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Abstract

Linear transformations are ubiquitous in machine learning, and matrices are the stan-
dard way to represent them. In this paper, we study matrix forms of quaternionic ver-
sions of the Fourier Transform and Convolution operations. Quaternions offer a powerful
representation unit, however they are related to difficulties in their use that stem fore-
most from non-commutativity of quaternion multiplication, and due to that u? = —1
possesses infinite solutions in the quaternion domain. Handling of quaternionic matri-
ces is consequently complicated in several aspects (definition of eigenstructure, determi-
nant, etc.). Our research findings clarify the relation of the Quaternion Fourier Trans-
form matrix to the standard (complex) Discrete Fourier Transform matrix, and the extend
on which well-known complex-domain theorems extend to quaternions. We focus espe-
cially on the relation of Quaternion Fourier Transform matrices to Quaternion Circulant
matrices (representing quaternionic convolution), and the eigenstructure of the latter. A
proof-of-concept application that makes direct use of our theoretical results is presented,
where we present a method to bound the Lipschitz constant of a Quaternionic Convolu-
tional Neural Network. Code is publicly available at: https://github.com/sfikas/
quaternion-fourier-convolution-matrix.

1 Introduction

Quaternions are four-dimensional objects that can be understood as generalizing the concept of complex num-
bers. Some of the most prominent applications of quaternions are in the fields of photogrammetry (

, ), computer graphics ( , ), robotics ( , ; , )
and quantum mechanics ( , ; , ). Perhaps the most well known use case of
quaternions involves representing rotations in three-dimensional space ( , ; ;

, ). This representation is convenient, as for example a composition of rotatlons corresponds
to a multiplication of quaternions, and both actions are non-commutative. Compared to other spatial rota-
tion representations such as Euler angles, quaternions are advantageous in a number of respects (

) )'

A relatively more recent and perhaps overlooked use of quaternionic analysis traces its roots in dlgltal signal
& image processing ( , ; , ;

, ; , ). The motivation for using quaternionic extensions of Standard theoretical
signal processing tools such as filtering and the Fourier Transform (FT), is that their most typical application
on color images involves treating them as three separate monochrome images. As a consequence, cross-
channel dynamics are ignored in this approach. The solution is to treat each color value as a single, unified
object, and one way to do so is by representing multimodal pixel values as quaternions. The caveat of this
approach would be that standard tools, filters and methods would have to be redefined and remodeled,
a process that is typically not always straightforward (a fact that partly motivates this work). Similar
considerations hold for other types of signals, such as acoustic signals or polarimetric imaging ( ,

). Recent works move away from the scope set originally by such physically-based motivations and
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extend to other applications, including using quaternion-valued elements as components of Deep Neural
Networks. Part of the network may be expressed in terms of quaternions ( , ,

; , ) or even all components of the network —inputs, intermediate layers, outputs as done
in Quaternionic Neural Networks. The latter lead in practice to models that can incorporate quaternionic
versions of standard layers such as convolution or self-attention, have much less memory requirements than
their real-valued counterparts, and perform similarly in terms of generalization ( , ;

, ; , ). Parameterized hypercomplex layers build on this paradigm ( ,

), and neural networks can be effectively extended to work with elements of an arbitrary number of
dimensions.

In this paper, our focus is on the quaternionic version of the Discrete Fourier transform (DFT) and its
relation to quaternion convolution. The Quaternion Fourier Transform (QFT) was originally proposed by

( ), and in effect it provides the means to analyze and manipulate the frequency content of
multichannel signals. We argue that, while the QFT has been studied by a number of works and has found
uses in practical applications ( : , : , ; , ),
its potential has yet to be exploited in its fullest

A matrix representation form for the Quaternion Fourier Transform and Convolution and their properties are
studied in this paper. ' We show that a number of properties of the DFT matrix form also do extend to the
quaternionic domain, in most cases appearing as a more complex version of the original (DFT) property. We
focus on its relation to Quaternionic Convolution and its circulant form, extend the well-known results for
the non-quaternionic case ( , ), and show that the eigenstructure of Quaternionic Circulant matrices
is closely connected to the Quaternion Fourier Matrix form.

The major contributions of this paper are the following:

1. We show that convolutions and Fourier transforms in H are represented as matrices with prop-
erties that are analogous to their real and complex-domain counterparts; the standard (complex)
Fourier matrix can be seen a special case out of an infinite set of Quaternionic Fourier matrices (cf.
Propositions 3.1-3.3), which are related through a rotation-like operation (cf. Prop. 3.4).

2. We show that circulant, doubly block-circulant matrices and Fourier matrices are “still” related in
terms of their properties also in the quaternionic domain, albeit in a more nuanced manner. In our
opinion, it is notable that both the left and right QFT provide us with different functions of the
convolution kernel left eigenvalues (cf. Proposition 3.5). This is a result with further theoretical and
practical implications, which we discuss (cf. Corollary 3.6.2, as an example).

3. The literature on the theory and applications of quaternion matrices focuses on right eigenvalues, as
the left spectrum is more difficult or impossible to compute in general. Due to the previous result
(Proposition 3.5), our focus must turn to left eigenvalues ?, which we show how to compute using
QFT; we show that a set of N left eigenvalues (out of an infinite number of left eigenvalues of a
N x N-sized matrix) can be used to reconstruct a Circulant matrix, under specific conditions (cf.
Proposition 3.6).

4. We show that sums, multiples and products of quaternionic circulant matrices can be reconstructed
using manipulations in the left spectrum (cf. Proposition 3.7).

5. In terms of application, we show that our results find direct use, replacing and generalizing uses of
standard real/complex operators (cf. Section 4). Two-dimensional convolution kernels are shown
to be represented as doubly block-circulant constructions (cf. Propositions 3.8,3.9). We present
a proof-of-concept application that makes use of our results. Specifically, we propose a way to
a) compute the spectral norm of Quaternionic Convolution and b) set a bound on the Lipschitz

LConcerning prior work, to our knowledge only ( , , sec.3.1.1.1) refer to a matrix form of the QFT, without
proving or discussing any of its properties, its relation to convolution or their implications.
2Most hitherto works focus on right eigenvalues; as ( ) notes, “In general, it is difficult to talk about eigenvalues

of a quaternionic matrix. Since we work with right vector spaces, we must consider right eigenvalues.”
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constant of a Quaternionic Neural Network. These operations are shown to be carried out orders-
of-magnitude faster than an implementation that is oblivious to the presented results. This involves
a special construction of a matrix that contains 2 x 2 blocks of simplex and perplex parts of left
eigenvalues (cf. Proposition 4.4, Corollary 4.4.1). This generalizes elegantly from C to H, as perplex
parts vanish in C.

The paper is structured as follows. We proceed with a short discussion on Section 2 concerning difficulties
handling quaternion matrices and therefore operator matrix forms, and outline the net benefits from such
a process. In Section 3, we examine the matrix form of the QFT and Quaternion Convolution and present
our theoretical contributions regarding their properties. We showcase the usefulness of the discussed form
and its properties in Section 4. We conclude the main paper with Section 5. In the Appendix, we have
moved supplemental results, a short section on our notation conventions, and a section on preliminaries on
Quaternion algebra.

2 Difficulties and Benefits associated with quaternionic representations

Major difficulties in handling quaternionic matrix forms for the FT or the convolution operator involve
the following points: a) Multiplication non-commutativity: Quaternion multiplication is non-commutative,
a property which is passed on to quternion matrix multiplication. b) Multiple definitions of convolution
and QFTs. There is a left-side, a right-side, or even a two-sided Fourier transform for quaternions, as
well as variations stemming from choices of different FT axes. (An analogous picture holds for quaternion
convolution). ¢) Difficulties with a convolution theorem: A long discussion exists on possible adaptations of
the convolution theorem to the quaternion domain ( , ; ; ,

; ; , ). The convolution theorem cannot be readily apphed for any version of
the QFT and any version of Quaternion Convolution ( , ). Quaternion convolution theorems
have however been proposed in the literature: ( ) discuss a convolution theorem for the
discrete QFT; ( ) present results for the two-sided continuous 2D QFT. A version with the
commutative bicomplex product operator also exists, holding specifically for complex signals transformed
w.r.t. to axis j ( , ). d) More complex eigenstructure: Quaternion matrices have a significantly
more complex eigenstructure than real or complex matrices. Due to non-commutativity of multiplication, left
and right eigenvalues are defined, each corresponding to either the problem Ax = Ax or Az = x ) respectively.
Even worse, the number of the eigenvalues of a quaternionic matrix is in general infinite ( , ). e)
Quaternionic determinants: The issue of defining a Quaternion determinant is non-trivial; a function acting
with the exact same properties as those of the complex determinant, defined in the quaternion domain,
cannot exist ( , ).

