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ABSTRACT

With the rapid development of Large Language Models (LLMs), numerous Re-
inforcement Learning from Human Feedback (RLHF) algorithms have been in-
troduced to improve model safety, and alignment with human preferences. These
algorithms can be divided into two main frameworks based on whether they require
an explicit reward (or value) function for training: actor-critic-based Proximal
Policy Optimization (PPO) and alignment-based Direct Preference Optimization
(DPO). The mismatch between DPO and PPO, such as DPO’s use of a classification
loss driven by human-preferred data, has raised confusion about whether DPO
should be classified as a Reinforcement Learning (RL) algorithm. To address these
ambiguities, we focus on three key aspects related to DPO, RL, and other RLHF
algorithms: (1) the construction of the loss function; (2) the target distribution
at which the algorithm converges; (3) the impact of key components within the
loss function. Specifically, we first establish a unified framework named UDRRA
connecting these algorithms based on the construction of their loss functions. Next,
we uncover their target policy distributions within this framework. Finally, we
investigate the critical components of DPO to understand their impact on the conver-
gence rate. Our work provides a deeper understanding of the relationship between
DPO, RL, and other RLHF algorithms, offering new insights for improving existing
algorithms.

1 INTRODUCTION

Large Language Models (LLMs) are considered one of the most promising advancements toward
Artificial General Intelligence (AGI) Zhao et al. (2023a); Ouyang et al. (2022); Minaee et al. (2024);
Achiam et al. (2023). In practice, post-training the LLM with Reinforcement Learning from Human
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Feedback (RLHF) has significantly improved its safety, compliance, and the alignment with human
preferences Arumugam et al. (2019); Singh et al. (2022); Bai et al. (2022); Dai et al. (2023).

While well-established RLHF approaches, such as the Proximal Policy Optimization (PPO-RLHF)
Ziegler et al. (2019), have demonstrated significant success, Direct Preference Optimization (DPO)
Rafailov et al. (2024) has also emerged and garnered widespread attention. DPO differs from PPO in
that it does not require explicit modeling of the reward function, making it simpler and more efficient
in practice. Instead, DPO directly optimizes the language model to align with human preferences
by minimizing a simple classification loss function, which is based solely on the log probability of
outputs generated by the LLMs. Since its inception, DPO has gained considerable traction, leading to
the development of several derivatives, such as IPO Azar et al. (2024) and DRO Richemond et al.
(2024), among others.

Despite its practical success, DPO differs significantly from typical Reinforcement Learning (RL)
algorithms, particularly in its underlying algorithmic structure. While most RL algorithms, such
as PPO-RL Schulman et al. (2017a), rely on an actor-critic framework and explicitly model value
functions, DPO takes a distinct approach. Under a Bradly-Terry Bradley & Terry (1952) framework
to modeling human preference, DPO transferred training policy model into minimizing a human-
preference labeled loss function, without requiring an explicit reward model or training value function
with policy gradient. This fundamental difference leads to limited theoretical understanding of how
DPO connects with standard RL algorithms, particularly in terms of its theoretical advantages. As
a result, more research is needed to clarify the specific scenarios where DPO might offer distinct
benefits over typical RL algorithms.

However, addressing the relationship between DPO and RL algorithms is a non-trivial task. On one
hand, DPO is rooted in the optimal solution analysis of the KL-constrained reward maximization
problem, based on PPO-RLHF. On the other hand, the absence of a reward function in DPO com-
plicates its classification within the typical RL framework. As a result, recent research has even
suggested that DPO may not be a true RL algorithm Panchenko (2024), further highlighting the need
for a deeper theoretical investigation. In this paper, we aim to bridge this gap by investigating the
connections between DPO, RL, and other RLHF algorithms, and focus on three key aspects:

¢ 1. What are the distinctions and connections of the construction of the loss function between
DPO, RL and other representative RLHF algorithms?

* 2. What is the target distribution of these loss function?

* 3. How do the key components within these algorithms affect the algorithm performance?

To do so, we fist construct a unified framework (Figure 1) that uniformly covers the standard RL
algorithms (i.e., PPO and Soft Actor Critic (SAC) Haarnoja et al. (2018)) and the DPO-based
algorithms i.e., (IPO, DRO, DPO). Based on the construction of loss functions of these algorithms,
we clearly reveal the connections between them in our framework. Besides, the target distribution
under this framework is also clearly revealed. Notably, though some existing literature Xu et al.
(2024); Ivison et al. (2024); Yan et al. (2024) have also explored the connection between DPO and
PPO. However, they mainly focus on the technical details of training LLLM and the comparison of
experimental results between DPO and PPO. In contrast, our framework is more general, and is not
restricted to any specific model scenario.

Then we analyze the target distributions of the series of methods mentioned in our framework.
Although these methods have different requirements for the reward function, the same versions (e.g.
the posterior version) all share the same target distribution. Furthermore, by analyzing the relationship
between DPO and the PRA-P method in our framework, we proved that the target distribution of
DPO is not 77 introduced in the original DPO’s paper. Finally, considering the importance of DPO in
training RLHF models, we further investigate the convergence rate of the DPO algorithm. Building on
our theoretical results, we analyze how the hyper-parameter 7 and the offline dataset of the algorithm
influence its convergence performance.

To the best of our knowledge, we are the first to establish such a unified framework that provides
a cohesive perspective on DPO Algorithm and a variety of RLHF algorithms. Our explorations
provide us deeper understanding and new insights in improving the existing algorithms for RLHF.
The contributions in this paper can be summarized as follows:
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* We established a framework to bridge the theoretical gap between DPO and RL algorithms.
* We analyzed the target distribution of the loss function for algorithm in our Framework.

* We explored the impact of the hyper parameter T and the preference dataset on algorithm
performance.

2 PRELIMINARY

2.1 PROBLEM SETUP

Consider a set of state or prompt X. Denote the response space as Y, and the reward function as
r: X x Y — R. The optimization problem that most RLHF algorithm aim to solve is defined below
where D is arbitrary distribution and define the target distribution 7° = arg ming, J.

H;ien J = H‘;Ln ExND,ywﬂ'g(y\w) [_T(:Cv y)] ) (l)
Definition 2.1. Boltzmann Distribution Approximation Problem (BDAP). Motivated by the idea of
Soft Actor Critic algorithm Haarnoja et al. (2018) that they update the policy towards the exponen-
tial of the new Q-function, another important problem we consider is the Boltzmann Distribution
Approximation Problem:

. / T T S exp (TT (:E,))
min Eo [Dic, (' (| 2) |7 (- 0)], 7 () 2 SLT . @

Problem (2) describes the objective of optimizing 7’ towards the Boltzmann distribution of reward
function by the KL divergence, though in principle any distribution distance is suitable. The partition
function Z (z) = >, .y exp (77 (z,y)) normalizes the distribution. 7 is the temperature parameter.

IT is the set of policies. 7™ is essentially a soft approximation of the optimal solution 7° of Problem
(1), while 79 is sharp. This approximation is referred to as the Boltzmann approximation in physics.
Proposition 2.2 shows that 777 converges to 7°.

Proposition 2.2. Without loss of generality, assume that the reward function r(x,y) has a unique
maximum for any given x. Then we have: lim,_, o, 77 (y|x) = 7 (y|z).

2.2 RELATED WORKS

PPO-RL: The Proximal Policy Optimization (PPO) algorithm Schulman et al. (2017a) in RL is
based on the Trust Region Policy Optimization (TRPO) algorithm Schulman (2015). The KL penalty
version of PPO in RL is below:

Lppo(mg) = [ — EACIED

1
P At D (o (L) o s G)

o
where 6,4 is the vector of policy parameters before the update. A, is an estimator of the advantage
function at timestep ¢. For one step policy optimization problem, flt = r(s0,ap) where sg, ag are
taken as the prompt and response separately. Based on the theory of TRPO, PPO-RL will converge to
the optimal solution 7% of Problem (1).

PPO-RLHF: The PPO based RLHF Ziegler et al. (2019) typically consists of two major stages:
reward modeling and RL optimization. In the first stage, human annotators select the preferred answer
Y Over the less preferred one y;, forming the preference pair (., y;, ) based on a given input z. A
reward model r(z,y) is optimized by:

Lr(r¢) = =Ew yu u)~pp 1080 (16 (€, yu) — 7o (2, 31))] - )

where o(-) is the sigmoid function, Dr 2 {(z, yw, )|z ~ D,vw,yi ~ mo(-|T), Y = w) ~
p*(1yw, Y1, )}, o is the offline data sampling distribution. {z = 1|yi, v, 2} = {r(z,y) >
r(z,y2)} and p* is modeled by the BT model. In the RL optimization stage, the trained reward model
evaluates the outputs of the language model, guiding policy optimization with loss function of the
classic PPO algorithm (Typically the reference policy 7, f(-|x) is a pretrained LLM):

1
Eondynmg(lo) | =To(@,y) + —Dxw (mo(-|2) [ mres () | - Q)
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DPO: The Direct Preference Optimization (DPO) Rafailov et al. (2024) leverages the optimal

policy form in Eq.5 as theoretical support by representing the comparison probability (based on BT

model) of human preferences through the ratio between the policy g and the reference policy 7. .

This approach eliminates the need for explicitly modeling the reward function. Thus DPO directly

optimizes the policy by maximizing the log-likelihood function based on human preference feedback:
7 Liog Touwl2) 1, mo(y|a)

wy = 71 ’
ho (2, yw, y1) 78 et (Yo [2) 7 7 e (1| ) ©)

Lppo (Mo Tret ) = —E(a,yw,u)~Dr [logo (f_le (a?,yw,yz))] .
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Figure 1: The unified UDRRA framework to connect DPO and other RLHF algorithms with typical
RL methods. The algorithms in our framework can construct loss functions for four different scenarios
(from right to left): (1) between 7y (y|z) and 7° (y|2) (or 77 (y|2)); (2) between 74 (2, ) and (1, );
(3) between Ary(z,y1,y2) and Ar(z,y1.y2); and (4) between py(z|y1, y2, x) and p* (z|y1, yo, ).
From scenario (1) to scenario (4), the requirements of the reward function r(z, y) are progressively
relaxed. The notations in the figure will be elaborated in Section 2 and Section 3. Notably, we utilize
Proposition 2.2 to illustrate the relationship between 7% and 77

3 THE FRAMEWORK TO UNIFY DPO, RL AND OTHER REPRESENTATIVE
RLHF ALGORITHMS

In this section, we unify DPO, RL, and other representative RLHF algorithms within a unified
framework (see Figure 1) based on the construction of loss functions. The distinctions of loss
functions are mainly because how loss functions are defined across various reward function scenarios.
Our framework clarifies these relationships, highlighting each method’s strengths and use cases while
bridging RL principles with RLHF techniques to improve methods like DPO.

3.1 THE UDRRA FRAMEWORK

Most RL algorithms aim to solve Problem (1): given a reward function, find the optimal policy
7%, To balance exploration and exploitation, the target distribution 7 is often approximated by
a Boltzmann distribution 7", turning the optimization into a distribution approximation problem.
The critical challenge lies in designing a loss function that enables the parameterized policy 7y to
effectively approximate the target distribution 77 through gradient-based methods. Our framework
emphasizes the differences in loss function construction across various algorithms. Specifically,
the construction of loss functions in current algorithms primarily addresses four types of scenarios
involving policy distributions, reward functions, reward differences, and preferences, corresponding
to scenarios (1)-(4) in Figure 1.

From scenario (1) to scenario (4), the requirements on the reward function r(x, y) are progressively
relaxed. Our paper will illustrate the characteristics of loss function construction in different scenarios
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and prove the equivalence of different loss designs in the sense of target distribution. Furthermore,
we will analyze the position of DPO within these scenarios and its relationship with our proposed
method PRA-P for offering a new perspective for the theoretical investigation of DPO.

3.1.1 SCENARIO (1): BOLTZMANN DISTRIBUTION APPROXIMATION

Proposition 2.2 supports the Boltzmann approximation, allowing 77 to relax 7°. This relaxation is
validated by RL algorithms like SAC. Therefore, in scenario (1) there is a natural relaxation method
to approximate the solution to Problem (1) by solving 7. Here, we summarize the method based on
Definition 2.1 using the KL divergence as the loss function. For the Forward-KL and Reverse-KL,
we have Eq.7 and Eq.8 (See derivation in Appendix E.1, E.2):

Lrorward—BDA (T9) = Epp [Dxr, (19 (- | 2) |77 (- | 2))]

= _EzwD,ywwe(~|r) [(TT(‘T7 y) - 10g<71'9(y|.'1?)))} ) )
L:ReversefBDA(’/TG) = EIND [DKL (ﬂ-T ( | .’E) ||’/T9 ( | (E))]
= 7]Ex~D,y~7r"'(~\x)[log 7T9(1L/|ZE)] ®)

We name the method using Eq.7 or Eq.8 as the loss function as the Boltzmann Distribution
Approximation (BDA) method. Eq.7 is exactly the loss function of SAC.

3.1.2 SCENARIO (2): REWARD APPROXIMATION
Denote the implicit reward function r¢(x, y):

ro(e,y) 2 Llog(Z(@)mo(ylz). ©)

Scenario (2) focuses on the intuition of using r¢(x,y) to approximate the ground truth r(z,y).
Considering using 74 (x, y) to approximate r(x, y) is a typical regression problem, the Mean Square
Error (MSE) is natural to be the loss function (See derivation in Appendix E.4):

1 2
Lra(T0) = Eorp ymmg () [(To(2,y) = 1(2,9))?] = B ymomy (-|2) { (10g(7r9(y|x) )) (10)

2\ (yle)
We name the method using Eq.10 as the loss function as the Reward Approximation (RA) method.
Due to the special design of 7¢(x,y), although the forms are different, Eq.7, Eq.8 and Eq.10 all
effectively share the same target distribution. We will formally prove it later in Theorem 4.1.

In RLHEF, the alignment task builds upon a reference model . (-|z) rather than an initialized
language model policy. Thus we incorporate 7, (y|z) via the posterior implicit reward function
7o(x,y). Treating .5 as the prior, the posterior distribution becomes 77:

Tres (ylz) exp(rr(z, y))

7 (ylz) £ : (1
WD) = 5 ey Toes W) exp (e, 7)
The corresponding posterior implicit reward function is 7o (z,y) = + log(Z’(x) 7::9;‘1(’5;)) where
Z'(x) =3 ey Tref(y'|x) exp(rr(2, y")). Then Eq.10 will be changed into:
Lra—p(760) = Eond yurmy (12 [(Fo(2,y) — (2, 9))°]
. Lo mle) Y (12
=Eznpynmolo) [(Tlog(Z @) ) ") |

We call the method using Eq.12 as loss function as the Reward Approximation-Posterior (RA-P)
method.

3.1.3 SCENARIO (3): REWARD DIFFERENCE APPROXIMATION

Define the general difference function A f(x,y1,y2) = f(x,y1) — f(z,y2). In scenario (3), the loss
function is constructed to align the reward difference function, Arg(x, y1,y2) = ro(x, y1) —re(x, y2)

and Ar(z,y1,y2) = r(2,41) — 7(x,y2). Denote Dy = {(z,y1,42) | € D,y1,y2 ~ 7o(ylz)}.
Similar to the RA method, using MSE, we have the loss function:

2
Lrpa(m) = EDpw (1 log M — Ar(z,y1, y2)> . (13)
T 7 mo(yz|w)
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The method using Eq.13 as the loss function is named Reward Difference Approximation (RDA).
Its posterior version, RDA-P, replaces g with 7g. All our methods have posterior versions, this paper
only formulate RA-P and PRA-P as example. The RDA method simplifies computation by canceling
the partition function Z(x), which requires multiple reward function queries. Additionally, RDA
only needs reward differences, not absolute values, while maintaining the same target distribution as
BDA and RA. This is formally proven in Theorem 4.2.

3.1.4 SCENARIO (4): PREFERENCE REWARD APPROXIMATION

In scenario (4), we consider using p*(z | y1,¥y2,z) = w(r(z,y2—2), (€, Yy2+1)), where z = 1 if
r(z,y1) > r(x,y2), and z = 0 otherwise, to model the comparison probability between r(x, y; ) and
r(x,y2). Only (z,y1,y2, ) sampled with p*(z | y1,y2, ) is available, while (z, y) is unobservable.
The BDA, RA, and RDA methods are less effective in scenario (4). These methods rely on inverting
w to estimate 7(x, ). Table 3 and Appendix C discuss various w formulations. In general, most w ™!
are difficult to compute because p* is not analytic. Thus developing methods that rely only on the
forward evaluation of w instead of w~"' would greatly improve practicality in this scenario.

