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Abstract

Stochastic Gradient Descent (SGD) is a cornerstone of large-scale optimization, yet its theoretical behav-
ior under heavy-tailed noise—common in modern machine learning and reinforcement learning—remains
poorly understood. In this work, we rigorously investigate whether vanilla SGD, devoid of any adaptive
modifications, can provably succeed under such adverse stochastic conditions. Assuming only that stochas-
tic gradients have bounded p-th moments for some p € (1, 2], we establish sharp convergence guarantees
for (projected) SGD across convex, strongly convex, and non-convex problem classes. In particular, we
show that SGD achieves minimax optimal sample complexity under minimal assumptions in the convex
and strongly convex regimes: 0(5_%) and O(sfﬁ), respectively. For non-convex objectives under
Holder smoothness, we prove convergence to a stationary point with rate 0(5_% ), and complement this
with a matching lower bound specific to SGD.

1. Introduction

Consider a stochastic optimization problem

min F(z) = E[f(z,§)], (1)

zeX
where X C R¢ is closed and convex, and ¢ is a random variable distributed according to some unknown
distribution D. Access to F' is only available through unbiased stochastic gradients V f(x, ), which may
exhibit heavy-tailed behavior. Recent empirical studies have highlighted the prevalence of heavy-tailed
phenomena in modern machine learning datasets and environments, especially in deep learning [1, 4, 43]
and reinforcement learning [18]. To capture heavy-tailedness formally, we adopt the following moment
assumptions.

Assumption 1 Let F'(-) be differentiable on X.We have access to stochastic gradients with E [V f(z,&)] =
V F(x) and there exists p € (1, 2] such that the p-th moment is bounded, i.e.,

p-BM  E[|Vf(z,O|F] <GP  forallz e X.

This assumption is standard in recent theoretical works on heavy-tailed optimization. When p < 2, gradient
estimates can exhibit unbounded variance, precluding the use of conventional analysis techniques. Such
heavy-tailed behavior of data is often used to explain the empirical success of adaptive algorithms over
vanilla SGD. The examples of such adaptive schemes include methods based on gradient clipping [36, 42,
50], Normalized-SGD [22, 25, 33], their combinations [7, 8], and even more general non-linear schemes
[2, 26, 38]. We provide a more detailed comparison of our results to related work in Appendix C. In this
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Convex Strongly Convex Non-convex
Convergence E[F(3r) — F*] < e E[(F(zp) — F*)"?] <2 E[|VF(z7)?] < 2
Criterion or E[||zp — z*||P] < £"/?
(e2)7 @ ()
Complexity
in ©() Thm. 1, [34] Thm. 2, [50] Thms. 4,9

Table 1: Summary of sample complexity bounds of SGD for solving (1) under (p-BM) Assumption 1. The
“Converg. Criterion” row specifies the convergence criterion/measure for each setting with Zp, Zp,
xp denoting average, random and last iterate convergence respectively. The symbol O(-) means
that our rates are unimprovable for SGD under our assumptions. The constants Dy, i, Aj and
L, denote the diameter of X, strong convexity modulus, initial function value gap and the Holder
smoothness constant respectively; refer to corresponding section for formal definitions.

work, we revisit the analysis of vanilla Stochastic Gradient Descent with (optional) projection under heavy-
tailed noise:

SGD: step-size sequence, {n:}; Ty = Iy (zy — 0V f (24, &1)),

where Iy (-) is the Euclidean projection onto X'.! While this is one of the simplest and most popular stochas-
tic optimization algorithms, its convergence in the heavy-tailed settings remains elusive. While many adap-
tive methods mentioned above can achieve optimal convergence, the majority of these works hardly question
if SGD may have similar properties as these more sophisticated adaptive algorithms. The main argument
discussed in the literature concerning the failure of SGD in such settings is centered around the following
simple example. Consider the 1-dimensional quadratic function F'(z) = %xQ on X =Randlet{ ~ D be
any zero-mean noise with infinite variance and bounded p-th moment. In that case we have after one step of

SGD starting from z; = 0
E[F(2)] = 3E [IVF(22) 2] = 3E [0} |&1]P°] = +oc. @)

The last equality holds due to infinite variance whenever the step-size 7; is non-adaptive, i.e., prede-
fined/deterministic. Therefore, vanilla SGD does not converge in the usual sense neither in expectation
of the function value nor gradient norm squared. One might make an erroneous conclusion out of this ex-
ample that SGD is useless under this heavy-tailed model of noise if p < 2. However, this example and
convergence measure is fairly artificial and in this work we aim to investigate under what conditions and in
what sense SGD may still converge under infinite variance.

Contributions We provide a comprehensive study of SGD under the (p-BM) assumption. Our analysis
spans the convex, strongly convex, and non-convex settings and the main results are summarized in Table 1.
The key contributions are as follows:

Convex. We establish that a weighted average function value of SGD converges for a wide range of
step-size sequences. Moreover, if the diameter of the set X' is bounded, even the simple average iterate of

1. The projection is optional for most results but it is useful to discuss the implications when X is bounded.
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SGD converges in expectation. In the latter case, when the step-size sequence 7, is tuned properly, SGD
achieves the optimal sample complexity (’)(5_%) to find 27 with E[F(z7) — F*] <e.?

Strongly convex. In this case we show that SGD with step-size , = 2/ t, t > 1 converges in function
value, E[(F(zr) — F *)p/ *] < £”/* for a point Z7 sampled uniformly from the iterates {2}, , and in terms

of the distance to the optimum, E[||z7 — z*||?] < £/, with optimal sample complexity O(e_ﬁ). This
implies that in strongly convex case, SGD only requires knowledge of strong convexity modulus p and is
the first optimal algorithm that does not require knowledge of the tail index p.

Non-convex. If function F'(-) is Holder smooth of order v = p, we show that SGD converges to a
stationary point in expectation. In particular, in the unconstrained case this implies that we can find a point

1
Zr with E | VE(z7)||*> < 2 after O (L{;l e »—1 | iterations of SGD, where L,, is the Holder constant.

Overall, our results unify and extend the theoretical understanding of SGD, demonstrating that optimal
convergence rates in heavy-tailed regimes can be achieved without any adaptive schemes across a wide
range of problem classes. The interested reader can find additional complementary results, including (i)
lower-bounds in-probability and in-expectation that imply tightness of our results, (ii) upper-bounds under
the bounded central p-th moment assumption (i.e., E[||Vf(z,&) — VF(2)||’] < oP) and (iii) empirical
verifications in Appendix E.

2. Convex Setting

Our main running assumption in this section is standard.

Assumption 2 The objective function F(-) is convex on X C RY and there exists an optimizer x* €
argmin, .y F(y) C X.

We are now ready to provide our main convergence guarantee for this setting.

Theorem 1 Let Assumptions 1 and 2 hold ((p-BM) and convexity) with p € (1,2], and SGD is run with
non-negative step-sizes {1},~,. For any t > 1, define the weights w; = n ||x; — x* HpﬁQ. Then for any
T>1 -

S Blon(Fa)Fa)] o= 4462 (S o) 7
S Efw] = i m '

If, additionally, the set X is bounded with diameter Dy, then for any T > 1

- DY Pl —a” PGPS )~ S mea
EIF _ P < Px t=1"l = t=1 0t
[F(Tr) — F(a")] < S U v

To prove Theorem 1, we consider the Lyapunov (potential) function E ||z; — 2*||” , generalizing the classi-
cal analysis with E ||z; — 2*||* . We choose this new potential since the standard one with the power 2 does
not have to be bounded even after making the first step of SGD, while the p-th power is bounded and is
hence a suitable choice. The key technical challenge of the analysis is to build up an appropriate recursion
for the p-th power of the norm. This is not straightforward since the direct argument of unrolling the square
of the Euclidean norm by using inner product does not apply anymore. In order to overcome this challenge,
our main observation is that the Euclidean norm raised to the power p, p > 1 (i.e., | z|") is (p — 1)-Holder
smooth [41, Theorem 6.3]. The complete proof can be found in Appendix B.1.

