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Abstract

In this paper, we consider the setting of piecewise
i.i.d. bandits under a safety constraint. In this piece-
wise i.i.d. setting, there exists a finite number of
changepoints where the mean of some or all arms
change simultaneously. We introduce the safety
constraint studied in |Wu et al.| [2016] to this set-
ting such that at any round the cumulative reward is
above a constant factor of the default action reward.
We propose two actively adaptive algorithms for
this setting that satisfy the safety constraint, detect
changepoints, and restart without the knowledge
of the number of changepoints or their locations.
We provide regret bounds for our algorithms and
show that the bounds are comparable to their coun-
terparts from the safe bandit and piecewise i.i.d.
bandit literature. We also provide the first matching
lower bounds for this setting. Empirically, we show
that our safety-aware algorithms perform similarly
to the state-of-the-art actively adaptive algorithms
that do not satisfy the safety constraint.

1 INTRODUCTION

Consider a startup XYZ that wants to maximize revenue
collection from ad placements when users land on their
webpage. Revenue is generated when users click on the
ads. The user preferences change over time but not quickly
enough so that XYZ can focus on maximizing the revenue

collection for some time before changing its strategy again.

To do this XYZ must detect the user’s new preferences
and modify its suggestions. Due to budget constraints XYZ
must make sure that the aggregate revenue collection must
not fall below a certain threshold. The difficulty is that
XYZ does not know placing which ads will surely result
in revenue above the threshold. This constrains XYZ from

randomly placing different ads on their landing webpage.

On consultation with the industry experts XYZ comes up
with a default action that is known historically to be a highly
favored by users. Hence, XYZ comes up with a new safety
constraint such that when their algorithm is unsure of which
ad to place for some user it can fall back on this default
action. The learning algorithm now has to balance between
exploration under safety constraints and exploitation in this
slowly changing environment.

The dilemma faced by XYZ can be modeled as a sequen-
tial decision making problem in the piecewise i.i.d. ban-
dit setting under safety constraints. In the piecewise i.i.d.
bandit setting the learner is provided with a set of arms
i€{0,1,2,..., K} where we index the default arm (base-
line) as ¢ = 0, and there exists a finite number of change-
points where the mean ; of one or more arms may change
simultaneously. At every round s € {1,2,...,T} the
learner selects an action I, € {0,1,2,..., K} and observes
the feedback X7_(s) where E[ X7, (s)] =: ur, (s). Define i*
as the optimal arm such that y;« (s) > u;(s) for all ¢. The
goal of the learner is to maximize reward by quickly finding
the optimal arm ¢* under the following safety constraint

t

> Xr(s)=(1—a)> Xo(s) 1)
s=1

s=1

forallt € {1,...,T}, where a € (0, 1] is the risk parame-
ter, and 7 is the horizon. The constraint in eq. (I)) represents
how much the learner is allowed to risk in conducting the
exploration. For example, if o — 0O the learner is expected
to sample arms that are at least better than the baseline arm
0. The baseline arm represents expert’s belief over the cur-
rent user preferences and may change over time. Similar to
the setting of Wu et al.| [2016] we assume that the mean of
the baseline arm is not known to the learner. Note that[Wu
et al.|[2016] is not suited for the piecewise i.i.d setting. By
change of belief of the expert we mean that only the value
of the baseline arm changes and not the index.

The challenge in our setting is three-fold: 1) Ensure that
the safety constraint (T) on cumulative reward is satisfied.

Accepted for the 38" Conference on Uncertainty in Artificial Intelligence (UAI 2022).


mailto:<smukherjee27@wisc.edu>?Subject=Your UAI 2022 paper

Consider the scenario where the risk parameter o = 1. In
this case satisfying the eq. (I)) is easy as choosing any arm
satisfies the constraint. However as @ — 0 maintaining the
safety constraint becomes difficult as exploration becomes
limited or it will violate the safety constraints. 2) Adapt to
the piecewise i.i.d. nature of the environment. Observe that
as the means of arms change abruptly at changepoints the
algorithm must adapt or the safety constraint will be violated.
Further, to detect changepoints the algorithm must conduct
additional exploration without violating the eq. (I). Note
that|Wu et al.| [2016] do not consider any such piecewise
i.i.d. setting. 3) Finally, minimize the cumulative regret by
quickly finding the optimal arm for each of the time segment
between two changepoints. Our contributions are as follows:

1) We formulate the novel piecewise i.i.d. bandit setting
under safety constraints. We show that the current state-of-
the-art conservative algorithms [Wu et al.l 2016] as well as
the changepoint detection algorithms are not equipped to
handle the safety constraint in eq. () in this setting.

2) We propose two actively adaptive algorithms that detect
changepoints and restart by erasing past history of inter-
actions. Simultaneously these algorithms ensure that the
safety constraint is satisfied. The current changepoint detec-
tion algorithms [Besson and Kaufmann, [2019} Mukherjee
and Maillard, 2019} Besson et al.| [2020]] do not take into
account the safety constraint and hence are not suited for
our setting.

3) We provide theoretical guarantees for both of our al-
gorithms and uncover new problem dependent terms that
depends on the optimality gaps, changepoint gaps, the gap of
the baseline arm, and the risk parameter a.. We also provide
the first matching lower bounds for this setting. Empirically
we show that our proposed methods perform comparably
against safety oblivious changepoint detection algorithms.

2 RELATED WORKS

Our work lies at the intersection of two interesting areas:
1) Changepoint detection in piecewise i.i.d bandits, and 2)
Safe Sequential Decision Making. In piecewise i.i.d bandits
it is assumed that the change of mean (drift) of an arm are
well separated and significant enough to be detected. The
previous works in this setting are broadly classified into two
groups, viz. passively adaptive and actively adaptive algo-
rithms. Passively adaptive algorithms such as Discounted
UCB (D-UCB ) [Kocsis and Szepesvari, 2006], Sliding Win-
dow UCB (SW-UCB ) [Garivier and Moulines, |2011]], and
Discounted Thompson Sampling (D-TS ) [Raj and Kalyani,
2017] do not try to detect the changepoints and only fo-
cus on minimizing the regret over a short window of the
time horizon. On the contrary, actively adaptive algorithms
such as EXP3.R [Allesiardo et al., 2017]], CD-UCB [Liu
et al.,)2017|], CUSUM |[Liu et al.,[2017]), M-UCB [Cao et al.,
2018]], GLR-UCB [Besson and Kaufmann), 2019, Besson
et al.l 2020], Ad-Switch [Auer et al.,|2019], and UCB-CPD

[Mukherjee and Maillard, 2019] try to detect the change-
points and restart by erasing all the past history of interac-
tions. Actively adaptive algorithm like GLR-UCB, M-UCB,
UCB-CPD has several advantages over passively adaptive
algorithms. In environments where the changepoint gaps
are large and well-separated the passively adaptive algo-
rithms perform poorly (see [Besson and Kaufmann, 2019]).
The EXP3.R (an adaptive version of EXP3.S [Auer et al.
2002b])) is more pessimistic than other actively adaptive al-
gorithms like UCB-CPD, GLR-UCB as it uses the conserva-
tive exponential weighting algorithm EXP3 for changepoint
detection, and hence, performs poorly in practice. GLR-
UCB uses the Bernoulli generalized likelihood ratio test
involving Kullback Leibler (KL) based divergence function
as changepoint detector. The KL divergence function of
GLR-UCB better exploits the geometry of (sub-)Bernoulli
distributions and so it outperforms M-UCB, Ad-Switch.
Note that none of the above algorithms are safety aware.

The safe sequential decision making setup has recently gar-
nered a lot of attention in machine learning [[Amodei et al.|
2016, [Turchetta et al., 2019]. Closer to our setting are the
works that study regret minimization in bandits under safety
constraints such as|Wu et al.|[2016]], Kazerouni et al.| [2017],
Amani et al.|[2019]], Garcelon et al.| [[2020]. These works
encode their safety requirements in the form of constraints
on the cumulative rewards observed by the learner. This
setup also called conservative bandits as the exploration is
constrained by the constraints on the cumulative reward.
Note that while [Wu et al.| [2016] studies the unstructured
stochastic and adversarial bandit setting, the Kazerouni et al.
[2017]], Amani et al.|[2019], (Garcelon et al.| [2020] study
the linear bandit (structured) setting. Another line of re-
lated work [Moradipari et al., [2020, |Pacchiano et al., 2020,
Khezeli and Bitar, 2020] focuses on the idea of stagewise
safety constraint where at every stage (round) the reward
should be higher than a predetermined safety threshold with
high probability. Note that our setting of safety constraints
on cumulative rewards cannot be directly applied to the
stagewise setting. None of the above works deal with the
setting of piecewise i.i.d bandits with slow drift (change
of means). Note that while Wu et al.| [2016] studies an ad-
versarial setting, they do not take any assumption on the
reward distributions and hence their exploration scheme is
highly conservative for piecewise i.i.d. bandits. Similarly,
conservative bandits studying the contextual (structured)
bandit setting [Kazerouni et al.,2017] do not use the known
information about slow drift of means. Finally note that
our setting is different than the thresholding bandit problem
[Locatelli et al.l 2016, [Mukherjee et al., 2017] where the
goal is to find all the arms above a fixed threshold B under
the fixed budget setting.

Notations: Denote [n] := {1,2,...,n}. Define the set of
arms as [K] indexed from i = 1,2,..., K. The baseline
arm is denoted by the index 0. Note that the learner knows



the index of the baseline arm but it does know the mean
of the baseline arm. This is similar to the setting in [Wu
et al.| [2016]. We define the set [K]" := [K] U {0} to indi-
cate that baseline arm 0 is included as well. We define the
mean of the arm ¢ at round s as p;(s), and the empirical
mean of the arm till round ¢ as fi;(¢). We denote the opti-
mal arm as ¢* and the mean of the optimal arm at round
s as p;+(s). The reward of the arm ¢ sampled at round s
is denoted by X;(s). We assume that the rewards are com-
ing from a bounded distribution supported on [0, 1]. We
further denote the distribution of the i-th arm with mean
wi(t) as v(p;(t)). We denote the horizon (total rounds) as
T'. The safety threshold is denoted by B and the risk pa-
rameter is denoted by o € [0, 1]. For brevity we denote
the sequence of rounds between s to ¢ as s : t. For clarity
of presentation we overload the notation p;(-) to denote
either the mean at round s as p;(s) or the mean over the
rounds 1 : ¢t as p;(1 : t). Similarly, N(1 : t) denotes that

number of pulls of ¢ from 1 : t. Define the empirical mean

Sy e S X ML=y Y X L =i}
pi(l ) = > E{I =i} S
denotes the arm pulled at round s.

