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ABSTRACT

In finite-sum optimization problems, the sample orders for parameter updates can
significantly influence the convergence rate of optimization algorithms. While
numerous sample ordering techniques have been proposed in the context of
single-objective optimization, the problem of sample ordering in finite-sum multi-
objective optimization has not been thoroughly explored. To address this gap,
we propose a sample ordering method called JoGBa (Joint Gradient Balancing),
which finds the sample orders for multiple objectives by jointly performing on-
line vector balancing on the gradients of all objectives. Our theoretical analysis
demonstrates that this approach outperforms the standard baseline of random or-
dering and accelerates the convergence rate for the MGDA algorithm. Empiri-
cal evaluation across various datasets with different multi-objective optimization
algorithms further demonstrates that JoGBa can achieve faster convergence and
superior final performance than other data ordering strategies.

1 INTRODUCTION

Many well-known machine learning problems involve jointly optimizing multiple objectives in
model training. Examples include multi-task learning (Sener & Koltun| [2018)), meta-learning (Ye
et al.| [2021), learning with fairness and safety constraints (Zafar et al., 2017) and multi-agent re-
inforcement learning (Moffaert & Nowé, 2014). Mathematically, these problems share the same
formulation of minimizing a vector-valued loss function £ and can be defined as:

ur)xéiﬂgd L(w) = [L1(w),...,Ly(w)]. (1)

Here, each loss function £,,(w),m = 1,..., M corresponds to a training objective and can be

expressed by L,,(w) = 25:1 L (w, &), where each &, denotes a training sample and £, is
the per-sample loss. Solving problem (TI)) is fundamentally different from common single-objective
optimization problems as different objectives may have conflicts with each other. A straight-forward
baseline is to optimize a weighted average of the multiple objectives, also known as static or unitary
weighting (Kurin et al.|, [2022; |Xin et al.l 2022)). Its performance then largely depends on how to
choose the weights to balance different objectives, and may involve huge amount of tuning efforts.
A popular alternative is thus to dynamically weight gradients from different objectives to avoid
conflicts between them. Generally, these methods share the same procedure: First, compute all
the gradients of each objective, then compute a set of weights for different objectives based on
their gradients. The model is updated by the weighted sum of all gradients, while the weights can
dynamically change. The pioneering work of this approach is the multi-gradient descent algorithm
(MGDA) (Désidéri, [2012) and its stochastic variants (Liu & Vicente, 20215 [Fernando et al., 2023},
Zhou et al.l 2022} [Chen et al.| 2024). Later works further improve upon MGDA by considering
the worst improvement among different objectives (Liu et al.| 2021; Ban & Ji, [2024), as well as
constructing a bargaining game between different objectives (Navon et al., 2022).

While the aforementioned methods can be used to compute weights dynamically based on the loss
gradients, a less-investigated issue for the stochastic optimization of finite-sum multi-objective prob-
lem is how we should order the samples for the computation of their stochastic gradients so that
problem can be solved efficiently. For single-objective optimization in the finite-sum setting,
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many methods have been proposed for ordering the samples in stochastic optimization (Ying et al.,
2017; |Giirbiizbalaban et al., [2019; |[Lu et al., 2021; [Mohtashami et al., 2022; |Lu et al., 2022). With
multiple objectives, a simple generalization of these methods is to treat the weighted average of all
loss gradients as sample “gradient” for update (Figure [[(a)). However, the gradient weights may
change drastically during model update, making existing methods unstable and often do not outper-
form the simple baseline of random ordering. Another simple extension is to run the single-objective
sample ordering algorithm on each objective separately, but this can lead to different orderings for
different objectives (Figure[I(b)). Moreover, it overlooks possible conflicts between gradients from
different samples, and thus may still yield limited improvement over random ordering.

Motivated by the above limitations, in this paper, we propose a novel sample ordering framework
for multi-objective optimization. As illustrated in Figure the proposed method jointly provides
sample orderings for different objectives by solving an online vector balancing problem with the
gradients on each objective. The online vector balancing problem allows us to control the maximum
norm of total model update in each epoch, leading to the theoretical guarantee of accelerated conver-
gence. Specifically, our theoretical results demonstrate that the proposed method improves over the
random ordering baseline for finite-sum multi-objective optimization, with smaller sample variance
and faster convergence. Empirical results on a variety of data sets with multiple learning objectives
demonstrate that the proposed method achieves faster convergence and better performance than the
other data sampling methods.

Our contributions can be summarized as follows:

* We propose a novel data ordering method that uses gradient balancing across different objectives
to accelerate convergence.

* We propose a novel theoretical framework to analyze multi-objective optimization with different
data ordering for each objective.

* Empirical results on various multi-task learning data sets demonstrate effectiveness of the pro-
posed method.
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Sample
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(a) Same ordering for all objec- (b) Data ordering on each objective (c¢) Proposed method: joint data or-
tives. separately. dering on all objectives.

Figure 1: Visualization of different data ordering approaches for multi-objective optimization.

2 RELATED WORKS

2.1 PERMUTATION-BASED SGD FOR FINITE-SUM OPTIMIZATION

Stochastic optimization often assumes that training samples are independently from an underlying
distribution in each iteration. However, this assumption does not match with practical implementa-
tions that typically use finite training samples in a certain order. Instead, permutation-based SGD
proposes to first sort all the training samples by an order, and then use the samples following this
order. An example is random reshuffling (Ying et al., [2017) and the related shuffle-once method
(Bertsekas|, |201 1} |Glirbiizbalaban et al., 2019), which first generates a random order of all training
samples in each epoch, and then uses the training samples following this order in the subsequent
iterations. Theoretical analysis of random reshuffling dates back to |[Recht & Ré| (2012). Rajput;
et al.| (2021)) introduces a variant of random reshuffling that reverses the order every two epochs, and
theoretically demonstrates that this variant achieves faster convergence for quadratic objectives.

Instead of using a random order, [Lu et al.| (2021));Mohtashami et al.| (2022}, and Lu et al.| (2022)) try
to find better sample orders. These works are mostly based on the herding problem (Welling, 2009),
which minimizes the consecutive errors of stochastic gradients. Theoretical analysis (Cha et al.,
2023)) demonstrates that the ordering based on the herding problem is asymptotically optimal. There
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are different methods to solve the herding problem. [Mohtashami et al.| (2022)) evaluates gradients
on all samples first and then solves the herding problem to obtain the order for all samples before
starting an epoch. |Lu et al.| (2021) uses stale gradients from the previous epoch to estimate the
gradient on each sample. [Lu et al.| (2022) proposes to solve the herding problem via online vector
balancing, which removes the additional storage cost in (Mohtashami et al., [2022} |Lu et al., [2021]).

Despite the aforementioned improvements, existing works on permutation-based SGD only focus
on single-objective optimization problems. While some simple extensions exist for training with
multiple objectives (e.g., by using the weighted gradient or ordering samples for each objective sep-
arately), these simple extensions do not always yield much improvements, as will be demonstrated
in our empirical results.

2.2 GRADIENT-BASED MULTI-OBJECTIVE OPTIMIZATION

To balance the optimization on different objectives, most existing algorithms use the weighted aver-
age of all objective gradients to update the model. There are different ways to compute the weights
for different objectives. Some works perform the weighting based on some heuristics. Examples
include using the prediction uncertainty (Kendall et al., 2017), gradient norms (Chen et al.,|2018) or
task difficulty (Guo et al.l 2018). Another line of works propose to compute the objective weights
from some sub-problems on the objective gradients. The pioneering work is MGDA (Désidéri,
2012)), which computes the weights by avoiding conflicts across any objective. Stochastic variants
of MGDA with optimization convergence guarantees have been proposed in (Liu & Vicentel 2021}
Zhou et al.| 2022} Fernando et al., 2023 |Chen et al.| [2024)). PCGrad (Yu et al., |2020) proposes to
project the gradients of tasks to the normal plane of the other tasks with conflicting gradients. CA-
Grad (Liu et al., 2021) searches for an update direction in a neighborhood of the average gradient
that maximizes the worst improvement of any task. Nash-MTL (Navon et al., 2022) proposes to
look for a fair gradient direction based on a bargaining game between different objectives.