But what can we gain from a matrix form and the properties of the constituent quaternionic matrices,
especially when moving to the quaternion domain creates all sorts of difficulties? In a nutshell, the motivation
is that vectorial signals such as color images can be treated in a holistic manner, and our analysis opens up
the potential to build more powerful models directly in the quaternionic domain. In general, given a signal
processing observational model, wherever a Fourier operator of a Convolutional operator is defined, a matrix
form allows us to easily adapt the model to the quaternion domain. This bears at least two advantages: a)
The model can be easily redefined by replacing operators with their quaternion versions. b) Perhaps more
importantly, solution of the model (i.e., find some parameter vector 6 that fits best to observations) involves
directly using properties of the Fourier and Circulant matrices (e.g. using results about eigenvalues of a sum
of circulant matrices).

Properties of the related non-quaternion operations are used in state-of-the-art signal, image processing/vi-
sion and learning methods, exploiting the relation of Convolution and Fourier Transform in the real and

complex domains. As examples of use, we can mention models in deblurring ( , ) and deconvo-
lution ( , ), manipulating convolution layers of neural networks ( , ;

, ) or constructing invertible convolutions for normalizing flows ( , ).
These properties are well-known for the real and complex domain ( , ); with the current work, these

properties are extended and adapted from their well-known complex domain version (C) to the quaternionic
domain (H), allowing construction of more powerful and expressive models.
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3 Matrix forms: Quaternion Circulant Matrix, Quaternion Fourier Matrix and their
connection

The main theme of this section is exploring whether and to what extend do the well-known properties and re-
lation between circulant matrices, the Fourier matrix, and their eigenstructure generalize to the quaternionic

domain. The core of these properties (see for example ( ) for a complete treatise) is summarized in
expressing the convolution theorem in matrix form, as:
g=Cf = Ag=AA'AcAf = G =AcF (1)

where g, f € CV, C € CV*N is a circulant matrix, G, F € CV are the Fourier transforms of g, f. As
the columns of the inverse Fourier matrix A~! are eigenvectors of any circulant matrix, the convolution
expressed by the circulant C' multiplied by the signal f is easily written in eq. 1 as a point-wise product of
the transform of the convolution kernel A¢ (represented as a diagonal matrix) and the transform F'. These
formulae in practice aid in handling circulant matrices, which when used in the context of signal and image
processing models represent convolutional filters. The most important of these operations are with respect
to compositions of circulant matrices, as well as operations in the frequency domain.

3.1 Quaternionic Circulant Matrices

Let C € HV*¥ be a quaternionic circulant matrix. This is defined in terms of a quaternionic “kernel” vector,
denoted as ko € HY, with quaternionic values k¢ = [cyp ¢1---cn—1]T. Then, the element at row i = 0..N —1
and column j = 0..N — 1 is equal to k¢ [i — j] N, where we take the modulo-N of the index in brackets. Hence,
a quaternionic circulant matrix bears the following form:

Co ci C2 -+ CN-1
- CN—1 Co €1 -+ CN—2
¢ = : A : : (2)
Cc1 Cy C3 - Co

For any quaternionic circulant C, from the definition of the quaternionic circulant (eq. 2) and quaternionic
convolution, we immediately have:

Proposition 3.1. The product Cx implements the quaternionic circular left convolution ko ® x:

N-1
(ke ® 2)[i] = Z kcli — n)yz[n], (3)
n=0
taken for ¥i € [1,N], where x € HY is the signal to be convolved, and [-]n denotes modulo — N indexing
(Jain, ) (i.e., the index “wraps around” with a period equal to N ).
Proposition 3.2. Quaternionic circulant matrices can be written as matriz polynomials:
C:60]+61}5+02P2+"'+CN,1PN71, (4)
where kernel [cocy - cn] € HY and P € RN*N s the real permutation matriz ( , ) that permutes
columns 0 — 1,1 — 2,--- /N — 1 — 0. The inverse is also straightforward: any such matriz polynomial is

also quaternionic circulant.
Corollary 3.2.1. Transpose CT and conjugate transpose CH are also quaternionic circulant matrices, with
kernels equal to [co cn_1---co 1]t and [¢g eny—1---C3 c1|’ respectively.

Proof: We use P = PT = P~! and PN=%P% = [ for any a = 0..N. We then have, by using Proposition
3.2:

CT:C(]pN+Cle_1+CQPN_2+"'+CN,1P7 (5)
and ~ } ~ 3

CH =P + &PV 4+ PN 2 ... 4 ey P, (6)

hence both are polynomials over P, thus quaternionic circulant. [J
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3.2 Quaternionic Fourier Matrices

We define a class of matrices as Quaternionic Fourier matrices, shorthanded as Q% for some pure unit
quaternion u (termed the “axis” of the transform) and N € N, as follows. The element at row ¢ = 0..N — 1

— e—u27rN7

and column j = 0..N — 1 is equal to wﬁvju, where we have used wy, 1, raised to the power of the

product of i, j. Hence, we write:

. N-1)-0
T RS
w?l wil w(Nfl)-l
. Np Ny Np 7
Qn = VN : : - : ’ (7)
O(N 1) 1.(}v—1) WV 1) (N—1)
wNu wN;L N,Ll.

Proposition 3.3 (General properties). For any Quaternionic Fourier matriz we have the following straight-
forward properties:

(1) Q' is square, Vandermonde and symmetric.
(2) [QNIEQN = QNIQNIE =1, QY is unitary.
(3) The product Qx, where x € HY, equals the left QFT Fi{x}:

Ff[u Z NI ). (8)

(4) The product @%x = Q'z, where x € HY, equals the left inverse QFT F; "{xz} .

N—-1
1 -1
F o] = — E etpamN=inu ] 9
L [ ] \/N =~ f[ ] ( )
(5) Q% = An where Ay is the (standard, non-quaternionic) Fourier matriz of size N (Jain, ;
). The standard DFT comes as a special case of the QFT, for axzis p = i and a complex-valued

input x € CN.
(6) Q¥ = Q%)™ =Qy = Q)"

(7) QYQY = P, where P is a permutation matriz that maps column n to [N — n]y.

(see also the Appendix concerning definitions of the QFT and quaternion conjugacy). These properties are a
straightforward generalization from C, and can be confirmed by using the matrix form definition of eq. 7. Let
us only add a short comment on the derivation of 3.3.7. We practically need to prove that each column of Q'
is perpendicular to exactly one other column of the same matrix, and this mapping is given by n — N —n
(where we use a zero/modulo-N convention, cf. Appendix, section on Notation Conventions)For columns a,
and a,,, we compute the result of the required product at position (u,v) as:

N-1
_ —1 _ -1
afav — E e p2m N nu, p27 N~ "nv
n=0

N-1
_ -1 _ -1 -1
§ : e pu2n N nug p2m N n'ue—i-uZTrN Nu

)

n=0

which holds since e#?™ = 1. This is subsequently equal to

+u27 N~ N w) —pu2w N~
§ etH Je—H v=0all_a,,
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which is the inner product of columns v and N — u. This will result in zero for all pairs of v, N — u except
for when v = [N —u]y. Hence, the required product will have all-zero columns save for exactly one element,
different for each column; this is by definition a permutation matrix ( , ). O

Consequently, and in contrast to what holds in the complex domain, we have an infinite number of different
Fourier matrices for a given signal length N, one for each different choice of pure unit axis p. Proposition
3.3 stated that by flipping the sign of the axis we obtain the inverse QFT with respect to the same axis. In
general, two arbitrary Fourier matrices are connected via a rotation of their components:

Proposition 3.4. Let Q%, Q% Quaternionic Fourier matrices with non-collinear azes p,v. We can always
find unit p € H such that

Qv = pQND (10)
The required quaternion p is e5%/%, where € = vu + V(v) - V(1) and 0 = arccos(V(u) - V(v)).

Proof: For any wy, and wy,, we can find p € H such that wy,, = pwn,p~!. Since any pure unit quaternions
v, it are situated on the unit sphere {t € R¢ + Rj + Rk : |t| = 1}, we can obtain the one from the other by
applying a rotation about the origin. Consequently, there exists p € H so that p = prp~! ( , )

(note that wy,,wn, are unit but not necessarily pure). From there, assuming pure unit p and real § we

1 1 1

have the following steps: e#? = ePvp 0 — pp~Lcosh + prp~lsind = p(cosh + vsind)p~t = pe’fpL.

It suffices to plug # = 27 N~! in the previous equation to conclude the required WNy, = pwy,p~t. The
same transform can be used for all powers of wx,, wxn, to any exponent 7, and indeed we have pw?\,up_1
= puNup 'PwNP TP wNEP T = WL WNY Wy = w),. Since any element of Qh can be written as
a power w'YN“ for some natural exponent v, we can write Qf, = pQ%p~', which applies the same transform
on all elements simultaneously. Intuitively, this action represents a rotation of the unitary disc where all
elements of Q' are situated.