2. Throughout the work, we use the standard O(-), (), ©(-) complexity notations [23], O(-) additionally hides poly-logarithmic
factors. In some cases, we slightly abuse this notation to highlight the dependence of the complexities on certain variables of
our focus, e.g., €, p, which will hopefully be clear from the context.
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Discussion. Notice that convergence is shown for an average suboptimality gap weighted with the dynamic
random weights w; = 1, ||#; — 2*||P~2. Unfortunately, due to the correlation between the suboptimality
and the weights, it is challenging to characterize the convergence for a specific point x; in the sequence
{z+¢},~, even if we knew the weights {w;},~,. Our lower-bound in Appendix E.1.1 additionally clarifies
that, for any predefined (non-stochastic) weighted output, SGD cannot converge in expected sub-optimality
in the general setting when the set X' is allowed to be unbounded. However, when the diameter of X is
bounded we can establish convergence for implementable quantities: the running average iterate T =
Zthl mxe/ Zthl ne or the simple average Z1 = 7 Zthl Ty,

Now we discuss several choices for the step-size sequence. First, if we know all problem parameters,

— llza=zr| — llz—z*|

we can set the step-sizes diminishing as 1, = i for all ¢ > 1, or constantly 7, = CTVr

- 2— lp—
E[F(zr) — F(z*)] = O (GDX e 1> for all 7 > 1. This implies the O(s_%) sample complex-

to obtain

p—1

T p
ity, which is known to be optimal under Assumptions 1 and 2 for all p € (1, 2], see e.g., [34, Chapter V,

Section 3.1], [40] or Theorem 8. Second, we explore a universal step-size strategy which does not require
knowledge of any parameters, 7; = 1/+/t for all t+ > 1. In this case we have for all T > 1 the bound

- 2— ) 2
E[F(Zr) - F(z*)] <O <Dx Plla1—a*ll? | D3 G

vT e
converges under heavy-tailed noise.

> . This result shows that even untuned projected SGD

3. Strongly Convex Setting

In this section, we revisit the convergence of (projected) SGD for strongly convex functions. We first recall
the definition.

Assumption 3 The objective function F\(-) is pi-strongly convex on X C R, i.e, F(-) — & |-||? is convex
on X with p > 0.

Now we are ready to state the main convergence result of strong convexity SGD.

Theorem 2 Let Assumptions 1 and 3 ((p-BM) and p-strong convexity) hold with p € (1,2). Then the
iterates generated by SGD with step-size ny = % satisfy for any T > 1

E |[(F(ar) — F(2*)"* + (4)" |ors — 2" |P| < @_Ig)i%~

where T is sampled uniformly from the iterates {x1,...,x7} .

The proof uses similar techniques as the convex case, however strong convexity allows us to relate wy
to our convergence measure and hence the removal of w; from the guarantee. The complete proof can be
found in Appendix B.2.

Discussion. The above theorem shows that instead of the classical convergence in expectation of the function
sub-optimality and the distance to the optimum squared, these quantities should be raised to the power p/2
for any p € (1,2). This modification of convergence measure is meaningful in heavy-tailed setting and
helps to circumvent the non-convergence example shown in Section 1. Indeed, for that quadratic example
we have E [(F(xz2) — F*)p/Q] = 2"2PRE[€P] < oo due to Assumption 1. We remark here that while
Theorem 2 requires the non-central (p-BM) assumption, it can be extended to the central p-BCM version
when smoothness is available allowing for unbounded domains and the variance reduction effect; we omit

__» .
this extension for brevity due to the page limit. The sample complexity O (5 2(1’*1)) — after accounting
for the above mentioned nuances related to the convergence measure — implied by Theorem 1 matches the



CAN SGD HANDLE HEAVY-TAILED NOISE?

lower-bound for first-order methods in this setting [50]. We remark that the above theorem prescribes to use
the classical step-size 7; = 2/ut, which is independent of tail index p. This implies that knowledge of p is
not required for achieving the optimal sample complexity.

4. Non-Convex Setting

In this section, we will establish convergence rates for non-convex SGD under (p-BM). Before we proceed
with our main result, we need to introduce some notions and additional assumptions for the non-convex
case. First, we introduce the weakly Holder convex and Holder smooth functions [13, 14, 48].

Assumption 4 (Holder smoothness) Ler v € [1,2] and ¢, L, > 0. The objective function F : X — R is
(4, Ly, v)-Holder smooth with curvature exponent v on X, i.e.,

bz —y||” < F(z) - F(y) — (VE(y),z —y) < L2 o —y|”  forallaz,y € X.

v
In the case v = 2, we say F(-) is (¢, L)-smooth or simply smooth.

Note that the Holder smoothness with v < 2 is weaker than standard smoothness (corresponding to v = 2)
whenever the set X’ is bounded. Specifically, if smoothness holds with . = Lo, then Holder smoothness
holds with L, = vLsD3% /2. Thus, using Assumption 4 with v = p € (1,2] is not limiting in the
constrained case if our main focus is the dependence on € and p, but it may not guarantee the tightest
possible bound in smoothness constant L = L if the function is smooth.

Convergence criterion. We measure progress in the non-convex setting using a generalized stationarity
measure based on Forward-Backward Envelope (FBE) [15], which is tailored to possibly constrained and
non-smooth settings.

Definition 3 (FBE and Generalized Stationarity Measure) Let F': X — R be differentiable and satisfy
Assumption 4 with a curvature exponent v > 1. Let p > 0 be a regularization parameter. The Forward-
Backward Envelope (FBE) of order v at a point x € X is defined as

DY(z) = — 227~ ;réigleZ(w,y)v Qy(x,y) == (VF(x),y —x) + 2 |ly — z||”. 3)

2(w=1)
We define the associated stationarity measure S (x) := (DY(x)) *

In the unconstrained Euclidean case (i.e., X = R or when projection is inactive), the FBE reduces to
the gradient norm to the appropriate power: D} (x) = ||V F (z)|»=1 . Thus our stationarity measure S} ()
reduces to S (z) = ||[VF(z)||* for any v > 1 when X’ = RY,

Theorem 4 Let F(-) be lower bounded by F* and Assumptions 1, 4 ((p-BM), Holder smooth with v = p)
hold, denote Ay := F(x1) — F*. Then for any T > 1 SGD with arbitrary step-size sequence {n:},
satisfies

T

1 YA 42pGP ST P L 2(p—1 o 2(Lpt24y)
ST DM (S, (0] <16 (5 ) SEZEREE, where = 0, p = HETL
t=1
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2(p—1)

Discussion If X = R we recall that S5(z) = (Dh(z))" » = ||[VF(x)|? for any p > 0 and any
p € (1,2]. Therefore, the above theorem implies in the unconstrained case

T —
D=1 M Tpp

p—1
E |[VF@r)|? <16 () 2223 2wl — 0 <“P*L”)1/pf1pG> :

where the last equality holds setting 7, = ¥/A1/G¥/pT and Zr is sampled from the iterates {z;}, . ei-
ther uniformly or with probabilities proportional to 7. In any of these cases, perhaps surprisingly, SGD
converges in the standard measure for unconstrained non-convex optimization: expectation of the gradient
squared. We remark that while our Holder smoothness Assumption 4 is weaker that standard smoothness
(with v = 2) on any compact set /X, there is still no contradiction with the folklore quadratic example dis-
cussed in Section 1. The crux is that to include the quadratic example F'(x) = %wQ in our function class sat-
isfying (0, L,, p)-Holder smoothness, we need to assume a bounded domain, which gives L,, < pDi,_p /2.
This means the derivation in (2) is not valid anymore due to the projection on the bounded set X', and the
projected SGD actually converges in terms of expectation of gradient norm squared. In Appendix E.1.2
we prove that the above mentioned convergence rate is not improvable for SGD with arbitrary polynomial
step-sizes under our exact assumptions up to a numerical constant.
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Appendix A. Useful Lemmata
First, we recall the definition of FBE of order v that was given in (3):

1
_vprt

DZ(.Z') = —1 Zrél‘;{{lQZ(l.’y)’ QZ(xvy) = <VF($)7y - HZ> + 5 Hy - xHV .

The following lemma is a modified version of Step I in the proof of the main theorem in [15]. This descent
type lemma is useful in the proof of Theorem 4.

Lemma 5 Forany x € X and any p1 > p + L we have Fll’/p(:r) < F(z) — 4= Dy (z).