Therefore we propose the Preference Reward Approximation (PRA) method, assuming w is
known and data is sampled as (z,y.w,y;) where {r(z,y,) > r(z,y)} is true with probabil-
ity p*(1 | Yw,yi,x). Define the parameterized comparison distribution as pg(z|y1,y2,z) =
w(rg(x,ya—z),re(x,y-+1)). Assuming w(x,y) is injective and satisfies the symmetric comple-
mentarity property w(z,y) = 1 — w(y, z), the winning probability of = against y equals y’s losing
probability against x, then we have:

Lera(me) =Ep, [DxL(p" (2|y1,y2, 2)||pe (2]y1, y2, 2))]

(14)
= E(l‘aywvyl)"’Ds [10g (p9(1|yw7 Y, :C))] + ]Ewavyl,yQNWH(y‘x) [M(‘T7 Y1, y2)} .

A

Defer the proof in Appendix E.3. Dy = {(z,yw,y)|z ~ D,yw,y ~ 7o(-|7), (Y = y1) ~
P (Uyw, y1,2)} and M (2, y1,92) = >, _o 1 P"(2|y1,Y2, ) log p*(2[y1, y2, ¥). PRA uses the KL
divergence between p* and py as the loss function, combining a cross-entropy term that avoids
computing gradients of the reward function or p*, and a regularization term involving integration
over p* and 7. Similar to the RA-P method, we also propose a posterior version of PRA. Define
Do(z|y1, Y2, ) = w(To(x,y2—2),To(z,y.+1)). Based on Eq.14, we have:

Lera-p(me) =Ep, [Dxr(p" (2|1, y2, 2)|Pe (2|y1, y2, z))]

_ (15)
= E(Zvyw,yz)NDe [lng9 (1|yw,yz,x)] + EIND,thNWe(y\r) [M(xvyh?ﬁﬂ .

The method using Eq.15 as the loss function is name Preference Reward Approximation-Posterior
(PRA-P) method. Firstly, PRA and PRA-P avoid calculating w " while maintaining the same target
distribution as previous methods. Theorem 4.3 shows that PRA shares its target distribution with
methods like BDA, while Theorem 4.4 demonstrates that PRA-P and RA-P share the same target
distribution. Secondly, the DPO algorithm aligns with scenario (4) and is closely related to PRA-P. In
fact, the first term of Eq.15 matches the DPO loss Rafailov et al. (2024) if Dy is replaced with an
offline dataset, though this introduces a distribution shift issue, which is discussed in Theorem 4.5.

3.2 SUMMARY

Our framework is both logically reasonable and empirically valid. After developing the solution
method for Problem 2.1 based on different reward function scenarios, we found that previous studies
have explored specific methodologies for the some scenarios and proposed efficient algorithms. For
example, as shown in Section 3.1.1, the loss function of SAC (Eq.10 in Haarnoja et al. (2018)) aligns
with the Forward-BDA method. To highlight these relationships, we summarize the correspondence
between these algorithms and our methods in Table 2.

For scenario (1), the Reverse-BDA method, using reverse-KL (Eq.8) as a loss function for policy
improvement, has been applied in finite state-action space control problems (see Eq.2 in RERPI
Abdolmaleki et al. (2018)). However, in continuous state-action spaces, the term Z(x) is hard
to compute, limiting the method’s applicability. For scenario (2), the loss function of the Direct
Reward Optimization (DRO) method matches the RA-P method’s loss function (Eq.12), as shown
the Eq.4 in Richemond et al. (2024). For scenario (3), the Step-level Value Preference Optimization
(SVPO) algorithm Chen et al. (2024) uses Arx (s, s}, ) to learn towards sg [Arg (s, q,s},1)]
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(Eq.10 in Chen et al. (2024)), which corresponds to our RDA-P method. The RDA-P method is
also a generalized version of Identity-PO (IPO) Azar et al. (2024), relaxing the data requirement
from querying reward differences to only ranking queries (i.e., I(r(x,y1) — r(x, y2)), where I is the
indicator function). Though I(r(z,y1) — r(x, y2)) is more like a preference, we classify IPO as a
relaxed version of RDA due to its similar form as RDA-P. Finally, for scenario (4), we will show in
Theorem 4.5 that DPO is simply an offline version of PRA-P.

4 TARGET DISTRIBUTION ANALYSIS

In this section, we analyze the target distribution of the loss function mentioned in our framework.
Although these methods have different requirements for the reward function, the same versions (e.g.
the posterior version) all share the same target distribution. Additionally, as noted in Section 3.1, we
highlight how using an offline dataset in DPO introduces distribution shift issues, distinguishing it
from online methods like SAC and PPO-RLHF.

4.1 THE TARGET DISTRIBUTION EQUIVALENCE OF OUR FRAMEWORK

Here we state the approximation equivalence among the BDA, RA, RDA and PRA methods.

Theorem 4.1. Define 7} wara—ppa = argming, Lrorward—BDA(T6); TheverseBDA =
arg ming, Lreverse—BDA(T9), Tha = argmin,, Lra (mg). The following property holds:

71—Ii’;orwardeDA = 7Tik{evers.efBDA = ﬂ—;{A =m. (16)
Theorem 4.2. Recall Lrpa(mg) in Eq.13. Define wjp, = argming, Lrpa (mg). Then mhpp = 7.
Theorem 4.3. Recall Lpra(7g) in Eq.14. Define mjp , = argming,, Lpra (mg). Then mhp, = 7.

Theorem 4.1 demonstrate that the “arg min” of Eq.7, 8, 10 are equivalent and equal to 7”. Theorem
4.2 proves that the target distribution corresponding to the loss function of the RDA method is 77,
which is consistent with the target distribution of the BDA and RA methods. Theorem 4.3 shows
that although the loss function of the PRA method is designed by minimizing the distance between
the two distributions p*, pg, its target distribution remains 7”. Similarly, we use Theorem 4.4 to
demonstrate the relationship between the target distributions of the posterior versions of the RA and
PRA methods.

Theorem 4.4. Recall Lra—_p(7g) in Eq.12 and Lora_p(mg) in Eq.15. Define
Tha_p = argmin Lra_p(7g), Tpra_p = argmin Lpra_p(7g). (17
) T

The following property holds:
TRA-P = TPRA-P = T - (18)

In summary, while the BDA, RA, RDA, and PRA methods are designed for different scenarios, they
all share the same target distribution and aim to solve the same problem (BDAP) under varying
conditions of reward function access. Specifically, BDA and RA require exact reward values, RDA
only needs reward differences across variables y, and PRA relies on ordinal relationships of the
reward function. Based on our analyzing about the methods in our UDRRA framework, we can more
accurately select the appropriate method for different scenarios.

4.2 THE RELATIONSHIP BETWEEN DPO AND PRA-P (THE TARGET DISTRIBUTION OF DPO)

This section analyzes the target distribution of DPO. DPO mentions that the DPO target distribution
is 77 which is also the the target distribution of the PRA-P method (Eq.4 in Rafailov et al. (2024)).
However, we will show that there is a distribution shift between the the target distribution 77 of the
PRA-P method and the the target distribution of DPO. We use Theorem 4.5 to strictly analyze the
differences and connections between DPO and PRA-P.

Theorem 4.5. When p* is modeled by the BT model:

p*(1|y17 Y2, l’) = W(’I"(l’, y272)7 7’(377 y2+1)> = U(T‘(‘T7 yl) - T‘(:E> y2))a (19)
then we have the following equality:
Lrra—p (M) = Loro (me) + m1(me, m0) + n2(m0). (20)

where 01 (g, mo) equals to 0 if and only if mg = o and 0o (mg) = Eond g1 ya~rmo (yle) (M (2,91, y2)).



Published at ICLR 2025 Workshop on Reasoning and Planning for LLMs

Theorem 4.5 tells us that since Dg in DPO is an offline dataset, a shift term 7, (7g, 7¢) is introduced
between DPO and PRA-P. Because of the difference between 7y and 7, the existence of the non-zero
term 7)1 (g, o) makes the target distribution of DPO deviate from the target distribution 77 of
the PRA-P method. We call this phenomenon as distribution shift. Defer the proofs to Appendix
F.5. Moreover, 12(mp) is a regularization term which serves to increase the information entropy
(=M (x,y1,y2)) of the comparison probability p* under the current policy distribution 7. The
ignorance of this regularization term will make the DPO deviate further from the target distribution
7", Lastly, we emphasize that the w function in the PRA method only needs to satisfy the symmetric
complementarity property and is not limited to the BT model, which is a special case. We list more w
functions meeting this requirement in Table 3.

5 COMPONENTS INFLUENCE IN ALGORITHMS WITHIN UDRRA

After analyzing the connections and distinctions between algorithms like DPO, the remaining question
is how the common components in algorithms within UDRRA affect their performance. Here we
focus on the impact of hyperparameters 7 and preference datasets on algorithm performance.

5.1 Q1: THE INFLUENCE OF T ON ALGORITHM PERFORMANCE

For Q1, Increasing hyper-parameter 7 can speed up the convergence of DPO, which will formulate
in Theorem 5.1. As 7 increases, the optimal solution 77 of DPO tends to 0 (See Proposition 2.2),
while deviating from 7..¢. Thus there exists a trade-off between the convergence rate and maintaining
Proximity to 7.

Theorem 5.1. Assume my is constructed by Definition D.l. Consider the DPO loss function
Lppo(Te; Trer ). Given the learning rate o satisfying finite squared summability, suppose the
parameters 0 are updated by:

Orr1 = 0r — s g(2, Yo, Y1, 04), (21)

where g(, Y, y1,04) is a stochastic gradient of Lopo (T, ; Ty ). Assume |g(-,-,-,-)||* < G2
Denote L{po = ming, Lopo(Te; Ty ), then:

. 2G2 ?jIQQ EDPQ T, — L
min ||V Lpo (T, |3 < 2o 2ot=1 % (n0,) = Lbro 22)

: T-1 T-1
1<i<T T2y =1 M

We assume the policy is a softmax policy (Definition D.1) and show that the gradient norm of the
DPO loss function has an upper bound under non-convexity, which is negatively correlated with the
hyper-parameter 7. Thus we have that 7 is inversely related to the convergence rate of DPO.

This paper focuses on the impact of 7, rather than the design of the LLMs. Thus, we simplify
Theorem 5.1 to apply the convergence theorem for SGD in non-convex settings. Our argument is
that, as long as the policy distribution is a softmax policy, we show that the loss functions for all four
methods in our framework, including DPO, are L-smooth with respect to the policy parameters 6
leading to a sub-linear convergence rate of O( %)

Thus we summarize the convergence properties of DPO and related methods (BDA, RA, RDA, PRA)
in Table 1, corresponding to Lemma G.8-G.12. The variations in L arise from differences in how
their loss functions are constructed. First, the Forward-BDA method has a larger smooth coefficient
(6€1+10) than the Reverse-BDA method, indicating slower convergence but a more sampling-friendly
policy mg. Second, the RA method outperforms both BDA methods by setting ¢; and 7 to reduce
the smooth coefficient. For instance, when €; and 7 satisfy 0 < €1 < @ < @, the smooth
coefficient of the RA method is bounded by 2, ensuring faster convergence. Third, the smooth
coefficients of the RDA and PRA methods can be reduced by adjusting €2, €3, 7, and the parameter
domain diameter d, to speed up their convergence. Lastly, the DPO method has a higher smooth
coefficient than PRA, with additional terms like 20 log(1 + €% ) + 10 4+ 161log 2, indicating that
DPO converges faster than PRA-P due to the distribution shift bias.
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Method #Loss Functions #Smooth Coefficient (L) #p(z, y; ﬂ'g)
Forward-BDA Eq.7 6ep + 10 mo(y|x), x
Reverse-BDA Eq.8 2 w7 (y|z), z ~ D

RA Eq.10and Eq.12 362 + 181 4+ & 4 max {e} + 21,1} mo(ylw),x ~ D
RDA Eq.13 2(Je2 + 32 4 8 mo(y|z), =

PRA Eq.14 and Eq.15  20log(1 + %) + 16ey + 4 +16log2  mo(ylz),x ~ D
DPO Eq.6 742 mo(ylz),z ~ D

Table 1: Smooth Coefficients for different methods. 7y is the current policy to be optimized, and 7y is
the sampling distribution for DPO’s offline dataset. Let |log(mg(y|z)) — log(n™ (y|x))| < €1, where
€1 represents the maximum likelihood difference between 7y and 77. Let |(ro(x,y1) — 7o (2, y2)) —
(r(z,y1) — r(z,y2))| < €2, where €5 is the maximum deviation between rg and r. Define d as the
diameter of the smallest manifold sphere containing the domain of 6 (as per Definition D.1), i.e.
|0(z1,y1) — 0(z2,y2)| < d. Similarly, let |[p*(z|y1, Y2, ) — po(2|y1, y2, )| < €3, where €3 bounds
the difference between pg(z|y1, y2, x) and p*(z|x, y1, y2).

5.2 Q2: THE INFLUENCE OF PREFERENCE DATASET ON ALGORITHM PERFORMANCE

Since DPO is a representative algorithm in RLHF, this paper uses it to answer Q2. Essentially, the
design of preference dataset D depends on the design of the sampling strategy 7, in other words,
the relationship between the sampling strategy my and the current strategy mp. Thus for Q2, we
use Theorem 5.3 to show that data (z, y1, y2) should be selected where both the reward values and
policy probabilities have a large and consistent margin between y; and 5. Larger margins accelerate
convergence, while consistent margins reduce distribution shift.

To prove Theorem 5.3, we first consider a simplified question: should 7 prioritize samples with large
or small reward differences or margins when identifying winners and losers? The challenge is that 7
and 7y are interdependent, as we optimize 7. To address this, Lemma 5.2 quantifies their relationship

when 7 is a uniform distribution. Define event sets Q1 = {(y1,y2,) | |log %| > €0}

by T) Tref x Q1N
and Qy = {(y1, 4o, o) | |log ATzt | > ¢} et y(x) = 125572 <, where K = |Y]. ¢

represents the log-probability significance threshold of p*. Intultlvely, the parameter +y reflects the
alignment between 7 and 7y for large-margin data pairs (z, y1, y2).

Lemma 5.2. Assume ||g:||*> < G2. See Lppo(Ty; Trer ) 01 Eq.6. Given the learning rate o satisfying
finite squared summability, for DPO, let y(x) < ~y, when 7 is a uniform distribution, then:

£ T —[,* C +1 G2 T 1062
min || Vo Lopo(mo,; w3 < £2r0(T0) = Lipo | 20e0 +1) ‘

23)
1sisT t=1 Ot T Zt 1 G

where L{)po = ming, Lppo(7g; Tpf ) and co = o(L)o (=) —1 € (-1,0).

Assuming 7y is uniform, Lemma 5.2 prepares for analyzing how sampling certain types of data
affects convergence. Since cg is negative, a higher + value indicates better alignment and faster
convergence, as shown in the second term of Eq.23.

Based on Lemma 5.2, we further demonstrate with Theorem 5.3 that when the data pairs (z, y1, y2)
satisfy that (x, y1,y2) € €1 Ny and are sampled more, the convergence rate can be accelerated.
In Theorem 5.3, i represents a preference for selecting data pairs with large margins that are also
consistent with mg. Compared to the upper bound of inequality 23, the upper bound of inequality 24
is smaller, indicating that the data selection distribution 7 plays a beneficial role in accelerating the
DPO optimization process. Thus we can sample data by 7; to achieve faster convergence for DPO.

Theorem 5.3. Define w1 (y1,y2|x) = = if (x,y1,92) € (21 N Qa); 1%else where 1 € (0, 1),

be the sample distribution of DPO. Assume ||g;||*> < G?. Given the learning rate o satisfying finite
squared summability, we have:

L LT G2 2
min ||V05DP0(7r97,7rnf)||2 < DPO(WH) DPO | 2(pyco + 1) Zt Lo

< (24)
1<i< Zt 1 @t 72 Zt 1 Gt

In summary, we conduct the answers for Q1 and Q2:



Published at ICLR 2025 Workshop on Reasoning and Planning for LLMs

* About Q1: A larger value of 7 leads to faster convergence of DPO. As 7 increases, the
optimal solution 77 of DPO converges to 7°, while deviating from 7. Hence, there is a
trade-off between the convergence speed and the preservation of proximity to .

» About Q2: Selecting data where both the current policy probability values (7 (y1|z) and
7(y2|2)) and the reward values (r(x, y1) and r(x, y1)) consistently exhibit a large distance
(i.e. large margin) can accelerate the convergence of the DPO algorithm. And with the
consistence, the distribution shift problem will be reduced.

