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ABSTRACT

As large language models (LLMs) rapidly advance, performance on high-resource
languages (e.g., English, Chinese) is nearing saturation, yet remains substan-
tially lower for low-resource languages (e.g., Urdu, Thai) due to limited training
data, machine-translation noise, and unstable cross-lingual alignment. We intro-
duce LiRA (Linguistic Robust Anchoring for Large Language Models), a train-
ing framework that robustly improves cross-lingual representations under low-
resource conditions while jointly strengthening retrieval and reasoning. LiRA
comprises two modules: (i) Arca (Anchored Representation Composition Archi-
tecture), which anchors low-resource languages to an English semantic space via
anchor-based alignment and multi-agent collaborative encoding, preserving geo-
metric stability in a shared embedding space; and (ii) LaSR (Language-coupled
Semantic Reasoner), which adds a language-aware lightweight reasoning head
with consistency regularization on top of Arca’s multilingual representations, uni-
fying the training objective to enhance cross-lingual understanding, retrieval, and
reasoning robustness. We further construct and release a multilingual product
retrieval dataset covering five Southeast Asian and two South Asian languages.
Experiments across low-resource benchmarks (cross-lingual retrieval, semantic
similarity, and reasoning) show consistent gains and robustness under few-shot
and noise-amplified settings; ablations validate the contribution of both Arca and

LaSR. Code will be released on GitHub and the dataset on Hugging Face.

1 INTRODUCTION

Large language models (LLMs) have achieved remarkable progress across a wide

range of natural

language understanding and reasoning tasks. However, their performance remains heavily skewed
toward high-resource languages such as English and Chinese, while performance on LRLs continue
to lag far behind. This disparity primarily arises from long-tailed pretraining distributions (Conneau
et al.||2020) (Figure E}a), insufficient or noisy parallel data (Khayrallah & Koehn,|2018)), and unstable
cross-lingual alignment (Wu & Dredzel 2020). Consequently, the direct application of LLMs to
retrieval and reasoning tasks in LRLs frequently results in diminished performance and inconsistent

behavior, thereby compromising the potential for achieving global inclusiveness.
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Figure 1: Challenge and overview of our LiRA.

Existing approaches to cross-lingual adaptation typically rely on machine translation (Artetxe et al.,
2023} |Shubham), |2024) or multilingual method (Singh et al., |2024; Mei & Zhao| 2025). While
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translation-based pipelines have demonstrated a certain degree of effectiveness, they are inherently
susceptible to error propagation and semantic drift, particularly in complex tasks involving multi-
step reasoning or nuanced linguistic interpretation. On the other hand, multilingual encoders pro-
vide a degree of language-agnostic representation but lack the strong reasoning capability that LLMs
demonstrate in English. Although prior work, such as MindMerger (Huang et al., 2024), has made
progress in narrowing the performance gap of large language models in low-resource languages,
its architectural design remains relatively simplistic and lacks grounding in a rigorous theoretical
framework, limiting its generalizability and analytical depth. Similarly, Lusifer (Man et al.l [2025)
proposes a straightforward integration of a multilingual encoder with an LLM-based embedding
model, primarily targeting embedding tasks rather than cross-lingual reasoning. Despite their em-
pirical gains, both approaches remain theoretically underdeveloped. As a result, neither approach
adequately closes the performance gap for low-resource languages across key tasks such as infor-
mation retrieval, ranking, and reasoning.

Our work is motivated by the observation that current cross-lingual adaptation for retrieval still relies
heavily on machine translation pipelines or multilingual encoders, which often suffer from transla-
tion noise and unstable cross-lingual representations, especially for low-resource languages in real-
world e-commerce scenarios. These approaches typically lack an explicit treatment of how semantic
drift and representation mapping errors propagate through the pipeline, making their robustness hard
to reason about and to systematically improve. To address these challenges, we introduce LiRA
(Linguistic Representation Anchoring), a unified framework that anchors low-resource languages to
the English semantic space while preserving LLM-level reasoning ability. Unlike prior approaches,
LiRA is grounded in a rigorous theoretical foundation that certifies the completeness and stability of
its cross-lingual representations (Figure[Ip). LiRA integrates two complementary components: (i)
Arca, which explicitly aligns multilingual representations with English through critic—actor interac-
tion and feature anchoring, thus reducing semantic drift; and (ii) LaSR, a lightweight head that fuses
multilingual and English embeddings with queue-based objectives, ensuring robust retrieval and
reasoning under low-resource conditions. In this way, LiRA not only leverages the strong English
capability of LLMs but also transfers it effectively to underrepresented languages.

Our main contributions are summarized as follows:

* We propose a novel cross-lingual reasoning framework that generalizes the strong English
ability of LLMs to mid- and low-resource languages.

* We establish solid theoretical foundations, providing rigorous guarantees of LiRA’s com-
pleteness and stability.

* We release a retrieval dataset covering 5 Southeast Asian and 2 South Asian mid- and
low-resource languages, enabling further research in this underexplored area.

» Extensive experiments across ranking, retrieval, and reasoning tasks demonstrate that LiRA
achieves new state-of-the-art performance.

2 RELATED WORK

Cross-lingual Information Retrieval Early CLIR systems relied on multilingual PLMs (e.g.,
mBERT (Devlin et al., 2019), XLM-R (Conneau et al., 2020)) for alignment; recent work moves
toward supervision-light transfer and LLM-embedding adaptation. LUSIFER integrates a multilin-
gual encoder with an English-specialized LLM-based embedding model via a connector to yield
strong zero-shot multilingual retrieval (Man et al.l 2025). Beyond passage-level retrieval, CCPR
formulates contextualized phrase-level cross-lingual retrieval to mitigate polysemy (Li et al.l|2024),
while XRAG benchmarks end-to-end cross-lingual RAG from retrieval to generation (Liu et al.,
2025)). Domain resources (e.g., CrossMath) and synthetic datasets (e.g., SWIM-IR) further broaden
evaluation and training coverage (Gore et al.,|2024; |Thakur et al.}2023)). Finally, cross-lingual con-
tamination can inflate reported performance, calling for stricter data governance (Shi et al., 2024).

LLM-based Cross-lingual Reasoning Recent studies (Cueva et al.,[2024) have intensified atten-
tion to reasoning tasks in low-resource language settings. (Kim et al.| [2024) MindMerger merges
external multilingual understanding into LLMs and trains collaborative use of internal reason-
ing and external language skills, substantially boosting reasoning in non-English settings (Huang
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et al., 2024). Process-level improvements—such as Chain-of-Preference Optimization and Chain-
of-Code—provide transferable reasoning scaffolds that can be combined with language anchor-
ing/forcing strategies (Liu et al.| 2024} Zhang et al.; 2024). Mechanism-focused studies reveal cross-
lingual knowledge barriers and even “cross-lingual collapse” of reasoning traces toward dominant
pretraining languages; mitigation includes mixed-language finetuning, reward shaping for language
consistency, and representation steering to strengthen non-English token representations (Chua et al.,
2024; Zhao et al., |2024; Park et al.| 2025; Mahmoud et al.l[2025)). Recent surveys systematize mul-
tilingual reasoning evaluations and resources (Ghosh et al., [2025).

LLMs, Machine Translation, and Evaluation. Recent large language models(GPT-5 (Wang
et al., [2025), Qwen (Yang et al. [2025))) achieve strong zero/few-shot multilingual transfer through
pretraining and instruction tuning. Neural machine translation provides parallel or pseudo-parallel
signals that help align cross-lingual representations, and translation quality metrics (automatic or
learned) are commonly used to filter or weight supervision. (Team et al.| 2022)

Reinforcement Learning and Critics for Language Models. Reinforcement learning
(DeepSeek-Al et al, [2025) has been used to align language models via policy optimization and
preference-based objectives. Actor—critic (L1 et al.,[2025) formulations supply learned critique/value
signals and can stabilize training with replay/queue mechanisms. In multilingual representation
learning, such critics can act as quality estimators over noisy supervision, reweighting updates to
curb error propagation.

3 THEORETICAL FOUNDATIONS

3.1 PRELIMINARIES

Setup. Let X’ denote a LRL sentence space and ) the English sentence space. For any y' € Ns(y)
we set z* := [g(x); h(y')] (with the same x), so that the ratio compares fi,1,v under (y,y'). Vaata
is the finite evaluation corpus on which neighborhoods and empirical quantiles are computed. Given
a source sentence © € X, an LLM-based translator T : X — ) produces y = T'(x), and y* €
Y denotes a perfect translation that matches x in semantic distribution (formalized below). We
consider two representation paths: an anchor map g : X —R¢ that embeds LRL sentences directly
into the “English” semantic space, and an English encoder h : )Y — R?, We form a concatenated
cross-lingual representation z = [ g(); h(y)] € R?<, which is consumed by a downstream scorer
fum @ R?? — R for retrieval or reasoning. Our goal is to certify the fidelity of z and provide
measurable error bounds.

Assumption 1 (Semantic anchoring). For all x € X, the mismatch between the anchor and the
English encoding of its translation is bounded:

lg(z) — (T (2))l2 < €1, € > 0.

Assumption 2 (Translation fidelity). Let s be a latent semantic variable with conditionals p(s | z)
and p(s | y). The translator T preserves semantics up to €5 in KL:

Dxi(p(s | z) [ p(s | T(2))) < e, € >0.

Definition 1 (RKHS representation). Let & denote the English sentence encoder. We model h(y) as
the kernel mean embedding (KME) of the semantic distribution p(s | y) into an RKHS H induced
by a positive—definite kernel k:

h(y) = Mp(sly) — Esrvp(s\y)[@(s)]a 90(5) = k(sa')'

The kernel embedding maps any probability measure p over the semantic space into the RKHS
specified by k (i.e., 1t = Es~p[¢(s)]). For bounded inputs, the kernel satisfies

0 < k(s,s) = (k(s,-), k(s,-))

for some constant C' > 0. See [A.1.2]for details.

