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Abstract

We address the problem of estimating both translational
and angular velocity of a camera from asynchronous point
tracks, a formulation relevant to rolling shutter and event
cameras. Since the original problem is non-polynomial, we
propose a polynomial approximation, classify the resulting
minimal problems, and determine their algebraic degrees.
Furthermore, we develop minimal solvers for several prob-
lems with low degrees and evaluate them on synthetic and
real datasets. The code is publicly available.

1. Introduction

Relative pose estimation is a fundamental task in computer
vision, with applications in 3D reconstruction [53, 65], Si-
multaneous Localization and Mapping (SLAM) [14], cam-
era self-calibration [12], multi-view stereo [22], and visual
odometry [51]. Most minimal solvers for relative pose es-
timation assume a pinhole [50] or radially distorted [30]
camera model, where all image rows are captured simul-
taneously. However, this assumption does not hold for two
important sensor types: rolling shutter cameras and event
cameras. Rolling shutter cameras capture images row by
row, while event cameras output a continuous stream of in-
tensity changes. When these cameras move, the resulting
image differs from that of the pinhole model.

Among these two sensor modalities, rolling shutter cam-
eras have received more attention. Numerous methods
have been developed for absolute pose estimation [3-7, 9,
33, 34, 37, 47, 48, 63], image rectification [2, 8, 10, 18—
21,31, 36, 54-57, 59, 60, 67, 69, 70, 73, 77, 79], structure-
from-motion [27, 32, 62], and bundle adjustment [28, 43,
44, 49, 64, 66, 72, 75].

Relative pose estimation for rolling shutter cameras,
however, remains a particularly challenging problem. Exist-
ing methods typically treat the cameras as moving indepen-
dently, requiring the estimation of 17 parameters in the bifo-
cal case (5 for the relative pose and 6 for the motion of each
camera). The full-DoF problem is still unsolved, and many
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approaches rely on simplifying assumptions: zero angular
velocity [13, 78], known angular velocity [41, 42], or known
vertical direction [29]. Other methods refine pinhole-based
pose estimates with rolling shutter models [40], or target
special cases such as planar scenes [35] or camera rigs [71].
Recent works have surveyed minimal solvers for rolling
shutter relative pose estimation using points and lines under
special order-one models [25], or purely from lines with-
out a camera model [29]. For video-based rolling shutter
imagery, [68] proposed a method assuming constant trans-
lational velocity over neighboring frames, with known an-
gular velocity.

Event camera pose estimation has been studied less
extensively. Some works addressed motion estimation
from collinear events, both under known [23, 24] and un-
known [76] angular velocity, and from the normal flow [58,
74]. A recent method [68] proposed estimating translational
motion from asynchronous point tracks assuming known
angular velocity.

In this paper, we extend the problem of [68] to the full-
DoF setting, where both translational and angular veloci-
ties are unknown. We approximate the rotation with a poly-
nomial model of degree K, classify minimal problems for
K < 6, and construct minimal solvers for X = 1 and
K = 2. Furthermore, we provide a geometric explana-
tion for why, in the pure translational case, a single essen-
tial matrix fits all data, which allows the classical five-point
solver [50] to be applied. Throughout the paper, we assume
a fully calibrated camera without radial distortion.

2. Problem Formulation

In this section, we formulate the problem of estimating the
camera velocity and rotation velocity from asynchronous
tracks, introduce polynomial approximations of this prob-
lem, and enumerate minimal cases of this problem.

We consider a calibrated perspective camera whose cen-
ter moves along a straight line with a constant translational
velocity V' € R3, while simultaneously rotating around a
fixed axis a € R3 (with ||al| = 1) at a constant angular
velocity w € R.
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Due to gauge freedom, we may, without loss of general-
ity, assume that at the initial time ¢ = 0 the camera center is
located at the origin,

and its orientation is given by the identity rotation matrix,
R(0)=1.

For a general time ¢ € R, the camera center and orientation
are given by
Ct)=t-V, ()

R(t) =I+sin(t-w)[a]x + (1 — cos(t - w))[a]i, 2)

where [a] denotes the skew-symmetric matrix associated
with the vector a.

