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Abstract

Scientific time series data, particularly in climate science, present unique challenges
at the intersection of probabilistic inference and physical constraints. While large
pre-trained Time Series Diffusion Transformers excel at capturing complex data
distributions, they lack mechanisms to enforce physical consistency. To address
this gap, we present a novel framework for adapting pre-trained generative models
for scientific tasks. Our contribution is a model-agnostic physics-injection module
that employs Langevin dynamics at inference time to steer predictions toward
physically consistent solutions without costly retraining. We provide theoretical
guarantees for convergence under physical constraints and empirically validate our
method across multiple synthetic partial differential equations and climate systems,
offering insights into the synergy between machine learning and physics-based
sampling for scientific applications.

1 Introduction

Time series forecasting is a critical component of scientific advancement [1} 2], especially in fields
like climate science [3]], where accurate predictions are essential for understanding and mitigating
the impacts of climate change. The advent of large-scale, pre-trained Time Diffusion Transform-
ers (TimeDiT) [4] has shown immense promise. However, scientific time series data are often
characterized by a unique set of challenges that these general-purpose models do not inherently
address:

e Data Scarcity: High-fidelity climate simulations and observations can be prohibitively
expensive to obtain, leading to limited datasets for fine-tuning.

* Physical Consistency: Forecasts must adhere to fundamental physical laws, such as conser-
vation of energy and mass, to be considered valid and trustworthy.

* Imperfect Data: Real-world data are often incomplete, with missing values and irregular
sampling intervals that can confound standard models.
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Algorithm 1 Physics-Informed Energy-based Sampling

I: zr ~ N(0,1)

2: fort=1T,...,1do

3: z~N(0,I)ift > 1,elsez=0

4: x4 = \/%T (wt — %eg(wt,t)) + o012

5: end for

6: forj =0,1,....,k—1do

7. 2l =2l 4 eVK (257 2°) + eV log p(zi7 [2°7%) + V2e0,0 ~ N(0,1)
8: end for

9: return i

Although large-scale time series foundation models, such as Moirai [S]], Chronos [[6] and TEMPO [7]],
are adept at capturing intricate data distributions, even from irregular inputs, they lack an intrinsic
mechanism to ensure their predictions adhere to fundamental physical laws. In contrast, approaches
like Physics-Informed Neural Networks (PINNs) [8] integrate physical laws directly into the training
objective, but this often comes at the cost of data efficiency and forgoes the significant advantages of
leveraging a powerful, pre-trained foundation model.

We bridge this gap with PINFDiIT (Physics-Informed Diffusion Transformers), a framework that
elegantly incorporates physics knowledge into pre-trained diffusion transformers through inference-
time guidance rather than architectural modifications. This approach preserves the expressive power
of foundation models while ensuring predictions remain consistent with governing physical laws.
Our contributions advance the intersection of probabilistic inference and scientific computing by:
(1) establishing a principled connection between diffusion-based generative models and classical
Langevin sampling through physics constraints, (2) demonstrating how learned representations
accelerate traditional physics-based sampling in climate applications, and (3) providing rigorous
theoretical guarantees for convergence under physical regularization.

2 Methodology: From Pre-trained TimeDiT to Physics-Informed Inference

The PINFDIT framework is
designed to transform a pre-
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the pre-trained model and
enhances it with a novel
physics-informed sampling
module. Physics principles fundamentally govern the evolution of temporal signals in scientific
phenomena like climate patterns and oceanographic data. Integrating this physical knowledge into
foundational time series models is therefore essential. In this section, we develop a decoding method
ensuring that x® generated by PINFDIT satisfies physical law constraints. Unlike the previous SBI
solution [9, [10], which requires access to a faithful, differentiable simulator, we target the state-
trajectory distribution directly by incorporating physics knowledge as an energy-based prior during
inference. This follows the paradigm of separating general model learning from targeted physical
refinement at inference time, thus can be treated as a plugin mechanism requiring no architectural
modifications or retraining.

Figure 1: Physics-informed sampling with the pre-trained TimeDiT.

Generalized Goal of Physics Injection for Time Series: We first start with a brief introduction to
physical laws and PDE. A generic form of a physical law represented as a PDE that describes the
evolution of a continuous temporal signal x(u, t) over a spatial coordinate u is given by:
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Based on this PDE representation of physical knowledge, the consistency between the predicted time
series x"™" and the physics knowledge can be quantified using the following squared residual function:
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This function reaches its maximum when the predicted time series is perfectly consistent with the
physical model, resulting in a residual of 0. Using this metric K, physics knowledge can be integrated
into a probabilistic time series foundation model p(x'|x°") as an explicit regularization by solving
the following optimization problem to obtain a refined model ¢(x""|x°"):

Q" |x) = arg ma By K (x*; F) — aDier (a(x*x™)][p(x*[x")) 3

where the first term represents the aforementioned physics knowledge metric, and the second term controls the
divergence between g(x™|x*") and p(x"|x").