Definition 2 (Data-local Lipschitzness). On a finite discrete domain, any encoder admits a (local)
Lipschitz constant. Concretely, over the dataset Vg, We define the data-local Lipschitz constant

2
. < C2
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at y (with neighborhood radius §) as

LP%(y;0) = max |fen () — fron(z)]l
y' €N () Hz — z*H2

z = [g(x); h(y)].

7

Here Ns5(y) = {y € Vaata : 0 < diox(y,y’) < } denotes the token-edit neighborhood (we use
0 =1 in most experiments). We also report the empirical g-quantile L;lq) (0), where ¢ € (0,1) is the
quantile level, Lglq) (0) is the g-th empirical quantile of Ll,j’c(y; 0) over y € YVdata. ; for example,

with ¢=0.95 we observe Lglo'%) ~0.034 (see for details.).

3.2 THEOREM

Theorem (Representation deviation). Under Assumptions and Definitions let z* =
[A(y*); h(y*)] and z = [g(x); h(y)]. Then

|z — 22 <&@ + CV2e. (D
Corollary (Downstream stability). If frr is locally Lipschitz with constant Lloc (y; 0) as in Defi-

nition 2} then

| fiom(z) = from(zY)]], < L°(y;6) (a1 + CV2e). )
As €1, e2— 0, we obtain

|z —2*]2 =0 and [ fum(z) — fm(z®)[2 — 0.

In practice, we report empirical estimates, e.g., L(*9%) ~ 0.034 and C' ~ 0.6866 see for
details. The theorem and its corollary guarantee that, under Assumptions 1-2, the model obtains
high-fidelity (robust) representations that effectively support downstream tasks. Full math proof of
theorem and corollary details are provided in

3.3 WHY CONCATENATE TWO REPRESENTATION PATHS?

Although feature concatenation introduces an additional error source compared to using a sin-
gle feature vector, which appears to increase the overall error term in the model, we provide an
an information-theoretic analysis showing that feature concatenation leads to more stable results.
Model the two paths as noisy channels:

g(x) =s+ng,  h(y)=s+mm,
with zero-mean, finite-covariance noises conditionally independent given s: p(n4,75 | s) = p(ng |
s)p(nn | s), where ng and 7, are additive noises in the two channels, assumed zero-mean with
finite covariance and conditionally independent given s. 0'?) » = Var(sy) is the variance of the k-th
coordinate of the latent semantic vector s.

Define the information gain of concatenation:
AL = I(s; [g(x), h(y)]) — I(s; g(x)).

where I(-; -) and H(- | -) denote Shannon mutual information and conditional entropy, respectively.
By the chain rule and conditional independence,

I(s; [9,h]) = I(s;9) + I(s;h|g) = I(s;9)+H(s|g)—H(s|g,h) > I(s;9),

with equality iff s LL h | g. In cross-lingual settings, translation noise 7, and anchoring noise 7, are
complementary, hence I(s; h | g) >0 and Al > 0. Therfore, if Var(n,, ,) — oo on some dimension
k (e.g., severe LRL ambiguity), then

O'2 e
Isig) < ylog(1+ i) 0

The quantity in parentheses is the per-coordinate signal-to-noise ratio (SNR), defined as SNR; =
o3 ./ Var(ng k). For the additive channel G = sj + 7y, the classical Gaussian-channel bound
implies I(sx; Gx) < 2log(1 + SNRy). while a stable English path (Var(n,x) < oc) yields a
strictly positive lower bound for AT on that dimension. Hence the concatenation z = [g(z); h(y)]
overcomes single-path bottlenecks, and the information gain offsets the apparent worst-case bound
increase.
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4 METHOD

4.1 ARCA

Let X be a low—resource source space and ) the English space. For any z € X, a translator 7" : X —
Yyields y = T(x). We introduce two representation paths: an anchoring map g : X —R? that lands
source sentences directly in an “English semantic” space, and an English encoder h : )) —R?. We
concatenate z = [g(x); h(y)] and score it with an LLM head frm. ARCA aims to reduce the two
terms appearing in our generalization bound (Sec. 3.2): the anchoring error € and the translation
distortion €s.

ARCA (Figure[2) comprises three modules: (i) a Translation Critic that judges candidates with se-
mantic/emotional/pragmatic scores and (projected) embedding similarity; (ii) an Embedding Critic
that anchors feature paths to translation paths via a regression-style penalty; and (iii) an Actor trained
with policy gradients that fuses both critics.

Translators Candidates .
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of..? Semantic Fidelity
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i \

1 '
1 I
1 I
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Figure 2: An overview of Arca.

4.1.1 EMBEDDING CRITIC AND FEATURE ANCHORING (MINIMIZING €1)

On the query side, the input is constructed with a feature prefix of length Sg, followed by text tokens
of length T: H(®@ ¢ R(SeatT)xD Onp the document (candidate) side we have H(® € RT*P_ We
define the feature-path representation (average over the feature prefix)

Sfcul
1
i =g HY, (3)
& Sfeat 52::1 ”

and the translation-path representation as pooled document states
h, = pool(H(d))7 4)

where pool(-) (e.g., last-token/mean/attention) eliminates the tokenizer-induced length mismatch;
the pooling dimension is a hyperparameter.

The feature-anchoring loss penalizes the discrepancy between the two paths:

1 B
Lanchor = E Z ||gz - th; (5)
i=1

Role for €1. Eq. equation [5]directly contracts the anchoring radius €; by regressing the feature-path
vector towards the translation-path vector.
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We also define the similarity used in Eq. equation Let Ee,, = Embrim(yx) be the English
embedding sequence. After Adaptor projection (pool—MLP), we obtain a source anchor € and a
candidate vector ey, in a shared space and compute

simy, = cos(é, e).
4.1.2 TRANSLATION CRITIC (MINIMIZING €5)

Given a source x and its candidate set {yk}le, a lightweight LLLM judge produces three calibrated
scores Sg, ek, pr € [1,10] for semantic fidelity, emotional consistency, and pragmatic tone. We

collect

vy = [k, ex, pr] "
Role for e5. These scores probe adequacy and well-formedness of y;, with respect to x, serving as a
proxy for small semantic divergence between p(s|x) and p(s|yy); maximizing their contribution in

the policy (see Sec.[.1.3) drives smaller 5.

4.1.3 ACTOR-ADAPTOR

Adaptor. The multilingual encoder and the LLM use different tokenizers (L, # L) and embedding
spaces. We first apply temporal pooling P, (-) (window/stride r, a hyperparameter) and then an MLP
to align both sides to a shared dimension d:

0 = A Wi Pr(Encrui (%)) + b)) vie = Y Wen Pr(Embrim(yx)) + ben)- (6)
We define the cross-space similarity
simy, = cos(ﬁ.7 vk)7 )
and add an encoder-alignment term on the chosen candidate a:
Lene = — cos(ﬁ, va). ()

Actor. For each candidate we form the policy feature by concatenating the critic scores with the
adaptor similarity:

Ck =[Sk, €k, pr, simg ] 9)
A small MLP produces logits gg(cky) and the policy 7g(k | cux) =
softmax([gs(c1), ..., gs(cK)])k. We use the composite reward
Ry = 0.1 (asg + Bex +ypr) + 6simy, (10)
sample a ~ 7y, and optimize with REINFORCE:
ERL = 7EaNﬂ¢[Ra] ~ — 10g7T¢(CL|ClZK) ~Ra. (11)
The Actor—Adaptor objective used in training is Laa = LrpL + 7 Lenc, Which complements the

feature-anchoring loss in Sec. {.1.1]

4.1.4 OVERALL OBJECTIVE

The full ARCA objective is
L= Lp + n Lene + A Lanchor- (12)

Here, Lanchor reduces the anchoring error €7, while L, favors low-distortion candidates, shrinking
eo—jointly tightening the bound in Sec.

4.2 LASR

Given any-language text, a multilingual encoder yields Ej while a shared English encoder
(prompted LLM encoder) yields E,. Ei; denotes the text embedding in the low-resource language,
and F, denotes the embedding of the corresponding English text. We fuse E,, and E}; into a single
{s-normalized embedding used for both ranking and retrieval. Training is supported by two FIFO
buffers: (i) CorrQueue for correlation-based objectives under small batches, and (ii) DocQueue for
listwise nDCG with in-language negatives. Both queues are stop-grad for cached entries and are
updated in FIFO manner with a maximum size K.
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(a) Anoverview of LaSR—given any-language input, shared encoders produce English
and multilingual features that are fused by a lightweight transformer into a single normalized
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based objectives; DocQueue caches (doc id, lang, embed) for listwise
nDCG with in-language negatives.)

Figure 3: An overview of LaSR.

Encoders. Each branch follows “tokenize — encoder — pooling”: Eey =
pool(Encyyy(prompt(z))) and Ej, = pool(Encpyyi(x)). Pooling is fixed (last-token or mean)
and the two streams are concatenated and linearly projected before entering the LLM Transformer.
The transformer attends across the two streams and returns a fused hidden vector z, which is then
normalized z = z/||z||.

Training steps (Figure[3p). Each optimization step processes two mini-batches: (1) query batch
and (2) document batch. We forward them through the shared encoders and the LLM Transformer
to obtain {z,} and {Z4} and compute s(g, d) for the task at hand. Two FIFO buffers are updated in
the background:

* CorrQueue (Rank task). Caches tuples (Pred, Gold) produced on ranking datasets (e.g.,
STS). At step ¢t we concatenate the current predictions/labels with up to K cached pairs
(detached, no gradient) and compute a correlation loss: Leong = o (1 — Pearson) + (1 —
@) (1 — Soft-Spearman). See[A.4]for details.