=T
vp,

Proof Notice that for any z € X, we have for any z7 € X
Vp(@) = F(@) + 2|2 — of| < F(a™) + £ [|l2™ — |,

where & € argmin,cy F(y) + 2 ||y — x||” as before. We use a mirror descent step starting from a point x
as ot := argmingc v (VF(z),y) + 2 ||y — z||” with py > p + L. Then by Hélder smoothness of F'(-)
(upper bound in Assumption 4)
Dpl@) < F (%) + a7 -2
< F@)+(VF@).a" —a)+ Lo — ol + & "

= F(x) - =D (z) + 22 ot — o|” < F (2) — 2=-DY (2). )

L L
v— v—
vp, vp,

where the last equality holds by definitions of ™, Dy (x) and the last step is due to condition p; > p+ L. R

Recall the definition of the proximal point of order v € [1, 2]

v

& := argmin [F(y) + Ly - xHV] forany r € X.

yeX
Lemma 6 Letv € (1,2]. Forany x € X and any p > %M we have
A — Dy, (x)
v v v—1 P
2 —z|” < S ESIE
vp, [y

Proof By the definition of £ and the optimality condition, we have for any u € X
<VF(55”) F (@ — ) |12 — 2|2 u— x> > 0.
Setting © = x, we obtain

plla” — al” < (VF(@E"),z — &%) = (VF(z),x - 2") + (VF(3") - VF(z),z = &) . (5)
) D

We will bound terms (I) and (II) separately. First, by the definition of FBE:

M = (VF(@),z—i") =2 [ — | + 2 | — o]
— _p _ 2ll¥ P14V _ ||V
< max {(VF(@).z —y) =& |y~ 2]} + & |2~ a
= —minQp (ay) + 5 2 — 2l = Dy (@) + 1@ — .
v—1
vpq

10
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Second, by Holder smoothness Assumption 4 we have for any =,y € X

— llz =yl < F(z) = F(y) — (VE(y), = —y),

—5 llz = yll” < Fy) = F(a) + (VF(2),2 —y).
Summing up the above two inequalities for x = z and y = ¥, we can bound the term:

() = —(VF(&") — VF(z),3" —z) < 23" — z||”.

v

Using the two upper bounds in (5), we derive

A — VAT
plld” —a|” < +-Dj (2) + 2525 & — ||

1
v—1
vpq

It remains to rearrange and use the restriction for p. |

Lemma 7 [Lemma 10 in [25]] Let p € [1,2], and X1,...,X,, € R? be a martingale difference sequence
(MDS), i.e, B[] Xj-1,...,X1]X; = 0as. forall j = 1,...,n satisfying: E[|X;||"] < oo forall j =
1,...,n. Define Sy := 3 ~7_| Xj, then

E[|SalPT <2 E[IX;)7]-
j=1
Appendix B. Missing Proofs

In this section we present the missing proofs of the main paper.

B.1. Convex Setting

Proof of Theorem 1. We start with the Holder smoothness of ||-||” [41, Theorem 6.3], i.e.,

lo+wlP < [[olP +p- 25 + 2277 w|P  forany v,w € X, v #0. ©)

2—
[0 "7

By non-expansiveness of the projection, using the update rule of SGD and the above inequality with v :=
xy — o, w =1 Vf(xs,&), and assuming z; # x*,° we have

241 — 2P = [[Hx(xe — eV f (@0, &) — M (@) ||P < g — 2™ — e Vi (@, &)|)P

(6) ¥ _
< |wy — 2 ||P — mp SLEELTTT) | 92-pl |7 (g, &) 1P

[

Next we take conditional expectation and use convexity Assumption 2 along with (p-BM) to derive

E{laees — (" |2 < oo — P = mp s + 2 PGP, @

zp—a*||
Define ry == ||z —x*||, Ay = F(ay) — F(a*), wy .=y rf_z. Taking the total expectation of (7), we obtain:

E[rfy 1] <E[rf] — pE [wAf] + 2Pl GP. (8)

3. We implicitly assume throughout that z; # ™ for any ¢ < T, otherwise the problem is solved.

11
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Ignoring the negative term on the RHS and unrolling, we establish for any £ > 1

t—1
B[] <1} +2°7PGP > “np < rf 4227 pGPZn”— Ci. ©)
T=1 T=1
Coming back to (8), we derive the bound
St ElweAd] Cr _ Cr Cr Cr Wp
S Ew] T X Efw] ez S ez = 2z = 5T
t=1 =Wt t=1 =Wt ST mE[P) P ST mERP P Zthlchp T

where the second inequality follows by convexity of x +— 1‘% along with Jensen’s inequality, and the last
inequality follows from (9) and the fact that ”2.%2 < 0. The final bound follows by recalling the definition of
Cr given in (9) and simplifying the rate using the fact that p € (1, 2].

If, additionally, the diameter is bounded, then we can upper bound the denominator in (7) and repeat
similar steps to derive the second inequality in the theorem statement. |

B.2. Strongly Convex Setting

Proof of Theorem 2. We start similarly to our analysis in convex case using Holder smoothness of ||z||” to
get
leeer =P < llo = | — mep S{ESIEEED 4 2220 |V f (i, )17

llee—a*|*P

Next we take the conditional expectation and use strong convexity to derive

Sllwe—a* |+ F(z) - F ()
PP

E [z — 2| ] < llaw - 2" =
+ PR (|9 (w1, )P | 2
(1~ 222l — P — mp ) | 2P |V f (2, €))7 ]

o*|?

llz:—=

< (1= M) o — [P — e (2)° T (Flae) — Fa)
+ 22 PR [V (2, €)1 1] (10)

where in the last step we used the quadratic growth condition F(z) — F(z*) > 5|z — 2*||* to bound
the term in the denominator and the fact that p € (1,2] > 1. Define the distance to the optimum by

= ||z — «*|| and the suboptimality A; := F(x;) — F(z*). Then taking the total expectation of (10),
using (p-BM), and setting the step-sizes as 7y = 2/ut, we have

1P tP

2—
Elrl,) < SER) - (5) T E[A77] + 25
Multiplying both sides by ¢ > 1, summing up overt = 1, ..., T, and rearranging,
T

G G
% ZEtm AP+ TE [l < us‘tppfl < (2—p)8u”pT”*2'

t=1

Pluggining in 7; = 2/t and dividing both sides by (#/2)”/> T we obtain

r s ()
T ZE AL+ + (%) p/2 E[rp,q] < (2—p)<p,2P>TP1'
t=1

12
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B.3. Non Convex Setting

First, we assume the function is lower bounded, which is a standard assumption in this setting.
Assumption 5 The function F' : X — R is lower bounded by F* > —oco on X.

Next, we introduce some useful definitions needed for our analysis. For any ' : X — R and a real
p > 0, the Moreau envelope and its associated proximal operator (at a point x € X) are defined respectively
by

Vp(@) =min [F(y) + £ lly —z|"], & :=argmin [F(y) + £ ly —=[|"] .
yeX yeX

In our analysis of SGD we will use Holder smoothness Assumption 4 and Moreau envelope with v = p.
Later, in the analysis of Mini-batch SGD we will use the above concepts with v = 2. In case v = 2, we
will omit the superscript and denote F /,(-) := Ff/p(-), &= 322

Proof of Theorem 4. We start with definition of Moreau envelope and the optimality of & 1

Ff/p (ze1) = F (80,) + 8|20, 1 — zea||” < F (@)) + 51180 — 2|
= F (&]) + § [Ty (2f) — T (e — 0V f (24, &) |7
< F(27) + ” ENED — ) + 0V f (e, &)

where in the last inequality above we used non-expansiveness of projection. Next, similarly to convex case
we use the Holder smoothness of ||-||:

N WV f(we,6e) 22-P pnl
FY), (x41) < F () + § [loe — 27| + 25 <$t”; - th )y 2200 G g, )|
t
7V 2
= Ff/p( ) 4 Ppm <$t —x¢,V f(z¢, Et)> + ’;pm va(xt?&)np‘

E=d
On the other hand, using Assumption 4 and Lemma 5, we have for p > /,,
(VF(z), 3} — @) < F(&f) = F(a) + 2 |18 — 2P

= FP (w) = Fla) + 2L i — 2| < —CDE, . (w0),

where we denote C' := p=l
p(ptLp)P~!

VF(x¢), Aty = Ff/p(a;t) — F*, we attain

. Combining the above two inequalities, and defining ¢y :== V f (x4, &) —

c Popr,(®) | 22-pppp &Y~y
At+1:p < Atyp - ppgt ||£Zi];i”2—p + me va(xtvgt)”p + prTh ||<§7;_x:||2t—>p' (11)
t t
It follows from Lemma 6 that for any p > L” +2 ep >ty
12} — 2el” < 1557 Dy, (20)
t = T L,¥28, “pt+Lp\tt):
ppr

Thus we can upper bound the denominator of the negative term in (11).

