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ABSTRACT

It is well-known that overparametrized neural networks trained using gradient-
based methods quickly achieve small training error with appropriate hyperparam-
eter settings. Recent papers have proved this statement theoretically for highly
overparametrized networks under reasonable assumptions. These results either
assume that the activation function is ReLU or they depend on the minimum eigen-
value of a certain Gram matrix. In the latter case, existing works only prove that
this minimum eigenvalue is non-zero and do not provide quantitative bounds which
require that this eigenvalue be large. Empirically, a number of alternative activation
functions have been proposed which tend to perform better than RelLU at least
in some settings but no clear understanding has emerged. This state of affairs
underscores the importance of theoretically understanding the impact of activation
functions on training.

In the present paper, we provide theoretical results about the effect of activation
function on the training of highly overparametrized 2-layer neural networks. A
crucial property that governs the performance of an activation is whether or not it
is smooth:

e For non-smooth activations such as ReLU, SELU, ELU, which are not smooth
because there is a point where either the first order or second order derivative
is discontinuous, all eigenvalues of the associated Gram matrix are large under
minimal assumptions on the data.

e For smooth activations such as tanh, swish, polynomial, which have derivatives
of all orders at all points, the situation is more complex: if the subspace spanned
by the data has small dimension then the minimum eigenvalue of the Gram
matrix can be small leading to slow training. But if the dimension is large and
the data satisfies another mild condition, then the eigenvalues are large. If we
allow deep networks, then the small data dimension is not a limitation provided
that the depth is sufficient.

We discuss a number of extensions and applications of these results.

1 INTRODUCTION

It is now well-known that overparametrized feedforward neural networks trained using gradient-based
algorithms with appropriate hyperparameter choices reliably achieve near-zero training error, e.g.,

( ). Importantly, overparametrization also often helps with generalization; but
our central concern here is the training error which is an important component in understanding
generalization. We study the effect of the choice of activation function (we often just say activation)
on the training of overparametrized neural networks. By overparametrized setting we roughly mean
that the number of parameters or weights in the networks is much larger than the number of data
samples.

The well-known universal approximation theorem for feedforward neural networks states that any
continuous function on a bounded domain can be approximated arbitrarily well by a finite neural
network with one hidden layer. This theorem is generally stated for specific activation functions
such as sigmoid or ReLU. A more general form of the theorem shows this for essentially all non-
polynomial activations ( s ; s ; , ). This theorem
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concerns only the expressive power and does not address how the training and generalization of
neural networks are affected by the choice of activation, nor does it provide quantitative information
about the size of the network needed for the task.

Traditionally, sigmoid and tanh had been the popular activations but a number of other activations
have also been considered including linear and polynomial activations (

). One of the many innovations in the resurgence of neural networks
in the last decade or so has been the realization that ReLU activation generally performs better than
the traditional choices in terms of training and generalization. ReLU is now the de facto standard
for activation functions for neural networks but many other activations are also used which may be
advantageous depending on the situation (e.g. ( , , Chapter 6)). In practice,
most activation functions often achieve reasonable performance. To quote ( ):
In general, a wide variety of differentiable functions perform perfectly well. Many unpublished
activation functions perform just as well as the popular ones. Concretely,

( ) provides a list of ten non-standard functions which all perform close to the state of the art at
some tasks. This hints at the possibility of a universality phenomenon for training neural networks
similar to the one for expressive power mentioned above.

Search for activation functions. A number of recent papers have proposed new activations—such
as ELU, SELU, penalized tanh, SiLU/swish—based on either theoretical considerations or automated
search using reinforcement learning and other methods; e.g. ( );

( ); ( ); ( ); ( ). For definitions, see
Section 2 and Appendix B. These activation functions have been found to be superior to ReLU in
many settings. See e.g. ( ); ( ) for overview and evaluation. We
quote once more from ( ): The design of hidden units is an extremely active
area of research and does not yet have many definitive guiding theoretical principles.

Theoretical analysis of training of highly overparametrized neural networks. Theoretical anal-
ysis of neural network training has seen vigorous activity of late and significant progress was made
for the case of highly overparametrized networks. At a high level, the main insight in these works
is that when the network is large, small changes in weights can already allow the network to fit the
data. And yet, since the weights change very little, the training dynamics approximately behaves as

in kernel methods and hence can be analyzed (e.g. ( ); ( );
( ); (2019); ( ); (2018); ( );
( )). There are also many other approaches for theoretical analysis, e.g.
( ); ( ); ( ). Because of the large number of

papers on this topic, we have chosen to list only the most closely related ones.

Analyses in many of these papers involve a matrix G, either explicitly ( , ; ,
;b) or implicitly ( s ). (This matrix also occurs in earlier works ( R

, )-) Amin(G), the minimum eigenvalue of G, is an important parameter

that d1rectly controls the rate of convergence of gradient descent training: the higher the minimum

eigenvalue the faster the convergence. ( ); ( ) show that Ap,in (G) > 0
for certain activations assuming that no two data points are parallel. Unfortunately, these results do
not provide any quantitative information. The result of ( ), where the matrix

G does not occur explicitly, can be interpreted as showing that the minimum eigenvalue is large
under the reasonable assumption that the data is §-separated, meaning roughly that no two data points
are very close, and the activation used is ReLU. This quantitative lower bound on the minimum
eigenvalue implies fast convergence of training. So far, ReLU was the only activation for which such
a proof was known.

Our results in brief. A general result one could hope for is that based on general characteristics of
the activations, such as smoothness, convexity etc., one can determine whether the smallest eigenvalue
of G is small or large. We prove results of this type. A crucial distinction turns out to be whether
the activation is (a) not smooth (informally, has a “kink™) or (b) is smooth (i.e. derivatives of all
orders exist over R). The two classes of functions above seem to cover all “reasonable” activations;
in particular, to our knowledge, all functions used in practice seem to fall in one of the two classes
above.
e Activations with a kink, i.e., those with a a jump discontinuity in the derivative of some constant
order, have all eigenvalues large under minimal assumptions on the data. E.g., the first derivatives
of ReLU and SELU, the second derivative of ELU have jump discontinuities at 0. These results
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imply that for such activations, training will be rapid. We also provide a new proof for ReLU with
the best known lower bound on the minimum eigenvalue.

e For smooth activations such as polynomials, tanh and swish the situation is more complex: the
minimum eigenvalue can be small depending on the dimension of the span of the dataset. We give
a few examples: Let n be size of the dataset which is a collection of points in R¢, and let d’ be the
dimension of the span of the dataset. For quadratic activation, if ' = O(,/n), then the minimum
singular value is 0. For tanh and swish, if d’ = O(logo'75 n), then the minimum eigenvalue is
inverse superpolynomially small (exp(—Q(n!/ 2d/))). In fact, a significant fraction of eigenvalues
can be small. This implies that for such datasets, training using smooth activations will be slow if
the dimension of the dataset is small. A trade off is possible: assuming stronger bounds on the
dimension of the span gives stronger bounds on the eigenvalues. We also show that these results are
tight in a precise sense. We further show that the above limitation of smooth activations disappears
if one allows sufficiently deep networks.

Unless otherwise stated, we work with one hidden layer neural nets where only the input layer is
trained. This choice is made to simplify exposition; extensions of various types including the ones
that drop the above restriction are possible and discussed in Section 5.

2 PRELIMINARIES

Denote the unit sphere in R” by S*~! := {u € R" : |u|, = 1} where||u|” :=||ull := 37, u?.
For u,v € R", define the standard inner product by (u,v) := >, u;v;. Given a set S, denote by
U (S) the uniform distribution over S. A (u, 0?) denotes the univariate normal distribution with
mean £ and variance 2. Let Zg denote the indicator of the set S. For a matrix A containing elements
a;ij, a; denotes its i-th column. We define some of the popular non-traditional activation functions

here: swish(z) = e ( , ) (called SiLU in ( ));
ELU(z) := max (x,0) + min (x,0) (e* — 1) ( , ); SELU(2) := o max (z,0) +
ag min (z,0) (e® — 1), where a; and 5 are two different constants ( , ). See

Appendix B for more definitions.
We consider 2-layer neural networks

m

F(x;a, W) := % ard (wfx) , (1)
k=1

where x € R? is the input and W = [wy,...,w,,] € R™*? is the hidden layer weight matrix
and a € R™ is the output layer weight vector. Activation function ¢: R — R acts entrywise
on vectors and Ci =E,¢ N(O’l)qﬁ(z)z. In the case of one hidden layer nets, we set ¢4 = 1 to
simplify expressions; this is without loss of generality. For deeper networks we do not do this as
this assumption would result in loss of generality. Elements of W and a have been initialized i.i.d.
from the standard Gaussian distribution. This initialization and the parametrization in Equation 1 are
from ( ). Together, these will be referred to as the DZPS setting. Parametrization in
practice does not have \;—% in Equation 1; standard initializations in practice include He ( R

) and Glorot initializations ( , ) and variants. In the DZPS setting, the
argument of the activation can be larger compared to the standard initializations, making the analysis
harder. Our theorems apply to the DZPS setting as well as to standard initializations and for the
latter easily follow as corollaries to the analysis in the DZPS setting. We defer this discussion to the
appendix. Unless otherwise stated, we work in the DZPS setting with one hidden layer neural nets
with initialization as above with only the input layer trained.

Given labeled input data { (x;,y;) }™,, where x; € R? and y; € R, we want to find the best fit weights
W so that the quadratic loss £({(x;, y:)}_1;a, W) := £ 3" | (y; — F(x;;a, W))? is minimized.
We train the neural network by fixing the output weight vector a at random initialization and training
the hidden layer weight matrix W (output layer being trained can be easily handled as in

( ;b); See Appendix M for details). In this paper, we focus on the gradient descent algorithm for
this purpose. The gradient descent update rule for W is given by W+ .= W®) — VU L(W ),
where W*) denotes the weight matrix after ¢ steps of gradient descent and 77 > 0 is the learning rate.
The output vector u® e R™ is defined by ugt) = F(x;;a, W®),
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Next, we define the matrix alluded to earlier, the Gradient Gram matrix G € R"*™ associated with
the neural network defined in (l) referred to as the G-matrix in the sequel:

— Z a2 ¢ (WEx;) o' (Wi x;)(xi, %;). ()

We will often work with the related matrix M € R™4*™ whose i-th column is obtained by vectorizing
VwF(xi,4i), e Mag1)+1:ak,: = axd’ (WEx;) x; for k € [m]. G is a Gram matrix: G =
%MTM. Denote by \;(G) the i-th eigenvalue of G with A\; > Ay > ..., and similarly by o, (M)
the i-th singular value of M. These quantities are related by );(G) = L2 (M).

Following ( ), we make the following mild assumptions on data.
Assumption 1. ||x;||, =1 Vi€ [n].

Assumption 2. ||(I, — x;x1)x;||2 > Vi, j € [n],i # j i.e. the distance between the subspaces
spanned by xX; and X; is at least 0> 0.

Assumption 1 can be easily satisfied by the following preprocessing: renormalize each x; so that
|x:|| < 1/+/2, add another coordinate to each x; so that ||x;|| = 1/v/2 and then add another

coordinate with value 1//2 to each x;. This ensures that ||x; — x;||2 > ¢ implies Assumption 2 for
X;,X;, which we later verify empirically for CIFAR10.

3 REVIEW OF RELEVANT PRIOR WORK

To motivate the importance of the G-matrix, let us first consider the continuous time gradient flow
dynamics W) = —Vw L(W®), where £L(W) denotes the loss function (in the notation we

suppressed dependence on data and the weights of the output layer) and W denotes the derivative
with respect to t. Let y € R" be the vector of outputs. It follows from an application of the chain

rule that u® = G® (y —u®). Here g( )= L L (%, %) S & (w (t)TXj)qﬁ’(w,(:)Txi). It can be
shown that as m — oo, the matrix G® remains close to its initial value G(®) which is exactly the

G-matrix (see e.g. ( ); ( ) for closely related results). This leads us
to the approximate solution, which upon diagonalizing the PSD matrix GO jg given by
y —ul) = Z (e MtvivI)(y — ul®). 3
1€[n]

Thus, it can be seen that the eigenvalues of the G-matrix, in particular Ay, (G()), control the rate
of change of the output of the neural network towards the true labels. The following result plays a
central role in the present paper.

Theorem 3.1 (Theorem 4.1 of ( ). Let ¢ be ReLU. Define matrix G*= as
G = Ewon(0,1) ZwTx,>0,wTx;>0 <xi,xj>. Assume N = Apin (G*®) > 0. If we set
m > Q(nSA™*,7?) and n < O (An™?) and initialize wi, ~ N (0,13) and ar ~ U {—1,+1}
for k € [m], then with probability at least 1 — k over the random initialization, for t > 1 we have
ly = u® 3 < (1= 0.590)" [ly — u@}3.

In the theorem above it can be seen that the time required to reach a desired amount of error is inversely

proportional to . ( ) extended the above result to general real-analytic functions.

While the definition of the G-matrix shows that it is positive semidefinite, it is not immediately clear

that the matrix is non-singular. But the following theorem, from ( ) says that the matrix

is indeed non-singular under very weak assumptions on the data and activation function. A similar

result for the limit m — oo but for more general non-polynomial Lipschitz activations was shown in
( ) using techniques from ( ).

Lemma 3.2 (Lemma F.1 in ( ). If ¢ is a non-polynomial analytic function and x; and
x; are not parallel for distinct i, j € [n], then Aymin (G*°) > 0.

In these papers the number of neurons required and the rate of convergence depend on Apin (G*)
(e.g. Theorem 3.1 above) and thus it is necessary for the matrix to have large minimum singular
value for their analysis to give useful quantitative bounds. Unfortunately, these papers do not provide
quantitative lower bound for Ay, (G).
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( ) considered L-layer networks using ReLU (see Appendix D for details on their
parametrization). A major step in their analysis is a lower bound on the gradient norm at each step.

Theorem 3.3 (Theorem 3 in ( ). With probability at least 1 —
exp(—Q(m/poly(n, +))) with respect to the initialization, for every W such that [[W — W (0| p <
1/poly(n,571), we have HVWE (W) ||2F Z Q(E(W) m5d*1n72).

We show that A, (G) is directly related to the lower bound on the gradient in the case of RelLU. It
is not clear if the same method can be extended to other activation functions.

With this in mind, we aim to characterize the minimum eigenvalue of Gram matrix G*°. Since, G*°
is the same matrix as G(©) in the limit m — oo, we will focus on proving high probability bounds
for eigenvalues of G(%).

4 MAIN RESULTS

4.1 ACTIVATIONS WITH A KINK

For any positive integer constant r, presence of a jump discontinuity in the 7-th derivative of the
activation leads to a large lower bound on the minimum eigenvalue. The activation function has the
form ¢(z) = ¢1(2) Zpco + $2(x) Tp>a, where —1 < o < 1. Recall that C"*! denotes the set of
r + 1 times continuously differentiable functions. We need ¢; and ¢5 to satisfy the following set of
conditions parametrized by r and denoted J,:

e ¢1,¢2 € C"*1 in the domains (—o0, o] and [a, 00), respectively.

e The first (r 4 1) derivatives of ¢; and ¢ are upper bounded in magnitude by 1 in (—o0, &
and [, 00) respectively.

e For0 < i < r, we have ¢§“(a) = éi) ().

° |¢>Y)(a) - g«) (a)] = 1, i.e., the r-th derivative has a jump discontinuity at c.

Remark. We fix the constants in J,. to 1 for simplicity. We could easily parameterize these constants
and make explicit the dependence of our bounds on these parameters. The requirement on the
boundedness of derivatives is also not essential and can be relaxed as “all the action happens” in the

interval [—O(y/Iogm), O(v/logm)].

J1 covers activations such as ReLU, SELU and LRelLU, while J5 covers activations such as ELU.
Below we state the bound explicitly for J2. Similar results hold for J, for » > 1. See Section K for
details.

Theorem 4.1 (J2 activations). : If the activation ¢ satisfies Jo then we have
Amin(G?) > Q(5*n " (logn) ™),

with probability at least 1 — e~ 2C™m/") with respect to {W,({”_O)}Z’:1 and {a](go)}g;l, given that
m > max(Q(n36~log(nd—1)),2(n?6logd)).

The theorem above shows that the presence of a jump discontinuity in the derivative of activation
function (or one of its higher derivatives) leads to fast training of the neural network. For the special
case of ReLU we give a new proof. To our knowledge, lower bound on the minimum eigenvalue
of the G-matrix below is the best known. The proof technique uses Hermite polynomials and is
motivated by our results for smooth activations in the next section. See Section L for details.

Theorem 4.2. If the activation is ReLU and m > Q(n46_310g4 n), then Amin(G©®) >
Q((6"% log™ ' n), with probability at least 1 — e~ SUm&n "2 log™" n)

The dependence on n in the above bound is inverse-polylogarithmic as opposed to inverse-polynomial
that seems to result from using the technique of ( ). It implies that with

m = Q(n8/8%) in poly(log(n/e),1/8) steps gradient descent training achieves error less than e.
4.2 SMOOTH ACTIVATIONS

In contrast to activations with a kink, the situation is more complex for smooth activations and we
can divide the results into positive and negative.
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Negative results for smooth activations. The G-matrix of constant degree polynomial activations,
such as quadratic activation, must have many zero eigenvalues; and of sufficiently smooth activations,
such as tanh or swish, must have many small eigenvalues, if the dimension of the span of data is
sufficiently small:

Theorem 4.3 (restatement of Theorem F.2). Let the activation be a degree-p polynomial such that
' (x) = f:ol cox’ and let d' = dim(span{x; ...x,}) = O(n'/?). Then we have Ayin(G®)) =
0. Furthermore, A\, = 0, for k > [n/d’].

Theorem 4.4 (restatement of Theorem F.10). Let the activation function be tanh and let d' =
dim(span{x; ...x,}) = O(log” ™ n). Then we have Amin (G(©)) < exp(—Q(n'/27)), withprob—
ability at least 1 — 1/n35 over the random choice of weight vectors {wk )}m and {a }k 1
Furthermore, the same upper bound is satisfied by \i, for k > [n/d'].

See Appendix F for proofs. Note that the bounds above do not make any assumption on the data other
than the dimension of its span. The proof technique generalizes to give similar results for general
classes of smooth activation such as swish (Section 6 and Appendix H). In contrast to the above
result, the average eigenvalue of the G-matrix for all reasonable activation functions is large:

Theorem 4.5 (informal version of Theorem E.1). Let ¢ be a non-constant activation function, with
Lipschitz constant o and let G be its G-matrix. Then, tr(G) = Q(n) with high probability.

The previous two theorems together imply that the G-matrix is poorly conditioned when d =
(’)(logo'75 n) and the activation function is smooth, e.g., tanh. The effect on training of G-matrix
being poorly conditioned can be easily seen in Equation 3 for the m — oo case with gradient flow
discussed earlier. For the finite m setting, we show that the technique of ( ) can be
extended to the setting of smooth functions (see Appendix M.4) to prove the following.

Theorem 4.6. Denote by v; the eigenvectors of GO and with \; the corresponding eigenvalue.
With probability at least 1 — k over the random initialization, the following holds for t > 0,
ly—u®]l2 < (X0, (1—nA)2 (] (y—u®))2)1/2 e, provided m > Q(nk Amin(G®)~1e2)
andn < (’)(n_Q)\min(G(o))).

This result can be interpreted to mean that in the small perturbative regime of ( );
( ), smooth functions like tanh do not train fast. The learning rate in the above result is
small as )\mm(G(O)) is small. Analyzing the training for higher learning rates remains open.