Let {X; € R3 | i =1,...,n}beasetof n € Z;
3D points. Each point X; is observed at m € Z_ distinct
time instants {¢; ; € R | j = 1,...,m}. The perspective
projection p; ; € P? of point X; at time ¢; ; is given by

pij ~ R(ti;) - (Xi — C(ti;)), 3)

where ~ denotes equality up to a nonzero scale.

In the considered problem formulation, the projections
P:,; and the corresponding time instants ¢; ; are assumed to
be known. The task is to jointly estimate the motion pa-
rameters V, a, and w, as well as the 3D coordinates of the
points X;, ¢ = 1,...,n, such that the projection model (3)
holds for all observations.

2.1. Capture Times for Rolling Shutter Cameras

Event cameras and rolling shutter cameras differ in the way
they provide the capture times ¢; ; corresponding to the pro-
jections p; ;. For event cameras, these times are measured
explicitly along with the projections, so both p; ; and ¢; ;
are directly available. In contrast, for rolling shutter cam-
eras, the capture times must be computed from the projec-
tion coordinates

pij = [uijvi; 1"

and the known camera parameters.

Let f € R denote the focal length of the camera in pixels,
h € R the image height in pixels, ¢,- the frame readout time,
and ¢4 the inter-frame delay. Since a rolling shutter camera
acquires the image row by row, the time required to read
a single row is % The row index of the projection p; ;
can be determined from the y-coordinate of its uncalibrated
projection Kp; ;, which is given by

h
f‘vi,j+§-

We choose ¢t = 0 to correspond to the capture time of the
middle row (%—th) of the first frame. Under this convention,
the capture time ¢; ; of projection p; ; in the first frame is

_ frvig -ty
—
Furthermore, the middle row of the second frame is cap-

tured at t = t, + t4, and, in general, the middle row of the
j-th frame is captured at

ti1 “4)

t=(—1) (t. +ta).
Thus, the capture time ¢; ; of projection p;_; is

frvig-tr
—

The parameters ¢,- and ¢4 can be obtained from the cam-
era specifications or through calibration, as in [21]. How-
ever, this information may not always be available. Since
the delay ty4 is often negligible, an alternative approach
is to assume t; = 0, redefine the motion parameters as
Vi=t.-V,w:=t, w.,and set

tij =G —1)(t +ta) + 5)

/- Vi, j
—
In this case, the recovered velocities are expressed in scaled
units (distance per scanline) rather than physical ones (dis-
tance per second), therefore, the camera poses at the middle
row of the j-th frame, C(j — 1) and R(j — 1), can be de-
termined without knowledge of the readout time.

b= (-1 + ©

2.2. Approximating Constant Rotation

Here, we introduce polynomial approximations of the cam-
era motion model (3) and discuss their implications for min-
imal problem formulations.

Equation (3) imposes constraints on the motion parame-
ters V, a, w and on the 3D structure of the scene. However,
the exact rotation model R(¢) given in (2), which assumes
a constant angular velocity w € R, cannot be expressed
exactly as a polynomial function. The reason is that, for
any fixed w # 0, there exist infinitely many isolated values
of ¢ such that R(t) = I, conversely, for any fixed ¢ # 0,
there exist infinitely many isolated values of w for which
R(t) = I. This contradicts a fundamental property of poly-
nomial systems, which either have a finite number of solu-
tions or their solution sets have dimension at least one.

Therefore, to solve the problem using standard algebraic
methods such as Grobner basis techniques [39] or homo-
topy continuation [17], the Rodrigues formula (2) must be
approximated by a polynomial expression. For this purpose,
we use its Taylor expansion [52]:

R(t)zz L [a]x:Zﬁ[W'a]x’ (7
k=0 ’ k=0



where [a]x denotes the skew-symmetric matrix of a.
Truncating (7) to terms of degree at most K yields a

polynomial approximation R (¢) of the rotation matrix.

Defining the Euler vector v = w - a € R3, we can write

Ric(t) = 3 vIE. ®

In the special case K = 1, we obtain the linearized model
R(t) = I + t[v]x, which has been employed in various
applications [5-7].