The axis of rotation is given by the cross product of the two pure unit vectors u,v, as it is by definition
perpendicular to the plane that u,v form. The product V(v) x V(u) is equal to vu + V(v) - V() as
S(p) = S(v) = 0, hence we compute & = vy + V(v) - V(u). Also, V(u) - V(v) = |ullv|cos(d) =
0 = arccos(V(p) - V(v)). O

Let us add a short comment on the intuition behind this relation. We must note that all elements of Q'
are situated on the same plane in H, which is different from the plane for elements of Q% (due to the
assumption of non-collinearity). However, for any given axis, all planes intersect the origin and all pass from
(1,0,0,0) € H, since element [Q%]11 equals 1 for any p and N € N. Elements of QY are situated on a unit
circle on their corresponding plane, whereupon their position is defined by their relative angle to the line
passing between the origin and (1,0, 0,0). This position is determined by the value of the element wy,, and
the power to which this element is raised, so as to give the element of Q; in question. Intuitively, this action
represents a rotation of the unitary disc where all elements of Q' are situated.

3.3 Connection of Circulant and Fourier matrices

The following results can then be proved, underpinning the relation between Quaternionic Circulant and
Quaternionic Fourier matrices, in particular with respect to the left spectrum of the former:

Proposition 3.5 (Circulant & Fourier Matrices). For any C € HY*N that is circulant, and any pure unit
p € H,

(1) Any column k = 1..N of the inverse QFT matriz Q" is an eigenvector of C. Column k corresponds to
the k'™ component of the vector of left eigenvalues A* = [Ny Xy -+ M7 € HN. Vector A" is equal to
the right QFT Fl, of the kernel of C.

(2) Any column k = 1..N of the inverse QFT matriz Q3" is an eigenvector of C*. Column k corresponds

to the k" component of the vector of left eigenvalues k' = [kl --- k]t € HYN. The conjugate of the

vector k" is equal to the left QFT FV, of the kernel of C.
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where transforms denoted with an asterisk (*) refer to using a unitary coefficient instead of 1/v/ N:

Ff* Ze u2r N~ nuf F]lé* Z 6 /1,271—N—1nu' (11)

Note here that the left spectrum becomes important concerning the circulant matrix eigenstructure. (In
general, quaternionic matrices have two different spectra, corresponding to left and right eigenvalues. For
real matrices, the two spectra will coincide, however the exact way these two sets are connected is largely
unknown in the case of true quaternionic matrices ( , : , ).

Proof: Let aj, the k*" column of Qy". Tts product with quaternionic circulant C' is computed as:
Yo A0~ nlnvwyy”
Z%:_ol h(1 — n]NwN’;n
VNCay = | Znso b2 —nlnwy |, (12)
N—-1 . n
Yomeo h[N —1— n}NwN’Z

where k[i]x is the i*" /modulo-N element of circulant matrix kernel k. The m** element of Cay, is then:

—(N-1)
1 —kn 1
TZh —TLN’UJNM :ﬁ Zh NwNp,
N-1 1
T Zh NWN Jwh™ = h[l]Nw%#}ﬁerlva

1=

o

(13)

where we used [ = m —n and in the last form of equation 13, the term inside the brackets ( lligl h[l] ywhl )

we have the k*" element of the right-side QFT Fi, of h. (Note that this is the asymmetric version of the
QFT, cf. Appendix). Outside the brackets, \Fu} N’;m can be identified as the m*”* element of ay,, shorthanded

s [ag]m. Therefore, Cay = Aay, so ay is an eigenvector of C; by the previous argument, A is equal to the
k" element of the right-side QFT. The second part of the theorem, concerning C*, is dual to the first part.
O

Corollary 3.5.1. For any pure unit azis p € H, the conjugates of the eigenvalues A and k" are also left
eigenvalues of C* and C respectively.

Proof: We will prove the corrolary for A and CH as the case of x* and C is dual to the former one. We
have Cw = Mw = (C — )\ZI)w = 0 given non-zero eigenvector w, hence the nullspace of C' — )\LI is
non-trivial. From this, we have rank[C — M‘I] < N = rank[(C — M'I)] < N and rank[C? — N < N,
where we have used the property rank(A) = rank(AH) ( , , theorem 7.3). Thus, the nullspace
of CH — )\“ I is nontrivial, and /\“ is an eigenvalue (Note that this proof does not link these eigenvalues to
specific eigenvectors, however). D

Corollary 3.5.2. For any pure unit axis p € H, the vector of left eigenvalues A" is a flipped version of A™H,
where the DC' component and the (N/2)*" component (zero-indexzed) remain in place.

Proof. We want to prove that the i’ component of A* (\!) is equal to the [N — i]¥* component of A7

(AN _;), (where ordering is w.r.t. modulo-N indexing). But the ! is a left eigenvalue that corresponds to
the i*" column of the QFT matrix with axis p as its eigenvector, and also equal to the i*” component of the
right QFT by Proposition 3.5. It is equal to Zf::ol fln]e=#27N""ni while the [N — i]t? component of A™#
is equal to SN " fln]etr2mN T In(N=i) by definition. Note however that:

N-1 N-1
Z f[n]e_ﬂ2ﬂN71ni _ Z f[n]e—l@ﬂ'N*lnie-HLQﬂ'N*an
n=0 n=0
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N-1

— Z f[n}eJr;ﬂﬂ'N_ln(Nfi)’

n=0
because e!?™ = 1 for any n € Z and pure unit u. Hence \!' = /\[_1\,;—1‘]1\,' The only components for which
i =[N —i]n are i = 0 (DC component) and ¢ = N/2, hence for these we have A’ = A\;". O

Proposition 3.6. A set of N left eigenvalues that correspond to the eigenvectors - columns of Q" for some
choice of axis p € H, uniquely defines a circulant matrix C. The kernel of C is computed by taking the
inverse right QFT of the vector of these N left eigenvalues.

Note that while the analogous proposition is known to hold true for non-quaternionic matrices and the inverse
Fourier matrix, it is not completely straightforward to show for quaternionic matrices. For complex matrices
it can be proven true by using e.g. the spectral theorem ( , ), however no such or analogous
proposition is known concerning quaternionic matrices and their left spectrum.

Proof. We shall proceed by proving the required proposition by contradiction. Let C # D € HY*N be
circulant matrices; all columns of @,/ for a choice of axis p are eigenvectors of both C' and D due to
proposition 3.5. We then have:

N-1
1
[Canlm =D hlllvwh, ] ——=wyh™,
prd 1% \/N 1%
N—-1 1
[Dak]'rn = [ g[l]Nw%u]ﬁwaZm7

l

I
=)

for all m € [1, N], where h, g are the convolution kernels of C, D respectively, and ay, corresponds to the k"
column of Q3. By the assumption we have set in this proof, we have that left eigenvalues are equal for
corresponding eigenvectors for either matrix, hence:

N-1

2
L

hlNvwi, = > glllvwi,,

=0 l

Il
=]

or, written in a more compact form,
Fre{h} = Frdg}-

However due to the invertibility of the (either left or right-side) QFT, we have h = ¢ = C = D, which
contradicts the assumption. Hence, circulant C' must be unique. [J

Note that an implication of this proposition is that, while the number of left eigenvalues is in general infinite,
picking a random set of N left eigenvalues does not suffice to reconstruct the original circulant matrix. It
must be ensured that the selected left eigenvalues correpond to columns of Q ", where we are free to choose
the axis p € H.

Corollary 3.6.1. Given (a vector, or ordered set of) N left eigenvalues A¥, we can use the QFT to recon-
struct a circulant matriz C € HN*N with A C o(C). The corresponding eigenvectors are the columns of
the QFT matriz Q4. The resulting matriz C is unique, in the sense that it is the only matriz € HV XN
with this pair of left eigenvalues and eigenvectors.

Corollary 3.6.2. Writing proposition 3.5 in a matriz diagonalization form (A = SAS™!), where the columns
of S are eigenvectors and A is a diagonal matriz of left eigenvalues, is not possible. This would require us to
be able to write CQN" = Q' A*; however, the right side of this equation computes right eigenvalues, while
proposition 3.5 concerns left eigenvalues.

Consequently, and despite an only partial generalization of the corresponding well-known properties to
quaternionic circulant matrices, we must note that quaternion circulant matrices have the rather singular
property of being relatively easy to numerically compute (part of its) left spectrum:

Corollary 3.6.3. For any Quaternionic Circulant C, any right-side QFT Fy, (i.e., with respect to arbitrary
pure unit azis ) of quaternionic convolution kernel ko will result to a vector of left eigenvalues for C.
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In general no procedure is known to be applicable to a generic (non-circulant) quaternionic matrix (
; , ). Only its right spectrum can be fully calculated using a well- deﬁned

numerical procedure ( ,

Proposition 3.7 (Eigenstructure of sums, products and inverse of circulant matrices).