6 CONCLUSION

In this paper, we investigated the connections of DPO, RL and other RLHF algorithms. We proposed
UDRRA to link these algorithms through their different reward function scenarios. Then we analyzed
the target distributions corresponding to the methods in UDRRA and pointed out that the distribution
shift problem of DPO comparing PRA-P. Furthermore, we examined the impact of key components
of the DPO loss on algorithm performance. Our findings offer a deeper understanding of DPO’s
theoretical positioning and practical implications, providing a foundation for future developments in
RLHF algorithms.
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A RELATED WORK

Reinforcement Learning from Human Feedback (RLHF). The Large Language Models (LLMs)
Zhao et al. (2023a); Chang et al. (2024); Hadi et al. (2024); Minaee et al. (2024); Hadi et al.
(2023); Achiam et al. (2023); Bubeck et al. (2023) is one of the most promising evolutions towards
Artificial General Intelligence (AGI). The success of this transformation lies a critical component:
Reinforcement Learning from Human Feedback (RLHF) or Human Alignment (HA), which is the
final and crucial step in LLMs’ training Arumugam et al. (2019); Ouyang et al. (2022); Singh et al.
(2022); Bai et al. (2022); Dai et al. (2023). Motivated by the instability, complexity, and incurring
significant computational costs of the RLHF process, Rafailov et al. (2024) proposed an algorithmic
framework for directly optimizing the language model to follow human preferences, namely the DPO
algorithm, based on the analysis of the optimal solutions of classic RL algorithm PPO Schulman
et al. (2017b); Engstrom et al. (2019). DPO has received widespread attention since its inception,
and hundreds of algorithms for improving DPO have been derived within a year, e.g. [POAzar et al.
(2024), KTOEthayarajh et al. (2024), SimPOMeng et al. (2024), ORPOHong et al. (2024), etc.

DPO & PPO discussing. The success of DPO Rafailov et al. (2024) benefits from the optimal
solution analysis of the KL-constrained reward maximization objective (Eq.3 in Rafailov et al.
(2024)) come from the classical Reinforcement Learning (RL) algorithm, PPO Schulman et al.
(2017a). Therefore, the performance difference between the DPO algorithm and the PPO based
RLHF method Ziegler et al. (2019) has gradually attracted the attention of researchers in the RL
community Ivison et al. (2024). In general, while the DPO algorithm can fit the static training dataset
comparably, it generalizes less effectively than PPO based RLHF Lin et al. (2024). While PPO based
RLHF usually performs better in the state-of-the-art production-level LLMs Yan et al. (2024), its
correct fine-tuning usually requires more sophisticated techniques Xu et al. (2024).

There are many works that empirically discuss the relationship between the DPO algorithm and
the PPO algorithm in RLHF. From the perspective of algorithm design, Xu et al. (2024); Ivison
et al. (2024); Yan et al. (2024) pointed out that the PPO algorithm is generally better than the DPO
algorithm in human preference alignment tasks, but the PPO algorithm requires various additional
tricks, such as advantage normalization, large batch size, and exponential moving average update for
the reference model. Zhong et al. (2024) combined the advantages of DPO and PPO to create a more
effective algorithm named RTO at the token-level. From the perspective of data source, Tang et al.
(2024) classified algorithms such as DPO as offline algorithms, while the PPO based RLHF is an
online algorithm. This demonstration is consistent with our paper. Li et al. (2023); Lin et al. (2024)
showed that compared with the DPO algorithm that only relies on static data sets, the PPO algorithm
can use sufficient non-preferred data for policy optimization to significantly improve performance by
relying on the generalization ability of its Reward model.

B CORRESPONDENCE BETWEEN THE SERIES OF METHODS IN OUR
FRAMEWORK AND EXISTING ALGORITHMS

Method #Corresponding Algorithms
Forward-BDA SAC Haarnoja et al. (2018), DPG Silver et al. (2014)
Reverse-BDA RERPI Abdolmaleki et al. (2018)
RA (RA-P) DRO Richemond et al. (2024), Kimi k1.5 Team et al. (2025)
RDA (RDA-P) TPO Azar et al. (2024), SVPO Chen et al. (2024)
PRA (PRA-P) DPO Rafailov et al. (2024)

Table 2: Correspondence between the series of methods in our Framework and existing algorithms.

C DISCUSSION ABOUT p*(z | y1,¥2, ) = w(r(x,ya—s), (2, ysy1))

As for modeling the comparison probability p*(z | y1, Y2, z) between r(x, y1 ) and r(z, y2), i.e. the
pair (x, y1, Yo, z) is sampled with probability p*(z | y1, Y2, z) = w(r(z,y2—-), r(x,y.+1)) where
z € {0,1}, in general, the difficulty of estimating the reward depends on the complexity of w™!.
Table 3 presents several special forms of the w function, including cases based on the BT model
assumptions Bradley & Terry (1952), along with an analysis of their relevant properties.
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w(r(z,ya—z), (@, yz241)) #Requirement about (z,y)  #Inverse Formula about r(z,y1) — r(z,y2)  #Corresponding Algorithm
1 exp(nr(z,y>—-)) 1 " (Uy1.y2.7) afai .
S g D) Fop ) (o0, o] i o8( T ) DPORafailov et al. (2024)
(r(@.ys—- ) [0, 0] N/A TYPOHu et al. (2024)

(r(@,y2—2))+(r(@,y=+1))

2 i+ %t‘anh(r(ag yo—z) — (2, y=41)) [—00, 00] %log(%) N/A

Ly Lsin(r(z, pos) — (@ ye0)) [-2.3] arcsin(2p*(1] g1 y.2) — 1) N/A

I(r(z,y2-2) — (@, y=41)) [~00, o] 1 IPOAzar et al. (2024)
4 max{0,1 —n(r(@,y2—) — r(x,y.41))} [—00, 00] N/A SLiCZhao et al. (2023b)

k' exp(nr(z,y2—=)) 1 oo (2 (Uyr.y2,2) (L=p* (0[y1,y2,2)) avarai P
exp(nr(@,ya— ) +exp(17 (@ Yaveraze)) [-o0, o] n 10°<D'(Uly:»yi<l)(l*p'(l\y:yyi-£))) KTOEthayarajh et al. (2024)

4 1 1 Vr* (Hy1yz2,2)
o E e (o0, o] aloe( ) N/A

* exp(n(r(z, yo-2) = 7(,y:41))) [0, 00] +log(p (1] 1,92, 2)) N/A

! Here is the generalized BT model expression, like other work did, we simplified 7 = 1 in Eq.19.
> L+ Ltanh(r(z,y1) — r(=,y2)) actually is a BT model expression when n = 2.

3 (&, Yaverage ) i the reference point z.r in KTOEthayarajh et al. (2024).

* These forms of w may not strictly satisfy p* (1 | y1,y2,2) = (1 — p*(0 | y1, 2, 2)).

Table 3: Various expressions of function w(r(z,y2—), (%, Yz+1)).

D PROOF IN SECTION 2

D.1 PROOF OF PROPOSITION 2.2

Proposition 2.2: Without loss of generality, assume that the reward function r(z, y) has a unique
maximum for any given x. Then the following limit holds: lim, ., 77 (y|z) = 7°(y|x).

Proof: Recall that
s |1, ify=argmax, 7(z,y’),
T (y|$) o {O, otherwise.
Given z and defining y* = arg max r(x,y), we consider the limit of 77 (y|x) at the point (x, y*) as
T approaches infinity:

. . . exp(tr(z,y")) 1
lim 7 z) = lim = —
T—00 W'l) 00 Zer exp(tr(z,y)) lim,o Zer exp(t(r(z,y) — r(z,y*))) )
1 1
= = =1.
> yey limrooo exp(r(r(z,y) —r(z,y*)))  1+0+---+0
Next, for y # y*, we consider the limit of 77 (y|z) at the point (x, y):
. T . exp(7r(z,y)) 1
lim 7w z) = lim ==
500 (ylz) o0 Zy’EY exp(rr(z,y’)) limrooo Zy/GY exp(7(r(z,y’) — r(z,y)))
1
a Zy’EY lim; 00 eXp(T(T‘(l’, yl) - T(:C, y)))
1
Zy’EY, r(z,y’)>r(z,y) hm""’oo exp(T(r(x, y,) - T(QZ’, y))) + Zy’EY, r(z,y")<r(z,y) hmT"°° eXp(T(’f’(.’L’, y/) - 7”(.137 y)))
_ 1 -0
Zy'EY, r(z,y’)>r(x,y) limr o0 eXp(T(T(‘Tv y/) - 7“(1’, y))) ’
(26)

Thus, we conclude that lim, _, o 77 (y|z) = 7 (y|z). Proof finished.

D.2 THE SOFTMAX TRANSFORM OF POLICY 7y

Given a policy 7 : X — A(Y), the softmax transform of a vector exponentiates the components
of the vector and normalizes it so that the result lies in the simplex. This can be used to transform
vectors assigned to state-action pairs into policies:

Definition D.1. (Softmax transform.) Given the function f : X x Y — R, the softmax transform of
is defined as 7y (- | ¥) £ softmax(é(z, -)), where for all y € Y,

exp{f(z,y)}

v exp{0(z,y)} @D

W@(y|l‘)é Z

15
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We call the values 6(z, y) the logit values and the function 6 itself a logit function due to its origin
in logistic regression. This paper assume the set is parameterized by a softmax function, i.e.,
I = {mg | me(- | x) £ softmax(f(z,-)), & : X x Y — R}, which is commonly used in the proof of
the policy gradient theorem Mei et al. (2020).

E PROOF IN SECTION 3

E.1 DERIVATION OF EQUATION 7

Eznp Dk (7o (- | 2) |77 (- [ 2))] = EIND[DKL(WO(y|$)|W)]

mo(yl) Z(x)mo(ylz)
=E,.p mo(ylr)log | ———~ =E,.p o (y|x log<
¢ y%; wle) xp(77(z.3) v ; Wle)log | Cptrr(a, v))

=Eonp | Y —mo(yle)(rr(z,y) — log(me(ylx))) + log(Z ()
_yEY (28)

=Eoup | Y —malylz)(rr(z,y) — log(ma(ylz))) | + Esnpllog(Z(z))]
yey

=E,p | Y —7o(yl)(rr(z,y) — log(me(y|x)))
yey

=Eonp,ymmo(yle) [=(77(2,y) —log(ma(y[2)))] -
The “=" means that the left and right ends differ by a term that is unrelated to 6.

E.2 DERIVATION OF EQUATION 8

Baep i (17 (- ) [0 - )] = Bavnl 3 Z2HEI gy y10))

= = Eypp yor () 108 T (y]2)] = o[ Y | mo(ylz) W(;x) eXp(Zi,? v) (—logmo(ylz))]
yeY

= Ew~D,y~7rg(~\w) [Gm log o (y|l’)]

(29)
E.3 DERIVATION OF EQUATION 14

Lrra(me) = Ep, [Dkr(p*(2]y1, Y2, 2)|[pe (2]y1, Y2, )]
=—E,.p Y1,y2~mo (y|@) [p (1|y17 y2733) log pg (1|yla y2733)
+ Eond g1 ooyl [P (Y1, y2, 2) log p* (1]y1, y2, )
=—E (1y1, y2, ) log po (1|y1, Y2, 7)
+ Eond yy oo (y|z) [M (z,y1,2)]
= —Epnup gy yammo(ylz) [P (Hy1, y2, 2) log pe (1|y1, y2, ) + 0" (1|y2, y1, x) log pg (1|y2, y1, )]
(z,y1,92)]
= — Egnp yy yomrmo (yle) [P7 (1w, vi, 2) 10g Do (1yw, yi, ) + p* (11, Yu, x) log po (1|y1, Yuw, )]
+ EonD gy oo (yle) [M (2541, 42)]
== E,yu.u)~D 1080 (1Yws Y1, )] + Evnp iy yomomo (y]2) [M (2,91, 92)] -

+ p* (O|?Jh Y2, .'I}) 10gp9 <0|y17 Y2, .’17)]
+ p*(0ly1,y2, x) log p™ (0ly1, Y2, )]
+p*(0|y1a Y2, 1') 10gp9 (O|yla Y2, .CC)}

*
z~D,y1,y2~mo (y|x) (P [

+E;p y1,Y2~me (y|z) (M

(30)

16
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where  o(x) = = is the sigmoid function,  M(x,y1,y2) =

Y01 P (Zlyr, v, ) logp* (2lyr, y2, @) and (x,y1,42) ~ Doy = y1 = y2 ~ pi(z =
1y1, Y2, ), y1,y2 ~ me(y|z), x ~ D. The third equality is because the symmetric complementarity
property of w(-, -):

P*(1|y27y175ﬁ’) = W(T($7y2)77“($7yl)) = 1—W(T($7yl)77’(33ay2)) = 1_p*(1|ylay27x) = p*(0|(?é117)y2a$)

E.4 DERIVATION OF EQUATION 10

1 1 2
Em~D,y~7r9(-|a:) [(T@(x, y) - T(.ﬁ, y))2 = Em~D,y~7rg(y|:L’) (7_ 10g(71'9(y|$)) + ; 10g(Z(Z‘)) - ’/‘(J?, y))

:%EwwD,yNﬂe('\w) Klog(ﬂo(ylx)) log(W)> ] = %EIND,yWG(m <10g(:fiz||i)))> ] :
(32)

E.5 DERIVATION OF EQUATION 6

EenD yy yommo(ylz) [DRL(P™ (2]Y1, Y2, 2)[|Po (2]y1, Y2, @))]
= —Eop s yommo(yle) [P (Y1, y2, ) log o (he(z, y1,y2))
= —Eunp g1 ysmmolylz) 27 (LY1,y2,2) logo (he(z,y1, 2))

— Eond gy yamrmolyle) (27 (Uthw, v1, ) log o (ho (2, yu, 1))
=~ E@you)~0r (1080 (ho (2, yuw, 01))]

L molyelz) 1, mo(ylv) )}
=~ E(py, )~y [logo (= log =0 — Zlog ) |
(#,Yw,y1)~Dr |: g (7- gwref(yw‘.r) T Tref (Y1)

+ " (0ly1, y2, z) log o (ho(,y2,91))]
+p*(Uya, y1,2) log o (ho(x, y2,y1))]
+ 9" (Uyt, Yw, ) log o (he(z, Y1, yu))]

_ _ (33)
where z € {O’ 1}7 ﬁ9(0|y17 Y2, 'I) =0 (h9($7 Y2, yl)) and ﬁ9(1|y17 Y2, l’) =0 (hg(x, Yt yQ))
F PROOF IN SECTION 4
F.1 THE TARGET DISTRIBUTION EQUIVALENCE OF EQ.7, EQ.8 AND EQ.10
Denote:
ﬂ—;‘orwardeL = arg H;ien _]Eprnyﬂ'e("f) [(’7’7‘(1’, y) - log(ﬂ'g (y|x)))] ’
ﬂ-l*{eversefKL = arg min _]EzND,yNﬂ'T(- |z) [10g o (y‘x)L
o (34)

. 1 mo(ylz) )
TRA = aIg I?anEz~D,y~7re(-\r) [Tz (IOg(WT(mx)) )

* J— * J— * J— T
then MRorward—KL — TReverse—KL — T"RA = 7 -

17
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. . * J— T.
Proof: First, we prove mp, ward_xrL = 7

- Ew~D,y~7T9(~|w) [TT(.’,E,y) - lOg(ﬂ'g(y|l')ﬂ - (_EEND,yNTrT(-|w) [TT('I? y) - 1Og(7TT(y‘I))])

= = Epp ymrmo(-|2) [T7(2,y) — log(mg(y]2))] + Epnp yorr(-|2) |:T7"(.’IJ, y) — log(exp(ZT?(“;)x,y)))}

= - EzND,ywﬂ'gHz) [TT‘({E, y) - log(wa (y|(L‘))} + Eme,ywﬂ'T(-\m) [log(Z(x))]

o na(la) | <7r(00) + log(mo(vla) + T M2 log(2(a)

=&WMMM?mmmwmm—mwmnmwmm+mm@m+ﬁw@@“@ﬂ

mo(y[x)
—E 1 T 7" (y|x)
=Eonp ynrmo (o) |~ l0g(" (ylz)) — log(Z(z)) + log(ma (y|2)) + log(Z(x))
I mo(y|x)
mo(ylz) | 7 (ylw) — mo(ylz) }
=E D yroma(-lz) |10 + log(Z(x
z~D,y~mo(-|x) i g(ﬂ'T(y|$)) Wa(ylx) g( ( ))
=E;~p [Dkw (7o (- [ 2) 77 (- [ 2))] = 0.
(35
From the above equation, we can see that when my is equal to
7, —Eond,yormo (o) [T7(2,y) — log(ma(y|z))] reaches the minimum value

_EmND,yNTrT('|ZL’) [T?“(Jf, y) - 1Og(7rT (y‘ﬂ?))] Therefore 7Tlé(’orwamdeL =7

. . * — T.
Second, similarly we can prove m5 . erse— KL = 7T :

— Eonp,ynn (o) 08 o (y|2)] — (=B ymrr (o) log 77 (y|2)]) = Eonp [Dxr (77 (- [ 2) |76 (- [ 2))] = 0.