Since Rk (t) is generally not an exact rotation matrix,
the identity Rx (t)~7 = Ry/(t) does not hold in general.
Therefore, there are two natural ways to approximate (3)
using Rk (¢):

* Approximation 1:

Pij ~ R (tij)(Xi — Clti)), ©)
which leads to the constraint
[pij]x Ric(ti ) (Xi = C(ti;)) = 0. (10)
* Approximation 2:
Ry (ti)" pij ~ (Xi = Clti)), (an
which leads to the constraint
[Ric(ti )" iyl (Xi = Cltiy) =0. (12

In both cases, the constraints (10) and (12) are homoge-
neous in the elements of V and X;, implying that veloc-
ity and 3D structure can only be recovered up to a com-
mon scale. Furthermore, as these constraints are also ho-
mogeneous in the elements of Rx (¢; ;), we use the adju-
gate of R (¢; ;) instead of the inverse to avoid dividing by
det R (t; ;). and multiply each term in (8) by K! to avoid
division by k!. As shown in Sec. 2.4, the two approxima-
tions lead to minimal problems with different numbers of
solutions.

2.3. Multifocal constraints

Here, we are going to discuss the bi- and trifocal constraints
obtained by eliminating 3D points X; from constraints (9),
(11).
For each observation (%, j), we define the projection ma-
trix
Pij=[I] —t;,;V]. (13)

Furthermore, we set

A Rk (t; )", for Approximation 1,
"\ Re(ti;)T,  for Approximation 2.

With these definitions, the projection equation can be writ-
ten as

X.
Aijpij ~ Pij {f] - (14)
Fixing a point index ¢ € {1,...,n} and two distinct
observation indices j,j € {1,...,m}, the essential ma-

trix between the corresponding projection matrices P; ;
and P; ;s is [V]y, since the orientation of both cameras is
I. Therefore, the transformed image vectors A; ;p; ; and
A, j'ps,j satisfy the epipolar constraint

Pij Al [Vx Aijpij =0. (15)
For Approximation 1, this becomes
P Ri(tiy) " [VIxRi(ti;) ' piy =0, (16)
and for Approximation 2,
Pl Ric(tiy) [VIx Ric(ti) piy =0.  (17)
In the case of pure translation, the constraint becomes
Pl [V]x pij =0, (18)

which reveals that a single essential matrix [V] exists for
all correspondences, regardless of their capture times.

We can also derive a trifocal constraint. Fix i €
{1,...,n} and three distinct observation indices j, j’, j" €
{1,...,m}. The trifocal tensor relating P, ;, P; ;/, and
P, ;i takes the form [26]:

T{’J 3 (tz,j — ti,j”) elVT - (tz’j - ti,j’) Veira
Tg’j J (ti,j — tlhj/') eQVT - (ti,j - tiJ’) Ve;v (19)
T477 = (ti; —tijn)esV' — (ti; —tij) Veg,

where e, e5, e3 € R? are the standard basis vectors.
From (14), the transformed points A; ;p; j, A j/Pi i >
and A; jp; j satisfy the trifocal constraint

[AijPij)x ((Aipig) ) T 7 4 (Ai i) Ty 7

+(Ai;pij) 3 T5 7 ) (A jrpijr]x = 0.
(20)

For Approximation 1, we substitute A; ; = R (ti’j)_l,
AiJ'I = RK(tiJ‘I)_l, AiJ'H = RK(tiJ‘H)_l, and for Ap-
proximation 2, A, ; = Rx(t;;)7, A;jy = Ri(ti;)T,
Aiyj// = RK(trLJ//)T.

2.4. Minimal Problems

We now enumerate the minimal problems for the proposed
formulations and report their numbers of solutions.

A minimal problem is a parametric polynomial system
f(8,x) = 0 that has a finite, nonzero number of solutions



x* for generic parameters 6 [15]. Compared to overcon-
strained systems, minimal problems offer two key advan-
tages: (i) they typically involve the smallest sufficient num-
ber of constraints, reducing RANSAC runtime; and (ii) they
can be solved via standard algebraic techniques, such as
Grobner bases[39] or homotopy continuation [17].