Convergence analysis for the deterministic MGDA algorithm dates back to (Fliege et al., [2019).
Later on, stochastic variants of MGDA are introduced (Liu & Vicente, 2021} [Zhou et al., [2022; |Fer-
nando et al.| 2023} |Chen et al.| [2024)). However, the vanilla stochastic MGDA introduces a biased
estimate of the dynamic weight, which results in the biased estimate of update direction during op-
timization. To address this issue, |[Liu & Vicente| (2021) propose to increase the batch size during
optimization, and prove the convergence of stochastic MGDA with the Lipschitz continuity assump-
tion on the objective weights \*(w) with respect to the loss gradients VL (w). Nevertheless, as first
proved in (Zhou et al., 2022, Proposition 2), this assumption does not hold in general. To address
this problem, momentum-based bias reduction algorithms (Zhou et al., 2022} |[Fernando et al., [2023)
are proposed to eliminate such unrealistic assumptions. The convergence of the MGDA algorithm
without the unrealistic Lipschitzness assumption is first established in (Chen et al., 2024), which
propose to mitigate the bias in update direction via double sampling. Most existing works focus
on the convergence analysis under an online setting instead of the finite-sum setting, and ignores the
impact of sample orders in their theoretical analysis.

3 PROPOSED METHOD

3.1 MULTIPLE SAMPLE ORDERINGS FOR MULTIPLE OBJECTIVES

A simple extension of existing single-objective sample ordering methods to multi-objective opti-
mization is to use the weighted average of all loss gradients as sample “gradient”, and follow ex-
isting data ordering methods on the weighted gradient. When the objective weights do not change
with different samples, this extension can be regarded as using the weighted objective as the only
objective in the existing methods. However, since the objective weights are constantly changing,
using the same sample order cannot well tackle the possible conflicts between different objectives.

To alleviate this problem, we propose to use different sample orders for different objectives. Specif-
ically, for a data set with K samples, we generate an order 7} : {1,..., K} — {1,..., K} for the
m-th objective. Some simple methods to generate the order 7;" in each epoch ¢ are listed below:

1. Random: In each epoch ¢, the data sets are randomly shuffled to generate an ordering 7}" for
each objective.
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2. FlipFlop: For each objective, create a new order ;" by reversing the previous 7", i.e.,
winy (k) = T (K + 1 - ).

3. Random FlipFlop, which performs Random on even epochs and FlipFlop on odd epochs.

3.2 SAMPLE ORDERING BY ONLINE VECTOR BALANCING

Besides the simple ordering methods in Section some recent works (Lu et al.,2021; Mohtashami
et al.| 2022} Lu et al., |2022) propose to adaptively find a good order for all training samples in each
epoch for faster convergence of stochastic optimization with a single objective. An example is
GraB (Lu et al.} |2022), which tries to find a sample ordering 7 that minimizes the maximum norm

of parameter update in each epoch, i.e., maxg |wE") — w®)| . With a single objective ¢, the
model parameters are updated by w*+1) = w®*) — o V¢ (w, & (k) at each iteration k in an epoch.
This problem is then transformed to the online vector balancing problem defined below:

Definition 3.1 (Online Vector Balancing (Spencer, |1977)). Given K vectors {zk}le € R, arriv-
ing one at a time, the goal of online vector balancing is to assign a sign ¢, € {—1,+1} to each
vector upon receiving it so as to minimize max,,e (1, k3 || Dope1 €62k oo

We propose to generalize this problem to multiple objectives by replacing the gradients on a single
objective to those on multiple objectives and jointly consider their influence to the model updates.
The complete procedure, called JoGBa (Joint Gradient Balancing), is shown in Algorithm([T] Specif-

ically, at the k-th iteration of epoch ¢, we compute the gradients {Vﬁm(wgk), Sﬂ;n(k))}%zl for all

M objectives w.r.t. the current model parameter 'wt(k). The sample order 7™ for each objective is

then determined by solving the balancing problem on the gradients from different objectives, im-
plemented by routine Balancing in step 11. While there exists different ways to solve the online
vector balancing problem and compute the gradient sign €, 1 ¢, here we follow GraB and use a
greedy algorithm that works well in practice. As shown in Algorithm [2] we compare two vector
norms |8 + gm k.t ||oo and ||8 — Gkt || co> Where s + g, i, corresponds to putting this sample at
the beginning and s — g, 1,; corresponds to putting this sample at the end. Since the online vector
balancing problem in Definition [3.T]tries to minimize the vector sum’s norm, we choose the sample
order that can lead to the smallest norm, as is indicated by the value of €, 1 ;. The vector s is shared
among different objectives to enable joint balancing across their corresponding gradients. After the
balancing routine is complete, we compute the objective weights A by any multi-task learning algo-
rithm (routine MTL), such as MGDA (Désidéri, 2012) or Nash-MTL (Navon et al., 2022)). We then

update the mean v of all gradients and perform model update on 'wt(k).

3.3 THEORETICAL ANALYSIS

In this section, we theoretically demonstrate how Algorithm [I] improves upon simple extensions
of sample ordering methods to multi-objective optimization. Since the convergence analysis of
multi-objective optimization is different from optimizing a single objective, we first introduce the
definition of Pareto stationary. Denote the gradients for all M objectives as V.L(w) € R¥*M  where
L(w) is defined as in , and define AM as the following set:

M
AM — {AGRM;Z ,\m:1,Amzo,vm:1,...,M}.
m=1

Analogous to the stationary and optimal solutions for a single objective, we define Pareto stationary
and Pareto-optimal solutions for the multi-objective optimization problem min,cga £L(w).

Definition 3.2 (Pareto stationary and Pareto optimality (Momma et al., [2022)). If there exists a
convex combination of the gradient vectors that equals to zero, i.e., there exists A € AM guch that
VL(w)\ = 0, then w € R is Pareto stationary for L. If there is no w € R? and w # w*
such that, for all £,,,(w) defined in (1)) withm = 1,..., M, L,,(w) < L,,(w*), and for at least a
m' =1,...,M, L, (w) < Ly (w*), then w* is Pareto-optimal for L.

By definition, at a Pareto stationary point, there is no common descent direction for all objectives.
A necessary and sufficient condition for w being Pareto stationary for smooth objectives is that
minyeanm ||VL(w)A|| = 0 (Tanabe et all 2019), which corresponds to the stationary condition
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Algorithm 1 JoGBa: Joint Gradient Balancing for Multi-Objective Optimization.

1: Input: number of epochs 7', initialized order 71, initialized weight wo, stale mean vg = 0, step size a.
2: fort =0,...,7 — 1do {t is the number of epochs}

3: form=1,..., M do {m is the index on different objectives}
4: Initialize left index l,,, <— 1, right index 7, < K
5:  end for
6:  Initialize running average s <— 0, stale mean v¢41 < O.
7: for k = 1,..., K do {k is the number of iterations in each epoch, 77 (k), ..., (k) indicates the
sample index we select for each objective }
8: Sample data &1 z), - - -, &7 1y from data set D
9: for m = 1,..., M do {Compute the gradient on the m-th objective and updates its sample order
i1, for next epoch t + 1}
10: Compute gradient V{4, (wgk) ; &xm (k) and centered gradient gy, k.t < Vm (wgk); Enm (k) — Ve
11: Compute sign for the current gradient: €y, k¢  Balancing(s, gm,k,t)
12: if €., = +1 then
13: Update s and left index lin: 8 <= 8 + Gm k3 Tig1 (Im) < 70 (k)3 b <= I + 1.
14: else
15: Update s and right index 7,1 8 <= 8 — Gkt Tig1(Tm) <= 75 (K); T <= T — L.
16: end if
17: end for
18: Compute weights A from multi-task learning algorithms A\ = MTL({Vﬁm(wimg fﬁ;n(k))}ﬁf:l)
19: Update stale mean v41 < v¢y1 + % Zﬁf:l Vﬁm(wik); §,r;n(k))
20: Optimizer Step: w{* ™) « w{ — aX M ALV (w(k>'§ ™ (k))
p pP- Wy t m=1"m VIm{(Wi 5 Cri? (k)
21:  end for
22:  Use the model parameter from last iteration as the initialization for next epoch ¢ + 1:w$r>1 — wEKH).
23: end for

Algorithm 2 Online greedy implementation of Balancing(s, gm.k.t)-

1: Input: s, gm i,z
2: €Em,k,t = 1if HS + gm,k,t”oo S ||3 - g"hk,t|
3: Return €p, k¢

oo else €m ke = —1.