(36)
At last, we prove i, = 7" like above:
E 1 lo g(ﬂa(y|$)) ? _E i log(ﬂf(y\x)) ?
z~D,y~mg(-|z) s (y‘x) z~D,y~mg(-|z) 2 e (y‘x)
(37
o (y|x)
_]Ex"’D Wy~ (-|@) |: ( (71' (y\x) )) :| Z 0.
Proof finished.
F.2 THE TARGET DISTRIBUTION EQUIVALENCE OF EQ.10 AND EQ.13
Here we prove the target distribution equivalence of Eq.10 and Eq.13. Denote
2
ThDA = argr?rin]Eppw ( log E : § (r(z,y1) — r(x,yg))> ] , (38)
then T{py = Tha =7 -
Proof:
Eo | (L10g ™0 oo v | = Eo | (Lo =D iy o)
DPW T g o (y2 ‘x) Y1 Y2 Dpw T g T <y2 ‘.’IJ) » Y1 s Y2
1. mo(yi|z) )2
=E —lo — (r(=x, —r(z >0
o | (5108 2 = (o) = o)
(39
2
When 7y is equal to 77, Ep, {(i log :Zgzjig —(r(z,y1) — r(=, yg))) } reaches the minimum

value 0. Therefore Ty, = T{ o = 7. Proof finished.
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F.3 THE TARGET DISTRIBUTION EQUIVALENCE OF EQ.13 AND EQ.14

Denote
TprA = arg H}TienEDe [DkL(p*(2]y1, y2, )|[po (2[y1, y2, )], (40)
then TppA = Thpa = 7.

Proof: Because rg(z,y) = *log(Z(x)me(ylz)), p*(z | y1,y2,%) = w(r(z,y2—2), 7 (2, y=41))
I?

T 108 ,
and  pp(z|ly1,y2, ) = w(re(x,ya—.),re(x,y,+1)), when mp is equal to 77,

ro(z,y) = zlog(Z(x)me(ylx)) = r(w,y). Then po(zlyr,y2,2) = p*(2ly1,y2,2) and
Ep, [DkL(p*(2|y1, y2, )| |pe (2|1, y2,z))] = 0, then mjz 4 = 77 = Thp,. Proof finished.

F.4 PROOF OF THE TARGET DISTRIBUTION EQUIVALENCE OF EQ.12 AND EQ.15

Proof: See the definition of 77 in Eq.11. Denote

Tref (y|’l,’

mppa—p = argmin Ep, [Dxw (0" (2ly1, y2, 2)lpe (211, y2, 2))] -

] 2
Tha_p = arg I?TLHEIND»?JNTFG('W) l(T lOg(Z’(x)7T9(y|$))) — 7"(-%‘7?})) ] 41)

First, when 7y is equal to 77, then

i 2o / 7T9(y|$) ~r(x ?
]E£ND7Z!N7T9(‘|-T) -( 1 (Z ( 7T7ef (y|l') ) ( ) y)) ‘|
_ ~ 1 o o 77 (y|x) — :
7E$ND7y~ﬂ-"’(~\x) _(T 1 g(Z ( )Wref(y‘x)) ( ay)> ‘| (42)
:EwND,yNﬁ"'(-\w) (7]: log(exp(Tr(x, y)) - T(I, y)) ‘| =0

2
Because E;p y~ry(-|2) {(i log(Z’(x)%) - r(z,y)) ] >0, thenfi,_p =7".

Second, when 7 is equal to 77, rg(x,y) = 1 log(Z’(x)%)) = %log(Z’(a:)ﬂi;?(’?Lﬁ)))

;
7(x,y). Then po(2|y1,y2,2) = p*(2|y1,y2, x) and Ep, [Dkr(p*(2|y1, Y2, 2)||Pe (2]y1, Y2, )] =
0,then mppa_p = 7". Then mi o _p = Tpga_p = 7' . Proof finished.

F.5 PROOF OF THEOREM 4.5

Theorem 4.5: Denote
Lopo (me) = Epy, [— log o (BG (x7yw7yl))] )
Lera-p (m9) = Ep, [DxL(p" (2|y1,y2, 2)||Po (2]y1, y2, 2))] -

where D £ {(z,yw, y1)lz ~ D,yw,y1 ~ mo(|z), (yu = 1) ~ p*(1|yw,y1,x)} and Dy =
{(@,y1,92)|x ~ D, y1,y2 ~ mo(-[x), (Y1 = y2) ~ p*(1|y1, y2, z) }. When p* is modeled by the BT
model with Eq.19:

p*(llyhyZa (E) = W(T($7y27z)7r(x7yz+l)) = U(T(CU»yl) - r(xva))a (43)
then we have the following equality:

Lpra-p (m6) = Lopo (me) + m (me, m0) + n2(ms). (44)

where 1 (g, 7o) equals to 0 if and only if 7 = 7 and 12(7g) = Eomd 1 yo o (yle) (M (2, Y1, y2)]-

Proof:
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Lera-p (m9) = Ep, [DxL(p"(2y1, Y2, 2)||Do (7, Y1, y2))]
= —Eonp s yommo(ylz) P (2 = 1y, 92, ) log po (2, y1,y2) + 0" (2 = Oly1, y2, x) log po (, y2, y1)]

+ Eon,yy oo (yle) [P (2 = 1|y1, Y2, ) log p* (2 = 1|y1, Y2, ) + p* (2 = Oly1, yo, ) log p* (2 = Oy, ya, )]
= —Eoup s yommotylz) (07 (2 = 1|y1, y2, ) log po (z,y1, y2) + p* (2 = O[y1, y2, ) log pe (z, y2, y1)]

+ Eon gy oo (yle) [M (2,91, 92)] -

(45)

where  o(x) = 1-&-% is the sigmoid function, M (z,y1,y2)

Zzzon*(Z'yhy?vx)logp*(z|y1ay27x) and (xvylayQ) ~ D0 = Yy = Y2 -~ p*(Z =
1‘91,242’13)72/1792N7T9(y|33)71‘ND-

Denote 12 (7(6) = ExND,yl,ygrvwe(y|x) [M(.’t, Y1, yQ)]’ C(ﬁé‘; Z, Y1, y2) = p* (Z =
Ly1,y2, ) log pe (2, y1,y2) + p* (2 = Oly1, y2, ) log pg (, y2, y1). Then we have:
Lpra-P (T0) = —Eonp yy yammo(ylz) [C(P05 T, Y1, Y2)] 4 12(70)

= - EwwD,yl,ygwﬂ'o(y\ax) [C(Z_)97 €, Y1, yQ)}
(46)

+ > (molyle) — ma(yl)) - C(Po; x, y1, y2) | + ma(me).
z€X,y1,y2€Y

Denote >, cx . yoev(To(ylz) — mo(ylz)) - ((Po; @, y1,y2) as mi(me, mo). Based on Eq.E.5 and

p*(Ly1,y2,2) = w(r(z,y2—z),r(x,y241)) = o(r(z,y1) — r(x,y2)) because of the BT model,
then we have the final conclusion:

Lera—p (m9) = Lopo (me) + m1(me, mo) + 12(mg). 47
Proof finished.

G PROOF IN SECTION 5
Proposition G.1. If F(0) is L-smooth for 0 and ||g:||*> < G?. Suppose the parameters 6 are updated

by:
Orp1 =0, — at9($7y79t)7 (48)

Then the following inequality holds:

49)

LG® 2(F(6h) — F*
min_ [[VF ()3 < 2 Lz ol +AFO) ~ F7)
1<t<T—1 23 ey

where F* = arg ming F'(6).

Proof of Sketch: Before proof, firstly we need to introduce a formal setting. Assume that the
parameterized policy 7y is given by Definition D.1 and the parameters 6 is optimized by the Stochastic
Gradient Descent (SGD) method. Denote F'(6) = E, yp(z,yim0) [ (7, y, 0)] Where p(z,y;7g) is a
distribution and f(z,y, ) is the loss function on data (z, y) for policy parameters 6. Let g(z, y, 0x)
be the stochastic gradient of VF(0x),i.e. Ey yp(z,yir)[9(2, Y, 0)] = Vo F (0). Usually g(x,y,6;)
is simplified to g; when it does not cause ambiguity. With learning rate oy, the SGD update rule
is Eq.49. For Theorem G.1, since the L-smooth property cannot guarantee convex, thus for a non-
convex optimization problem, the commonly used measure is the gradient norm. Therefore, with the
properties of L-smooth and SGD, Proposition G.1 holds. See details in Appendix G.1.

Observing Eq.49, ||V F(6;)||3 will converge to 0 when T — oo if >_;=, a? < co. The smaller the
variance G of stochastic gradient g, is, the faster the convergence rate of ||V F(6;)||3 is. For the
methods in Figure 1, we prove that the loss functions of these methods all satisfy the L-smooth
assumption with different coefficients under the softmax parametrization of policy 7y (See Table 1,
corresponding to Lemma G.8-G.12).
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G.1 PROOF OF PROPOSITION G.1

Proof: Because F'() is L-smooth for §, we have:

L
|[E(0r41) = F(0r) = VoF (6:) (011 — 02)| < S [|0r41 — 013 (50)

where 9t+1 = Gt — Ot G¢.
Substituting into 6y 1 = 6, — a;g¢, We get:
(F(Or41) — F(0:) + atVoF(6:)9¢)
<[F(Or11) — F(0:) + Vo F(01) gt
=|F(0141) — F(0:) — VoI (0:) (0141 — 01)] D
L L L
<101 — 043 = §||04t9t|\5 < 50@02-

Base on Eq.51, we get:
@ VoF(0;)g: —at 2G2 + F(6;) — F(0141). (52)

Summing both sides with respect to ¢ yields:

T-1 T-1 I T-1
> VeF(0y)g: < G2 > e+ F(0h) - For) < 502 el +F(0) - F.  (53)

t=1 t=1 t=1
where F* = argmingy F(6).
Expect the stochastic gradient g; to get:

T—-1 T—-1 T—-1
L
nin IVoF (0[5> on <Y aul[VoF (6:)]]3 < G2 Zat +F(6,)—F*. (54
t=1 t=1

Finally we have:

2 Tfl o2 _
min ([VF(8,)|3 < 2 2= of T2E0) 2 )

< (55)
1<t<T—1 2Zt 1 Qy

Proof finished.

G.2 PROOF OF THEOREM 5.1

Theorem 5.1: Assume ||g;||> < G2. Given the Definition D.1 for policy 7y and the learning rate o,
for DPO algorithm, the following properties hold:

(0). Vr, 7, then 0 — Lppo (7o; Trer ) 18 ——smooth

(1). If there is 7 such that E,p y, yommo(yle) [(0F (Ly1,y2,2) — o(ho(z,y1,12)))] = 0, then

7y = argming, Lppo (me; Tt , 7). And 77 (y|z) = m"‘f(y‘m)z(f’(j)(”(x’y)) is an example 7 with

the Bradley-Terry (BT) model.

o . . . 2
(2). Denote Lip, = ming, Lopo(me; Ter,T0). mini<i<r ||VoLloro (me,; mer)||5 <
2G? 22:11 O‘tz, Z:DPO('“'@T)*[:EPO
2y o S

See Lppo(mg; et ) on Eq.6. Dr = {(z,yw,y)|z ~ Dyywsyi ~ 7o(|2), (yw > 9) ~
P*(1|yw, Y1, ©)} which 7y is an unanalytical distribution, D is an arbitrary distribution and {z =

Uyr,y2, 2} £ {r(z,y1) > r(z,y2)}.

Mo (wl2) 1, 7o (yl2)

Tref (yw | .T) T Tref (yl | l')’ (56)
Lopo (79 Teet ) = =Bz g wi)~Dr 1080 (ho (2, yw, y1))] -

- 1
h9 (xvyun yl) = ; IOg
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Proof:
(0). Vr, 7, then 8 — Lppo (7e; Trer ) 1S T’%-smooth.

Proof: By Lemma G.4, it suffices to show that the spectral radius of the hessian matrix of the second
derivative of Lppo (7g; Tref ), 1.€.

3£DP0(7T9,7Trer) - 4 NI
> Y ety < () 1B 6D

r,x’' €Xy;,y; EY

Denote h(ﬂ_();x,_yhyQ) = —p*(1|y1,y2, ) log o (Eﬂ(xvylva)) -
p*(0ly1, y2, z) log o (ho(z, y2, 1)), we have:
S Y - 5 Lppo (To; Mrer ) (2, y;)
% 4i) 09(zx,y,)00(z’, y;) Y

z,x'€Xy;,y; EY

Y e 3 Ywex P(@) 22y, oy To(r]2)mo(y2|z)h(mo, 2, 1, y2)

- ; Z(m>yj)
Exyz,yJEY 69(x7yz)89(’1:7y]) (58)
9? foro (2, 0)
= ZD Z (2,9:) z(,y;)
= yegreY 90(z, y:)00(x,y;)
21 D@y (@)] < PO EC)llse =1+ [4()]loo-
zeX
where  fppo(z, 0) = > ey To(Y1|2)mo(y2|2)h(me, 2, y1,y2)  and () =
9< foro (x,0
2y, y]eYZ(‘T yl)ae( ,];1)3(9(m7)y) 2(,y;)-
The second derivative of fppo(x,0) is:
a2fDPO(xﬂ0) azh(ﬂ9,$7ylay2)
= o (y1|x)mo(ye|x .
0w, w00y~ 2 T G 50 9
Consider the first derivative of h(my, x,y1, y2), denote p* = p*(1|y1, Yo, z):
8h(71'0,$7y1ay2)
0 1 7o (Y1 |7) Trer(y2|) 0 1 7o (Y1 |7) Trer(y2|)
=9 55— (loga(~lo (1= p) =L (logo(=lo
50,50 27 e manl)) TP 00w (87 B ) i )

— (- oti0g 76 (1 2) rer (y2|2) ol L log WD) mer(y2]2) N1 9 oy z)
- (p Ao g ) a7 (G m(ymmef(ylx))we(a:,yi)l ro(ualz)

. * O’(l log 7T9(y1|93' Tlref y2|=’E l )
p T 7T9(y2|33 Tref yllm 7_ yl.% y2yi .

(60)
Consider the second derivative of h(mg, x, y1, y2):
82h(7T97557yl7y2)
0 L mp(ye|®)mer(y1]z) | 1
=———(o(=log 1wi — Oy,
590,35 o lmatyale) 7 O~ D)
1 (y1|x)7rref(y2|w) 1 7T€(y2‘x)7rref(yl|x)

=—(0yyu; — Oyoy; ) (Oyry; — Oyay, )o (= 1o o(—lo .

7-2( Y1Yi Y J)( Y1yj Yy Jg) (7_ g 7T0(y2|x)7rref(yllx> (7_ W@(yl‘x)ﬂ'ref(yﬂx) (61)
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Then:

ol = | 3 ) gt ()

Yi,y; €Y

oY s Y mollmymo(ysle) ST TN

Yi,Y; €Y y1,Y2€Y (96‘(3;‘, yi)ae(m’ yj)

1
<| Y alww) Y mo(y112)m0(y212) =5 (Oyry: = Oyays) (Fyry; — Oyay;)2(2, 95)

Yi,y; €Y Y1,Yy2€Y

=13 2o ymolyile) 2w ) — 3 2l yidmouile) 3 wolusla) g2 )

Yi €Y Y, €Y y; €Y
1 1
- Z 2(@, yi)mo(yilr) Z 7T0(yj|x)ﬁz($7yj) + Z Z(x,yi)m)(yi|x)ﬁz(x,yi)|
y; €Y y; €Y yi €Y
2
Sﬁ\ Z z(z,yi)mo(yilw)z(z, yi)| + | Z z(@, yi)mo(yi|z) Z mo(yjlz)z(x,y;)|
yi €Y yi€Y y; €Y
2 2
=5 g (fa)2% () + (15 (-|2)2(z,))?) < —5 (Imo ()1 122(2, Moo + (ImoC-l2) L ll2(z, )llo)?)
4
< Sl )3
(62)
The first inequality is because o(-) < 1. Therefore,
32po0(x,9) 2 4 2
. = . < < (- )12,
00l =l 3 o) g ) < e Sl B < lleC, )13
‘ (63)

Then Eq.57 is proved. Proof finished.

(1). If 7 such that Eop y, o ~oro (y12) [(P* (1|Y1, Y2, @) — 0 (R (2,91, y2)))] = O, then the DPO’s loss
function get a local optimal solution (zero gradient point) where 7 is another unknown distribution.