* DocQueue (Retrieval task). Caches (doc_id, language, z4) from recent steps for in-
language hard-negative mining. Given a query, we form a candidate list (1 positive +
mined negatives), compute differentiable ranks and a soft nDCG@k objective Lpge =
1 — nDCGQFk. To avoid mislabeled near negatives, we apply a temperatured down-
weighting on very similar non-positives (“safe negatives”), and add two light regularizers
(top-1 hinge, mean/variance control) to stabilize training: Lreir = Lndeg +Ah Lhinge +ArLinv-
See[A 4] for details.

5 EXPERIMENT

5.1 EXPERIMENTAL DETAILS

All experiments are conducted on a single server with 4x A100-80GB GPUs.We evaluate LIRA on
three families of tasks to assess generality: (i) retrieval, measured by nDCG@10; (ii) sentence rank-
ing, measured by Pearson correlation; and (iii) reading comprehension and mathematical reasoning,
both measured by accuracy. For retrieval and sentence ranking we use Qwen3-Embedding-8B as
the backbone encoder. For reading comprehension and mathematical reasoning we use Qwen3-4B
as the backbone model. Model choices, full hyperparameters and additional implementation details
are reported in the [AZ3] Each experiment was repeated 10 times, and we report the average as the
final result.

Due to potential discrepancies in pretraining data, we ensured fairness by fine-tuning all models
used in our experiments (including Qwen3) on each dataset with identical training hyperparameters
before evaluation. Interestingly, we observed that fine-tuning Qwen3 brought no significant gains
on existing public datasets, except for our newly introduced LazRetrieval dataset. This phenomenon
may be attributed to Qwen3 having already seen portions of these public datasets during its pretrain-
ing phase.
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Table 1: Evaluation on main public retrieval datasets. bold indicates the best result; underlined
indicates the second best.

Method ‘ MLQARetrieval BelebeleRetrieval STS22 ‘ Avg.
SimCSE 2021 7.41 18.35 37.95 21.24
ST5-XXL 2021 20.82 41.68 59.02 40.51
GTR-XXL 2021 20.19 38.02 60.11 39.44
Contriever 2022 9.75 22.94 41.72 24.80
GTE-large 2023 16.99 31.82 53.79 34.20
BGE-en-1.5 2023 16.64 31.19 50.77 32.87
ES5-large 2024 17.04 31.12 54.31 34.16
E5-Mistral 2024 31.54 54.75 71.37 52.55
LUSIFER 2025 36.68 57.81 70.49 54.99
Qwen3-E-8B 2025 81.13 85.94 71.64 79.57
LiRA ours 81.66 87.03 75.00 81.23

Table 2: Evaluation on our new LazRetrieval dataset. bold indicates the best result; underlined
indicates the second best.

Method | Bd Id My Pk Th Ph Vn | Avg
Sentence-T5-XXL 2021 | 34.11 7177  49.19 27.84 2358 8420 2861 | 44.56
GTR-XXL 2021 | 3485 7592 4936 3039 2294 8494 4615 | 4817
SimCSE 2021 | 3176 6671 4327 2768 3232 7400 4416 | 44.88
Contriever 2022 | 3995 7495 4890 3571 1543 8374 6475 | 51.00
GTE-large 2023 | 3936 7759 5188 3676 1721  87.65 6534 | 5261
BGE-en-v1.5 2023 | 4106 7878 5328 3752 1835 8818 6872 | 54.09
ES-large-v2 2024 | 41.04 7878 5377 3722 1763 8724 6131 | 5284
E5-Mistral-7B 2024 | 4827 7543 7101 5362 6175 8318 6544 | 6451
Qwen3-E-8B 2025 | 6597 7918 8056 6539 8248 86.59 7731 | 76.78
LiRA ours | 6630 7853 81.54 6853 83.12 8744 7848 | 77.71

5.2 DATASETS

We use standard public datasets: BelebeleRetrieval (Bandarkar et al., 2024), MLQARetrieval
(Enevoldsen et al., [2025), STS22 (Enevoldsen et al., 2025), MGSM (Shi et al., 2022)), and X-CSQA
(Lin et al., [2021)). The first two are retrieval benchmarks, S7'S22 evaluates sentence-level correla-
tion, and MGSM/X-CSQA assess mathematical reasoning and reading comprehension, respectively.
We additionally release a de-identified e-commerce retrieval dataset, LazRetrieval, and a larger com-
panion set, LazRetrieval-mega. Both cover seven Southeast-Asian languages: Vietnamese (Vi), Thai
(Th), Indonesian (Id), Malay (Ms), Urdu (Ur), Bengali (Bn), and Filipino/Tagalog (Ph). LazRetrieval
contains 10 k examples per language; LazRetrieval-mega contains 1,000 k examples per language
and is intended for pretraining/supporting large-scale adaptation. Unless otherwise noted, our exper-
iments use LazRetrieval. Since MGSM and X-CSQA have no training split in our setup, we evaluate
in a zero-shot fashion: the Arca is trained on BelebeleRetrieval, while the lightweight LaSR head is
left untrained for these tasks. Detailed information about the datasets can be found in the [A.2]

5.3 RESULTS ANALYSIS

Retrieval & sentence ranking. On public benchmarks (Table[I), LIRA consistently improves the
base model (Qwen3-E-8B) on all three metrics: MLQARetrieval 81.66 vs. 81.13 (+0.53), Belebel-
eRetrieval 87.03 vs. 85.94 (+1.09), and STS22 75.00 vs. 71.64 (4+3.36), yielding a higher macro
average 81.23 (+1.66). On our new LazRetrieval-70K (Table 2), LIRA also improves the average
from 76.78 to 77.71 (+0.93). The gains are particularly pronounced on relatively low-resource lo-
cales (e.g., pk +3.14, vn +1.17, my +0.98), suggesting that anchoring g(z) to the English space
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Table 3: MGSM accuracy (%). Bold indicates the best; underlined indicates the second best.

Method | Bn Th Sw Ja Zh De Fr Ru Es En | Avg

MonoReason 2024 | 6.8 7.2 6.8 364 384 552 544 520 572 688 | 38.3
MultiReason-Lora 2022 | 29.6 352 280 52.0 548 59.6 584 624 59.6 648 | 504
MultiReason-SFT 2024 | 33.2 40.0 42.0 42.0 420 452 448 452 48.0 52.0| 434

QAlign 2024 | 39.6 404 440 440 484 548 56.8 524 59.6 68.0| 49.6
LangBridge 2024 | 428 504 432 40.0 452 564 50.8 524 580 632|502
Translate-En 2023 | 484 37.6 37.6 492 468 604 564 476 59.6 655 | 50.6

MindMerger-Hard 2024 | 46.0 36.0 484 524 544 604 560 604 620 712 | 54.7
MindMerger-Soft 2024 | 504 52.8 572 544 536 612 576 608 584 66.8]| 57.3

Qwen3-4B 2025 | 87.2 90.0 78.0 864 88.8 90.0 8384 928 94.0 952 | 89.1
LiRA Ours | 884 912 78.0 868 89.6 89.6 884 928 924 952 | 89.2

Table 4: X-CSQA accuracy (%). Bold indicates the best; underlined indicates the second best.

Method |Sw Ur Hi Ar Vi Ja Pl Zh N Ru It De Pt Fr Es En|Avg

Translate-En 2023 | 36.5 413 484 44.6 51.8 47.1 533 515 550 563 573 547 572 555 713 713|523
MultiReason-Lora 2022 | 25.1 32.0 392 422 56.6 559 60.6 622 613 628 663 649 662 674 67.7 79.3|569
MultiReason-SFT 2024 | 27.6 29.2 32.0 287 38.8 387 455 438 459 465 502 49.1 512 52.1 543 672|438

MonoReason 2024 | 242 25.1 329 323 509 49.1 50.6 565 575 56.0 56.0 61.2 61.7 635 64.0 763|513
QAlign 2024 | 35.1 32.6 37.8 363 505 49.2 57.1 548 56.3 583 583 588 59.8 603 63.1 757|523
LangBridge 2024 | 31.8 30.5 30.6 30.6 333 339 39.8 39.8 384 39.1 374 364 338 382 38.8 44.4]36.1

MindMerger-Hard 2024 | 33.1 29.9 404 37.7 529 499 547 554 58.0 59.7 58.6 619 625 63.6 752 752 |53.1
MindMerger-Soft 2024 | 45.5 46.2 484 514 60.6 539 63.3 629 638 668 67.0 67.1 68.1 69.1 752 78.1|61.0

Qwen3-4B 2025|348 504 51.6 60.6 609 583 612 650 63.6 629 66.5 658 675 657 682 81.7]61.5
LiRA Ours | 353 51.1 521 61.2 61.6 58.7 619 657 64.0 63.0 66.1 662 67.6 662 689 82.5]62.0

and the LaSR head together reduce translation/representation noise. We also observe better rank-
correlation (STS22), matching our design of queue-augmented CorrQ and listwise soft-nDCG.

Mathematic. On MGSM(Table [3), LIRA brings a small but consistent gain over Qwen3-4B:
macro avg 89.2 vs. 89.1 (+0.1). Per-language analysis shows improvements or ties on 9/11 lan-
guages (e.g., Bn/Th/Zh), while a few high-resource languages remain similar (De, Es). This indi-
cates that the concatenated representation [g(x); h(y)] improves reasoning robustness without hurt-
ing English performance.

Comprehension. On X-CSQA(Table [)), LIRA outperforms Qwen3-4B on 15/16 languages and
raises the macro average from 61.5 to 62.0 (+0.5). Improvements concentrate on lower-resource or
typologically distant languages (Ur/Hi/Ar/Vi/Zh), consistent with our motivation that concatenat-
ing g(x) and h(y) adds complementary information and mitigates information bottlenecks.