Positive results for smooth activations. We show that in a certain sense the results of Theorem 4.3
and Theorem 4.4 are tight. Let us illustrate this for Theorem 4.4. Suppose that the activation function
is tanh and that the dimension of the span V' of the data x3,...,x, is (n?), for a constant ~.
Furthermore, we assume that the data is smoothed in the following sense. We start with a preliminary
dataset X/, . . ., x/, with the same span V, then we perturb each data point by adding i.i.d. Gaussian
noise, i.e. x; = xg + n;, and normalize to have unit Euclidean norm (see Assumption 3 for a precise
statement). This Gaussian noise is obtained by taking the standard Gaussian variable on V' multiplied
by a small factor. Thus the new data points have span V. For such datasets we show the following
theorem. For more general theorems for polynomial activations and tanh, see Theorem 1.3 and
Theorem .4 respectively.

Theorem 4.7 (Informal version of Corollary 1.4.2). Let the activation be tanh, let the perturbation
noise be of the order (6/+/n) and d' = dimspan{xi,...,x,} > Q(n?), for a constant ~y. Then
we have Amin (GO) Z Q8@ n=G/Y with probability at least 0.99 w.r.t. the noise matrix N,

{w }k 1and{ak)}k L provided m Z, Q(nS/76=4/7),

We now say a few words about our assumption that the data is smoothed. Smoothed analysis,
originating from ( ), is a general methodology for analyzing efficiency of
algorithms (often those that work well in practice) and can be thought of as a hybrid between worst-
case and average-case analysis. Since in nature, problem instances are often subject to numerical and
observational noise, one can model them by the process of smoothing. Smoothed analysis involves
analyzing the performance of the algorithm on smoothed instances, which can be substantially better
than the worst-case instances. Smoothed analysis has also been used in learning theory and our proof
is inspired by ( ) addressing a different problem, namely rank-1 decomposition
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of tensors. In the present case, smoothness of the data rules out situations where the data has span d’
in a non-robust sense: most of the data points lie in small dimensional subspace and the dimension of
the span is high because of a few points. Some such condition seems essential.

In another direction, we show that if the network is sufficiently deep for tanh, only the separability
assumption on the data suffices. For deep networks, ( ) generalized the notion of
G-matrix to be the G-matrix for the penultimate layer (see Section J). This matrix and its eigenvalues
play similar role in the dynamics of training as for the one-hidden layer case discussed before; we
continue to denote this matrix by G(°). This result can be generalized to other smooth activations.

Theorem 4.8 (informal version of Theorem J.6). Let the activation be tanh and let the data satisfy
Assumption 1 and Assumption 2. Let the depth L satisfy L = ©(log1/68). Then Amin(G(®) >
e~ V1081) 5 1 /poly(n) with high probability, provided m > 2 (poly(n, 1/5)).

5 EXTENSIONS

For a large part of the paper we confine ourselves to the case of one hidden layer where only the
input layer is trained. This is in order to focus on the core technical issues of the spectrum of the
G-matrix. Indeed, our results can be extended along several axes, often by combining our results
for the G-matrix with existing techniques from the literature. We now briefly discuss some of these
extensions. Some of these are worked out in the appendix for completeness.

We can easily generalize to the case when the output layer is also trained (Section M.2). Also, we
have focused on training with gradient descent, but training with stochastic gradient descent can also
be analyzed for activations in J,. (Section M.5).

Generalization bounds from ( ) can easily be extended to the set of functions
satisfying J, using techniques from ( ). Similarly, techniques from

( ) for higher depth generalize to functions such as SELU, LReLU and ELU. We believe this also
generalizes to J,. Other loss functions such as cross-entropy can be handled as well as activations
with more than one kink. The case of multi-class classification can also be handled (Sec. M.3). We
do not pursue these directions in this paper choosing to focus on the core issues about activations.
We briefly discuss extension to more general classes of activations in Appendix H.

6 PROOF SKETCH
In this section, we provide a high level sketch of the proofs of our results.

Activations with a kink. We first sketch the proof of Theorem K.1, which shows that the minimum
eigenvalue of the G-matrix is large for activations satisfying J1. As an illustrative example, consider
ReLU. Its derivative, the step function, is discontinuous at 0. In their convergence proof for ReLU
networks, ( ) prove that the norm of the gradient for a W is large if the loss at
‘W is large. We observe that their technique also shows a lower bound on the lowest singular value
of the M-matrix by considering the norm of all possible linear combinations of the columns. For
¢ € S"1, define the linear combination f¢(w) := >, ¢ ¢/ (wl'x;) x;.

Theorem 6.1 (Informal statement of Claim K.2). Let ¢ € Jq. For any ¢ € S, fc(w) has large
norm with high probability for a randomly chosen standard Gaussian vector w.

Using an e-net argument on ¢, the above result implies a lower bound on the minimum singular
value of M. ( ) write w as two independent Gaussian vectors w’ and w”,
with large and small variances respectively. They isolate an event F involving w’. This event
happens if all but one of the summands in f:(w) = >0, G ¢’ (W + w”)Tx;) x; are fixed to
constant values with good probability over the choice of w”. For the exceptional summand, say
¢ ¢’ (W' +w")Tx,;)x;, the choice of w’ is such that the argument (w’ + w’)Tx; can be on either
side of the jump discontinuity with large probability over the random choice of w”'. The random
choice of w” now shows that the whole sum is not concentrated and so with significant probability
has large norm. They show that ' has substantial probability over the choice of w’, which implies
that with significant probability || fc(w)]|| is large. The property of all but one of the summands being
fixed relies crucially on the fact that the derivative of ReLU is constant on both sides of the origin.

When generalizing this proof to activations in J; we run into the difficulty that the derivative need
not be a constant function on the two sides of the jump discontinuity. We are able to resolve this
difficulty with additional technical ideas, in particular, using the assumption that |¢’(-)| is bounded.
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We work with event E” involving w’: in the sum defining f(w) there is one exceptional summand
¢ ¢ ((w' + w”)Tx;) x; such that the sum involving the rest of the summands—while not fixed to a
constant value unlike for ReLU—does not change much over the random choice of w”’. Whereas the
exceptional summand varies a lot with the random choice of w’”’ because the argument moves around
the jump discontinuity. We show that £’ has significant probability, which proves the theorem.

Now, we look at the proof of Theorem 4.1 which handles activations in J2. The goal again is to show
that for any ¢ € S™~*, the function f:(w) has large norm with good probability for the random choice
of w. To this end, we consider the Taylor approximation of g¢(w) := >_." | ¢; ¢'(w'x;) around w’,
that is, gc (W' + w") = gc (W) + (Vwge(w')Tw” + H(w', w") where H is the error term. We
show that || Vwgc (w') || is likely to be large over the random choice of w’, and 50 (Vwge(w'))?w”
is likely to be not concentrated on any single value if the error term H (w’, w"') is sufficiently small,
which we show. To prove that | Vg (w')|| is large, note that Vi ge (W) = 31| ¢ ¢ (whx;) x;,
which allows us to use the argument above for f.(w) being large in the case of J;. This implies
that g¢(w) is large with good probability, which implies, with further argument, that fc(w) is large.
Full proofs of these results can be found in Appendix K. As mentioned earlier, the argument can be
generalized to condition J, for any constant r; we omit the details.

Smooth activations. First we look at the proof sketch for Theorem 4.4. To understand the behavior
of smooth activations under gradient descent, we first look at the behavior of a natural subclass of
smooth functions: polynomials. The proof actually works with the M-matrix introduced earlier
whose spectrum is closely related to that of G = M? M /m. In this case, the problem of computing
the smallest eigenvalue reduces to finding a non-trivial linear combination of the columns of M
resulting in 0. We show that if d’, the dimension of the span of the data, is sufficiently small, then
this can be done implying that the smallest eigenvalue is 0. By a simple extension of the argument,
we can show that in fact the G-matrix has low rank. This gives

Theorem 6.2 (Informal version of Theorem F.2). The G-matrix for polynomial activation functions
has low rank if the data spans a low-dimensional subspace.

Given that polynomials have singular M-matrices, a natural idea is to approximate the smooth
function tanh’ by a suitable family of polynomials, and then use the above theorem to “kill” the
polynomial part using an appropriate linear combination and get an upper bound on the eigenvalue
comparable to the error in the approximation. An immediate choice is Taylor’s approximation. The
Taylor series for tanh” around 0 has a radius of convergence 7 /2. Depending on the initialization and
m, the argument of the function can take values outside [—m /2, 7/2]. To circumvent this difficulty,
we consider a different notion of approximation. Consider a series of Chebyshev polynomials
3" a, T, (z) that approximates tanh’(x) in the L° norm in some finite interval. The fact that tanh’
can be extended analytically to the complex plane can be used to show that the coefficients of the
above series decay rapidly. The approximation is captured by the following theorem.

Theorem 6.3 (Informal version of Theorem F.4). tanh’ is approximable on the interval [—k, k] in the
L*°-norm by (Chebyshev) polynomials to error € > 0 using a polynomial of degree O(klog(k/€)).

When applying the lemma above, the degree required for approximation increases with the number
of neurons m. This is because the interval [—k, k], in which the approximation is required to hold,
grows with m (the maximum of mn Gaussians grows as O(y/log mn)). This leads the degree of
polynomial to become too large to be “killed” as m becomes larger. Thus, for large m, this fails
to give the required bound. To remedy this, we relax the approximation requirement. Since we
are working with Gaussian initialization of weights a natural relaxation is the L?-approximation
under the Gaussian measure. This leads us to consider the Hermite expansion (see also

( )) of tanh’. The p-th coefficient in Hermite expansion is an integral involving the p-th Hermite
polynomial. For large p, these polynomials are highly oscillatory which makes evaluation of the
coefficients difficult. Fortunately, a theorem of ( ) comes to rescue. Again, the fact that
tanh’ can be analytically extended to a certain region of the complex plane can be used to bound the
decay of the Hermite coefficients, which in turn bounds the error in polynomial approximation:

Theorem 6.4 (Informal version of Theorem G.2). tanh’ is approximable on R in the L?-norm with
respect to the Gaussian measure by (Hermite) polynomials of degree p with error exp(—(,/p)).

In contrast, the p-th Hermite coefficients of the step function (also called threshold or sgn) which is
the derivative of ReLU (whose G-matrix has large minimum eigenvalue), decays as p~%7° (this fact
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underlies Theorem L.2). The L2-approximation gives us a bound on the expected loss. To argue about
high probability bounds, we need to resort to concentration of measure arguments. This requires the
number of neurons m to be large. Thus, these two notions of approximation complement each other.

Now, using these theorems for the small and large m regimes, we can show that the eigenvalues of
the G-matrix are indeed small as stated in Theorem 4.4. These results can be easily extended to swish.
In fact, the above theorems hold for general functions satisfying certain regularity conditions such as
having an analytic continuation onto a strip of complex plane that contains the domain of interest, e.g.
an interval of R or all of R (Appendix F).

For smoothed data not restricted to small dimension, tanh works well. We sketch the proof of
Theorem 4.7 showing that our results about the limitations of smooth activations are essentially tight
when the data is smoothed. It is well-known (see Fact C.9) that the minimum singular value of a (tall)
matrix M is lower-bounded as follows: take a column of M and consider its distance from the span
of the rest of the columns. The minimum of this quantity over all columns gives a lower bound on the
minimum singular value (up to polynomial factors in the dimensions of M). The problem of lower
bounding Apin (G(?)) then reduces to the problem of lower bounding a product involving (a) the
minimum singular value of X*?, the p-th Khatri—Rao power of the data matrix X = [x1, ..., X,], (b)
the p-th Hermite coefficient of tanh’ (see Lemma I.1 and Lemma 1.2). We use p to be approximately
equal to 1/~. For (a) we use the above strategy to lower bound the minimum singular value of X*?.
It turns out that for any given column, its distance from the span of the rest of the columns can be
written as a polynomial in the noise variables. We can then use the anticoncentration inequality of
Carbery—Wright (see Fact C.8) to show that this distance is unlikely to be small, and then use the
union bound to show that this is unlikely to be small for every column. For (b), we invoke a result
of ( ) implying that the upper bound exp(—£2 (\/;5)) on the p-th Hermite coefficient of
tanh’ used in Theorem 6.4 above is essentially tight. The choice of p that gives the best lower bound
depends on the activation function.

Depth helps for tanh. We now sketch the proof of Theorem 4.8 (for a formal statement, see
Theorem J.6). Foreach i € [n]and ! € {0,...,L — 1}, let xl(l) be the output of layer [ on input x;.
We track the behavior of the xgl) as [ increases:

Lemma 6.5 (informal version of Lemma J.1 and Lemma J.2). As [ increases, the Euclidean norm of
0 (Xgl))TX§l)| shrinks.

)

each x;’ is approximately preserved. On the other hand, for every i # j,

This implies that for sufficiently large L, the Gram matrix of the output of the penultimate layer, i.e.
(X(E=D)TX (LD where XD = [x{E7Y  x{F7Y] is diagonally-dominant and has large
minimum eigenvalue. The rest of the proof has some overlap with the proof for smoothed data
above. For each p > 0, /\min(G(O)) can be lower bounded by a product involving (a) the minimum
eigenvalue of the p-th Hadamard power of the Gram matrix of XEL_l), and (b) the p-th Hermite
coefficient of tanh’ (see Equation 47). For (a) we use the diagonal-dominance of the Gram matrix.
For (b) we proceed as in the case of smoothed data. The choice p = O(logn) turns out to give the

best lower bound on Ay, (G(©)).

7 EXPERIMENTS

Synthetic data. We consider n equally spaced data points on S', randomly lifted to S. We
randomly label the data-points from &/ {—1,1}. We train a 2-layer neural network in the DZPS
setting with mean squared loss, containing 10° neurons in the first layer with activations tanh, ReLU,
swish and ELU at learning rate 10~3. The output layer is not trained during gradient descent. In
Figure 1(a) and Figure 1(b) we plot the squared loss against the number of epochs trained. Results
are averaged over 5 different runs. We observed that the eigenvalues and the eigenvectors stayed
essentially constant throughout training, indicating overparametrized regime. RelLU converges to
zero training error much faster than other activation functions, ELU is faster than tanh and swish. In
Figure 1(c) and Figure 1(d) we plot the eigenvalues at initialization. Eigenvalues of ReLU and ELU
are larger compared to those of tanh and swish. This is consistent with the theory.

Real data. We consider a random subset of 10* images from CIFAR10 dataset (
, ). We train a 2-layer network containing 10° neurons in the first layer. First, we verify
Assumption 2 regarding J-separation of data samples. We plot the L2-distances between all pairs
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Figure 1: Experiments on synthetic dataset (From left to right) (a)Rate of convergence of 2-layer
network for different activations when n = 10 (b) Rate of convergence of 2-layer network for different
activations when n = 50 (c) Eigenvalues of the G-matrix at initialization for different activations
when n = 10 (d) Eigenvalues of the G-matrix at initialization for different activations when n = 50

of preprocessed images (described in Section 2) in Figure 2(a). It shows that the assumptions hold
for CIFAR10, with § at least 0.1. Figure 2(b) has the plot of the cumulative sums of eigenvalues,
normalized to the range [0, 1], of the data covariance matrix. This figure shows that the intrinsic
dimension of data is much larger than O (log n), where n denotes the number of samples.

Eigenvalues of the G-matrix for different activations at initialization are plotted in Figure 2(c). This
shows that ReLU has higher eigenvalues compared to other activations. However there isn’t much
difference between the spectrum of ELU and tanh. This is likely due to the fact that we are in the
regime of Theorem [.4.

We observed a difference in the rate of convergence while training a 2-layer network, with both
layers trainable, using 256 batch sized stochastic gradient descent (SGD) with cross entropy loss
on the random subset of CIFAR10 dataset at Lr. 10~3 (Figure 2(d)). Here we are not in the
overparametrized regime as the eigenvalues and eigenvectors change considerably during training.
Therefore, observations in Figure 2(d) can be attributed to the eigenvalue plots in Figure 2(c) only in
the first few iterations of SGD.
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Figure 2: Experiments on a random subset of 10* images from CIFAR10 dataset: (a) L2-distances
between all pairs of preprocessed images (b) Semilog plot of sum of squares of top k singular values
of data matrix (c) Eigenvalue distribution of G-matrix at initialization (d) Convergence speed of 2
layer networks using different activation functions.

8 CONCLUSION

In this paper we characterized the effect of activation function on the training of neural networks in
the overparametrized regime. Our results hold for very general classes of activations and cover all
the activations in use that we are aware of. Many avenues for further investigation remain: there are
gaps between theory and practice because of the differences in the sizes, learning rates, optimization
procedures and architectures used in practice and those analyzed in theory: compared to practice,
most theoretical results in the recent literature (including the present paper) require the size of the
networks to be very large and the learning rate to be very small. Bridging this gap is an exciting
challenge. Fine-grained distinction between the performance of activations is also of interest. For
example, Figure 2(d) shows that ReLU converges much faster compared to the other activations. But
the roles can be reversed based on the architecture and the dataset etc., e.g.,

( ). In a given situation, what makes one activation more suitable than another?

10
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A ADDITIONAL RELATED WORK

The literature is extensive; we only mention some of the related work ( );
(2018); (2018); (2018); ( ; );
( ). Of these, perhaps the closest to our work is ( ): they keep the random

weights in the input layer fixed and only train the output layer. The main result is determination of the
spectrum of a matrix associated with the input layer with the activation function being Lipschitz. This
matrix is different from one considered here. Also the scaling used is different: both the dimension of
the data, number of samples, and the number of neurons grow at the same rate to infinity. The effect
of the activation function on the training via the spectrum is considered but no results are provided
for popular activations. ( ) aim to find the best possible initialization of weights, that
lead to better propagation of information in an untrained neural network, i.e. the rate of convergence
of correlation among hidden layer outputs of datapoints to 1 should be of the order m, where L
is the number of layers. They show smooth activation functions have a slower rate and hence, are
better to use in deep neural networks. However, this set of parameterizations, called “edge of chaos”,
were proven to be essential for training by ( ) under the framework of equivalence of
infinite width deep neural networks to Gaussian processes over the weight parameters. The extent to
which the approximation of stochastic gradient descent by Bayesian inference holds is still an open
problem.

B ACTIVATIONS

We introduce some of the most popular activation functions. These activation functions are unary, i.e.
of type ¢ : R — R, and act on vectors entrywise: ¢((t1,t2,...)) := (é(t1), ¢(t2), ...). In this paper
we do not study activation functions with learnable parameters such as PReL U, or activation functions
such as maxout which are not unary. Activations functions are also referred to as nonlinearities,
although the case of linear activation functions has also received much attention.

e RelLU(X) := max (z,0)
e LRelLU(x) := max (x,0) + amin (x, 0), where « is a constant less than 1
o Linear(z) ==z

e tanh(z) := So—L

e sigmoid(z) == ==

e swish(z) := T ( ) (called SiLU in ( )

e ELU(z) := max (z,0) + min (z,0) (* — 1) ( )

e SELU(z) := ay max (z,0) + ae min (x,0) (¢ — 1), where o and ap are two different
constants ( ).

C PRELIMINARY FACTS AND DEFINITIONS

We note some well known facts about concentration of Gaussian random variables to be used in the
proofs.

Fact C.1. For a Gaussian random variable v ~ N'(0,0?), Vt € (0, ), we have
41 2t
P {|o| >t 11—t 125,

ene (-t 21

In fact, the following holds true. V't € (0,0/2), we have
41t 1t
P{lv—a| >t} € (1—50,1—) .

where 0 < a < 0.
Fact C.2. For a Gaussian random variable v ~ N (u, %), Vt € (0, 0), we have Vt > 0

P {jv—pl <t} <1-2e757.
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Fact C.3 (Hoeffding’s inequality, see ( ). Let x1,x2,.., T, be n independent
random variables, where x; lies in the interval [a;,b;), and let T be the empirical mean, i.e., T =

i@ Then,

n

2n2¢2

Pr(lz—E(@)|2t) <2 Smil?,

Fact C.4 (Multiplicative Chernoff bound, see ( ). Let x1,xs, .., x, be indepen-
i1 T

dent random variables taking values in {0, 1}, and let T be the empirical mean, i.e., T = =

Then
t2E(z)

Pr(z<(1-t)E(z)) <e 2,

_ t2E(@)

Pr(z>(1+t)E(2)) <e 2+

forallt € (0,1).