And 77 (y|z) = ””f(y‘z)z'f’(‘f)(”(z’y)) is an example with the Bradley-Terry (BT) model.

Proof: From the above theorem, it is evident that the optimal solution for 7y is influenced by the

comparison distribution p* (z|y1, y2, ). Here, we provide an existence proof. We first propose a can-
didate solution 77 (y|z) = m‘ef(ymz'f’(‘;(”(m’y)) where Z'(z) = 37,1y Tre (v |2) exp(rr(2,y')),
and subsequently demonstrate that if p*(z|y1,y2,«) is modeled by the Bradley-Terry (BT)

model Bradley & Terry (1952), solution 77 (y|z) Lt (ylw)sz’((;’)(”(w’y)) satisfies condition

EynD .1 ya oo (y)2) [(P* (Ly1, y2, @) — o(ho(,y1,52)))] = 0 as a locally optimal solution. But

it is not necessarily a global optimum, as we can only verify that 77 (y|z) = *==£ (y‘z);)((p)(”(x )

a point where the gradient of the loss function Lppo (7g; Trer ) equals zero.
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To compute the gradient of the loss function Eqwp,y, .y, ~omo (y]z) (DL (2" (2]Y1, y2, )| Do (2|y1, Y2, 2))]
with respect to 6, we proceed as follows:

VoE 4D,y ysmomo(yle) (DKL (2" (2|y1, y2, 2)||Do (2]y1, y2, 7))

= - VHEmND,yl,yzwﬂ'o(y\w) [P*(Hyl» Y2, ZE) log O'(}_L@(ZL', Y1, y?)) p* (0|y17 Y2, I) logg(ﬁe(% Y2, yl))]
= —Eund oo (ylz) [P (LY1, y2, 2) Vo log o(hg(2, y1,92)) + p* (0ly1, y2, ) Vo log o (he(z, y2, y1))]
p*(1ly1, 92, ) P (Oly1, yo, )

——E Voo (ho(z,y1,y2)) +

z~D,y1,y2~70 (y|x)

Voo (he(z,ys, 311))}

_U(ﬁe(x’yhyQ ) a(hg(x,yg,y1))

)
= Eantn o) | e, 1, 12) = 1 Dy o, )|
1|y1,y2, (1—0(716))_(1_17*(1\111,112,5”))0(716) T
( o (o e, 2, 92)) (L — 0 () a1, ) ) V“’“Le)}
p*(Ly1, y2, ) — o(ho(x, y1,y2)) -
( (ho(2,y1,92))(1 — o(he(, y17y2)))> Vga(hg(x,yl,yg))]

= EzND,yl,ygwﬂ'o(y\z) [(p (1|y17?/2, )_ O—(hG((E ylayZ))) Veha z y17y2 ]

- EWND7y17y2N7To(y\$)

=-E

z~D,y1,y2~70 (y|x)

- (64)
where z € {Oa1}7ﬁ9(0|y17y27x) :U(he(xvaayl)) andp9(1|yl7y27 ( o\T, Y1,Y2 )
Under the assumption of the Bradley-Terry (BT) model, which posits:

X 1
P (Hy1,y2,2) = o(h(z,y1,92)), (65)

1+ e @y —r(@wm)
substituting this into the gradient of the target function, we obtain:

VQEzND,yl,yQNWO(y|z) [DKL(]?* (Z|y1,y2>$)||ﬁ9(z|y17yzaf))]
= - EIND,yl,ygwﬂ'o(y\z) [(p*(”yla Y2, $) - U(hg(l‘, Y1, 92))) V9h9(x7 Y1, y2)] (66)
= EJ;ND,yl,yQNﬂ'o(y\x) [(O—(h(xvyla y2)) - O—(hH(:E7ylay2))) v9h9($7ylay2)] .

where hg (z,y1,72) = %log ;ff((yylllﬁ?) 1 og ifr((ﬁlﬁc)) and h (z,y1,92) = r(z,y1) — (2, 12).

Given that o(-) is a strictly increasing function, it follows that when my(ylz) =

Tyl = TemeemEn) e have Rgleyige) = h(zan,ge) and

VoEenD y1 ysrmoyla) [Dkr(p*(2]y1, y2, 2)||Pe(2|y1, Y2, x))] = 0. Proof finished.

(2). Denote Lipo = ming, Lppo(me; Mer,mo).  mini<i<r ||[VoLppo(To,; Ter )||3 <
2G? Zt La? Lpro(Ter)—LHpo

This theorem can be obtained from Theorem 5.1.(1) and Theorem G.1.

G.3 PROOF OF LEMMA 5.2

Lemma 5.2: Assume ||g:||> < G?. Given the Definition D.1 for policy 7y and the learning rate oy,
for DPO algorithm, let y(z) < 7, when g is uniform distribution, then:

EDPO(MT) LHro I 2(yeo + 1)G? Zt 1 at

min |\V9£DPO(7T9777Tref)H2 < 67)
Isis Zt 1 G T Zt 1 Gt
where Ljpo = ming, Lppo(me; Tef,mo) and ¢ = o(2L)o(=2) — 1 € (—1,0). See

Lppo(me; mer ) on Eq.6.

-smooth.

Proof: Based on Theorem G.1, we only need to know Lppo (7g; et ) is 4(%02“)
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Denote h(mo, 2, Y1, y2) = —*(Uy1,y2, ) log o (he(z,y1,92))  —
p* (0|y17 Y2, LL') ].Og g (he(xv Y2, yl))’ we have:

Z Z x 6 Lpro (7T077Tref) (m, )
%) 00(x,y;)00(z', y;) Vi

r,x'€Xy;,y; €Y

Y e 5’ Ywex D(@) 32, poey To(y1]@)mo(y2|2)h(7o, 2, Y1, y2)

= ) ) z(m?yj)
Xy ey 90(,y1)00(x, ;) 68)
& foro(z, )
=>_D) Y =) ———2(x,y;)
zeX viry; €Y 80(x,y1)80(x,y])
21 D)) < PO IE Ol =1+ 18 loo-
rzeX
where  fppo(z,0) = >, ey To(yilr)mo(y2lz)h(me, x, y1,y2) and  p(z) =
o x,0
Zyl yjeyz(x yz)#‘é&)(m)‘w (@,y5)-
Because 7 is uniform distribution, the second derivative of fppo(z, 6) is:
0% foro(@,0) 3 1 9*h(me,x,y1,y2) 6
0z, y) 00w, y;)  , “= K2 00(x, y)00(w, ;) )

Consider the second derivative of h(mg, x, y1, y2):
82]1(7@733’91,?/2) 0 1 We(yZ‘m)ﬂ-ref(y”x) 1
= — o(—lo - — s
08, 300, 5;) 08 7) 7 O gy me(yale) 7 e O
1 1 7o (y1|2) Trer(y2|2) 1 7o (Y2|2) Trer(y1 |)
=—(6 ) 1) ) o(—1lo o(—lo
e o P o e P 5 A A PN P A Py

1
:ﬁ(aylyi - 5y2y1:)(5y1yj - 5y2yj)<(5177 Y1, 92)'
(70)
_ (1 7o (Y1]2) et (Y2 | 2) 1 7o (Y2 |2) Trer (Y1 |2)
where ((z, y1,y2) = o(: log ﬂz(mmm:(yf‘x) )o(; log w§<yf|z>mef(y2|x>)'

_ To(y1|®)mer(y2|®)

Let mg(z,y1,92) = e AL Ay and . Because Q1 (y1,y2,7) = {|log M| > ¢l

(0]y1,y2,x)
YH Q1N
Q(y1, v, @) = {|logmo(,y1,92)| > o} and () = Zwsnst T2

52fDPo($,9)

Yi,y; €Y

1 a2h(71'97177y1ay2)

Yi,Y; €Y y1,y2€Y

1 1
| Z Z(l‘,yi) Z ﬁﬁ((sylyi_éyzyi)(éylw_5y2yj)<($7y17y2)z($7yj)|

Yi,y; €Y y1,Y2€Y

1 1 1 1
= > 2(@,i) 35 6 (@, yis y2) —5 2(@, i) — > 2(2,9i) 35 6@y, y5) 5 2(2,95) (7))

Yi,Y2€Y Yj,Yi €Y
1 1 1 1
- Z Z(%yi)ﬁﬁ(%yiayj)*gz(%yj)+ Z 2(2, i) == C(x, y1,y5) = 2(2, i) |
T K T
Yi,Y; €Y y1,Yy; €Y
2 1 2 1
<51 D0 #w ) gm Sy @m )l + 51 D0 2@ yi) g5 @ vy 2, y;)]
Yi,y2 €Y Yi,Y; €Y
1 1
2| Z LC yz Z KQC(x yzayQ)l + 2| Z Z(l'vyl)ﬁg(xvyuyj)z(xvy]”
Y €Y y2€Y Yi,Y; €Y
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For the first term 2| > v 2°(%,5i) Y, cv 72 (2, Yi, y2)|, based on Holder’s inequality we have:

2 1
S 2w Y el < 5 Y It 12w )

yi €Y y2€Y Yi, Y2 €Y

< 2 (@D (= L) +1 =A@, oo = 5 (@0 + Dlla(a, Z < 5 (u(z)eo + Dz B

(72)

For the sccond term  3[Y,  Cy#(o.ys) feC(oyey)e(oy)l et Yi(@) =

{1, 12) 1 (2, 1,92) N Qa(x,y1,y2)) = 1} and Yo(z) = {(y1, v2)|I(u(z,y1,92) N
Oa(z,91,y2)) = 0}, we have:

2 1
ﬁ\ Z Z(%i%)ﬁ((%yi,yj)z(%yj)\

Yi,y; €Y
2 1 2 1
(yi,y5) €Y1 (yi,yj)EY2
2 1 €0 €0 2 1
Sﬁ\ Z Z(xayz’)ﬁa(?)a(—7)z(%yj)|+§| Z Z(%yz‘)ﬁz(%yj)\
(yi,y;) €Y1 (yi,y;)€Y2
2 e €0 1 1 2 1
Sﬁg(?)a(—7) Z 22($;yi)ﬁ Z ﬁz2(x7yj)+;| Z z(m,yi)ﬁz(x,yjﬂ
(vi,y;) €Y1 (yi,y;) €Y1 (vi,y;)€Y2
<2 (o=@ Yo+ | Y ) g (@)
—r2 T 77 PRS2 WY e Y
(yi,y5)€Y2
2 €0 €0 2 2 1 1
SﬁU(T)U(—7)7($)||Z (337')\\00‘*‘; Z 22(%%)? Z ﬁZQ(nyyj)
(y3,y;5)€Y2 (yi,y;)EY2
2 e €0 2 2 2 2 2
<50(2)a(=— @25, oo + 5 (L =@ (@, )lloo < S (v(@)co + Dl2(2,)]2-
(73)
Because ¢y = o(2)o(—%) — 1€ (—1,0).
Therefore,
4(v(w)eo +1) 4(v60+1)
9o < may T 2 < 2 )l 74

4(yco+1)
p=)

Then Lppo (7o Ter ) 18 -smooth is proved. Proof finished.

G.4 PROOF OF THEOREM 5.3

Theorem 5.3: Define joint conditional probability distribution 7 (y1, y2|z) = #= if [(Q1 N Q) =
1; (f__v%else where 1 € (0,1). Assume ||g;]|> < G?. Given the Definition D.1 for policy 7y and
the learning rate o, for DPO algorithm, let v(x) < ~, then:

EDPO(?TOT) Lhro +2(WCO+ )02 lat

mm HV&ﬁDPO(WGN’/Trct)H = 7
1<i< ’ Zt 1 Gt T Zt 1 Qe
where L\po = ming, Lopo(m; s, ™) and cg = ‘7(6?0>J(_?0) —1 € (-1,0). See

£DPO (71'9; Tref ) on Eq.6.

About Q4 (y1,y2,z): As the optimization progresses, 7y gradually approaches 7", causing the
proportion of the event 2; N 5 (denoted by ) to increase (See Proposition G.2), thereby reducing

the upper bound in inequality 24. This leads to an increasingly faster convergence rate for DPO.
Conversely, if small-margin pairs are selected as event ; (i.e. Q1 (y1,y2,z) = {|log %\ <
€0 }), the convergence rate of DPO will slow down as the optimization advances and intensify the

distribution shift problem cause {2; and {25 will more and more insistent as the optimization advances.
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Proof: Based on Theorem G.1, we only need to know Lppo (7g; Trer ) is %-smooth. This
corollary shares the same proof process as Lemma 5.2. The only two differences are Eq.72 and Eq.73.
Their v(x) will be changed into py(z). Then we will get the smooth coefficient of Lppo (79; rer )

is 4(“7;72“1). Proof finished.

G.5 PROPOSITION G.2

Proposition G.2.
lim P(|log =1 1)| > ¢o) — P(|log ?T(ylb)ﬂwf(yﬂxh > ¢y) = 0. (76)
€0—0 p*(z =0) T (yo|@) Trer(y1])

Proof: comparison probability p*(1 | y1,¥y2, ) x 7(x,y1) — r(x, y2), where it is identified that
r(xz,y1) > r(x,y2), denoted as y; > yo; similarly, (z,ys2,y1) is sampled with probability p*(0 |
Y1,Y2,2) o« r(x,y2) — r(z,y1), and is identified as r(z,y1) < 7(z,y2), denoted as yo > yi.

7 (ylz) = mpf(ylr);?p(fr(x ¥) Then
1
(o ZE= 1> o) 0 =0 (o) > rla ) .
(e )

{ltog = | > et eo = 0 {r(z,p1) > r(2,92)}

T (Ya|o) et (y1]7)

Proof finished.

As the optimization progresses, my gradually approaches 77, causing € (y1,y2,2) close to
Q2(y1,y2, ), then the proportion of the event 1 N Q9 (denoted by ) increases. Conversely,
if small-margin pairs are selected as event 1 (i.e. Q1 (y1,y2,x) = {|log %| < €o}), the

(0[y1,y2,2)
convergence rate of DPO will slow down as the optimization advances and 1nten81fy the distribution

shift problem cause €2; and €25 will more and more insistent as the optimization advances.

G.6 SUB LEMMA FOR LEMMA G.8-G.12

Lemma G.3. By the properties of the softmax derivative, we have:

Omg(ylz) _ / L ify=y
here 8, = . 78
a0(x,y) mo(yl2) Oy = mo(y'[)), where 3y, 0, otherwise (78)

Lemma G.4. Vz, x — f(x) is L-smooth is equivalent to the following property:
X 2
9% f (=) =112

i———x;| <L . 79
ij:1x 837163?]‘1.] — Hx||2 ( )

By Taylor’s theorem, it suffices to show that the spectral radius of the hessian matrix of the second
derivative of f(x) is bounded by L.

Lemma G.5. f(z,0) =3,  cymo(y1|2)mo(y2|z)h(me, x, Y1, y2). Then the second derivative of

f(z, 9) is:
‘ %m ey + 2 G etk H G )
(s o) Y,
(80)

Lemma G.6. For f(p) = —plogp — (1 — p)log(1 — p), f(p) < log2.

Proof: For f(p) = —plog p—(1—p)log(1—p) > 0,p € [0,1], f'(p) = log(%—l) is a monotonically
decreasing function that reaches 0 when p = 0.5. Thus f(p) increases first and then decreases, and
reaches its maximum value at p = 0.5. So f(p) < log 2.

Lemma G.7. Dtv(p||q)? < Dkw(pl|q).
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G.7 PROOF OF LEMMA G.8

Lemma G.8. (BDA(Reverse-KL) Smoothness ) Given softmax parametrization of Definition D.1 for
policy 7o, Vr, 7, 8 = Epop [Dxr, (77 (- | @) |79 (- | 2))] is 2-smooth (see Eq.S).

See proof in Appendix G.7.

Proof: By Lemma G 4, it suffices to show that the spectral radius of the hessian matrix of the second
derivative of E,p [Dky, (77 (- | ) ||mg (- | ))] is bounded by 2, i.e.

DB BRI [aDeK&(Z;a(é<|f£9 CLEN, | < 2112, 0B 1)
r,x' €Xy,y’ €Y ) ’

By Lemma G.3, the first derivative of E,p [Dkr (77 (- | z) ||7e (- | z))] is:

OE;~p [Dkr (77 (- | ) | (- | 2))]

96(.y)
 OEenlX, ey Z2FE D (log mo(y |2))]
a 90(x,y)
pi 5= (e, y) dlogmo(y/|x)
TTPE X T oiey) 2
—- @) Y, S, - myie)

y' ey

=D(z)my(ylz) — D(x)m(zﬂ(ng’y)).
The second derivative of E,.p [Dkr, (77 (- | @) |7 (- | x))] is:

OEynp [Dkr (77 (- | 2) |76 (- | 2))]
90(x,y)00(a",y')
__ 0 (8E1~D [Dkr (77 (- | @) |[mo (- | @))]
00(z',y") 09(z,y)

_OD(x)me(ylz) _ /
_W = 020 D(2) o (y|2) (8 — o (Y |)).