A necessary condition for minimality is that the prob-
lem is balanced, i.e., the number of independent constraints
equals the number of degrees of freedom (DoF) of the space
of unknowns.

For K = 0, the model reduces to pure translation, which
is a special case of the known angular velocity problem
treated in [68]. We now analyze the balanced condition for
problems (10) and (12), assuming K > 1.

The Euler vector v € R3 has 3 DoF. The translational
velocity V € R3, being recoverable only up to scale, has 2
DoF. Each 3D point contributes 3 DoF. Hence, the unknown
space has 342+ 3-n DoF. Each constraint of the form (10)
or (12) fixes 2 DoF. Therefore, the condition for balanced
problems is

2-m-n=5+3-n. 201

Balanced problems correspond to all m,n € N satisfying
(21), regardless of the approximation type or degree K. For
fixed m, the number of points n for a balanced problem is

5

“ Y m 3 (22)

n(m)
The only pairs (m,n) that are balanced are:
e m=2,n=25,
em=4,n=1.

For m = 3, n(3) = 1.66, so there is no balanced prob-
lem using all constraints. However, we can set
em=3n=2,
and obtain a balanced problem by omitting one equation.

For m = 1, the system is underconstrained for all n. For
m > b5, the problems are overconstrained for any n, since
n(4) = 1 and n(m) increases strictly for m > 2.

To verify the minimality of the problems and to de-
termine their numbers of solutions, we encoded the case
m = 2,n = 5 using the bifocal constraints (15), and the
cases m = 3,n = 2 and m = 4,n = 1 using the original
constraints (10) or (12). Using Grobner basis computations,
we verified that all balanced problems with N < 6 (where 6
is an arbitrarily selected bound) are minimal, and we com-
puted their degrees. The degrees are presented in Table 1
for both Approximationl and Approximation2.

The results in the table indicate that, in certain cases,
the chosen type of approximation has a substantial impact
on the number of solutions. For example, the problem with
m = 2,n = 5,and K = 1 has 120 solutions under Approx-
imation 1, but only 20 solutions under Approximation 2.
Conversely, the problem withm = 4,n = 1,and K =1
has only 2 solutions for Approximation 1, compared to 8

Approximation 1 Approximation 2
m=2 m=3 m=4 | m=2 m=3 m=4
120 22 2 20 20 8
426 120 36 122 102 36
732 210 64 276 196 64
1038 300 92 430 290 92
1344 390 120 | 584 384 120
1650 480 148 | 738 478 148

Table 1. Numbers of solutions of the minimal problems for es-
timating translational and angular velocity from asynchronous
tracks. Here, m denotes the track length, and K the degree of
the rotation approximation. See Section 2.4 for details.

N AW~ R

solutions for Approximation 2. In general, problems with
m =2, n =>5and m = 3, n = 2 tend to have fewer
solutions under Approximation 2, whereas problems with
m = 4, n = 1 have identical numbers of solutions for both
approximations, except in the case K = 1.

These findings demonstrate that the choice of approxi-
mation can significantly influence the runtime of the solver,
since the computational cost often scales with the number of
solutions. Moreover, the table shows that for 2 < K < 6,
the number of solutions for each problem grows linearly
with K. While it is impossible to verify this numerically
for all K > 2 up to infinity, polynomial dependencies
of the number of solutions on problem parameters have
been proven for other geometric problems—such as opti-
mal multi-view triangulation [61]—using tools from inter-
section theory [16].

3. Minimal Solvers

In this section, we propose minimal solvers for selected
problems enumerated in Sec. 2.4. Our focus is on prob-
lems with a small number of solutions, which are typically
more efficient and numerically stable.

We propose solvers based on two approaches: Grobner
basis (GB) and homotopy continuation (HC). All Grobner
basis solvers are generated using the solver generator [39],
while the solvers based on homotopy continuation are im-
plemented within the MINUS framework [17]. The solvers
are written in C++, and all runtimes were benchmarked on
an AMD Ryzen 9 CPU with 3.9 GHz.