3 GLOBAL CHANGEPOINT DETECTION

where I

We now define the setup for the Global Changepoint Setting
(GCS). Let the total number of changepoints till round 7" be
denoted by G such that
Gr=#{1<s<T|3i€[K]":pi(s—1)F#pi(s)}.
@)

We define the global changepoints t., <t;, <t, <...<
t such that the g-th global changepoint is defined as:

1) # pmils)}-

Hence at a global changepoint t.., the mean of all the arms
i € [K]T change simultaneously. Let t., = 1 by convention.
Note, that the baseline mean changes at changepoints to
signify the new belief of the experts based on updated user
preferences. We define the changepoint segment between
te, t0 te, ., — 1 as py. Note that the optimal arm for each
changepoint segment p, may or may not be same. We further
define a few notations. Let the confidence width of arm ¢ for
rounds 1 : ¢ be defined as

CGT

te =

9

inf{s > t.,_, : Vi e [K]", pi(s —

2log(4log,(t +1)/9)
i(1: =
Bi(1:¢,9) \/ N(1:1) 3)
with the standard condition that if N;(1 t) = 0

then 8;(1 : t,0) = oo. In our case it suffices to
take the leading constant of 5;(1 : t,0) as 2, though
tighter bounds are known and can be used in practice,
e.g. Balsubramani| [2014]], Tanczos et al.| [2017]], Howard
et al.| [2021]]. These type of anytime bounds constructed
with 3;(1 : t¢,0) are known to be tight in the sense

that P (U, {|f(1: 1) = m(1: 0)] = Bi(1:£,0)}) < 6
and that there exists an absolute constant C' € (0,1)
such that P ({|@; (1 : ¢) — (1 : t)] > CB;(1: ¢,6) forin-
finitely many ¢ € N}) = 1 by the Law of the Iterated Log-
arithm [Hartman and Wintner, |1941]]. Next we define the
upper confidence bound for 7 as

and the lower confidence bound from 1 : ¢ as
We define the UCB arm u; at round ¢ as

uy = arg max U; (1 : ¢) (6)
i€[K]

which is the arm with the highest uncertainty and needs to
be explored more to get a better estimate of its true mean
[Agrawall [1995] |Auer et al.,|2002al]. Finally, we define the
empirical safety budget as

t—1
Z(1:t): ZLI (1:8)+Ly, (1:t)—

s=1

(1— aZUolt(7)

which quantifies by how much the safety constraint is being
violated. Also recall that the baseline arm is indexed as 0,
and the learner does not know the mean of the baseline arm.
This is similar to the second setting in|Wu et al.|[2016].

3.1 SAFE GLOBAL RESTART ALGORITHM

In this section we introduce the Safe Global Restart (SGR)
algorithm which is a safety aware global changepoint detec-
tion algorithm. SGR is an actively adaptive algorithm and
so it restarts by erasing the history of interactions once it
detects a changepoint. We define the parameter r; for the
i-th arm as the last restart round when a changepoint was
detected and the arm ¢ history was erased. We define the last
restart vector

r={ry,re,...,rxU{ro}.

The safety budget for the GCS is Z(1 : t)

(1-a ZUO (1:1)

)—(1— ) ZUO(TO )
s=1

®)

t—1

=Y Lp,(1:8)+U,(1:1)—
s=1

(a) ZLI

$)FUy, (T, o t

where, (a) follows because when a changepoint is detected
the history is erased for that arm 7 € [K T].

We now state the main aspects of SGR . SGR is initialized by
sampling each arm once. Then at every round SGR decides
to pull the UCB arm w if Z (1:¢) > 0 or the baseline arm 0



it Z (1:t) < 0. Then SGR samples the next arm, observes
the reward X7, (¢) and updates the problem parameters. Fi-
nally SGR calls the CPD changepoint detector sub-routine
to detect any changepoint. If a changepoint is detected at
round ¢ by CPD then it erases the history of interactions for
all arms (including baseline arm) and sets the restarting time
for all arms ¢ € [K|T as r; = t. We state the pseudo-code
of the policy SGR in Algorithm [T]and the key idea behind
CPD in the following Section 3.2}

Algorithm 1 Safe Global Restart (SGR)

1: Input: Risk parameter o € [0, 1)
2: Setr;=1,Vi € [K]*. Pull each arm once.
3:fort =K"+1,K"+2,...do
4: if Z(t) > 0 then
Set I; = u; from eq. ()
else if Z(t) < 0 then
SetI; =0
Pull I; and observe X7, (¢).
Update //L\[t (’f‘[t : t), N[t (’I"]t : t), and E(Tjt : t) in
eq. (7).

10: Call CPD (r, t, global)
3.2 CHANGEPOINT DETECTION

>Pull UCB arm

>Baseline arm

R AR

>Call CPD

The sequential changepoint detection has a long history
in the statistical community [Basseville et al., [1993| [Wul
2007]. We explain the sequential changepoint detection
through the following example: Consider a single arm <.
Let at some round ¢ we have a collection of i.i.d. samples
X;(1),X;(2),...,X;(t) from a bounded distribution that
is supported on [0, 1]. The goal of changepoint detection is
to find out whether all the ¢ samples have come from the
same distribution with mean p;(1 : ¢) or there exist a change-
point 7., € Nsuch that X;(1), X;(2), ..., X;(7., —1) have
mean f;(1 : 7., —1) while X;(7c, ), Xi(7e, +1),..., X;(?)
have a different mean (Te, s t) # (1o Te, — 1).
For notational convenience let us denote p;(1 : 7.,) as
p' and pi(te, + 1 : t) as " respectively. Hence, a se-
quential changepoint detector is defined as a stopping time
7¢"9 < oo that rejects the null hypothesis Ho : (3’ :
Vi € N,E[X;] = /) in favor of the alternate hypothesis
Hy: G # 7, € N Xi(1), Xi(2), ..., Xi(7e,) ~
v(p'), and X;(7e, +1), Xi(1e, +2),. .. . Xi(t) ~ v(u")).
Previous works have studied the Generalized Likelihood
Ratio Test (GLRT) to detect the changepoints using this
hypothesis testing idea. Many of the previous works [Wilks|
1938|, [Siegmund and Venkatraman, [1995| Maillard, 2019},
Besson and Kaufmann, 2019, |Besson et al.,[2020]] that have
studied this setting used Generalized Likelihood Ratio Test
(GLRT) to detect changepoints. The GLRT test works as
follows: We first calculate the GLRT statistic defined by

Supu/}p”,rcg <t L (Xl(l)’ R 7Xb(t)7 ,LL/, 'u”’ Tcg)
sup,, L (Xi(1),..., X;(); 1)

log

where we denote the term L(X;(1),...,X;(¢); ) and
L(X;(1),...,X;(t); i/, ", 7) as the likelihood of the first
t observations under hypothesis H and H; respectively.
Now if the GLRT statistic crosses a threshold 3(t, 8) then
it indicates that there exists a changepoint and the null hy-
pothesis H, is rejected. A similar type of test, called the
CUSUM test [Page, 1954} |Liu et al., 2017]] has also been
studied where the distributions v(p;) and v(us) are com-
pletely known. Note that GLRT works in the case when
both distributions are unknown but they come from the
same canonical exponential family. A detailed discussion
on this can be found in Maillard| [2019].

Confidence-based scan statistic: An alternative to the
GLRT based scan statistics is the confidence-based scan
statistic that have been studied in|Mukherjee and Maillard
[2019]. In the confidence based scan statistic the total num-
ber of samples of arm ¢ from 1 : ¢ is divided into slices, and
for each slice s a confidence interval is built of the form

(€))

where 3;(1 : s,0) is from eq. . Now if there exists some
s at which the confidence intervals do not overlap such that

Tch:inf{t eN:Jie [K]t 3s € [1,t], |fi(1:8)—fis (s + 1:t)]

>Bi(128,6)+5i(8+11t,6)} (10)

then report a changepoint at s. Besson et al.| [2020] show
that GLRT outperforms the confidence-based scan statistic
as it better exploits the geometry of the Bernoulli distribu-
tions. In our work we use the confidence-based scan statistic
as our goal is not to compete in the vanilla changepoint
detection setting but to derive novel bounds for the safety
aware piecewise i.i.d. setup proposed in this work.

Finally, we propose the CPD changepoint detector sub-
routine which is similar to the UCB-CPD algorithm in
Mukherjee and Maillard| [2019]]. The CPD takes input
the restart vector r, current time ¢, and the type €
{global, local} indicating whether it is a global or a local
changepoint setting. In this section we only discuss the
global setting while the local setting is discussed in Section
5. The CPD divides the total rounds r; : t into (¢t — r;)
slices for each arm 7 € [K |1 and then proceeds to conduct
the confidence-based scan statistics as discussed in (I0). If
there is a disjoint slice s then CPD reports a changepoint at s,
then erases the history of interactions (including the baseline
arm) and resets the restarting round counter 7;, Vi € [K|*
to the current time ¢. We also reset the safe budget Z(1 : t)
to 0. Ideally in practice we can still continue the accrued
safe budget to the next changepoint section from 7., + 1
without setting it to 0, but this makes our theoretical analysis
more tedious.



Algorithm 2 CPD (r, ¢, type)

1: fori =1,2,..., Kt do

2: fort' =r;,r;+1,...,tdo

3: ifLi(r; ) <U;(t' +1:¢t)or Uy(r; : t') >

L;(t' +1:t) then

4: if type = global then

5: {fij(ri=s), Nj(ri: s)Yoer, ={0, 0},
Vj € [KT]. Setr; = t,Vj € [KT]. Set
Z(1:t)=0.

6: else

7: {7is(rizs), Ni(rizs) Yooy, ={0,0}-,,.

ri=t. Set Z(1:1) = 0.

3.3 REGRET ANALYSIS FOR SGR

We denote the time interval segment pg = [t ,tc,,, —1] so
that the segment p, starts at round te, and ends at tegir—1-
Let p;, 4 denote the mean of arm 7 for the segment p,. Let
the changepoint gap between the segments p, and pg41 be

chg ._

Ai,gg = |pig
the segment p, as A;’ff = fi=,g — Mi,g- Let 7., denote the
first round when the changepoint ¢, is detected and SGR is

— [t; g+1|. We redefine the optimality gap for

restarted. Then we define the quantity N Chq as the number
of times the baseline arm is sampled from rounds te, till the
detection of changepoint at 7., . Finally, we define the delay
of detection of the g-th changepoint as

B(T
dy=|K +Hmax (h’(S) +
ER (e

such that SGR detects the change at ¢, within ¢, + 1 till
tc, +dy rounds with probability greater than 1-9. We define
the quantity B(T, ) = 16log(41og,(T/4)). The quantity

("g denotes the number of samples of the baseline arms

after the changepoint ¢., has occurred but not detected and
is defined by

B(T5)
(AGh)2

+ Né’f;) 44 (11)

1 B(T, )

7 7
maX{AfZ; A —

Nbse —
0,9 opty *
aflog A7}

Intuitively, Ngf_;g is the number of samples required after
t., has occurred and the safe budget Z (1 :¢t) falls below 0.