) (83)

Then the spectral radius of E,p [Dxr, (77 (- | ) ||mg (- | 2))] is:

O?*Eynp Dk (77 (- | ) [|7o (- | 2))]
> D Az 06(z, 9)06(z", y') Azy)

z,x'eXy,y' €Y

=13 Y 2 0)dea D@ (y]2) 3y — (v 1)) 2( )

zeXy,y’' €Y (84)

=13 D) 3 e y)molyle) 6,y — 7oy |2)2(2,y)

reX y,y' €Y

21 D)) < PO IE Ol = 1- 18-

zeX
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Then we have:

19 ()lloo = max Y @ y)mo(yle) (O —mo(y'2))z(w,y')

y,y'€Y

= max Zyz@,y)m(mwayylz(m, y') — 2z, y)mo(yle)mo(y |v)2(x, o)
RS

< , / / !
<max| D 2w, y)mo(yle)dyy 2w, y')| +max | D a(w,y)mo(yle)me(y'2)2(z,y)
v,y €Y Y,y €Y (85)

=max| > 2@, y)mo(yle)2(z, y)| +max(d_ 2(z,y)mo(ylr))?

vy’ €Y yeY
< N (. 2
J;lgg%Z(x,y)Z(w,y) +max(z(z, ) "o |2))
Yy

< mae|2(, )|+ max({mo () 1122, )l o)

<2max||2(z,)[[3 = 2[[[lz(, )l3llee < 2[5

where ||||2(z, -)||3]|« is taking the infinite norm of ||z(x, -)||3 with x as the coordinate axis.

Therefore, we have the 2-smooth conclusion:

By [Dkr (77 (| @) Ime (- [2))]
> Y sty R G R ) <ol 6

z,x'eXy,y’ €Y

Proof finished.

G.8 PROOF OF LEMMA G.9

Lemma G.9. (BDA(Forward-KL) Smoothness ) Given softmax parametrization of Defini-
tion D.1 for policy mp, assume |log(mp(y|z)) — log(n"(ylx))| < e, Vr,7, 0 —
Ezp [DxL (7o (- | @) |77 (- | 2))] is (4 + K)ey + 6 + 2K)-smooth (see Eq.7).

See proof in Appendix G.8.

Proof: By Lemma G.4, it suffices to show that the spectral radius of the hessian matrix of the second
derivative of E,p [Dkr (7o (- | ) ||77 (- | ©))] is bounded by (6€; + 10), i.e.

> Y ey e B ) < e 10 )1
z,x'€Xy,y’ €Y ’ ’

(87)

For Equation 7, we have:

Eonp [Dkr (o (- | 2) |77 (- | )]
= = Eonp yrry (f2) [(log(77 (y]2) — log(ma(ylz)))]

= 3" Dm0 h(mg, ) where h(mg, 7, y) = (~ log(n” (yle) + log(mo(yle))), h(ma,) = h(ma, ;).
zeX

(88)
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Denote fixr(7,0) = mo(-|z)T h(mg, 2). We can calculate the spectral radius of
0”Eynp Dk (o (|2)l|I77 (|2))].
00(z,y)00(x",y’)

9B Dic (0 (| ) |7 (1)),
2 2 AT g sy )

z,x'eXy,y' €Y

Y ,ex D(@)mg(-|x) " h(mg, 2)
= : z o 89
2 2 e iy Y &
82ffKL(xa0) /
=D > 2w, y) D)z (2,1
Ty 90(x,y)00(x, y')
The first derivative of fixp (x,0) is
OfiL(w,0) <~ Oma(ylz) Oh(mg, x,y)
00(w.y) 2 B0(ry) IO G 0
The second derivative of fixy.(x, ) is
82ffKL (x,0) d*my (ylz) Omg(y|x) Oh(me, ,Yy)
00(x, y;)00(z, y;) 289 (z,y;)00(x, y])h(7T ny) + 00(x,y;) 900(x,y;) 0
©On
Omg(y|z) Oh(me, ,y) (vl) *h(mg, x,y)
90(r.y;) 00(e.y) 00 y)00(x. ;)
By Lemma G.3, we have:
0
TS — o ulo) o, ~ a3l ©92)
0 Oy — i
(o (y]7) (dyy. 4770(9 [2) _ 7o (Y|2) (Oyy, —To (Y1) (Oyy, —To (yi]2)) =m0 (y|2) T (yi]2) (Oy:y, —To (y;|2)).-
aa(xvy])
(93)
M oh(mery) 0 log(e (4la) + log(ms(yle)
h(me,x,y)  O(—log(n™ (y|x) + log(me(y|z))) B .
o0(r.y,) 90(.4,) = Oy = molysle))- -G8
82h(7r9,3:,y) _ 0 ah(ﬂ—ea‘ray) _ a(éyyl - 7T9(y1|$)) _ ) )
ae(x’yi)ae(xvyj) B 60(x7yj) < 89(‘17’%) > B ae(xvyj) - We(ylw)((s%y]t—;é?;]x))
Thus the second derivative of fik (z, ) is changed into:
32fﬂ<L(fU19)
= mo(y|2)(Syy, — mo(y;|2))(8yy, — mo(yilx)) (Rlmo, 2, y) + 2) (96)
y
— o (ylz)mo (yilz) (Oy.y, — mo(y;l2)) (h(mo, z, y) +1).
Let 7(0,2) = (h(mg,x,y1), h(mg, z,yo), ..., h(mo, 2, ypv)), Hi(0,2) = —h(0,z) — 1, and

)+ 2. So Hy(mg, z,y) = —h(mg, x,y) — 1 and Ho(mg, x,y) is similar. Then, the

Hy(0,2) = h(6, =
x of fixr(x,0) = mo(-|x)T h(mg, x) simplifies as follows:

Hessian matri

Vafm(x,0)i; = [mo(yle)mo(yilz) (Sy,y, — mo(y;la)) Hi(me, 2, y)
y€Y )

+ 7o (ylz) (Oyy, — mo(yj|2))(0yy, — mo(yilx)) Ha(me, x,y)].
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Then we compute the quadratic form of the Hessian matrix:

82 fKL 1370 ’
5 w)Dla) gyt oy

Y| Y|
1’5" D) (o () (6, 2) (s () 2, )° + o) (a0, 2) — B (6, 2)) (o ) 2, )2
+ Zz(m, vi)*mo(yilz) Ha(mo, x, y:) — 2o (-[a) " 2(x, ) (yil @) Ha (o, @, yi) 2(x, yi)))|
15" D) (o () (6, 2) (s () 2, )° + o) (a0, 2) — (6, 2)) (o () 2, ))?

+ Z(Z(:myi) = 2mo(-|a) " 2(z, -))mo (yi|2) Ha (0, 2, yi) 2(, 90)) |

213 D@ (@) < IPO Nl (e = 1+ 18)lloo-

zeX
98)
To establish an upper bound for the spectral radius of the Hessian matrix, let Hs (0, z) = Ho(0,z) —
H, (0, z). We can then write:

19()lloo
=max ‘ﬂe(~|x)Tﬁ1(9, z) - (mo(-|2) " 2(x, ) + mo(-|2) T Hy (0, ) - (wo (o) " 2(x,))?

zeX
K K
+ 3 2w,y 2o (i) Ha (o, ) + S 2ma(-|o) T2, Yo (i) Ha (o, 2, i) 2 (1, 9:)
=1 =1

<max |mo(a)TH1(0,2) - (mo(a) =(, -))2) + \m(-wﬁa(m (ma(2)T2(a,))?|

x, ) o (yilx) Ha(mo, x, ys)2(x, yi) |,
(99)

K
Z 2T yz 71—0 yl|x)H2 e, T, yz

Continuing from the previous equation:
1% ()loo
< max |7 (-[2) 1| Hy (6, @)oo 12(2, )15 + lIma (1) 11| Hs (6, 2)[loo 12 )13
+ 1 Ha (0, 2)l|sol|2(2, )13 + 2l mo () © Ha(0, 2) 1] (=, )13
=max(||H1(0, ) [loo + | Ha(0, 7)o + [ H3 (0, 7)|o0) | 2(2, ) + 2]mo () © Ha(8, @) ]| (=, )13

Slggg(llﬁl(&x loo + 1 Ha(8, 2)lloc + | H3 (68, @)lloc )12, )5 + 2| Ha (6, ) |oc |2, )3

)
)

= max((F1 (0, 2)ll o + 3110, 2)lloc + |1Ha (6, 2)]| ) 12(, )13

< mas(| 10, 2) oo + 31 Ha 0, 2) oo + | F (0, 2) | oc) mas 12, )13

)

Sglgg(llﬁl(&x oo + 3l H2(0,2)l| o + [ H3 (0, 2)|ls0) 1 2(-, ) [13-
(100)

In the second inequality, the first term arises from Holder’s 1nequa11ty, which states that 7, z(z,-) <
Im6l[1]l2(2, oo = [lz(2; )]0, where ||7re||1 = land [|2%(z, )|l = |[z(x,")|3. For the second
term, we have the bound on |(mq 2(, -

(g (2, )] = mq 2(x,) 75 2(x,) < [[mgllallz(z, Yoo - [moll1[l2(z, Yoo < ll2(2,-)II3. (101)
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For the third term:

K K
>z, i) mo(yilw) Ha(m, 2, y7) Z 2z, )2 Ha(mg, 2, 0)|| < || Ha(0,2)||oo]|2 (2, ) |3
i=1 i—1

(102)

For the fourth term:

22% z(@, ) (ys|x) Ha(mo, , yi)2(@, i) |
K
<2|mo|1[|2(z, ) l|oc| Y mo (yile) Ha(mo, z, yi)2(z, yi) | (103)
i=1
<2||z(z, )l2|lmo (|x) © Ha(0, )[[1][2(2; -)[loo
<2||Ha (6, 2)|loo l2(2, -)I[3-

In this Lemma, we assume |h(7mg, z,y)| = | log(me(y|x)) — log(n™ (y|z))| < €1 where €1 denotes

the upper bound of the error of the current parameterized distribution y.

For || H1 (6, z)|| o, we have:

1L (0, 2)lloo = || = A(0,2) = 1]|oc < €1 + 1. (104)

For || H (6, z)|| . it follows that:

[1Ha(6, 7)o = [17(6,2) +2]|oc < &1 +2. (103)

For ||H3(0, %)|| oo, we find:

| Hs(0,2)l|oc = [|H2(0,2) = Hi(0)l]oo = [IR(0,2) + 2+ A(0,2) + 1]|oc < 261 +3. (106)

Combining these results yields:

| H1(0)||oo + || H2(0)||oo + ||Hs(0)]]0o < 6e1 + 10. (107)

Thus,

Esp [Dict (o (- | 2) |7 (| 2))] e
> Y e 5oy 500"y 2, y/)| < (661 +10) [12(-, )| 3

z,x'eXy,y’ €Y
(108)
Proof finished.

G.9 PROOF OF LEMMA G.10

Lemma G.10. (RA Smoothness) Given softmax parametrization of Definition D.1 for policy my,
assume |ro(x,y) —7r(z,y)| < €2, V7,7, 0 = Eqip yory () [(Ta(m y) —r(z, y))z} is (36%4—18%—!-
% + max {6% *617 T} )-smooth (see Eq.10). See proof in Appendix G.9.

Proof: Denote Lra(70) = Eqrp yrom(-|2) [(rg(x, y) — r(ac,y))ﬂ Let S = S(0) € REXK be the

2
second derivative of the value map 6 — £RA(7r9) ie. S(0,x1,y1,T2,y2) = W}%.
Denote Lray = (3¢f + 29 + & 4 max {ef 4+ 2¢,,1}). By Lemma G.4, it suffices to show

that the spectral radius of S is bounded by Lga. Because rg(z,y) = L log(Z(z)ms(y|z)), denote
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z(x,y) = Llog Zer e™"(@¥) — p(x,y), then we have:

T

Epndyrale) |(ro(2,y) = r(2,9))°]

1 2
=KD,y (ylo) l(Tlogﬂe(y) +Z(z7y)) ]

= ¥ Dlamble) (+losmatule) + 2(0))

zeX,yeY

= 3" D)o (1) h(mo, ) where h(mp,z,y) = (ilogmmz) +z<x,y>) , (e, ) = (e, 2, ).
zeX

(109)
Now, by Definition D.1 we have:
exp{f(z,y)}
mo(y | ) = . (110)
0( | ) Zy’ exp {9 (x,y/)}
By Lemma G.3, we have:
oo (y|z) p L, ify=y
_— (5 ;7 — h 5 r = ' .
00(x,y) mo(ylz) gy = 7o (y'[z)), where by 0, otherwise (1D
If x # 2, then the second derivative of g (y|z) is 0:
00(x,y1)00(z’, y2) 00(x’',y2)

Similarly, because 7y (y|x) and h(mg, z) don’t have relevant parameters to 6(z’, -), for x # z’, we

have:
0?mo(-|z)T h(me, )

=0. 113
96(z, y1 )00, y2) (1
Therefore if 1 # 2,
PEynd ymmy () [(ro(:c,y)—r(x,y))Q] D) 9 <871—9(.|x1)Th(7r0’x1)> .
= x = 0U.
00(w1,51)00(x2, y2) Y00 (x2, y2) 00(w1,y1)
(114)
So the only care about the term when 1 = x», i.e.
82]Ex~2),y~7r9(.\m) [(7‘9(%9) —7“(3379))2} D( ) ) (37T9(-|:v)Th(7rg,x)> (115)
=D(x .
90(z,y1)00(x, y2) 90(x,y2) 0(z,y1)
Denote fra(z,0) = mo(|x) h(mp,x) = Y cymo(yle)h(me, z,y) and h(mg,z,y) =

92(779733,y); g(ﬂ'ayxvy) = %logﬂg(ym) + Z(Z‘,y) = r9($7y) _ T(.%',y), the first derivative of
fra(z,0) is given by:

0fra(2,0) _ Omg(yz) dg(me, ,y)
00(x,y) Z [89(3372/)92(7%%@ + 27T0(y|$)9(7fe,$7y)8‘9(x7y,)} (116)

yeY

9g(me,x,y) _

dlog m T
R = 10T = 2O~ me ).

00(z,y’) T

where

To compute the Hessian matrix, we take the derivative of this expression with respect to 6(yz),
yielding the (y1,y2)-th element as

O?fra(x,0) 0 omg(ylz) o dg(m, x,y)
56(z, )00 (. y2)  00(z,y2) %(aem,yl)g (000 + 2ol )
(117)
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We proceed by decomposing this expression into two parts for further derivation. The first part of our
derivation is given by:

37T9(y|95) 2
9" (7o, 7, Y) § 7o (y|w) (0yy, — mo(y1lz))g” (70, 7, ). (118)
Yao(l,’y ) = | yy ( 1| )) ( )

Applying the chain rule, we first differentiate mg(y|z)(dyy, — 7o (y1|x)) with respect to 6(z, y2):

9 Omo(y|x oo (v |z
900z, 9) (mo(y2) (byyy — mo(y1]2))) = M(dyyl —we(y1|x))—we(y|x)80"((xly|2)), (119)
Since gg?éygl:)) = 7r6(y|x)(5yyz - 71'9(:(/2|{E)) and % = W@(y1|$)(5yly2 — 7'['9(y2|$)), the

derivative of the first part is

9 (mo(yl2) (Oyy, — mo(y1|2)))

= 70(y[2)(0yy, =70 (y27)) (dyy, =m0 (y1[2)) =m0 (y|2)m6 (Y1|2) (04,0 =0 (y2]2))-

89(1}, y2)
(120)
Next, we differentiate g*(7g,x,y) with respect to 6(z,ys). Noting that % = 10y, —
mo(y2]x)), we obtain
dg*(me, x,Y) 0g(me, z,y) 2
00 2 Ay = - Syys — : 121
96(z, y2) 9(mo,,y) 86z, y2) —9(mo, 2, y)(8yy2 — mo(y2|2)) (121)

Combining all results, we obtain the derivative of the first part as follows:

D (o (le) Oy — mo(y2l2)) 8y — mo(y112)) — o (yl)mo (y1|2) (8y1y — mo(y212))) g° (w0, 2, y)

yeY

+ 7o (y]7) (Syy, — We(yl‘x))gg(ﬁmx,y)(‘syyz - 7T9(3&@))} .
(122)

For the second part, we begin with the expression:

9g(me,
2Z7re(yfc)g(7ro,x,y)m Zm) (yl2)g(mo, 2, y)(Oyy, — mo(ya|x)).  (123)
yeY ’

Using the product rule, this derivative with respect to 6(x, y2) consists of two components:

1. The derivative of m(ylx): 23 _y gg?iy?lg))g(w% z,Y)(8yy, — mo(y1|)),

2. The derivative of g(mg, z,y)(dyy, — o (y1|x)):

2 9g(my, x,y) B B Oy (y]x)
yzeg{ﬂ—e y‘ |: 80(.73 Yo ) (5yy1 Wg(yl‘l')) g(ﬂ—evxay) aa(x’yQ)

For the derivative of 7 (y|x), noting that % = 7 (y|x)(dyy, — mo(y2|x)), We obtain
2
p Z To(y|2) (Oyy, — To(y2l2))9(ma, 2, y) (Syy, — mo(y1]2)). (124)
yeyY

For the derivative of (g, z,y)(8,y, — mo(y1|x)), using g(mg, ,y) = L log my(y|x) + z(y), we find

3g(ﬂg,x,y) _ l
80($7y2) - 7(69112 - 7Tg(y2|l’)), (125)
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Omg(y1|z) _

and since "N = (y1]x)(0y,y, — mo(y2]x)), the derivative of the second part simplifies to:

dg(me, x,
2Zﬂe(y|w)g(ﬂe,w,y)gg+yly 23 m(yla) G — To(wal))g w0, 2, 4) Gy — mo(y1l2)
yeY er

S o) s — w0 (322)) Gy — o1 2)

yeY

25 molyle)g(mo, 2, y)mo () Gyrs — mo(y2e)).