For brevity, we denote Approximation 1 by Al and Ap-
proximation 2 by A2 throughout this section.

3.1. Problems with m=2, n=5

We now present minimal solvers for the problems with
n = b points and m = 2 observations per point. We be-
gin with the case K = 1 and A2, since this problem has
a relatively low number of 20 solutions. We model it using
five constraints of the form (17), withi € {1,...,5},j =1,
and 5/ = 2. Because the translational velocity V can only
be recovered up to scale, its last element was fixed to 1 be-



fore feeding the system into the automatic generator [39].
The resulting solver has an elimination template with 190
rows and a runtime of about 470 ys.

Since the automatic generator often produces more effi-
cient solvers when the number of variables is reduced, we
further eliminated V using the hidden variable approach:
The constraints (17) are linear and homogeneous in V, and
can therefore be rewritten as

Ci’l(V) 'V(l) + Ciyg(V) . V(g) + Ciﬂg(V) V(g) =0, (23)
where ¢ € {1,...,5} is the point index, and ¢; 1,¢;2,¢;i 3

are polynomials in v. By selecting three points ¢,4’,7”, we
construct the matrix

Ci71(V) Ci,Q(V) Ci73(V)
M, i in(v) = | cira(v) cra(v) cs(v)|, (24
cira(v) eima(v) cirz(v)
which satisfies
M, 441 (v) -V =0, (25)
det Mi7i/7i//(v) =0. (26)

Collecting all 10 equations of the form (26), we fed them
into the automatic generator. The resulting solver has an
elimination template with only 36 rows and a runtime of
approximately 120 us. Since the GB solvers invert the elim-
ination template, smaller elimination templates typically
lead to faster and more stable solvers.

In addition, we developed solvers for the problems with
K = 1+Al, and with K = 2+A2. Due to the high algebraic
degrees of these problems (120 and 122), these solvers are
based on homotopy continuation. Both are formulated us-
ing five constraints of the form (15). The runtime of the
solver for K = 1+Al is about 180 ms, while that of the
solver for K = 2+A2 is about 210 ms.

For comparison, we also constructed a homotopy contin-
uation solver for the problem K = 1, A2, using the same
formulation as the previous two solvers, achieving a runtime
of about 5.2 ms.

3.2. Problems with m=3, n=2

We now present minimal solvers for the problems with
n = 2 points and m = 3 observations per point. We be-
gin with the case K = 1, where we developed Grobner
basis solvers for both A1 and A2. These problems are for-
mulated using the bifocal constraints (15) and the trifocal
constraints (20). As before, the last element of V is fixed
due to scale ambiguity.

Since the problems are overconstrained, we omit the bi-
focal constraints involving the observation p2 3, and re-
tain only the first column from the second trifocal con-
straint. Geometrically, this enforces the existence of a point

X, € R3 that projects onto p2 ;1 at time {3 1, onto p2 2 at
time ¢ 2, and onto the horizontal line passing through p2 3
at time ¢ 3. With this relaxation, the system becomes mini-
mal and can be solved using an automatic solver generator.

The minimal solver for Al has an elimination template
with 363 rows and achieves a runtime of 2.1 ms. The solver
for A2 has an elimination template with 387 rows and a
runtime of 2.3ms. We also experimented with the hid-
den variable approach described in Sec. 3.1, but the coeffi-
cients used for building the elimination template grew pro-
hibitively large, making the resulting solvers too unstable
for practical use.

In addition, we developed homotopy continuation mini-
mal solvers for both K = 1 and K = 2.These solvers use
the original formulations (10) and (12) with variables v, V,
X1, and Xj. To enforce minimality, only the first element
of the constraint involving ps 3 is retained. The runtimes of
these solvers are presented in Table 2.

3.3. Problems with m=4, n=1

We now present minimal solvers for the problems with n =
1 point and m = 4 observations of this point. We first de-
veloped Grobner basis solvers for the problems K = 1+Al,
K = 1+A2, and K = 2+A2. These solvers are based on the
formulation using both the bifocal constraints (15) and the
trifocal constraints (20), with the last element of V fixed to
resolve scale ambiguity. The solver for K = 1+Al has an
elimination template with 73 rows and a runtime of 81 us,
while the solver for K = 1+A2 has 103 rows and runs in
100 ps. The solver for K = 24+A2 is substantially larger,
with an elimination template of 1073 rows and a runtime of
31 ms.