Fact C.5 (Maximum of Gaussians, see ( ). Let x1,xs, ..., x, be n Gaussians
following N (0, 02). Then,

n=z 1

2
Pr {mz[u](;m < k\/logna} >1———.
emn

where k > 0 is a constant.

Fact C.6 (Chi square concentration bound, see lemma 1 in ( )). For a variable
x that follows chi square distribution with k degrees of freedom, the following concentration bounds
hold true.

P(x —k > 2Vkt + 2t) < exp(—t),
P(k — x> 2Vkt) < exp(—t).

Fact C.7 (Mini-max formulation of singular values). Given a matrix M € R™*", assuming n < m,
the singular values of M can be defined as follows.

Uk(M):mLiTn m?X{MC‘CEU,C#O}‘dim(U):k Vk € [n].

Fact C.8 (adaptation of ( ); see ( ). Let Q (x1,...,xy)
be a multilinear polynomial of degree d. If Var (Q) = 1, when z; ~ N (0,1)Vi € [n]. Then,
vVt € R and e > 0, there exits C' > 0 s.t.

Fact C.9 ( ( ). Given a matrix A € R"*™, the following holds true for
all i € [m).

1
—— min dist (ai, A_7> < Umin(A)

\/TT’L 1€[m]
where A_; = span (aj Y z)

Fact C.10 (Gershgorin circle theorem, see e.g. ( ). Every eigenvalue of a matrix A €
C™*™, with entries a;j, lies within at least one of the discs {D(aii, ;) }j:r where r; = Zj:#i |aij|
and D(ag;,7;) C C denotes a disc centered at a;; and with radius r;.

Fact C.11 (Weyl’s inequalities ( , ). Let A and B be two hermitian matrices. Then, the
following hold true Vi, j € [n].

Aivj—1 (A+B) < A (A) + 4, (B)

Airj—n (A+B) =X (A) + A, (B)
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Definition C.1 (Khatri Rao product and Hadamard product, see ( )). Given a
matrix A € R™*"™ and a matrix B € RP*9, the Kronecker (or tensor) product A ® B is defined as
the mp X ng matrix given by

auB  apB - a1,B

(121B GQQB e agnB
A®B= . . . .

am1B am2B - B

Given a matrix A € R™*"™ and a matrix B € RP*", the Khatri Rao product A x B is defined as the
mp X n matrix given by

AxB=[a ®b a®by ---a,®b, |.

Given a matrix A € R™*" and a matrix B € R™*", the Hadamard product A ® B € R™*" is
defined as
(A * B)ij = aijbij, Vi € [m],j S [n]

Notation: Given a matrix X € R™*", we denote order-r Khatri-Rao product of X as X*" € R™ xn,
which represents X * X ... * X. We denote order-r Hadamard product of X as X©” € R"*", which
—_

T times

represents X ® X ... ® X and can be shown to be equal to (X*7)7 X*".
—_—

T times
C.1 GENERAL APPROACH FOR BOUNDING EIGENVALUE OF G-MATRIX

The Gram matrix G can be written as

1
G=_-_M"M.

m

where M € R™4%" is defined by

Mak—1)41: dk,i = ard’ (W%xi> x; for k € [m].

Denoting by A\;(G) and o (M) as kth eigenvalue and kth singular value of G and M respectively,

we can write A, (G) as Loy, (M)?. The minimum singular value of M can be defined (through the
minmax theorem) as
min (M) = i Mc|| .
omin (M) = min [[M(]
Hence, the general approach to show a lower bound of oy, (M) is to show that the following
quantity

2
n

> Gmi|| =3 I arGid (wlxi)x; “4)
k=1

i=1 i=1
is lower-bounded for all ¢ € S"~1.

To show an upper bound, we pick a ¢’ € S"~! and use

. — i '
Omin (M) = min [|Mc]| < ;czmz : 5)

D STANDARD PARAMETRIZATION AND INITIALIZATIONS

A 2-layer (i.e. 1-hidden layer) neural network is given by

F(X; a, b,W) = iaka (ng + bk) P
k=1
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where a € R™ is the output layer weight vector, W € R?*™ is the hidden layer weight matrix and
b € R™ denotes the hidden layer bias vector. This parametrization differs slightly from the choice
made in Equation 1. By standard initialization techniques ( ) and

( ), there are two ways in which the initial values of the weights W) and a(®) are chosen,
depending on whether the number of neurons in the previous layer is taken into account (fanin) or the
number of neurons in the current layer is taken into account (fanout).

o Init(fanin) : w\” ~ N (0, 21,) and o ~N(o 1) Vkelm),
e Init(fanout): W](CO) ~ N (0, L1,) and ak ~N(0,1) Vk € [m].
Note that ( ) use Init (fanout) initialization. The elements of b are initialized

from N (O,BQ), where (3 is a small constant. We set 5 = 0.1 in Init (fanin) initialization and
8= \/% in Init (fanout) initialization.

D.1 NOTE ON G-MATRIX FOR STANDARD INITIALIZATIONS

We follow the argument in Section 3 to get the G-matrix (G) as

T
g” = nZak(b (w,C X; + bk) ¢’ (Wk x; + bk) <xi,xj> ,
k=1
where 7 is the gradient flow rate needed to control the gradient during descent algorithm to stop
gradient explosion, i.e. we need to control the maximum eigenvalue of the Gram matrix.

For Init (fanin) and Init (fanout), we set 7 as 1 and - respectively to get the same Gradient Gram
matrix as in Equation 2.

E LOWER BOUND ON THE TRACE OF G-MATRIX

In this section, we lower bound the trace of the gradient matrix for a general activation function as a
point of comparison for our results regarding the lowest eigenvalue.

Theorem E.1. Let ¢ be an activation function, with Lipschitz constant o and let G(©) be the G-

matrix at initialization. Let Bz (0,1) ((b’ (wai) ) = 2c for a positive constant c and for all i.

/o2 Toe? |
Then, tr(G(©)) > cn with probability greater than 1 — e=(m/a’log®m) _ -85

Remark. The constant ¢ depends on the choice of the activation function and is bounded away from 0
for most activation functions such as RelLU or tanh.

Proof. The trace of the G-matrix is given by

w(@) = L35S (o (w0 )

Jj=11i=1
Using Fact C.5, {ag_o) } can be shown to be in the range (—3\/log m, 3+/log m) with probability
j=1
at-least 1 — m~3°. Assuming this is true, we claim the following two statements. For any j we have
(expectation is over W and { (0)} )
k=1

n 2
Ewgo)ﬂg_o) : |a;0>\§3mz (a,§'0)¢/ (W.E'O)Txi)>
i=1
Y 0))? )T ?
_ , .
B Z;Eaﬁ‘” |af”|<3vTogm (“j ) o <¢ (Wj Xz))
1=
- logm
> 21—

> cn.
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(0)

J

(0)

j and the variance of ag_o) is at-least (1 — 4/ lofnm>,

into account, in the intermediate steps.

where we use the independence of a;’ and w

(0)

taking the bound on a;

Also, we get from the Hoeffding bounds,

2
1 m n T 1
br m ZZ (a;‘O)d ((W§‘0)> Xz)) > Fen <1- o Q(mn®/a* log® m)

j=1i=1

as required. O

This shows that the trace is large with high probability. From it follows that average of eigenvalue is
Q (1). It also follows that maximum eigenvalue is 2 (1).

F UPPER BOUND ON LOWEST EIGENVALUE FOR tanh

For activation functions represented by polynomials of low degree, we show that the G-matrix
is singular. In fact, the rank of this matrix is small if the degree of the polynomial is small. To
upper bound the lowest eigenvalue of the G-matrix for the tanh activation function, we proceed by
approximating tanh’ with polynomials of low degree. It turns out that tanh’ can be well-approximated
by polynomials in senses to be described below. This allows us to use the result about polynomial
activation functions to show that the minimum singular value of the G-matrix of tanh is small. The
approximation of tanh” by polynomials turns out to be non-trivial. It does have Taylor expansion
centered at 0 but the radius of convergence is 7r/2 and thus cannot be used directly if the approximation
is required for bigger intervals.

We consider two different notions of approximations by polynomials, depending on the initialization
and the regime of the parameters. It is instructive to first consider polynomial activations before going
to tanh. Next section is devoted to polynomial activations.

F.1 POLYNOMIAL ACTIVATION FUNCTIONS

Let’s begin with the linear activation function. In this case, the G-matrix turns out to be the Gram
matrix of the data. Since each datapoint is low dimensional, we get that it is singular:

Lemma F.1. (Linear activation function) If ¢(x) = x and d < n, then the G-matrix is singular, that

IAY
Amin (G<O>) —0.

In fact, at least (n — d) eigenvalues of the G-matrix are 0.

Proof. Since ¢ (x) = x, we have ¢’ (x) = 1 and the G-matrix is given by

1 - 2 T
G=— Zlaj XX
=

where X = [x1, X2, ..., X,,] is the matrix containing the x;’s as its columns. Since the x;’s are
d-dimensional vectors, rank(X) < d and so, X can have at most d non-zero singular values, which
leads to at most d non-zero eigenvalues for G. O

We next show that activation functions represented by low degree polynomial must have singular
Gradient Gram matrices:

Theorem F.2. Let ¢/(z) = >-7_, coa’ and d' = dim (Span{z1 ...z,}). Then, the G-matrix is

singular, that is
)\min (G(O)) = 07

assuming that the following condition holds,

(d +p)<n+1. (6)
p
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Proof. Referring to Equation 5, it suffices to find one ¢’ € S*~! such that

2

n m n
> ocmyll = DI Gard' (wlxi)xi| = 0.
i=1 ) k=1 i=1 )
For any k € [m] and ¢ € R™ consider
n n p -1
D Gard (W xi)xi = > Gar Y e (szz) X
i=1 i=1 =1

which can be written as

p n
ay ZCe—l Z (Z ¢ix? Xi) Wf @)
=1

Bezd || Blh=e-1 \ i=1
T

Here 7 denotes the set of non-negative integers, and the notation x* is shorthand for H?Zl xf I,

Note that the term denoted by t is a d-dimensional vector, since x; € R?. The actual number of
unique equations in t depends on d’, since the x;’s can have only upto d’ order unique moments.
Hence, if we want to make the above zero, it suffices to make the term denoted by  zero for each
of the summands. This is a system of linear equations in variables {(;}?_ ;. Counting the number
of constraints for each summand and summing over all the indices gives us that the number of

constraints is given by
z”: <d’ +0— 1)
=1 ¢

which is equal to (d ;p ) — 1. Note that this can also be seen by counting the number of non-trivial

monomials of degree at most p in d’ variables. Hence, making the number of constraints less then
number of variables, leads to existence of at least one non-zero vector (" satisfying the set of
constraints. Since, the set of linear equations is independent of the choice of &, the claim holds true
for all k. Thus, using a unit normalized ¢ in Equation 5, we get o, (M) = 0. O

Corollary F.2.1. If d’ = dim (span {x;...x,}) < O (log0‘75 n) ¢'(x) =S _ycext and p <

1 . . . . .
O(n@) then the minimum eigenvalue of the G-matrix satisfies

Amin (G<0>) —0.

Proof. Ifd' = O <log0'75 n) Condition 6 can be simplified to get

.
7

p=0(n)

Applying Theorem F.2 with the above condition, we get the desired solution. O

By slightly modifying the proof of the above theorem, we can actually show not only that the matrix
is singular, but also that the kernel must be high dimensional.
Theorem F.3. If d = dim (span{x;...x,}) < O (10g0'75 n) ¢'(x) = Y0 _ycex and p <

O(nf), then (1 — %) n low-order eigenvalues of the G-matrix satisfy

Ak (G<0>) —0, Vk> L’” .
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Proof. We follow the proof of Theorem F.2. Referring to Fact C.7, it suffices to find one n (1 — )
dimensional subspace U such that

2
m

ZCimi = ZZQGW’(ngi)Xi =0.
=1 9 k=1||i=1 )

holds true V¢ € U.

For a weight row vector wy, € {w1, ..., Wy, }, its corresponding output weight a;, and an arbitrary
¢ € R™, we can simplify the following quantity
-1
n n D d
T

Z Giard' (Wi x;)x; = Z aiGi Z Ce—1 Z W, j Tij X

i=1 i=1 =1 j=1
to get the same set of constraints on variable (, as in Equation 7. Making the number of constraints

less than [%Wleads to the existence of the desired subspace U, whose dimension is n (1 — %),

satisfying the constraints. This can be restated as

!
(d +p>_1<n
P d’

which can be further simplified using the fact that d’ < O (log0'75 n) to get

p<LO (;ﬁ)dl/ :O(nl/d/).

In the above inequality, we use the fact that 1 < d’ 1/d’ < /2. Since, the set of linear equation is
independent of the choice of w, the claim holds true for all w € {w, ..., wy,, }, from which the result
follows. O

Now, if a function is well approximated by a low degree polynomial then we can use the idea from
the above theorem to kill all but the small error term leaving us with a small eigenvalue. But, for
different regimes of the parameters, we need to consider different polynomial approximations.

F.2 L° APPROXIMATION USING THE CHEBYSHEV POLYNOMIALS

Let f : [k, k] — R be a function for some k& > 0. We would like to approximate f with polynomials
in the L*> norm. That is, we would like a polynomial g,, of degree p such that

sup |f(z) — gp(x)| <e.
[—FK]

€
First, we reduce the above problem to that of approximating functions on [—1,1]. The idea is to
consider the scaled function fj(x) = f(kz). Note that fj : [-1,1] — R. Let h be a polynomial
approximating f, i.e. sup, |fx(z) — h(x)| < e. Then, consider the function g, () = h (x/k). Then,
|f(z) = gpl(a)| = ‘fk (z/k) — h(x/k)‘ < e. Thus, we can consider approximation of functions on
[-1,1].

We are interested in approximating the derivative of tanh on (—7, 7). Denote by o the sigmoid

function given by
1

1 +e
It follows from the definition that tanh (z) = 20 (22) — 1.

o()

The approach is to consider a series in the Chebyshev polynomials 7},. That is, we consider
N
Z anTh,
i=0
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The coefficients a,, corresponding to o can be computed using the orthogonality relations for the
Chebyshev polynomials.

nflwfiﬁm'

Using this, one can show the following theorem about the polynomial approximations of the sigmoid
function.

Theorem F.4 (Equation B.7 in ( ). Foreach k > 0and e € (0,1], there is
a polynomial g, of degree p with

log (47r+2k)

P= log (14 wk—1)

such that

sup |gp(z) — o(ka)| <.
z€[—1,1]

The proof of the claim follows by bounding a,, using contour integration. From the above discussion,
in order to approximate tanh in the interval (—7, 7), we need to approximate 20 (27z) — 1. From
Theorem F.4, we require a polynomial of degree

1 4+21
. {g(w | ®

log (1 +n7~1)
Recall that we actually need to approximate the derivative of tanh. But this can be achieved easily
from the fact that tanh’(z) = (1 + tanh(z)) (1 — tanh(x)) and the following lemma.
Lemma F.5. Let I be an interval and let f;,g; : I — R for i € {1,2} be functions such that
sup,c;|fi(x) — gi(2)| < e foralliand|fi(z)| < 1forx € I and all i. Then,

iléI;|f1($)f2($) — g1(x)ga(2)] < 3e.

Proof. For any x € I we have

|f1(@) f2 (2) = g1(2)g2 ()] <|fr(2)fa (2) = f1(2)g2 () + f1(2)g2 (x) — g1(2)g2 (2)]
<|fi(@)f2 (x) = fr(x)ga (2)] +|f1(2)g2 () — g1(x)g2 (x)|
<|f1 (@) f2 (x) = g2 ()] +]g2 (@)|| f1 (x) — 91 (=)
<et+(l+e)e
§26+62
< 3e. O

F.3 L2 APPROXIMATION USING HERMITE POLYNOMIALS

Next we consider approximating f in the 2-norm i.e. we would like to find a polynomial &, of degree

p such that
/_ 1F(&) — hy(@) [ dps(z)

is minimized. ;1 denotes the Gaussian measure on the real line. Note that this problem can be solved
using the technique of orthogonal polynomials since L? (R, ) is a Hilbert space. The study of
orthogonal polynomlal is a rich and well-developed area in mathematics (see ( );

( )). Our main focus in this section will be the case where f is the derivative of tanh and in later
sections we extend this analysis to other activation functions.
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Let H}, denote the k-th normalized (physicists’) Hermite polynomial given by

71/2 2 dk 2
_ k1. Nk 22 Y
Hy() [ﬁ2 k} ()" e Zre, )
and the corresponding normalized (probabilists’) Hermite polynomial is given by
_ dk
Hey(z) = [V7k!] 1/2 (—1)F emz/Qwe_xz/z. (10)

The Hermite polynomials are usually written without the normalization. The normalization terms
ensure that the polynomials form orthonormal systems with respect to their measures. Recall that
i (z; o) denotes the density function of a Gaussian variable with mean 0 and standard deviation o.

The series of polynomials H}, are orthonormal with respect to Gaussian measure z (x; \%) and the

series of polynomials Hey, are orthonormal with respect to the standard Gaussian measure p (x; 1)
ie.

e 1
[m Hm(x)Hn(x) d,u (3:7 \/5) = 6m,n7 (11)
/00 Hep(x)Hep(z) du(x; 1) = Oy - (12)

The two versions of the Hermite polynomials are related by

Ho(z) = Hep, (\/ﬁx) . (13)
For any function f € L? (1), we can define the Hermite expansion of the function as
f=> f:He;.
i=0
From the orthogonality of the Hermite polynomials, we can compute the coefficients as

Ji= / f (@) Hei (x) dp (3 1).

Since L? is a Hilbert space, we can use the Pythagoras theorem to bound the error of the projection
onto the space of degree k polynomials as

> A

i=k+1
This leads us to consider the Hermite coefficients of the functions we would like to study.

We defined the Hermite expansion in terms of probabilists’ Hermite polynomials. For physicists’
version we can define an expansion similarly. In this paper, we will use probabilists’ version in our
proofs. Since the literature we draw on comes from both conventions, we will need to talk about
physicists’ version also.

In the following we will be using complex numbers. For z € C, the imaginary part of z is denoted by

The following theorem provides conditions under which the Hermite coefficients decay rapidly. It
says that if a function extends analytically to a strip around the real axis and the function decays
sufficiently rapidly as the real part goes to infinity, the Hermite series converges uniformly over
compact sets in the strip and consequently has rapidly decaying Hermite coefficients. The extension
to the complex plane provide the function with strong regularity conditions.

Theorem F.6. (Theorem I in ( )) Let f(z) be an analytic function. A necessary and
sufficient condition in order that the Fourier-Hermite series

2

S aH(2)e T, o :/Oo F(6) Hy(t)e™ = dt (14)
k=0 -0

26



Published as a conference paper at ICLR 2020

shall exist and converge to the sum f(z) in the strip S, = {z eC:|S(z)| < 7'}, is that f(z) is
holomorphic in S, and that to every 8, 0 < B < T, there exits a finite positive B(() such that

[ +iy)| < Bg)e 150"
where x € (—00,00), y € (=, 8). Moreover, whenever the condition is satisfied, we have
lex| < M{(e)e 77V (15)
for all positive €. Here, M denotes a function that depends only on e.

The function tanh can be naturally extended to the complex plane using its definition in terms of
the exponential function. From this definition, it follows that tanh has a simple pole at every point
such that e?* + 1 = 0. The set of solutions to this are given by 22 = (2n + 1) 7. Thus, tanh is
holomorphic in any region not containing these singularities. In particular, tanh is holomorphic in

the strip S /o = {z €C:|S(2)] < 7r/2}. The same holds for tanh’.

Using the above theorem, we bound the size of the Hermite coefficients of the derivative of tanh and
thus bound the error of approximation by low degree polynomials.