(126)

Finally, combining terms, we derive the compact expression for the derivative of the second part with
respect to 0(x, y2):

2> mo(yla)g(mo, x, y)w

= 00(z,y1)
2
=2 < g(me,z,y) + ;) o (y|2) (Oyy, — To(y2|2)) (Syy, — o (y1|x)) 27
yeY

- %W@(yll’)g(ﬂe,xvy)ﬂo(yllx)(csylyz — mo(y2[7)).

By gathering all terms, we derive the full expression for the Hessian matrix:

7] (8779(~|$)Th(779,x)> _ 0?fra(z,0)
00(x, y2) 90(x,y1) 90(x,y1)00(x, y2)

1o} ) [Z <87T9(y|1')g(770,$7y)2+2770(y|a:)g(7r97x7y)ag(ﬂ—9"r7y)>]

" 06(x, > 90(x, y1) 90(x, y1)

=D [0 (yl2)(Gyue — mo(y212)) (Byuy — o(y1|2)) — mo(yla)mo (y2]) (8y1 vz — To(y2l2))) g(mo, 7, y)?

yeY

+ 10(012) By = o112 20,2, — o110
2
+ 30 (Botm0.00) + 5 ) 50(412) B~ 70(3210) Bos — 7012 ]0)

— Zro(lo)g o, )0 (3112 3102 — o (v21))

=3 (0(m )+ LoCm0.09) + % ) 70 (410) B — 703210} Bos 012 ]0)

yeY

= 3 (st + 2atm0,2.9) ) mltke)0nl2) G = 7olanlo)

yeY

(128)
LCtg(@,IL’) - ( (’/T@a ,yl),g(m;,:z:,yg),...,g(we,x,y‘y‘)), C_jl(@,l') - 7?(93:2)7%!7(03‘%)’2“1(1
G2(0,2) = (§(0,2) + 2)> — 5. So G1(mg, x,y) = —g*(mg, x,y) — 2g(mg, x,y) and Ga(mg, x,y)

is similar. Then, the Hessian matrlx of fra(x,0) = me(-|x)T h(me, x) simplifies as follows:

Vifra(@,0)ij =Y [mo(yle)mo(yilz)(8y,y, — mo(y;|2))Gr (7o, 2,y)
yeY (129)

+ 7o (ylz) (Syy, — mo(y;|2))(0yy, — mo(yil®))Ga(me, z,y)].
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Then we can calculate the spectral radius of S(0), because if #* 9,

Eanp ynmp 1oy [(ro(@y)—r(z.y)?]
89(;1,y1)69(12,y2) = 0. So

o> 2w y)S0,3,y.2y)
z,x’'eXy,y’ €Y

B 0?Lra(my)

N Z Z (‘39 (2,9)00(z,y") Y

zeXy,y’ €Y

0? 'CRA("TO) o

waeXy;Y 89 (x,9)00(z', v’ )z(:c Y)
aszA(x 9) ’

=12 2 AP g ety @,y)‘.

zeXy,y’' €Y
(130)

To compute the quadratic form of the Hessian matrix, we proceed as follows:

I3 Y D) g )

Y] Y]
=) D(x) Zzz(%yi) (Vi fra(z,0)i;) z(z, y;)|
= " D(@)(mo(|2) " G1 (0, ) (w0 (|x) " 2(x,)* + mo(-|2) (G2 (0, ) — G1(0,2))(mo(-|2) " 2(, )

+ > 2@, yi) *mo (yil2) Ga(mo, @, yi) — 2mo(-|2) " 2(x, o (yila) Gz (o, @, yi)2(x, i)

i=1

=D D(@)(mo(-|e) " G1(0,)(mo(-|z) " 2(x,-))* + mo(|a) " (G2(6, ) — Gr(0,))(mo(|e) " 2(x, )

zeX

+Z 2(@,yi) = 2mo(la) " 2(2, ) mo (yil2)Ga(mo, 2, yi) 2 (2, i) )|

2| ZD )| <IDPOalld(llee =1 - 1)l

(131)
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To establish an upper bound for the spectral radius of the Hessian matrix, let G5(0, z) = G (6, z) —
G1(0, z). We can then write:

1) lloo

e ‘”9( |2) T G1(6,2) - (mo(-|x) "=(x, ) + mo(-|2) TG, @) - (mo(-]2) T 2(z, )

K K
+ Y 2w yi) mo(yil2) Ga(mo, @, y3) + ) 2mo(-J2) T2 () mo (yila) Ga(mo, x, yi) (. i)

i=1 i=1

< max \m)(.mTél(e,x) A(mo(-|z) T 2(a, -))2] + \WQ(~|m)Tés(9,x) (o (]2) " 2(x, -))2’

zeX

K
Z Z\z yz 7T9 y'L"r)G? g, T, yz

sz ) 2, o (i) G . )2 1)

< max ||7T9(-Ix)||1HG1(9,x)HooHZ(x, I3 + H?Te(-lfv)lllllG:))(&x)llooIIZ(x, I3

+ [1Ga(8, @) ool =, )13 + 2llmo () © Ca(6, )11 |1 2(, )3
=max | G1(0, ) oo |2z, )13 + 1G5 (6, 2) [l oc 12 )13

+11Ga(0, ) ool (@, )12 + 21| Ga (0, ) oo | 2z, ) 13
=max(]|G1(0, 2)l|oo + 3 G20, 2) oo + 1G5 (0, 2)]10) (2, ) 3

< glgg(llﬁl(&x)lloo +3)1G2 (6, 2) oo + IG5 (6, )l 0) max |12, -)|I3

<max([|G1 (0, 2) oo + 31 G0, 2) oo + [1G5(60, 2) o0) 2, ) 3.

(132)
In the second inequality, the first term arises from Holder’ smequahty, which states that 7r9 z(x,-) <
| (@, Moo = lI2(@, ) |, Where |[mglloc < 1 and [[z2(x, )1 = [|2(z, )5 For the second
term we have the bound on |(mg 2(z, -
(g (2, )| = mq 2(x,) - mg 2(x,) < |[mgllallz(z, Yoo - Imollall2(z, Yoo < ll2(2,-)I[5. (133)
For the third term:
K K
2\T,Y;) To\Yi|T 2\Ui)| = Z\X, Yq 2\Yi >~ 2 oo ||Z27 X, )|l1 = 2 o [|Z2\Ty ) ||2-
(,y:)*mo (yilx) Ga(yi)| < (2,9:)*1G2(y)|| < IG2(0)llool2* (2, )11 = [G2(O)lloc 12 (. )13
i=1 1=1
(134)
For the fourth term:
K
Z27T9 2@, ) (yi) Ga (yi) 2, yi)| < 2llmall1[|2(2, ) ool D 70 (yi)Ga(ya)z(, yi)|
=t (135)

<2z, )l2llmo(-|2) © Ga(O)[[a]]2(2; )l

< 2| Ga®)] | 12(z )3
Next, we analyze the coefficient (||G1(6,2)|lc + [[G2(8,2)]ls + [|G3(6,7)]|0o + [|G2(8,z)[1).
The term |g(mg, x, y)| represents the error between the parameterized distribution g and the true
distribution for component (7y, , ). In this Lemma, we assume |rg(x, y) —r(z,y)| < €1. Therefore

lg(mo, z,4)| < € for all components (7, x, y), where €; denotes the upper bound of the error of the
current parameterized distribution 7.

For ||G1 (0, 2)|| o, we have:

2 1
1G1(0,2)l|os = 1170, ) + 9(9 7)lloe < max{ef + ~e1, —}. (136)
For ||G2 (0, 2)||so. it follows that:
2 4e 2
1G2(0,7)||o = [15°(0, ) + g(e D)+ Sl <+ —+ 5 (137)
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For ||Gs(6, z)||so» We find:

- - - 2 e 2
1G5(0, )]0 = [|G2(0, 2) — G1(0 )Iloo—ll g(0,x) + QllooﬁjlﬂLﬁ- (138)
Combining these results yields:
1G1 (O]l + 3[|G2(0)] oo + 1G5 (0)]lox
18¢; 8 { 9 2 1} (139)
<31—|———|———|—max + —€1,— ¢
T T T

Thus, the Lipschitz coefficient of the gradient of the target function with respect to the parameter 6 is
given by:

D> 2w y)SOxy. 2y y)

z,x'€Xy,y’ €Y

<max((| G (6, 2) o + 311G (0, )]l ow + | Ga(6,2) ) (-, )11 (140

18¢; 8 2
<+ 204 S pma {4 2a LDl

Proof finished.

G.10 PROOF OF LEMMA G.11

Lemma G.11. (RDA Smoothness) Given softmax parametrization of Definition D.1 for pol-
icy mp, assume |(ro(x,y1) — ro(x,y2)) — (r(z,y1) — r(z,92))| < e, Vr,7, § —
Ep,, [( log :ZE?;IQ (r(x,y1) — r(x,m)))z] is (2063 + 222 + &) -smooth where Dy, =
{(z,y1,92) | * € D,y1,y2 ~ mo(y|z)} (see Eq.13). See proof in Appendix G.10.

Proof: By Lemma G.4, it suffices to show that the spectral radius of the hessian matrix of the
second derivative of Lrpa(79) = Ep,, {(i log Zolwil2) (r(@, 91) — r(z, y2))>2} is bounded by

o (yz2|x)
(2063 + 22 + 8 ie

3 LRDA(WG) ; 9 32 8 9

z,x'eXy,y’ €Y

To show the bound, denote h(mg,z,y1,y2) = ¢°* (7o, w,y1,y2) Where g(mg,,y1,vy2) =
7log% (r(z,y1) — r(z,y2)), we have:

2
Z Z O*Ep,, [(i log :Zg;};g — (r(x,y1) — r(a:,yg))> ]
Z\T, Y y - Z(I,,y/)
¢,a'€Xy,y €Y 00(x,y)00(x',y')
_ Z Z Z(:L' y)(?? Zzexp(i) Zyl_,yZGY7r9(y1|1')7ﬂ9(y2|1')h(7rg,x7y1,y2)z($ y/)
TEX y,y €Y 90(x,y)00(x,y") (142)
9? froa(z, 0) ,
= ’D Y JRDA\M V) ,
Z Z ) 560, )00, ) Y
213" D(@)i(@)] < POl ()lloe = L 1()|oo-
zeX

where froa(z,0) =32, v To(y1|@)mo(y2|2)h(mo, 2, Y1, y2).
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Based on Lemma G.5, the second derivative of frpa(z,0) is:

anRDA(CEae)
Ly Pl
ey 99(z,4:1)00(z, y;)
Oma(y1]x) Oh(mg, z,y1,Y2) Ome(y1|z) Oh(mg, z,y1,Y2)
96w, " 00,y P00 y) "W T B0, )

9?h(mg, x, 41,y
+ mo(y1|z)me (y2|x) 89(35( ;»)69(; ;))
s Yi s Yj

Omg(y1]x) Ome(y2|z)

00(x,y;) 00(x, yj) h(mo, 2,91, Y2)

WO(lem)h(ﬂ—97 x, y17y2) + 2

+2

(143)

Because ‘(Te('rayl) - TQ(xva)) - (T<'ray1) - T(xayQ)N < e, ‘g(ﬂ'@az y17y2)| < €.

According to the absolute value inequality, |¢(z)| = Zyi’yjey 2(x, yz)W’% (x,y;)| can

be decomposed into five parts based on Eq.143 for further analysis.

> lw) O fuon@.0) .
Yi,y; €Y ’ 39(x,yi)80(x,yg) T

S oy 3 2 TR (e, gr. )2 y)

Yi,Y; €Y y1,y2€Y ae(x’yi)ae(x’yj)

IN

Omg(y1|w) Omg(y2|x)
% 2 h s by Y1, s Yj
Yi,Y; €Y Y1,Y2€Y
(144)
87"'0(91|$> 8h(71'0,337y17y2)
Y s 3 2Tl O )
ey oty 00(z,yi) 90(z, y;)
871'0 yl|$ 8h(71'0>$7y17y2>
Y gy S 20ml) ST T )
Yi,Y; €Y y1,y2€Y 89 x yj 89(17,%;)
9*h(ma, x,y1,y2)
+ Z 2(z, y:) Z o (y1|)mo (y2| ) a2 (T )| -
v g ey ey 90(x, yi)00(x, y;)
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For the first and second terms of Eq.144, we have:

> o) 3 2ot afa . 1.2,

Yi,Y; €Y y1,y2€Y
Omg(y1|z) Omg (y2|2)
+ Z Z(%yi) Z 2 h(ﬂ-gaxvylayQ)Z(x?yj)
ey ey 00(z,yi) 90(z,y;)

= Z Z(xvyi) Z 47‘(’9(?;1‘1‘)7‘(’9(:[/2‘33)((53/1% - ﬂ-e(yi|x))(5y2yj - 779(yj|$))h(7797xyyl,y2)z($vyj)
Yi,Y; €Y y1,y2€Y

+1 Y0 2wy) Y 2me(yale)me(yalr)mo(yil @) Sy, — moysl2)h(me, 2,1, y2) 2(2, ;)
Yi,Y; €Y y1,Y2€Y

<| >0 @) Y Amo(yile)mo(yel) (Syy — T (yil2)) (Oyay, — mo(ys|2))esz(x, y5)
Yi,y; €Y Yy1,Yy2€Y

D w2y Yo 2melyila)me(yele)me(yile) (8y.y, — mo(yjle))e3z(, yy)|

Yi,Y; €Y y1,Y2€Y
(145)
The first equality is because:
P (ylz)
e 3900 a) = ™) B =703 12)) By o 0k 2)) o () 01 2) By, a5l
(146)
The second inequality is because:
|h(7T97xaylay2)| = |92(779a30,y1,y2)‘ §€§ (147)

Then:

S z@mu) Y Ame(la)me(yaln) Gy — mo(Uil2)) (Syay, — mo(y;jlz))erz (2, ;)| < 16€3]|2(x,-) 3.
Yi,Y; €Y y1,Y2€Y
(148)
The inequality is because we can expand the absolute value operation in the second-to-last line into
four terms, and these four terms can be deduced to be less than ||z(z, -)||3 using some existing con-
clusions. The relevant conclusions are: 7] z(z, ) < ||mg|1]2(z, ) [loo = [|2(2, )|loo < |2(2, ) |2,
mg 22 (x,) < |l2(2, )13, [molloe < 1, |2%(2, )1 = [12(, )13 and |(7g 2(2,))?] < [|2(x,-)]]3.

