E.3 (Talagrand’s concentration inequality [58]). Let F be a countable function class of measurable
functions X — R that is B/2-bounded, sup,  |f(x)| < B/2forall f € F,and Xy, ..., Xy be i.i.d. random
elements in X. Define

n

1Zf<xi>—lﬂv<xl>]‘ and  oX(F) = supE |(f(X:) — E[f(X1)])?| < B2

feF

Z = sup
feFr

Then it holds that

n

]P(ZSZJE[ |+ va | 2 )l;)g(l/é) Blog(1/5>>>1—5.

E.2 Rademacher complexities

While there are multiple notions of Rademacher complexity for vector-valued functions [48], our choice
of Rademacher complexity in this work is motivated by the following contraction inequality, which is
used multiple times in our proofs.

Lemma E.4 (Vector contraction, Theorem 3 in [40] adapted for Rademacher complexities with absolute
values). Let H be a class of functions X — Y C RY. Assume that £ : Y x Y — Ris L-Lipschitz continuous in
its second arqument with {y-norm in R, that is,

vy ey [uy) Ly <Ll -y,
Then it holds for ¢ o H := {(x,y) — £(y,h(x)) : h € H} that
R (LoH) < 2vV2LR, (H) < 3LR, (H),

where Ry, denotes the coordinate-wise Rademacher complexity.

This contraction inequality crucially relies on the ¢,-Lipschitz continuity. If the loss exhibits more
favorable Lipschitz continuity, e.g., with respect to an £,-norm with p > 2, then our results can readily be
adapted to use other contraction inequalities [23].

We now state two more well-known results from learning theory appearing throughout the manuscript,
solely for convenience purposes.

Lemma E.5 (Symmetrization in expectation, e.g., Theorem 4.10 in [61]). Let F be a class of functions X — R
andn € N. Let Xy, ..., Xy bei.id. samples in X. Then

i

< 2R, (F).

Xl)]‘
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Lemma E.6 (VC Bounds, [9, 8]). Suppose that H consists of functions X — {0,1} and that H has VC
dimension dy; € IN. Then there exists a constant C > 0 so that the Rademacher complexity of H with respect to
any distribution on X is bounded as

Ry (H) < min{\/ZdH logiien/dﬂ), Cq/d:} .

If H consists of functions X — [—B, B] and has VC-subgraph dimension (a.k.a. pseudo-dimension) d3; € IN, then
there exists a constant C > 0 such that the Rademacher complexity of H with respect to any distribution on X is

bounded as
Ry (H) < min {ZB\/W,CB, / d:} .

Moreover, for the L?-norm ball of functions with the same distribution u as the Rademacher complexity, B =
{f € L2(u) : Iz < 1}, let p :=1inf {r > 0: 12 > R, (H)}. Then there exists a constant C > 0 so that

d
2< 77'[
p_Cn.
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F Table of Notations

Table 2: Notation

Symbol Definition
Uk, Dy loss / Bregman divergence: J x J — R
Re(f)  risk: E[Ge(YF, F(XF))]
Rie(f) empirical risk: nik Yk O (YE, F(XF)
E(f) excess risk: Ri(f) —infrer Ri(f)
T:(f) s-trade-off: s(&1(f),..., Ek(f))
— excess s-trade-off: 75(f) — infoeg 75(g)
di(f; h) risk discrepancy: E[¢(h(X*), f(X¥))]
de(f; h) empirical risk discrepancy: N%( ZlN:kl fk(h(f(f‘),f(}?f‘))
ds(f; h) scalarized discrepancy: s(dy(f;h1),...,dx(f;hk))
ds(f; 1) empirical scalarized discrepancy: s(dy (f;h1), ..., dg(f; hg))
f*=(f)rei) Bayes-optimal models: fi = argmin,. » Ry(f)
h= (il\k)ke[K] ERMs in H: Iy = arg miny, ¢y, Ry(h)
s Pareto setin G: argmin, ¢ ds(g; f*)
gl helper Pareto set in G: arg min, . ds(g; h)
Qs our estimator: arg min, . ds (g h)
sl{n linear scalarization: lele Ak
sy Tchebycheff scalarization: maxjc k) Axvk
B4 ¢1-ball: {v € RY: ||lv||; <1}
B4 fr-ball: {v € RY : ||v]], < 1}
B, loo-ball: {v € R : ||v]|0 < 1}
diam (A)  diameter of the set A C R%: sup {||x —y| : x,y € A}
Rk Rademacher complexity w.r.t. distribution k and n samples
(AT critial radii from Eq. (13)
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