(IVL, (w)|| = 0 for a specific objective L,,. Then, similar to the gradient norm ||V L,,(w)]| for
single-objective optimization, the quantity minycaa || VL(w)A|| can be used as a measure of Pareto
stationarity (Désidéri, 2012} [Fliege et al.,|2019; Liu & Vicente, 2021} |[Fernando et al.| [2023).

Now we list several assumptions that are necessary for our theoretical results. These assumptions
are all commonly used in previous theoretical analysis (Liu & Vicente, |2021; Fernando et al., 2023}
Zhou et al., [2022; |Chen et al.||2024) on the convergence of multi-objective optimization methods:
Assumption 3.3 (Lipschitzness of £,,(w)’s and L(w)). Forall m € {1,... M}, £,,(w, &) is f-
Lipschitz continuous for all training samples . £(w) is then F-Lipschitz continuous in the Frobe-
nius norm with F =M f.

Assumption 3.4 (Lipschitz smoothness of ¢,,(w)’s and L£L(w)). The gradient V{(w,§) is f1-
Lipschitz continuous for all m € {1,..., M} for all £. VL,,(w) is then F;-Lipschitz continuous
in the Frobenius norm with £} = v/ M f;.

Assumption 3.5 (Bounded gradient variance for each objective). For any w and sample &, the m-th
loss function satisfies | V/,, (w, &) — VL, (w)||3 < o2, for some given o,,.

We then have the following convergence result if we use the MGDA algorithm (Désidéril 2012;
Sener & Koltun|, 2018) to compute the objective weights A. Proof is in Appendix [A.1]

Theorem 3.6 (Random Ordering). Suppose Assumptions [3.3] and [3.3] hold. Define A =
maxyeanm L(wo)\ — ming,cra xean L(w)A as the maximum difference between objective val-

ues at initialization and that at Pareto optimality. Consider the model parameter {'wt(l)} gen-

2A
T where

erated by the MGDA algorithm with random sample ordering. Set o = P2 4o KT

!'Superscript 1 indicates the model parameters at the beginning of each epoch.



Published as a conference paper at ICLR 2025

0? = max,, 02, with 02, defined in Assumption then,

T-1
1 . (1)\y (2 2P A(F2 +02)  o%(1 +log(T))
_ < .
T ;:OE Lrgg}l IVL(w; A7 < ®T + T 2)

To analyze the convergence rate of Algorithm [I] that uses online gradient balancing to determine
sample ordering for different objectives, we first need an additional assumption on the Balancing
subroutine, which is also used for gradient balancing with single objective in (Lu et al., 2022).

Assumption 3.7. (Balancing Bound) For the subroutine Balancing in Algorithm |1} denote its
input vectors as zi,...,z, € R? which satisfy ||z;]ls < 1,Vi = 1,...n. Suppose the sub-
routine assigns each vector z; a sign ¢; € {—1,+1}. There exists a constant A > 0 such that

I Zle €Zilloo < Aforallk € {1,...,n}.

From Definition [3.1] solving the online vector balancing problem corresponds to minimizing A
in Assumption We also have the following Proposition that controls the maximum norm of
parameter updates in each epoch. Proof is in Appendix [A.2]

Proposition 3.8. UnderAssumptionandAlgorithmsatisﬁes: H'wt(k) — w,ﬁl)lloo < AF for
allk e {l,...,K}andt €{0,...,T —1}.

Based on this Proposition, we can then prove the following convergence result.
Theorem 3.9. Set

|, A 1
B { 32K A202F2T  26(K + A)(F + Fy) } '

where 02 = max,, 02, with 02, defined in Assumption Under Assumptions and
Algorithm([l)yields

T-1
1 . (1)1 12 i/AQFfAQ(FQ +02) o2 G65A(F+F,) B8AAF,
=Y E | min [[VL(w;")A?| <11 — :
T & Lefbl (i NP < K?T? T T KT

Proof is in Appendix [A.3] Compared to random ordering in Theorem [3.6] the convergence rate
of Algorithm 1| has a different term O((KT)~2/3) on the right hand side, which is better than the
O((KT)~'/2?) term in Theorem As such, Algorithm [I| can achieve faster convergence than
random ordering as is implemented in existing multi-objective optimization methods. We also note
that a smaller A leads to faster convergence, which demonstrates that solving the online vector
balancing problem (minimizing A) is indeed useful to find better orders on the training samples.

The naive extension of GraB (Lu et al.,[2022)) that performs online vector balancing for gradients of
each objective separately can also be analyzed under the same framework as follows:

Proposition 3.10 (Separate Ordering). Under Assumption and suppose that the sample
order i in Algorithm/|l|is separately generated for each objective. We have ||w§k) — w,gl) oo <

MAF forallk € {1,...,K}andt € {0,...,T —1}.

Proof is in Appendix [A.4] Compared to the results in Proposition [3.8] the bound here is M times
larger if we apply gradient balancing separately on each objective. Recall that M is the total number
of objectives. Thus, the convergence can be much slower than that in Theorem [3.9]

4 EXPERIMENTS

In this section, we demonstrate the effectiveness of the proposed method for multi-objective opti-
mization. We consider the following baselines: (i) Random reshuffling (Random), which is used in
most existing implementations to randomly shuffle the whole data set in each epoch ¢, (ii) FlipFlop,
which creates a new order 7,11 by reversing the previous order, i.e., mi41(k) = m (K + 1 — k). (iii)
Random FlipFlop, the combination of random reshuffling and FlipFlop, and (iv) GraB (Lu et al.,



Published as a conference paper at ICLR 2025

2.00 —— Baseline (Random) 200 —— Baseline (Random) 2.00 —— Baseline (Random) 2.00 —— Baseline (Random)
" \ FlipFlop 175 FlipFlop L L75 FlipFlop L 175 FlipFlop
R — Random-+FlipFlop | & 5 — Random+FlipFlop | & 501 \ — Random-+FlipFlop | & ; 55 —— Random+FlipFlop
2150 — Gras ° — & m — GraB o —
2 —— JoGBa £125 —— JoGBa 21251 | —— JoGBa 2125 —— JoGBa
S125 5 \ 5
£ £ 100 E100
& 3 3
910 2075 2075
£075 £ £
§ $ 050 5050
Fos0 “oa2s Zo2s

025 = 0.00 0.00

G 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Epochs Epochs Epochs Epochs
(a) MGDA. (b) CAGrad. (c) PCGrad. (d) Nash-MTL.

09 —— Baseline (Random) —— Baseline (Random) —— Baseline (Random) — Baseline (Random)

0.8 FlipFlop 087 |\ FlipFlop 0.8 FlipFlop 0.8 FlipFlop
P \ —— Random-+FlipFlop 2 —— Random-+FlipFlop 2 —— Random-+FlipFlop 2 —— Random+FlipFlop
fory \ Grag 8 — Grag g 3
z \ ral 206 ral 206 206
£06{ |\ — JoGBa 5 — JoGBa £ £
Fy g g g
Sos 3 8 &

9 go 4 ge 4 gos
=03 Fo2 Fo2 Fo2

02

01 .

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Epochs Epochs Epochs
(e) MGDA. (f) CAGrad. (g) PCGrad. (h) Nash-MTL.

0.35 —— Baseline (Random) 035 —— Baseline (Random) 035 —— Baseline (Random) 035 —— Baseline (Random)

030 FlipFlop 030 FlipFlop FlipFlop 030 FlipFlop
8 —— Random+FlipFlop 2 —— Random+FlipFlop —— Random-+FlipFlop 2 —— Random-+FlipFlop
20259 ) — GraB o025 | — GraB \ — GraB J0257 | — GraB
€020 \ — JoGBa £o20] \ — JoGBa \ —— JoGBa —— JoGBa

5

£0.10

£
0.05

0.00 B e
6 25 50 75 160 135 150 175 260

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200

(i) MGDA. (j) CAGrad. (k) PCGrad. (1) Nash-MTL.