Let L, K € HY*N circulant matrices, then the following propositions hold. (Analogous results hold for L, K
doubly-block circulant).

(a) The sums L + K and products LK, KL are also circulant. Any scalar product pL or Lp where p € H
also results to a circulant matriz.

(b) Given some pure unit azis u € H, let w be the it" column of the inverse QFT matriz QN and ' kY
are left eigenvalues of L, K with respect to the shared eigenvector w. Then, w is an eigenvector of. ..

i. L+ K with left eigenvalue equal to N + k.
ii. pL with left eigenvalue equal to pAL.

iii. Lp with left eigenvalue equal to /\p”pilp .

w. LK with left eigenvalue equal to )\ wnle) kiif ki £ 0 and equal to 0 if k' =

v. Provided L™ exists, Nfw(\')™1 is an eigenvector of L™ with left eigenvalue equal to (\)')~1.

Proof: (a) For proving L + K, pL and Lp are circulant, it suffices to use their matrix polynomial form
(cf. Proposition 3.2). Then summation and scalar product are easily shown to be also matrix polynomials
w.r.t. the same permutation matrix, hence also circulant.

For the product LK, we decompose the two matrices as linear combinations of real matrices, writing
LK = (Le+ Lit + Ljj + Lik)(Ke + Kit + K;j + Kik),

where L, L;, Lj, Ly, K¢, K, Kj, K, € RY*N and circulant. Computation of this product results in 16 terms,
which are all produced by multiplication of a real circulant with another real circulant, and multiplication
by a quaternion imaginary or real unit. All these operations result to circulant matrices (for the proof that
the product of real circulant matrices equals a circulant matrix see e.g. ( )), as does the summation
of these terms. KL is also circulant by symmetry, however not necessarily equal to LK, unlike in the real
matrix case.

(b) i. (L+ K)w = Lw + Kw = Mw + kf'w = (A + k/')w. Hence w is an eigenvector of L + K with left
eigenvalue equal to A + k1.

ii. (pL)w = p(Lw) = (pA\')w. Hence w is an eigenvector of pL with left eigenvalue equal to pAL.
iii. Let p, a unit quaternion with p,, = p/||p||, assuming p # 0.

(Lp)w = ||p||(Lp.)w = |[p||Lpuwpy, 'pu = ||pl|Lzpu, (14)

where z = p,wp; ! represents a rotation of w to vector z which is also an eigenvector of L; that is because

—ikp2x N1

the k" element of w is equal to e . With a similar manipulation as in Proposition 3.4, z is a column

_ —1
of the inverse QFT matrix Q Np wHPu e, an inverse QFT matrix with an axis different to the original pu.

-1
Thus, due to Proposition 3.5, z is an eigenvector of the circulant L, the left eigenvalue of which is AY*/P« .

Continuing eq. 14, we write:
up ot b ;1 —
1Pl Lzpa = |lpIIN"" 2pu = [IplIX""* puwpy 'pu =

(Lp)w = (X7 puw, (15)

—1
hence w is an eigenvector of Lp with left eigenvalue equal to AY“*** p.
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1
iv. LKw = Let'w = """ klw, where ¢ = k!, g, = q/||q|| and we used the right scalar product result

-1
of (iii), supposing that ¢ # 0. Hence w is an eigenvector of LK with left eigenvalue equal to )\?“”q“ k. If
g = 0, we cannot use the result of (iii); the resulting eigenvalue is simply equal to 0, since LKw = 0.

v. Lw = Mw = Lw\)™! = Mw)™ = w)™ = LI o)™ = LI w7 =
A TINEw( MY = L7l = (M) 712 where z = Mw(A) ™!

3.4 Quaternionic Doubly-Block Circulant Matrices

Block-circulant matrices are block matrices that are made up of blocks that are circulant. Doubly-block
circulant matrices are block-circulant with blocks that are circulant themselves. These latter are useful in
representing 2D convolution ( , ). Results for circulant matrices in general are valid also for doubly-
block circulant matrices, where the role of the Quaternionic Fourier Matrix @/ is taken by the Kronecker
product @,/ ® Q.

Proposition 3.8 (Doubly Block-Circulant & Fourier Matrices). Let D € HMNXMN pe doubly block-
circulant, with N x N blocks, and each block is sized M x M. Let un € H be a pure unit quaternion.
Then the product D - vec(z), implements the quaternionic circular left 2D convolution kp ® x. The operator
vec(x) represents column-wise vectorization of signal x € HMXN

M—-1N-1

(kC ®x Z Z kD ’j - n]M,N‘T[man]a (16)

m=0 n=0

Proposition 3.9. Let R = Q) ® QN" and the invertible coordinate mapping k < i + Mj. For any
C € HMNXMN that is doubly block-circulant and any pure unit p € H,

(1) Any column k = 1.MN of R is an eigenvector of C. Column k corresponds to the (i,j) component of
the matriz of left eigenvalues A € HM*N - Matriz A is equal to the right QFT Fh. of the kernel of
C.

(2) Any column k = 1..MN of R is an eigenvector of C*. Column k corresponds to the (i,7) component
of the matriz of left eigenvalues k* € HM*N | The conjugate of the matriz k" is equal to the left QFT
Fr. of the kernel of C.

Proof: The proof for the doubly-block circulant / 2D case is analogous the 1D case. Let oy the k' column
of R=Q,} ® Qy". The ¢*" element of Cay, is:

M-1N-1
[Cakle = T Z Z hlg —m, s — nla nvwyp, Wil
=0 n=0

= 1 W Ty TYS
Z Z MNwM,LLwNp,] /* My, Ny,v
(17)

where we used w(¢) = (¢,s) and p = ¢ — m and r = s — n. Note that was, and wy, commute between
themselves because they share the same axis i, but they do not commute with the kernel element h. [J

4 Proof-of-Concept Application: Fast computation of singular values & Bounding of
the Lipschitz Constant

We present a method to bound the Lipschitz constant of a Neural Network that comprises Quaternionic
Convolutions, based on our theoretical results. Bounding the Lipschitz constant has been shown to be a
way to control the generalization error ( , ). In turn, the value of the constant depends on the
product of the spectral norms of the weight matrices of the network. Given any linear layer, a bound c on its

10
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spectral norm can be set by prOJectlng the operation matrix onto the set of linear transforms with a bounded
norm ( , ). We are interested in computing and constraining the
maximum value of || f¢(x )|| Where f* represents the operator in layer [ and x is the layer input, for all layers
in the network. For an arbitrary linearity expressed as matrix B € HM*¥ this leads to dealing with a
Rayleigh quotient of the form %, and from here we can use the Quaternion SVD (

, ) to proceed. We analyze B as U, %, VH = gsvd(B) and reconstruct the regularized operation as
UsvH , where ¥ contains singular values projected in the range [0,c]. Note that in H, singular values are
related to the right spectrum (cf. Appendix). When the linearity in question corresponds to a Quaternionic
Convolution, matrix B is circulant. While we can still use the QSVD over B to bound the spectrum, the
required related space and time complexity is prohibitive in practice (we refer to this method as “brute-force”,
see further below for a comparison and discussion). We can instead circumvent computing the “expensive”
doubly-block circulant matrix altogether, using our results.

We will present the approach as a two-step process. First, we will show how to compute singular values for
the convolution operation. Second, we will discuss how we can reconstruct a convolution using the clipped
singular values.

Fast Computation of Singular Values. We require the additional lemmas:

Lemma 4.1. For any pure unit p € H and any N € N, the right span of the columns of Q' is HY. For
any pure unit p € H and any M, N € N, the right span of the columns of Q4; @ Qh is HMN.

Proof. Let ¢ € HY, and let x = 25:1 agcy ( , , definition 2), where ay, is the k*" column
of Q. In matrix-vector notation, we have x = Q'yc. But Q' is invertible for any p, N (Proposition 3.3), so
¢ = Qy"z. Thus, for any z € HY, we can compute right linear combination coefficients [¢; ¢ ---cn]T = c.

The proof for Q%; ® Q' is analogous.

(An analogous result holds also for the left span; it suffices to take ¢! = Q/'z). O

Lemma 4.2. Let A € HY be block-diagonal. The left eigenvalues of each block of A are also left eigenvalues
of A. The right eigenvalues of each block of A are also right eigenvalues of A.