And similarly, we have:

Yo Awy) Yo 2melyila)me(yala)mo(yile) (Sysy, — molysl2)) 3z (. ;)

Yi,Y; €Y y1,y2€Y

<2 Y 2@ y)dyyez(my) | +2] D 2@ y)mo(yila)mo(y;le) s (e, ;)
Yi,Y; €Y Yi,Y; €Y

(149)

<262 +2 Z 2(z,y:) o (vilT)ma (y)|2) €32 (2, y;)
Yi,y; €Y

<265+ 265 | > 2w,y )mo(yile) D woly;le)z(w,y))
Yi €Y y; €Y

<26 + 263 |[[m () 1l 2(z, oI (l2) 1 l2(2, o] < 4€3]l2(2, )3
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For the third and forth terms of Eq.144, we have:

on x) Oh(mg, x,y1,
D ) D 25 ey1| IS FaGUILAL L P

Yi,y; €Y y1,Y2€Y 69(56,:%)
6779 yllx 8h(7r97x7y17y2)
Y0 Ay Y 2 g (yalr) 2 ()
Yi,y; €Y Y1,Y2€Y 89 .13 yj 69(1":%)
aﬂ—o(yl‘x) ah(ﬂ—eaxvyhyQ)
=2 Y awy) Y 2o m(yalr) o 2 ()
v €Y ey 00(2,yi) 0(z,y;)
_ Omg(y1|2) 9g(me, ,y1,Y2)
=8 ‘1/%_:@{2(%1/1)yhygeY 200z ) o (y2|2)g(m0, 2, Y1, Y2) 20z, ;) z(z,y5)
1
=8 Z Z(‘T’yl) Z We(yl‘x)((sylyi7We(yi|l'))7r9(y2|x)g(ﬂ—97xaylay2);(5y1yj75y2yj)z($7yj)
Y, Y; €Y y1,Y2€Y

<22 S ) Y o) G — o) o (212) - sy — G, )2(85)

Yi,Y; €Y y1,y2€Y

3262
(2, )13

(150)
where the first derivative of g(mg, x, y1, y2) is

g(mo, 2, y1,y2) _ Oz (logmy(ys|z) —logme(yale)) 1
(82(.1' yl) 2 - 00(x, ;) = ;(5?;1?;7 — mo(yilz) — Oyoy, + o (yilx))

(151)

And the last inequality is because we can expand the absolute value operation in the second-to-last

line into four terms, and these four terms can be deduced to be less than ||z(z,-)||3 using some

existing conclusions. The relevant conclusions are: 7, 2(, ) < ||7g||1]|2(2,)||oo = [|2(z, )]0 <

Hzg §H2 722, ) < =@ ) lmolloe < 1. 122G, )l = l12(x, )3 and | (] (. ))?] <
2\ ) ll2-

For the fifth term of Eq.144, we have:

> ew) S molnla)molnle) g e (i)

Yi,Y; €Y y1,Y2€Y
ag(ﬂ-97 z, Y1, yQ) 89(71'97 Z, Y1, ?J2)
= Z z(x, i) Z mo(y1]@)mo (y2|7)2 _ _ 2(z,y;)
yi,yjeY y1,y2€Y ae(xayl) aa(xayj)
2 (152)
= Z z(x, i) Z 7T9(y1|w)ﬂ-9(y2|x)ﬁ(6y1yi - 5y2yi)(6ylyj - 5y2yj)z($7yj)
Yi,Y; €Y y1,Y2€Y
2 2
=| Z Z(ﬂﬁ’yi)ﬂe(yimﬁz(x,yi) - Z (@, yi)mo (yi| @) Z 7T9(yj|$)ﬁ2($,yj)
yi €Y yi €Y y; €Y
2 2
- Z z(x, yi)mo(yilz) Z We(yj\x)ﬁz(%yj) + Z z(x,yi)we(yﬂﬂc)ﬁz(%yiﬂ,
yi €Y y; €Y yi€Y
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| 2@ yimolyila)=(z,9)| +1 Y 2(wyi)mo(yslz) Y molysla)z(z,y;)l

Yi €Y yi €Y y; €Y
4
=—5(mg ([2)2%(2,) + (g ()2(2,))%) < S5 (Imo(-[2) ]2 (@, Yoo + (ImoCl2) 1 12(x, ) 1o0)?)
<— II3.
< Sl B
where the second derivative of g(mg, z, y1, y2) is

329(7"971572/1,3/2) _ a 1
90(z,y)00(z,y;) ~ 90z, g;) r O ~ Ouveui))

=0. (153)
In summary, we have the upper bound of Eq.144:

0? ,0
(o) = (o)) = max| 3 +(o.) gt ()

zeX
Yi,Y; €Y

32 8 ) (154)
< (200 + 22 4 5 ) maleten )13

32¢
< (203+ 224 2 a1

Then Eq.141 is proved. Proof finished.

G.11 PROOF OF LEMMA G.12

Lemma G.12. (PRA Smoothness) Given softmax parametrization of Definition D.I for pol-

icy o, assume |0(x1,y1) — 0(x2,y2)| < d and |p* — Flog%ﬂ < €4, V1,7, 0 —

Ep, [DrL (0" (2|y1, y2, )||pe (2|y1, y2, )] is (20 log(1+e* ™)+ 15 4 4 116 log 2)-smooth where

Dy 2 {(x,y1,92,2) | « € Dyy1, 92 ~ mo(*]z),z = 1 ifr(x,yl) > T‘(Lyz),ﬂotherwwt?} (see
Eq.14). See proof in Appendix G.11.

Proof: Based on Appendix E.3, we have:

o (ho(z,y1,92)))]

Ep, [DKL(P*(2|Z/17@/27 )|
*(Z_ 1|i‘/1»y27

)

=~ Bt gamiin) [P 2)10g 0 (ho(,y1,92)) + P (= = Olys, 32, 7) log 7 (ho(, 32, 1))]

+ EwN'D,yl,yZng(y|z) [p*(Z = 1|y1’y27 )logp*(z = 1|y1,y2,$) +p*(Z = 0|y17y27 I) lng*(Z = O|y17y27 I)]
= EmND’yl’yZNTre(ylm) [p*(Z = 1|y17y27 )IOgO' (he(x7ylvy2)) +p*(2 = O|y1a y2733) lOgO' (h@(.]f, y27y1))]

+ Eond g1 ,ya~moyle) [M (2,41, 2)]
éEPRA(TI'G)-

(155)

where  o(z) = = is the sigmoid function,  M(z,y1, 1) = =

Y01 P (2lY1, Y2, 2) log p* (2[y1, g2, 2) and (z,y1,42) ~ Do = y1 = y2 ~ pi(z =
1‘y17y27x)3y17y2 ~ 7T9(y|$),1‘ ~ D.

By Lemma G.4, it suffices to show that the spectral radius of the hessian matrix of the second
derivative of Lpgra(7y), i.e

S Y el e,
7 »J]
o eX g g eY 00(x,y;)00(z’,y;) (156)

d 16€3 4

3(2010g(1+e )t —+ +16log2) [12(-)[3-
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Denote h(mg,z,y1,%2) = —p(z = 1y, y2,2)logo (he(x,y1,12)) — p'(z =
Oly1,y2, z)log o (he(z,y2,y1)), we have:

9 Lora (1) /
2 2 A gt e, gy W)

z,x'€Xy;,y; €Y

=¥ Y @) a Y aex D(@) 22, yoey To(yrlz)mo(y2lz) (h(mo, 2,91, y2) + M(z,y1, y2))

Z(xvyj)
TE€X yi,y; €Y 00(x, y;)00(x, y;)
0 fora(z,0)
=D D) Y z(w.y) z(z,y;)
xeX Yi,Y; €Y 89(:6 yl)ae(x yJ)

0? mo(Y1|2)me(Y2|T T, Y1, Y2
ZD Z (z, 1) Zyl’yQGY o(y1|z)mo(ya|z) M (2, y1, y )Z(

x,Y;
00(x,y;)00(x, y;) uj)

zeX Yi,y; €Y

o? o (y1|2)mo (y2|2) M (2, Y1, Yo
é|Z:D( z)| + ZD Z (z, i) Zyl’yQEYa;((j7z|Ji))a;((Z’Lj)) @y y)z(x,yj)

zeX zeX Yi,Yj EY
D> o (y1]@)mo (y2| ) M (2, y1, y2)
<||D V() oo D(x 2(z,y; y1,y2€Y z2(x,y,
IPORISOI + (306 3 st 50T 590y (2,45)
x Yi,y; €Y
DY y To(y1|@)mo(y2|2) M (2, y1,y2)
1 (O + [SD(@) 3 2, o) —=E (e y5)] .
= ey 00(x,y;)00(x, y;)
(157)
where  fpra(z,0) = Zyl,yzey770(91|$)770(y2|$>h(770ax,yl,y2) and () =
02 fora(z,0)

2 yex (@ Yi) paca g onten 2 (%) Yi):

Because |0(z1,y1) — 0(z2,y2)| < d and the Definition D.1 for policy 7y, consider the upper bound
of h(mg, x,y1,y2), we have:

|og o (h (. 91, 2)) | =|log o (il 8:3) | = [togo (ilgm> |

S

g (1(0(n.2) ~ 002, ) | < ~Togr (=7 158)
).
Then

logo™! (d> =log(l +e
’7—
|h(ﬂ'97$,y1,y2)|

=|p"(z = 1ly1,y2, ) log o (ho(z,y1,y2)) + p" (2 = Oly1, y2, ¥) log o (ho(z, Y2, 1)) | (159)
<p"(z = 1ly1,y2, @) log(1 + €7 ) + p*(z = Oly1, y2,7) log(1 + €7 ) = log(1 +€7).

Consider the first derivative of h(mg, z,y1, y2), denote p* = p*(1|y1, Yo, z):
ah(’ﬂ'g, T, Y1, y2)

00(z, y;)
=— p*r(x o (logo(% log Wg;:g ) — (- p*)ae(f o (loga(% log :Zgj:g))
I A o (Y1) B 1 mlr) N1 0 o (Y1)
== (0o on T (1 =p e s T ) L Gos T )
= (&g 770 (y1|z) }
- ( ( 7T9 y2|x )7_ YiYi 1/2%)'

(160)
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Consider the second derivative of h(mg, x, y1, y2):

h(mg, ,y1,92) 7] 1 mo(yalz) 1
00(x,y;)00(x, y;) - ag(Lyj)(J(;lOg m);(éylyi — 0ysys))
1 1 m T 1 T z
=5 (Oyrys = Oyay, ) (Byry; — Oyay,)o(=log M)o‘(f lo M)

. )
T T mo(y1|z)” T F@(y2|$)(

Based on Lemma G.5, the second derivative of fpgra(z, 6) is:

aszRA(%Q)

_ 3 Pmlnk
00(z, )08z,

Omg(y1|w) Ome(y2|)
00(x,y;) 00(x,y;)

)70(y2|37)h(770a$ay17y2) +2 h’(ﬂ-waayl)yQ)

y1,Yy2€Y
aﬂ-@(yﬂx) ah(ﬂ—07xuy17y2) 871'9(:[/1|117) ah(”97$7y1;y2)
o0t D 0y T oGey) T 0y,
azh(ﬂ-97xaylay2)
90(,y;)00(x, y;)

+2

+ o (y1|z)mo (y2|z)
(162)

According to the absolute value inequality, [¢(z)] = |32, oy 2(=, yi)%z@7 y;)| can
Qs sYi s dJ :

be decomposed into five parts based on Eq.162 for further analysis.

0? fera(x, 0)
5 gl

Yiy; €Y

IN

*mo (y1|2)
Z z(@, ys) Z 2 mo(ye|x)h(mo, 2, y1,y2)2(2, y;)
Yiy; €Y Y1,y2€Y 90(x, y:)00(x, y;)

Omg (y1|z) Omo(y2|x)
+ Z 2(w, y;) Z 2 h(me, 2, y1,y2)2(7, y;) (163)
Yiy; €Y y1,y2€Y 90(x,y;) 00(x,y;)

| ) 3 AT ) PRI

Yi,y; €Y y1,y2€Y

H X o) X mnlolmtnlo) g e .

Yi,Y; €Y Y1,Yy2€Y
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Similar to Eq.145 and its following derivation, we have:

> o) Y 2ot afa . 1.2,

Yi,Y; €Y y1,y2€Y
Omg(y1|z) Omg (y2|2)
+ Z Z(x7yi) Z 2 h(ﬂ-eaxvylﬂyQ)Z(x7yj)
ey ey 00(z,y:) 90(z,y;)

<IN z@wy) Y. Ame(nln)me(uale) 5y, — 70 (yil2)) Oy, — moly;]7)) log(1 + €7)2(, ;)

Yi,Y; €Y Y1,y2€Y

+1 Y wwy) Y 2me(ule)mo(yale)mo (yilw) (3y,y, — mo(y;]w)) log(1 + €7 )2 (x, y;)

Yi,Y; €Y y1,y2€Y

<20log(1 + eg).

(164)
Similar to Eq.150, for the third term of Eq.163, we have:
Ome(y1]x) Oh(mg, z, Y1, Y2)
S sy S AGW) L g ST T )y
Yi,Y; €Y y1,y2€Y 89(1'7%) ae(m’yj)
Omg(y1|) m(y1]z) ) 1
=4 ; —_— - log —"=-) | = (041, — Oupouss ;
Z Z(:E7y’t) 89(.’[],]}1) 7-‘-9(y2|$) p CT( og 9(y2‘x)) 7_( Y1Yj ZJQyJ)Z(x7yJ)
Yi,Y; €Y Y1,Y2€Y
0wy (y1|x 1
<Al 3 awy) S LW st (G, — Gy ()
0(x, y:) T
Yi,Y; €Y Y1,Y2€Y
463 1
:? Z Z(x’yl) Z 779(91|$)(5y1y¢ - 779(%‘37))779(3/2‘x)€3;(5ylyj - 6y2yj)z(x7yj)
Yi,Y; €Y y1,y2€Y
1663
l12(z, )3
(165)
The first inequality is because [p* — o(+ log %;i;ﬂ < €3 where p* = p*(1|z,y1,y2). The last

inequality is because we can expand the absolute value operation in the second-to-last line into four
terms, and these four terms can be deduced to be less than ||z(x, -)||3 using some existing conclu-

sions. The relevant conclusions are: 7, z(x,-) < |[mll1]|2(2, ) |lo = |2(7, )o < l2(z,-)]l2s
g 22(x,) < [l2(z, )13, [7olloo < 1 [12%(2, )l = ll2(@, )13 and (7 2(2,))?| < [l=(2, )3
Similar to Eq.152, for the fifth term of Eq.163, based on Eq.161 and Eq.62, we have:

> em) 3 mlnle)motnln) g e )

Yi Y €Y y1,Y2€Y
:| Z Z(xvyi) Z 779(91‘1‘)779(3/2‘1‘)(52111/@ - 52‘!2%)(591% - 5y2yj)
Yi,y; €Y y1,92€Y
1 1 1
(ol o T o (L iog T ) (166)

T Cme(yilr)” T T me(ye2|z)

1
< Z z(z,yi) Z 7T0(Z‘/1|x)7r0(y2|x)(5y1yi_5y2yi)(5y1yj_5y2yj)ﬁz(xayj)

Yi Y €Y y1,Y2€Y

4
<= BIES
<Slla(a, I3
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In summary, we have the upper bound of Eq.163:

aszRA(IE,Q)
(2, 9:)00(x, y;

[46() o0 =max ()] = max | 37 2o, 01)

rex ()
Yi,Y; €Y

(167)
1663

4
-

4
< (2010801 4%+ 192 4 ) et

3, 7o (y1|x)mo (y2|=) M (x,y1,y2)
As for the second term ‘erx D(x) Zyly, oy (2, 91) v1.v2 Eya@(w,m)a@(m,yj) 2z, y5)

of Eq.157, we have:

|82 Zyl,yzeY mo(y1|z)mo (ye|x) M (2, y1, y2) |
00(x,y;)00(x,y;)
0 02, ey Toyrlz)mo(y2lx) M (z, y1,y2)

IS 960, 32) )
0
=|m Z To(y1]2)mo(Y2|2) (y1y; + Oyay, — 2me(yilz)) M (2, y1,y2) | |
Yy1,Y2€Y
=| Z 7o (y1]2)mo (y2|2) (Oyry: + Oyoys — 270 (Yil2)) (Oyry,; + Oyoy; — 2m0(y;s]2)) M (2, y1,y2).
Y1,Yy2€Y

(168)
Based on Lemma G.6. We have:

o? o (y1|2)me (y2|2) M (2, Y1, Y2
D) 3 slegy et G I 0 )| < tslog2- ()l

zeX Yi,y; €Y

(169)

This inequality is because we can expand the absolute value operation in the second-to-last line

into nine terms, and these nine terms can be deduced to be less than ||z(z,)||% or 2|2(z,-)|3

using some existing conclusions. The relevant conclusions are: 7, 2(z,-) < |[mal1]2(2,)||oc =

lz(@, Moo < llz(@, 2. mg 22(x,) < ll2(z, )3, [7olle < 1. [I2%(,)lle = |l2(2,)||3 and
|(mg 2(2,))?] < |l2(x, )13

Then Eq.156 is proved. Proof finished.
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