Figure 2: Training losses (objective values) of different tasks on NYUv2 data with different data
ordering methods. Top: Loss on semantic segmentation task (semantic loss). Middle: Loss on depth
estimation task (depth loss). Bottom: Loss on surface normal prediction task (normal loss).

2022)), which performs gradient balancing on the weighted gradient of all objectives, and the weight
is computed using the combined dynamic weighting algorithm.

The proposed method is independent of the dynamic weighting algorithms. In the following, we
combine it with a variety of dynamic weighting algorithms, including: (i) MGDA (Désidéri, 2012;
Liu & Vicente, [2021; |Zhou et al.l 2022} Fernando et al., 2023)), (ii) PCGrad (Yu et al.| [2020), (iii)
CAGrad (Liu et al., [2021)), and (iv) Nash-MTL (Navon et al.| [2022). We select these methods as
they generally have good empirical performance. The proposed method can also be easily combined
with other dynamic weighting algorithms. Moreover, we include the single-task learning (Liu et al.,
2021; Navon et al.| 2022)) baseline (STL), which trains on one task only and serves a performance
upper bound.

We consider two data sets that are commonly used for multi-objective optimization in machine learn-
ing: (i) NYUv2 (Silberman et al.| 2012), an indoor scene data set that involves three different tasks:
semantic segmentation, depth estimation, and surface normal prediction. (ii)) QM9 (Ramakrishnan
et al.l 2014), which is a widely used benchmark for graph neural networks predicting 11 properties
of molecules. More details on the setup can be found in Appendix [B]

4.1 NYUv2

Figure 2] compares the convergence curves of different ordering methods with the proposed method.
We can see that the impact of sample order on the convergence can be different for different objec-
tives. Both depth estimation and surface normal prediction tasks are more influenced by different
sample ordering methods, while such influence becomes less significant for the semantic segmenta-
tion task. FlipFlop and GraB generally achieve worse performance than the other methods, while the
proposed JoGBa is the only method that consistently outperforms existing baselines with random
ordering.

Table [T compares the testing performance of different data ordering combined with different multi-
objective optimization methods. FlipFlop generally performs worse than the other methods as it
only reverses the sample ordering after each epoch. Random FlipFlop slightly improves upon the
standard random baseline. While GraB does not yield faster convergence rate in Figure 2] its testing
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Table 1: Test performance (averaged over 3 random seeds) for the three tasks on NYUv2 data:
semantic segmentation, depth estimation, and surface normal prediction.

Segmentation Depth Surface Normal
N S0 o7
mloU1 Pix Acc+  AbsErr | Rel Err | Angle Distance | Within ¢° 1 Am% |
Mean Median 11.25 225 30
STL 38.30 63.76 0.6754  0.2780 25.01 19.21 30.14  57.20 69.15

MGDA (Random) 30.48 59.77 0.6020  0.2555 24.13  19.22 29.51 57.11 69.58 1.31
MGDA +FlipFlop 29.47 57.90 0.6270  0.2755 24.88 19.45 29.18 55.88 68.36 1.58
MGDA+Random FlipFlop 30.52 59.81 0.6018  0.2556 24.11  19.16 29.52  57.23 69.56 1.28
MGDA+GraB 30.74 59.92 0.6011 0.2524 24.12 19.11 29.54 57.35 69.76 1.25
MGDA+JoGBa 31.02 60.21 0.6008  0.2508 24.08 19.08 29.55 57.47 70.03 1.19
PCGrad (Random) 38.06 64.64 0.5550  0.2325 2741 2280 23.86 49.83 63.14 3.97
PCGrad+FlipFlop 37.74 64.63 0.5590  0.2285 26.84 22.19 23.96 49.30 62.94 3.89
PCGrad+Random FlipFlop 38.12 64.64 0.5570  0.2329 26.99  22.67 23.56 49.65 63.18 3.86
PCGrad+GraB 38.31 64.66 0.5552  0.2317 26.79  22.87 23.68 49.76  63.22 3.78
PCGrad+JoGBa 38.59 64.67 0.5545  0.2270 26.53  22.40 23.87 49.95 63.87 3.56
CAGrad (Random) 39.79 65.49 0.5486  0.2250 26.31  21.58 25.61 52.36 65.58 0.20
CAGrad+FlipFlop 39.42 65.55 0.5437  0.2219 25.79  21.75 25.97  52.17 65.34 0.27
CAGrad+Random FlipFlop 39.85 65.73 0.5467 0.2226 26.14  21.46 25.62  52.24 65.62 0.17
CAGrad+GraB 39.91 66.09 0.5428 0.2214 25.79 21.44 25.64 52.26 65.44 0.18
CAGrad+JoGBa 40.42 66.08 0.5410 0.2205 2552 21.50 26.04 5243  65.73 0.03
Nash-MTL (Random) 40.13 65.93 0.5261 0.2171 25.26  20.08 28.40 55.47 68.15 —4.04
Nash-MTL+FlipFlop 39.46 65.82 0.5313 0.2190 26.12  20.99 28.05 54.64 67.77 -3.88
Nash-MTL+Random FlipFlop  40.67 66.32 0.5184  0.2009 2534 19.73 28.54 5535 68.07 -4.16
Nash-MTL+GraB 40.84 66.51 0.5156 0.2087 25.26 19.45 28.62 5537 68.11 -4.19
Nash-MTL+JoGBa 41.13 66.71 0.5112 0.2009 25.11 19.19 28.77 55.28 68.18 -4.27

performance is comparable to Random FlipFlop. The proposed method JoGBa achieves the best
overall performance across different performance metrics for all three tasks.

42 QM9

Due to the large number of objectives in the QM9 data, here we only plot the average of all training
objectives. The convergence curves are shown in Figure [3] for different sample ordering methods.
Compared to the NYUv2 data set, the effect of sample ordering becomes less significant for the
QM9 data. Only GraB and JoGBa achieve slight improvements than the other ordering methods.
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Figure 3: Training losses on QM9 data with different data ordering methods.

Table [2] compares the testing performance of different data ordering methods. Similar to the results
for NYUv2, FlipFlop generally performs worse as it only reverses the sample ordering after each
epoch. Random FlipFlop achieves comparable performance with the random ordering baseline, and
GraB slightly improves upon it. The proposed method JoGBa achieves the best overall performance.

4.3 COMPARISON ON TIME COSTS

The proposed JoGBa has two key steps in each iteration: (i) sample ordering, in which we determine
the order of a sample based on its gradients, and (ii) model updating, in which we compute the
objective weights and update the model with the weighted gradients. Table [3| compares the time
costs of these two steps in each iteration for different multi-objective optimization algorithms on
NYUv2 and QM9 data. As can be seen, the time cost of sample ordering is almost negligible
compared to that of model update, and is generally the same for the same data set across different
multi-objective optimization algorithms. This is intuitive as sample ordering is not related to any
specific multi-objective optimization algorithm, and demonstrates that the proposed method does
not introduce much additional time cost.
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Table 2: Test performance (averaged over 3 random seeds) on all property prediction tasks in QM9.