22
Theorem F.7. Let ¢1(z) = tanh’ (z/ﬂ) e~ z. Consider the Hermite expansion of ¢, in terms of
{Hy}Zo as

$1(z) = chﬂk(z)e*% (16)

k=0

lek| < O (ewﬁ> .

Proof. As before consider the strip S, = {Z €C:[S(2)| < 7'}. Note that ¢ (z) is holomorphic in

S, for 7 < \/27/2. For every 3 € [0,v/27/4], consider z = = + iy € Sz and set v/22' = z and
V2 = y. Also note that tanh’(z) = 1/ cosh?(z). Then

Then,

. 2
[61()] =| g [+
1 2 (o in )
cosh” (2/ + iy’)
2

— 1 ‘67w2+y272izy
cosh (2 + iy")

— 1 ‘e—x2+y2—2ixy
cosy’ cosha’ + i sin gy’ sinh 2’

— 1 e—a:2+y2—2ixy
cos? y cosh? z/ + sin? i sinh? /
€7$2 ey2 ’e2izy |

S - 1 !

cos? y cosh? z/

e~ ef’
~ (cos? 3) cosh® 2
< e ¢ (sec? B) sech?z’
<de e (sec? B) (em, + e_m,)
< 4o P (sec? B) e~ V2el
<40e” (sec? B) e~ VA* vzl

-2
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The last inequality follows by noting that /32 — y2 < 8 < v/27/4 < /2. This satisfies the required
condition with B () = 40 e?’ (sec? 3). Hence, from Theorem F.6, we have that Equation 16 is
convergent in the strip S, for 7 < %. Thus, from Equation 15, using € = % we have

|Ck| S C€_$\/2k+l
for some constant C' independent of k. O

Corollary F.7.1. Let ¢o(x) = tanh’(z). Consider the Hermite expansion of ¢:

oo

¢2(z) = crHeg(x). (17)

k=0

ck<(’)( ””).

Proof. Using orthonormality of Hej, with respect to the standard Gaussian measure, we have

Ck—/ ¢o(x) Heg(x) dp(x; 1) / do(x) Heg(x)e -5 dz
:\/if/_ ¢2 \/izr)Hek (\/ix)e

Using ¢5 (V22) = ¢1 (x T defined in Theorem F.7 and He;, ( V2x) = Hy (z), as given b
g g Yy

Equation 13, we have

Then,

= NG /_OO o1 (x) H, (z) e 2 dx
Applying Theorem F.7, we get the required bound. O

Corollary F.7.2. Let ¢o(x) = tanh’(z) and let ¢ be approximated by Hermite polynomials
{Hey};—, of degree up to p in Equation 17, denoted by

hp(z) == Z crHeg(x)
k=1

Let

Ep(z) = ¢a(x) — hp()
Then, -

3 E,(z)*du(z;1) <O (\/ﬁe 4\5\/5)
Proof.
Ep(z) = ¢a(x) — hp(x) = Z crHeg(x)
k=p+1

Using orthonormality of normalized Hermite polynomials with respect standard Gaussian measure,

we have
o0
/ Ey(x)? du(x; 1) Z / CiHep(x)Heg(x) dr = Z

k=p+1 k=p+1

Substituting the bounds for {¢;, } ;- from Corollary F.7.1, we have

—p+1
Y s Y e
k=p+1 k=p+1

o
g/ PR
P

_ 32 fop T 1 \/QpT
— 2 +14+1 e 4f
(4\f >

as required. [
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For comparison, consider the Hermite expansion of the derivative of ReLU, the threshold function. It
can be shown (see ( , , page 75)) that

) /T2 (2k + 1))
ReL
eLU'( zfz 2% (2% + 1) k!

1 (=1 /Rk+1
> e

1
Hopy1(z) + 3

1
~ Vin zk @k i @)ty

—1)" \/22k |2k \ /26— 2k

= 22k + Dk VE
s 1* 1
mz ( ) ” H2k+1( )+§

1
—Hopa () + 5

2
Mg

> (-1 1
~> (k0_25 Hapy1(2) + 5. (18)

We can also expand the threshold function, in terms of probabilist’s Hermite polynomials in the
following manner. If the expansion of threshold function is written as Y - ¢ He, (), then

2

Ck = ReLU'(x)H,, (z)e™ = da

m/
== /_OO ReLU’(v2y)H., (V2y)e ¥ dy

1 o 2
= ﬁ/ ReLU'(y) Hy(y)e ™" dy (19)
_1)k
=cp & (k0.7)5 (20)

where we use Equation 13 and the fact that ReLU’(yy) = ReLU’(v/2y) in Equation 19.

It can now be seen that the Hermite coefficients do not decay rapidly for this function.

F.3.1 DZPS SETTING

For this choice of initialization, defined in section 2, we need to consider two different regimes
depending on the number of neurons m. When m is small, we use Chebyshev approximation in
the L° norm, while we use the L? approximation by Hermite polynomials when m is large. First
consider the Chebyshev approximation.

Theorem F.8. Assuming ¢(z) = tanh(x) and weights w,C ~N(0,14),a;" ~N(0,1) Vk € [m)],
the minimum eigenvalue of the G-matrix is

2

47 + 6+/log nm

Amin (G@) <O
ezl

with probability at least 1 — % with respect to {W]g )}k and {a,,(co)}k , where p is the
=1 =1

(mn
largest integer that satisfies Condition 6.

Proof. In the following, for typographical reasons we will write wy, instead of W,(CO) and ay, instead

of a,(co). Referring to Equation 5, it suffices to find a vector ¢4 € S" ! s.t. HZL ¢/m; H is small.

For each k € [m] and i € [n], w}x; is a Gaussian random variable following A/(0,1). Thus,
there are mn Gaussian random variables and with probability at least (1 — W) with re-

spect to {wk}Z;l, maxie[n])ke[m]|ngi| < 3v/lognm. Hence, we restrict ourselves to the
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range (—3v/lognm, 3y/Iog nm), when we analyze ¢(z). Now, from Equation 8 and Lemma F.5,
we have that there exists a polynomial g (z) of degree p that can approximate ¢’ in the interval
(—3+/Tognm, 3y/log nm) with the error of approximation in L norm € given by

47 + 6+/log nm

e<3 5\
(1+ 2L

From Theorem F.2, there exists (9 € Sr1gt.

2
n

i Z(.gakg (w{xi) x|l =0

=1||i=1 9

provided Condition 6 holds true. For any weight vector wy, it’s corresponding output weight aj, and
any ( € S"!, we have

n

ZCZ ak¢ Wk Xz i ZQ akg Wi Xv) < aizclz (QS/(ngz) - Wk Xz Z”xz”

=1 =1 9 =1

(21)

< Vnelay| (22)

where we use triangle inequality and the Cauchy-Schwartz inequality in Inequality 21, ||| = 1,
||x;|| = 1 and that the maximum error of approximation is € in Inequality 22. Hence, for { = (7, we

have

Z C?ak¢/(ngi) X < Z C{'qak:¢l(w{xz X Z Cga'kg Wk Xz Xi Z C akg Wi Xz)

=1 9 =1 9 =1

< Vnlag|e (23)
Thus,

2

m

> ¢imi|l = DI Fand (wixi) x| <
i=1

k=1||:=1

m

ZQNE<F\F€

k=1

where in the final step, we use chi-square concentration bounds (Fact C.6) to show that \/) ;" | a2
is at-most v/5m with probability at-least 1 — e~™. Using Equation 5, oin (M) < v/5m+/ne. That
implies, Apin (G) = %)\mm (M)2 < 5ne?. Since, € decreases with increasing p, we substitute the
value of € at maximum value of p possible in order to get the desired result. O

Note that since the upper bound on the eigenvalue depends on m, the bound becomes increasingly
worse as we increase m. This is because as we increase m, the interval (73\/ log nm, 3+/log nm) in
which we need the polynomial approximation to hold increases in length and thus the degree needed
to approximate grows with m. To remedy this, we relax the approximation guarantee required from
the L°° norm to the L? norm under the Gaussian measure. This naturally leads to approximation by
Hermite polynomials as discussed in subsection F.3.

Theorem F.9. Assuming ¢(x) = tanh(x) and weights wk ~N(0,1y) ,a;” ~N(0,1) Vk € [m)],
771(32

with probability at least 1 — e_Q(nE 1ogm) — m™35 over the choice of {w,(¢ )}k ) and {a,(co)}

the minimum eigenvalue of the G-matrix is bounded by c, i.e. a

)\min(G(O)) < C, where

_ nlognlogm 9 — b
c-max(@(m >7(’)(n Vpe 2 )

and p is the largest integer that satisfies Condition 6.
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Proof. In the following, for typographical reasons we will write wy, instead of w,(co). Referring to

Equation 5, it suffices to find a vector (" € S*~ ! s.t.||}7; ¢(!'my]| is small.

Theorem G.2 gives the error of approximating ¢’ by a polynomial h, consisting of Hermite polyno-
mials of degree < p, in the L? norm. Let E,, denote the error function of approximation, given by

Ep(x) = ¢'(x) — h(z).

From Theorem F.2, there exists h e §n=1 gt for all w and @ we have
Z Crah(wTx;)x; =0,
i=1

provided p satisfies Condition 6.
We can use Fact C.5 to confine the maximum magnitude of aj, to 34/log m. Thus, assuming that this
condition holds true, we claim the following. Using ¢, we get
2
Ew~n(0,14),a~N(0,1) Z Grag' (whx;) x;
i=1

2
= BN (0.10). 3N (0.1) || D SRR (W xi) %+ GGl By (wh'xi) x;
i=1 i=1

(24)

2

= Ew~nN(0,1),6~N(0,1) Z (raB,(whx;)x; (25)
i=1

2

n n 2
< Ewm N (0,14),a~N(0,1)8° Z CIx; Z <Ep (WTXi)> (26)

i=1 i=1

n 2
<ny. {EWNN(OJd) (Ep (WTX¢)> } 27)
=1

2
= 12 Bn(o.1,) (E,, (wa1>> . (28)

We approximate ¢’ by h and use the definition of (" in Equation 24, apply Cauchy-Schwartz in
Equation 25, ||x;|| = 1 Vi € [n],||¢"|| = 1, the linearity of expectation in Equation 26 and maximum
variance of @, given the constraint on it’s magnitude, as upperbounded by 1 in Equation 27. w’ x;
follows a Gaussian distribution A/(0,1). Hence, denoting ¢, as the error of approximation from
Corollary F.7.2, we get

2
n

Ew A (0,14),a~A(0,1) Z Chad' (W) x;|| < n’e
i—1

where P
en < O(\/ﬁefrﬂﬁ).
Applying Hoeffding’s inequality for m weight vectors wy ~ N (0,1;) and ay ~ N(0, 1), we get

2
m
2mt2

1 " __omi?
SIS e x| < (e +2) b 21— o oo

r =
{wr e, {ar}ie, ma=lli=

In the above inequality, we use the restriction of the maximum magnitude of aj, to 3y/log m and
hence, Vk" Sy CPang (wiixi) x| € (0,3v/ny/logm). Using ¢ = max <n2eh, %), ¢
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being a constant and substituting the value of €, we get the final upper bound. Thus,

2
m

Z ZC{%’(ngi)xi < mmax (O (n26h> ,O (W}) (29)

k=1||i=1 )
Using Equation 5 and the fact Ap,in (G) = %Umin(M)Q, we get the final bound. O

The upper bound on minimum eigenvalue from Theorem F.8 can be rewritten as
Amin(G0) < O <n log (nm)e?'o8 (145 1°g<nm>)>

for a small constant C' and p denotes the largest integer that satisfies Condition 6. Let us assume
that ' < O (logo'75 n), where d’ = dim (Span {x; ...x,}). Then, we use the value of p from
Corollary F.2.1 for the next set of arguments. Substituting the value of p, we get

—nt/? 1o Z\/log(nm
Amin(G?) <O (nlog (nm)e log (mW))

Assuming m < e (nl/d,), we have
N

1/2d’
By Theorem F.9, when m > e’ (n ),

)\min(G(O)) < max <n1'5 log (n)e_Q(”l/Zd ),O (nzemﬂ/i”l/w)) — 6_9<"1/2d )

with high probability with respect to {wy };- , and {ay};-,. Hence, the final bounds of minimum
singular value of Gram matrix in case of tanh activation has been summarized below.

Theorem F.10. Let d’ = dim (span {x;...x,}) <O (logo'75 n) Assuming ¢(x) = tanh(z) and

weights w,(CO) ~ N(0,1) ,a,(co) ~ N(0,1) Yk € [m], the minimum eigenvalue of the G-matrix
satisfies

/\min (G(O)) S e_Q(n1/2dr)

_1_
35

. . (O) m (O) m
with respect to the weight vectors { w, and § a;,

with probability at least 1 — i

In fact, as in Theorem F.3, we can show that the smallest (1 — ;) n eigenvalues of the matrix are
small. This is captured in the following theorem.

Corollary F.10.1. Let d' = dim (span {x; ...x,}) = O (log0'75 n) Assuming ¢(x) = tanh(z)
and weights w,(co) ~N(0,1y), a,(co) ~ N(0,1) Vk € [m), then eigenvalues of the G-matrix satisfy

A (G(O)) < efﬂ<n1/2d’> k> [;L/"

m

m
with probability at least 1 — nTlgj with respect to the weight vectors {ngo) }k and {a,(fo) }k .
=1 =1

Proof. In the following, for typographical reasons we will write wy, instead of w,(co)

o

and ay, instead of
. We give a proof outline. We will approximate ¢’ by a p-degree polynomial 4 as in Theorem F.8
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and Theorem F.9, where p < O (nl/ d'). From Theorem F.3, we get that for polynomial h, there

exitsan(l — %) dimensional subspace U for which the following quantity

2
m

Z ig—akh (Wix;)xi|| =0

k=1||1=1

is 0, V¢ € U. Now, we can take an orthonormal basis (V) = {C(l), @ ., (("(1_%)) of U and

for each (), we can follow the same proof structure in Theorem F.8, Theorem F.9 and Theorem F.10

to get
2

1 m n : _qnt/2d
- Z Zci(j)ak¢l (szi) x| <e Q( s )
m ;
k=1||i=1
with probability at-least 1 — —3 with respect to {w },; and {ay},,. Now, for bounding singular
value o (M), for k > [%W, we use the following argument. We choose a subset S,y of size
n — k from ¢(Y). This subset is a n — k dimensional subspace U’ of R"™. Each ¢ € U’ can be written

in the form '
¢ = Z Ole(])
j€n]: ¢@eu’
with 37 coheur @F = 1. Then, foreach ¢ € U,
) 2
e |G (whx) ) = DS S P (whx)
k=1 i=1 k=1||i=1 je[n]: ¢ eu’

2
n

= % Z Z o Z (Z-(j)ak(b' (ngi) X;

k=1||j€[n]: ¢@eU’ i=1

= m Z of Z Z CZ-(j)Gk¢/ (ngi) X;

k=1 jG[’rL]Z C(j)eU/ je[n]; C(j)eU/ =1

(n (1 - ;>> o) <ol (30)

Thus, it follows from the definition of oy, (M) from Fact C.7 that

IN

_ /4d!
o (M) < ime (")
Using A (G(O)) = Loy, (M)?, we get the final upper bound. O

F.3.2 STANDARD SETTING

Now, we consider upper bounding the eigenvalue of the G-matrix for the standard initialization,
defined in Appendix D.

Theorem F.11 (Init(fanout) setting). Assuming ¢(x) = tanh(x) and weights w,(co) ~

N (0,11,) ,a,(co) ~ N(0,1) and bg)) ~ N (0, L)Vk € [m], the minimum eigenvalue of the
G-matrix is )

AT + 6,/ tosnm
Oln

P
(1+ 3 )

;
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with probability at least 1 — —24~ with respect to {W,io)} {a,(co) }kﬂ and {b,(co) }kﬂ’ where

(mn)*® k=1

p is the largest integer that satisfies Condition 6.

Proof. For each k € [m] and i € [n], w} x; is a Gaussian random variable following A (0, -1.).
Thus, there are mn Gaussian random variables and it follows from Fact C.5 that with probability

2 . m T 1
at least (1 — W) with respect to {wg },_ 1, MaX;e[n] ke[m] |Wk xi| < 3y/2E2 . Now, we

follow the same proof as F.8 but restricted to the range <—3\ / log%7 34/ logw’l””) to get the desired
O

result.

Corollary F.11.1 (Init(fanout) setting). If d’ = dim (Span {x;...x,}) <O <log0'75 n) Assum-
ing ¢(x) = tanh(x) and weights W,(CO) ~ N (0, L1,) ,a,go) ~ N(0,1) and b,(co) ~N(0,2)Vk €

[m], the minimum eigenvalue of the G-matrix satisfies

)\min (G(O)> S e_Q(n1/2d1)

m m
with probability at least 1 — % with respect to the weight vectors {w,go)} , {a,&o)} and
k=1 k=1
by
{ B S =1
Proof. It follows from the same proof as Theorem F.3. O

Theorem F.12 (Init(fanin) setting). Assuming ¢(x) = tanh(z) and weights w." ~ N (0, 114),
a,(co) ~N(0,L) and b,(CO) ~ N (0,0.01) Vk € [m], the minimum eigenvalue of the G-matrix is
2

A + 64/ losnm
Amin (G(O)> <o|n?| —F—1

with probability at least 1 — #)35 with respect to {WI(CO) }k - {al(cO) }k X and {b}co)} , where

(
p is the largest integer that satisfies Condition 6.

Proof. The proof follows from the proofs of Theorem F.8 and Theorem F.9, with the region of

approximation reduced to (—3 log;”" ,3 log;m> . O

Corollary F.12.1 (Init(fanin) setting). Ifd’ = dim (Span {x; ...x,}) <O (1og0'75 n) Assuming
¢(x) = tanh(x) and weights W](CO) ~ N (0,114), a,(co) ~ N (0,L) and b,(co) ~ N (0,0.01) Vk €
[m], the minimum eigenvalue of the G-matrix satisfies

)\min (G(O)) S 6_9(\/3"1/2(1/)

1
n3

with probability at least 1 — with respect to the weight vectors {w,(co)} , {a,&o)} and

m
b“”} .
{ L
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G UPPER BOUND ON LOWEST EIGENVALUE FOR SWISH
In this section, we show upper bounds on the eigenvalues for the G-matrix for the Swish activation

function using techniques largely similar to the techniques uses for the tanh activation function. This
is not too surprising since they satisfy the following functional identity

svish(z) = & [tanh (2) 1

1+ gtanh' <323> + tanh (;)] .

Theorem G.1. swish’ () is approximated by a degree p polynomial g, (t) within error € in the interval
[k, k] in the L® norm:

Hence

swish’ (7) = =

sup |swish’(t) — gp(t)| <€
te[—k,k]

where
IOg (47rkr+2k2 >
P= 1100 (1= 7k-1)
log (14 7k—1)
Similarly, for the L? approximation for swish, we proceed using the same technique as for tanh.

Theorem G.2. Let ¢o(x) = swish’(z) and let ¢o be approximated by Hermite polynomials
{Hey}re of degree up to p in Equation 17, denoted by

cxHep(x

M@

k=1
Let

Ep(z) = ¢a(x) — hp(x).
Then,

/00 E,(z)*du(z;1) <O (\/]3674%\/’3 .

—0o0

Using the above theorems and the techniques from the previous sections, we can upper bound the
eigenvalues of the G-matrix with the swish activation fOunction. We summarize this in the following
theorems.