In Ny, "9 if o is very small, we can still explore other arms
as long as the baseline arm 0 is close to the optimal arm
p , (so that AgP gt is small) while the other arms are clearly

. . opt .
sub-optimal (i.e. the Ai, , are large). If this happens then the

sub-optimal arms are quickly discarded, while the Z (1:1)
stays positive and the regret penalty is small. We now define
a mild assumption on separation of changepoints which
is standard in changepoint detection settings (see |Besson
and Kautmann![2019]], Besson et al. [2020]]). Without this
assumption the changepoints can be too frequent and cannot
be detected before the next change happens. We require this

assumption for our theoretical guarantees. Note that in the
experiments we show that even when this assumption does
not hold our proposed algorithms performs well.

Assumption 1. (Separation of changepoints for GCS )

We assume that the for all g € {0,1,2,...,Gr} two
consecutive changepoints t., and t., , are separated as
teypr —te, > 2max{dy,dgy1}, where dg is stated in (T1).
The Assumption [T] assumes that two consecutive change-
points are separated enough to be detected by the change-
point detector. Note that our detection delay d,, is larger
than Besson et al.| [2020] because between ., : 7, the

budget 2(1 : t) may fall below 0 and SGR may need to
sample the baseline arm from the next segment pg11. We
denote an event by ¢ and its complement by £. Define the
good event ¢4 that all changepoints g’ < g have been
detected with delay at most d4 . Let the safe budget time

set Q(1 : t) == {s el:t]:Z(1:s)> O} be the set of

all rounds 1 : ¢ when 2(1 :'s) > 0. We can decompose the
expected regret as

Sy %

g=1"i=1 SEQ(TCg_l t

: cg_l)

AT (s)E[Ni(s)[€57 (5)IP (€5 (5))

Part (A), UCB arm pulled, Safe budget Z (Tcg

+ > A" (5)E[No

SEQ(Te :tcgfl)

g—1

1:8) >0

()15 (5)IP (€5 (5))

Part (B), Baseline arm pulled, Safe budget Z (Tcg _

D>

1=1 s€Q(tey 1Ty —1)

L :8)<0

AT ($)E[N;(s) |65 ()IP (65 (5))

Part (C), Changepoint Pulls, Safe budget A (‘rcsh 1

LY No(s) g™ (s)IP (€5 (s)

$€EQ(teyiTey—1)

1s) >0

AT (s)E[

Part (D), Changepoint Baseline Pulls, Safe budget Z (7e g—

T
+ > P(£4°I(s)) : (12)

55 Teg—1 Part (E), Total Detection Delay Error

1 :8) <0

which follows by dividing the total rounds till 7" into G
segments when the changepoint ¢, is detected at 7.,. We
then further subdivide it into two parts 7.,_, @ tc, — 1
(rounds before t. ) and t., : 7., — 1 (rounds before de-
tection of £, The four parts (A)-(D) further divides the
two time segments Tegoy  te, —land te, @ 7, — 1
based on the available safe budget and using the defini-
tion of Q(1 : t). Now using Assumption (1| we can show
that two consecutive changepoints are separated enough to
correctly control the pulls of the baseline arm, and detect
the optimal arm given that £ holds. The main difference



from previous changepoint detection works like [Besson
and Kaufmann|[2019], Mukherjee and Maillard [[2019] lies
in controlling the detection delay and false alarm under
the safety budget constraint. Using the Assumption [I]and
changepoint detection Lemma [3] we can show that the de-
tection delay is bounded by 2max{d,, d,+1} with high
probability. We now define a few problem dependent pa-
rameters which is key to analyze the regret of SGR. We de-
A’pql} as the

Aopt chg
Aly-1 (A

hardness of discarding the sub-optimal arm ¢ and avoiding
opt

Acha)?
as the hardness for detecting the changepoint ?, (gué’%g 1
after the changepoint has happened. Finally, the quantity
H(3) — .

max{AOPt AOpt AZOpgt}
lecting the baseline arm 0 once the changepoint ¢,
The regret of SGR is shown below.

fine the quantity H i(’lg) = max {

false detection, the quantity H, 5,29) = max,;c[x]+

captures the trade-off of se-

occurred

Theorem 2. Let H l(lg), H Z(Qg), H; (3) is defined above for the
segment pg. Then the expected regret of SGR is upper

bounded by
Gr Kt

E[Ry] <O(<ZZ( G 4 )+Z
g=11:=1

log, T
+KZ MO,QZH(3)> (Ogg )> (13)

i=1

1 QHo,9— i

In the result of (T3) the first term is the optimality regret
suffered before discarding the arm ¢ when the safety budget
Z(1:t) > 0. The second term denotes the regret suffered
for the changepoint detection due to arm ¢. The third term
is the regret suffered for the section py_; when the safety
budget Z (1 :t) < 0. Finally, the fourth term is the regret
suffered due to the changepoint ¢, and safety budget Z (1
t) < 0. SGR conducts no forced exploration which results
in a fully gap-dependent bound. This result is different than
the gap-dependent bound in Mukherjee and Maillard| [2019]
which does not contain the third and fourth terms in (I3).
The bound in is more informative than Corollary |1|as
it correctly captures the dependence with respect to gaps for
each segment pg.

4 LOCAL CHANGEPOINT DETECTION

In the Local Changepoint Setting (LCS) at any changepoint
at least one arm has a change of mean. Recall G from (2).
We then define the local changepoints t., < t,, < ... <
teg,,. such that the g-th local changepoint is defined as

te, =inf{s > t. _, : i € [K],pi(s — 1) # pi(s)}.

So at a local changepoint the mean of one or
more arms may change simultaneously. Let Gf, =

S,

#{1 <s<T|pi(s—1)# pi(s)} denote the number of
changepoints only for the i-th arm. It follows that G < G
but for some arms there could be arbitrary difference be-
tween these two quantities. Note that Jr := Zfil Gl <
KGr. Define ti, = inf{s >, :p(s—1) # pi(s)}
as the g-th changepoint for the i-th arm. Again tf;o =1 for
all arms i € [K]" by convention. We denote the segment

between rounds ¢;, and té o Las pg.

Consider the scenario that a learner has figured out the best
arm ¢ in a segment pg but then at a local changepoint tgg, an
arm j # i becomes the new optimal arm (but arm 7 does not
change). So it will not be able to detect tJ and will continue
sampling arm ¢. Hence the leaner need ‘to conduct forced
exploration of all arms to have a good estimate of all arms.
This idea is shown in Algorithm [3] where at every round
SLR first checks that the safety budget is positive and then
either conducts forced exploration of arms with exploration
parameters -y (to be defined later) or samples the UCB arm
uy. If the safety budget is negative then SLR samples the
baseline arm so that the budget becomes positive and SLR
can explore again. Finally SLR calls the CPD sub-routine
with type as "local" to detect local changepoints for an arm.
Once the changepoint is detected it restarts only that arm
as this is the local changepoint setting. The crucial thing to
note is that we conduct forced exploration only when safety
budget is available (positive).

Algorithm 3 Safe Local Restart (SLR)

1: Input: Risk parameter v, exploration factor ~y
2: Setr;=1,Vi € [K™T]. Pull each arm once.

3: fort =K"+1,K"+2,...do

4: ifZ()>0then

5 ift mod[ | ¢ [K] then

6: Set I; = u, from eq. (6)

7: elseif ¢ mod [ % | € [K] then
8
9

>Pull UCB arm

Set I; =t mod L | >Forced Exploration
else if Z(t) < 0 then
10: SetI; =0
11: Pull I; and observe X7, (¢).

>Baseline arm

12 Update fiy, (ry, : t), Ny, (ry, : t),and Z(ry, : t) in
eq. (7).
13: Call CPD (r,t,local) >Call CPD

4.1 REGRET ANALYSIS FOR SLR

We can extend the analysis of SGR to also bound the re-
gret for SLR. The key difference between the two analysis
is that SLR needs to bound the regret for each segment
pg for all arms 4 € K ™. To this effect we first redefine
changepoint gap for any arm 7 between the segments p_f] and

g
i g- Let ng denote the first round when

chg o
ng as A, Y =
opt . _
Al_’g = uz g —

— Mi,g+1|, and the optimality gap as



the changepoint tig is detected and SLR is restarted for the
arm ¢. Then we define detection delay for the changepoint

at tiq as
K 4 ( B(T,6 B(T,6 e
dig:= {Jr ( (chg i+ (Chg i + N§ >-‘ (14)
v v (Ai,g ) (AO,g )
such that ti is detected within t’ +1: t + d;,g Tounds

and v is the exploration rate of SLR . Agaln we denote

B(T,d) = 16log(4logy(T/0)). Note that the delay d; 4
scales with the exploration rate «y so that SLR while conduct-
ing forced exploration can detect tZ Similar assumption
has also been taken in/Besson and Kaufmann [2019], Besson
et al.|[2020]. We then define the following assumption for
the separation of changepoints between tl and t! 41 Again
note that this assumption is only required for theoretical
guarantees. Empirically we show that SLR performs well

even when the Assumption 2]is violated.

Assumption 2. (Separation of changepoints for LCS )

We assume that the for all g € {0, 1,2,...,GkL} two
consecutive changepoints tZ and tz 4 are separated as
th,, —te, > 2max{d; g, di,g+1} where d; 4 is defined in

@1
@ opt

Next we introduce the quantity H f2g = (AAC",;"QJ)Q as the
hardness for detecting the g-th changepoint for the arm 4.
Note that in the LCS setting the SLR algorithm is restarted
only for the arm ¢ and so in the hardness we do not see the
max over all arms like the SGR setting. Finally using the
Assumption 2] and the same analysis as in Theorem [2] but
for each segment p!, and each arm i € [K*] we bound the
regret for SLR in Theorem 3]

Theorem 3. Let H(l) Hl(2g), H(3) is defined above for the

segment py. Then the expected regret of SLR is bounded by

E[R7] gO((ii(HO) 1+H(2)) *ZZ

i=1g=1 i=1g=1
+KZ

ZH(3)> < g;T>)+7T. (15)

QHog =7

AL, g— 1

The result in (I3) has a similar interpretation to (I3) (but
with respect to each arm segment pf] instead of global seg-
ment p,) except the gap-independent term of 71" which
results from the forced exploration of arms. We state the
following corollary to summarize the result of SGR and
SLR in the "easy" case when all the gaps are same.

Corollary 1. (Gap independent bound) Setting Aff; =
Aff;q =4/& 1°gT forall i € [K]t and exploration rate

L we obtain the gap independent regret upper

’)/:

Z g1

bound of SGR and SLR as

GrlogT

E[R7] <O(GTK KTlog T+ ) (SGR)

NO,min

GrlogT

E[Rr] <O (GT KTlog T+ ) ,(SLR)

0,min

where « is the risk parameter.

Comparing the above result with GLR-UCB (see Proposi-
tion ) we see that SGR (or SLR) picks up an additional
factor of 1/(po,minc) per changepoint which signifies the
hardness of finding the safe set of actions for maintaining
the safety constraint (I)). Further note that SGR suffers an
extra factor of K in its bound compared to SLR. This is
because in the GCS setting the algorithm restarts by erasing
the history of interactions for all arms. Hence, our result mir-
rors a similar observation in|Besson et al.|[2020]. Moreover
as o — 0 (risky setting) the regret increases proportionally.
This is similar to the gap-independent bound in Wu et al.
[2016] shown in Proposition@]which holds for the stochastic
setting without any changepoints. The key takeaway from
this result is that the piecewise i.i.d. setting under safety
constraints is no harder than the conservative stochastic set-
ting of Wu et al.|[2016] and piecewise i.i.d. setting given
the changepoints are sufficiently separated. Finally we state
the lower bound in the safe GCS setting.