I a emomo ecomo (R*) ZPVE Uy U H G ¢

MAE | Am% |

STL 0.067 0.181 60.57 53.91 0.502 4.53 58.8 64.2 63.8 66.2 0.072
MGDA (Random) 0217 0368 126.8 1046 322 569 88.37 89.40 89.32 88.01 0.120 120.5
MGDA +FlipFlop 0221 0371 1309 1045 3.32 5.62 88.31 89.45 89.71 88.84 0.124 1214
MGDA+Random FlipFlop  0.216 0.365 126.7 103.2 3.19 5.65 88.34 89.27 88.74 87.34 0.115 118.9
MGDA+GraB 0206 0.343 120.8 101.4 3.16 544 87.68 88.63 88.87 87.26 0.119 118.4
MGDA+JoGBa 0202 0332 1173 99.2 3.12 537 87.48 88.37 88.80 87.04 0.116 116.7
PCGrad (Random) 0.106 0.293 75.85 88.33 3.94 9.15 116.36 116.8 117.2 114.5 0.110 125.7
PCGrad+FlipFlop 0.106 0306 75.15 88.29 3.87 9.17 120.17 117.4 117.8 114.1 0.113 1263
PCGrad+Random FlipFlop  0.104 0.293 75.05 88.25 3.83 9.07 114.89 116.4 116.9 114.1 0.106 1252
PCGrad+GraB 0.098 0.281 74.91 86.98 375 891 115.66 114.4 117.1 113.6 0.102 124.2
PCGrad+JoGBa 0.098 0.271 74.43 84.30 3.56 878 113.15 1132 117.1 113.5 0.096 123.5
CAGrad (Random) 0.118 0321 83.51 94.81 321 6.93 113.99 1143 114.5 112.3 0.116 1128
CAGrad+FlipFlop 0.115 0325 85.13 94.94 324 7.09 114.32 1152 1149 113.1 0.117 113.1
CAGrad+Random FlipFlop  0.113 0.322 83.19 94.87 3.15 6.92 114.18 113.8 113.8 111.6 0.113 1128
CAGrad+GraB 0.111 0312 8249 94.71 2.96 677 113.89 113.7 110.4 111.8 0.108 112.1
CAGrad+JoGBa 0.110 0.304 8238 94.49 2.92 649 113.22 1135 110.2 111.6 0.104 111.9

Nash-MTL (Random) 0.102 0.248 82.95 81.89 242 5.38 74.50 75.02 75.10 74.16 0.093 62.0
Nash-MTL+FlipFlop 0.106 0.255 82.79 82.01 2.45 542 7452 75.07 75.13 74.27 0.096 62.2
Nash-MTL+Random FlipFlop 0.097 0.254 82.53 81.47 2.42 529 7441 75.08 75.07 74.22 0.094 61.6
Nash-MTL+GraB 0.099 0.252 82.64 81.68 238 5.31 74.43 7494 75.05 74.13 0.091 61.7
Nash-MTL+JoGBa 0.094 0.231 82.24 80.73 229 5.24 7437 74.84 75.03 74.05 0.087 59.2

Table 3: Per-iteration CPU time cost (in seconds) of the two key steps in JoGBa combined with
different multi-objective optimization algorithms.

NYUv2 QM9
MGDA PCGrad CAGrad Nash-MTL | MGDA PCGrad CAGrad Nash-MTL
Sample ordering 0.02 0.03 0.03 0.03 0.06 0.05 0.04 0.05
Model update 1.04 0.91 0.99 1.06 297 1.37 1.17 1.62

Table 4: Test performance (averaged over 3 random seeds) for three tasks on NYUv2 with different
sample ordering methods for the proposed multi-ordering framework.

Segmentation Depth Surface Normal
mloU+ Pix Acct AbsErr | Rel Err | Angle Distance | Within ¢° 1 Am% |
Mean Median 1125 225 30
MGDA+Random 30.48 59.77 0.6020 0.2555 24.13 19.22 29.51 57.11 69.58 1.31
MGDA+FlipFlop 29.47  57.90 0.6270  0.2755  24.88 19.45 29.18 55.88 68.36 1.58
MGDA+Random FlipFlop  30.52 59.81 0.6018  0.2556  24.11 19.16 29.52  57.23  69.56 1.28
MGDA+GraB 30.74 59.92 0.6011  0.2524  24.12 19.11 29.54 57.35 69.76 1.25
MGDA+JoGBa 31.02 60.21 0.6008  0.2508  24.08 19.08 29.55 57.47 70.03 1.19
PCGrad+Random 38.06 64.64 0.5550  0.2325 2741 22.80 23.86 49.83 63.14 3.97
PCGrad+FlipFlop 37.74 64.63 0.5590  0.2285  26.84 22.19 23.96 49.30 62.94 3.89
PCGrad+Random FlipFlop ~ 38.12 64.64 0.5570  0.2329  26.99 22.67 23.56 49.65 63.18 3.86
PCGrad+GraB 38.31 64.66 0.5552  0.2317  26.79  22.87 23.68 49.76  63.22 3.78
PCGrad+JoGBa 38.59 64.67 0.5545  0.2270  26.53  22.40 23.87 49.95 63.87 3.56
CAGrad+Random 39.79 65.49 0.5486  0.2250  26.31  21.58 25.61 52.36 65.58 0.20
CAGrad+FlipFlop 39.42 65.55 0.5437  0.2219  25.79 21.75 25.97 5217 65.34 0.27
CAGrad+Random FlipFlop ~ 39.85 65.73 0.5467  0.2226  26.14 21.46 25.62  52.24  65.62 0.17
CAGrad+GraB 39.91 66.09 0.5428  0.2214  25.79 21.44 25.64 52.26 65.44 0.18
CAGrad+JoGBa 40.42 66.08 0.5410  0.2205 25.52  21.50 26.04 5243 6573 0.03
Nash-MTL+Random 40.13 65.93 0.5261  0.2171  25.26  20.08 28.40 55.47 68.15 —4.04
Nash-MTL+FlipFlop 39.46 65.82 0.5313 02190  26.12  20.99 28.05 54.64 67.77 -3.88
Nash-MTL+Random FlipFlop ~ 40.67 66.32 0.5184  0.2009 2534 19.73 28.54 5535 68.07 -4.16
Nash-MTL+GraB 40.84 66.51 0.5156  0.2087 2526 19.45 28.62 5537 68.11 -4.19
Nash-MTL+JoGBa 41.13 66.71 0.5112  0.2009 2511  19.19 2877 5528 68.18 -4.27

4.4 ABLATION STUDY

To solve the underlying online vector balancing balancing problem, besides using Algorithm [T}
other data ordering methods (such as those mentioned in Section may also be used to obtain
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Figure 4: Training loss (objective values) of different tasks on NYUv2 data with different data order-
ing methods for the proposed multi-ordering framework. Top: Loss on the semantic segmentation
task (semantic loss). Middle: Loss on the depth estimation task (depth loss). Bottom: Loss on the
surface normal prediction task (normal loss).

sample orders for different objectives. In this experiment, we consider the following sample ordering
methods for comparison: (i) Random reshuffling (Random), (ii) FlipFlop, which creates the new
order 7{"} | by reversing the previous order for each objective, i.e., 7't (k) = 7" (K + 1 — k).
(iii) Random FlipFlop (Random FF), the combination of random reshuffling and FlipFlop, and (iv)
GraB (Lu et al.| [2022)), which applies GraB to all objectives separately. Experiment is performed on
the same NYUv2 data set and training setup as in Section[4.1]

Figure[dcompares the convergence curves of different sample ordering methods. Similar to Figure[2]
the influence of sample orders on the convergence rate is generally different for different objectives.
The surface normal prediction task is more influenced by different sample ordering methods than the
other two tasks. FlipFlop and GraB generally achieves worse performance than the other methods,
while JoGBa is the only method that consistently outperforms existing baselines.

Table 4] compares the testing performance of different data ordering combined with different multi-
objective optimization methods. FlipFlop generally performs worse than other methods as it only
reverses the sample ordering after each epoch. Both Random FlipFlop and GraB improve upon the
standard random baseline, but their performance is still worse than the proposed method JoGBa,
which demonstrate the effectiveness of joint sample ordering in multi-objective optimization.

5 CONCLUSION

In this paper, we propose a novel sample ordering framework for multi-objective optimization. The
proposed framework determines sample orders for each objective by performing online vector bal-
ancing with the gradients on different objectives. It can be seamlessly combined with existing multi-
objective optimization methods. Theoretical results demonstrate that the proposed method improves
upon the baseline of random ordering with faster convergence. Empirical results on different multi-
objective optimization problems demonstrate that the proposed method achieves faster convergence
and better performance than the other data ordering methods.