2(p—1)

27
Dy € Doy (0= 530 7 (CD, (@) 7 20 [V (&)

13
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Telescoping, taking the total expectation, using Assumption 1 and rearrange the bound with p = w
yields
2 2p-1) L ) T ,
(5)rc 7 Z mSp-&-Lp(xt) < Ayp +20GP Z M s
t=1 t=1
D D 2(p=1) L. » p 2 2(?71)
where we used SP+L(:Bt) = (Dy(z))” » . Noticing that Ay , < Ay = F(zy) — F*, and (i)pcip >
2(p—=1)
(%%1) g 1—16 yields the claim. -

Appendix C. Comparison of Results to Prior Work
Appendix D. Related Work

A growing body of work develops adaptive algorithms that achieve provable convergence under heavy-
tailed noise. These include mirror descent variants [34, 45], Clip-SGD [31, 36, 42, 50], Normalized SGD
[25], Clip-AdaGrad [7], Clip-SGD with normalization and momentum [8] and other non-linear schemes
[2, 26, 38]. Some of these works go beyond in-expectation analysis and develop high-probability guarantees
with polylogarithmic dependence on the inverse failure probability, 1/J, thanks to adaptive step-sizes or
other complex techniques such as robust distance estimation [9] and robust gradient aggregation methods
[39]. Although adaptive methods often offer strong convergence guarantees, vanilla SGD may retain distinct
advantages. For instance, [46] show that SGD under heavy-tailed noise can induce implicit compressibil-
ity—a property potentially lost in adaptive schemes involving clipping or normalization. Nevertheless, the
theoretical understanding of vanilla SGD in the heavy-tailed setting remains limited. The only existing
convergence result, due to [47], relies on restrictive technical assumptions and fails to achieve optimal rates;
see Appendix D.2 for further discussion.

D.1. Convex Setting

Several existing adaptive algorithms in the literature achieve similar convergence rates as Theorem 1. For
example, a scheme based on the mirror descent framework was proposed in the seminal work [34, Chapter
V, Section 2.1] and later revisited in [32, 45]. The update rule of this scheme, when simplified to the
unconstrained Euclidean setup, can be written as

p
zt||w || P~ —ne V f (4,
p-SMD: Tyl = al tHL eV f( tft)Q_I” m = %'
zel|we]|[ P =neV f (2,61)

As we can see even after some conceptual simplification, this method is more complicated than vanilla SGD.
First, it can be classified as an adaptive/normalized method due to the normalization of the updated point.
Second, it requires computing the norm of x; and another auxiliary vector. Third, it not only requires tuning
the step-size 7, but also requires setting the correct power for computing ||z|| = , which is critical for
convergence. This leads to unnecessary complications for implementations and computational instabilities.
In fact, the implementation of the projected variant of this method requires an additional non-Euclidean
projection, which can add extra computational burden.

Another modification of SGD that has become very popular in stochastic optimization and machine
learning literature recently is called SGD with gradient clipping or Clip-SGD [31, 42, 50, 51]. For a
predefined sequence of clipping thresholds {\;},~, the update rule of this algorithm is

Clip-SGD: i1 = My (w —nege),  ge = clip (V (x4, &), At)

14
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with clip(v, A) := v - min {1, A/||v||2}. The typical choice of the sequence {\;},~, in the convex setting
is increasing and has the order \; = A\;t"/?, see e.g., [31, 36, 42].* While this algorithm is simpler than the
previous scheme, it still requires additional hyper-parameter tuning for sequence {A;},~ .

To summarize, the main advantage of our analysis in Theorem 1 is achieving similar convergence rates
to above mentioned methods with a simpler algorithm — vanilla SGD.

D.2. Strongly Convex Setting

We first compare our guarantee to the literature on Clip-SGD [31, 50] (method is described in the previous
section). In strongly convex setting, their recommendation for step-size is 17, = 4/u(t+1) and for clipping
threshold sequence is \; = max {2max,ex |[VF(z)||, Gt'/P}, see e.g., Theorem 9 in [31]. They obtain
the rate in expected function sub-optimality

E |:F(5T) —F*+M||IIZ’T—$*H2:| =0 ((G)22(1)1>> (12)
pn(T+1) P

for some weighed average point z7. There are two main differences compared to our result. First, our
convergence rate is established for vanilla SGD without clipping. Clip-SGD has two parameter sequences
which are important to tune, and the clipping threshold depends on the tail index p to achieve the optimal
rate. In comparison, our SGD only has the standard step-size 7; = 2/ut, which is easy to implement when
the strong convexity modulus is known. The second difference is in the convergence criterion used. Our

convergence criterion, E [(F(SET) — F(z*)"* + (%)p/2 |zr41 — x*||P| , can be weaker than the one for

Clip-SGD in (12). This means that our new analysis allows to get rid of additional clipping threshold
hyper-parameter at the price of a slightly weaker convergence measure.

Now we compare our result to [47], which studies convergence of vanilla SGD under a similar infinite
variance assumption. Their step-size sequence choice is arbitrarily close to the harmonic decay, i.e., 1, =
m /t® for any a € (0,1), and the convergence rate is presented as E [||z; — 2*||’] < C(d, L, u, o) /t*P~1)]
where the constant C'(d, L, i, o) hides the dependence on dimension, variance parameter, smoothness and
strong convexity parameters. While this result looks similar to our Theorem 2, unfortunately, it has several
important limitations. First, their analysis assumes that F'(-) is twice differentiable function with a uniformly
bounded spectral norm of the Hessian matrix V2F(z) (L-smoothness). Second, they make an additional
non-standard assumption about the uniform p-positive definiteness of the Hessian matrix. To explain this
concept, we let p > 1 and Q be a symmetric matrix. Define the signed power of a vector v € R? as:
vi® = (sgn(v")v!]9,. .. sgn(v?)|v?|9)T. Let S, = {v € R? : ||v||, = 1} be the unit sphere in I1-1l,
norm. We say that Q is p-positive definite if for all v € S),, v Qv > 0. In particular, in the limit case

case p — 1 the assumption reduces to the diagonal dominance of the Hessian. Even simple functions such

as Fz) = ' (0.012 58 (1)2> x violated this assumption for all p < 1.8. Another limitation of this work

is that the convergence rates suffers from a polynomial dimension dependence, making it unscalable with
d even when the main problem constants (such as smoothness constant, strong convexity parameter and the
variance) are dimension independent.

D.3. Non-Convex Setting

To the best of our knowledge, there are no algorithms in the literature working precisely under the same
assumptions as our Theorem 4. However, we can compare our result to other algorithms, which use the stan-

4. In fact the choice of exact sequence is more complicated and depends on other problem parameters, but we report the asymptotic
behavior for intuition.
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dard smoothness and the bounded central moment assumptions. We first compare to Clip-SGD [42, 50].
Under smoothness and p- BCM the typlcal recommended order of the step-size and clipping thresholds

Clip-SGD are n, = n /t =S W £%-2 The above mentioned works derive the sample complexity of
3p—2 2p
order O (5 =3 ) which is smaller that our best possible result O <5 P 1) for SGD with n; = 11 /YT

step-size when p < 2, and matches when p = 2. Several other adaptive methods achieve sample complex-
-2

3
ities similar to O (s T ) . For example, Normalized SGD with mini-batch or momentum [25, 33], and

Normalized SGD with gradient clipping and momentum [8]. However, all these algorithms are more com-
plex than vanilla SGD, rely on smoothness assumptions, are limited to unconstrained setting, and, similar
to Clip-SGD, require at least two hyper-parameters to achieve reduced sample complexity For example,
Normalized SGD with momentum [25] requires step size 7; = 114/ ¢/t and momentum o = a1/ =1

In summary, we prove for the first time that non-convex SGD converges under heavy-tailed noise. Our
complexity bound is worse in dependence on ¢ than those discussed above in the standard smooth setting
for p € (1, 2), but the assumptions and the algorithms are different. This discrepancy can be caused by three
potential possibilities:

i. Our analysis may be not tight.

ii. Complexity of first-order methods under Assumption 4 with v = p is strictly worse than for smooth
G.e.,v =2).

iii. SGD is inherently slower than other adaptive methods such as Clip-SGD even if v = 2.

In Appendix E.1.2 we essentially exclude the first possibility i., by constructing an algorithm-specific lower
bound for SGD with arbitrary polynomial step-sizes. This will show that our upper bound in Theorem 4 are
in fact tight under our assumption. We leave the exploration of scenarios ii. and iii. for future work.