Closed-Form Langevin Correction via Boltzmann Energy Distribution: However, directly updating the
model parameters to optimize the above function is resource-consuming. To solve this issue, we derive the
closed-form solution, which does not need to update the model parameters. The above optimization problem has
a closed-form solution as provided by the following theorem:

Theorem 2.1 (Boltzmann Energy Distribution). The optimal q(x""|x°") in Eq is the Boltzmann distribution
defined on the following energy function: E(x'";x°") = K (x'*"; F) + a/log p(x'"|x°™), in other words,
the optimal q(x"*" |x°™) is:

tar|cony __ -
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where Z = [ exp(K(x"*"; F) 4+ alog p(x"*"|x°°"))dx"*" is the partition function.

q(x xp(K (x""; F) + alog p(x"*"[x*")), 4)

The theorem illustrates that sampling from the Boltzmann distribution is analogous to incorporating physics
knowledge into model edition. In the context of diffusion models, this distribution can be effectively sampled
using Langevin dynamics [[11]:

x5 = x5+ eViog ¢(x™x™") + V2e0,0 ~ N(0,1)

. o ary &)
=x§" + VK (x]"; x") + aeV log p(x"|x™") + V2e0,0 ~ N(0,1)

where o ~ N(0,1). In diffusion model, precisely calculate the likelihood log p(x"|x*") is intractable. To
tackle this issue, following previous works [12], we approximate likelihood with the objective to edit the
pre-trained diffusion model: log p(x*™|x™") = —E. [||es (x*™, t; x°**) — €||?]. The approximation presented
above constitutes the optimizable component of the evidence lower bound(ELBO). Algorithm [T] summarizes the
comprehensive model editing process. By integrating physics knowledge through Langevin dynamics during
inference, we achieve a physics-consistent refinement without compromising the model’s ability to learn from
data and generate diverse, physically plausible scenarios.

Theoretical Guarantees and Model-Agnostic Convergence Properties: We now present theoretical guarantees
for our diffusion model’s convergence properties and it can be easily extended to other models:

tar

Theorem 2.2 (Physics-Informed Inference Plugin Convergence). Let po (x“"|x°™") be the conditional distribution
defined by a pre-trained diffusion model with score function €g. Let I represent a physical law with residual
function K(x""; F) in Eq.@). For the physics-informed plugin with step size € and N refinement steps, the
samples of Langevin dynamics Eq.([3) converge to the optimal goal of Eq.([3), with a convergence rate of:
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where qn is the distribution after N refinement steps and d is the effective dimension of x
represents the squared error in the score estimation.

2
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When we set the step size (line 7 in Algo. 1) e = (N ~/2) [13], the converge rate can be O(N ~*/?). The
critical connection between statistical convergence and physical accuracy is established in Lemma[2.3] which
demonstrates that improvements in KL divergence directly translate to enhanced physical consistency:

Lemma 2.3 (Residual-Variance Coupling). Let 7 = 0;x — F(-) be the physical residual of any sample x ~ q.
If F is L-Lipschitz and the surrogate bias is 0, then for all q absolutely continuous w.r.t. ', Varq[F] <

2L° Dxi(q || ¢°) +4L76°.

We establish a direct relationship between statistical convergence and physical consistency: each v/ N-step
improvement in KL divergence systematically reduces the variance of the physics residual, ensuring that our



refinement process progressively enhances the physical validity of our predictions. This relationship offers
practitioners a clear interpretability pathway: improvements in model convergence directly translate to enhanced
physical consistency, allowing users to understand how refinement steps progressively reduce violations of
physical laws. We extend the theorems to establish that pas (x*|x°*") can represent the conditional distribution
defined by other models M, making our approach model-agnostic. The complete model-agnostic proofs are

provided in Appendix[B.3]and [B.4}

3 Experiments

To validate our framework in a challenging, real-world scenario, following [14], we obtain the ERAS dataset
from WeatherBench2 at a resolution of 5.625 degrees (64x32 grid points), following established protocols
with this data split: training data from 2006-2015 (10 years), validation data from 2016 (1 year), and test data
from 2017-2018 (2 years). In this work, we focus exclusively on the 2-meter temperature (t2m) variable. This
benchmark is critical for assessing a model’s ability to capture the complex dynamics of the Earth’s climate
system. The physics knowledge was incorporated by enforcing momentum conservation through a quasi-
geostrophic approximation of the Navier-Stokes equations during inference. We compared our full PINFDiT
framework against two state-of-the-art climate forecasting models, ClimaX and ClimODE, as well as an ablated
version of our own model without the physics-injection module (PINFDiT w/o physics). Performance was
measured using the Anomaly Correlation Coefficient (ACC) at different forecast horizons.