We also attempted to design a Grobner basis solver for
the K = 2+Al problem, which also has a relatively low
algebraic degree. However, the resulting solver failed to
compile, likely due to the large size of the coefficients. Sim-
ilarly, we explored the hidden variable approach in order to
simplify the solvers, but in this case the generator was un-
able to find a suitable elimination template within a reason-
able time.

In addition, we developed homotopy continuation-based
minimal solvers for the problems K = 14+Al, K = 14+A2,
K = 2+Al, and K = 2+A2. These solvers employ the
original formulations (10) and (12), with variables v, V,
and X;. The runtimes of these homotopy continuation
solvers are reported in Table 2.

4. Local Optimization

We now introduce the local optimization procedure used to
refine the output of the minimal solvers presented in Sec-
tion 3. This refinement has two main benefits. First, it re-
duces the effect of noise by incorporating a larger number
of correspondences. Second, unlike the minimal solvers,



m,n | K | appx | type || #vars | #sols || time (us)
25 11 AT | HC 5 120 I.8E5
25 11| A2 | HC 5 20 5.2E3
251 1] A2 | GB 5 20 4.7E2
25| 1| A2 | GB 3 20 1.2E2
25121 A2 | HC 5 122 2.1E5
32T 17T Al [ HC IT 22 1.6E4
32 11| Al | GB 5 22 2.1E3
32 | 1| A2 | HC 11 20 1.2E4
32 | 1| A2 | GB 5 20 2.3E3
32 121 Al | HC IT 120 3.4ES
32 | 2| A2 | HC 11 120 2.1ES
4117171 AT | HC 5 2 6.7E2
41 | 1| Al | GB 5 8 8.1E1
41 | 1| A2 | HC 8 8 3.2E3
41 | 1| A2 | GB 8 8 1.0E2
42 121 AT | HC 8 36 6.6E4
42 | 2 | A2 | HC 8 36 2.8E4
42 | 2| A2 | GB 5 36 3.1E4

Table 2. Overview of the minimal solvers presented in Section 3.
Here, m and n denote the track length and number of tracks; K is
the maximal degree of the rotation approximation; appx indicates
the type of approximation (Sec. 2.2); and type specifies the solver
method, either HC (Homotopy Continuation) or GB (Grobner Ba-
sis). #vars denotes the number of estimated variables (i.e., not
eliminated beforehand). Runtimes are reported in microseconds,
with the lowest time for each (m, n) highlighted in bold.

which rely on the approximate rotation model (8), the local
optimization employs the exact rotation model (2), thereby
mitigating the errors caused by the approximation. This lo-
cal optimization is based on the Ceres framework [1], al-
though efficiency can be further improved by employing the
Poselib framework [38]. We apply this local optimization
procedure to refine the solutions in the real experiments in
Sec. 5.3.

The optimization is initialized with estimates v of the
Euler vector and V| of the translational velocity obtained
with a minimal solver. From these, the initial rotation axis
ay and angular velocity wq are obtained as ag = m - Vo
and wy = ||vo|. For every pair of correspondences p; ;
and p; ;, captured at times ; ; and ¢; ;/, respectively, we
construct an essential matrix

Eijj =R(ti;) [V« R(ti ;)" (27)

The local optimization minimizes the sum of squared Samp-
son errors

P EijjPij
VI Pis) a2 + BT, pis) o I

(28)

over all correspondences that are inliers to the initial motion
estimate.

5. Experiments

In this section, we evaluate the minimal solvers intro-
duced in Section 3 and summarized in Table 2. We first
present synthetic experiments to assess numerical stability
(Sec. 5.1) and robustness to noise as well as to high angu-
lar velocities (Sec. 5.2). Finally, we validate the solvers in
real-world experiments (Sec. 5.3) using the rolling shutter
datasets Fastec and Carla [46].