Appendix E. Complementary Results

This section contains additional results that complement our main upper-bounds presented in the main part.
In Appendix E.1.1 we provide an in-probability lower-bound for SGD in the convex setting, before showing
tightness of Theorem 4 in Appendix E.1.2. Appendix E.2 provides a convergence result of Minibatch-SGD
under the bounded p-th central moment assumption, and experimental validations can be found in Appendix
E.3.

E.1. Lower-Bounds

This section contains lower-bounds which complement our upper-bounds presented in the main part. There-
fore let us first summarize the related work.

Several works provide sample complexity lower bounds for first-order algorithms in different heavy-
tailed regimes. For Lipschitz, convex functions on a bounded domain, the seminal works [34, 40] provide a

tight (E_p/ (p_l)) lower-bound. For L-smooth strongly-convex and non-convex functions, the (e %D )

and Qe ) lower-bounds for the class of first-order methods are established in [50]. The works [6, 42]
show in probablhty lower bounds, but their construction uses bounded noise and is limited to the bounded
variance case. In comparison, our in probability construction is nearly tight for any p € (1,2] and works
for a large class of algorithms. Under light-tailed noise, algorithm-specific lower-bounds are established for
SGD in [11] and for stochastic approximation in [27]. The lower bounds for Holder-smooth functions are
available in [3, 10, 21]. We complement these works by providing an algorithm specific lower-bounds for
SGD for the heavy-tailed and Holder-smooth setting.
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E.1.1. IN PROBABILITY LOWER BOUND

The results in Section 2 imply, in particular, that for any p € (1,2], SGD with constant step-size 1, =
1 —a| 5GDY Pl —a||P!
GTYP i
optimal [34, 40] in-expectation, it does not give us any insights about the behavior of an individual run of
the algorithm. To measure the concentration of SGD around this expected convergence rate, we can use the

Markov’s inequality, which implies with probability at least 1 — §:

converges at the rate E [F' (z7) — F(z*)] < . While this rate is known to be

- D27P ||y —a*||P T -
F(@r) — F(a) < 2Px 10w 10 where 7= 4> . (13)
T p
t=1

As we can see, this result has a poor dependence on 1/6. In this section, we consider the large class of
first-order methods with satisfying the cone condition, i.e., forany 7" > 1

l’%m c x| — Cone {Vf(l‘l, fl), ... ,Vf(l‘T_l, §T—1)} . (14)

It is important to note that we focus on the case when the cone coefficients determining the specific algorithm
are predefined/deterministic. We will show that for such algorithms, a similar polynomial dependence as
in (13) is inevitable.> This will imply, in particular, that SGD for arbitrary step-sizes and any reasonable
output strategy will suffer from such polynomial dependence on 1/4.

Theorem 8 Letp € (1,2], T > 2, § € (0,1/8], and the stochastic gradient oracle satisfies Assumption 1.
Then for any algorithm satisfying the cone condition (14), there exists a convex problem (1) such that for
any a > p, with probability at least §

Flapt) — Fa') > ol (o) = o (Gagrl ()'),

T oor-1)a T

where the last equality holds for T > 14251 (ﬁ) e-1 (%) ot ,and T'(x) is the Gamma function.

Proof We define a one-dimensional problem on X = R and the stochastic gradient oracle:

—ax ifz <0 —a+& ifz <0
F(x) = %wQ—a:p if0<z< ¢ Vf(x,§) =sLx—a+¢§ if0<z< ¢
S ifo> 4 3 ifz> 9

where a, L. > 0 will be specified later. We use a random variable £ € R such that for « > 1, it has a
characteristic function

E [exp (i s&)] = exp (—[s|*) .
This distribution is zero-mean and has bounded p-th moment for any p < «. Namely, p-BCM holds with
o = LU=P/Y) yhere I'(z) is a Gamma function, and (p-BM) holds with G' := 2P~ (a? + o7)"/». By the

I'(1-p)
cone assumption, for any 7" > 1 there exists a non-negative sequence {~; },~, such that

T T T
oy =z — Z%Vf(u’ﬂtaft) <@+ GZ% - Z'Yt &, 15)
t=1

t=1 t=1

5. Here we say “similar” because formally our upper bound is established under bounded diameter assumption, while the lower
bound construction has an unbounded domain.
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where in the last inequality we used the fact that V f(z,£) > —a + £ for any x,£ € R. To establish an in
probability lower bound, we set

(=5, W?)l/a ( 1 )1/a7 I

. 1
a = _— = .
251y v 4ad S

By independence of {ft}tzl and Theorem 7 in [5], we have

T
Pr (Z’tht > Z) > %W =: 9.

T
P18

Using 6 < 1/8, we can bound z¢ > Hlé 23:1 ~¢*. Therefore, we have with probability at least &

T ) T /e T
x%éxﬁaz%—(m)”(zw) S
t=1 t=1 t=1

where in the last step we used the definition of a. Now multiplying both sides with —a < 0, selecting an
arbitrary negative starting point 1 < 0 and the optimum closest to the starting point z* = ¢/, we have

T
2 2
Plafth) = F") = —aafty+ 87 2 alle —a*|| + @Y v - 57 2 aflar a7,
t=1

where the last step uses the definition of L. It remains to recall the definition of GG, and notice that for any
a>1a> ﬁ (=) o , and the suboptimality F'(x$,) — F(z*) is lower bounded with

oGlnerl s Gloorlin {12} — g (Sl (1))
' o a— .
T «

2p—1(gp4oP)/P =

First, we observe that the cone assumption includes a number of first-order algorithms including SGD
with last iterate output, for v, = 7¢; SGD with simple average output (13), for v; = Zz;ll ng/T. Similarly,
the majority of momentum and accelerated schemes can be expressed in this form, including heavy-ball
momentum [17, 37], Nesterov’s acceleration [28, 35], many regularized schemes [30]. In particular, this
lower bound shows that the convergence rate of SGD will necessarily be multiplied by a polynomial in the
inverse failure probability 1/4, unlike recent results for high probability convergence of Clip-SGD [31, 42,
51] and Normalized-SGD [25]. Moreover, the lower bound holds for any « > p, which means that it is
nearly tight when compared to the best upper bound achieved by Theorem 1 in terms of dependence on T'
and p. This lower bound is also remarkably tight in § dependence and only leaves a small gap compared
to our upper bound (13) of order § 1=% in failure probability, which disappears in extremely heavy-tailed
regime as 5% — 1 when o — 1. It is worth to mention that previously Sadiev et al. [42] established a
high probability lower bound for SGD in strongly convex setting using bounded noise, 2 (1/ve5), which is
not tight for their setting. While their dependence on 1/ is also polynomial, our construction is different
and extends to any algorithm satisfying the cone assumption.

It is worth noting that (15) in the proof of above theorem implies that if the set X" is unbounded, the
expectation [E [F'(z3"')] = +oo for any reasonable output strategy of SGD. This means that the bounded
diameter assumption in Theorem 1 is necessary for any reasonable output strategy to convegence in ex-
pectation. While our lower bound uses an unbounded set X = R, we believe it is possible to modify our
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construction allowing a bounded set, e.g., X = [~ D, 0] and replacing the initial distance to the optimum,
||lx1 — «*||, with a sufficiently large diameter, D x. This would have allowed us to formally match the upper
bound of SGD in (13). However, the two main obstacles to extend our proof to the bounded diameter case
are (i) generalizing the cone assumption to such constrained setting and (ii) carefully selecting the diameter
D to avoid hitting the projection on the left. We believe the second obstacle is manageable when consider-
ing the last iterate of projected SGD instead of a general class of algorithms and selecting sufficiently large
D x. However, the obstacle (i) seems more challenging.

E.1.2. NON-CONVEX LOWER-BOUND

When choosing polynomially decaying stepsizes n, = nt~",n > 0,7 € [0, 1), Theorem 4 implies a sample

complexity of
1

_1
r=0((8)7 4o} (1)) (16)

to reach an e-stationary point, i.e., E [Sh] < e. As the previously established lower-bounds in the literature
do not cover our set of assumptions, we derive the tightness of this result in all parameters in the following
Theorem.

Theorem 9 Letp,v € (1,2],A1,L, > 0,0 <0 < G,e >0andn > 0,r € [0,1). Assume ¢ < G/2 and

v 1
gv-1 < ﬁ%(%) v=1.6 Then, for any dimension d € N>y and i € {1, 2}, there exist convex, (0, L, v)-
smooth and G-Lipschitz functions Fy, Fy : RY — R with Fi(x1)—inf cga Fj(x) < Ay, and gradient oracles
V fi(z, &), that satisfy (p-BM) and (p-BCM) such that SGD with stepsizes 1, = nt~" almost surely requires

at least

p—14+v—1

1 1
1-r)A T+ L[ & r0=1) (L, \ 7ip=1)(o—=1)
T2max{<(8n’221> T (2172,,) P (157) (p—1)( 1>} (17)

iterations to reach an -stationary point.