Table 5: Performance of different embedding models with and without LiRA.

Method MLQARetreival BelebeleRetrieval STS22  Avg
GTE-large 16.99 31.82 53.79  34.20
GTE-large+LiRA 21.43 38.29 59.17  39.63
BGE-en-1.5 16.64 31.19 50.77  32.87
BGE-en-1.5+LiRA 21.01 35.64 53.94 36.83
ES5-Mistral 31.54 54.75 71.37  52.55
E5-Mistral+LiRA 34.23 57.24 76.55  56.01

Cross-backbone robustness. Table[5]evaluates LiRA as a pluggable module on three representa-
tive encoders. Across MLQA Retrieval, BelebeleRetrieval, and STS22, LiRA consistently improves
over the corresponding backbones. The averaged gains over the three tasks are positive for all back-
bones tested, suggesting that the effect is not tied to a single encoder family.

Pass@k. We evaluate with a k-way budget: pass@k is the number of LLM translators used in
one LiRA forward pass (k=0 uses only MT; k>0 follows Table [6). Table [7] aggregates MLQA
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Table 6: Translator configurations for pass@k.

pass@k Translator 1 Translator 2 Translator 3 Translator 4

pass@0 OPUS-MT m2m100 nllb-200-600M nllb-200-3.3B
pass@1 Llama-3.3-70B OPUS-MT m2m100 nllb-200-3.3B
pass@2  Llama-3.3-70B  gemma-2-27B m2m100 nllb-200-3.3B
pass@3 Llama-3.3-70B  gemma-2-27B Qwen3-32B nllb-200-3.3B

pass@4  Llama-3.3-70B  gemma-2-27B Qwen3-32B Deepseek-R1-Distill-Qwen-32B

Table 7: Combined pass @k results on three datasets (higher is better).

Dataset Method pass@0 pass@1 pass@2 pass@3 pass@4
MLQA Retrieval ~ Qwen3-8B 79.96 80.41 80.45 80.79 81.13
LiRA 81.15 81.56 81.79 81.53 81.66
BelebeleRetrieval Qwen3-8B 82.27 83.54 83.97 84.55 85.94
LiRA 86.00 86.15 86.67 86.69 87.03
STS22 Qwen3-8B 69.64 70.01 70.72 71.32 71.64
LiRA 73.01 73.54 74.11 74.39 75.00

Retrieval, BelebeleRetrieval, and STS22. Across k € {0,1,2,3, 4}, LiRA outperforms the baseline
on all three datasets. Both models improve as k increases, with diminishing gains beyond k=2 and
a small dip at k=3 on MLQA. Even at k=0, LiRA beats the baseline, showing a tunable budget—
quality trade-off without large translators at inference.

5.4 ABLATION

The ablation results in Table [§] demonstrate the contribution of each component in LiRA. Remov-
ing the LLM Ceritic or Embeds Critic leads to the most significant performance drop, particularly
on Pearson correlation and accuracy, highlighting the importance of dual-level critics for effective
supervision. The translation and multilingual encoder modules also provide consistent gains, show-
ing their role in enhancing cross-lingual generalization. Finally, eliminating the FIFO loss queue
results in the largest degradation on nDCG @ 10, confirming its necessity in stabilizing optimization.
Overall, each component is essential, and their synergy ensures the robustness of LiRA across tasks.

Table 8: Ablation study of LiRA on retrieval, sentence ranking, and reasoning tasks.

Method nDCG@10 Pearson Accuracy
LiRA 77.71 75.00 89.2

- w/o LLM Critic 71.29 72.19 87.7

- w/o Embeds Critic 65.77 61.78 81.2

- w/o Translations 75.48 74.39 86.4

- w/o Multilingual encoder 75.59 72.43 85.3

- w/o FIFO loss queue 64.29 69.82 -

6 CONCLUSION

We proposed LIRA, a framework for robust multilingual LLM adaptation that unifies retrieval,
sentence ranking, and reasoning tasks under a common anchoring principle. By combining an-
chored representations with critic-guided alignment and queue-based objectives, LIRA consistently
improves over strong Qwen3 baselines across both public benchmarks and our newly introduced
LazRetrieval dataset. Ablation studies further validate the complementary contributions of each
component. We hope our dataset and framework can inspire future work on multilingual LLM
adaptation. In addition, our Ethics Statement and Reproducibility Statement are provided in the
[A3land A.6.

10



Under review as a conference paper at ICLR 2026

REFERENCES

Mikel Artetxe, Vedanuj Goswami, Shruti Bhosale, Angela Fan, and Luke Zettlemoyer. Revisiting
machine translation for cross-lingual classification. In Houda Bouamor, Juan Pino, and Kalika
Bali (eds.), Proceedings of the 2023 Conference on Empirical Methods in Natural Language
Processing, pp. 6489—6499, Singapore, December 2023. Association for Computational Linguis-
tics. doi: 10.18653/v1/2023.emnlp-main.399. URL https://aclanthology.org/2023.
emnlp-main.399/.

Lucas Bandarkar, Davis Liang, Benjamin Muller, Mikel Artetxe, Satya Narayan Shukla, Donald
Husa, Naman Goyal, Abhinandan Krishnan, Luke Zettlemoyer, and Madian Khabsa. The belebele
benchmark: a parallel reading comprehension dataset in 122 language variants. In Proceedings
of the 62nd Annual Meeting of the Association for Computational Linguistics (Volume 1: Long
Papers), pp. 749-775. Association for Computational Linguistics, 2024. doi: 10.18653/v1/2024.
acl-long.44. URL http://dx.doi.org/10.18653/v1/2024.acl-1long.44.

Lynn Chua et al. Crosslingual capabilities and knowledge barriers in large language models. Open-
Review: BCyAlMoyx5, 2024. ICLR 2025 submission.

Alexis Conneau, Kartikay Khandelwal, Naman Goyal, Vishrav Chaudhary, Guillaume Wenzek,
Francisco Guzman, Armand Joulin, Viresh Gandhi, Edouard Grave, Maha Guillou, et al. Un-
supervised cross-lingual representation learning at scale. In ACL, pp. 8440-8451, 2020.

Emilio Cueva, Adrian Lopez Monroy, Fernando Sdnchez-Vega, and Thamar Solorio. Adaptive
cross-lingual text classification through in-context one-shot demonstrations. In Kevin Duh,
Helena Gomez, and Steven Bethard (eds.), Proceedings of the 2024 Conference of the North
American Chapter of the Association for Computational Linguistics: Human Language Tech-
nologies (Volume 1: Long Papers), pp. 8317-8335, Mexico City, Mexico, June 2024. Asso-
ciation for Computational Linguistics. doi: 10.18653/v1/2024.naacl-long.460. URL https:
//aclanthology.org/2024 .naacl-1long.460/l

DeepSeek-Al, Daya Guo, Dejian Yang, Haowei Zhang, Junxiao Song, Ruoyu Zhang, Runxin Xu,
Qihao Zhu, Shirong Ma, Peiyi Wang, Xiao Bi, Xiaokang Zhang, Xingkai Yu, Yu Wu, Z. F. Wu,
Zhibin Gou, Zhihong Shao, Zhuoshu Li, Ziyi Gao, Aixin Liu, Bing Xue, Bingxuan Wang, Bochao
Wu, Bei Feng, Chengda Lu, Chenggang Zhao, Chengqi Deng, Chenyu Zhang, Chong Ruan,
Damai Dai, Deli Chen, Dongjie Ji, Erhang Li, Fangyun Lin, Fucong Dai, Fuli Luo, Guangbo Hao,
Guanting Chen, Guowei Li, H. Zhang, Han Bao, Hanwei Xu, Haocheng Wang, Honghui Ding,
Huajian Xin, Huazuo Gao, Hui Qu, Hui Li, Jianzhong Guo, Jiashi Li, Jiawei Wang, Jingchang
Chen, Jingyang Yuan, Junjie Qiu, Junlong Li, J. L. Cai, Jiaqi Ni, Jian Liang, Jin Chen, Kai
Dong, Kai Hu, Kaige Gao, Kang Guan, Kexin Huang, Kuai Yu, Lean Wang, Lecong Zhang,
Liang Zhao, Litong Wang, Liyue Zhang, Lei Xu, Leyi Xia, Mingchuan Zhang, Minghua Zhang,
Minghui Tang, Meng Li, Miaojun Wang, Mingming Li, Ning Tian, Panpan Huang, Peng Zhang,
Qiancheng Wang, Qinyu Chen, Qiushi Du, Ruiqi Ge, Ruisong Zhang, Ruizhe Pan, Runji Wang,
R. J. Chen, R. L. Jin, Ruyi Chen, Shanghao Lu, Shangyan Zhou, Shanhuang Chen, Shengfeng
Ye, Shiyu Wang, Shuiping Yu, Shunfeng Zhou, Shuting Pan, S. S. Li, Shuang Zhou, Shaoqing
Wu, Shengfeng Ye, Tao Yun, Tian Pei, Tianyu Sun, T. Wang, Wangding Zeng, Wanjia Zhao, Wen
Liu, Wenfeng Liang, Wenjun Gao, Wenqin Yu, Wentao Zhang, W. L. Xiao, Wei An, Xiaodong
Liu, Xiaohan Wang, Xiaokang Chen, Xiaotao Nie, Xin Cheng, Xin Liu, Xin Xie, Xingchao Liu,
Xinyu Yang, Xinyuan Li, Xuecheng Su, Xuheng Lin, X. Q. Li, Xiangyue Jin, Xiaojin Shen, Xi-
aosha Chen, Xiaowen Sun, Xiaoxiang Wang, Xinnan Song, Xinyi Zhou, Xianzu Wang, Xinxia
Shan, Y. K. Li, Y. Q. Wang, Y. X. Wei, Yang Zhang, Yanhong Xu, Yao Li, Yao Zhao, Yaofeng
Sun, Yaohui Wang, Yi Yu, Yichao Zhang, Yifan Shi, Yiliang Xiong, Ying He, Yishi Piao, Yisong
Wang, Yixuan Tan, Yiyang Ma, Yiyuan Liu, Yongqgiang Guo, Yuan Ou, Yuduan Wang, Yue Gong,
Yuheng Zou, Yujia He, Yunfan Xiong, Yuxiang Luo, Yuxiang You, Yuxuan Liu, Yuyang Zhou,
Y. X. Zhu, Yanhong Xu, Yanping Huang, Yaohui Li, Yi Zheng, Yuchen Zhu, Yunxian Ma, Ying
Tang, Yukun Zha, Yuting Yan, Z. Z. Ren, Zehui Ren, Zhangli Sha, Zhe Fu, Zhean Xu, Zhenda
Xie, Zhengyan Zhang, Zhewen Hao, Zhicheng Ma, Zhigang Yan, Zhiyu Wu, Zihui Gu, Zijia Zhu,
Zijun Liu, Zilin Li, Ziwei Xie, Ziyang Song, Zizheng Pan, Zhen Huang, Zhipeng Xu, Zhongyu
Zhang, and Zhen Zhang. Deepseek-rl: Incentivizing reasoning capability in llms via reinforce-
ment learning, 2025. URL https://arxiv.org/abs/2501.12948,