Proof. For a block A, that is situated in the submatrix of A within rows and columns a : b, take
[0 -~ 0 2 0---0]T as an eigenvector of A, where x is an eigenvector of A,p. O

The first key result for computing singular values is:

Proposition 4.3. Let C € HV*Y be quaternionic circulant. Then the square norm ||Cx||?, given some
x € HY, can be written as c?Zc, where c,x € HY are related by a bijection, and = = &(ko) is a block-
diagonal matriz. All blocks of = are either 1 x 1 or 2 x 2, and are Hermitian. The 1 x 1 blocks are at most
two for 1D convolution, and at most four for 2D convolution.

Proof. We will treat the case of 1D convolution, and note where the proof changes in a non-trivial manner for
2D. We write x = Eg:_ol ayck, as in Lemma 4.2. From there we have Cx = C’Egzl apcp = 25:1 AL tager.
Then:
||Cz||* = (Cz)Cx =
N—1N-1 _
=cMQCHCQle= D" Emal A A Fancn. (18)
m=0 n=0

The caveat is that while we know that a,,, a, are unit-length pairwise orthogonal, which would have most

terms in the above sum to vanish, it appears we can’t commute the ;'\, # quaternion scalar terms out of
the way. We can however proceeding by writing A * as a sum of a snnplex and a perplex part, with respect

to axis —p ( , ), ie. A, = )\lr‘L + At (we have dropped the axis superscript in favor of a
more clear notation). Eq. 18 follows up as:

Z Ga I\ Panc, + Z Z Gmal (N, + Am )()\‘,L + Ay )ancy,

n=0 m#n

11
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= Z Cal A" P lan] Pen + Z Z Cma + Am )()\DL +)\,J;)ancn

n=0 m#n

= Z A" e, + Z Z emall( /\” + )xm Banc, + Z Z Gnall H)\fl‘ +ml)\ﬂl)ancn =

n=0 m#n n=0 m#n

- Z |>\n‘ |Cn|2 + Z Z Cm mHaHanA” + >\m al, an Cn + Z Z Cma >\J_ +ml/\l‘1)ancn =

n=0 m#n n=0 m#n
N—-1
= > X Pleal + Z S En (o alan A+ X [0 am] A et
n=0 n=0 m#n
N—
Z 3 e (o [al )" A5 + X alan M. (19)
n=0 ms£n

In the above form, the simplex parts commute with eigenvectors a,, a.,, while the perplex parts conjugate-
commute with the same eigenvectors. The reason is that all terms of an eigenvector (column of a QFT
matrix) share the same axis pu. For n # m, we have a,, L a, as any QFT matrix is unitary (Prop. 3.3), and
Qm, Gy, are different columns of a QFT matrix by assumption. Hence, the second sum vanishes.

The third sum in eq. 19 is of special interest, because for each n € [0, N — 1] there will be at most one index
m = n/ over which the term will not vanish. That is because ala,, is the inner product between @, and
ap, (i.e. where the first term is conjugated), so in effect it is a product between a QFT column and another
column of the inverse QFT (cf. Proposition 3.3). If and only if indices are n and m = [N — n]y, we have

ala,, = 1. In other cases, the term vanishes. Consequently, we have:

N—-1
1C2I> = 37 Aal?lenl® + En{hon Ak + A Al Jen, (20)
n=0

where we use m = [N — n]y. Also, recall that all left eigenvalues A, are w.r.t. axis —pu.

Note that, if and only if n = 0 or n = N/2 the second sum will also vanish; these are the columns of the
QFT matrix that contain only real-valued terms. For a doubly-block circulant matrix these will be at most
four by construction. To see this, we can use Proposition 3.3.7, which in effect says that the inner product
of the m* and n*" column of @ will equal to 1 only for m = n = 0 or N/2. If the number of elements N
is an odd number, only the case m = n = 0 is possible. In either case, this coincides with the number of
non-zero elements in the diagonal of the permutation matrix P=QQ.

For 2D convolution and a doubly-block circulant matrix of size N2 x N2 3, we obtain an analogous result.
We are then interested in the product (Qn ® Qn)(Qn @ Qn). This equals to QnQn @ QNQN = P®P.
The result is another permutation matrix, which will have at most 4 non-zero elements in the diagonal,
the number of which will depend to whether N is odd or even. For the second term in eq. 20 we need
m = ([N —in, N — jn]n.n) With (in,jn) = @' (n) instead of m = [N — n]y of the 1D case, so again we
have at most one non-vanishing second term for each n € [0, N — 1].

H HNXN

We can proceed from eq. 20 by rewriting it in the form ||Cx||> = ¢Z/¢c, where = € is Hermitian.

For example, for N = 6 we have:

3This is trivially extensible to non-square-shaped filters, i.e. MN x MN.

12



Under review as submission to TMLR

[[Ao]? 0 0 0 0 0 1
0 A2 0 0 0 MIAE Al
|0 0 o2 0 XA+ %A 0
==1 0 0 0 |As? 0 0 ’
0 0 M+ n Al o a2 0
0 NI 0 0 0 s 2

which, by rearranging indices of coefficients and corresponding rows and columns, we have =’ which is also
Hermitian. For the previous example for 2, we would have:

Aol2 0 0 0 0 0
0 |Ag)? 0 0 0 0
oo L[ MOAE A 0 0
e 0 R+ Al As|? 0
0 0 0 0 |Aaf? N+ Al
L0 0 0 0 Ak + Al a2

Furthermore, = is also block-diagonal, and all of its blocks are of size 2 x 2, with the exception of at most two
(four) 1 x 1 blocks for 1D (2D) convolution. We can then write the required rearranging of coefficients as a
multiplication by a permutation matrix P (not unique, and in general # P, P). Hence, ||Cz||> = ¢ T PTZ'P¢

= cf'Z¢, where we have switched places for ¢, ¢ for clarity of notation. O

Matrix = is important, because it contains sufficient information to compute the spectrum of the convolution.
The notation (k) stresses that we only need the kernel of the convolution to construct =Z. The structure
of the 2 x 2 blocks of = will be of the form:

Al ARAT AL 01
ML + AL A2 ’ D
where || and L refer to simplex and perplex components w.r.t. axis u (cf. Appendix, or e.g.

( )), and A terms are left eigenvalues of the convolution kernel ko. Its 1 x 1 blocks are simply equal to
a square-magnitude |\, |2. Indices m,n must form a pair as described in the Appendix.

Proposition 4.4. All singular values can be computed exactly as either the magnitude of a left eigenvalue
of C, or the square-root of one of the two eigenvalues of the 2 x 2 blocks of Z, again each dependent on a
pair of left eigenvalues of C. The mazimum value of ||Cx||?> under the constraint ||x|| = 1 is given by the
square of the largest right eigenvalue of & = £(k¢).

Proof. The required maximum is equal to the maximum of the Rayleigh quotient %, which obtains
its maximum for the maximum right eigenvalue ( , , Proposition 3.3-3.4). Now, since
¢,z are related through a bijection, maximizing the Rayleigh quotient of C C is equivalent to maximizing
the Rayleigh quotient of =.

As E is Hermitian, we know that all of its right eigenvalues are real-valued (and are also left eigenvalues).
Due to it being block-diagonal, its right eigenvalues will be the union of the eigenvalues of its blocks, due
to Lemma 4.3. As all blocks are either 1 x 1 or 2 x 2 by Proposition 4.1, the sought right eigenvalue will
either be: a) equal to the value of the 1 x 1 block, so equal to |\, |?, where )\, is the left eigenvalue of C' that
corresponds to the n'® column of QFT matrix with axis u, or b) equal to the right eigenvalues of the 2 x 2
Hermitian matrix:

A2 Ko A+ A
ol S\l (22)
A AL XA |Anl?
The right eigenvalues for the latter case are real-valued and can in principle be computed through a complex
adjoint mapping and the spectral theorem ( , ). (Recall that by |A,| we denote the left eigenvalue

13
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of C, produced by taking the n'" element of the right QFT with respect to axis minus u (cf. Proposition
3.3, Lemma 4.3). O

The above results tell us that we can compute the spectrum of our convolution without building the circulant
matrix explicitly. Note that in the non-quaternionic case, = would be diagonal, as off-diagonal terms would
vanish, and all 2 x 2 blocks would become diagonal. In H, we require the extra step of computing singular
values for the 2 x 2 blocks.

Bounding the Lipschitz constant. In order to set a bound on the spectral norm, we need to be able to move
in the opposite direction — from a clipped = matrix, to new left eigenvalues, back towards the new kernel.
The following corrolary of the previous propositions is a necessary step:

Corollary 4.4.1. For any matriz ® such that ®1® = ¢(ko), matrices C and ® have the same singular
values.