Theorem G.3. Consider the setting of ( ) If d = dim (Span {x1.. .xn}) <
O (10g0'75 n) Assuming ¢(x) = swish(z) and weights W ~ N(0,14)Vk € [m], then eigenvalues
of the G-matrix satisfy

d/

Ak (G(0)> < e—Q(nl/zd’) Wk > "n"

with probability at least 1 — 2 = with respect to the weight vectors {w,(f) }k and { ](fo) }k .
=1 =1

H A DISCUSSION ON UPPER BOUND OF LOWEST EIGENVALUE FOR GENERAL
ACTIVATION FUNCTIONS

In this section, we generalize the results of the previous sections upper bounding the eigenvalues of
the G-matrix to a more general class of activation functions. To this end we note that the only property
of the tanh and swish we used was that these functions are well-approximated by polynomials of low
degree. The approximation theorems used in the previous sections can be stated under fairly general
conditions on the activation functions.
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For the Chebyshev approximation, it can be shown that a function with k derivatives with bounded
norms can be approximated by Chebyshev polynomials of degree N with error that decays like N %,
This shows that for smooth functions the error decays faster than any inverse polynomial. Under
the assumption of analyticity, this can be further improved to get exponential decay of error. We
summarize this in the following theorem.

Theorem H.1 (see Section 5.7 in ( ). Let f : [—1,1] — R be a function
with k + 1 continuous derivatives. Let Sy f be the Chebyshev approximation of f to degree N. Then,
we have

sup [7(2) = (Sxf) ()] £ 0 (N7F).

ze[—1,1

Furthermore, if f can be extended analytically to the ellipse

-1
ET:{ZE(C:,Z:(IU—’—;U) |w|§r},

then

sup_|f(2) = (Snf) (@) <O (rV).

z€[—1,1]

Similarly, for Hermite approximation one can state the decay of the Hermite coefficients in terms of
the regularity of the derivatives, expressed in terms of inclusion of the function in certain Sobolev
spaces. Also, Theorem F.6 indicates that extending the function on to the complex plane gives better
convergence properties. See ( ) for further details.

With these general approximation theorems and techniques from the previous sections, we can extend
the upper bound on the eigenvalues on activation functions satisfying sufficient regularity conditions.
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I LOWER BOUND ON EIGENVALUES FOR tanh WHEN THE DIMENSION OF THE
DATA IS NOT TOO SMALL

For the following proof, we assume the data generation process as follows.

Assumption 3. The data is mildly generic as in smoothed analysis: e.g., X; is obtained by adding
small multiple <cr =0 (%)) of IID standard Gaussian noise within the subspace V' of arbitrary

initial samples x;, with V' := Span{x}, ...,x),} and renormalizing to 1. Denoting the initial set
of samples as X' = {x’l, .. .x’n} and the noise matrix N, that has each entry coming iid from
N (O, 02), we have the data matrix X defined by {x1,...%x,}, where
n; + X
X; = I
[mi + x|
Remark. Assuming that the initial samples x| are one-normalized, w.h.p. the norm of the noisy
vectors x; + n; are in the range (1 — 6,1 + ¢) and thus, renormalization involves division by a

constant in the range (115, 7=5)- Assuming that the initial samples x| are 24 separated, w.h.p. the
separation between x; can be shown to be at least J, thus satisfying Assumption 2.

Assumption 4. Let d’ = span{x,...,X,}. For simplicity, we assume d = d' i.e. X1, ..., Xy, lie in
d'-dimensional space (otherwise we project them to d’ dimensional space using SVD) and d' > 2.

While our result here builds upon the smoothed analysis of ( ), the following
lemma provides a more modular approach though no new essential technical ingredient.

Lemma I.1 (cf. Lemma H.1 in ( )). For an activation function ¢ and
a data matrix X € RY>™ with unit Euclidean norm columns, the minimum eigenvalue of the Gram
matrix G*°, satisfies the following inequality

(r+1
)\min (Goo) 2 5% (QS/) >\min <(XTX)® ’ )> ) Vr > 0

where (XTX)Q(TJFD is given by (X*")T X*r, X** € R"*9" denotes the Khatri-Rao product of

matrix X and ¢,(¢") denotes the r-th coefficient in the probabilists’ Hermite expansion of ¢'.
Proof. Each element of G* can be expressed in the following manner.
o0 ~2 (T 1 (T T N A e
9ij = Ew~N(0,1),a~N(0,1)@ ¢ (W Xi) ¢ (W Xj) X; X5 = ZCa (¢) (Xi Xj)
a=0

where we use a) unit variance of G and independence of @ and w and b) the fact that w” x; and w” x;
are xij correlated for a normally distributed vector w and hence, use Lemma N.4. Thus,

a> = i e (¢) (X7X)

a=0

O(a+1)

oo

Using Weyl’s inequality (Fact C.11) for the sum of PSD matrices { (XTX)Q(G) } , we get

a=1
O(r+1)
G = (¢f) (X7X) >0
from which, the assertion follows. O

Lemma L2. Let d’ = dimspan{x;,...,X,}. Denote by p be an integer that satisfies

(d/) > n. 31)
p

Then for any « € (0, 1), with probability at least 1 — k with respect to the noise matrix N,
1 [(or\?
n(XP)>Q| — [ — .
7 () 2 (x/ﬁ <np> )
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Proof. X*P has d'P rows and n columns. However, the number of distinct rows is given by (d TP 1).

P
This follows by counting the number of distinct terms in the polynomial (Z b1 vk) , Where {vk} b1

is a set of d’ variables. Since, we assume that (i)), which is lesser than this quantity, is greater than

n, the number of distinct rows is greater than the number of columns for the matrix X*P. Let X*P
denotes a n x n sized square block of X*P, that contains any random subset of size n from the set of
distinct rows of X*p as rows, such that each row represents elements of Khatri-Rao product of the

form [[¢(g%;", 0 < b; < 1Vj € [d'], fora vector x € R . We can see that A, (X*?) < o, (X*P).

Hence, we w1ll focus on the minimum eigenvalue \,, (X*p).

Fix k € [n] and let u be the vector orthogonal to the subspace spanned by the columns of X+, except
the k" column. Vector u is well-defined with probability 1. Then the distance between X,” and the

span of the rest of the columns, denoted dist(%;”, X* %) is given by

d/
u'x? = Z UsGs <{cx§€j + anj}j_1> (32)
= P ({cnkj }jl_l> , (33)

where g5 denotes a degree-p polynomial and is given by
& bs
9s {C%- + anj} =10 (cw;j + anj) Too0<h<1vield], Y b =p.
= e jeld]
c denotes a constant in the range (115 Tl 1), which is the normalization factor used in Assumption 3.

Hence, Equation 32 is a degree p polynomial in variables n;;. We will apply the anticoncentration
inequality of Carbery-Wright to show that the distance between any column and the span of the rest
of the columns is large with high probability. The variance of the polynomial is given by

[ (1)) S T (oo™ (115)2p 2(3)

s€[n] jE[d’]

where we use the fact that||u[| = 1 and nj; are Gaussian variables of variance 2. Using a minor
adjustment of Fact C.8, which takes into consideration the fact that our gaussian Vanables are of

. 2 . C g
variance Z—n and the variance of the polynomial is not 1, we have

P ({”kj}j;1>

Using a union bound over the choice of k, we get

El/p .
<ep <Cp——, C > 0isaconstant.
2

Pr {dist(xk XY <e, Vke [n]} < Cpn——

P
Using € = (28;71) , we get

- 1
n (X*p> = NG ]greu[n] dist(x;P, X ) > €/\/n.

with probability at least 1 — x. We use Fact C.9 in the above inequality. O

Theorem L.3. Let ¢(x) be a constant degree p polynomial, with leading coefficient 1, and d' =
dimspan{xy,...,x,} > Q(n'/P). Then for any k € (0,1) we have

SCORICICN
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with probability at least 1 — k w.r.t. the noise matrix N and {W](CO) Y-y, provided

. <p4pn4p+4 log (n/m) log2p+3 m) '

o4P i

Proof. For a degree-p polynomial with leading coefficient 1, the (p — 1)-th coefficient in Hermite
expansion of ¢’ is given by 1. Also, note that Equation 31 is satisfied by p, given that d’ > Q (n%)

for a constant p. Thus, using Lemma .1, Lemma 1.2 to find minimum eigenvalue of G*>° and then
applying Hoeffding’s inequality (Fact C.3) to bound the deviation of minimum eigenvalue of G ()
from G, we get the desired bound. O

Theorem 1.4. Let the activation function ¢ be tanh and d' = dimspan{xy,...,x,} > Q (logn).
Then for any € (0, 1) we have

_ 2
Amin (G(O)) >0 (CZQ)—l (;anhl) (’:;) p)

with probability at least 1 — k w.r.t. the noise matrix N and {W;O)

m>0 <p4pn4p+4 log (n/k) log? m) 7

v, provided

o4p i

where p denotes the smallest odd integer satisfying

d/
(5)=n
p
and ¢, (tanh/) denotes the p-th coefficient in the probabilists’ Hermite expansion of tanh’.

Proof. pis chosen such that Equation 31 is satisfied. We use Lemma I.1, Lemma .2 to find minimum
eigenvalue of G and then applying Hoeffding’s inequality (Fact C.3) to bound the deviation of
minimum eigenvalue of G(©) from G, we get the desired bound. O

Now, we specify the behavior of the probabilists’ hermite expansion coefficients c,_1 (¢’ ) for

¢ = tanh. Let 3, the exponent of real axis convergence of tanh’, be the least upper bound on ~y for
which

tanh’(z) = O (e‘”‘mp) , x€eR,

for some constant v > 0 as|z| — co. We have 8 = 1, as tanh’ () ~ e~*I?! for large |z.

Hence, using Eq. 5.15 in ( ) for the coefficients ¢ in the probabilists’ Hermite expansion
of tanh’ we have )
1
S G . o
(2k+1)
We remark that ( ) uses physicists’ Hermite expansion. Following similar technique as

in Corollary F.7.1 and Theorem F.7, we can get the exact similar form of probabilists’ Hermite
expansion coefficients ¢y, (tanh').

Thus for p = O(log n), we have ¢, = Q (e‘c/vlog").

Corollary 1.4.1. Let ¢(z) be the activation function tanh and d’' = span{xy, ...,x,} = © (logn).

Then,
O(logn)
)\min (G(O)) > <U>
n

. . —0(3-(2)°0 ) . .
with probability at least 1 — 1/poly(n) — e~ \1legZm 7 w.r.t. the noise matrix N and

0)\m
{Wl(c )}k:r
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Corollary 1.4.2. Let the activation be tanh and d’ = dimspan{x, ..., X, } = © (n7), for a constant
v >Q (%). Then for any k € (0,1) we have

lo
—c'logn 2p
Anin (G(0)> >0 <eg ("W) )
n np

with probability at least 1 — k w.r.t. the noise matrix N and {w,(co) v, provided

m> 0 <p4pn4p+4 log (n/k) log? m) 7

o4p i

where p is the smallest ”odd” integer satisfying

d’
()=
p

and c is a constant. p can be shown to lie in the range,

1 2
<p< 3

v Py_logn
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J DEPTH HELPS FOR tanh

Let the neural network under consideration be

o (W) ) 5 v ()

where x() € R™ VI > 1 and x) € R forl = 0, is defined recursively by its components as

follows.
T
2 = %qﬁ <(w,§”) x<”>> Vk € [m],Vl > 1

20 =z, Vke[d.

1
2

cp = (IEZ~ N(0’1)¢(z)2) , with ¢ following the following three properties.

¢ (0)=0
e ¢ is a-Lipschitz.

d EzNN(O,l) d)(z) =0

L
The weight matrices and the output weight vector are given by {W(l) } and a respectively, where
i=1
acR”, W ¢ R™*™ for| > 2and W) € R™*4 for | = 1.

Now, we define the Gram matrix G(©) as follows (cf. Eq. 13 1in ( )).
1 _ T B
gg)) =— Z al¢ (( )) Z(L 1)) &' ((WI(CL)) X;_L 1))
ke[m]

with its counterpart G*°, when m — oo, given by
e’} L—1 L—1
9i; = ]EWNN(O,I),aNN(o,l)02¢/ (WTX,(- )> ¢I <WTX§' ))

Lemma J.1. For a small constant € > 0, if m > §) (max (% lognL, (nL)2/7)>, then with

7Q(m62/2L log? m) _

probability at least 1 — e "3L5 we have

Proof. We will use induction on [ to show that for any given ¢ with appropraite probability we have
) I-L I-L
’xi ‘ € (1 - (4055042) 6,1+ (40?5(12) e) vl e [L].

We will apply union bound over the choice of 4 to derive the result for all ¢ € [n]. The result holds true
for [ = 0 by Assumption 1. Let’s assume that the result holds true for [ = ¢. For a randomly picked

vector w ~ N (0,I), w x( ) follows a normal distribution with mean 0 and standard deviation
) 5

) Vie[n,le{0,...,L—1}. (35)

t—L
H H (1 —€;,1+4€), where ¢, = <462 2) €. Denote unit normalized form of x;

. Since, there are /m random Gaussian vectors in the matrix W(**1) leading to formation of m

Gaussmns along the dimension of W(t+1)Tx (")

W DT (0 the range (—3@”’9

Assuming that this holds true, we can claim the following: First,

, we can apply Fact C.5 to confine each dimension of

log m||x

H) with probability at least 1 — —1+

m,ef

m 2
1 DT. ()2 () *Q( )
Pro[|=3"¢ ( DT ) — By ( ) >a?ce | <20\
W(tr+1> m 2 cop | wy, X; W N (0,1)C qS W X; acyer | < 2e

(36)
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where we use Hoeffding’s inequality (Fact C.3) and bound on w(t)T (t) and the a-Lipschitzness of
(t+1)T (t))’

the activation ¢ to put a bound on|¢(w,, to be used in Hoeffdmg s inequality.

Second, using Taylor expansion of ¢, the deviation of EWNN(0,1)635¢(WTXZ(-t))

E.~n(0,1) €56(2)? can be bounded in the following manner.

2 from

2
EWNN(O,I) Ci (;S(WTXZ(.t))2 = EWNN(07I) 6(215 10) (WTil(»t)) +€é = EZNN(071) Ci ¢(Z)2 +€¢ (37

where €' € ( 2c¢a €L, 2c¢a Et) This follows from the following set of equations.

1
+ 2/ o) ((1 —s)wix ( ) 4 szx(t)> ¢ ((1 - s)wTigt) + szxgt)) (waEt) . wTiz(»t)) ds

0
<o (wTigt))z + 2¢:(1 + ;) (WTXZ(-t)>2 . (38)

In the inequality above we used the facts that ¢ is a-Lipschitz, and since ¢(0) = 0 by assumption,
$(2) < alz|.
This gives

2 2
Ew~nr0,1) ci qS(waz(-t)) < Eweno,) c¢ 1) (W XE )) + 2¢:(1 + et)azci Ew~nr0,1) (WTxl(-t))

2
< Ewen(01) Co0 (WTiZ(-t)) + 26 (1 + er)a’cl.

Third, we use the definition of c4 and the a-Lipschitzness of ¢, to bound the error due to restricting

logm x

the maximum magnitude of wlx , to get

2 2 logm
2 T\~ _ 2 T—(t) g
EWNN(O,I):‘wTﬁ”‘gs\/@CW (W X, ) = Bwn(01)C49 (W X; ) +O< " >

1
:1+(9< Ogm) (39)
m
This can be shown by the following equation.
2
2 T—(t)) _ 2 ( T—(t)) )2e= 7"/
EWNN(O,I):|WT§§”‘§3\/@C¢ ¢ (W Xi WA N (0.D)C @ (WX m SW dx
< 0422—/ 2267 2 dy
V2 3vIogm

]
<o/ 2 40
m

Combining Equation 36, Equation 37 and Equation 39, we get that with probability at least 1 —
’7716%
26‘”(@) -
1/2

1 m
- Z cid)( T Z) € (1 - 4&203)615, 1+ 4a2c§5q) .
k=1

We use the union bound for all the induction steps and examples to get the final desired bounds. [
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Lemma J.2. Iffor a pairi,j € [n], X
then for all small € > 0,

l14+c /6 l—c/6\? 1+c —c
’<3 1+26)eazci+(1+26)max< 5 <n2>+2(nQ) ) ] PZ>

—Q(7rL62/a4n4 log? m)

*Elil)Tig.l*l) = ps.t. |p| <1 — 9 and if Equation 35 holds,

with probability at least 1 —m~"/% — e
1 (¢)
az1Ca(8)

w.r.t. initialization, where c denotes the

ratio

Proof. From Equation 35, for a small constant e,

xgl‘”H e (176 1+ ¢€),Vi € [n] with high

probability. For a vector x set X := x/||x||; thus we will use X ) for X (- 1)/‘ (=1) H We

(l 1)

use Fact C.5 to restrict the maximum magnitude of the 2m Gaussians w7 x and w} gl Y for

k € [m] to 3\/10gm’ x

holds, we have

Xl(_l) Z ¢( l)T z 1>¢(W](CZ)TX§Z71))

-b H and 3\/1ogmej H respectively. Assuming that this condition

k€ [m]
= i > ¢>( (”Ti,(l‘”) ¢ (w,(j)Tiy‘”) +é 1)
ke [m]
= & Bunond (W= ) o (w TR ) e e 42)
ZCiiEi( @) p* 4+ €+ + €. 43)

We get Equation 41 along the lines of Equation 38: we use I-st order Taylor expansion of
10} (ngz(-l_l)> around wk (l Y and 10} (WT - ) around w,C (l D , a-Lipschitzness of ¢ and

upper and lower bounds of ngl 2 H and ngl 2 H from Lemma J.1 to get

p(wix!™ 1))¢(W5X§z_1)) =¢(W;‘fx(l 1)) qb(w{i;l‘l))
b R (1 pwERE o) (wER - W) as
S:()

+ qS(WkX(I 1))qS ((1 t)wkx(l D—i—tng(l 1)) (w{xglfl) wi gz 1)) dt
t=

1 1
Ly (= IR a0 (T - wfx )
s=| t=
¢ ((1_0“’?1&“ Yt twlx{ D) (fo(l—l) _w}fi(,l—l)) dsdt

<o (wix(™) o (wixl) +0? (201 + )+ (1 +¢) )‘wkx Hwkxl 1)‘- (44)

In the inequality above we used the facts that ¢ is a-Lipschitz, and since ¢(0) = 0 by assumption,
¢(2) < a|z|. This gives

fZ 2o(wix!")p(wix{7Y)

m

—Z%qs “DgwizlY)

I A

1 & —(1-1
+ o? (26(1 +e) + (1 + 6)2) - Zcé‘w,{x )HW X; )‘
k=1

IN
\

1 _ _
Z céd)(wgigl D)(;S(wkTiz(-l 1)) + 4a2035 (26(1 +e) + (1 + 6)2) )
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In the last step, we use Hoeffding’s inequality to bound the deviation of
e 1C¢)ka(l 1)HWT (- )‘ from Ey.pr(o1) %’WT (- 1)HW X;zfl)

—(= 1)‘

’ and using stan-

dard gaussian moments, we can show that that Ey A (0,1) ‘w -b ‘ ‘w X; is at-most 4. Thus,

combining everything,we get
€ e (*206&203),20604203))

with probability at least 1 — e=m/log” m) 1y Equation 42, we use Hoeffding’s inequality (Fact C.3),

a-Lipschitzness of ¢ and bound for the magnitude of the 2m gaussians w{i&lil) and WT (

gete” € (—7,7) where

)tO

lpl (1 —1pl), iflp| = 5.
C% (1 — %) , otherwise.

Bl
Il
—

2

2 4, 4 2
with probability at least 1 — _(Q(m5 fonlog m)) Note that, the minimum value of 7 is

1

(1 — —) The reason of using this form of 7 will be discussed below. We use Lemma N.4 in

Equation 43, with pgg = ( - )H

) P11 = Hijl_l H 2 HHigl_l)H. This follows
from the fact that for a random normal vector w ~ N (0, T), w’'x follows a normal distribution with
mean 0 and variance||x||* and the covariance of w”x and w”'y is xT'y for two vectors x and y. We

have an additional error term "’ € <—\ / M%, v/ l"fmm) owing to the condition that ’wTiz(-l_l)‘

must be at most 3+/log m (proof will follow exactly along the lines of Equation 40).