In other words, the above theorem implies that for all 7" that do not satisfy the above inequality (17), we
have minye(py |V F1(z¢)|| > € or mingeqy [[VFa(2)|| > € almost surely. In particular, the e-dependence is
given by

2 _ _p—14v-—1
T = Q(g_ﬁ + e r-D-1) > .

The proof of Theorem 9 consists of two lower-bound constructions, providing the first and second lower-
bound term respectively. The following proposition provides the first term in (17), using a deterministic
function construction punishing small stepsizes.

Proposition 10 Let v € (1,2],e > 0,A1, L, > 0 and assume the target accuracy ¢ is sufficiently small,

v 1
gr—1 < ﬁ% (%) v=1. Then there exists a convex, (2¢)-Lipschitz continuous, (0, L,,v)-Hélder smooth

Sfunction F: R — R with F(x1) —infyer F(x) < Ay such that SGD with stepsizes (1) ey, > 0 requires

to hold to reach an e-stationary point, i.e. xp € R with |VF (x7)|| < e.

6. Note that both assumption are mild in the sense that, whenever one of them is violated, we have convergence at 1 or within
constantly many iterations.
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Proof This construction follows the idea from [24], and adapts it to SGD and Holder-Smoothness. Similar
constructions can be found in [12, Section 3.2]. W.l.0.g. assume x; = 0 and define y; := 22;11 2em;. Let

T* :=sup {T € N | 2eyr < 41}

1
and define §, == (%) v-1,

Ay — 2ex, r < yrs
F(z) = A —2ex+ Lz —yp ), yr- <2 <yr-+4,
A1 — 2eyp — 2e6, + %55 yr= + 0y < .

|14 1

Note that, by the definition of 7* and our assumption ev—1 < —£-21 (L)1 we have

H
INl's

F(z) > F(yr- +0,) = Ay — 2eyps — 226, + L6 > &1 — 26, + L5 > 0

v

and hence F'(z1) — inf er F'(x) < A;. Furthermore F is (0, L, v)-Holder smooth and convex by construc-
tion. Next, note that

—2¢, r < Y+
F'(x) ={ =2+ L(z —yp<)" ™", yre < <yp-+ 6,
0 Y7+ + 0, < .
and hence we have |VF (y;)|| = 2e > e for all t < T*. Finally note that SGD, when started at x; = 0,
observes F’(x;) = —2¢ as long as x; < yr+. In particular, the iterates are given by x; = 22;11 2em; = Yt
and hence |F"(x¢)| = 2e > e forall t < T*. [ |

Next we focus on the second term of (17), by constructing a function and oracle that punish large
stepsizes.

Proposition 11 Let v € (1,2],0 < 0 < G,7n, L, > 0 and x € R%. Furthermore let d € N be arbitrary

and
Ll/ 14
F: Rd — R F(z) = 22-vy ||Z|| 5
Slall =, lzll > v,

12l < v

1 1
where Ty = (ﬁ) " and C = %(%) "' Then there exist a gradient oracle ¥V f(z,€) that

satisfies (p-BM) and (p-BCM) such that y = x — nV f(x, §) satisfies

1
. p—150 \ prv—2
I min ol (") 7 .

Proof We first note that I’ is differentiable, and its gradient satisfies

VEF(z)| = v ’ H < —.
| @l { %7 |zl > rH 2

The proof hinges on constructing a gradient oracle that prevents y from entering the open ball B> with radius
p—15p

1
+v—2 . . .
W) P . We will differentiate two cases.

7 := min{||z| , 7}, where 7 := %(
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f ng+ f

Figure 1: Visualisation of the lower bound construction in Proposition 11, for the case where the de-
terministic update y; = x — nVF(x) lands within the critical radius 7. The dashed lines
represent the two possible offsets introduced by the constructed gradient oracle, resulting in

Y=T—Ng+u =T+ Ng+ = ET.

Casel: ||z —nVF(z)|| > 7. Inthis case we can use the deterministic gradient oracle V f(x,{) = VF (),
as the deterministic update already lands outside Bz. This oracle trivially satisfies p-BCM, and p-BM is
satisfied due to ||V F(z)|| < %

Case II: ||x —nVF(x)|| < 7. This case means that the deterministic update would land in B7, and
we must hence construct an oracle that moves y outside it. Therefore define r = ||z||,u = %, pu =

IVF(@)||, 4 = Lt > puand

r+t7 27
gx = — >0, 0 :=|p—g4l A:=g+—g—=?-

Note that by our case assumption, we have g_ < u < g4. We next define the probability § = %‘ and
gradient oracle

L, €306
V(@) = {iz §< ;

where £ ~ Unif([0, 1]). By construction we have that |z — nV f(z,€)|| = |r — (r £ 7)| ||u|| = 7 and hence
it only remains to show that V f(x, £) satisfies the noise assumptions. Therefore first note that this oracle is
unbiased by

E[Vf(z,6)] = (1—0)g_u+dgiu= (g+—u)g—g(u—g—)9+u — M(ngA_g’)u = VF(z),

where we used § = #=J=,1 — § = £~ and the definition of A. Next we check the bounded p-th central
moment property. Therefore we first calculate

E[|Vf(z, &) — VF(z)|!] = (1 — §)6” + 665 = AP((1 —6)6” + 6(1 — 6)P).

Now let s :== min {d,1 — ¢} and note that (1 — §)0” + 6(1 — )Y < 6P + 6 < 26. Using a symmetric
argument for 1 — &, we get that (1 — §)0” 4+ 6(1 — 6)” < 2s. Next, by definition, we have s < 1/2 and

A T 22vaor 27

/ v—1 =
_ p—g— p—=g— _ nlLyr r—7 __ v—1 __ t—1
0= A < = At 20
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where A .= — v andt =

22r)7 > 1. Noting that, whenever A < 1/2,

NS

AT ol A AT — ) B < A Bt <

yields s < A and hence
p p 27\P 0L, ptv—2 L,
E(IV/(2.€) - VF@)IP) < A%2s < (£) they = (27)

(27)27V np=T
p+v—2 L, _ oP
< (27) g1 = 25

By Jensen’s inequality we have |25 " < w forall v, w € RY, and hence ||v + w||” < 2P~L([|o|P + [Jw]?).
Finally we use this fact to get
_ GP  oP
E(IVf(@OIF) <2 (IVF@)" + E[IVf(2,€) = VE@)|P) < - + 5 <GP
Hence the gradient oracle satsifies the p-BM and p-BCM assumption, completing the proof. |

By iteratively applying Proposition 11, we get the lower bound

o1
gn[l%l] ||¢]| > min {|1‘1|| ,g[lzlg] Tt}, where 1, = %(ng%jp> pFo—2 (18)
on the iterates. Translating it to a gradient norm lower-bound, and combining it with Proposition 10 yields
Theorem 9. The formal argument can be found below.

Proof of Theorem 9 We first note that the functions in Proposition 10 and Proposition 11 are convex,
(0, L, v)-smooth and G-Lipschitz by their definitions and our assumption ¢/2 < (. Additionally note that
we can lift the function F' from Proposition 10 to Fy : R? — R, by setting F} (x) = F(x1). Hence we can
use these constructions for F, V f1 and Fy, V fo respectively.

Now let us first assume 7' < (%) """ Then we have

T-1 T—1 .
Z”t577<1+/1 t)—ﬁ<1+ 1?1)§"1T_r <&
t=1

and hence min¢ (7] || VFi(21)| > € by Proposition 10.

—

|

—v 1/”
Next we choose F», V fa from Proposition 11 and ||z1]| = (%) , which guarantees F5(z1) —
inf, Fy(x) < A;. By iteratively applying Proposition 11, we get
1
1 —1 p p+v—2
min ||z;|| > min < ||z1]|, min 7 ¢, where Ty = = o .
te(T) te[T) 2 2P L

_1
By our non-degeneration assumptions, i.e., ¢ < and ev1 < I/A1(22 )1, we have ||[VF(z1)|| > ¢

and hence no e-stationary point can be reached before the inequality 7p = minye7 7 < (22:5) s
satisfied. Rewriting this inequality yields

1 tv—2
< 22—vg | v—1 77T “lo? < 2p+l/ 2(22-ve p’/zl
LS > < T

opT,

e nT™" <( )P D= o= 1)( )(p 1><u2l>

p—14+v—1

1
)@ (L) "e=DED | we get the claim. [ |

. o . 1
As this inequality is not satisfied whenever T' < nr (29:7




CAN SGD HANDLE HEAVY-TAILED NOISE?