Proof. We can write the change of basis in eq. 18 as Q' cH CQ', and after we combine it with a rearraging
of rows and columns encoded as a left-right multiplication by permutation matrix P, we have

E=PIQy'CTCQRP = (QNP) ' (CTO)QNP. (23)

so Z and CHC are similar matrices, which entails that they have the same right eigenvalues ( , ,
Section 7). The same holds for ®7® and C*C, by our assumption that 7 ® = ¢(kc). The singular values
of ® are the (non-zero) right eigenvalues of ®#®, and the singular values of C' are the (non-zero) right
eigenvalues of C C, which proves the corollary. O]

The choice of ® is not unique, and ideally we want a matrix that will be convenient in the context of clipping
and reconstruction. We choose ® so that it is block-diagonal, with block structure identical to that of =.
l 1L
We pick the 1 x 1 blocks to be equal to [A,], and 2 x 2 blocks equal to iT i’HL
m n

confirm that this choice fulfills the requirement set in Corollary 4.4.1. Importantly, this choice of ® is related
through a bijection with the left eigenvalues of kg. Another bijection exists between left eigenvalues of kg

(cf. corollary 3.6.1) for a given axis, so exact reconstruction of the required clipped convolution is possible.

4. Tt is straightforward to

By making use of the above results, the spectral norm of a given convolutional layer can be clipped as follows:
1) Compute left eigenvalues of the filter using the right QFT, given a choice of p (following the results of
proposition 3.3). 2) Compute block-diagonal elements of ® (cf. corollary 4.4.1). For 1 x 1 blocks we simply
copy the appropriate left eigenvalue. For 2 x 2 blocks we decompose the two left eigenvalues into simplex
and perplex parts, as in eq. 21. 3) Compute QSVD for ®; this can be implemented as QSVDs for the 2 x 2
blocks of ®. Clip singular values and reconstruct P. 4) Reconstruct filters using inverse right QFTs (cf.
proposition 3.6). 5) Clip spatial range of resulting filters to original range (e.g. ( , , Section
3)). All convolutions are clipped and reconstructed with this process. The rest of the linear components are
clipped and reconstructed as described in the beginning of this Section.

Results and Discussion: Complezity of Space and Time Requirements. Direct clipping using QSVD is very
expensive both in terms of space and time complexity. The input to QSVD is the doubly-block circulant
matrix that corresponds to the convolution filter, and it consists of N4 quaternionic elements; our approach
does not require computing the doubly-block circulant matrix at all. In terms of time complexity, direct
clipping using QSVD requires O(N®), the cost of SVD over C. Regarding our method, for the forward and
inverse QFT, we need 4 FFTs, as each QFT is computed via 2 standard FFTs ( , ). Also,
we require ~ N2/2 eigenvalue decompositions for the 2 x 2 blocks of ® (depending on how many 1 x 1
blocks exist, which in turn depends on whether N is odd or even). Hence, total complexity is in the order
of O(N2logN).

Computing Singular Values Clipping Time Comparison versus Brute-force QQSVD. We have tested runtime
of our method versus the brute-force QSVD approach, over a set of random filters. Results can be examined
in Table 1, where we compare runtimes using the method we described, versus the brute-force method
(direct clipping). Times to just compute singular values, or perform the full clipping and reconstruction

4 Another choice can be: ® = Z1/2. However it will allow us to reconstruct left eigenvalues only w.r.t their magnitude.
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process, are also reported. Concerning the size parameter in a practical application, note that while small

Table 1:  Runtime comparison for computation of Quaternionic Convolution Singular Values (SVs) and

Spectral Norm Clipping & Reconstruction. Convolution size refers to 2D kernel side size. Average CPU
time in milliseconds is reported.

[ Convolution size [[4] 8 [ 16 | 32 [ 64 [ 128 |

SVs (ours) 41 16 80 210 708 1,795

SVs (brute-force) || 5 | 95 | 1,244 | 69,319 | hours | hours

5

8

Full (ours) 20 | 113 280 1,119 | 2,590
Full (brute-force) 121 | 1,866 | 150,000 | hours | hours

convolutional kernel sizes as much as 3 x 3 or 5 X 5 are prevalent in both real-valued and hypercomplex
network architectures, when we express convolution in terms of a circulant or doubly-block circulant matrix
we need to take into account the zero-padded version of the kernel. In simple terms, when Cz expresses a
convolution over input z € HY, circulant C' must match the dimension of the input, so C' € HY*N. Hence,
when comparing resource requirements for different sizes of convolution, larger magnitudes for N are more
relevant to real-world practice. On operation sizes N > 128, using the brute-force method is practically
impossible due to both space and time constraints. On the contrary, our method scales well on larger sizes.
A visualization of a clipped and reconstructed filter can be examined in the Appendix.

Application on a Neural Network. We test a ResNet32 architecture on CIFAR10. We replaced standard
convolutional layers with depthwise convolutions and pointwise convolutions ( , ) on the quater-
nionic domain. We report the results of training both architecture variants considered (QResNet32-small
and QResNet32-large), with and without clipping, in Table 2. We observe that clipping always boosts final
performance, regardless of the architecture considered.

architecture ‘ w/o clipping ‘ w/ clipping
QResNet32-small 82.77% 84.16%
QResNet32-large 80.73% 85.29%

Table 2: Comparison of final test accuracy, when setting a bound on the Lipschitz constant (w/ clipping)
versus not (w/o clipping). Figures for two considered architectures are reported. Spectral norms are clipped
to value ¢ = 1.0.

To further understand the dynamics of the clipping procedure, we present the loss and accuracy curves in
Figure 1 for the case of QResNet32-small, where the per epoch loss and accuracy are reported for both the
with and without clipping variants. As we can see, the clipping impact is mostly realized when the scheduling
step occurs (i.e., at 40 epochs), indicating that it enables a finer tuning of the network.

Lipschitz constant bounding tests on CIFAR10. We follow ( , ) and test a ResNet32 archi-
tecture. In our model, 3 convolutional blocks, each one consisted of 5 basic residual blocks, are considered,
followed by a fully connected layer. Between each block a downsampling operation is used (with a strided
convolution). An initial convolutional layer transforms the 3d image input into a 16d feature tensor.

For our case, we replaced the convolutional layers of basic residual with depthwise convolutions ( ,
; , ). Between the blocks, pointwise convolutions are also added to change the
number of dimensions and thus each block can safely proceed with depthwise only operations, using the same
number of channels. Of course, these depthwise and pointwise operations are replaced with the quaternionic
alternatives. Only the first 3 x 3 convolution and the last fully connected layer are retained as they are.
This model is referred to as QResNet32-small and has only 98k parameters. An alternative, where between
each depthwise convolution of the basic residual block, an extra pointwise convolutional layer is intervened.
Its functionality is to assist in the mixing of the channels, at the cost of greatly increasing the number of
parameters. Specifically, this version, dubbed as QResNet32-large has approximately 454k parameters.

15



Under review as submission to TMLR

1.6 — w/clip 8| w/clip
— w/oclip 80l w/o clip
14
75
12 {70
>
(]
810 § 65
g 60
©
0.8
55
0.6 50
45
0.4
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
epochs epochs

Figure 1: Per-epoch analysis of the impact of using the proposed technique. Training loss (top) and test
accuracy (bottom) curves are reported.

Training was performed on CIFAR10, where each model was trained for 80 epochs. Initial learning rate was
0.01 and was subsequently dropped by /10 at 40 and 60 epochs. Clipping is performed every 100 iterations.

We show comparisons in Table 2 and Figure 1 in Section 4 of the main text. Also, to understand how clipping
may affect the result, we report the singular values of each quaternionic layer in Figure 2, for training the
QResNet32-small architecture without clipping. For visualization purposes, each layer is depicted by a mean
value and the standard deviation of the corresponding singular values of the layer.
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Figure 2: Distribution of the singular values for each layers, when training a QResNet32-small architecture.
The reported values are for the final model, after 80 epochs.

We can observe the following: a) Clipping always boosts final performance, regardless of the architecture
considered; b) the large variant is more sensitive to training without clipping; ¢) the overall performance of
the two architectures is very close. To this end we continue out experimentation with the more “interesting"
case of the small version.

Next, we investigated the impact of the clipping value c¢. The results are summarized in Table 3, over tests
on a QResNet32-small architecture. As we can see, the choice of the clipping value has an impact on overall
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performance. Specifically, choosing a value from 0.25 to 0.5 seems to be more beneficial, while lower or
higher values over-“prune” or are too modest to provide notable results.

c=0.10 ‘ c=10.25 ‘ c=10.50 ‘ c=1.00 ‘ c=2.00
83.09% | 85.65% | 85.74% | 84.16% | 82.17%

Table 3: Impact of clipping value on overall model performance.