Table 1: Performance comparison on ERAS 2m temperature prediction

Model 6h ACC 12h ACC 24h ACC
ClimaX 0.920 0.900 0.890
ClimODE 0.970 0.960 0.960
PINFDIT (w/o physics)  0.985 0.984 0.985
PINFDIT (full) 0.987 0.987 0.987

The results clearly demonstrate the superiority of the PINFDIT framework. The base pre-trained model already
outperforms existing specialized climate models. Critically, the addition of our physics-injection module
provides consistent improvements across all time horizons. The physics-informed sampling provides consistent
improvements, particularly for longer horizons where maintaining physical consistency becomes crucial for
preventing error accumulation and divergence from realistic climate trajectories.

3.1 Generalization on Proposed Physics Injection Method

Table 2: PINFDiT’s performance on Zero-shot CFD with different parameters.

Model MSE | RMSE | MAE | CRPS | CRPS_sum | MSE | RMSE | MAE | CRPS | CRPS_sum
1 = 0.0010(Low), ¢ = 0.0010(Low) 1 = 0.0100(High), ¢ = 0.0010(Low)

DDPM  0.0076 [ 0.0874 [ 0.0720 | 0.1012 | 0.0988 | 0.0035 [ 0.0588 | 0.0485 [ 0.0764 | 0.0622

DDIM  0.0590 | 0.2428 | 0.2340 | 0.3663 | 0.3918 | 0.0370 | 0.1923 | 0.1843 | 0.3119 | 0.3320

TSDiff  0.2844 | 0.5333 | 0.5256 | 1.0000 | 1.0000 | 0.2268 | 0.4762 | 0.4747 | 0.9999 | 0.9999
PINFDiT  0.0046 | 0.0681 | 0.0558 | 0.0859 | 0.0755 | 0.0030 | 0.0547 | 0.0450 | 0.0714 | 0.0571
77 = 0.0010(Low), ¢ = 0.0100(High) 7 = 0.0100(High), ¢ = 0.0100(High)

DDPM 0.0052 | 0.0719 | 0.0598 | 0.0910 0.0816 0.0042 | 0.0652 | 0.0530 | 0.0821 0.0719
DDIM 0.0464 | 0.2154 | 0.2043 | 0.3436 0.3694 0.0401 | 0.2002 | 0.1901 | 0.3227 0.3421
TSDiff 0.2497 | 0.4997 | 0.4858 | 0.9999 0.9999 0.2304 | 0.4800 | 0.4766 | 0.9999 0.9999
PINFDIiT  0.0046 | 0.0679 | 0.0559 | 0.0857 0.0764 0.0038 | 0.0613 | 0.0493 | 0.0772 0.0661

To validate PINFDiT ’s ability to capture complex physical dynamics, we evaluated its performance on zero-shot
CFD prediction tasks across varying physical parameters. The demonstration of CFD flow can be found at
Figure[2] We systematically tested two key parameters that govern fluid behavior: diffusion coefficient (7)) and
oscillation frequency (¢). Higher n values produce smoother solutions with increased diffusion, while lower
values create sharper gradients; higher ¢ values generate higher frequency oscillations with smaller structures,
while lower values result in lower frequency oscillations with larger structures. As shown in Table[2] PINFDiT
consistently outperformed baseline models with different sampling strategies (DDPM [15]], DDIM [16]], and
TSDiff [[12]) across all parameter configurations, demonstrating its robust ability to adapt to different physical
regimes without retraining. Notably, PINFDiT maintained superior performance even in the most challenging
scenario with high oscillation frequency (¢ = 0.0100) and low diffusion (n = 0.0010), where sharp gradients
and complex small-scale structures coexist. These results confirm PINFDIT ’s effectiveness in incorporating



physical constraints and capturing the underlying dynamics of complex fluid systems, highlighting its potential
for scientific applications requiring accurate simulation of physical phenomena.