Theorem 3. (Lower Bound) Let £, € be two bandit envi-
ronment and there exits a global changepoint att., = T /2.
Let o > 0 be the safety parameter and [ min be the
mean of the minimum safety mean over the changepoint
segments. Then the lower bound is given by E; g[Rr] >

logT VET logT }
Q0. min

QO min | V32T
The proof is given in Appendix [A.6]and follows from the
change of measure argument. Additionally, we use the lower
bound results from safe bandit setting of [Wu et al.| [2016]]
and changepoint detection setting of (Gopalan et al.[[2021]] to
arrive at the final result. Note that both of these works do not
take into account the safe GCS setting. Finally, comparing
the results of Theorem [3|and Corollary [T|we see that SGR
matches the lower bound when G = 1 except a factor
of O(K+/logT). Similarly, since GCS is a special case of
LCS, we see that SLR also matches the lower bound except

a factor of O(K+/log T).

5 EXPERIMENTS

In this section we test SGR and SLR against safety oblivi-
ous actively adaptive algorithms GLR-UCB , UCB-CPD as
well as passive algorithm D-UCB , and safety aware algo-
rithms CUCB , and UMOSS . A detailed discussion on the
algorithms, hyper-parameter tuning, and time complexity
of the algorithms is given in Appendix One further
experiment showing the performance of SGR , SLR under

K
(16e+8) a0, min



different values of « is shown in Appendix[A.7] All codes
are provided in supplementary material.

Global Changepoint: In this setting all the arms (including
baseline) change at every changepoint. The environment
consist of 6 arms (including baseline) and the evolution of
means with respect to rounds is shown in Figure ] (Left).
The three global changepoints are at ¢t = 2000, 4000 and
6000. We set risk parameter o = 0.7. The performance of
all the algorithms is shown in Figure 2] (Left). The adaptive
algorithms like UCB-CPD , GLR-UCB perform well as they
detecting the changepoints and restart but they do not sat-
isfy the safety constraints. Note that SGR performs similar
to GLR-UCB , UCB-CPD as it also detects the change-
points and restarts as well as satisfy the safety constraint. It
outperforms passive algorithm D-UCB , and safety aware
algorithm CUCB . The safety aware algorithm CUCB is
not suited for the safety constraint (T) under piecewise i.i.d.
setting as it always chooses the baseline arm and fail to
achieve sub-linear regret.

Global Changepoint Environment Local Changepoint Environment

0.8 :| Baseline 0.8 1 Baseline
0.7 — 0.7 —
0.6 —— 0.6-
“ "
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Rounds Rounds 1e
Figure 1: (Left) Global changepoint environment with
T = 8000, K™ = 6 and changepoints at ¢ = 2000, 4000
and 6000. (Middle) Local changepoint environment with
T = 8000, K™ = 6 and changepoints at ¢ = 2000, 4000
and 6000. Note that some arms do not change at these
changepoints.
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Figure 2: (Left) GCS setting with 3 changepoints and 6 arms.
(Right) LCS setting with 3 changepoints and 6 arms.

Local Changepoint: In this setting at least one arm changes
at every changepoint. We show that the environment in
Figure[T] (Right) and the performance of all the algorithms
in Figure 2] (Right). The three local changepoints are at t =
2000, 4000 and 6000. We set a constant baseline po = 0.35,
and risk parameter a = 0.7. Again we see that the safety
aware algorithm CUCB fail to achieve sub-linear regret as it
always chooses the baseline arm. On the other hand adaptive
algorithms like UCB-CPDE , GLR-UCB performs well in

detecting the changepoints but they do not satisfy the safety
constraints. Note that SGR performs similar to GLR-UCB ,
UCB-CPD as it also detects the changepoints and restarts
as well as satisfy the safety budget. It outperforms passive
algorithm D-UCB , and safety aware algorithm CUCB .

Real Setting: We show a real world experiment on the
Movielens Dataset. In this experiment none of our model-
ing assumptions hold. We experiment with the Movielens
dataset from February 2003 [Harper and Konstan| [2016]],
where there are 6k users who give 1M ratings to 4k movies.
We obtain a rank-4 approximation of the dataset over 128
users and 128 movies such that all users prefer either movies
7,13, 16, or 20 (4 user groups). The movies are the arms
and we choose 30 movies that have been rated by all the
users. Hence, this testbed consists of 30 arms and is run over
T = 8000. The changepoints are at t = 2000, ¢ = 4000,
and ¢ = 6000. Note that at each changepoint the means of
some arms may or may not change so this is LCS . For every
changepoint segment, we uniform randomly sample an user
from different user groups to simulate the piecewise i.i.d
environment such that there is a change in the optimal arm.
In this environment each arm has has a Gaussian distribu-
tion associated with it, where its mean evolve as shown in
FigureE| (Left). The baseline arm is set as 0.35. As shown
in Figure [ (Right), in this environment SLR outperforms
all the other algorithms including CUCB and Adv-CUCB
. This is because the means of the arms are close to each
other and the baseline arm mean is close to them.
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Figure 3: (Left) LCS setting with 3 changepoints and 30
arms. (Right) Regret in Movielens dataset.

6 CONCLUSION AND FUTURE WORKS

In this paper we studied the safety aware piecewise i.i.d. ban-
dits under a new safety constraint. We proposed two actively
adaptive algorithms SGR and SLR which satisfy the safety
constraints as well as detect changepoints and restart. We
provided regret bounds on our algorithms and showed how
the bounds compare with respect to safety aware bandits
as well as adaptive algorithms. We also provided the first
matching lower bounds for this setting. Future works in-
clude extending our setting to the rested and sleeping bandit
setting under safety constraints. We also intend to explore
experimental design approaches to piecewise i.i.d settings as
in [Pukelsheim|[2006]], Mason et al.[[2021], Mukherjee et al.
[2022]. Finally, incorporating variance aware techniques
[Audibert et al., 2009, Mukherjee et al., 2018]] may further
improve the the performance of our proposed algorithms.
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A APPENDIX
Al PROBABILITY TOOLS, PREVIOUS THEORETICAL RESULTS AND GLRT DISCUSSION

Proposition 1. (Restatement of Theorem 9.2 in|Lattimore and Szepesvari| [2020]) Let X1, X5, .. X T be a sequence of

independent o-subgaussian random variables with E[X] = E[X3] = ... = E[X7]| = 0 and M; = E Xs. Then for any
s=1
e >0,

2T o2

Proposition 2. (Restatement of Theorem 2 in|\Wu et al.|[2016]]) In any stochastic environment where the mean of the arms
€ [0, 1] with 1-subgaussian noise, then Conservative UCB (CUCB) satisfies the following with probability at least 1 — &

2
P(existst < T : My >¢) <exp <E) .

Z"“s > (1—a)ppt forallte{1,...,T}, (Safety Constraint)

K

logT 1 logT )
E[R7]| <O —_— f— ,  (Gap-dependent bound
] <Zl AP auoz max{ A% AP~ AP (Gap-dep )

K log

E[Rr] <O ( TKlogT + ) . (Gap-independent bound)

Proposition 3. (Restatement of Theorem 9 in\Wu et al.|[2016]]) Let 1i; € [0, 1] for all i € [K] and py satisfies the following

min {0, 1 — po} > max{1/2va, /e + 1/2}\/K/T.

T
Then any algorithm satisfies the safety constraint E,, > X 1. > (1 — a)puoT. Moreover there is some 1 € [0, 115 such
s=1

that the expected regret of the algorithm satisfies

K vKT
(16e + 8)aup” /16e + 8 |

Proposition 4. (Restatement of Corollary 6 and Corollary 9 in Besson et al.| [2020]) The gap-independent bound of

GLR-UCB when the number of changepoints is unknown, exploration parameter v = 1/ 1°§T and confidence 6 = ﬁ is

E.[Rr] > Inax{

given by
E[Rr] < O (KGr/KTlogT), (Global Setting)
E[Ry] < O (GT\/KT log T) . (Local Setting)

Proposition 5. (Restatement of Theorem 2 in \Gopalan et al.|[2021)]) Let 0 < § < =5 and m > 1 be a priori fixed time
such that the probability of an admissible change detector stopping before time m under the null hypothesis (no change)
is at most § € (0,1). Let T be the stopping time for an algorithm. Let £ € RX and € € RE be two bandit environments
consisting of K arms. Define £ as the i-th component of £. Let Pg and Pz be two probability measures induced by some
T-round interaction of the algorithm with £ and £ respectively. Then for any bandit changepoint algorithm satisfying

P[r < m] < 4, we have
L oo L
E[r] > min 2098 5 ,m .
maxie[K]KL( i gi) 2

A.2 PROOF OF REGRET BOUND FOR SAFETY AWARE GLOBAL RESTART

Theorem 2. (Restatement) Let H. Z( g), H Z( g), H, (3 is defined above for the segment p,. Then the expected regret of SGR is
upper bounded by

Gr K+
st <0(( L3 (i +m)e oS m ek S a s (M5T) ) o

g=1i=1 ko9 =5



Proof. Step 1 (Regret Decomposition) : First recall that the safe budget time set Q(1 : ¢) == {s efl:t: Z (1:5)> 0}

is the set of all rounds 1 : ¢ when Z (1:s) > 0. Also recall that the first round the global changepoint ., is detected is
denoted by 7 defined as follows:

7., = inf{t € N:3s € [1,¢],3i € [K], [@:i(1:s) —fi(s +1:8)] > Bi(1:5,0) + Bi(s +1:¢,0)}.

Let fgd (s) (to be defined later) denote the good event that all changepoints g’ < g has been successfully detected before the
round s. We then define the expected regret till round 7" as follows:

T
E[Rr] = Z (i (s) — E[X1,(s)])
s=1
(a) Gr | teg— Teg—1 T
<> Z (v () =B, ()5 ()]) P (60 () + D (i () =Elpr, () [0 ()] P (€5 () + Y P2 (s)
g=1 |s= =Teg_q s=lcg 5=Tey 4
2 Z { > (i (s) = Elur, (s)|65° ()]) P (€5 (5)) + > (i (s) = Elr, (5) 1657 ()]) P (€5 (5))
9=1 " s€Q(7e,_;itey—1) $€Q(Te,_y iteg—1)
qufl T
* 3 () B PO - 3 PET)
Z [Z > AP (S)E[N(s)|€5° ()P (€5 () + > AGP (s)E[No(s)[€5° ()IP (€5 ()
9=1 " i=15€Q(rc,_,ite,—1) $€Q(Te,_yiteg—1)
Part (A), UCB arm pulled, Safe budget Z(TCQ,I 18) >0 Part (B), Baseline arm pulled, Safe budget Z(‘rcg71 1s5) <0

K
Y Y APEEINEETEIP (M) + D AT (S)ENo () (P (65 (s))

i=1 s€Q(tey:Tc, —1) SE@(tcgiTcg—l)

Part (C), Changepoint Pulls, Safe budget Z (Tey_q :8) 20 Part (D), Changepoint Baseline Pulls, Safe budget Z (Teg_y :5) <0

T
+ 0y P(£del(s)) , a7

S=T,

91 Part (E), Total Detection Delay Error

where (a) follows by introducing the good changepoint detection event fgd (s), (b) follows by introducing the safe budget

time set Q(7.,_, : t., — 1), and (c) follows by taking into account the safe budget time after the changepoint ¢, has
occurred.