Another aspect that we have tested is the impact of the choice of the axis u of the QFT. This acts as
a hyperparameter, as we need QFT to compute left eigenvalues, and reconstruct the filter from the new
left eigenvalues after singular value clipping. In theory, its impact on the performance should be minimal.
Towards this, we randomly generated three different p axes. Their test accuracy curves are visualized in
Figure 3. As we can see, clipping seems to be equally effective, regardless of our choice of the p axis.
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Figure 3: Test accuracy curves during the training for the QResNet32-small architecture. Four randomly
initialized p values are considered for a clipping value of ¢ = 0.5. Baseline w/o clipping is reported as a
dashed line at 82.77%.

Note also that the non-quaternionic equivalent, with only depthwise convolutions in the residual blocks, is
under-performing, achieving 75.41% test accuracy, even when using more parameters, namely 151K param-
eters in total. We explain this interesting result as follows: Cascades of depthwise convolutions in R are
much less expressive than their counterpart in H, because the former represent series of convolutions over a
single real-valued channel. The latter however, do comprise a form of “channel mixing” under the hood, due
to the definition of the Hamilton product. Hence, the quaternionic depthwise layers stand as an interesting
trade-off between the completely independent convolutions of real-valued depthwise convolution, and full
convolution, taking into account correlation between all possible pairs of channels.

5 Conclusion

We have presented a set of results concerning the properties and relation between the Quaternion Fourier
Transform and Quaternion Convolution, with respect to their formulations in terms of Quaternionic matrices.
This relation has been well-known to be very close and important on the real and complex domains, and
already used in a wide plethora of learning models and signal processing methods. With our results, we have
shown how and to what extend these properties generalize to the domain of quaternions, opening up the
possibility to construct analogous models built directly on quaternionic formulations. Given the ubiquitous
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character of linear transformations, and consequently, matrix representations in virtually every subfield of
machine learning, our results pave the way for new, expressive data science models. As proof of concept, we
have presented a method for bounding of the Lipschitz constant using our theoretical results; the method
enables spectral norm bounding in quaternionic NNs, previously impossible in practice. We plan on working
on building competitive quaternionic models and experimenting with other uses of our results, given that
quaternions, the Fourier transform and convolution are elements that are virtually the backbone of a diverse
range of state-of-the-art models ( , ; , ; , ; , ;
, ). Future research will shed more light over these topics.
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Appendix
A Reconstruction Visualization of Quaternionic Doubly-block Circulant Matrix

In Section 4 (“Proof-of-concept Application”) of the main text, we refer to a kernel for our experiments
which was produced using the code that follows. We report the code in the interest of reproducibility of the
result. We used the “Quaternion” Python package ( , ) (as well as for all implementations required
for this paper):

import numpy as np

import quaternion

# Using np.quaternion from

# https://github.com/moble/quaternion

C_filter = np.zeros ([N, N], dtype=np.quaternion)
for i in range(N):

for j in range(N):

Iml = np.cos(i)
Im2 = np.sin(i)
Im3 = np.cos(i+.3)

Im4 = np.sin(i—.2)
C_filter[i, j] = np.quaternion (
i+lm1/N, j+lm2/N, ixj*lm3, i%jxlm4

)

In Figure 4 we show an example result of clipping and reconstruction using our method (the proof-of-concept
method of Section 4 applied over a single filter) versus applying directly the QSVD (“brute-force”) on the
corresponding doubly-block circulant matrix. The test filter used is a 32 x 32 quaternionic convolution. For
reference, the mean (maximum) of the singular values of the original kernel is 3005.2 (238519.9) and the
clipping threshold was set to 4000. We have used u = (i + j + k)/v/3 as the QFT axis, following (

) )'

Both singular values and the reconstruction result are exact using our method. The discrepancy of point-to-
point difference between our reconstruction and brute-force is in the ballpark of 10~!! units of magnitude,
at worst (cf. last row in Figure 4). In terms of time requirements, our method required 280 milliseconds to
obtain an exact reconstruction, compared to ~ 3 minutes for the brute-force method.

B Notation conventions

Throughout the text, we have used the following conventions. Capital letters M, N will refer to matrix
dimensions, input or filter size. On the "Proof-of-concept" Section 4, N refers to the side size of the input
and output images, or equivalently, the zero-padded kernels. Letters u,v refer to pure unit quaternions,
usually used as axes of a QFT. A QFT matrix is written as @'y, referring to the matrix with side N x N
and reference to axis . Letters k,\ refer to left eigenvalues. They will be used with an exponent, \*, which
is to refer to a left eigenvalue with respect to axis u. When we want to state that a left eigenvalue is related
to a specific column of a QFT matrix as its eigenvector, we add a subscript, AY'. Our “by default” ordering
is hence with respect to the order of QFT columns (and not e.g. left eigenvalue magnitude). A vector or set
of left eigenvalues is denoted boldface, A*. A conjugate element is denoted by a bar (p). An element that
has been produced after singular value clipping in the sense discussed in Section 4 is denoted with a “check”
character on top: i, 2.

Indexing, if not stated otherwise, is by default considered to be zero-indexed and “modulo-N” (so index 0 is
the same as index N, or —1 is the same as N — 1 and so on). This convention is used in order to match the
why exponents definition of the QFT (eq. 5), which is very important for most of the subsequent theoretical
results.
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Figure 4: Constraining the spectral norm using QSVD directly on the doubly-block circulant matrix (referred
to as “brute-force” in text) vs our method. From top to bottom, we see: the original kernel, the clipped kernel
using our method, the point-to-point difference between our result and the brute-force method. From left to
right, we see log-magnitudes, phases and axes of respective doubly-block circulant matrices (cf. Section C of
the Appendix, or (Ell & Sangwine, 2007)). The brute-force method is considerably more expensive in terms
of space as well as time requirements, both by orders of magnitude. For this 32 x 32 kernel, our method
required 280 milliseconds to obtain an exact reconstruction, while brute-force took over 2 minutes. (see text
of Section 4 in the main text for more details).

C Preliminaries of Quaternion Algebra

In this Section, we shall attempt to outline a selection of important definitions, results and key concepts
concerning quaternions (Alfsmann et al.; 2007; Cheng & Kou, 2016; Ell & Sangwine, 2007; Ell et al., 2014;
Le Bihan, 2017). The structure H represents the division algebra that is formed by quaternions Quaternions
share a position of special importance compared to other algebraic structures, as according to Frobenius’
theorem (Fraleigh, 2002), every finite-dimensional (associative) division algebra over R must be isomorphic
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either to R, or to C, or to H. Quaternions ¢ € H share the following basic form:
q=a+bt+cj+ dk, (24)

where a,b,c,d € R and 1, 3, k are independent imaginary units, Real numbers can be regarded as quaternions
with b, ¢, d = 0, and complex numbers can be regarded as quaternions with ¢,d = 0. Quaternions with zero
real part, i.e. a = 0, are called pure quaternions. For all three imaginary units 4, j, k, it holds i* = j2 =
k%2 = —1. The length or magnitude of a quaternion is defined as |q| = \/q@ = v/qqg = Va? + b2 + 2 + d2,
where @ is the conjugate of ¢, defined as § = a — bi — ¢j — dk. Quaternions with |¢| = 1 are named unit
quaternions. For any unit pure quaternion u, the property u? = —1 holds. Exponentials of quaternions e®
for € H can be defined through their Taylor series:

o0 n

=Y % (25)

n=0

From eq. 25, Euler’s identity extends for quaternions, for y unit and pure:

e"? = cosf + psin . (26)
Note also the caveat that in general e*t* # ete). In particular, for o, 3 € Rt and two distinct pure
unit quaternions j, v, we have e’®et? #£ e¥t18  Equality holds however, when quaternions u, v commute.

Hence,
ePaehB — eua-iruﬁ7 el B — ghath (27)

since real numbers commute with any quaternion. Furthermore, any quaternion can be written in polar form
as:
0
4= lgle". (28)

Unit pure quaternion u and real angle 6 are called the eigenaxis and eigenangle (or simply axis and angle
or phase) of the quaternion ( , ). The eigenaxis and eigenangle can be computed as:
w="V(q)/IV(qg)|,0 =tan"(|V(q)|/S(q)). For pure q, hence S(q) = 0, we have § = 7/2.

In terms of number of independent parameters, or “degrees of freedom” (DOF'), note that the magnitude |g|
corresponds to 1DOF, u to 2DOF's (a point on a sphere), and 6 to 1DOF, summing to a total of 4DOF'.
An alternative way to represent quaternions, is by writing their real and collective imaginary part separately.
In particular:

q=25(q) +V(q), (29)

where S(q) = a and V(q) = bi + ¢j + dk. Quaternion multiplication is in general non-commutative, with:
1 =—jgi=k,jk=—-kj=1tki=—ik=3j. (30)

Note the analogy of the above formulae to vector products of 3d standard basis vectors. Indeed, these are
generalized with the formula for the product of two generic quaternions p,q € H:

pg = 5(p)S(q) = V(p) - V(g)
+S5@V(g) + 5@V (p) +V(p) x Vig), (31)
where - and x denote the dot and cross product respectively.