4 Conclusion

The PINFDIT framework represents a significant step forward in making general-purpose time series models
suitable for scientific applications. By augmenting a powerful pre-trained diffusion transformer with a flexi-
ble, inference-time physics-injection module, PINFDIT effectively addresses the key challenges of scientific
time series analysis. For future work, we see several exciting directions for cross-disciplinary collaboration.
Extending the physics-informed sampling framework to a broader class of physical constraints and exploring
more sophisticated sampling methods are promising avenues. Additionally, developing a deeper theoretical
understanding of the interplay between data-driven priors and physics-based constraints will be crucial for
building the next generation of scientific machine learning models.
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A Related Work

Physics-Informed Machine Learning. Physics has traditionally been injected into machine learning sys-
tems during training by augmenting the loss with PDE residuals, as in physics-informed neural networks
(PINNGS) [17], operator learners such as DeepONet [18] and FNO [19], or more recent physics-aware transform-
ers [8]. NeuralODEs [20}[21] and their extension, Neural CDEs [22], explicitly model latent dynamics as ordinary
or controlled differential equations, thereby embedding continuous-time evolution into the network design.
When the vector field is further regularised to respect conservation laws or Hamiltonian structure [23} 24]], the
resulting trajectories satisfy first-principle constraints throughout training, akin to PINNs and operator learners.
In contrast, we follow the emerging line of inference-time debiasing that corrects a frozen surrogate without
retraining; Simulation-Calibrated SML [25]] and Monte-Carlo importance pinning [26] exemplify this idea but
have so far been limited to low-dimensional surrogates. Diffusion-based generators have also been coupled
to physical laws, e.g. SDEdit-PDE [27] and FluidDiffusion [28]], yet these works focus on single snapshots or
images rather than long, irregular time series. Orthogonally, simulation-based inference (SBI) methods such
as SNPE [29]], CSBI [30] and LFBC [9] exploit mechanistic simulators to learn parameter posteriors. Finally,
hybrid forecasters that blend neural predictors with numerical weather models or other filters [3|[31] illustrate
the benefits of combining data-driven and physics-based cues. Distinct from all prior art, PINFDiT marries a
large-context transformer with a diffusion prior and a plug-and-play Langevin corrector: physics enters only
through an energy term, giving a model-agnostic, zero-retraining route to enforce conservation laws while
preserving the generative flexibility of foundation models.

Diffusion models for Time Series. Despite growing interest in diffusion models across various scenar-
ios [32} 133] 134} 35]], their application in time series analysis remains less explored compared to pre-trained
language models [36} 137,138} 391 140]]. Most existing studies also focus solely on forecasting and the choice of
backbone model also varies among VAE[41]], RNN[42]], and transformers. Recently, CSDI [43] first utilizes a
diffusion model for time series imputation with a self-supervised approach. SSSD [2] combines the structured
state space model with the diffusion model for imputation. ImDiffusion [44]] leverages diffusion models as time
series imputers to achieve accurate anomaly detection. D*VAE [41]] proposes a generative time series forecasting
method on top of VAE equipped with the diffusion model. Meanwhile, DiffusionTS [45]] incorporates decom-
position into the diffusion model to improve interoperability. Although TSDiff [12] build a diffusion pipeline
for multiple tasks with refinement, they still train different models for each task. Based on our knowledge, no
unified diffusion transformer model has yet been explored for a comprehensive set of time series tasks. For a
thorough literature review on diffusion models in time series analysis, please refer to [46].

B Discussion on Physics-Informed PINFDiT

The tension between physical constraints and learned distributions in PINFDiT is managed through a sophisti-
cated energy-based optimization framework that combines two key components:

* the physics knowledge represented by function K (z*'; F'), which measures PDE residuals for physical
law conformity

* the learned probabilistic distribution p(x™|z°*") from the diffusion model

This balance is achieved through an energy function:
E(:Clar; .ZTCO“) — K(xlar; F) + alogp(xtar|xcon)

where the parameter « controls the trade-off between physical consistency and distribution fidelity.
Rather than directly modifying model parameters, PINFDiT implements this balance through an iterative
sampling procedure that:

1. starts with samples from the learned distribution

2. gradually refines them using physical gradients while maintaining probabilistic characteristics
This approach allows the model to generate samples that respect both the learned patterns in the data and the

underlying physical laws without significantly compromising either aspect, ultimately resolving the tension
through a theoretically-grounded Boltzmann distribution as the optimal solution.