5.1. Numerical Stability

To evaluate the numerical stability of the proposed solvers,
we synthetically generated instances of the corresponding
minimal problems, using the approximate rotation Rx (v)
instead of the exact rotation R(v). For each problem in-
stance, we sampled an Euler vector v from the normal
distribution with © = 0 and ¢ = 0.1, and a translation vec-
tor Vg from a normal distribution with 4 = 0 and o = 1.
We further sampled n points X; from a normal distribution
with z = [0 0 2]” and o = 1, and, for each point, we gen-
erated m capture times ¢; ; from a normal distribution with
p=0and o = 1.

The image points p; ; were obtained by projecting X;
according to (9) for A1, and according to (11) for A2. Each
solver was applied to recover an estimate of the Euler vector
vest and the translation vector V4. To assess accuracy,
we constructed the rotation matrices R(vgr) and R(vest)
at time ¢ = 1, and measured the rotation error as the angle
of the relative rotation R(v..:)T R(ver). The translation
error was computed as the angle between Vg and V4.

The results, depicted in Figure 1, show that all solvers
are sufficiently stable for the use in standard pose estimation
pipelines. However, the Grobner basis solvers for the cases
with m = 3 and m = 4 display somewhat lower stability,
which may negatively affect performance in some cases.

5.2. Robustness to Angular Velocity and Noise

We now evaluate the solvers in a more realistic scenario,
where the image projections are generated using the exact
rotation R(v). Since the solvers instead rely on the ap-
proximation R (v) with K = 1 or K = 2, the recovered
motion parameters have nonzero error, even in the absence
of projection noise. This experiment therefore evaluates the
accuracy of the approximations used in the solvers.

The experimental setup follows the same procedure as in
the previous section, except that the angular velocity w is
treated as a controllable parameter rather than sampled ran-
domly. We consider two different cases: the event camera
and the rolling shutter camera. In the event camera case,
the capture times are sampled randomly, as in Section 5.1,
and then ordered increasingly. In the rolling shutter case,
the capture times are determined by jointly estimating the
projection p; ; and the capture time #; ; such that (5) holds.
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Figure 1. Stability test. Histograms of rotation (left) and trans-
lation (right) errors, computed over 10* noiseless samples. Re-
sults are shown for solvers with fop: m = 2,n = 5, middle:
m = 3,n = 2, and bottom: m = 4,n = 1. K1 and K2 denote
K = 1and K = 2, respectively, while Al and A2 indicate the
type of approximation (Sec. 2.2).

Since this is not a polynomial system, we locate the correct
t;,; by bisection.

In our experiments, we assume a focal length of f =
700 px and add Gaussian noise with ¢ = (1px)/f to each
projection p; ;. In the rolling shutter case, the capture times
t;,; are recovered using the noisy projections. We evaluate
the rotation error at the time corresponding to the center of
the second frame and the translation error as in the previous
section. The resulting errors, plotted as functions of angular
velocity, are shown in Figure 2 for the rolling shutter case
and in Figure 3 for the event camera case. The noise-free
variant of the experiment is included in the Appendix.

We compare our solvers against the five-point
solver [50]. When w = 0, this solver is able to re-
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Figure 2. Noise test, rolling shutter cameras. Rotation (left) and
translation (right) errors of the solvers with top: m = 2,n = 5,
middle: m = 3,n = 2, and bottom: m = 4,n = 1, as the
function of the angular velocity w, Averaged over 1000 synthetic
rolling shutter samples with additional noise of magnitude 1pz.
The result of the five point solver is shown in all graphs.

cover the translational velocity V. The results confirm that
the errors of all solvers increase with angular velocity, as
expected, since the approximation becomes less accurate
for higher w. In the rolling shutter scenario, the five-point
solver performs well for low angular velocities, but in the
event camera setting its error grows rapidly as w increases.
Overall, most of the proposed solvers demonstrate greater
robustness than the five-point solver. In particular, solvers
based on quadratic formulations with m = 2 orm = 3
exhibit the highest robustness, while those assuming m = 4
tend to be less stable and appear to be degenerate in the
special case of w = 0.