Step 2 (Bounding UCB pulls of sub-optimal arm ¢ in part A): In this step we bound the total number of samples of
sub-optimal arm pulled by using the maximum UCB index ;.

E Yo Nis)|g(s)| =E S YL =i, Ni(s) < max{NZL N} 79 € [t + 1t + dy])
SGQ(Tcgilithfl) SGQ(‘rcgilztcgfl)
+E Z 1{I, = i, N;(s) > max{N/"" 1,N6hg T € [te, 4 1, te, + dgl}
sEQ(Tcgilztcg—l)

(a)
S maX{Nfgt ” ZCI;QI} +d —|—P< Opt ﬂé‘del )

i,g— 1
®) opt  nrch opt T
< max{N?" A N¢hs }+dg+113>(§‘1’ (s)).

i,9—17 " "4,g—1 i,g—1

where, in (a) the N; Op t _ is the maximum number of samples before a sub-optimal arm 7 is discarded in favor of the optimal

arm and N, Chq 7, is maximum number of samples before the changepoint is detected due to arm ¢ (with high probability).



Next the term d; is the maximum delay for detecting the changepoint ¢,

due to some other arm 7. Note that we have

assumed in Assumption [1] that each changepoint g € [Gr] are separated by 2 max{dy, dg11}. The inequality in (b) follows
by dropping the event £4¢!(s).

Step 3 (Bounding Baseline pulls in part B): In this step we bound the pulls of the baseline arm when the safety budget
Z(1:1t) < 0. The breakdown of the total pulls follows the same way as in the previous step.

1{I, = 0, No(s) < max{N_ |, Ng"9\}, 76" € [te, + 1,tc, + dy]}

1{I, = 0, No(s) > max{ N2 |, Ng"9\}, 76" € [te, + 1,t., + dy]}

1{I, = 0, No(s) < max{ Ny, No»'_ Ne"9 1, 79 € [t +1,tc, + dg]}

1{I; =0, No(s) > maX{Ng,s_qe—hNoogt_lvNChg 1) TChg €t cg T 1,tc, + dg]}

E > No(s)[€g(s)| =E >
SG@(Tcgil:tcg—l) seé(ngil:tcg—l)
+E >
seé('rpgil:tcgfl)
(a)
%8| ¥
SG@(TC 71:tcgfl)
+E >
seé('rcgil:tcgfl)

(b)

)

where, in (a) we introduce the optimality pulls of the baseline arm, (b) follows as when the good event £,

< maX{N(()JZ;t 17N5};g 17N5};g 1} +d +IP

< maX{N(())Z;t 17N5};g 17N(l))8g€ 1} +dg +P

opt
0,9— 1

(&51(9)

( 5opt

=)

0,g—1

ﬂ €21 (s )

< max{NSZt,p NS,};&} + N(l))iiefl +dg+ P (gopt

=)

0,g—1
Pt (s) holds

then the baseline arm cannot be sampled more than max{ N’ thl, Ngfge_l }, and (c¢) follows by dropping one event from the

intersection.

Step 4 (Bounding Part (C)): Note that under Assumption |l|the changepoints are separated enough such that the detection
delay for the g-th changepoint is defined as

where B(T,0)

B(T,9)

B(T, )

dg:=|K+4 K max
K](

161og(4log,(T/6)) and two consecutive global changepoints are separated by ¢

Achg)

bse
+ NO,g

)

(AG)?

_tc 2

Cg+1 g

2max{dg, dg+1}. Then we can bound the total pulls of a sub-optimal arm ¢ in Part (C) as follows:

2

SEQ(tey Tey

—1)

+E

=E
s€Q(

+E

+E

E [Ni(s)[£3¢]

P(&) <E S Lo =i Ni(s) < NPW . 7ehd € [t +1,te, + dy]}
S€EQ(teyiTe, —1)
. ch C
Z l{IS = Z?Ni( ) N7, gga ghg € [ Cg + 13th +d9]}
SEQ(tcg37—0g_1)
> 1{I, =i, Ni(s) < N{# 7o =7 7¢M € [to, + 1,10, + dy]}
tegiTey—1)
. ch c
> I =i, Ni(s) < N2 7o, > 78 75" € [te, + 1, te, + dg]}
| S€EQ(tey 1Ty —1) ]
. ch i c
> I, =i, Ni(s) > N2 7o =70 75" € [te, + Lite, + dg]}
| 5€Q(tey 1 Tey —1) ]




K

+) E

=1

(@)

2,9

< N 4 max Nc_hg

>

SGQ(th Teg —1)

€[K]

,9 je K]

NChg + Inax Net 94+

Y

1{Is = ZaNZ( ) > ch};gv
> B(E6)

sEQ(tcg ey —

+Z]P’( M )+

>T

579

chq c

P (g?hg(s)) +4d, +

7,9

[te, +1,te, +dgl}

3

SGQ(th Teg -1)

P(£5e!(s))

where in (@) the max;¢(k] N g is the maximum number of samples required to detect the g-th changepoint due to some

other arm than 1.

Step 5 (Bounding Part (D)): Again, note that under Assumption[I]the changepoints are separated enough such that the

detection delay for the g-th changepoint is defined as

B(T5)
(agy)?

dg:= ’VK+4 (Km (7; )
i€ K] (Ac g)

Ngf;ﬂ.

where, B(T, §) = 16log(4log,(T/d)) and two consecutive global changepoints are separated by

t —te, > 2max{dgy, dgi1}.

Cg+1

Then we can bound the total pulls of a sub-optimal arm ¢ in Part (D) as follows:

>, E[N >

seé(tcgn—cg—l) seé(tcg:'rcg—l)

1{I, = 0, No(s) < Ngho rcha

()G ] P (&) <E

+E > 1{I, = 0,No(s) > Ng", 79 € [t,, +1,tc, + dg]}
sE@(tcg:‘rCQ—l)
=E > 1{I, = 0,No(s) < NG, 7o, = 72 7M€ [to, +1,tc, +dg]}
seé(tcg:‘rﬂg—l)
ch
+E > 1{I, = 0,No(s) < Ng"9, 7, > 70,79 € [te, + 1, te, + dg]}
sE@(tcg:'rcgfl)
h c
+E > 1{I, = 0, No(s) = Ng'2 7o, = 70,79 € [te, + 1o te, + dgl}
_sG@(tcg:'rcgfl) i
K
+) E > 1{I, = 0,No(s) = N2, 70, > 70 75" € [to, + L,te, + dy]}
i=1 seé(tcg:'rcgfl)
SN max N Y P (Es) + Z S () +4d,+

JelK]

$€Q(tey:Tey,—1)

I=15€Q(teyiTey —1)

NChg+machg+Z}P’(§Chg )+§:XT:P(W (s)) +4d, +Zﬂngdel 5))

j=1s=1

>

SEQ(th:TCg —-1)

Step 6 (Controlling the total delay, Part E): We first define the total detection delay good event as follows:

gdel —

{\ﬁe{l,...,

K}.Vge{0,1,2,...,

Gr}, 7M€ [te, +1,te, + dg}}

€ [te, + 1,tc, +dg]}

P(gge!(s))



such that the learner detects all the changepoint g < G with a detection delay of at most d, where

d _ ’VK+4 (K ax ﬂ1(10}57(z) +B0(1Ch€7g) + N(Z;:S;>-‘
8 @t g

We define a slightly stronger event than £%¢! as follows:

é—del {vg < g, Ch(] c |: ey + 17tcg/ + dg’:|}

(18)

which signifies that all changepoints before ¢ has been successfully detected. It follows that £9¢! C 5551 and fgel is

]—'Tchg — 1-measurable. Then we can show that

cg

t

€9’ +1
gdel Z E 1{§del ()} Z 1{( S K]ﬁzq (Tc, 15))} | ]:Tcg
9':9'<g Tegr
(@) - tcg’+1 —
< ) HEFGEIE ] Y 1{( K1&,g7 (e, :s))}lfrcg
9":9'<g =T
. tcg“rl - (b) T
< S UG | X P(dani, 9) | £ 60K Y
9':9'<g 5= Te g =t

where, (a) follows from the definition of £;"/ chg (e, : te

Step 7 (Combining everything): Combining everything and plugging it in we can show that

G
Rr] < Z [ZmaX{Nf’g’t 1»Nzc};q1}Aopt 1+ dg Aopt 1T Z ( Zozt 1 )Aopt
g=1"i

< Gr K log(log(T))

3,g—1
8=Tey g
Part (A)
teg—
erax{NOpt Nchg }Aopt +Nbse Aopt +d Aopt + Z ( opt
0,g—1> 1 0,9—1 0,9—1-0,9—1 9—0,9—1 0,9— 1
8=Tecy_4
Part (B)
K ch,1 K ‘rcqfl
RS ST CIORS o SEICEII
i=1

J=1 s=tc,

Part (C)
i: P( ('hg >:|Aopt
t

K
[N+ s N2 4+ Z () +>
j=1

S=

Part (D)

Tpg—l

K
+) [ dgA? + Z P(Edel (s)) A }
i=1

Part (E)

, :8)in Lemma and (b) follows from Lemmaand setting § = 1/¢.