B.1 Empirical Results on Convergence Characteristics

The convergence plots in Figure 3| comparing the Navier-Stokes (NS) and 1D-Vorticity simulations demonstrate
strong alignment with the theoretical O(N -y 2) convergence rate expected for numerical simulations. Both

models exhibit a clear linear relationship when error metrics (MAE and MSE) are plotted against N /2 as
indicated by the red dashed trend lines. Notably, the NS simulation displays nearly perfect linear scaling for
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Figure 2: The two key parameters that govern CFD behavior: diffusion coefficient (1) and oscillation
frequency (¢). Higher ) values produce smoother solutions with increased diffusion, while lower
values create sharper gradients; higher ¢ values generate higher frequency oscillations with smaller
structures, while lower values result in lower frequency oscillations with larger structures.
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Figure 3: Empirical Convergence Analysis of NS and 1D-Vorticity Models. Both results demonstrate
linear relationships consistent with theoretical expectations, with the NS simulation showing stronger
linearity but higher absolute error values compared to the 1D-Vorticity simulation, reflecting differ-
ences in their underlying physical complexity.

both MAE and MSE, suggesting the numerical errors decrease predictably as the number of time steps increases.
In contrast, the 1D-Vorticity model shows a slight deviation from perfect linear convergence, with a flattening
of the curve at intermediate values of N. This behavior indicates that the 1D-Vorticity simulation may be
approaching a lower error bound more rapidly than the NS model or encountering additional error sources
that aren’t purely time-step dependent. While both methods converge at the theoretical O (N -t/ 2) rate, the
1D-Vorticity simulation achieves lower absolute error with the same computational budget. These results confirm
that both models follow the expected theoretical convergence rate, while revealing important differences in their
numerical behavior that reflect the underlying physical complexity and implementation characteristics of each
approach.

B.2  Proof of Physics-Informed PINFDIT Theorem [2.1]

Theorem B.1. The optimal q(x
function:

tar con
|x

) in Equ is the Boltzmann distribution defined on the following energy

E(Xt(”‘; xcon) — K(XtaT; F) +o logp(xtar|xcon) (7)



in other words, the optimal q(x"*" |x°°™) is:

anr con 1 ar ar con
TXET) = — exp(K (x5 F) + alog p(x" [xT)), (®)

where Z = [ exp(K (x'*"; F) + alog p(x"*"|x°°™))dx"*" is the partition function.

q(x

Proof. Let us consider the objective function:

O(q(ylr)) = Eynq(yo) K (y) — aDrr(q(yle)||p(ylx))

=Ey g K(y) — /y q(y|z) log(zgli; )dy

®

- / 9(y|z) (K (y) + alog p(y|z) — arlog g(y|x))dy

Yy

We try to find the optimal ¢(y|z) through Lagrange multipliers. The constraint of the above objective function is
that g(y|x) is a valid fy q(y|z)dy = 1. Thus, the Lagrangian is:

L(ala), ) = / aWln)[K (y) + alogp(ylz) — o log a(yl)ldy — A( / a(ylz)dy — 1)

y y (10)
- / WlD)[K (y) + o logp(ylz) — aloga(ylz) — Ag(ylx)ldy + A

We define f(q(ylx),y,A) = q(ylz)[K(y) + alogp(ylr) — alogq(ylz) — Al + Ah(y)], where h(y) can
be the density function of any fixed distribution defined on the support set of y. Therefore, L(q(y|z), A) =
/ o (q(y|z),y, A)dy. According to Euler-Lagrange equation, when the above Lagrangian achieve extreme point,

we have: of
9 = K(y) + alogp(y|r) — alogq(ylz) = A —a =0 an

Thus, we have:
alogq(ylz) = K(y) + alogp(ylr) —logq(ylr) — A —a

ayl) = exp(L K (y) + logp(ylz) — 2 ~ 1) 1)

(%

= ————ex
exp(% +1)
Meanwhile, since fy q(y|x)dy = 1, we have:

p(-- K (y) + log p(y]2))

1 A
/eXp(aK(y) +logp(yle) — = —1)dy =1
Y
1 1 (13)
eXlNgiJrl)/yexp(aK(z,/)Jrlogp(ylav))dy:1

Thus, we have exp(2 + 1) = fy exp( K (y) + log p(y|z))dy = Z, leading to:

q(ylz) = %exp(K(y) + alogp(ylz)), Z = /eXP(K(y) + alog p(ylz))dy (14)

Note that F' represents fixed knowledge for a given domain so it remains constant during the optimization
process and doesn’t need to be considered as a variable in the proof. O

B.3 Proof of Physics-Informed Refinement Plugin Theorem 2.2]

We now present a theoretical framework for applying physics-informed refinement to any time series prediction
model, establishing its model-agnostic nature.

Assumption 1 (Regularity Conditions). We assume that K (x; F') and log pyr are L-smooth (have Lipschitz
gradients) and satisfy a mild dissipativity/coercivity condition such as (x, VU (x)) > m||x||* — bfor U =
—K — alogpar, where m > 0 and b are constants.