11


https://aclanthology.org/2023.emnlp-main.399/
https://aclanthology.org/2023.emnlp-main.399/
http://dx.doi.org/10.18653/v1/2024.acl-long.44
https://aclanthology.org/2024.naacl-long.460/
https://aclanthology.org/2024.naacl-long.460/
https://arxiv.org/abs/2501.12948

Under review as a conference paper at ICLR 2026

Jacob Devlin, Ming-Wei Chang, Kenton Lee, and Kristina Toutanova. BERT: Pre-training of
deep bidirectional transformers for language understanding. In Jill Burstein, Christy Doran, and
Thamar Solorio (eds.), Proceedings of the 2019 Conference of the North American Chapter of
the Association for Computational Linguistics: Human Language Technologies, Volume 1 (Long
and Short Papers), pp. 4171-4186, Minneapolis, Minnesota, June 2019. Association for Com-
putational Linguistics. doi: 10.18653/v1/N19-1423. URL https://aclanthology.org/
N19-1423/.

Kenneth Enevoldsen, Isaac Chung, Imene Kerboua, Marton Kardos, Ashwin Mathur, David Stap,
Jay Gala, Wissam Siblini, Dominik Krzeminski, Genta Indra Winata, Saba Sturua, Saiteja Ut-
pala, Mathieu Ciancone, Marion Schaeffer, Gabriel Sequeira, Diganta Misra, Shreeya Dhakal,
Jonathan Rystrgm, Roman Solomatin, Omer Cagatan, Akash Kundu, Martin Bernstorff, Shitao
Xiao, Akshita Sukhlecha, Bhavish Pahwa, Rafal Poswiata, Kranthi Kiran GV, Shawon Ashraf,
Daniel Auras, Bjorn Pliister, Jan Philipp Harries, Loic Magne, Isabelle Mohr, Mariya Hendrik-
sen, Dawei Zhu, Hippolyte Gisserot-Boukhlef, Tom Aarsen, Jan Kostkan, Konrad Wojtasik,
Taemin Lee, Marek Suppa, Crystina Zhang, Roberta Rocca, Mohammed Hamdy, Andrianos
Michail, John Yang, Manuel Faysse, Aleksei Vatolin, Nandan Thakur, Manan Dey, Dipam Vasani,
Pranjal Chitale, Simone Tedeschi, Nguyen Tai, Artem Snegirev, Michael Giinther, Mengzhou
Xia, Weijia Shi, Xing Han LU, Jordan Clive, Gayatri Krishnakumar, Anna Maksimova, Sil-
van Wehrli, Maria Tikhonova, Henil Panchal, Aleksandr Abramov, Malte Ostendorff, Zheng
Liu, Simon Clematide, Lester James Miranda, Alena Fenogenova, Guangyu Song, Rugiya Bin
Safi, Wen-Ding Li, Alessia Borghini, Federico Cassano, Hongjin Su, Jimmy Lin, Howard Yen,
Lasse Hansen, Sara Hooker, Chenghao Xiao, Vaibhav Adlakha, Orion Weller, Siva Reddy, and
Niklas Muennighoff. Mmteb: Massive multilingual text embedding benchmark, 2025. URL
https://arxiv.org/abs/2502.13595.

Aniket Ghosh et al. A survey of multilingual reasoning in language models, 2025.

J. Gore et al. Crossmath: Towards cross-lingual math information retrieval. In ACM Digital Li-
braries, 2024.

Zixian Huang, Wenhao Zhu, Gong Cheng, Lei Li, and Fei Yuan. Mindmerger: Efficient boosting
IIm reasoning in non-english languages, 2024.

Huda Khayrallah and Philipp Koehn. On the impact of various types of noise on neural machine
translation. In Alexandra Birch, Andrew Finch, Thang Luong, Graham Neubig, and Yusuke
Oda (eds.), Proceedings of the 2nd Workshop on Neural Machine Translation and Generation,
pp. 74-83, Melbourne, Australia, July 2018. Association for Computational Linguistics. doi:
10.18653/v1/W18-2709. URL https://aclanthology.org/W18-2709/.

Sunkyoung Kim, Dayeon Ki, Yireun Kim, and Jinsik Lee. Cross-lingual qa: A key to unlocking in-
context cross-lingual performance, 2024. URL https://arxiv.org/abs/2305.15233,

Haolin Li, Delin Luo, and Haibin Duan. Independent soft actor-critic deep reinforcement learning
for uav cooperative air combat maneuvering decision-making. Journal of Field Robotics, 42(6):
2656-2670, 2025. doi: https://doi.org/10.1002/rob.22538. URL https://onlinelibrary.
wiley.com/doi/abs/10.1002/rob.22538.

Haonan Li et al. Cross-lingual contextualized phrase retrieval. In EMNLP Findings, 2024.

Bill Yuchen Lin, Seyeon Lee, Xiaoyang Qiao, and Xiang Ren. Common sense beyond english: Eval-
uating and improving multilingual language models for commonsense reasoning. arXiv preprint
arXiv:2106.06937, 2021.

Wei Liu et al. Xrag: Cross-lingual retrieval-augmented generation, 2025.

Yang Liu et al. Improving chain-of-thought reasoning in llms via chain of preference optimization.
In NeurIPS, 2024.

Omar Mahmoud, Buddhika Laknath Semage, Thommen George Karimpanal, and Santu Rana. Im-

proving multilingual language models by aligning representations through steering, 2025. URL
https://arxiv.org/abs/2505.12584.

12


https://aclanthology.org/N19-1423/
https://aclanthology.org/N19-1423/
https://arxiv.org/abs/2502.13595
https://aclanthology.org/W18-2709/
https://arxiv.org/abs/2305.15233
https://onlinelibrary.wiley.com/doi/abs/10.1002/rob.22538
https://onlinelibrary.wiley.com/doi/abs/10.1002/rob.22538
https://arxiv.org/abs/2505.12584

Under review as a conference paper at ICLR 2026

Hieu Man, Nghia Trung Ngo, Viet Dac Lai, Ryan A. Rossi, Franck Dernoncourt, and Thien Huu
Nguyen. Lusifer: Language universal space integration for enhanced multilingual embeddings
with large language models, 2025.

Lin Mei and Huiqin Zhao. Cross-lingual semantic alignment with adaptive transformer models for
zero-shot text categorization. Frontiers in Emerging Artificial Intelligence and Machine Learning,
2(02):1-6, 2025.

Cheonbok Park et al. Cross-lingual collapse: How language-centric foundation models shape rea-
soning in 1lms, 2025.

Frank Shi et al. Data contamination can cross language barriers, 2024.

Freda Shi, Mirac Suzgun, Markus Freitag, Xuezhi Wang, Suraj Srivats, Soroush Vosoughi,
Hyung Won Chung, Yi Tay, Sebastian Ruder, Denny Zhou, Dipanjan Das, and Jason Wei. Lan-
guage models are multilingual chain-of-thought reasoners, 2022. URL https://arxiv.
org/abs/2210.03057.

Kent Shioda, Mamoru Komachi, Rue Ikeya, and Daichi Mochihashi. Suggesting sentences for ESL
using kernel embeddings. In Proceedings of the 4th Workshop on Natural Language Processing
Techniques for Educational Applications (NLPTEA 2017), pp. 64—68, Taipei, Taiwan, 2017. Asian
Federation of Natural Language Processing.

Mr Shubham. Breaking language barriers: Advancements in machine translation for enhanced
cross-lingual information retrieval. J. Electrical Systems, 20(9s):2860-2875, 2024.

Vaibhav Singh, Amrith Krishna, Karthika NJ, and Ganesh Ramakrishnan. A three-pronged approach
to cross-lingual adaptation with multilingual llms. arXiv preprint arXiv:2406.17377, 2024.

Alexander J. Smola, Arthur Gretton, Le Song, and Bernhard Schélkopf. A hilbert space embedding
for distributions. In Marcus Hutter, Robert A. Servedio, and Eiji Takimoto (eds.), Algorithmic
Learning Theory (ALT 2007), volume 4754 of Lecture Notes in Computer Science, pp. 13-31.
Springer, Berlin, Heidelberg, 2007. doi: 10.1007/978-3-540-75225-7.5.