Init. Assumption  Convex Lower-Bound Upper-Bound
. X 4 O(e™*) [19]
F(z) — F* < Ay Q=) [11] o= [11]
. X Q(e7?) (Theorem 9)  O(e~%) [20]
diam(&) < Dy Q(e_?’) (Theorem 9) (9(5_3) [29]

Table 2: Gradient oracle complexity upper- and lower-bounds for reaching an e-stationary point in the clas-
sical stochastic setting (p = v = 2) using (mini-batch) SGD with polynomially decaying stepsizes.
The bounded-domain lower-bounds follow by choosing A; = Dy in (19), guaranteeing that the
iterates stay in a domain X with diam(&X’) = Ai1/e = Dy. To the best of our knowledge, the
optimal sample complexity for the non-convex, bounded domain setting remains open even in this
classical setting.

Discussion In the special case p = v, applying Theorem 9 with ¢ = (F establishes a sample complexity

lower bound of ) )
—_ 1 PR S
ra((8)™ o () 7). )

confirming the tightness of our result in all parameters for unconstrained problems. Notably, our analysis

demonstrates that 7y o< f% is the uniquely optimal polynomial decay. For constrained problems, the iterates
of our lower-bound stay within a domain of diameter 41/¢, and hence confirm tightness of our upper-bound
result whenever Dy > Ai/e.

For domains with smaller diameter, the situation is more complicated, even in the classical p = v = 2
setting. There, our lower-bound — after choosing A; = €Dy to guarantee ||x; — zx|| < Dy — reduces
to 2 (5_3), while the upper-bound is of order (9(5_4). For convex functions, this gap can be closed from
above [29], for non-convex functions this question is still open even in this classical setting to the best of
our knowledge. An overview can be found in Table 2.

Additionally note that, while Theorem 9 is derived for polynomial stepsizes for simplicity, it also holds
for arbitrary stepsizes, scaling with Zthl n and minge ) 7; respectively.

Comparison to prior work The most closely related prior result established a lower bound of
Q(min { L3A?, o* }e~*) iterations for SGD under standard smoothness and bounded variance assumptions
[11]. We extend this prior complexity bound to the broader classes of Holder-smooth (v € (1, 2]) and heavy-
tailed gradient noise distributions (p € (1, 2]), recovering existing results in the classical p = v = 2 case as
special instances. Furthermore, their construction crucially depends on a restrictive high-dimensionality as-
sumption d > Q(02A15_4), limiting applicability. In contrast, our construction removes this dimensionality
constraint entirely through a carefully designed gradient oracle. Finally, our analysis encompasses arbitrary
stepsize sequences, whereas parts of the previous result requires specific schedules [11, Proposition 2].
Beyond SGD, the lower bounds for general first-order methods to reach an e-stationary point have
been studied extensively. In the classical (p = v = 2) setting, Q(¢~2) samples are required for convex
functions [16]. When p € (1,2] and v = 2, [50] establish a Q(e~(3»=2)/(P=1)) Jower-bound for non-convex
functions, which we recover as special case when v = 2 for SGD. To the best of our knowledge, Holder-
smoothness has only been addressed in constrained convex optimization [3, 21], with bounds expressed
in terms of suboptimality rather than gradient stationarity. Consequently, our results uniquely address the
combination of Holder-smoothness and heavy-tailed noise simultaneously, offering lower bounds applicable
to both convex and nonconvex settings.
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E.2. Upper-Bound for Central Moments

Previously, we studied vanilla SGD under Holder smoothness and derived tight convergence rates along
with a lower bound construction. While Holder smoothness is weaker than standard smoothness (v = 2)
when the set X is bounded, it is unclear if the standard smoothness can be utilized directly. We first recall
the definition of standard smoothness.

Assumption 6 (Smoothness) Assumption 4 holds with v = 2, i.e., there exist £ and L such that for all
z,y € X
2 2
—5llz —y|* < F(z) = F(y) = (VE(y).x —y) < § |z -yl

In this subsection, we consider v = 2, and will omit the subscript in constants ¢ = ¢, L = Lo, and
the superscript in F/,(-) := F12/p(~), & := #*. That is, we have Fi/,(z) := minyex [F(y) + 51y — z||?],
T = argmingey [F(y) + &y — z||?| for any # € X. We also refer to Definition 3 for corresponding
definitions of D2(x) and S5 (), which coincide for v = 2. We also use the refined central moment noise

assumption replacing (p-BM).

Assumption 7 Let F(-) be differentiable on X. We have access to stochastic gradients with E [V f(x,&)] =
V F(x) and there exists p € (1, 2] such that

p-BCM  E[|Vf(x,§) = VF(z)||’] <oP  forallz € X.

Instead of vanilla SGD, we consider its mini-batch variant, which samples a mini-batch of i.i.d. stochastic
. 1B . . .. . .
gradients {V f(ze, &) }z‘=1 at each iteration ¢ and updates the decision variable via

Mini-batch SGD: Tyl = HX(.Tt = T]tgt), gt = % ZVf(a:t,ﬁz)

Our analysis is based on the Lyapunov function inspired by the analysis in [15]:
At = F(xy) = F* +m—1p(Fiy,(2) — F7).

Theorem 12 Let Assumptions 7, 5, and 4 hold with exponent v = 2 and curvature constants £, L > 0. Set
p = 2(L + 2¢), and suppose Mini-batch SGD with constant step-size n, = n = /2L is run with batch-size

2\ 35T P )
B = min {1, (pnf\ffgp) ’ } . Then we have %ZtT:l E [<83+L(xt)> 2] < <%> * . In particular,

P

the sample complexity to find a point x with E (8,3 L (x)) 2 < eP is upper bounded by

_p
T.BZO<A;2L+ <W+L>A>>

52
Proof Define ¢, := g, — VF(x;). By [15, Equation (15)], we have

vt € M — gt Do () + pie(ibe, & — ) — 2252 || — g

(4)

+ pne (e, T — Tpp1) — M [

(B)

24



CAN SGD HANDLE HEAVY-TAILED NOISE?

To control (A), first note that Young’s inequality gives (i, &y — x) < ﬁ HthQ + % || — xtHQ and
hence

(4) < g lnll® < 8 i

where we used p — L > L in the last inequality. Using similar arguments and 7; < 1/2L also yields

(B) < si—nty mL y Iell® < G el

where the second inequality follows by Lemma 6 with v = 2. Combining the inequalities above, telescoping

and using 1 < 2(%%/:) we obtain

T
iZU o+L (zt) < M+ 4 oL Znt ||¢t||

t=1 t=1

Since the second moment of ||1/;|| can be infinite, we cannot take expectation here. Instead we raise both
sides of above inequality to power p/2 and derive

2

2

T T
(i Zntpg+L(xt)> < (Al + 97 Znt ||¢t||2> <X+ (97)
t=1 t=1

We can control the last term of above inequality in expectation using Lemma 7:

D
2

M\’E

T b
Z P llel”

B
E [[¢elf < 5 ZE va(xt@g) - VF(%)HP < Bzipl
=1

Setting 17; = 7 in the first, and choosing B as in the statement in a second step hence yields

T 5 » » TN

2 40 ) 2 2p\ 2 ToP 1
E (%E :Dp+L(It)> = (nT1> + (fp) TP%BP—I < 3(77T>
t=1

The iteration complexity to reduce the stationarity measure,

T
7 E [D§+L($t)ﬂ <E (; Zﬂu@t)) <e’
t=1

[SiS]

t=1
can be upper bounded by
T < 35 =127,
and the sample complexity directly follows, concluding the proof. |

Discussion We can now compare this sample complexity result to previously derived iteration/sample
complexity of vanilla SGD from Section 4 and Appendix E.1.2. For simplicity, we will compare the results
in the unconstrained case, X = R? with ¢ = L, when we have ||VF (Z7)|" = (SngL(a:T))p/Q. Using
Jensen’s inequality, the fact that \; < 3A; = 3(F'(x1) — F™*), we can show that the above theorem implies
that if 2 is sampled uniformly from the iterates of Mini-batch SGD, {z;},_, then it satisfies

_ P _ _p
E ||VF(z7)||P < &P using T-B=0 <LEA21 + W) samples.

ep—1
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This sample complexity is in line with our guarantess for vanilla SGD from Theorem 4, which implies

2p
ep—1

1 P
E |[VF(37)|? < &2 using T'=0 <W> samples.

While the dependence on ¢ is the same, there is a potential improvement in the smoothness, L, and the
moment, o, parameters. We should also remark that the convergence criterion for SGD under Holder
smoothness is stronger compared to the one for Mini-batch SGD since E |V E(Z7)||P < E||[VF(Z7)|*. It
is important to note that we do not have tightness result for sample complexity of Mini-batch SGD, since
our oracle construction in Section E.1.2 is specifically designed for SGD, and does not extend to Mini-
batch SGD. We believe our sample complexity of Mini-batch SGD above is unimprovable without use of
adaptive methods, e.g., normalization and gradient clipping, but a more complex non-convex hard instance
construction is required to prove tightness of this sample complexity.