Assumption 2 (Score Approximation). For any model M, we assume the score function can be approximated
such that ||V log par — V1ogpar||2 < Escore-

Theorem B.2 (Physics-Informed Inference Plugin Convergence). Let pas (X' |x”") be the conditional distribu-
tion defined by any time series model M (diffusion model, transformer, RNN, etc.). Let F represent a physical

. . . . o ax'ar ax!ar 82 tar 2
law with residual function K (x'"; ') = —|| %5~ — F(t,x", u, 5, au,:tc)uj , )5
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Under Assumptionsand EI for the physics-informed plugin with step size ¢ = O(N - 2) and N refinement
steps:

xj = x5 + eVK(x]; F) + aeVlog pu (x5 |x“") + V2e 05 (15)

tar

where o ~ N (0, 1), the resulting samples converge to the distribution q* (x that minimizes:

| X(‘(m )

L(q) = —Exurg[K(x""; F)] + aDxcr (q(x"[x™") || par (x"[x"")) (16)

with a convergence rate of:

* deff 2 )
D <O — +5r(‘ore 17
wu(aw 147) < (ﬁ , a”

where qn is the distribution after N refinement steps and d.g is the effective dimension of the state space after
considering any dimensionality reduction techniques employed.

Proof. The proof follows standard Langevin dynamics convergence results [[13], adapted to our setting:

Target distribution: The Boltzmann distribution representing the optimal balance between physics compliance
and model fidelity, where Z is the normalization constant:

* ar con 1 ar ar con
g (x™x*N) = Eexp(K(xl i F) + alog par (x™]x°")) (18)

Langevin dynamics convergence: For the Langevin dynamics:
x; 1 = x;" 4+ eViogg™ (x|x*") + V2e o; (19)

It is known from statistical physics that these dynamics sample from the distribution ¢* in the limit of infinite
steps. Specifically, the dynamics are simulating the stochastic differential equation (SDE), where W; is a
standard Wiener process:

dx; = Vlog ¢* (x:|x*")dt + /2 dW; (20)

Convergence rate: Under the regularity conditions in Assumption [T]and score approximation in Assumption 2}
for Langevin Monte Carlo (LMC) with step size ¢, the convergence rate is:

. de
Dki(gn [|¢) <O ( ]Q‘e + desre® + 52) @1
Optimal rate: With e = O(N /) [13]:
* de —_
Dxu(gn [|¢") <O ( \/% + 52) =O(N~'?), (22)

ignoring dimension-dependent factors for simplicity. The additional error term is bounded for model M and
does not affect the O(N ~'/2) convergence rate

tar

Model-dependent approximation: For different model types, approximating V log pas (x™|x")

|x°") will vary:

Lemma B.3 (Score Approximation for Different Model Architectures). For the following model architectures,
the score function V log pay (X' |x") can be approximated as follows, each with bounded error €score under
appropriate conditions:

1. Diffusion Models: For a diffusion model with noise prediction network eg,

con )

]‘ con
Vlog par (xe|x™) = ——geo(xe, 8, x™) (23)

b
with error bound €score = O(||€9 — €7||2), where €* is the optimal score function.

2. Autoregressive Models: For an autoregressive model with token probabilities p(x;|x<;, x“")

>

T
V log pam (x|x°") ~ Z Va, log p(x;|r<i, x™) (24)

i=1

with error bound escore = O(7) when using finite differences for approximation.
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3. Energy-Based Models: For an energy-based model with energy function Eg(x,x"),
Vlogpum (x|x“") = =V Eg(x,x") (25)
with no approximation error when the energy function is differentiable.
4. Variational Autoencoders: For a VAE with encoder q,(z|x) and decoder po(x|z),
Vlog par (x[x“") & E. g, (2 fx,xon) [V log po (x] 2, x")] (26)

with error bound egcore = O(Dk1.(go(z|x,x“")||p(2]%, x"))).

O

Remark 1 (Non-Convexity). When K or — log pys is non-convex, Langevin dynamics can still converge with
the stated rate, but constants in the bounds may depend exponentially on the energy barriers in the landscape,
potentially affecting mixing times in practice.

Remark 2 (Model-Agnostic Nature). The convergence guarantees in Theorem@depend only on properties
of the physics operator F, the number of refinement steps N, and the score approximation error €score. They
are independent of the specific architecture, training procedure, or internal structure of the model M. This
establishes that our physics-informed plugin approach is truly model-agnostic.