Let us now focus on the quantity R (p) for the activation function c4¢(.), defined in Fact N.2. From

the definition of ¢y, it follows that ¢} = W Thus, we have|R(p)| < R(p|) < R(1) =1
a=1 ~a

which comes from the properties of R, as given in Fact N.2. Again, we have

o0

R) < Rlo) < | 5 32 @l + 3l (0 ) (1ol ~10%)

3 & (9) B
= (Ipl + T 209 (1 |p|)>|pl

Thus,

2 n? 2 n?

(45)

where c denotes the ratio ﬁ In the equation above, we can see that the form of 7 = max|e |

has been chosen so that R(p|) +|¢'| < 1 (R(p|) +|p|) Thus,
1 J\ 1-c(d\*1 1
’<6 1+2e)ea2c§+(1+2e)max< ;C<n2)+ 20<HQ> 7 ;c|p|+
(46)
where we use the bound on‘ xgl) ‘ from Equation 35. O

Lemma J.3. Vi, j € [n],i # j, ifiiTij <190, then igL_l)Ti§L_l) < €, where

*(an=g) =<1 an=a)

44

2
XEZ)TXE»Z)’ §|6//|+|€/|+|€H/|+’R(p)| §66a202+max<1+c <5> +1—C (5> ,1+c| |+7‘ )
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and

L> 2 max | log1 ,Q 10g1 )
1—c¢ 1) €

a‘*ci log (n

L, 2 2 2,
with probability at least 1 — §2 (#), provided m > (2 " 52 L) log m), , where c denotes

_2
: ci(¢)
the ratio s="=0

Proof. Applying Lemma J.2 with € = we have for each layer | € [L] and ¢, j € [n];i # j,

__ 6
2202
20n?%« °d>’

’igl)Tiy)’ §f<‘xgl—1)TX§l—1)D

L 4 44 n? 2 .
holds with probability 1 — Q (-15), provided m > € (2 D% 1052( L)log m) Here function
f:R—=Risst forp e R,

o EA . iflp| > 5.
p Lic (%) +1e (%) + %, otherwise.

where function f is defined as

_1+c +1—02+5
Ty P TR

£(p)

Thus,

XEL)TigL)’ <fof..of (‘xEO)Txgo)D

L times

Let’s now focus on the function f. It can be seen that for the function f , #‘ic) and 1 — #‘ic)
0)

are two fixed points, and starting from any positive p(©) strictly less than 1 — #‘S_C) and following

fixed point algorithm leads to convergence to the point #‘5). Since, f equals the function f till

the convergence point, the rate of convergence of fixed poir:t algorithm for the function f is well
approximated by the rate of convergence for the function f. Also, the rate of convergence of f is
equal to the rate of convergence of the function f : R — R defined for each p € R as

_1+e 1—c 4

fp) = ——p+ ——r"

Lemma J.4 shows that starting at p(°) = 1 — §, the number of fixed point iteration steps to reach e for
function f is given by %_L max (Q log (%) ,Qlog (%)) Hence, from this argument, if ’iEO)Tigo)‘ <

1—dand L > —2 max (Q (log ), (log %)), the quantit g PT%L)| becomes less than e . [
1—c gé ge q Y |Xi J

Lemma J.4. For p € R, define the function f :R— Rby

f(p) =ap+ (1—a)p®
where a is a constant in (0, %) Starting at p(o) =1 — 6, the number of fixed point iteration steps to
reach € is given by ﬁ max (Q (log %) ,Q (log %))

Proof. The function f has fixed points 0 and 1, but it’s easy to see that starting at any point below
1, fixed point iteration converges to 0; we want to understand the speed of convergence. We will
divide the fixed point iterate’s path into two sub-paths (a) movement from 1 — d to 1 — b (b is a small
constant) and (b) movement from 1 — b to .
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e Movement from 1 —d to 1 — b :. We will divide the path into subpaths (1 — 2/, 1 —2¢~1§),
where ¢ is an integer in (0, log %) We show that Vi < O (log %) , the number of iterations
to reach from 1 — 271§ to 1 — 2'§ can be upper bounded by ﬁ The number of iterations

of function f to go from (1—2t716,1 —2%6) is at most the number of iterations of the linear
function f : R — R defined by

Fo)=(1-0-a25)p.

The number of fixed point iterations of f to go from (1 - 2t’15) to (1 - 2t5) is given by

1—2t—1s

— 2% 1-3% ___ \which can be shown to be less than 2.29-2 0. — _2_ using Taylor
log(1—(1—a)2t=15)’ (1—a)2t-15 1—a

expansion of log function. Thus, the total number of iterations involved in the entire path is

upper bounded by 13—@ log %.

log

e Movement from 1 — b to e : The number of iterations of f is t most that of a linear function
f in the domain (0, 1 — b) defined by

flo=(-(—-ap)p

log —lzl’

The number of iterations of f to go from (1 — b) to € is given by o p—— which upper
bounded by 13(171—@ log IT’I’, for small enough constant b.
Thus, summing the number of steps needed in the two subpaths leads to the desired quantity. [
Theorem J.5. If
L> %max (Q (logi) ,Q (Tf;?)) ,
then
i (6 2.0 (g () 0 ()
with probability at least 1 — Q (X3, provided m > Q <2L"4a4cﬁ> lofz(”QL) log® m), where ¢, (¢)
den(;t(es) the k™ order coefficient in the probabilists’ Hermite expansion of ¢ and c denotes the ratio

Proof. Assuming Equation 35 with € = ﬁ, using Lemma I.1 we get
@

*logn T *logn
Amin (G™) > Eé(logn) (¢/) Amin <(X(L)) > (X(L)> +é 4 (47)

(L (L)

) . C .. .. L. . .
denotes a m x n matrix, with its i™ column containing X, /, which is the unit normalized

(L)

)

where X

-
—(L . .
form of x; ™/, (X( )> denotes its order 7" Khatri-Rao power. There are two error terms € and €’

(L)

)

3+y/log m. Following the line of proof of Equation 38, magnitude of € can be bounded to O (ncioﬁe) .

Tx ) is restricted to

because of two reasons (a) norm of x; "’ is e away from 1 (b) magnitude of w

Also, following the line of proof of Equation 40, magnitude of €’ can be bounded to 74/ log’#. Now,
we make the following claims.

First, x! x;, for any i, j € [n] with i # 7, can be shown to be at most to 1 — J, using Assumption 2.
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CRER

small constant &, provided L > 12; max (€2 (log }) , 2 (log 1) ), with high probability.

Second, if X! X; = ps.t. |p| < 1 — 4, applying Lemma J.3 shows that < ¢, for a

T wr\ L *7
Third, if forany i, j € [n], (KEL)) i§-L) = p/ < 1, then we can see that ((xEL)) ) (ig.L)) -

p'", where x*" denotes the order-r Khatri-Rao product of a vector x.

Combining these claims, we get the following.

*logn *logn
First, The diagonal elements of the matrix ((X(L)> ) (X(L)> are equal to 1. Second,

*logn *logmn
the non diagonal element at row 4 and column 5 of the matrix ((X(L)) ) (X L)> is
. 7(L) *logn 7(L) *logn . . 4 .
given by (xi ) (Xi ) , whose magnitude is bounded by €°¢". Hence, if

inmax Q log1 , 0 log 2n ,
1—c 1) logn

each non diagonal element’s absolute value becomes less than % and so the absolute sum of non
diagonal elements is at least % away from the absolute value of the diagonal element, for each row of

xlogn T *logn
the matrix ((X(L)) ) (X(L)) . Using Fact C.10, we get for r = log n,

)\min (X(L)*TTX(L)*T) > % (48)

Combining the value of €', value of ¢’ and Equation 48 gives us the minimum eigenvalue of G*°.
Since,

)

Awin (G@) = Auin (G) —H (6= -c©)
F

we use Hoeffding’s inequality to bound the magnitude of each element of (G°° — G(O)) to
Amin (G*°) /2n and hence, get a bound on A, (G(O)). O

Theorem J.6. If ¢ = tanh and
L> 2 max |  ( log 1 , log 2n ,
1-c¢ 1) logn

Amin (G<0>) > e_Q<1°g% ") > 1/poly(n)

then

with probability at least 1 — ) (#) provided m > ) (2

2
. ¢j (tanh)
constant € > 0. The constant c denotes the ratio S 32 (tanh)”

L_4 2 2
1 L)1 .
n o8 (:;Lz Jlog m), for an arbitrary

Proof. The proof follows from Theorem J.5, with the bound on Hermite coefficients for tanh’ from
Eqn. (34). O

We re-state the rate of convergence theorem from ( ) and use our bounds on minimum
eigenvalue of the gram matrix to give a more finer version of the theorem.
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Theorem J.7 (Thm 5.1 in ( ). Assume that Assumption 1 and Assumption 2 hold
true, ly;| = O(1) Vi € [n] and the number of neurons per layer satisfy
4 n? log (M)
> o(L) n n r
il I IOV (cI0) b e (eI

Then, if we follow a Gradient Descent algorithm with step size

Awin (G©)

n=0 n290(L) )

with probability at least 1 — k over the random initialization, the following holds true ¥t > 1.

N Amin (G(O))

2
2 ul® H :

2
=< |1 -

Thus, refining the above theorem with our computed bounds for Ay (G(O)) > (9(%), we get the
following.
Theorem J.8. If ¢ = tanh,

2 1 log 2
L> —max|[Q|log=], Og 2n ,
1-c 6 logn
and the number of neurons per layer satisfy

m > Q| 29 max {ng, E,n4 log <Ln> } ,
K K

then, if we follow a Gradient Descent algorithm with step size

1
120 (agorer)

with probability at least 1 — k over the random initialization, the following holds true ¥t > 1.

2 t 2
Jy = < (1= 55) -

2n

=2
0 —1(tanh)
The constant c denotes the ratio S 22 (tanh)

48



Published as a conference paper at ICLR 2020

K LOWER BOUND ON LOWEST EIGENVALUE FOR NON-SMOOTH FUNCTIONS

For o € (—1, 1) define the activation function ¢ by

d(x) = ¢1(2)Lpca + G2(2) Le>a-

We show that the minimum singular value of the G-matrix is at least inverse polynomially large in n
and 9, provided ¢; and ¢4 satisfy the following properties for some positive integer . We denote this
condition by J,.

e 91,02 € C"*1in the domains (—oo, a] and [a, 00), respectively.

e The first (r + 1) derivatives of ¢; and ¢ are upper bounded in magnitude by 1 in (—o0, @]
and [« 00) respectively.

e For 0 < < r, we have ¢§i)(a) = QS(;) ().

. gf)gr)(a) - qb(;)(a) = 1, i.e. the r-th derivative has a jump discontinuity at c.

In the following we consider J; and J2. The results can be easily generalized to higher r but with
lower bound degrading as n=2".

K.1 Jq: THE FIRST DERIVATIVE IS DISCONTINUOUS AT A POINT
K.1.1 DZPS SETTING

Recall that this setting was defined in section 2. ReLU, SELU and LReLU satisfy the conditions for
the following theorem. The data set {(x;,y;)}", for x; € R? and y; € R is implicitly understood
in the theorem statements below.

Theorem K.1. Let the condition on ¢ be satisfied for r = 1. Assume that w,(co) ~

N(0,1,) and ag)) ~ N(0,1) Yk € [m]. Then, the minimum singular value of the G-matrix

satisfies
)
0

with probability at least 1 — e~ (0m/m%) \igh respect to {wk )}k 1 and {ak Yy, given that m

satisfies
n? n
m > ( log 51/4>

Proof. In the following, we will write wy, instead of W,io) and ay, instead of a,(co). Consider the

following sum for an arbitrary unit vector ¢ and a random standard normal vector w:

ZQ (w xl> X;.

To lower bound the lowest eigenvalue of the G-matrix, we will give a lower bound on the norm of
this vector. In order to do this, we use the following claim whose proof is deferred to later in the
section.

Claim K.2. For ¢ € S*71, let

ZCZ <w xz) X;.

0.1 1)
ol (= 2 ) e ().
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From this claim, we have

= 0.1 §
P i /< r 1) il =2—=1291 = ).
WN./\/(I‘OJd) ;C ¢ WX x B \/ﬁ - n?
= 2
Hence,
- 0.1 )
P ai ¢ (wix ) x| >—=|>0(—= ).
wwN(O,Id)f&NN(O,l) i_ZIaC ¢ <W x ) Xl = vn| — (nZ)
= 2

owing to the fact that for a standard normal variate @, |a| is at least 1 with probability at least 0.2
using Fact C.1. Applying the Chernoff bounds, we have

2
m

- _3 m
1 > Gawd (W?Xi) x| > 2 - O] 51008,

Pr —
{Wrirty{antis, m iz n

2

To get the bound for all ¢ € S*~1, we use an e-net argument with € = © (n—‘@) and e-net size (2)".

This gives that
2

1 e §

5220 () ) 2a(5)

== ) "
holds for all ¢ € S*~! with probability at least

2\" . .
o (\%> o) 51 - 0(%)

with respect to {wy,},-, and {ay},-,, assuming that m > © (%3 log %) . Thus, using the fact that
Amin (G(O)> = %crmin (M)?, we get the final bound. O

Corollary K.2.1. Let the activation be RelL U, then
1)
. (0) =
Amm (G ) ZQ(TL3>

. . 79(%) . ™ ™ .
with probability at least 1 — e n?/ with respect to { W, . and §a, et given that m
-1 =1

n3 n

We now move on to showing the main claim required in the Theorem K.1. Claim K.2 is an adaptation
of ( , , Claim 6.4) with a slightly different choice of parameters and exposition.

satisfies

Proof of Claim K.2 . Let i* denote arg max

1 Gi- We split vector w into two independent weight
vectors, as follows

i€[n
w=w + w”,
w = (Id — xiﬁxg;) w—V1—02g1x;+,
w' = 0gox;~, (49)
where ¢g; and g» are two independent Gaussian random variables following N (0,1 — 92) and

N (0, 6?) respectively and we set 6 = 5.
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Let £ denote the following event.

T ] T 0 o 9
_ Ty . _ T, Y % e o
E= {‘w X; oz‘ < Tonz and ‘w X; a‘ > 2 Vi € [n]\ {i"} and |Ags| € (9712’ 5n2>}'

Assuming event £ occurs, for i = i* we have

‘W/TXZ'* —al < 0 , ‘w X ‘Hggx X 9
10n2 9
and for Vi # i* we have
’WITXi — Oz‘ > —:F, ’W”Txi = ‘Hggxq»:xi < i
4n? ' 5n2
Hence, conditioned on &, for i # i* we have Ty 1y, >0 = Lyrx,>q always and Zyrx. . >0 7

LyTx,.>q With probability 1/2.

Conditioned on £ and using triangle and Cauchy—Schwartz inequalities we get

|| Z Cz W xz X; — Z <z W Xz X’L||2

i€[n],i£i* [n],ii*
< D lails]e(wx) — ol (wx)
i€[n],i£i*
1/2 1/2
= Z HQ‘Xng Z (¢ (wlx;) — ¢/ (w'T'x;))?
i€[n] i i€[n),i#i*

1/2

[ 3 @wx) - ¢(wTx:))?
i€[n] i#i*
1/2

(50)

2
< E ‘WTXi — W’Txi
i€[n],i#i*

<05 =0(5is).

where we use our assumption that |¢”(z)| < 1 for z € R\ {a} in Inequality 50. Conditioning
on £ was used in concluding that either d)’(w x;) — ¢'(WTx;) = ¢y (wlx;) — o) (w'Tx;) or
&' (wlx;) — ¢/ (WTx;) = ¢l (W x;) — dh(w' xz) In other words, ¢} and ¢4 “don’t mix”. Since
[lim, o ¢'(2) — lim, 4+ ¢(2)| = 1 and|(;- f’ we have

o (5194

To see this, note that given conditioned on £, with probability 0.5 with respect to go, w’ x; is going
to cross the jump discontinuity at v and thus, ¢’ is going to change by at least 1, minus the maximum
movement on either side of «, which is bounded. Thus,

Gir ¢ (W Xz*) Xi» — G ¢ (W/Txi*) X

I‘Dﬂr ZQ (W xz)xi ZOT gl >0.5.

2

We now need to show that £ occurs with high probability. To do this, we state the following claim
that we prove later.

Claim K.3. Let all the variables be as in Claim K.3. Then,

o . )
Pr(w xl*—a‘_lo 2cmd‘w xl—a‘_WVZ;«éz)ZQ(m).
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From Claim K.3, we have

Pr ’w xz*—a‘ and‘w’Txi—a‘ZiVi;éi* > Q) # .
4n?

)
10n2 V1 — 02n2

Also, using the fact that 0go ~ N (0, 92) and Fact C.1, we have

5 6 62 275
Pr |16 — > om2 2 >
gzr <| 92| € <9n2’ 5n2>> —32 3 —52 0.08.

Independence of w’ and w” implies
)
> — |-
Pv’vr €] > Q (nQ)

Thus,

0.1 0.1
P <||f w)|[, > \/ﬁ) = <||f(w)||2 > 5) oo br el
é
20(33) -

Proof of K.3. By the definition of w’, w'7x;« is equal to /1 — #2g;, which is distributed according
to N (O, 1- 92). Hence, applying concentration bounds from Fact C.1, we get that

5 5
< > .
‘ = 10n2) = 40n2v/1— 62

Pr (’w'Txi* —a (51)
We can divide w’ Vi € [n] into two parts:
e Component orthogonal to x;+ given by w'” (I — x;+xL. ) x;

e Component parallel to x;- given by w'”’ (xi* xZT) X;.

This gives us
wlx, =wT (Id — xi*X;fC> x; +w'T (xi*xiT*) X;.

<

"Tx,~ such that Equation 51 is satisfied, we get that w7 x; is distributed according

2
’TXi ~N (W/T (xi*xz;) X;, (1 — 92) ’(Id — xi*xz:> X; ) .
2

> 4. Also,
2
— |w'Tx; (xei) <lot 2| <1 (52)

¢ - 10n2| —

Hence, again applying concentration bounds from Fact C.1, we get for a fixed 7 # i*
1) 1

Pr ‘WTxl—a‘> )21—.

w’ ( 4n? 5n2y/1 — 62§

Taking a union bound, we get that Vi € [n] and i # i*

Conditioning on w
to

By our assumption, || (I — x;+x-) x;

T T
0< ’w (Xi*Xi*) X;

Pr(‘w x01‘>5)>11>4
' “4n?2) T spv1-62 5

as required. [
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K.1.2 J; FOR STANDARD SETTING

The above theorems can be easily adapted to the standard settings, defined in Appendix D. We
capture this with the following corollaries.

Corollary K.3.1 (Adapting Theorem K.1 for Init (fanin) setting). Let the condition on ¢ be satisfied

for v = 1. Assume, w,(co) ~ N (0,11,) ,b;co) ~ N (0,0.01) and a,go) ~ N (0,X) Vk € [m].
Then, the minimum singular value of the G-matrix satisfies

Amin (G<0>) >0 (7;53) ,

Q(6m/n?) ish respect to {WI(CO)};JLP {béo)}zlﬂ and {GECO)}ZLP given

n3 n

Corollary K.3.2 (Adapting Theorem K.1 for Init (fanout) setting). Let the condition on ¢ be satisfied

forr = 1. Assume, w,(co) ~ N (0, 11,) ,ag)) ~ N (0,1) and bio) ~N(0,L) Vk € [m]. Then,
the minimum singular value of the G-matrix satisfies

i (6) 2 2( ).

Q((sm/n)

with probability at least 1 — e~
that m satisfies

with respect to {W,(CO)}ZLI, {b,(co)}?:1 and {a,(fo)}zlzl, given

Tl2 n

K.2 J3 : THE SECOND DERIVATIVE HAS JUMP DISCONTINUITY AT A POINT

with probability at least 1 — e~
that m satisfies

K.2.1 DZPS SETTING

Recall that this setting was defined in Section 2.