10
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A PROOFS

A.1 PROOF OF THEOREM [3.6]
Theorem[3.6] By the F;-smoothness of £(w)\ for all A € AM, we have

L(wiy1)A — Lw) A <(VL(w)A, wegq — wy) + %”thrl — wy|? 3)
where w1 —w; = o, VL(w;) A}, s.t. A} € argminycanm || VL(w;)A||?. For notation simplicity,
we define Q; = VL(w;), and Ay, = argminyeanm ||[VL(w;)A[|. Then we have:

L(wes)A — Lwn)A < — ar(VLw)N QNG ) + %afucztxgt 2. @

The inner product term can be bounded as

(a)
S(VL(w)A, VL(we) A (we) = QeAgy,) — [VL(we) A (we) ||
SFVL(w)A; (wi) = QA || = VL (wi) Ay (wy)|*

(v)

S2FE(Qr — VL(w)||* ~ [VL(w)A (w))] (5)
where (a) follows from (13) in Lemma[A.3] (b) follows from Lemma Plugging (5) into (4),
taking expectations on both sides and rearranging yields

B[ VLN ()] < BalL(w,) = L(we)]A+ 2F Bl = VE(w,)|*]
F
& (F*+0%)af.

Forall t € [T, plugging in oy = «, and taklng the telescope sum on both sides of the last inequality
yield

1 T
7 2 EallVL(w)A; (@)
t=1

< FEAlL(w) — L(we A+ 20 ZEAth VE(w)|[}]+ G (F + 0%)a

e

giTEA[c(wg - c(wm)]wr%}%( ZEA Qs — VL(w)|| }) %(F2 +0%)al6)

«

By increasing the batch size during 0ptimizat1on Wlth a batch size of O(t), it holds that

= (1 + log(T
72113,4 Qi — VL(wy)|?] Z%S%ﬁ). -

Plugging (7)) back into @, its optimization error is given by:

T
Eal,_min | IVE@OAR] <7 Y EANIT LN (w0

te[T],\eAM

_02(1 +log(T)) N EalL(w;) — [Z('wTH)])\ F

F2

T aKT 5 %)
a%(1 +1og(T)) A o, , 9

~ T -+ aKT + ?(F +0o )Oz, (8)

where the last inequality uses the definition of A = maxcanm L(wo)\ — ming,cga xean L(w)A.

Then setting o = 4/ W, we have:

EA[ min Hv&(wtmﬂg
te[T), eAM

2F1A(F? 4 02) n a?(1 +log(T))
KT T ’
which concludes our proof. O
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A.2 PROOF OF PROPOSITION[3.3]

Proof. The proof follows directly by using Assumption [3.3] in Assumption 3.7 for each
[Vli(w)]leo < F. O

A.3  PROOF OF THEOREM [3.9]
Proof. From Lemmal[AT]in Appendix [A.5] we have
2T 1 2 2 (2 2
—Z min [[VL( (1)))\||2 7+7ZmaXHwt - t H +w.

AEAM

On the other hand, from Lemma[A-2] we obtain

T—-1 T-1
37 A7 <12002K%07 + 6402 A%0°T + 4807 K? max IVL(w A% .
t=0 t=0

Combining them together gives:

1 T-1

. 1
= Zj min [ VL(w;)A?

28 + i3 12002 K?0? + 6402 A%0 2T+48a2K2Tz:1max||V£( A2
- aKT T [e%s}

t=0
LOPR(E? 0%
2
2N 12002F2K%0? P PR 48a2K2F2T \ (052
< - + 6402 A2 F20% + ZmaxHVE )M
+W‘

Note that for any € R?, ||z||o < ||z|2, so the last term can by bounded by its ¢2-norm. Moving
it to the left side of the inequality gives:

1 —4802K2F2 11 29A 12002 F2K202
#Zf;&% VL@ ? <= + === + 640’ A’ Fo?
a?Fy (F? + o?)
5 .

Finally, we set the value of « as:

oemind o> 1 1
32K A202F2T KF' 26(K + A)F, [’

and we obtain

T—1
1 : (D11 12 \/ A2FZA2(F2 +02) o2 G65A(F+F) SAAR
= L Al <11 —
T ; min [[VL(wi)A* < o e e
which concludes the proof. O

A.4 PROOF FOR PROPOSITION[3.10I

Proof. Similar to Proposition [3.8] the proof follows directly by using Assumption [3.3]in Assump-
tion[3.7]for each ||V¢;(w)]||o < F, and repeated for M objectives. O

14



Published as a conference paper at ICLR 2025

A.5 TECHNICAL LEMMAS

Lemma A.1. In Algorithm[I] if « KF < 1 holds and Assumption [3.3]and 34 hold, then
T-1

1 . 1 1 2F1(F2+O'2)
55 i Iwctol i < 22 0 S ol B
Proof. Note that the update can be written as
K M
1 1 k
’LU§+)1 = IE ) _ az Z )\k,mvgm(wt( )7§7r£”(t))
k=1m=1
By Taylor’s Theorem, for allt = 0,--- ,T — 1,
1 1 1 1 1 1
Lo < L)+ (LN wl; —wf?) + T awf, — P
" | KoM
1
< L(w; ')A - aKE <V£ w,) ,?;T;Azkw ;5W;n,<t>>>
K M 2
« K F;
+— 1 Z Z )\1 kvg agm(t))
Ic 1m=1
wk 1 KoM
1 (1
= L) = SRV LE AN S AV £, )P
k=1m=1
K M
1
||VE IS ZZ ik VEi(w );fak(t))HQ
k: 1m=1
2
2K2F K m
1 ZZ 1kv€ wk 7§O'k(t))
aK i 1 KK
1 1
< L= VL@ + VLA~ £ 30 D AV 6, )P
k:lm:l
2F F2 2
+oz (F?+o )
2
In the second step, we apply —(a, b) = ||a|| — Hb|| +2||a—b|| Va, b. In the third step, we
use the condition that anL < 1. Expandmg the last term using Assumptlon@ we get
||V£ Z Z >\m ktvg ;50{”(@)”2
lc 1m=1
| K | KoM 2
1
= % ZV‘C(wt( - T S Akt Vim P o)
k=1m=1
1)
< KZHW - v

1 1 k) ||2
< %3 el - ul)f
k=1
< F2AZ.
In the second step we apply Jensen’s Inequality. Putting it back, we obtain
Q?Fy(F? + 0?)

K Z K
LA < L) - 22 VL@ + S FRat + >
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Finally, summing from ¢ = 0 to 7' — 1, and using the definition A = maxycanm L(wo)A —

ming,era yeam L(w)A, we have:

2}7'2 (k n|? | o’Fi(F? +0%)
v (1) A 2 1 H ) _ ( )H .
)\renin |IVL(w; 7 )A|]* < E max||w, w; + 5

That completes our proof.

Lemma A.2. In Algorithm[l} if the learning rate « satisfies

1 1
<mmndl{-—w— ——
o= { 32nL. 16HL, } ’
then the following holds:
A <2aHs 4 (8anLoo + 4aH Lo)Ap—1 + 2an||VL(wy)|| ., VE > 2,

and
A2 < 8a2n2||V£('w1)|| + 8a?n?c?.
Finally,
K K
Z A? < 160°n*c? + 4802 H*¢* K + 48a°n? ZHV/J(wk)Hio
k=1 k=1

Proof. Without loss of generality, forall m € {2,--- ,n+ 1} andallk € {2,--- | K},

-1
wl(cm) = wjp — Ozmz: Vf (,w’(:); mﬂ'k(t)>

0 (ok(t
_ wk_ava( (L (on®)), %m)
m—1

a3 (91 (i) = 91 (w7 i) )

Now add and subtract

n

amz—l % ZVf (w,@l;wgk_l(s)) —1) z”: (wk 15 Los_ 1(t)) ’
t=1 s=1 t=1

which gives

" (o s () 10N s
wl(c ) = Wi —« Z <Vf k e ;mak(t)) - Ezvf (wl(c—)l;mo'kl(s))>
1 s=1
a(m—1) -
n Zv (wk 15 O'k—l(t))

—a Z <Vf (wk ’ ak(t)) Vf( (Jk I(Jk(t)))§$ok(t)>> '

‘We further add and subtract

a(m—1) -
T Z Vﬁ(wt; wat,l(k)) = a(m — 1)V£(wk)

k=1

~
—
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to arrive at

wi™ = k—az (w( (i (o) waw)) —%ZW (w'(:fl?wf'kﬂs)))
s=1

1N <& .
_a(m — 1)V£(wk) + % Z (Vf ('wk; :Eak_l(t)) — Vf (w,(czl; wgk_l(t)))

t=1

_az (Vf (wk S ) Vf( (i 1<ak(>>>;xak(t)>>.