Unlike previous approaches that incorporate physics constraints directly into specific model architectures (e.g.,
physics-informed neural networks or physics-constrained transformers), our method provides a model-agnostic
refinement plugin that can be applied to any time series model that provides a way to approximate its score
function. This fundamental shift in approach allows practitioners to leverage state-of-the-art advances in time
series modeling while still ensuring physical consistency, without requiring specialized architecture modifications

B.4 Proof of Residual-Variance Coupling Lemma 2.3]

Lemma@connects KL convergence to physical accuracy, showing that improvement in KL directly improves
physics compliance. This addresses the key concern: "Does better convergence actually mean better physics?"

Lemma B.4 (Residual-Variance Coupling). Let 7 = 9yx — F(-) be the physical residual of any sample x ~ q.
If F is L-Lipschitz and the surrogate bias is 9, then for all q absolutely continuous w.r.t. ¢',

Varg[r] < 2L° Dxi(q || ¢') +4L°6°. @7
Implication: every v/ N-step improvement in KL directly squeezes the variance of the physics residual.

)

Proof. By definition, the variance of the residual under distribution g is:

Varq[ﬂ = ]EQ[H?_ EquQ] < EQ[H?HQ]
Let 7" = 9yx — F'(-) be the residual under the target distribution ¢*. By the definition of ¢*, we know that
Eq+ [|I7*||?] < 62, where § represents the bias of the surrogate model.

Now we can decompose the expected squared residual:

B [1717] = [ 1760 Pax)ax e8)
= 7(x)|Pq* (x 4(x) X
= [1e0IPa 60 2 9)
—E.. | 1I7(x 2 q(x)
=5 I7eol 22 60)

Using Pinsker’s inequality, we have:

Lﬂw—ﬂﬂwg 2D (a7)

Since F'is L-Lipschitz, we know that for any x and y:

[7(x) =7l < Lllx =yl
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Combining these results with the triangle inequality, we can bound the difference between the expected squared
residuals:

IE[I717] — Eq-[I7 2] < 2L ﬂq<x> — ¢ ()] dx 31)
< 2L%\/2Dxw(qllq") (32)

Therefore:
Varg[F] < Eq[[I7]]] 33)
< Eg[I7I1°] + 2L v/2Dxw(gllq) (34)

< 6% +2L°\/2Dkw(qllq) (35)

Using the inequality /z < 1 + 2/2 for z > 0, we get:

Var,[F] < 6%+ 2L (1 + w%@nqg (36)
= 6%+ 2L + 2L Dk (g q) ey
< 4L26° + 2L%Dxw(q||q) o9

where in the last step we used the fact that for small enough 6, we have 6 4+ 2L% < 4L%§2.
Thus, we have established:
Varg[r] < 2L* Dxi(q || ¢°) +4L%5°

This shows that as the KL divergence between ¢ and ¢* decreases at rate O(N -t/ 2), the variance of the physical
residual also decreases at the same rate, directly linking statistical convergence to physical accuracy. O

B.S PDE Equations in Synthetic Simulators

We use the following equations to generate samples with 40 spatial resolutions and 192 timesteps for evaluating.
The Diffusion-Sorption equation can be expressed as:
ou 0%u

5% D@ —ksu 39)

where w is the concentration, D is the diffusion coefficient, k is the sorption rate coefficient. Initial conditions
are set as a Gaussian distribution:

u(z,0) = 6750@570.5)2 (40)
The boundary conditions are zero-flux (Neumann boundary conditions):
ou ou
Zlr=0="lr=L=0 41
oz |" oz |" “D

where L = 1 is the domain length.

The Kolmogrov Flow is a specific case of Navier-Stokes (NS) equation. More specifically, it is described by:

u(z,y,z,t) = (fg—zf, %,0) 42)
where the psi is the flow function. It is usually set as:
U(z,y, z,t) = Asin(kzx) cos(zy + wt) (43)
where A, k, w are hyperparameters.
The Vorticity equation is:
%—C: +(u-Vw= vViw (44)

where w represents vorticity, u is the velocity field, and v is the kinematic viscosity coefficient. This equation
describes the evolution of vorticity in fluid flow, capturing the rotational motion central to turbulence formation.
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The Computational Fluid Dynamics (CFD) equation implemented in the code can be expressed as:

ou Ou o*u .
e + Up ~Npa = sin({x) (45)

where:

7 is the viscosity parameter (analogous to v in the Burgers equation). F(z) = sin({x) is the forcing term
derived from Kolmogorov flow. Initial conditions are set as:

u(z,0) = sin(z) + 0.5sin(2z) + €(z) (46)
where €(z) is random noise sampled from normal distribution A/(0, 0.25).

B.6 Physics Knowledge in the Climate Case

The Navier-Stokes equations describe the motion of viscous fluids and form the foundation of atmospheric
dynamics. Therefore, incorporating Navier-Stokes constraints provides a physically-grounded approach to
ensure that predictions of atmospheric variables (wind velocity, pressure, temperature) respect the underlying
fluid dynamics.