Bharath K Sriperumbudur, Arthur Gretton, Kenji Fukumizu, Bernhard Scholkopf, and Gert RG
Lanckriet. Hilbert space embeddings and metrics on probability measures. JMLR, 11:1517-1561,
2010.

NLLB Team, Marta R. Costa-jussa, James Cross, Onur Celebi, Maha Elbayad, Kenneth Heafield,
Kevin Heffernan, Elahe Kalbassi, Janice Lam, Daniel Licht, Jean Maillard, Anna Sun, Skyler
Wang, Guillaume Wenzek, Al Youngblood, Bapi Akula, Loic Barrault, Gabriel Mejia Gonzalez,
Prangthip Hansanti, John Hoffman, Semarley Jarrett, Kaushik Ram Sadagopan, Dirk Rowe, Shan-
non Spruit, Chau Tran, Pierre Andrews, Necip Fazil Ayan, Shruti Bhosale, Sergey Edunov, Angela
Fan, Cynthia Gao, Vedanuj Goswami, Francisco Guzman, Philipp Koehn, Alexandre Mourachko,
Christophe Ropers, Safiyyah Saleem, Holger Schwenk, and Jeff Wang. No language left be-
hind: Scaling human-centered machine translation, 2022. URL https://arxiv.org/abs/
2207.04672.

Nandan Thakur et al. Swim-ir: Synthesizing training data across languages for multilingual dense
retrieval, 2023.

Shansong Wang, Mingzhe Hu, Qiang Li, Mojtaba Safari, and Xiaofeng Yang. Capabilities of gpt-5
on multimodal medical reasoning, 2025. URL https://arxiv.org/abs/2508.08224.

Shijie Wu and Mark Dredze. Are all languages created equal in multilingual BERT? In Spandana
Gella, Johannes Welbl, Marek Rei, Fabio Petroni, Patrick Lewis, Emma Strubell, Minjoon Seo,
and Hannaneh Hajishirzi (eds.), Proceedings of the 5Sth Workshop on Representation Learning for
NLP, pp. 120-130, Online, July 2020. Association for Computational Linguistics. doi: 10.18653/
v1/2020.repl4nlp-1.16. URL https://aclanthology.org/2020.repldnlp-1.16/.

13


https://arxiv.org/abs/2210.03057
https://arxiv.org/abs/2210.03057
https://arxiv.org/abs/2207.04672
https://arxiv.org/abs/2207.04672
https://arxiv.org/abs/2508.08224
https://aclanthology.org/2020.repl4nlp-1.16/

Under review as a conference paper at ICLR 2026

An Yang, Anfeng Li, Baosong Yang, Beichen Zhang, Binyuan Hui, Bo Zheng, Bowen Yu, Chang
Gao, Chengen Huang, Chenxu Lv, Chujie Zheng, Dayiheng Liu, Fan Zhou, Fei Huang, Feng Hu,
Hao Ge, Haoran Wei, Huan Lin, Jialong Tang, Jian Yang, Jianhong Tu, Jianwei Zhang, Jianxin
Yang, Jiaxi Yang, Jing Zhou, Jingren Zhou, Junyang Lin, Kai Dang, Keqin Bao, Kexin Yang,
Le Yu, Lianghao Deng, Mei Li, Mingfeng Xue, Mingze Li, Pei Zhang, Peng Wang, Qin Zhu, Rui
Men, Ruize Gao, Shixuan Liu, Shuang Luo, Tianhao Li, Tianyi Tang, Wenbiao Yin, Xingzhang
Ren, Xinyu Wang, Xinyu Zhang, Xuancheng Ren, Yang Fan, Yang Su, Yichang Zhang, Yinger
Zhang, Yu Wan, Yuqiong Liu, Zekun Wang, Zeyu Cui, Zhenru Zhang, Zhipeng Zhou, and Zihan
Qiu. Qwen3 technical report. arXiv preprint arXiv:2505.09388, 2025.

Yuya Yoshikawa, Tomoharu Iwata, Hiroshi Sawada, and Takeshi Yamada. Cross-domain match-
ing for bag-of-words data via kernel embeddings of latent distributions. In Corinna Cortes,
Neil D. Lawrence, Daniel D. Lee, Masashi Sugiyama, and Roman Garnett (eds.), Advances in
Neural Information Processing Systems 28 (NeurIPS 2015). Curran Associates, Inc., 2015. URL
https://proceedings.neurips.cc/paper/2015.

Michael Zhang et al. Chain of code: Reasoning with a language model-augmented code interpreter.
In ICML, 2024.

Yiran Zhao, Wenxuan Zhang, Guizhen Chen, Kenji Kawaguchi, and Lidong Bing. How do large
language models handle multilingualism?, 2024. URL https://arxiv.org/abs/2402.
18815.

A APPENDIX

A.1 THEORETIC DETAILS
A.1.1 MATH PROOF

Theorem (Representation deviation bound). Under Assumptions [TH2] and Definitions [TH2] let the
optimal English representation be z* = [h(y*); h(y*)] and the framework output be z =
[9(2); h(y)]. Then

||z — z*H2 < € + CV2e, (13)

where C' > 0 is the kernel boundedness constant from Definition |1} i.e., sup, k(s, s) < C?2. This
constant reflects the geometry of the semantic RKHS; smaller C' indicates more stable embeddings.
In practice, C' can be estimated empirically on a corpus (e.g., C'~0.6867 in our experiments).

Proof. Let y* be a perfect translation such that p(s | ) = p(s | y*). By block structure and the
triangle inequality,

R

) < llg(@) = h(y")ll2 + [2(y) — R(y")ll2- (14)

By Assumption
lg(z) = h(y )l < llg(@) = h(y)ll2 + [[R(y) =y )ll2 < e +[|h(y) = hy")l2.  A5)
Next, by Assumption [2]and Pinsker’s inequality,
Ip(s [y) =p(s [y")]h < \/2DKL(p(S|y) Ip(s 1y*) < V2e. (16)

Using the RKHS mean-embedding view of / (Definition[I)) and the bounded-kernel assumption (see,
e.g., (Sriperumbudur et al.| 2010)),

18 (y) = B(y)ll2 = || p(sly) — Hpslyo)|lo
< ClipCly) —pCly) oy

= Clpts 1) —pls 1)

< O[5 Dalp(s [ 9) (s [97) < €1/% an
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Plugging equation [[7)into equation[I5]and then into equation[T4] yields
lz=2"]l, < (a+C\/%)+C\/% = a+Cv2a,
which proves the claim. O

Corollary. Downstream stability. Let frry denote the downstream scorer. If fypn is locally
Lipschitz around [g(z); h(y)] with constant L!°(y; §) as in Deﬁnition then

| from(z) — fuom(z) ||, < L'%(y;6) (61 + C\/E) (18)

Proof. By the (local) Lipschitz property of fr,r,m and Theorem 3.2}

HfLLM(Z) - fLLM(Z*)HQ < LIOC(ZMS) |z —2"[2 < Lloc(y;5) (61 + C\/E)-
O

Instantiation. In our measurements we obtain L(9-9)(y; §) ~ 0.034 and C =~ 0.6867 (representa-
tion dimension n = 4096). A representative bound (reported in ¢; for readability) is

| frim(z) = fuam(z)||, < 0.034. (e1 +1.9423 \/5> (19)

A.1.2 ABOUT DEFINITION

Definition 1 (RKHS representation) Let & : ) — R? denote the English sentence encoder. We
view h(y) as the kernel mean embedding (KME) of the conditional semantic distribution p(s | y) in
an RKHS (H, k):

h(y) = tpesly = Bsmptslyy [9(5)], @ls) = k(s, ). (20)
The kernel k is assumed bounded on the (semantics) domain: 0 < k(s,s) = (k(s, ), k(s,))n <
C? for some constant C' > 0.
Remark (On estimating the boundedness constant C'). For any probability measure P on the input
space with =, z’ i1 P,

e |15, = Bow[k(z,2))] < Edfk(z,a)], 1)
where the inequality follows from k(z,z") < \/k(z,z) k(z’,2’) for PSD kernels and Jensen. Thus
IRl = [lip(s|y) l2 provides a lower-bound proxy for E[k(z, x)], but it does not identify the
pointwise upper bound sup, k(s,s) = C2. In practice one may report empirical surrogates (e.g.,

corpus-wise maxima of ||h(y)||), while the theoretical C' remains a kernel-dependent constant. See
Smola et al.[(2007); Shioda et al.[(2017)); Yoshikawa et al.| (2015) for background.

Estimator. Let £ € RY*? be the model’s input embedding table and y = (wy,...,wr) the
tokenized sentence with attention mask m; € {0,1}. We compute the unnormalized mean-pooled
sentence vector

1 T

= T
Dotm1 M 1

The corpus-level estimators are

h(y) mys Elw,:] € RY, and its norm || (y)|2. (22)

~

C'max = yrenﬁxb ||h(y)||2’ C‘Z = Quantﬂeyeypmbe (Hh(y)||2’ q)’ (23)
probe

where ¢ € (0,1) (e.g., ¢=0.90,0.95,0.99) provides robust surrogates. By construction émax <C
(a lower bound on the true C).

Implementation. We follow the released script compute_C_rkhs.py: (i) tokenize each sen-
tence, (ii) fetch token embeddings via get_input_embeddings (), (iii) mean-pool with the at-
tention mask (no ¢5 normalization), (iv) take || - ||2 and aggregate statistics (max, mean, std, median,
p90, p95, P99, sample count). Unless otherwise noted, we probe on STS22 (sentencel) with
max_length=8192 and report per-model results in Table 9]
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Table 9: Estimates of the RKHS bound C' on STS22 (field: sentencel) using mean-pooled unnor-

malized input embeddings (no f5 post-normalization). émax = max, ||/H(y)||2, éq denotes the
g-quantile.