We now rearrange, take norms on both sides and apply the triangle inequality,

m—1
le(gm) _ wkHoo < a Z (vf ( (Uk 1(Uk(t))) t)) _ 7va (’Ll]k 15 gkl(s))>
t=1 o0
+a(m —1)[[VL(wg) |
+w b (Vf (Wi o) =V f (wf(ctzl;‘””k—ﬂ”))
t=1 o0
m—1
+a| Y (Vf (wk),wgk t)) vf (w;(:’l ot )))%wam))) ©)
t=1 00

There are four terms on the right hand side. We apply Assumption [3.7)on the first term, and As-
sumption [3.4]on the last two terms. First, for the first term,

(oits (ou(®) 1 ¢ s
HVf( R %wak(t)> —gzvf (wl(c_)ﬁwakfl(s))
s=1
Jf o (t o o (t)
< va< N k<>>>;mgk(t)> va< (o = L (or () - 1(3)) ’
o, (ok(t) ))
va( k 1 k 3 Loy ( s)) ZVf (wk 1’ Loy (s ))

Assumplion@and@ L2 n (0'7 (ok (1)) (s)
< o 2 k—1 s
< §+Uz+nsglwk,1 wkloo
- —— Ly I CACI H“”“ ) H
> m n 5_1 k—1 - - k—1 o
<

max oy, +2LaAL_1.
m

Denote

oty (k) 1< s
u = V4 ( e : fng(t)) 0 Zvc(wl(c—)l;wgk—l(s))‘
s=1

We can use Assumption [3.7]to obtain a bound on the prefix sum

< A,
z; +o; + 2L2Ak ]~
that is,
— (o711 (on () 1
Z <Vf ( o ,l‘ak(t)> - va (w;(gs)l;ﬂfakl(so) <A+ 0 +2LaAk_1).
t=1 s=1 00
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Now we have a bound for the first term in Equation (9), we proceed to bound the last two terms
where we apply Assumption We can then rewrite Equation (9) into

Hw,(cm) — wkH < QA+ 0 +20A5 1) + a(m — 1)||VL(wg) || o

Loo(m —1) & o
+% ZHwk —w;(fllH +ala ZH (1) _ % L k<t>>>H
t=1

Furthermore, applying the triangle inequality to the norms in the last two terms, we obtain

oo

1
H’w/(:ll - ’wkH = Hw;(fll —Wi—1 + Wg—1 — 'w,~c J{ )H < 2Ap_1,
oo

and similarly,

—1
Hw? B w}(:fkll(ok(t)))H _ ng) oy s — w0 4wy — wiokl 1<ak<t>>>H
< AR 4275
This gives
le<€m> B “’kH < QA(S + 01+ 2La A1) + a(m — 1) | VL(w)|| o, + 20Lae(m — 1) Ay

+aLlo(m —1)(2A_1 + Ag)
< QA+ 0 +2LA8 1) + a(m — 1)||VL(wg) || o
taLos(m —1)(4A_1 + Ap). (10)
Note that Equation (10) only holds with k € {2,..., K } and m € {2,...,n+ 1}. We now discuss

the boundary cases. Note that the bound of Equatlon 0)) trivially holds w1th m = 1 for any & since
the left hand side becomes zero. On the other hand, when &k = 1, we have

m—1
wgm) = w —« Z A\ (wgt);mgl(t))
t=1

n

m—1 m—1
wa ;le (wisa (o) +a 3 0 (w2000
t= s= t=

m—1 m—1
1
—a Z VI (wi; @y, 1)) + ; VI (wi;@e,4)) — Z - SZVf W Ty (s)) -

t=1

Take norms and apply the triangle inequality, we obtain

m—1
(m) 1
le _le < tz; ;Vf Wi;T o1 ( s))
m—1
‘o Z (V.f (wl 1 Loy t)) Vf (wlywal(s)))
t=1 o'}
m—1
+a Z (vf (wl,xal(t) va Wi Ly s)))
t=1 o'}
< a(m = 1D[|VL(w)|[ + a(m — ) w01+ a(m —1)(s +04)
< an||VL(wy)|| + anLe Ay + an(s + o). (11)

Now that we have the bounds for A, we next will sum them up. Taking a max over m on both sides
in Equation (I0), this implies for all the & > 2,

Ap <aH(s+0i+2L2Ap—1) + aLoon(4A -1 + Ak) + an||VL(wk)|| o,
as m — 1 < n. Considering the fact that aL.,n < 1/2, we get
Ay <2aHs 4 0; + (8anLo + 4aHLa) A1 + 20n||VL(wy)|| o,
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This completes the proof of the first inequality in the lemma. Applying this recursively from any
k > 2to 2, this gives

Ap <(8anLe, + 4aHLy)*~ 1A1+Z 8anLe +4aH L)' (2aH (s + ;) + 2an|VL(wy)| ) -
i=1

Applying the learning rate conditions that 32anL., < 1 and 16aH Ly < 1, we obtain

k—1
1
Ay < (2> Ay +4aH (s + 0;) + dan||VL(wg) || o
Square on both sides,
1\ k1
A? <3 <4> A? + 4802 H? (s + 0;)* —l—480z2712||V£:(w;€)||iO
We can apply a similar trick to Equation and get

A% < 8a2n2||V£(w1)Hio + 8a*n?(s + 0;)%

This completes the proof of the second inequality in the lemma. Summing from k£ = 1 to K, we get
K
St - ateyal
k=1

K K
= A +3A3 Z ( ) + 4802 H? (¢ 4 04)* (K — 1) + 480*n? ZIIVE(wk)IIiO
k=2

k=2

K
A2+3A2Z( ) +4802H2 (s + 07)2 (K — 1) + 48a%n? Y || VL(wy)|%,

<
k=1 k=2
< 16042n2HV£(’w1)||OO + 16020 (s + 0;)?
K
+480° H? (s + 03)*(K — 1) +480°n> > VL (wy)||2,
k=2
K
< 16a%n?(s 4+ 0;)* + 4802 H? (s + 04)? K + 48a*n? ZHVﬁ(wk)Hio
k=1

That completes the third inequality, and we have finished proving all three inequalities. O

Lemma A.3 ((Chen et al.,[2024)). Given @Q € RI*M  pocall )\Z‘Q’p with p > 0 is defined as
Ao, € argmin |QA[? + p||A[1%. (12)
AeAM

Then, for any A € AM it holds that
(QXG,5, QN) = 1QAG L IIP = p, (13)
and QA = QAG,1I” < QA = QA1 + 20 (14)

Proof. By the first-order optimality condition for equation , for any A € AM we have
<QTQ)‘22W A= )‘*Q,p> Z —=p-
By rearranging the above inequality, we obtain
<Q)‘a,paQ)‘> 2 ||Q)‘22,p||2 - P
which is precisely the first inequality in the claim. Furthermore, we also have
1QX = QG I = |QAIIP + QG ,II° — 2(QX5, ,, Q)
< QAP + QA 17 = 21QX ,II* +2p
= [QAII* = IQAG,, 117 + 2p,
which is the desired second inequality in the claim. Hence, the proof is complete. [
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Lemma A.4 (Holder continuity of dg w.r.t. Q (Chen et al.| [2024)). Forall Q,Q’ € R4xM define
A* € argminycanm |QA|% and X¥ ° and dg = QN*, diy = Q'\, then

IIdeQIIIQS4maX{ sup [|QA]l, sup Q’MI}' sup [[(Q — @Al (15)
AeANT AeAM AeAI\/f

Proof. We first rewrite ||dg — dg/[|? = [|QN* — Q'\||? as
QA" — QN2 =[|QX*[2 + QN[ — 2(QA", Q'\Y)

=[QNI1* = IQ'NI* +2(Q'\7, QA" — Q")
=[NP = QAP + 2(Q'A\, QN — Q'\") +2(Q' N7, @'\ — Q\"),

<0

where (Q'\*, Q' \*' — Q'\*) < 0 by in Lemma[A.3]| Then it can be further bounded by

QX" — @'\ < i [QAI” = min [N + 2 QN7II(Q" = @)X

cAM
=— —|loA 2 —O’A|I? + 2||Q’ A —Q)\*
max, QA +;ggg\g [QAI” +21QN[(Q" — Q)N

()
< max ([JQAI” — QA7) + 2 A7IIQ" - Q)N

(c)
< max [[(Q — Q)AI(IQAN + |Q'All) + 2[lQ A [[II(Q" — Q)"

AEAM

<amax { sup [QAll, sup [QAI}- sup (@~ QA
AeAM AeAM AeAM

where (a) follows from the Cauchy-Schwartz inequality; (b) follows from subadditivity of maxi-
mum operator; (c¢) follows from the triangle inequality. The proof is complete. O

A.6 PROOF ON THE CONVERGENCE RATE OF ALGORITHM [I]WITH RANDOM ORDERING

The following Theorem studies the convergence rate of Algorithm [T with random ordering.