For practical implementation, we adopt a quasi-geostrophic approximation commonly used in meteorological
modeling for large-scale flows, rather than the full Navier-Stokes equations in spherical coordinates. Our
physics-guided correction focuses on enforcing momentum conservation through the simplified momentum
equation:

%+(u.v)u:—%Vp+uv2u+f @7

where:

* u: velocity vector (wind speed)

e t: time

e Vp: pressure gradient

+ p: fluid density (1.225 kg/m?® for standard atmosphere)
* v: kinematic viscosity (1.5 x 107> m2/s for air)

¢ f: external forces (e.g., Coriolis force)

The physical coefficients are derived from established climate physics knowledge. For instance, the density

p = 1.225kg/m® appears in the pressure-gradient term — (%) Vp and momentum storage pu, while the
viscosity v = 1.5 x 107° m? /s multiplies the diffusive term »V*u that dampens small-scale shear.

To use this in our framework, we define a physical residual function K (Ttqr; F') that penalizes deviations from
this law. This is done by computing the left-hand side and right-hand side of the equation using the model’s
predicted time series data T+, and aiming to minimize the difference between them. The physical constraints
are incorporated by penalizing residuals through a physics-based energy term, which steers generated samples
towards physically consistent solutions.

C Background on TimeDiT

TimeDiT [4] is a sophisticated foundation model designed specifically for multiple time series tasks, built
upon a hybrid architecture that integrates a transformer with a diffusion model. This combination leverages
the transformer’s powerful ability to capture complex temporal dependencies across long sequences, while
simultaneously utilizing the diffusion model’s strength in probabilistic sampling to effectively model the inherent
uncertainties often overlooked by deterministic autoregressive models. A core innovation of TimeDiT is its
unified and comprehensive Time Series Mask Unit, which employs multiple masking strategies (random, block,
stride, and reconstruction) to handle the practical challenges of real-world time series, such as missing values,
irregular sampling, and multi-resolution data. This versatile masking system allows a single, pre-trained model
to harmonize its learning process across diverse downstream tasks—from forecasting and imputation to anomaly
detection—without requiring task-specific architectural changes. Architecturally, it uses an embedding layer that
directly maps time series data into a continuous space without vector quantization to preserve data integrity, and it
incorporates conditional information through adaptive layer normalization (AdaLN) for more effective temporal
guidance. By demonstrating strong performance in zero-shot forecasting scenarios, TimeDiT establishes itself as
arobust, general-purpose tool that successfully bridges the gap between broad foundation models and specialized,
domain-specific approaches, providing accurate predictions with well-calibrated uncertainty quantification.
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D Metrics

Anomaly correlation coefficient (ACC) The latitude weighted ACC for a forecast variable v at forecast
time-step [ is defined as follows:

) _ Em,n L(m)xpredxlrue
\/Zm,n L(m)xﬁmd Zm,n L(m)Xthue

ACC( 8)

where Xpre‘mm = Xpreanrue — C represents the long-term-mean-subtracted value of predicted (/true) variable v.
While C' = % Ziv Xire 18 the climatology mean of the history.

MAE describes the mean absolute error that measures the absolute difference between ground truth and
prediction.

1< X
MAE = — > i — il (49)
=1

MSE describes the mean squared difference between ground truth and prediction.

R o PR

i=1

RMSE s the sqaure root of MSE.

1 X
=~ (i = i) (51

Computations of CRPS We explain the definition and calculation of the CRPS metric. The continuous
ranked probability score (CRPS) assesses how well an estimated probability distribution F' aligns with an
observation z. It is defined as the integral of the quantile loss Aa (g, 2) := (o — 1.<4)(z — q) over all quantile
levels a € [0, 1]:

1
CRPS(F ™', x) = / 200 (F~ (), z) da (52)
0

where 1 represents the indicator function. We then calculated quantile losses for quantile levels discretized in
0.05 increments. Thus, we approximated CRPS as follows:

19
1 1 —1,.
Next, we computed the normalized average CRPS for all features and time steps:

>t CRPS(F | 1)
Zk,l |k,

where k and [ denote the features and time steps of the imputation targets, respectively. The lower the CRPS, the
more accurate the model, i.e., the closer the predicted probability is to the observed outcome.

CRPS Score =

(54

Computations of CRPS_sum CRPS_sum measures CRPS for the distribution F' of the sum of all K
features, calculated by:

>, CRPS(F~'. 5", ak)
Zk,l |k,

where >, .1 is the total of the forecasting targets for all features at time point /.

CRPS_sum Score = (55)
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