~

Model ‘ Chrax Mean Std  Median P90 P95 P99

Qwen3-Embedding-0.6B | 0.5333 0.1944 0.0221 0.1878 0.2240 0.2376  0.2605
Qwen3-Embedding-4B 0.5457 0.2073  0.0324 0.1971 0.2465 0.2672  0.3302
Qwen3-Embedding-8B 0.6866 0.3988  0.0434 0.3900 0.4529 0.4752 0.5503

Analysis. TableEIand Figure@ shows that the empirical RKHS bound surrogates C increase mod-
erately with model size (0.6B—4B—8B), which tightens separation in representation space but
enlarges the worst-case radius r(C') = €; + 2 C'v/2¢5 when plugging C' into our bounds. Because

~

Chax < C (Definition , any bound instantiated with Clyax or Cy is optimistic (it may un-
derstate the true worst case); therefore we recommend using (i) a high-probability bound using

C = 60,95 together with its empirical coverage on validation, and (ii) a worst-case bound using
C = émax as a lower envelope for the true C. For rigor, one can calibrate a multiplicative slack
k > 1 by back-testing—choose the smallest x such that the inequality with C' = 50,95 holds on
at least 95/‘\% of held-out samples. Finally, C is sensitive to tokenization length and domain; we thus

compute C on the target corpus (STS22 sentencel by default) with unnormalized mean pooling, and
advise re-estimating it in-domain when the deployment distribution shifts.

Definition 2 (Data-local Lipschitz constant) “How fast can the encoder’s output change under
small edit perturbations of a sentence in real text data?”’ By standard Lipschitz-continuity arguments
on finite discrete domains, any encoder admits a Lipschitz constant. Hence, on the dataset Vg, the

encoder satisfies
oc fLLM (Z) fLLM (Z )

X
Y EN; (y) |z —z*

: (24)
I

where z = [g(x); h(y)]. We denote its g-quantile by L{? measured by the script described earlier

(e.g.,q=0.95, L;LO'%) ~0.05). Note. Ns(y) is the neighborhood defined by token-level edit distance

< J; in practice we use  =1.

Explanation. The data-local Lipschitz constant

|h(y) = h(¥)]],

Lloc 75 _
h ;) y' €N () diok (¥, Y')

(25)

is defined as follows.

e h:Y—-R4is any fixed sentence encoder (e.g., Qwen-3, BERT).
* diok(y,y’) is the token-level edit distance between two sentences (e.g., Levenshtein dis-
tance).

1) /-neighborhood (in the corpus). For a finite corpus YVy,, and any sentence y, define the radius-0
neighborhood

Ns() ={y €V : 0<dior(y,y') <6}

That is, N5(y) contains all sentences that differ from y by at most § token edits (e.g., by exactly one
token when 6 =1).

2) Pointwise local Lipschitz constant. The quantity Ll,fc(y; 0) measures the encoder’s rate of
change within the data neighborhood. As long as y has at least one neighbor, this value is finite.

3) Empirical quantile over the dataset. For a confidence level ¢ € (0, 1) (e.g., ¢=0.95), define

Li (6) = Quantile ,c y,,, (LK (43 9), ). (26)
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Figure 4: Empirical estimates of the RKHS bound C' across model scales. Each subfigure shows

(left) a violin plot of |[2(y)]|2. (middle) a histogram with the 99th percentile marked, and (right) a
scatter of norms by sentence index.

In words, q - 100% of sentences in the corpus have local Lipschitz constants no greater than qu).

Empirically, for 6 between 1 and 10, the local Lipschitz ratios of Qwen3-Embedding are below 0.1
for 99% of samples; moreover, as § increases the ratios decrease and concentrate, indicating that the
local Lipschitz constant both exists and is measurable.

Experimental notes.

* Lipschitz Ratio (). For an original sentence s and its perturbed version s, the ratio is

B |Embed(s) — Embed(s’)”2
- EditDistance(s, s’) '

h

Here || - ||2 is the Euclidean norm between embedding vectors, and EditDistance is the
Levenshtein distance (minimum number of single-character edits to transform s into s’). A
small and stable ratio indicates local stability/robustness: small input changes do not cause
large embedding shifts. If the ratio grows markedly with §, the model may vary sharply in
some regions.
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Table 10: Empirical local Lipschitz estimates Lemp(d) (percent). We report mean, std, median, and
high quantiles (P90/P95/P99), plus max.

Model | 6 | Mean Std Median P90 P95 P99 | Max

1] 6.8% 6.2% 5% 13.7% 18.1% 31.5% | 58.6%

2| 65% 54%  51% 12.7% 16.3% 27.2% | 55.7%

. 30 5.7% 48%  4.4% 11.3% 14.6% 23.9% | 44.9%
Qwen3-Embedding-0.6B | 51\ op 390, 319  85% 11.1% 18.8% | 34%
8 | 27% 33% 17% 58% 8% 16% | T1%

10| 22% 2.9%  1.3% 4.9% 6.9% 14.6% | 55.7%

1] 55% 5%  41% 11.1% 14.5%  27% | 54.9%

2| 5.2% 4%  42%  10% 12.5%  21% | 41.4%

. 3| 4.6% 37%  3.7% 88% 11.3%  18% | 38.2%
Qwen3-Embedding-4B | 5 | 5 /0 "3 960 7% 87% 14.5% | 38.7%
8 | 22% 26%  15% 4.8% 6.7% 12.4% | 29.4%

10| 1.8% 24% 11% 41% 5.7% 11.9% | 39.2%

1| 34% 3%  25% 64% 8.6% 15.8% | 30.3%

2| 3.2% 26%  25% 6.1% 7.9% 14.3% | 29.3%

. 30 29% 23%  22% 55% T7.1% 12.2% | 22.7%
Qwen3-Embedding-8B | 5| 10 190, 16% 4% 53% 95% | 21.7%
8 | 1.4% 1.7%  09% 29% 4.1% 8.3% | 20.4%

10| 1.1% 1.6%  07% 24% 35% 7.9% | 30%

0 (Delta). The maximum number of edit operations allowed for the perturbation. The script
evaluates multiple J values (e.g., 1,2, 3, 5, etc.).

* Mean. The average of the ratios at a fixed J, reflecting the typical sensitivity at that pertur-
bation level.

Standard Deviation. The dispersion of the ratios; larger values indicate greater variability
across sentences/perturbations.

* Quantiles. E.g., median (50%), 90%, 95%, and 99% quantiles. The 95% quantile means
that 95% of ratios are no greater than that value, useful for detecting rare but high-sensitivity
cases.

» Sample Count. The number of valid ratios computed for a given ¢ (cases with no change
after perturbation are excluded).

By tracking these statistics as & varies, we assess the encoder’s local Lipschitz characteristics and,
in turn, its stability and robustness.
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Figure 7: Qwen3-Embedding-8B: Local Lipschitz analysis across 4.

Analysis. Across radii ¢ € {1,2,3,5,8,10}, the empirical local Lipschitz constant Lem,(0) de-
creases as § grows, indicating smoother behavior for larger neighborhoods (finite-difference esti-
mates are dominated by local saturation and curvature). As shown in Table[T0and Figure[3] [6] [7]
scaling the encoder from 0.6B—4B— 8B consistently reduces Lenp at all quantiles: for example at
0=5, P95 drops from 0.1107 (0.6B) to 0.0874 (4B) to 0.0530 (8B). Tail risk also shrinks (P99 and
Max), with occasional outliers on 0.6B (e.g., =8) suggesting numeric spikes; hence, for theoreti-
cal bounds we recommend using the high-probability constant Li,. = P95 at ¢ € [3,5] as a robust
plug-in for the local bound.

A.2 DATASET

Dataset release. We release a de-identified cross-lingual e-commerce retrieval dataset, LazRe-
trieval, and its pretraining-scale companion LazRetrieval-mega. The corpus spans seven languages
across Southeast and South Asia: Vietnamese (vi), Thai (th), Indonesian (id), Malay (ms), Urdu (ur),
Bengali (bn), and Filipino/Tagalog (ph). LazRetrieval contains 10 k examples per language, while
LazRetrieval-mega contains 1,000 k per language. Unless otherwise specified, our experiments
use LazRetrieval; the mega version is intended to support large-scale pretraining. We normalize the
frequencies.

Splits and file structure. We split the data into train and test with a fixed 4:1 ratio. Each split
consists of three JSON files:

* query. json: de-identified user queries from seven Lazada locales.
* item. json: product titles (landing-page headers) to be retrieved as candidate documents.

* pairs_info. json: the set of positive query—item pairs (binary relevance).

Example. A minimal example from the Bengali (Bangladesh) portion is shown below.
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query:
{
“ID’9:“Q 1 048”’
“pation”: “BD”,
"text": II'H'E Eso\mu
b

item:
{

"nation": "BD",

“item_id": "C34801",

"text": "GO FINFG YFH (FNCIo SRAT JPo> FI9 (eI q=eT
AP SFA AT Sy (FNE6 ATRA] AR Gfferay
CEREN
}5

pairs_info:

{
"nation": "BD",
"query_id": "Q1048",
"query": "STG BRI,
"item_id": "C369",
"item": "Trident cinnamon (FSTT 5 & S x 14 9%6 ST,
"rscore": "1.0"
}

Figure 8: Rendered examples from the Bengali (BD) split of LazRetrieval. We render records as
images to avoid Unicode rendering issues.

Table 11: Descriptive statistics of LazRetrieval (train+test). Lengths are measured as raw string
lengths; counts denote unique entries.