(a) <X 1 Afpt 4logy (T + 1
2: 91 g (T +1) opt opt
< { max o s 810g( —|—dKAngl+KAp E 1)

pt 2 max,g—1
g=1 "i=1 1,9—1 <A:Z‘q_1) 0
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g A
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i i 41 T+1 ; 41 t+1
+ Z — — + max —9 810g(70g2( i )) NE — 5 + K max —2 810g(70g2( + ))
‘ ch JEK] chg é chg JE[K] chg é
=\ (a) (a5%) (a2) (a5%)
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+8dy AT o+ 2 (K DO+ K?Y d+dy+ GGTKlog(log(T))> AT g}

t=1 t=1

Gr Kt opt Kt opt
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1 Aopt opt

(1) i,9—1 (2) . irg
H; ;= max ot " 5 0 Hi’g = gﬁa(x VIEEA

i,g—1 chg Y chg
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and substituting the value of d,,. Finally, (c) follows by using the definition of

opt
H(B) — Arrfax, g )
P max{AP AG — AN}
and dropping the low probability event term as it is dominated by other terms. The claim of the theorem follows. O

A.3 PROOF OF REGRET BOUND FOR SAFETY AWARE LOCAL RESTART

Theorem 3. (Restatement) Let HZ(;), H 2(29), H, (3) is defined above for the segment py. Then the expected regret of SLR is
bounded by

Kt G K Gh 1 K K Gh o8, T
SR A 9 SICHERRTAES 9 SEPRS S ERED 9 b o1 I € Xy DR
i=1 g=1 i=1 g=1 974 =1 i=1 g=1 9 =1



Proof. Step 1 (Regret Decomposition): Recall that G%. is the total number of changepoints for the arm i. We define the
expected regret till round 7" as follows:

T
E[Rr] = Z (i (s) — E[X1,(s)])

Gh | te,—1 ey 1

S| YD (e ()~ Blan ) ) PES ) + D2 (e (5) — Blur ()l (9)]) PUELs, () + BETT) | +7
G% g—1 g

@Z[ S () - En (S ON P L)+ S (e () — Elua, (5) €5 (5)]) P (€21 (5))
g=1 SEQ(T’ 1 19—1) 36@(7’ i ng 1)
; Z i (5) — Elpur, (5)[ €2 (5)]) B (€4 (s)) + P(E2 (s ))]HT

K G”T
O3 S ATGEN(s)E ()P (€8 +Z Z AT ()E[No(s) €8 ()P (¢8(s))

i=1g=1s5cQ(r} a1 e, —1) 9=1seQ(r | o, —1)
Part (A), UCB arm pulled, Safe budget Z (7—C 1) >0 Part (B), Baseline arm pulled, Safe budget A (Tcg, 1:8) <0
K Gi
XD Y ATSEN()IENTP (65 (s)) + Z Yo AT(S)ENo(s)IE8GTP (€55 (5)
i=1 g=1 Seg(tcg”—ég_l) 9=l scQ(t g’ 7-9 —1)
Part (C), Changepoint Pulls, Safe budget Z (Teg_1:8) 20 Part (D), Changepoint Baseline Pulls, Safe budget 2(709_1 18) <0
K Gh
+ 0 YN PEEs) + NT : (19)
i=1g=1 Part (F), Forct;]f]x/ploration Pulls

| —
Part (E), Total Detection Delay Error

Step 2 (Bounding Part (A) - (D)): Note that under Assumption [2|the changepoints of each arm i are separated enough such
that the detection delay for the g-th changepoint is defined as

K 4 (B(T,5) B(T,$ ,
ot (B ]
T N(A)? (Aoy)
where B(T,d) = 16log(41og,(7/0)) and + is the exploration rate of SLR and two consecutive changepoints of i are
separated by

tl — tig Z Qmax{dl—,g, di,g+1}~

Cg+1

So when the changepoint ¢, is detected and the total detection delay is controlled for the arm i (shown in step 4) we can
show using the (I7) and steps 2-4 that

Part (A) < max{N" | N Y4 d;,+P (SS’ZL(S))

i,9—1° qu

Part (B) < max{N3e_y, Nib o} + Ny +dig + P (€751(5) )

Part (C) < N9 + Z P (T()) +4d; 4 + P(%)

Part (D) < N’ + ZP (657 (5)) +4di g + B(EE(5))



Step 3 (Controlling the total delay): We want to control the total detection delay of individual arms ¢. Again we define the
total detection delay good event for the ¢-th arm as follows:

gl {Vz €{l,....K}Yge {0.1,2,...,G}} 7l € {tig +LE o+ di}g}}
such that the learner detects all the changepoint g < G with a detection delay of at most d;, g Where
K 4 ( B(T,5) B(T,¢
divg = ’V—'_ < (chg )2+ (chg 1 + N(?f;)“ ’ €3y
v v (Ai,g ) (AO,g )

where B(T, §) = 161og(4log,(T/5)). We define a slightly stronger event than £7¢ as follows:

;if]l R {v.g < g,T Cy |: Cyr + lvtcg/ +di,g’i|}

which signifies that all changepoints before g has been successfully detected. It follows that £4¢! C fdez and fdel
Fri — l-measurable. Then we can show that

i

“g’'+1
gh< Y E\ETEY Y H(Vemel (L, 9)H Fry,
9':9'<g s= Téq,
() w
<Y HgIEIE| Y 1{( Chg(T )}|}'ﬂ
9':9'<g = Téq,
- i.t7'+1
< Y UG Y P(uanli, )
g":9'<g S=T2,
®) T
S Z < G4 K log(log(T))

where, (@) follows from the definition of & chy (i oy tig :8)in Lemma and (b) follows from Lemmaand setting 6 = 1/¢.
Step 4 (Combining everything): Combining everything and plugging it in we can show that
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g
i=1 g=1 i=1 g=1 aﬂogl-e[x] i,g—17
K Gh T

log(logy, T'/0

+Y Y AL > g(log, 7/9) +KGTA§’£XZJ>+7T

=1

»g opt opt opt
[e% X
= Ho.g Lty max{ AT, AYY — A7

o (S5 () 23 L S e LS (T ) o

a
i=1 g—1 im1 g=1 YH0,9—1 im1g=1 %

where, (a) follows from combining all the steps above, (b) follows by using the definition of

opt opt
o L Biga 70 . Big
b=t TR et T N (0 T T T
not (A i,9— 1) (Ai,g )
and substituting the value of d, 4. Finally, (c) follows by using the definition of
(3)._ Afrﬁx,g
i,9 opt opt opty *
max{A;" Al — AT}
The claim of the theorem follows. O
A4 PROOF OF COROLLARY 1
Corollary 1. (Gap independent bound, Restatement) Setting A?Zt = AfZg =/ & logT foralli € [K|" and exploration
rate v = 10§1T we obtain the gap independent regret upper bound of SGR and SLR as
GrlogT
E[Ry] <O (GTK KT log T+ Tog) .(SGR)
0,min
GrlogT
E[Ry] <O (GT KTlog T+ Tog) .(SLR)
0,min

where « is the risk parameter.



Proof. The proof directly follows from the result of Theorem [2and Theorem [3] We first recall the result of Theorem 2]below

Gr Kt Gr K

log, T
Rt<0< SON (B, HY) 4Ky ZH91+KZ S 1 | 1og <g>)
g=1i=1 g1 YHO.g—1 3 ’ CY,LLOgi1 1)
(22)
Then using the fact that AP’ = Afzg = \/Z22T forall i € [K]* we get that
1 AP | T
Hz(l)l.:max > , t 12 =\ T
g AC f]t ] (Afhgg 1) KlogT
opt
H? = max Ai’g = T
B9 jelRT* <A¢h9>2 KlogT’
opt
(3) — An{)ax N -1
Y max{ AP, AGR— AP
Substituting all of the above back in Equation and setting ) = % we get that
logT
E[Ry] <O <GTK KTlogT + GTOg) .
QL) min
Next we recall the result of Theorem [3]below
K7 Ch 2 log, T
1) (2 H® (3) 2
<o (S5 (2, - 7+ 303 S 33 LS s (2T ) o
=1 g=1 i=1g=1 i=1g=1 =1
(23)

Again using the fact that Aff;t = Afgg = /22T forall i € [K]* it follows that H(2 VT'/K logT. Substituting this
back in (23) we get that

GrlogT
E[Rr] <O (GT KTlogT + OLOg> .
0,min

The claim of the corollary follows. O
A.5 SUPPORT LEMMA

A.5.1 Concentration of the Optimality Event

Lemma 1. Ler X;(1), X;(2), ..., X;(t) be t samples observed for arm i. Define the optimality good event £ (1 : ) :=

2log(41 t+1)/6
(Vs e [L:t],| fis(l:s) — mi(l:s)|< Bi(l:s,0)} where Bi(1: 5,8) = \/ og( ng( +1)/9)
of the event £ (1 : t) is bounded by

. Then the probability

P& (1:t) >1—4.

Proof. We will use the peeling argument to get the desired bound. We first restate the bad event of deviation as

€711 t) = {Els eL:t], |l s) — (1 8)] > \/21°g(410g2(t+ 1/9) } . 4)

S



Next we bound the one side of the inequality as follows:

2log(4logy(t +1)/9)

252 log(41og,y(t +1)/9)
s

P(EISZ 1,:(1:8)—pi(1:s) Z\/ ):P ds>1,s (s (1:s) — pi(l:8)) 2\/

=Y

[log, ]
(@)
<Y e (as € [2¢, 29+, M, > /25 log(d1og, (t + 1)/5))

u=0
(b) [log t]
< Y P (Els < 2utL M > /2.2 log(dlog, (f + 1)/5))

u=0

©) “‘%” o (_ (v/2-2¢Tog(4log, ( + 1) /5))2>

<
2.2ug2

u=0

[log ¢]
(d) w

< ou
u=0

—~

< (logy(t + 1)) exp (— log(4logy(t +1)/6)) < 3/4,
(25)

~

where, (a) follows by dividing the rounds till ¢ into geometric grid of size [2*,2% %], s < [logt] and M, = 5, _, (X: (') —
E[X;(t")]) = > ,_, Yy . Further note that E[Y;/] = 0, so we can apply the maximal inequality. Then (b) follows by upper
bounding s by 2“1, (¢) follows by applying Proposition (d) follows as 02 = 1, (e) follows as with s < [logt] we can
have (logt + 1) such combinations. Similarly, we can show that,

P (35 > Ll s) — (L) < \/21‘)g(41‘)g§(H 1>/5)> <5/ (26)
Combining the equations (23] and (26) we get that,
P(?(Lt)) §g<5.
It follows then P (£77*(1 : t)) > 1 — . Hence the claim of the lemma follows. O

A.5.2 Critical Samples for Optimality Detection

Lemma 2. Define the optimality event £;¥ t(s :t) as in Lemma Then the expected number of times the sub-optimal arm 1
is sampled based on the UCB sampling rule from round 1 till t is given by

EN(L: O] SN+ Y (670 0)

s=NPPH(1:t)+1

8log(4log,(t + 1)/5).

opt
where, N/P' (1 : t) = (A2

Proof. First note that if a sub-optimal arm i is chosen at round ¢ then U;(1 : s) > U;«(1 : s). This is possible under the
following three events

(al16) 2 (1 0) + Bl s Dk (e (129) S g1 = B0 o (129) = pal10) < 2601 5,90,
27

Now recall from Lemmathat at round s € [t], the event €7 (1 : t) holds with 1 — & probability. We define the optimal
stopping time ngt(l : t) as follows:

TP (1 t) =min{t' € [L: 4] : Ny(1:¢') = s}.