Unfortunately, it remains unclear to us how to analyze in-expectation convergence of vanilla SGD (with-
out mini-batch) under standard smoothness (¥ = 2). The main technical obstacle is that when B = 1, we
need to use unbiasedness of the term (A) in the proof above. However, we cannot directly take the expecta-
tion since the term (B) may not have a finite expectation when p < 2.

E.3. Experiments

We consider a constrained convex (or strongly convex) optimization problem of the form

min F(z) i= |4z = bl + Sllzll3, ¥ :={z e R?: |z < R},

reX

where A € R¥™4 b € R, 1 > 0 is a regularization parameter, R > 0 is a fixed radius of the /o, ball.
To simulate heavy-tailed noise, we augment the (sub)gradient of F'(-) with synthetic noise drawn from a
two-sided Pareto distribution. Specifically, we define the stochastic gradient oracle as

Vi(xe, &) = AT sign(Ax — b) + px + &.

where & € R? is an i.i.d. heavy-tailed noise vector generated as

Q~

(&)i=si-u; ©, s;~Unif({-1,1}), wu; ~ Unif(0,1),

with a tail index parameter « € (1, 2]. Notice that the above two-sided Pareto distribution has all moments
p € (1, «) finite, while all moments larger or equal to « are infinite. This distribution is chosen to simulate
the noise with infinite variance satisfying Assumptions 1 and 7.

Parameters and evaluation. We fix the problem dimension to d = 10, generate matrix A ~ A/(0,1)%*¢
and vector b ~ N(0,1)% once for all experiments, and set the initial point to 29 = 100 - 1;. The feasible
region radius is set to R = 10, and experiments are run for 7" = 1000 iterations. The performance is
evaluated based on 200 independent runs of each algorithm reporting the average and one standard deviation
across iterations.

Experiment 1. Sensitivity of convergence rate to step-size choice. In our Theorem 1 for convex and
Theorem 4 for non-convex cases, the guarantee is established for any non-negative step-size sequence.
However, the reccomended step-size order (ignoring parameters G, Dy, £ and L) is n; = 1/</t. In this
experiment we aim to study the predictive power of our theory in a numerical experiment by varying different
orders of the step-size. We set ;x = 0 and compare SGD with step-size 1, = 1/¢" for 20 different values of
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w e SGD, =t 800 —— SGD, nf=t—" 600 —— SGD, Ny =t
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Figure 2: Sensitivity of convergence rate to the step-size power r in 7, = 1/t" for different values of the
heavy-tail index «. The minimal theoretical value for the optimal power » = 1/« is highlighted
in each plot in red, and we can see that this value is often close the experimentally determined
best value.

r € [0.3,0.9]. The sensitivity plot on Figure 2 shows how many iterations/samples 7' it takes to reach the
accuracy level F'(z7) — F(z*) < 5. vs. the step-size power r. The red dashed line indicates the minimal
theoretically reccomended value = 1/« All three plots show that SGD is not very sensitive to the choice
of step-size order r, and the value of » = 1/« is often close the experimentally determined best value (with
lowest possible number of iterations).
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W o6-
|
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e
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0- 1 1 1 1
last average random average random average random
Reporting Strategy Reporting Strategy Reporting Strategy
(@) a=1.2 b)) a=1.6 (c) a=2.0

Figure 3: Comparison of output selection strategies in stochastic gradient descent (SGD) under convexity
(= 0) and heavy-tailed noise. We evaluate the final suboptimality F'(yr) — F*, where yr
is the reported output, using three strategies: the last iterate, the average of all iterates, and a
uniformly sampled iterate. Averaging the iterates yields the lowest suboptimality, significantly
outperforming both the last iterate and random selection.

Experiment 2. Effect of output selection in SGD under heavy-tailed noise. As we have seen, depend-
ing on convexity assumptions, our theory suggests different output strategies for SGD. It is known that in
convex setting under bounded variance assumption p = 2, the last iterate converges with optimal complexity
[49], however, our Theorem 1 requires to output the average iterate. In strongly convex setting, to obtain the
optimal convergence in function value, it is typical to output the average iterate [44], however, interestingly
our Theorem 2 requires randomly sampled output for p < 2. To investigate the impact of these different
strategies, we compare the function suboptimality of each for different noise levels. In this experiment, the
step-size is set to 1; = 1/+/t, as motivated by standard theory in the convex setting. After 7" = 1000 itera-
tions, we compare three strategies for producing the final output yr: (i) the last iterate x7, (ii) the average
T = % Z::F:l xt, and (iii) a randomly sampled iterate Zp ~ Uniform{xy,...,zp}.
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For each strategy, we measure the expected suboptimality F'(yr)— F™*, where F™* is the optimal objective
value computed deterministically without noise. As shown in Figure 3, the average iterate significantly
outperforms the other two strategies. This highlights the stabilizing effect of averaging in the presence of
heavy-tailed stochastic gradients and is in line with theoretical guarantee in Theorem 1.

103 103

1024 10?2

F(xt)
Fxe)

10! 10t
= SGD
.+ Clip-SGD e — =
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
Iteration, t Iteration, t Iteration, t
() a=12 (b) a=16 © a=20

Figure 4: Comparison of SGD and Clip-SGD in the strongly convex setting for different values of the
heavy-tail index o € {1.2,1.6,2.0}. Both algorithms use the same diminishing step-size schedule
1. = 1/(put), where > 0 is the strong convexity parameter. For Clip-SGD, the gradient clipping
threshold is set as \; = t®~! without tuning, following theoretical recommendations from [42,
50]. Results show that Clip-SGD improves the overall convergence stability under heavy-tailed
noise, especially when « is small (e.g., « = 1.2, 1.6), where standard SGD suffers from high
variance. However, in the initial optimization phase, SGD often outperforms its clipped variant
thanks to larger update steps.

Experiment 3. Comparison to Clip-SGD in strongly convex setting. In this experiment, we study the
impact of gradient clipping in the strongly convex setting under heavy-tailed noise. Specifically, we compare
standard (projected) stochastic gradient descent (SGD) with its clipped variant (Clip-SGD). The algorithms
are configured with the same step-size 7y = 1/(ut) as follows:

SGD: i1 = My (2 — eV f (24, &)

CIip—SGD: 1 =y (ﬂft - Utgt) , g =clip (Vf(xt, ft), >\t)

with clip(v, A) := v -min {1, \/||v||2}. In Clip-SGD, the clipping thresholds are set as \; = t*~! based on
the theoretical analysis in [42, 50], with no tuning.

Figure 4 presents the evolution of the mean and the standard deviation of the objective value F'(x;) over
iterations for each method. As expected, Clip-SGD significantly reduces the variance of SGD across all
noise levels. In some situations, e.g., « = 1.6, this allows Clip-SGD to outperform SGD after ¢ > 400
iterations, where vanilla SGD suffers from large variance and slow convergence. On the other hand, the
experiment suggest that SGD is sometimes competitive and can even outperform Clip-SGD. First, we
observe that when « increases toward the light-tailed regime (v = 2.0), the performance gap narrows,
confirming that clipping is especially beneficial under heavy-tailed stochasticity. Second, perhaps most
surprisingly, in the most heavy-tailed regime o = 1.2 and in the early phase of medium regime o = 1.6,
SGD can significantly outperform Clip-SGD. This happens because Clip-SGD is initially making very
small steps, perhaps due to untuned clipping sequence \; = ¢t~ !, while SGD can make large steps, quickly
converging to a certain noise level.
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