5.3. Real experiments

Here, we evaluate the proposed solvers on two rolling shut-
ter datasets, Fastec [46] and Carla [46], and compare them
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Figure 3. Noise test, event cameras. Rotation (left) and transla-
tion (right) errors of the solvers with top: m = 2,n = 5, middle:
m = 3,n = 2, and bottom: m = 4,n = 1, as the function of
the angular velocity w, Averaged over 1000 synthetic event sam-
ples with additional noise of magnitude 1px. The result of the five
point solver is shown in all graphs.

to the five-point solver [50]. These datasets contain rolling-
shutter (RS) and global shutter (GS) images with the same
poses. While the rotational velocities in the Fastec se-
quences are negligible, the Carla dataset typically has a
noticeable inter-frame rotation of 1 to 4 degrees. Specifi-
cally, we compare the solvers m = 2,n =5, A2, K1, HC,
m=2n=>5 A2, K1,GB3,m=2n=25,42, K2, HC,
m=3,n=2A1,K1,GB,m =3,n=2,A2, K2,GB,
and m = 4,n = 1,A2, K1, GB against the five-point
solver. Since the datasets do not provide ground-truth poses
or velocities, we reconstructed pseudo-ground-truth poses
using COLMAP [65] from the GS images. For each solver,
we then selected sequences of m consecutive RS images,
matched them with LightGlue [45], estimated the capture
times ¢; ; following the procedure in Section 2.1, and com-
puted poses using LO-RANSAC [11] with local refinement
as described in Section 4.

Solver |AUCI AUC5 AUCIO AUC20

5 point [50] 0.10 041 0.60 0.72
m=2,A2,K1,HC | 0.19 0.50 0.64 0.74
m=2,A2,K1,GB3| 0.18 0.49 0.63 0.74
m=2,A2,K2, HC | 0.18 0.49 0.63 0.73
m=3,A1,K1,GB | 0.22 0.50 0.61 0.69
m=3,A2,K2,GB | 0.23 0.52 0.63 0.71
m=4,A2,K1,GB | 0.00 0.01 0.08 0.25

Table 3. The AUC score at 1°, 5°, 10°, and 20° on the Carla
dataset [46].

Solver |AUC1 AUC5 AUCI0 AUC20

5 point [50] 0.12 0.37 0.52 0.68
m=2,A2,K1,HC | 0.09 0.30 0.46 0.63
m=2,A2,K1,GB3| 0.09 0.30 0.46 0.61
m=2,A2,K2, HC | 0.09 0.30 0.47 0.63
m=3,A1,K1,GB | 0.01 0.06 0.12 0.24
m=3,A2,K2,GB | 0.02 0.08 0.14 0.23
m=4,A2,K1,GB | 0.01 0.17 0.32 0.47

Table 4. The AUC score at 1°, 5°, 10°, and 20° on the Fastec
dataset [46].

The results were evaluated against the pseudo-ground-
truth using the same metrics as in Section 5.1, with the pose
error defined as the maximum of the rotation and translation
errors. We report the area under the recall curve (AUC) of
the pose errors, thresholded at 1°,5°,10°,20°, in Table 3
for the Carla dataset and Table 4 for the Fastec dataset. The
results show that on the Carla dataset, which exhibits small
but non-negligible angular velocities, the proposed solvers
outperform the five-point solver. In contrast, on the Fastec
dataset, where inter-frame rotations are negligible, the five-
point solver achieves superior performance.

6. Conclusion

In this paper, we addressed the problem of estimating the
translational and angular velocity of a camera from asyn-
chronous point tracks, applicable to motion estimation with
rolling shutter and event cameras.

Since the original formulation is non-polynomial, we in-
troduced a polynomial approximation, classified the result-
ing minimal problems, and determined their algebraic de-
grees. We also provided a geometric explanation for why
the five-point solver [50] exactly solves the pure translation
case.

We developed minimal solvers for several problems
with relatively low degrees (2-122) and evaluated them
on synthetic and real data. The experiments show that
even with small nonzero rotation, our solvers outper-
form the five-point solver. The code is available at
https://github.com/petrhruby97/asynchronous_full _dof.
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