. A . . A
Theorem A.5. Set &« = min {1 /KLTzi“k vk flKL AL2K2T1/3 } with random yields:

Aiz ASLAB?
ALA S o ASLALT

T K 2"
k=1 FZk:1Jk

1 T-1
= S EIVL(w) <

To prove Theorem[A3] we first need the following Lemma:

Lemma A.6. Suppme that Assumption 3.4 holds. Then for iterates w, generated by Algorithm[I]
with stepsize o < 7, we have

akK al? 2L &
L(wgyr) < L(wg) — 7||V£(wt)||2 + ?2‘/2' t= Za;i (16)

2
K k
where V;, = Zk:l”wt — wt( )H
oo
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Proof. Recall that w1 = wy — ag, where g, = ngol V fr. (w?). Using L-smoothness of f, we
get
K

EL(wi1) < Eﬁ(wt>aKE<v.c wy), Z w,it’;gak<t>>>

2
2K2L
ng wl(f)v ok ( t))

2
aK

Z VL (w

aK 1 0 o’n’L 1 K )
[ VE(wk) = 4= ZVﬁk(wk ) +—Eli% > Vw6, 1)
k=1 k=1
’ ?L &
2
< EL(wy) - 7\|Vﬁ(wk)|| +HV/3 wy) KZVCk +T;0k
Then note that
- w®) 2 L v Ly (k) 2
k k
VL (w,) Z = ?ZVEk(wt)—XZVE (w™)
K k=1 k=1
| K
< LSvatmn - Vel
k=1
K
1 2
< g el
k=1 o
Lj
< 7‘/2'7
- K
which completes the proof. O
Lemma A.7. Suppose that Assumption[3.4 holds and that Algorithm (]| is used with a stepsize o <
2LK Then
E[Vi] < @ K°||V f(wy)|* + o* K22, (17
where Ve = 35 [lw, — wi™ .

Proof. Letus fix any k € [1, K — 1] and find an upper bound for E;||w¥ — w;||2. First, note that
k—1
wy = w; — aZVé(wé,fZ).
i=0
Therefore, by Young’s inequality, Jensen’s inequality and gradient Lipschitzness,

Eelwf — wy?

2

k—1 k—1
< 20°E | D (Ve(w}, &) = VEi(w, &))|| +20°Ee | Y VE(wy, &)
=0 1=0

k—1 k— 2
< 20°k Y B[ VE(wi, &) — Vi(w, &) + 20°E, Z U(wy, £
i=0 i—
k—1 k—1 2
< 20°L%k Y Eiflw) — wi||® +20°E, | Y Ve(wy, &)
=0 =0
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Let us bound the second term. For any i we have E;[V/{(w, &)] = VL(w;). So using (with vectors
vfﬂo (xt)v vfm (xt)7 T Vfﬂ'k—l (xt))7 we obtain

k-1 A 2
> Vi(w, &)
=0

2

k—1
1
= K| VL(w,)|? + k*E, EZ Vil(wy, &) — VL(wy))

k(K — k)
K —

< RIVLw)|? + (s + max o).

;_n

Combining the produced bounds yields

k—1
, k(K -k
Ellwf — wy[|* < 20°L°k Y Byflw] — wyl|* + 207K ||V f ()| + 2042%@ +max o)’
1=0

k(K —k
< 202 L2kE[VA] + 202K2 ||V f () ||* + 2a2%(< + max or)?,
whence

K-1
E[Vi] = ) Edflwf —wi?
k=0

< ’L’K(K — DE[V] + %az(K ~DKQ2K — 1)||Vf(z)]* + %aQK(K +1)(s + ml?xok)g.

Since E[V;] appears in both sides of the equation, we rearrange and use that o <
which leads to

5 L + by assumption,

4

E[Vi] < (1 o?L?n(n — 1))E[V{]
< ga2(n —Dn2n — 1)||VL(w,)|* + %oﬂn(n +1)o?

< ?n||VL(wy)||? + o?n’ (s + m]?xak)g.

Now we are ready to prove theorem [A.3}

Proof. Taking expectation in Lemrna and then using we have that forany ¢ € {0,1,...,T—
1},

(iG] oK o?L &
EfL(w)] < Lw) — - [VL@)|? + al’Ei (V] + == Y of
k=1
(i) aK
< Lwy) = VL) |? + oL (@ KP([VL(w) || + o K2 (s + maxox)?)
o’L 9
LN 2
2 k=1
aK 27272 2 37272 2 Q2L & 2
= L(w) — (1= L K?)|[VL(w)[* + o’ L2 K*(s + max o) +Tzak.

k=1
Let §; = L(w;) — L*. Adding —L* to both sides gives:

K
Eildri] < 06— (1= o’ LK) VL(w)| + o’ LK (s + maxon)” + == Y of

IN

K
< (1+a*AL2K?)5, — 0‘7(1 — LK) |VL(w)|? + o’ LK (¢ + max o.)*

K
2L 5
T E O-k.
k=1

22



Published as a conference paper at ICLR 2025

Taking unconditional expectations in the last inequality and using that by assumption on v we have
1 —a?L?K? > 1, we get the estimate

E[6;11] < (1 4+ AL K?)E(5;) — %E

o?L K
IVL(w)|?] + P L2 K3 (s + max ox)? + 5 ]; o
Then we have:
41+ AL2PK?)T
t=0,..., - aKT

(L(wo) — L7)

K
272 2 ol 2
+2a°L K(g—i—m}gxak) +7;0k-

Using that 1 + 2 < exp(x) and that the stepsize « satisfies o < (AL2K?T)~1/3, we have
(1+PAL?K*)T < exp(@®AL?K?T) < exp(1) < 3.
Using this in the previous bound, we finally obtain

. 12(L(wop) — L) al &
2] « 272 2 2
11:1F_1E[||V£(wt)|| 1< KT +2a°L K(g—i—ml?xak) + 3 E o

k=1

B DETAILS ON EXPERIMENTAL SETUP

All experiments are conducted on a server with an Intel Xeon Gold 6342 CPU and an NVIDIA RTX
A6000 GPU. We use the PyTorch version 1.10.1 with CUDA version 11.7. For experiments on the
NYUV2 data set, we train a Multi-Task Attention Network (MTAN) (Liu et al., |2019) following
previous works on multi-task learning (Yu et al., 2020; Navon et al., |2022). We also follow the
training procedure from (Liu et al.l 2019} [Yu et al. 2020j Navon et al.| 2022). Each method is
trained for 200 epochs with the Adam optimizer (Kingma & Ba, [2015)). We set the learning rate
a = 1 x 10~% at the beginning of training, and reduce it to 5 x 10~° after 100 epochs. The batch
size is set to 2 for all methods.

For experiments on QM9 data set, we use the MPNN model proposed in (Gilmer et al.,|2017). Each
method is trained for 300 epochs with the Adam optimizer (Kingma & Bal [2015) and we set the
learning rate = 1 x 10~* throughout the whole training process. The batch size is set to 120 for
all methods.
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