It follows immediately that 7'5 ’S’t(l : t) is F;—1 measurable. Also note that that the third event in is not possible for

2log(4logy(t +1)/9)

8log(4logy(t +1)/9)
NPPH(L 0 t) '

opt .
— sz (1 : t) > (Agpt)g

pie(1:t) — pi(1: 1) <2B;(1:1,6) = AP < 2\/

Then we can bound the expected number of pulls for any sub-optimal arm ¢ as follows:

NPPH(1:t) t
E[N;(L:t)] =E[ > {r2(1:t) < NP (LN +E > Lzt > NP1 1)}
s=1 s=NJPY(1:t)+1

t
=N+ > PR (L) > NP(L: )
s=NPPH(1:t)+1
t
SN+ > PUL=iai(lis— 1)+ Bi(1:s—1,6) > fis=(1:5— 1)+ Bi=(1:5 — 1,0)})
s=N7P*(1:4)+1
t
< NP1 :t) + > ]P’({ﬁi(l:s—l)Zui(lzs—l)-i-ﬂi(l:s—lj)}
s=NJPH(1:s—1)+1

U{ﬁi*(lzs—l) gui*(l:s—l)—ﬁi*(lzs—l,(S)})

t t

SN+ Y P(ffpt(s:t))—i— 3 P(gfft(s:t)).

s=NJPH(1:t)+1 s=NJPH(1:t)+1

The claim of the lemma follows. O

A.5.3 Concentration of Changepoint Event

Lemma 3. Let [i;(1 : s) be the empirical mean of s i.i.d. observations with mean 1;(1 : s), and [i;(s + 1 : t) be the
empirical mean of (t — s) i.i.d. observations with mean 1;(s + 1 : t). Let tiq be the round such that yi; (tf;,q) # m(tiq +1).

Let at round s the policy raises an alarm following the changepoint good event f; ';g (1 : t). Define the changepoint good

event

52};9(1 sty ={3se1:t],| m(l:s)—m(s+1:¢)|>Bi(l:8,0)+Bi(s+1:¢8)}

2log(4logy(t +1)/9)

2log(4logy(t +1)/9)
t—s

where 5;(1 : s,0) == \/ and Bi(s+1:t,8) = \/ . Then the probability of

the event ffhg(l : t) is bounded by
P (55739(1 : t)) >1-04.

Proof. Recall that fi;(1 : s) is the empirical mean of s i.i.d. observations with mean x;(1 : s), and fi;(s + 1 : ¢) is the
empirical mean of (¢ — s) i.i.d. observations with mean p;(s + 1 : t). We will again use the peeling argument to get the
desired bound. We first restate the good event as follows:

5229(1 i) = {38 el:t],|u(l:8)—mi(s+1: t)‘ > \/210g(410gz(t +1)/9) + \/210g(41(;g2(z * 1)/6>}

_ {38 et fi(l:s)— \/2log(4log2(t+ D/0) s 4100+ \/210g(4log2(t+1)/6)}

S t—s

U {ﬁi(l 8+ \/21og(410g2(t+ 1)/6) (s 1) — \/210g(410g2(t+ 1)/5)}

S t—s




We can then redefine the good event §f Zg (1:t) as follows:

S

5229(1 i) = {VS el:t],|mi(l:s)—p(1:8)] < \/

U {Vs el:t],|p(s+1:t) —pi(s+1:1)] < \/210g(410g2(t+ 1/9) } (28)

S

2log(4logy(t +1)/0) }

We can then define the bad event from eq. (28) as follows:

0t 0= B IR -l 9] J

U {Els €Lt (s +1:t) — (s +1:8) > \/210g(410g2(t +1)/9) } (29)

2log(4log,y(t +1)/9) }

S

Next we bound the first event of the inequality in eq. (29) in the same way as Lemma|I]as follows:

P (35 >1,0(1:8) —pui(l:s) > \/210g(410gz(t+ 1)/5)) < g (30)
P (38 > 1,7(1: ) — pi(1lcs) < —\/21°g(41°g§(” W‘”) < Z 31)

Similarly, we can show that the second event of eq. (29) the inequality,

2log(41 t+1)/6 1)
1[»(352 Li(s+1:8) — (s +1:1) z\/ og( ‘ng( + 1/ )) = 32)
-
. 2log(41 t+1)/0 )
P (Els >1Lai(s+1:t)—pui(s+1:t) < —\/ og( ZgE(S_F )/ )> < 7 (33)
Combining the equations (30), (31)), (32) and (33) we get that,
ch .
P(eho(1:n) <4,
It follows then P (52’;9 (1: t)) > 1 — 4. The claim of the lemma follows. O

A.5.4 Critical Number of samples for Changepoint Detection

Lemma 4. Let [i;(1 : s) be the empirical mean of s i.i.d. observations with mean p;(1 : s) =: p; g—1, and [i;(s +1 : t)
be the empirical mean of (t — s) i.i.d. observations with mean u;(s + 1 : t) =: p1; 4. Let Aff;g = |pig—1 — i,g| and the
P ’;g (1:t)asin Lemma Then the expected number of

times the sub-optimal arm ¢ is sampled before a changepoint tf:g is detected is given by

changepoint at s + 1 round as tig. Define the changepoint event &

t
ch ch
EN(L: )] < N1ty + Y ]P’({i)gg(s:t))
s=N{"9(1:)+1

_ 8log(4log,(t +1)/9)
= y .
ch
(2:)

Proof. Note that the changepoint tiq lie between the round 1 and ¢. Also note that the mean of the arm ¢ for the rounds 1 : s
is given by (1 : s) =: y1; y—1 and for the rounds s + 1 : ¢ is given by p(s + 1 : t) =: p; 4. Then for a sub-optimal arm i it
is possible to detect the changepoint at some round s € [1 : ] under the following two events

(i1:s) = Bi(1:8,0) > (s +1:8) + Bi(s +1:4,0)), {f(1:8)+B;(1:8,0) <fu(s+1:t)— Bi(s+1:t,0)}
(34)

where, Ni’;g(l i 1)



Again note that the events in eq. is not possible if the following events holds true:

{ 71 S)ﬁi(erl:t)‘ < \/210g(410g2(t+1)/5) Jr\/210g(410g2(t—i-1)/5)}7

S t—s
and, |ti,g—1 — ti,g] < max{B;(1:s,0),B:i(s+1:¢,9)}. (35)

Now recall from Lemmathat at round ¢, the event <§ chg (1: t)) holds with 1 — § probability. We define the changepoint
stopping time Te, a8 follows:

7., = min {t Ts e (L], |u(l:s) — (s +1:8) < \/21"%(4 logz(t +1)/9) \/2log(4k;gi(§ +1)/9) }

It follows that Te, is F;_1 measurable. Also note that that the second event in (35)) is not possible for

2log(4log,(t +1)/9)
Nigg(l o t)
8log(4logy(t +1)/9)
(Af")? '

ia—1 — Mig| <max{B;(1:5,6),B:(s+1:t,8 :>A6hg<
|12, Higl {Bi( )s

chg 3
= N, ,J/(1:¢)>

Let Nf Zg (1 : t) be the total number of samples of arm ¢ before the changepoint tig is detected. Then we can bound the
expected number of pulls of N’ Zg (1 :t) as follows:

NCh9(1:4) ¢
9
EINSO1 )] =E[ Y 1r, <NII@LOY+E Y 1{r, > N1t}
s=1 s=N{hI(1:t)+1
t
<N+ Y P({TCQ>N§§9(1:7§)})
s=N{h9(1:6)+1
t
) 2log(41 t+1)/6 2log(41 t+1)/0
SN+ Y P<{|ﬂi(1:8)_ﬁi(s+1:t)|>\/ os(tlogat £1)/0) ,  [2los(Hlogs(t ¢ )/)})
’ ‘ S t—s
s=N{MI (1) +1
t
<NTIi)+ Y P(gj’;g(s t))
s:NiC)’;ngl
The claim of the lemma follows. O

A.5.5 Total Number of Samples of Baseline Arm

Lemma 5. Let us consider a single time segment p, starting from round 1 till round t. When the optimality event £°P*(1 : t)
holds with high probability 1 — ¢ in py then the total pulls of the baseline arm is bounded by

Né’se(l )< 1 16 log(4 logy (7 +1)/90) .
apog Lo max{AY, AT — AT

Proof. We first define the estimated budget as follows:

Z(1:t) ZL, (1:8)+ Ly, (1:8) — (1 — a)tUp(1:t — 1)

K
Z t—DLi(1:t—1)+ Ly, (1:8) + No(1:t = DUp(1:t —1) — (1 —a)tUp(1:t —1)  (36)



Now note that in eq. if No(1:t—1) < (1 — a)t, then the last term is negative and Uy (1 : t) > uo(1 : ¢). Conversely,
if No(1:¢—1) > (1 — )t then the constraint is satisfied as:

t

> pr,(1:it) = No(1:t—Dpg(L:t—1) > (1= a)po(1: t)t

Let 70%¢(1 : t) :== max{t' € [1 : ] Iy = 0,Z(1: ' —1) < 0} be the last round the baseline arm is pulled. Note that at

75%¢(1 : t) — 1 the safety budget Z(r3%¢(1 : t) — 1) < 0. In the following proof we denote 7 = 75°¢(1 : t) for notational
convenience. It then follows that:

K
ZNZ-(I T—DL(1:7—=1)+ Ly (1:7)+No(1:7—1Up(1:7—1)— (1 —a)7Up(1:7) <0
i=1

(a)

= N(1:7—1DL;1:7—=1)+No(1:7—=1)Up(1:7—1)— (1 —a)7Up(1:7) <0

1>

l=
M-

-
Il
-

N;(1:7—1)L;(1:7)+ No(1:7—=1)Up(1:7)

K
—(1-a) (ZNZ-(1;T—1)+1> Up(1:7) <0

=0

— ZNi(l cr =D [Li(1:7) = (1= )Up(1:7)] — (1 — a)Up(1 : 7)

+aNy(1:7—1)Up(1: No(1 : r) <0

= alNo(l:7—1)[Ug(1:71)] ZN (1:7-1) {(1—0{)Uo(1:7')—Li(1:7')}—|—(1—a)Uo(1:7')

Part A

Part B

where, (a) follows by dropping L., (1 : 7) > 0, and (b) follows by introducing

7_<ZN tr—1) +1>

Now note that at the event ﬂfil EPY (1 t), po(1: 7) < Up(1 : 7). Hence, we can lower bound Part A as follows:
Part A < alNo(1:7—1)[pe(1:7)].