Theorem K.4. Let ¢ satisfy the condition for r = 2. Assume that WI(€0) ~ N(0,1;) and ag)) ~
N(0,1) Vk € [m]. Then, the minimum singular value of the G-matrix satisfies

Amin (G(O)) = <n7fjgn> ’

Q(&n/nz)

with probability at least 1 — e~ with respect to {W,(CO)}Z“:1 and {ag))}’k”:l, given that m

satisfies
n? n n?log(d)
m > max | <6log (51/3)> ,Q <(5

Proof. In the following, we will use wy, instead of w,(co) and aj, instead of ag)). Referring to

Equation 4, it suffices to show that

2
n

2
Z Gmy|| = Z Z Giarg’ (szxz) X
i=1 k=1||i=1

2 2

is lower bounded for all vectors ¢ € S™~! with high probability. Fix a particular ¢ € S*~!. For each
k € [m] and each i € [n], we have w} x; ~ N (0, 1). First, we analyze the sum for a fixed k, i.e. we

consider Y., ¢; ¢ (W{x;) x;. We split vector wy, as

Wi = Wi + W,
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where W; and wj are two independent Gaussian vectors in R? distributed according to
N (O, (1-6%) Id) and V' (0, 621,) respectively. We set

5
g=— >
2000 n2+/logn

Define the event Cy, on a weight vector w as

Cw:{‘wai—a‘zl()gnQ:ie[n]}.

Using Fact C.1 and the fact that x; are unit vectors,

0
Pr Cw|>1— ——m—m———. 53
wrN(0,(1—62)T4) Gl 2 400nv/1 — 62 43
Define the event Dy, on a weight vector w as
)
Dw = ’ T i < 11 .
{w Xi| < soom2 € [n}}
Fact C.2 shows that,
—¢2
P Dyl>11-2 — 54
WNN(or,a‘ZId) [Dw] = 1 exp 2 (54)
2
21-—= (55)
> 0.5, (56)

where we set t = Wiﬂe to get Inequality 55.

We want Wy, to satisfy condition Cy, and wy, to satisfy condition Dy, . Since, Wj, and Wy, are
independent of each other, we use Equation 53 and Equation 54 to get

Pg,, v, (Cw, and Dy, ) > 0.25.

Assuming both the conditions hold, it follows that Iﬁv{ =1

wlx;>a We will work conditioned
on both the events.

X; >

Define a function f as follows,
n

Fw) => "G ¢'(whx).
=1
Note that

Vwf(w) =Y ¢ ¢"(whxi)x;.
i=1

In the sequel, we will use [’ for Vy, f(w) and f” for Vf,& (w). It is easy to see that the only
discontinuities of the derivative of function f are when w* x; = «, since it is the only point of
discontinuity for ¢”’. Thus, assuming that Cy,, and Dy, hold, we can apply Taylor expansion to

f (W) for a perturbation of wy, ensuring that all the derivatives exist in the neighborhood of interest.

Hence,
fwi) = f(Wi) + (Wi, f'(Wr)) + Rz (wy)
where Ry denotes the second order remainder term in the Taylor expansion given by

1! 1" _ _
Ry (wy) = 5/1&:0 <f (Wk+twk),wl§2>dt.
Using V2, f(w) = 30, (i xP2 0O (2) , we have
2=(W,X;)
R LS 6@ (W, + tw dt
pw) =5 [ 3G (i) 6 (v + b ) .

t=0 ;=1
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The magnitude of this term can be bounded as follows.

|Ry (wi)| = %ZQ ((Wk,xz‘>)2 (/t

=0

¢(3) (<Wk =+ twk,Xi>) dt)

1 n 1 2 n
< B ; </t_0 3 (<Wk + tv’vzg,xﬁ) dt) ;G (<‘7Vk,xi>)4 57)
5 \2
= *‘F (500n2) (58)

52
<0 (7135>’

where Inequality 57 uses Cauchy-Schwartz inequality, Inequality 58 uses the fact that all the deriva-
tives of ¢ of order up to r + 1 are bounded for z # 0 and W, satisfies condition Dy, and Wy, satisfies
C,- Thus we have

. _ 52
flwi) = f(Wg) + (wy, /(W )>+O< 35>- (59
Consider the following two cases.
Case 1: | f(Wy,)| < 51/ 226.

First, we condition on the event that Wy, is picked so that || f/ (W) H2 > 29 and Cy,, holds true. We
shall refer to this condition as By,,. By Claim K.5, we get that

0.01 )

(W, f'(Wy)) is a random variable following A (0, 0% f' (W) H;) Thus applying Fact C.1,

g,f (|<Wk,f/(VAVk)>| > \/%9 Bm) > ;,)

Now letting event Dy, denote the complement of the event Dy, we have

Pr <\<wk,f’<m>>] > /2% A Dy, va)
=Dbr (’(Wk,f'(‘ka)ﬂ > \/O'nTG ‘ Bm) —Er <| (Wi, [ (W) 0.7(319 ‘ Bv‘vawk> Pr [D

>
1 2
-5 n7
> 1/10.

Hence, from Equation 59, we get

1 /00
Pr (\f(wk)\ > 5\/——0and D, wk) > 0.1.

1/ 1/
Pr <|f(Wk)| > 3 OOQ) > Pr <|f(wk)| > 3 0.01 ——~6 and By,, and Dwk>
Wi Wi
\/OO 0 and Dy,
n

N | =

> Pr[Ba,] Pr <|f(Wk)| >
d
0 (33)
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Case 2: | f(Wy,)| > 51/ 226.
We can upper-bound the magnitude of /(W) by O(y/n) as follows.

1 (%) = Zg ¢ (Whxi)xi|| < | DR (Wixi)2, | > Ixil* < O(v/n).
1=1 =1

Here we use the fact that||¢|| = 1, ¢”’ is bounded by a constant at all  # « and||x;|| = 1 for i € [n].
Note that, this bound always holds true, irrespective of the value of Wy. Again, using the fact that

(W, f'(Wg)) is a Gaussian variable following N (0, 62|| f/ (W) HQ) Fact C.1 shows that,

o 1 fo01,] ., \_o01l 2/3 0.12/3
e (s = e ) = 5 i =

. 1 /0.01 1 _
:Wf <’<kaf(wk)>’§4 HG‘CW,C>VP;£ (|<Wkaf(wk)>|§4 ne‘CWIMDWk>
> 1 _2
~ 60 n7

Thus,

1 /0.01 1 /0.01
vl?lf <|f(wk)’ > 1 n9> > vl?/,l: <|f(wk)’ > 1 79 and Cy, /\ DWk)
\/ 0.01 ——~0 and Dy,

e \

)

Thus, combining the two cases, we have

o o
vl::£ <|f(wk)’ > <W>> > (nQ> . (61)
Hence,
] ]
W Zczam (n“ Tgn) >Q (nz) : (62)

owing to the fact that for a standard normal variate a, |a| is at-least 1, with probability at-least 0.2
using Fact C.1. Applying a Chernoff bound over all k& € [m], we get

2

; ;w’ (wi'xi) 29<n710gn>
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with probability at least 1 — exp(—$(92)) with respect to {w}7", and {ax}7" .. Applying an

e-net argument over ( € S*~!, with € = % and e-net size ()", we get that
2
YUY aowix) | 20 - (63)
k=1 \i=1 n'log (n)

holds for all ¢ € S™~! with probability at least

. (2”5 Wg) o) 5 o)

51"/3)) Now

with respect to {wy};" ; and {ax}}"., where we assume that m > (733 log (
consider the following function,
= Z Z Giard' (W{%) X
k=1i=1
where ¢ € S"~L. Note that f(w) is a d-dimensional vector. Also, the above can be written as
f(w)=Qv
where Q = [g;;] € R™*" is defined by
Gij = CjTji
and v € R", defined by
v = apd’ (Wi x;).

Also since ||¢|| = 1 and ||x;|| = 1 Vi € [n], we have ||Q||r = 1. Consider the following quantity
=1 i V- This quantity denotes the dot product of a row vector of Q and v. We can apply

Equation 63 to get
2
> el 29 (s
7 lla H Y1 = nTogn

_q(sm
holds true with probability at-least 1 — ¢ Q( 2) with respect to {wy};* , and {a},—,. Note
that, the coefficients have been normalized to unit norm to satisfy the condition based on which
Equation 63 was derived. We can take a union bound over all the rows of Q to get

Hf Z ZQUUJ 2 ZHQZH <n710gn>

1=1|7=1
Mm 3m
. 2 - — -
=Rl <n7logn> e <n7logn>

1—de (”m) > 1—6_9(%

with probability at least

. o —Q dm . .
with probability at least 1 — e (32) with respect to {wy },* ; and {ay};- ,, assuming that m >
2
Q (%) . Thus, we can use Equation 4 to show that,

&3m

min M) >Q ey
Tmin (M) n”logn

with

Using the fact that A\ (G(O)> = Lomn (M)?, we get that Amin (M(0)> > Q 710gn)

. -o(2z
probability at least 1 — e n? /. O
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ELU satisfies the conditions required for Theorem K.4. We state this explicitly in the following
theorem.

Corollary K4.1. Assume w'” ~ N (0,1) and a\” ~ N (0,1)Vk € [m], if ¢(z) =
Tu<o (€° — 1) + Iy>0x, we have that for the G-matrix,

i (6) 29 ()

. .. —o(23) . o\ . .
with probability at least 1 — e /) with respect to { W, et given that m satisfies
=1

n? n n?log(d)
m > max | €2 <5log (51/3>> ,Q <5

Claim K.5. Let the variables have the same meaning as in the theorem Theorem K.4. Then,

1 1)
2> — >QO(—
WNN(O 1) (f( 2= 4n ande> = Q(cn2)

for a variable c that depends on n and 6.

Proof. Leti* denote arg max;¢, ¢;- We can split w as w = w’ + w", where

w = (Ig — xp- X2 )W + V1 — 029, ;-

and
" = 0gox;-

where 0 = % and g1, go are two independent gaussians ~ N(0, ¢?). Let £ denote the following
event.

) d )
_ A 9 i, 0
5—{‘W X a‘< Ton? and‘w X; oz‘>4n2 Vi € [n],i # " and |0g2| € (9 5 5n2)}

Event & satisfies condition C,, because for *,

6
‘WTX;-k — a‘ = ‘WITXZ'* +w'Txp — a‘ > ‘W/TXZ'* — a‘ —‘W”TXZ'* > 5
90n
and for all 7 # i*,
‘WTXi — oz‘ = ‘W/TXZ' +w'Tx, — a‘ > ‘WITXi — oz‘ —‘W”TXZ' > S50m?
n

Hence, we can write that

1
2 >
WNN(O e21,) <||f( )”2 = in al’ldCW)

1
Pr / 25 b onde,
wr N (0,(1-02)14) (Hf (w)lz = 1, o0

S (nf’(w)n% > L

Y
V

5) Pr £
wrN(0,(1—62)14)

5) Pr £
W N (0,(1—62)1,)

w~N(0,(1-62)1,) 4n
10.26 1)

> 2220 o0

= 2 cn? (cn2)’

where we use Claim K.6 in the final step. [
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Claim K.6.
0.01 1
P ! 2 > g > -
ok (e = =2 e | = 3
and 0.086
P 7
w~N(0r,c2Id) — 2n?

where & is defined and w has been split into w' and w" as in proof of Claim K.5.

Proof. This follows from the proof of Claim K.2, with a slight change in distribution of w from
N(0,14) to NV (0, c2Id) and the function under consideration is changed to

f/(W) = i Gio” (WTXz) X
i=1

K.2.2 J2 FOR STANDARD SETTING

As before, we state the main theorem for standard initializations, defined in Appendix D, as corollaries.
Corollary K.6.1 (Adapting Theorem K.4 for Init(fanin) setting). Let the condition on ¢ be satisfied

for v = 1. Assume, w,(co) ~ N (0,11,) ,b;co) ~ N (0,0.01) and a,(go) ~N(0,LX) Vk e [m]
Then, the minimum singular value of the G-matrix satisfies

AM4G@)ZQ<MQ;W>

—Qf m
with probability at least 1 — e Q( n? ) with respect to {WI(CO)} , given that m satisfies
k=1

n3 n n?log(d)
m > max Q<(510g<51/3d1/9)>’9<5

Corollary K.6.2 (Adapting Theorem K.4 for Init(fanout) setting). Let the condition on ¢ be satisfied
forr = 1. Assume, W](€0) ~ N (0, 11,) ,blio) ~N(0,L) and a,io) ~N(0,1) Vk € [m]. Then,
the minimum singular value of the G-matrix satisfies

b (6) 20 (5,

with probability at least 1 — e~ Hem/n)

that m satisfies

with respect to {w,go)}kmzl, {b;o)}Z’:l and {a,(fo)}’,?zl, given

n? mn® logn
m>Q<510g52 )
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L A NEW PROOF FOR THE MINIMUM EIGENVALUE FOR RelLU

Theorem L.1 (Thm 3.3 in ( ). Consider the 2-layer feed forward network in Equa-

tion 1. Assume that W](CO) ~ N(0,1) and a,(co) ~ U{-1,+1} Vk € [m], Assumption 1 and

Assumption 2 hold true and|y;| < C, for some constant C. Then, if we use gradient flow optimiza-

. . 6log m . .
tion and set the number of hidden nodes m = ) % , with probability at least 1 — k
over the initialization we have
2 _Amin G>)t
lay = y||* < e Amin (G lug —y |

Remark. The above proof can be adapted for the gradient descent algorithm with a learning rate less
than O (Amin (G*°) /n?) , following the proof of Theorem 5.1 in ( ) and theorem 4.1
in ( ) without substantial changes in the bounds.

Theorem L.2. Assume that we are in the setting of Theorem L.1. If the activation is ReLU and
m > €} <n4573 log* n), then with probability at least 1 — exp <—Q (mﬁs)>

n2log3n
5 1.5
ren(0%) 29 (7))

Remark. Compare the previous theorem with Cor. K.2.1.

Proof. Using Lemma 1.1, we have
Amin (G*) > 2 (¢') Amin ((X*T)T X*T) . Vrezt

where X denotes a d X n matrix, with its ¢-th column containing x; and X*" € R4 X" denotes its
order-r Khatri-Rao product. Note that, by Assumption 1, the columns of X*" are unit normalized
euclidean vectors. If for any ¢, j € [n], x,L.ij = p < 1, then we can see that (x}”’)T x;fr = p", where
x*" denotes the order-r Khatri-Rao product of a vector x. Also, |p| can be shown to be at most 1 — 6,
using Assumption 2. Thus, for the magnitude of (X;”)T x;", forany i, j € [n],i # 7, to be less than
2%, we must have r > rg = log%. Hence, for any r > rg the diagonal elements of (X*T)T X*" are
equal to 1 and magnitude of the non diagonal elements are less than ﬁ Thus, applying Fact C.10,
we get that

o (067 x) > |

Using Equation 18, we see that for r = © (log%)’

2(¢) =0 ((10%2n)—1.5> |
Amin (G*) > Q <<10g52n>1.5> |

For computing Ain (G(0)>, we bound the absolute difference in each element of G> and G(?) by

Thus,

ﬁ)\min (G*°) using Hoeffding’s inequality (Fact C.3) and 1-Lipschitzness of ¢ and then apply a
union bound over all the indices. The bound stated in the theorem follows from the fact that

(G°° - G<0>)

> )\min (Goo) - )\min (Goo) /2

Amin (GO = Auin (G) ’

F
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Using the bound of \;,, (G®°) from Theorem L.2 in Theorem L.1, we get the following explicit rate
of convergence for 2 layer feedforward networks.

Theorem L.3 (Thm 3.3 in ( )). Assume that the assumptions in ( )
hold true. Then, if we use gradient flow optimization and set the number of hidden nodes m =

5 log® (n) log . . ST
Q (’W), with probability at least 1 — k over the initialization we have

2
lu —ylI” <€

vt > Q (k’%i: ™ log %),for an arbitrarily small constant € > 0.
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M EXTENSIONS AND ADDITIONAL DISCUSSION

In this section, we discuss proofs and extensions of our theorems, using adaptations from related
work.

M.1 POLYNOMIAL MINIMUM EIGENVALUE OF G-MATRIX AT TIME t

The upcoming lemma shows that, if we restrict the change in weight matrices, the minimum eigenvalue
of G stays close to the minimum eigenvalue of G(©).

0 <0>H < A (G)

Lemma M.1. If activation function ¢ is a-lipschitz and B-smooth and ‘wr Wy Toin
Vr € [m], then
)\min (G(t)) > 1)\min (G(O)>
-2
Proof. The claim follows a similar proof as the proof of lemma B.4 in ( ) and has been
repeated in Lemma M.11. O

The restriction is ensured by the large number of neurons we can choose for our neural network, as
we mention in the next lemma.

Lemma M.2. Let S; C [n] denote a randomly picked batch of size b. Denote V") as
Vwn L ({ (xi, i) }ie[n} ;a, W(t)). Let the activation function ¢ used be a-lipschitz and 3-smooth.
The GD iterate at time t + 1 is given by,

WD — w® _ nv(t)

Bntal

. (0)
Letn <O (*(G)> o

n*a*B?logm
)\min (G(0)>4
then,
2
[y —a <«

log(2) : " 35 O (0™
S _ log(2) . _
fort > Q) (n/\mm(G@))’ with probability at-least 1 — m W.LL. {Wk }k:1 and {ak }k:1.

Moreover,

HW’(:) B W’EO)H . Amin (Gm))

4afn
holds true Yk € [m] and ¥t > 0.
Proof. The claim follows a similar proof as the proof of lemma A.1 in ( ), where we
keep the output vector a non trainable in GD update. O

Remark. The above lemmas are applicable for activation functions in J, for » > 2. Similar lemmas
can be proved for J;, along the lines of the proof of Theorem 4.1 in ( ).

M.2 TRAINABLE OUTPUT LAYER

Similar to the proof of Theorem 3.3 in ( ), we can show that the GD dynamics depends
on sum of two matrices, i.e.
du®
= —(ag® LH® _
g = (GV+HY)(y —u?),
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where the definition of G stays the same and H is given by

1
hij=— > o(wlix)o(w]x),
m
re[m]

implying H is p.s.d. For the positive results, e.g. Theorem 4.1, observe that A\, (G + H) >
Amin (G), hence a bound on A, (G) suffices in this case. For the negative results, Theorem 4.3 and
Theorem 4.4 can be restated as follows.

Theorem M.3. Let the activation function ¢ be a degree-p polynomial such that ¢'(x) = Zf:_ol cox’
and let d' = dim (span {z1...2,}) = O (n%) Then we have

A (GO + HO) =0, vk = [2n/d]

Theorem M.4. Let the activation function be tanh and let d = dim (span{z;...z,}) =
O (10g0'75 n) Then we have

e (G<0> + H<0>) < exp(—Q(n'/?)) < 1/poly(n), Vk > [2n/d']

m
with probability at least 1 — 1/n33 over the random choice of weight vectors {w,(co)} and

™ =
0
{ak }kzl'

Proof. (Proof sketch for Theorem M.3 and Theorem M.4) Following the proof of Theorem 4.3 and
Theorem 4.4 gives us similar lower bounds for H(®) i.e. n(1 — %) lower order eigenvalues are 0,

if ¢ is a degree-p polynomial and exponentially small in n'/ 4 with high probability, if ¢ is tanh.
Thus, we can use Weyl’s inequality (Fact C.11) to show that n(1 — %) lower order eigenvalues

of G + H©) are 0, if ¢ is a degree-p polynomial and exponentially small in n'/ 4" with high
probability, if ¢ is tanh. O

Remark. The lemmas in subsection M. 1, that were proved for a network with non trainable output
vector a, can also be proved for a network with trainable output vector a. And so, a polynomial lower
bound on minimum eigenvalue of G(®) implies polynomial lower bound on minimum eigenvalue of
G®), under appropriate number of neurons and GD training.