Field Max Min Mean Median Std Count
Query 248 2 18.65 18.00 9.37 50,000
Item 255 6 97.42 95.00 42.59 50,000

Dataset analysis. As shown in Table [IT] and Figure [9] The corpus exhibits a pronounced length
asymmetry between queries and items: queries are short on average (mean 18.66, median 18),
whereas item titles are substantially longer and more dispersed (mean 97.42, std 42.59). This
mismatch reflects real-world e-commerce behavior—concise user intents versus verbose product
titles—and implies (i) robust handling of extreme-length outliers and (ii) sensitivity to multilingual
scripts with different orthographic granularity. Our training objectives (queue-augmented correla-
tion for sentence ranking and listwise soft-nDCG@10 with safe negatives for retrieval) are designed
to be stable under such length skew, while the anchoring mechanism in LTRA mitigates representa-
tion drift caused by noisy or unusually long inputs.

A.3 EXPERIMENTAL DETAILS

Unless stated otherwise, inputs are tokenized withmax_length=512, padding=true, and trun-
cation enabled. For consistency across backbones, document- and query-side representations are
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Table 12: Core setup per experiment. All runs use PyTorch + Transformers; distributed training via
DDP when ~-distributed is enabled.

Task Encoder LLM Embedding Pool Size Batch Steps GPUs
STS22 mT5-XL Qwen3-Embedding-8B Sk 1 10 4
BelebeleRetrieval mT5-XL  Qwen3-Embedding-8B 1k 1 5 8
MLQARetrieval mT5-XL Qwen3-Embedding-8B - 1 5 8
LazRetrieval mT5-XL. Qwen3-Embedding-8B 4 1 120 8
MGSM mT5-XL Qwen3-4B 4 2 - 1
X-CSQA mT5-XL Qwen3-4B 4 2 - 1

Table 13: Optimization and reward-related hyperparameters. «, 3, weight the three translation
scores; 0 scales the similarity term. Logging and checkpoint intervals are task-specific.

Task Actor LR  Encoder LR Adaptor LR « B ¥ 0

STS22 1x10~* 5x107° 1x10~4 04 03 03 1.0
BelebeleRetrieval 1x 1074 5%x1075 1x107* 04 03 03 1.0
MLQARetrieval ~ 1x107% 5x107° 1x107% 04 03 03 1.0
LazRetrieval 1x10~% 5%x1075 1x107* 04 03 03 1.0

21.4%), the Qwen-family accounts for the majority of selections (56.4%, 65.8%, and 55.2%). On
LAZRETRIEVAL, the distribution is more balanced with Llama—-33-70B-Instruct at 27.2%,
gemma-2-27b-it at 26.8%, and the Qwen-family totaling 46.0%. Across datasets, ARCA shows
a consistent preference toward Qwen-family candidates (Qwen3 or the Qwen-distilled DeepSeek
variant), especially on MGSM where they comprise 65.8% of selections. A plausible explana-
tion is architectural alignment and feature-space compatibility with our frozen evaluator, which
is Qwen3-72B. Using the same family for evaluation can introduce a mild inductive bias that fa-
vors stylistic and semantic choices characteristic of that architecture. We therefore report these
breakdowns to make the potential bias explicit and to encourage future work to cross-check with
evaluators from different families.

Reproducibility notes. All models use Adam, gradient clipping (1.0), and cosine sim-
ilarity on L2-normalized vectors. LLM-side token representations are extracted via
get_input_embeddings (), and torch.nan_to_num is applied defensively during scoring.

A.4 MODEL DETAILS

Backbones. Multilingual encoder: mT5-XL (encoder only; decoder frozen). LLM Evalua-
tor (frozen): Qwen/Qwen3-70B is used only for evaluation/critique; all its parameters are kept
frozen. LaSR (trainable): the LaSR module is trained end-to-end during our experiments (gradi-
ents do not propagate into the frozen evaluator). When needed, token representations are read via
get_input_embeddings () (no gradient flow).

Pooling & shapes. The backbone outputs last_hidden_state, which is pooled to a sentence
vector. On the LLM side, raw token embeddings are adaptively average-pooled to a fixed temporal
length (pool_size,e.g., 32 or 4), then flattened for similarity computation.

Adaptor. A two-layer MLP maps R et RebU+ Layerfonm, 51z Linear,

multilingual features to the LLM embedding space.

R | aligning

Actor (candidate selector). For each candidate, the Actor consumes a 4-D feature
vector [semantic,emotional,pragmatic,sim] with topology R* — 16 — 1
(ReLU+LayerNorm). A softmax over candidates defines 7(a | x), and REINFORCE is used:

['aclor = _1Ogﬂ-(a | X) 'R(a)a
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where R(a) = 0.la semantic + 0.18emotional + 0.1ypragmatic + ¢ - sim (weights in

Table[13).

Encoder/adaptor objective. We maximize cosine similarity between the selected candidate and
the aligned query vector by minimizing

Lene = — cos(pool(Adaptor(Encmy (z))), pool(Embrim(y))) -

Three optimizers update Actor, the multilingual encoder, and the Adaptor; gradient clipping is
applied uniformly (1.0).

Ranking objective. To improve the statistical stability of correlation targets (Pearson / Spearman)
under small batches, we maintain a FIFO history queue of length at most K. At each optimization
step, we concatenate the history (prediction—label pairs) to the current batch and compute the cor-
relation losses jointly; the history is treated as a constant via stop-gradient and never contributes
gradients. Let the current batch size be B, the number of valid history items be m < K, and the total

after concatenation be N =m-+B. Denote the predicted similarities by p = (p1,...,pg) " where

pi = cos(qi,d;) = q; d; € [-1,1] 27)
(the two vectors are Lo-normalized sentence embeddings), and the gold scores by t = (t1,...,t B)T
(e.g., STS22 annotations). The detached history buffers are p"* € R™ and t"s' € R™. We concate-
nate . .

_ _|p ist ;. thist N

p_{p},t_{t € RY. (28)

If N < Npin (warm-up threshold), we skip the update. (1) Pearson correlation:
(ab) = & Lisa (i —a)(bi — )

) N B N — b

Va S (ai— a2 e 3 SN, (- 52 4 e

applied to (P, t). (2) Soft-Spearman (differentiable rank correlation): first compute soft ranks R;
for p with temperature 7 > 0,

N ~ ~
Ri(pi7) = 1 +Za(pi;pj>, o) = — (30)
j=1

e =108, (29)

T lqe

The label ranks p;(t) use average ties (the standard statistical convention). Define Soft-Spearman
as Pearson on ranks:

ro(p,8) = r(R(B:7), p(E) ). GD)

Note that as 7 — 0, R(+;7) approaches discrete ranks; smaller 7 sharpens sorting but increases
gradient variance. (3) Combined loss (as implemented): for a €0, 1],

Leomg =0 (1—7(p,t)) + (1—a) (1—7s(p,1)). (32)

In practice, p™' is passed via detach (), so gradients of Lcorq flow only through the current
p- The queue is updated in FIFO fashion to keep at most K entries (module corr_queue). The
warm-up threshold Vi, (module corr min_effective)enqueues without backprop when data
are insufficient, stabilizing early training.

hist

Retrieval objective. Problem setup. For each query g, build a candidate set C = {dy,...,dc—1}
where dj is the positive and the rest are online hard negatives (in-batch or mined from a same-
language index). With grels, obtain binary relevance y; € {0, 1}. Use inner-product/cosine scores

5 . q di
S; = <q7d2>7 q9= 17 d’L = . (33)
llqll i
Differentiable ranks. Use descending soft ranks (SoftRank) with temperature 7:
r, = 1+ Z a(sj — Si) , o(+) is the sigmoid. (34)
T

J#i
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Larger s; yields r; closer to 1. Soft nDCG@k. Define the discount and soft top-k mask as
1 k+3—m
disc; = ——, m; =0 L (35)
log, (1 + 7;) Tk
With gains g; = 2% — 1,

k
. 1 DCG
D = i disc; my, 1D = 29 —1) —————, DCGQk = ——F———.
CG zi:g isc; m CG ;( ) gy (1 1) nDCG max(IDCG, 2)
(36)
The base loss is
Lnicg = 1 —nDCGQE. 37

Safe negatives (near-negative safety gate). To avoid treating unlabeled relevant items as negatives,
set

0=sy—96, sy=so, (38)
and identify near negatives {7 : y; =0, s; > 0}. Apply continuous down-weighting
0 — S
g ) i = 0
w; = ( E ) ! (39)
1, yi =1

and update disc; < w; disc; (or drop near negatives as a more aggressive variant). Stability terms.
To mitigate collapse and evaluation jitter, add two lightweight regularizers: (i) Top-1 hinge to en-
force a margin between the positive and the hardest negative,

Lhinge = max (0, v + ma s; - 54); (40)

(i) Mean/variance regularization to control score centering and energy,

Loy = (5)2+|Var(s) —v|,  5=4) s (41)

Final objective. The per-sample objective is
L = Endcg + An £hinge + A »me (42)

and the training loss is the batch mean. In practice we keep only in-batch negatives and take the
M hardest (top-M) to control complexity; when using external candidates (e.g., same-language
queues/indices), we re-score with the current model and then take top-M to reduce stale hard-
negative artifacts. Implementation notes. We set 7 € [0.05,0.2], 7, =~ 0.5, 6 € [0.1,0.3],
B € [0.01,0.05], v = 0.05, v ~ 0.15, normalize scores, apply global gradient clipping, and use
EMA for evaluation. This objective directly maximizes differentiable nDCG@k while safe nega-
tives and steady-state regularization prevent periodic collapse due to score-field saturation.

A.5 ETHICS STATEMENT
This paper was authored by the researchers. Al tools were used only for language polishing (gram-

mar and minor phrasing) and formatting; all ideas, methods, experiments, analyses, and conclusions
are solely the authors’ work.

A.6 REPRODUCIBILITY STATEMENT

We will release our complete code—including data processing scripts and all model hyperparame-
ters—together with the new retrieval datasets LAZRETRIEVAL and LAZRETRIEVAL-MEGA.
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