Similarly we can upper bound Part B as follows:

K
PartB=Y " N;(1:7—1) {(1 —)Uo(1:7) = Li(1:7)| + (1 — a)Up(1 : 7)

=1

Now note that at (), £27/(1 : 7) we have

2log(4logy(T+1)/8) (@

%Wﬂém@ﬂ+¢ NG o) 2 o7y 21T

8log(4logy (T +1)/9)
(AP(1:7))?

where, (a) follows for NV;(1: 7) > with probability greater than 1 — 24. Then for the Part B we can



show that

PartB< ) Ni(l:7—1) {“‘a) <u0<1:7>+A8p(21:T)> _Li<1:7>} +(-a) <u0<1;7>+A8p(21:T)>

i€[K]

<ZN 7'1{(1a)<u0(1:7)+A8p(21:T)>,u,;(l:T)
i€[K]

N \/ngj(\?tﬁ%zy_—i_l?/&)] —a) (,uo(l )4 AG (21 : 7)>

. 2
i€[K]

@) Z Ni(1:7 = 1)e; +/Ni(1: 7 — 1) (2log(4logy (T + 1)/8)) + (1 — @) <,u0(1 (T) + W)

< 3 log;)ifgf TT; Do) | Slog((iﬁ%fl(f +))1 0 L 1-a) <uo(1 S T) +
= ; i T

Agpt(l 0T
2

Ap(1:
where, in (a) we define ¢; = (1 — ) | po(l:7) + 0(27)> — (1 : 7), and (b) follows by setting N;(1: 7 —1) >

8log(4logy (T +1)/0)

(A1 7)) . Now for ¢; > 0 we can show that
(1= a)(uo( i)+ 2D i 0
= pir(1:7) = (1 - @) (uo(ltT)Jr((?(;:T)) <pie(L:7) = (12 7)

— A 2 (14 T o))

Again for ¢; < 0 we can show that

(1 - oot 7 + 2T iy <0
= up+(1:7)— (1 - @) </Jo+ SP(QZT)) > pie(L:7) = pi(1:7)
AP (1 7)

= A(1:7)<(1+ a)(’f + a(po(1: 7))

Combining everything we can show that

N 1)« 3 SR UID  Sslotlt LIV 1 (07 AT
i€[K] i -7 i i

(a)
No(l:7) <

1 Z 161og(4logy (T +1)/9)
ap(l:T) el max{A%"(1:7),0.5(1 — @)AP (1:7) + apo(1: 7) — AP (1:7)}

1 161og(4log, (T +1)/6)
No(l:7) <
o(l:m) < apo(l:T) iez[I:q max{A% (1:7), AP (1:7) — AP (1:7)}

1:¢)—B
where, (a) follows asa(po(1: t) — B)Z%. Now considering the g-th changepoint we can show that

N(I))se(l . 7_) _ Na);;t — 1 16 log(410g2(7-t+ 1)/52 )
’ ollo,g o max{AlZ,A P Alf;}

The claim of the lemma follows.



A.6  LOWER BOUND IN SAFE GLOBAL CHANGEPOINT SETTING

Theorem 3. (Restatement) Let £, £ be two bandit environment and there exits a global changepoint at t., = T/2. Let
a > 0 be the safety parameter and [io min be the mean of the minimum safety mean over the changepoint segments. Then
the lower bound is given by

K logT VKT log T }

E, -[Ry] > + ,
515[ T] o { (166 + 8)OZ,LLO,min QLo min  V 32e + 16 QL) min

Step 1 (Safe Risk): Consider a setting with a single changepoint g. For the segment py from ¢ = 1 to ¢., — 1 define the
environment £ € [0, 1]% such that y;(1 : t., — 1) = po(1 : ., — 1) — A for all i € [K]. We assume that ug(1 : t., — 1)
and A are such that y1;(1 : t., — 1) > 0. Define environment £(*) foreach i = 1,..., K by
g(z): /IJO(]-:tm _1)+A7 forj =1

J po(l:te, —1) — A, otherwise.
Similarly for the segment p; from ., to T' define the environment £ € [0, 1]¥ such that u;(t., : T) = po (te, :T)—A

for all i € [K]. Again, we assume that jio(t., : T') and A are such that j1;(t., : T')) > 0. Define environment £(*) for each
i=1,..., Kby

on|

() Jwo(te, :T)+ A", forj=i
/ po(te, : T) — A/, otherwise.

where, A’ > 0. Note that £ and £(*) differ only in the i-th component: 11;(1 : t., — 1) = po(1 : to, — 1) — A whereas
uz@ (1:te, —1) = po(l:te, — 1)+ A. Then the KL divergence between the reward distributions of the i th arms is given
by

KL (5 5}“) = (2A)2/2 = 2A2

Using Theorem 9 of [Wu et all2016] (see Proposition[3) we can show that in £ the lower bound to the safe regret is given by

\ Ktey VK
h >
ES[RtCl] Z /166+8’K whnen o ~ Ho(l;tCI.—l)\/(IGE*‘FB)tcl (37)
(6eFS)ano (1o, 1) otherwise
and for £ the lower bound is given by
K(Tftnl) VE
N e g h >
Ef[RTftcl] > /7166_23 , Whena > pro(tey :T)+/(16e+8)(T—tc,) (38)

6Tt T otherwise

Step 2 (Changepoint risk): Now we introduce the changepoint detection framework. In this framework define a false alarm
rate constraint specified by a tuple (m, o), where m € Z*denotes an a priori fixed time such that the probability of an
admissible change detector stopping before time m is at most § € (0, 1), namely, P[7 < m| < §. This framework is similar
to what defined in [Gopalan et al.||2021]]. Then we know from Theorem 2 of [Gopalan et al.|[2021]] (see Proposition@) that
for any bandit changepoint algorithm satisfying P[r < m] < 4, we have

L ool L locd
Eg £[7] > min m ks % =min{mof‘svm}' (39)
’ max;e ) KL (€, ;)" 2 A 2

where A > 0 is the minimum changepoint gap between any arms in &, €.



Step 3: Combining the two steps above and using (37), (38), and (39) we can show that the total regret lower bound is

E¢[R Es[Rr_ AE, £[r], whena > vE
E, :[Rr] > glBe., |+ Eg[Rr—. | + AE; 5[],  whena > PTERETW ==
’ Eg[th] + ]Eg[RT,tq] + A]EE,E[T], otherwise
VE(T—te)) | /K(T—te;) . {%log% mA} VK
= h >
— Egg[RT] > 16e+8 16e+8 + min A 02 1’ vlv ena= po(Lite; —1)y/(16e+8)tc,
’ K + £ 4 min {1085 mA otherwise
(16e+8)apo(Lite; —1) (16e+8)apio(tey:T) A 02 ’
VET—te) | /K(T—tc)) logT Vi
S 16e+81 16e+81 QO min when o > po(Lite; —1)4/(16e+8)tc,
— E&E[RT] = K X lOgT h )
(T6e+8)apo(lite, —1) + (@Bt 8)ao(le, ) | g oo otherwise

where, (a) follow by setting A = o, min, m = T as the last time the changepoint needs to be detected, and § = 1

T
Combining everything and setting ¢., = T'/2 we can show that

K logT VKT logT
16e + 8)apo,min ~ Homin V/32¢ + 16 Qpo,min |

E¢ z[Rr] > { (

A.7 ADDITIONAL EXPERIMENT DETAILS

Setting for choosing different o: In this experiment we illustrate the tension between the risk parameter « and the
cumulative regret for various values of a. The LCS environment consist of 4 arms (including baseline) and the evolution of
means are shown in Figure (Left). We plot the regret versus various values of « € [0, 1] in Figure |4{ (Right). We see that
SLR has high regret in high risk (o« — 0) setting. However its performance lies between D-UCB and GLR-UCB which are
safety oblivious algorithms. SLR outperforms both UMOSS and safety aware CUCB algorithm. We see that CUCB only
performs well when risk is low (o — 1). This is the changepoints occur too fast and when (o — 0) the CUCB is forced to
choose the baseline arm always.
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Figure 4: (Left) Local changepoint environment with 7' = 1500, K™ = 4 and changepoints at ¢ = 500, 1000 and 1500.
Again note that some arms do not change at these changepoints. (Right) Shows the regret vs. « € [0, 1] plot.

Remark 1. In all the environments we tested against adversarial CUCB as recommended in|\Wu et al.|[2016|] for adversarial
setting. The adversarial CUCB again always samples the baseline arm as it is not suited for the safety constraint (1) and
achieves linear regret similar to CUCB . So we omit it’s plot from the figures.

Time Complexity Note that Ad-Switch suffers an expensive time complexity of ©(KT*) for performing the changepoint
detection test whereas GLR-UCB , UCB-CPD , M-UCB , SGR , SLR suffers a time complexity of © (K T2).

Algorithmic Implementations: We implement the following algorithms:

1) GLR-UCB [Besson and Kaufmann, |2019]: This algorithm is an actively adaptive changepoint detection algorithm. It
uses the GLRT statistic to detect changepoints and restart. It is implemented with the Gaussian KL function with known
variance to calculate the GLRT statistic. It works for both GCS and LCS environment and requires the horizon 7" as input.



2) UCB-CPD [Mukherjee and Maillard, |2019]]: This algorithm is also an actively adaptive changepoint detection algo-
rithm. It uses confidence based scan statistic and we use the (¢, 0) in (3) to implement its changepoint detector as opposed
to the time-uniform bound used by Mukherjee and Maillard [2019]. The performance difference is negligible for such a
short horizon. It requires the horizon 7" as input.

3) UCB-CPDE : This algorithm is also an actively adaptive changepoint detection algorithm. UCB-CPDE is similar to
UCB-CPD but suited for LCS as it conducts forced exploration of arms. We again use the same $3;(t, d) in (3) to implement
its changepoint detector. It also requires the horizon 7" as input.

4) D-UCB [Garivier and Cappé, |2011]]: This is a passive algorithm that does not detect the changepoints and restart. We

set the exploration parameter v = 1 — %\/g as recommended in |Garivier and Cappé| 201 1]].

5) CUCB [Wu et al., [2016]: This is the safety aware algorithm for the stochastic bandit setting. It uses the new safety
constraint in (T) instead of the constraint in[Wu et al| [2016] (see Proposition[2). So it calculates the new empirical safety
budget Z(1 : t) (7) and when the safety budget is positive it uses the UCB-index [Auer et al.,|2002a]] to sample an arm,
otherwise it samples the baseline.

6) Adversarial CUCB [Wu et al.,[2016]]: This is a safety aware algorithm for the adversarial bandit setting. It uses t/l\le new
safety constraint in (T)) instead of the constraint in|Wu et al.| [2016]. So it calculates the new empirical safety budget Z(1 : t)
and when the safety budget is positive it uses the EXP3 [Auer et al., 2002b] to sample an arm, otherwise it samples the
baseline.

7) UMOSS [Lattimore} 2015]: The Unbalanced Moss (UMOSS ) is a conservative exploration bandit. The UMOSS is
tuned with the parameter

- TK - - K
By = ) B’L:B =VvVIK+ —.
0 VTK + & K e770))

apo

The quantity B; determines the regret of UMOSS with respect to arm ¢ up to constant factors, and must be chosen to lie
inside the Pareto frontier given by [Lattimore| [2015]]. UMOSS has no guarantees for the safety constraint (). It was found
to perform comparably to the highly constrained CUCB in|Wu et al.|[2016]. UMOSS requires By,..., Bk as inputs and so
it requires the knowledge of the mean of the baseline.



A.8 TABLE OF NOTATIONS

Notation

Definition

Total number of arms
Horizon
Probability of error
V2log(4logy(t +1)/0)/Ny(1 : t)
161og(4log,(T/9))
Risk Parameter
Total Changepoints till horizon T’
arm sampled at round s
Rounds from 1 to ¢
ey, ity — 1
i g — i g TOr segment pg

|tti,g — i g+1]| for segment p,

1 A;pgt71
A(.)T’ W
i,9—1 ( i‘g—l)
opt
max;e[g]+ (A?,;g)Q
AP ]
N
(77)
max,g
max{A;’f; ,ASZL*A??}
Critical number of samples for Optimality Detection at p,
Critical number of samples for Changepoint Detection at pg

Total number of samples for baseline at p,

max

Table 1: Table of Notations
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