M.3 MULTI CLASS OUTPUT WITH CROSS ENTROPY LOSS

Let’s say, we have a classification task, where the number of classes is C' and we use the following
neural network for prediction.

Co -l
e A W) = L ;ak,qqs (wix), vaelc]
where x € R? is the input and W = [wy, ..., w,,] € R™*? is the hidden layer weight matrix and
A € R™*C is the output layer weight matrix. We define u (x) € R as
u (x) = softmax (f(x; A, W))
where softmax on a vector v € R® denotes the following operation
eVt
e €

Given a set of examples {x;,y;};—,, where x; € R? and y; € [C] Vi € [n], we use the following
cross entropy loss to train the neural network.

softmax(v); =

L (Av Wa {Xi» yz}?zl) = Z IOg (fyz (X; Av W))
i=1
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Let’s denote the vector y as an nC' dimensional vector, whose elements are defined as follows.

YO(-1)+i = 1, otherwise
Also, let’s define another vector i1 € R™C as follows.
Uc(i—1)+; = softmax (f(xi; A, W))j
All the network dependent variables have a superscript ¢, depending on the time step at which they
are calculated.

Using chain rule and derivative of cross entropy loss w.r.t. output of softmax layer, we can show the
following differential equation for gradient flow.

di -
Z_e®(5—n
o (4 —u)

where G € R"C*nC j5 a gram matrix defined by its elements as follows.

5 1
ng‘ = E Z ak,qak,q/d)/ <WZ‘X’L) ¢)/ (WZ‘XJ) )
ke[m]

wherei = |&]+1,j=[5]+1,¢=p mod Cand ¢ =r mod C. Thus,
2
dy -]
YT ——(-1®)" &0 (5 -0 < A (€05 — a0

Again following the argument discussed in section 3, if there hasn’t been much movement in the
weights of the network due to large number of neurons, (é(t)) stays close to (é(o)) and hence, the

rate of convergence depends on the gram matrix (G(O) . We show that the gram matrix possesses a
unique structure and is related to the gram matrix defined for a single output network.

C
q:17

1
bfj = Z aing’ (wfxi) ¢’ (Wkaj) )
ke[m]

As can be seen, each BY is structurally identical to the gram matrix defined for a single output neural
network with input weight matrix W and output weight vector a, (Equation 2).

G contains C disjoint principal n x n blocks, denoted by {B?} where By, is defined as follows:

Let’s denote the set of C'(C' — 1) remaining disjoint non diagonal blocks of G as {B%9'}, vrc(c.qq'>
where each block is defined as follows.

/ 1
bg;q ~m Z ak,qr,q ¢’ (ngi) ¢ (ngj> .
ke[m]

Assuming that we have sufficient number of neurons, G(0) can be shown to be close to the matrix

G°° using Hoeffding’s inequality, where G has the following diagonal {(B>)? qCZl and non

diagonal blocks {(B>)%7 }E_, defined as follows.
(B™); = Bwanr(0.1).a~n(0,1) @0 (WTXi> ¢ (WTXj> ;

.q ~ T T
(BX)H = Ewan(0.0).a.6~7(0,1) @0¢ (W Xi) ¢ (W Xj) :
Using independence of random gaussian variables a and a and random gaussian vector w, we

can show that (B‘X’)q’q/ are identically zero matrices. Also, the diagonal blocks (B>°)? are identi-
cally equal to the G matrix defined for single output layer neural networks (Equation 2). Thus,
Amin (G™) = Amin(G*°) and hence the bounds for eigenvalues of /\min(G(O)) can be derived

from the bounds for eigenvalues of \i, (G(?)), defined for a single output layer neural network
(Equation 2).
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M.4 FINE-GRAINED ANALYSIS FOR SMOOTH ACTIVATION FUNCTIONS

In this section, we show the behavior of the loss function under gradient descent, in the low learning
rate setting considered by ( ), ( ) and ( ). We consider
the neural network given by Equation 1.

We assume that the activation function ¢ satisfies the following properties.
o $c (3,
e ¢ is [S-lipschitz and ~y-smooth.

Now, we state some important theorems from ( ), that we will use for the future
analysis. There are some differences in our setting and the setting of ( ). a)
( ) work with a general L layer neural network. Hence, we state their theorems for L = 1. b)
For simplicity of presentation, we have assumed that a; has been kept fixed during gradient descent,
which can be easily removed as in subsection M.2 and ( ).
Theorem M.5 (Lemma B.4 in ( ). Assume that Vi € [n],|y;| = O (1) and

n? n?log 2

n
m > ) | max y—,
K

(in (@)’

(in (@)

If we set step size as

then with probability at least 1 — Kk over {W](CO) }k v the following holds V't € 7.

hain (60)

c (W(t)) <|1- )

L (W<0>)

Note that ( ) consider Ay (G°) in their arguments. However, in the overparametrized
regime, with high probability with respect to {wy.};- |, Amin (G°°) and Apin (G(O)) differ only by
a constant factor, as given by lemma B.4 in ( ). Thus, we show their theorems using

Amin <G<°>).

Theorem M.6 (Lemma B.6 in ( ). Assuming the setting in Theorem M.5, the following
holds Wt € Z" and Yk € [m).

[w - w0 <0 (M> |

Theorem M.7. Assuming the setting in Theorem M.5, the following holds ¥t € Z7.

2

e -a] <0 (i)

Proof. We follow the proof of lemma B.5 of ( ). We will bound the change in
each element of the G-matrix and then, take a sum over all the elements to get a bound over the
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perturbation.

9 - S S5 ()t () - S (7))

IA
3=
NE

I
3=
[NgE

n
< 270(1)“w;€0) _ Wl(f)H <0 <\/m : (G(O))>

where, we use Theorem M.6 and the fact that ¢’ is y-smooth and is bounded by O(1) in the final step.
Thus, we get

2
@ _ (0) ® _ (0)? n
e, < | 5 ) -a) <0 (e )

i,j€[n]
as required. O

Lemma M.8 (Claim 3.4 in ( ). In the setting of Theorem M.5,

wl<o ()
R

m

holds with probability at least 1 — k with respect to {W](CO) }k .
=1
Now, we state the following theorem, which is a simple adaptation of theorem 4.1 in
( ). Let v1,vs, ..., v, denote the eigenvectors of G(*), corresponding to its eigenval-
ues Ay, Ag, ..., An.
Theorem M.9. With probability at least 1 — k over the random initialization, ¥t € 7™, the following
holds

i = 1—ne2 )\, o () 2
y—u = nCcHAi v; (y u ) + €,
i=1
provided
5
m > <) i I
’WiAmin (G(O)) 62

and
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Proof. Foreachi € [n], we get

0 = oS L (w7 o ()
T

k=1
e T (ST E) I ] I
- sz éam/ (w;(:)TXZ) (—n L ( (t))>TXz +€i(t) (65)
S (o ()t (7)) (o ) )
k=1 Jj=1
)
j=1

where we use Taylor expansion of ¢ in Equation 65. ¢; (¢) denotes the error term due to truncated
Taylor expansion, whose norm can be bounded by
2

(1)(( avavk,c( ))Tx> 67)

= SO0 Z ;aw (Wi i) (xioxs) (v = u®)

IN

|ei ()]

J

m n 9 )
< m3/277 Z Zak(b/ (Wl(ct)TXi> <Xi7xj>2 Hy - u(t) (68)
k=1 \j=1
=¢ (%) = (69)

where we use the fact that |¢”(z)| < O(1)Vz € R in Equation 67, use the Cauchy-Schwartz
inequality in Equation 68 and use the fact that |¢/(z)| < O(1)Vz € R, (x;,x;) <1 Vi, j € [n]
and|ay| < v/log m with high probability in Equation 69. Thus, this gives

ul+h) —u® = fnciG(t) (u(t) - y) + ¢(t)

where

- 772c¢n
2
() <O | ——m——= H —u(t)
3ot <o Ll
Now, since G® is close to GO, we can write
ul ) —u® = fnciG(O) (u(t) - y) +7(t) (70)

where 7(t) = —nc;, (G(t) - G(O)) (u(t) - ) + ¢(t). The norm of 7(¢) can be bounded as follows.
‘(Ga) —G) (u H e

<o -] sl
7’LQC2

< "% H _a®

_(9(777 e (G(O))> y—u

2.2
_ M |y g ®
O(ﬁ)\min(G(O))>Hy v

67

l7@)] < neg

2

/2
reen” Hy —u®
v/m/logm

IN
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Thus, applying Equation 70 recursively, we get

t t—1 '
u® -y = (I - ncﬁ,G“))) (@ —y)+ > (I - ncéG@)) t—1-1t). (71)
t’=0

We bound the norm of each term in the above equation. The norm of the first term can be given as
follows.

H_ (I _ UCiG(O))t (u(O) _ y) H

n

Z (1 — nci)\i)t ViViT (u(o) — y)

=1

i (1 - nci&:)% (v;f (u© — y))2. (72)

Now, the norm of the second term can be bounded as

t—1 ¢
1> (T-n3G0) r(t—1-1)

t'=0

t—1
<3 - nciG(O)H:HT@ 10l
t'=0

t—1
vyn2c g
<5 (1w (@) o (IR )], o
7 0 mln
t—1—t'
t—1 200 (GO
n’yn c¢ Ncy mm( )
<Z<1—nc¢)\mm GO (9< > 1-— O (vn/k
+'=0 \/m)\mm G(O)> 4 ( )
ciA 5/2, 2
<t 1—n¢ mn( @ o
- 4 VIMEAmin (G©)

In Equation 73, we use the following.

I e e | R o (A7)
2 4 4
Thus, combining the two terms, we have
o t—1
n 2t 2 770(2¢,>\min (G 0 ) /2 c?
H ® _ H< (1_ u) (T( - <0))) tt|l1-——— > 2| © ¢
u Y| = NCyAi vily—u
Zz:; ¢ 4 /MENmin (G(O))
(74)
n 2t 2 5/2
yn
< (1—770 ) (VZT (y—u(o))> +0 < ) (75)
2 (1= e (GO)
Py
where in Equation 74, we use the fact that
t—1
7IC¢>\mm (G(O)) 4
t|l-————= S GOy
4 nci)\mm (G)
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Thus, for the term denoted by # to be less than €, we need

5
m>Q LAI
KA\min (G(O)) €2

M.5 PROOF FOR SGD

The following theorem is an adaptation of Theorem 2 in ( ), which asserts fast
convergence of SGD for ReLU. The theorem below applies to activation in J,. for > 2; the case of
J1 can be handled by another adaptation of Theorem 2 in ( ) which we do not
discuss. ( ) analyzed gradient descent for this setting and mentioned the analysis of
SGD as a future work.

Theorem M.10. Let S; C [n] denote a randomly picked batch of size b. Let V) denote
TVwn L ({(xi, yi)}iest ;a, W(t)). Let the activation function ¢ be a-Lipschitz and 3-smooth.
The SGD iterate at time t + 1 is given by,

WD) — w® _ nv(t)

Letn <O (/\min () /%f’ea> I

nba*p?logm
DA (GO))°
then,
2
Jy—u] <

fort > Q (M((’g(m)zﬁlog (2)), with probability at least 1 — e~ Un*) _ =35 vt random

choice of Sy fort > 0.

Proof. Note that
Eg, V) = Vg £ ({(Xi,yi)}ie[ .a,W(t)>

n]’
Using taylor expansion for each coordinate 7, we have

(t+1) _ (0

i

—u; (W<t> _ nV(t)> —w (W)

n
=— / <V(t),ug (W(t) — SV(t))> ds
s=0

n n
=— / <V(t), ug(W(t))> ds + / <V(t), uf(W®) — o) (W(t) — sV(t)>> ds
s=0 =0

S

217(t) + I3(t) (76)

u

Writing the decrease of loss at time ¢, we have
Hy _ u<t+1>H2 :Hy _u® () u<t>)H2
2
2
:Hy _a®| =
2

2
2y — u®) T (u+) — u®) +Hu(t+1) Ol

2
2 2

:Hy —u® H2 —2(y —u) 1 —2(y —u) "1, —I—Hu(tﬂ) - u(t)H2 (77

(78)
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where I} € R™ and its i coordinate is given by I¢. Similarly, we define I.

I is given as,

I = = (O, (W)

=07 3 (= u;) (WD), (W) (79)
JES:

&z 3 (W =) gy (80)
JES:

where we use the definition of V() in Equation 79.
That implies,
— M lcOD® (u®
||11H—77g GD -y

< n%Hg(t) ®)

Jy -

\ N

ety )

where D®) € R"*"™ denotes a diagonal matrix that has 1 in i diagonal element, iff i € S, and 0
otherwise and ||G||, <||G||» < nL?, since ¢ is a-lipschitz.

Note that,

Es,(y —u®) 1 =Eg, 3 Z” ( ( _yZ>91(J)( (,t)—yj)

i€[n] JESt
=n(y- u(t))T G (y —u®)
> hain (GO ly — | (2)

Also, we can bound I in the following manner.

50| < [v
2 " v F Orél?%(n

uwi(W®) — (W(t) — sv(t)>

F

2

v (22) S () ()| = (255 -

;

and

m

)

uy(W®) — (W(t) — sV(t)>

ar (¢’ (Wixi) — o' (W?% - Svs*t)TXi)) X

m 2

1
<=\

r=1

o8 (997 )

2

1
< ——fn, | max va«t
m re[m]

2 m

) 2
) g a?
r=1

< 22 |y = u® (83)
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where we use $-smoothness of the activation function ¢ in the first step, > a% < 5m with high

1 OllE 0] ;. o
probability and maxre[m}HVr 2§HV7~ Fm 3" step.
That implies,
. a2 2 a2
o] <y w0 < sty -]
Also,

2

: = % i ar ((b (W,Txi) — ¢ (erxZ- — sV&t)Txi)>

uy (W) —u; (W(t) - sV(t))

2
<a’n maXHVSt)
re[m] 2

2
< a2772 (nl'SZHy —u® H) (85)

Hence, using Equation 77, Equation 81, Equation 84 and Equation 85, we get

2 2 2
e e T

87)

(149 n2L2+26245 u®

—0 <1+2n ; )Hy u<f>H (88)

Taking log both the sides, we get
)

2 2.2
log (Hy — u(tH)HQ) <0 (nnba > + log (Hy —u®

By azuma-hoeffding inequality, we have
n2a2
) <VIO (= | n (89)

2
log (Hy—u(” 2) Es,_, log <Hy—u(t

with probability at-least 1 — e=Hn?).

Also,
2 2
Egt y—u(t_‘—l)H2 :Hy—u(t) ) —E5t2(y—u(t))T11 —E5t2(y—u(t))T12 +Est“u(t+1) —u(t )
4
(1 — i (G0) + 2872055+ L )Hy —ut| ©0)
< (1= Lo (GO 4 2820052 4 &2t o]
> _577 min + nn b2 biznn y—u
1 2
< (1- 2. 0) H _ (t)H
< (1 TMmin (G )) y—u o1
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where we use Equation 82, Equation 84 and Equation 85 in Equation 90.

Taking log both the sides, we get

2
log (Est Hy — u(t“)H > < log <Hy —ul
2

Using Jensen’s inequality, we get

2 2 1
gt (-0 ) <o (w0 F) v ()

Thus, for ¢ > 0, using Equation 89 and Equation 92, we get

) 2 2 2
o [y~ ) < vio <n” o ) et og (Jy = a ) 2 (Frrm (6 ) ¢
9 3
_ao|?) - L (GO - T
<log (Hy u H2> N Amin (G©)Q (\/i) 0 ( Amin (GO) b
2
3,2
n n-o«
+C7< Amin (GO b )
, 3
—(0) _ ) (0) — 1 T2
< log ( y—u 2) NAmin (G©)Q (\/i) @ ( Amin (GO) b
) [ 6,4 |
§10g< y —ul® ) —Z|t> na Q(U/\min (G(O)>>t+1
2 Amin (G©)
[ 6.4 b )\mm (G(O))
() B n-o
Slog(}’ u 2) itz o GO) Broat 11
- i 93)

Hence, if t > Q) (

) = (6)

92)

bxmm(cww

B log (& )), we have

log <Hy —u®

z) <log (O (n)) - Q <10g (Z)) < log (e)

n’e® __ Then, applying Equation 93 in chunks of

2
implyingHy — u(t)H2 <e. Also, let Ty = m

steps 1, we get

S -
t=0

which implies

oWm

< 2150 (vVn) + 2T, 1

= 0 (V/nTp)

>

‘W(t+1

t)

77HV7(~t)
=0

1€Sy

> 3w (whn)

an' n\/log ZH

_oan n\/log T
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where in Equation 95 we use the fact that maximum magnitude of a,. is 1/log m with high probability.

Also, forHG(t) - GO H to be less than Amin (G(O)), we need to have (Lemma M.11)

)\min (G(O)>
(t) _ (0>H <
HWT Wrr| = dafin

Thus, for both the conditions to hold true, we must have

604321
m>q | ef lem ©7)
b2 Amin (G(O))
O
Lemma M.11. If activation function ¢ is «-lipschitz and (3-smooth and wa wfoo)H
Anin (G(m
~daBn Vr € [m], then
1
) (t) I (0)
o (69) 2 D (6
Proof.

g”t gm)‘ _ Z 24/ ( (0T« )¢ (wﬁt)ij) — a2 (Wgo)TXi) & (W,E")TXJ)

m
2
a, | max
r=1

re [m]

< el (w177) (4 ()~ (975))
o' (w7x;) (¢>’ (w07x) — of (w£°>Txi)> ’
< max 2aBHW —w® H . (98)

Hence,
HG(t) — G(O)H < max 2LﬁnHw(t) —w® ‘
F  relm] " "
Since
Amin (GP) > A (GO _HGu) _ G(O)H
(6) 2 A (6) ,
we have

Amin (G(t)> > Amin (G(0)> — max 2aﬁnwaf) - W7(A0) H .

re[m]

Thus, for Amin (G(t)) > i (G(O)), we have

o Mo (G<0>) .

max ng
re[m]

M
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N SOME BASIC FACTS ABOUT HERMITE POLYNOMIALS

For p € [-1,1] we say that the Gaussian random variable (vg,v1) is p-correlated if
L p

(Uo,U1>NN<O,( p 1 ))

Fact N.1 (Proposition 11.31 in ( ).

p" ifn=m,
E He, He,, = .
(vo,v1) p-correlated € (UO) € (Ul) {0 otherwise.
where recall that He,, denotes the degree-n probabilists’ Hermite polynomial given by (10).
The following fact follows immediately from the previous one.
Fact N.2. For an activation function, define function R : R — R by

R(p) = E(vo,vl)N p-correlated ¢(U0)¢(’U1).
Then,

R(p) = ()",
a=0

where €, (¢) is the a-th coefficient in the probabilists’ Hermite expansion of ¢. The function satisfies
the following two properties.

e [R(p)| < R(pl),

o R(p) is increasing in (0,1).

In the following we let X := < poo pot >

po1 P11
Lemma N.3.
p T
E vonyn(0.5) Hen | —= | Hep | —= | = (ﬁ) ifn=m,
' ' v/ P00 VP11 0 otherwise.

Proof. The proof follows from the proof of Fact N.1, by using the r.v. (91, ¥2), defined by

B = Vo G = U1
’ v/Poo ! VP11
)
so that vector (01, 02) ~ N (0,%') where &/ := . VPoop11 ) 0
(A=)
Lemma N4.
Yo V1 o o po1
Eyn = Ca — ] .
N(°’”¢<Fpoo>¢<¢ﬁ> 2 “”(m)
Proof.

Vo U1
STERER

=Eyn0,:) Z Z a(P)Car (9)He, (\;;%) H,, (j%)

a=0a’=0
= p ’ p
9 01 01
= C(L —_— = R —_—
GZ:(:) (@) <\/poopu> (vpoop11>
where we use Lemma N.3 and Fact N.2 in the final step. O
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