Quaternion matrices, eigenvalues and eigenvectors: Matrices where their entries are quaternions will be
denoted as A € HM>*N  An important complication of standard matrix calculus comes with matrix eigen-
structure and determinants. Due to multiplication non-commutativity, we now have two distinct ways to
define eigenvalues and eigenvectors. In particular, solutions to Az = Az are left eigenvalues and eigenvectors,
while solutions to Az = x\ are right eigenvalues and eigenvectors. The sets of left and right eigenvalues
are referred to as left and right spectrum, denoted oy(-) and o,.(-) respectively. The two sets are in general
different, with differing properties as well. Both sets can have infinite members for finite matrices, unlike
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real and complex matrices. We note here the following important lemmas on the left and right spectrum
( , ): We have
oi(pI +qA) ={p+aqt:tca(A)},

where A € HN*¥ p g € H, I is the identity matrix in HV*Y. This property does not hold for the right
spectrum.

We have
o (URAU) = 0, (A),

where A,U € HV*¥ and U is unitary. Also, A € 0,.(4) = ¢ 'A\q € 0,(A) for ¢ # 0. These properties
do not hold for the left spectrum. The interested reader is referred to ( , ) for a treatise on the
properties of quaternionic matrices.

Quaternion Singular Value Decomposition: ( , ) and ( , ) have been among the
first works to discuss the extension of the SVD into the quaternionic domain, dubbed Singular Value Decom-
position for Quaternion matrices or simply Quaternion Singular Value Decomposition (QSVD). (

, ) have proposed a bidiagonalization-based implementation of QSVD.

The fundamental proposition is that, for any matrix A € HM*N | or rank r, there exist two quaternion
unitary matrices U and V such that
A=UxVH =U [20 8] VH, (32)

where ¥, is a real diagonal matrix and has r strictly positive entries on its diagonal ( ,

, Proposition 10). The elements of the diagonal are termed singular values. Matrices U € and
V € HY*Y are made up of columns that are each left and right eigenvectors of S. Note that, perhaps
confusingly, the adjectives “left” and “right” are not corresponding to the “left” and “right” spectra of the
matrix. Both sets of eigenvectors correspond to singular values which are in turn rather more closely related
to the right spectrum. We can see this by considering A7 A or AA¥ | which starting from eq. 32 equal to
VX2VH and UX2UH respectively. Consequently, we have A# AV = VX2 and AAHU = UX2, which solve
the right eigenvalue problem, Az = z\.

HMXM

Hence, the singular values are the non-zero right eigenvalues of either A A or AA”. As these must be in
R, as eigenvalues of Hermitian matrices, they are also left eigenvalues. Left eigenvalues that are not right
eigenvalues may very well exist, even for Hermitian matrices ( , , Example 5.3).

Cayley-Dickson form and symplectic decomposition: A quaternion may be represented as a complex number
with complex real and imaginary parts, in a unique manner. We write

q= A+ Bj, (33)

with
A=q + g2, B = g3+ qai.

An analogous operation can be performed for quaternion matrices, which can be written as a couple of

complex matrices ( , ). This scheme can be easily generalized to using any other couple of per-
pendicular imaginary units 1, pe instead of ¢, 7. In that, more general case, it is referred to as a symplectic
decomposition ( , ), which is essentially a change of basis from (1,4, j, k) to new imaginary

units (1, p1, pe, p3). We can in general write
p=pl+p",

where pll = po 4+ pipy and pt = (p2 + psp1)pe = papie + psps. Quaternions pll and p* are referred to as
the parallel / simplex part and the perpendicular / perplex part with respect to some basis (1, w1, f2, i3)-
Given symplectic decompositions for quaternions p, g, their parts may commute or conjugate-commute (
, , Section 7C). Note the conjugate operator over pll in the second relation:
pllgh = ¢llipl| pllgt = ¢g*pl.
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D Quaternionic Convolution and Quaternionic Fourier Transform

D.1 Quaternionic Convolution

In the continuous case, quaternionic convolution is defined as ( ) ):

(f *9)a /f gz — u)d (34)

and cross-correlation ( , ) as:

(f *9)a / ) 0, (35)

where V = R,R? for 1D and 2D convolution/correlation respectively. Similarity of the above to the well-
known non-quaternionic formulae is evident. A number of useful properties of non-quaternionic convolution
also hold for quaternionic convolution. These properties include linearity, shifting, associativity and distribu-
tivity ( , ). Perhaps unsurprisingly, quaternionic convolution is non-commutative (f*g # g* f
in general), and conjugation inverses the order of convolution operators (f * g = g * f). In practice, discrete
versions of 1D convolution and correlation are employed. In this work we will use the following definitions
of 1D quaternion convolution ( , , Section 4.1.3):

N—

(hr * f)[n Z [i)fn =], (36)

N—
f*hg)n Z [n — i]hgli] (37)

where the difference between the two formulae is whether the convolution kernel elements multiply the signal
from the left or right. Extending to 2D quaternion convolution, two of the formulae correspond precisely to
left and right 1D convolution:

N—-1M-1

(hL*f)[nam] = hL[iaj]f[n*iamfﬂv (38)
n=0 m=0
N—-1M-1

(.f*hR)[nam] = f[nfivmfj]hR[Lj]v (39)

while a third option is available, in which convolution kernel elements multiply the signal from both left and
right ( , ):
(hL < f > hg)n,m] =

Z  hali 1Sl = m = kel 7} (40)

This last variant, referred to as bi-convolution ( , ), has been used to define extension of standard
edge detection filters Sobel, Kirsch, Prewitt for color images. A variation of bi-convolution has also been
used in ( , ) as part of a quaternion convolution neural network, locking h;, = hp and adding
a scaling factor.

We introduce circular variants to the above formulae. Circular left convolution is written as:

(he = f)n ZhL Infln —1i], (41)

n=0

where [-]y denotes modulo — N indexing (Jain, ).
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D.2 Quaternionic Fourier Transform

For 1D signals we have the definition® of the left- and right-side QFT:

N-1
1 -1
Flul = —= > e ™Vt fln], (42)
\/N n=0
1 = :
FM ul = n e—uQTrN7 ’rLu7 43
Hlul = 75 2 /1o (43)
where g is an arbitrary pure unit quaternion that is called the azis of the transform. For 2D signals, these
formulae are generalized to the following definitions ( ) ):
| MoiN-d B B
Fl'lu,v] = Z Z e H2m(MTIimuk N= i) g1y ) (44)

vVMN

m=0 n=0

M-1N-1

1 -1 —1

FRlu,v] = n, mle H#2T (M7 Imut N=nu) 45
We shall also employ the short-hand hand notation F4{g} with X = {L, R} to denote the left or right QF T
with axis p of a signal g. The inverse transforms will be denoted as Fy", as we can easily confirm that
Fh o Fyt' = F!" o F§ is the identity transform. Asymmetric definitions are also useful, and we will use
Fk. to denote a transform with a coefficient equal to 1 instead of 1/v/N and 1/v/MN.

m=0 n=0

D.3 Convolution theorem in H

In the complex domain, the convolution theorem links together the operations of convolution and the Fourier
transform in an elegant manner. For most combinations of adaptation variants of convolution and Fourier
transform in the quaternionic domain, a similar theorem is not straightforward, if at all possible (e.g. (

, ). ( , ) have proved the following formulae for right-side convolution (we
have changed equations to represent n-dimensional signals in general):

FL{f b} = VN{F{L ] HE [u] + Fy [ulpa H " [u]}, (46)
Fp{f b}y = VN{FRulHg[u] + Fp"[u] Hyg[uluz}, (47)
which by symmetry are complemented by the following formulae for left-side convolution:
]:g{h * f} = \/N{HfL[uv U]Fg[u’ U] + HSL[U’ U]NQFEM[UW U]}v (48)
Frlhox £} = VN{HRlul Fiylu] + " [u] Fyplulus). (49)

On the above formulae, transforms F}', Hf, are decomposed as:
Fp = F{y + Fyppa, F = Fip + Fyppa,
Hj = HY} + Hjypo, Hy = Hip + Hyp o,

where we use symplectic dempositions (cf. section C) with respect to the basis (1, i, po, pp2). Note that ug
is an arbitrary pure quaternion conforming to p L puo.

5As different transforms are obtained by choosing a different axis p, we have chosen to denote the axis explicitly in our nota-
tion. This formulation is slightly more generic than the one proposed by ( ), and we have the correspondence
of F~X (their notation) to F;* (our notation).
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