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ABSTRACT

Distributed optimization is vital in solving large-scale machine learning problems.
A widely-shared feature of distributed optimization techniques is the requirement
that all nodes complete their assigned tasks in each computational epoch before
the system can proceed to the next epoch. In such settings, slow nodes, called
stragglers, can greatly slow progress. To mitigate the impact of stragglers, we
propose an online distributed optimization method called Anytime Minibatch. In
this approach, all nodes are given a fixed time to compute the gradients of as
many data samples as possible. The result is a variable per-node minibatch size.
Workers then get a fixed communication time to average their minibatch gradients
via several rounds of consensus, which are then used to update primal variables via
dual averaging. Anytime Minibatch prevents stragglers from holding up the system
without wasting the work that stragglers can complete. We present a convergence
analysis and analyze the wall time performance. Our numerical results show that
our approach is up to 1.5 times faster in Amazon EC2 and it is up to five times
faster when there is greater variability in compute node performance.

1 INTRODUCTION

The advent of massive data sets has resulted in demand for solutions to optimization problems that
are too large for a single processor to solve in a reasonable time. This has led to a renaissance in the
study of parallel and distributed computing paradigms. Numerous recent advances in this field can
be categorized into two approaches; synchronous [Dekel et al.|(2012); Duchi et al.|(2012); [T'sianos
& Rabbat (2016)); [Zinkevich et al. (2010) and asynchronous |[Recht et al.|(2011)); |Liu et al.| (2015)).
This paper focuses on the synchronous approach. One can characterize synchronization methods
in terms of the topology of the computing system, either master-worker or fully distributed. In a
master-worker topology, workers update their estimates of the optimization variables locally, followed
by a fusion step at the master yielding a synchronized estimate. In a fully distributed setting, nodes
are sparsely connected and there is no obvious master node. Nodes synchronize their estimates via
local communications. In both topologies, synchronization is a key step.

Maintaining synchronization in practical computing systems can, however, introduce significant
delay. One cause is slow processing nodes, known as stragglers |Dean et al.| (2012);Yu et al.|(2017);
Tandon et al.| (2017); |Lee et al.|(2018); [Pan et al.|(2017));S. Dutta & Nagpurkar| (2018). A classical
requirement in parallel computing is that all nodes process an equal amount of data per computational
epoch prior to the initiation of the synchronization mechanism. In networks in which the processing
speed and computational load of nodes vary greatly between nodes and over time, the straggling
nodes will determine the processing time, often at a great expense to overall system efficiency.
Such straggler nodes are a significant issue in cloud-based computing systems. Thus, an important
challenge is the design of parallel optimization techniques that are robust to stragglers.

To meet this challenge, we propose an approach that we term Anytime MiniBatch (AMB). We
consider a fully distributed topologyand consider the problem of stochastic convex optimization
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via dual averaging Nesterov| (2009); Xiao| (2010). Rather than fixing the minibatch size, we fix
the computation time (7") in each epoch, forcing each node to “turn in” its work after the specified
fixed time has expired. This prevents a single straggler (or stragglers) from holding up the entire
network, while allowing nodes to benefit from the partial work carried out by the slower nodes. On
the other hand, fixing the computation time means that each node process a different amount of
data in each epoch. Our method adapts to this variability. After computation, all workers get fixed
communication time (7;) to share their gradient information via averaging consensus on their dual
variables, accounting for the variable number of data samples processed at each node. Thus, the
epoch time of AMB is fixed to 7" + T in the presence of stragglers and network delays.

We analyze the convergence of AMB, showing that the online regret achieves O(+/m) performance,
which is optimal for gradient based algorithms for arbitrary convex loss |Dekel et al.|(2012)). In here,
m is the expected sum number of samples processed across all nodes. We further show an upper
bound that, in terms of the expected wall rime needed to attain a specified regret, AMB is O(y/n — 1)
faster than methods that use a fixed minibatch size under the assumption that the computation time
follows an arbitrary distribution where n is the number of nodes. We provide numerical simulations
using Amazon Elastic Compute Cloud (EC2) and show that AMB offers significant acceleration over
the fixed minibatch approach.

2 RELATED WORK

This work contributes to the ever-growing body of literature on distributed learning and optimization,
which goes back at least as far as|Tsitsiklis et al.|(1986), in which distributed first-order methods were
considered. Recent seminal works include |Nedic & Ozdaglar| (2009), which considers distributed
optimization in sensor and robotic networks, and [Dekel et al.|(2012), which considers stochastic
learning and prediction in large, distributed data networks. A large body of work elaborates on these
ideas, considering differences in topology, communications models, data models, etc. |Duchi et al.
(2012)); Tsianos et al.| (2012));Shi et al.|(2015); X1 & Khan|(2017). The two recent works most similar
to ours are|Tsianos & Rabbat| (2016)) and Nokleby & Bajwa| (2017), which consider distributed online
stochastic convex optimization over networks with communications constraints. However, both of
these works suppose that worker nodes are homogeneous in terms of processing power, and do not
account for the straggler effect examined herein. The recent work Pan et al.|(2017); [Tandon et al.
(2017);|S. Dutta & Nagpurkar| (2018)) proposed synchronous fixed minibatch methods to mitigate
stragglers for master-worker setup. These methods either ignore stragglers or use redundancy to
accelerate convergence in the presence of stragglers. However, our approach in comparison to [Pan
et al.[(2017); Tandon et al.|(2017);|S. Dutta & Nagpurkar (2018) utilizes work completed by both fast
and slow working nodes, thus results in faster wall time in convergence.

3 SYSTEM MODEL AND ALGORITHM

In this section we outline our computation and optimization model and step through the three phases
of the AMB algorithm. The pseudo code of the algorithm is provided in App.[A] We defer discussion
of detailed mathematical assumptions and analytical results to Sec. 4]

We suppose a computing system that consists of n compute nodes. Each node corresponds to a vertex
in a connected and undirected graph G(V, E) that represents the inter-node communication structure.
The vertex set V' satisfies |[V| = n and the edge set E tells us which nodes can communicate directly.
Let N; ={j € V:(i,j) € E,i # j} denote the neighborhood of node 1.

The collaborative objective of the nodes is to find the parameter vector w € W C R that solves

w* = arg mivr‘l/ F(w) where F(w):=E,;[f(w,x)]. (1)
we
The expectation E,[-] is computed with respect to an unknown probability distribution ) over a set
X C R? Because the distribution is unknown, the nodes must approximate the solution in (1)) using
data points drawn in an independent and identically distributed (i.i.d.) manner from Q.

AMB uses dual averaging [Nesterov| (2009)); Dekel et al.|(2012)) as its optimization workhorse and
averaging consensus Nokleby & Bajwal (2017); Tsianos & Rabbat| (2016) to facilitate collaboration
among nodes. It proceeds in epochs consisting of three phases: compute, in which nodes compute
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local minibatches; consensus, in which nodes average their dual variables together; and update, in
which nodes take a dual averaging step with respect to the consensus-averaged dual variables. We let
t index each epoch, and each node 7 has a primal variable w;(t) € R and dual variable z;(t) € R9.
At the start of the first epoch, ¢ = 1, we initialize all primal variables to the same value w(1) as

wi(1) = w(l) = arg min h(w), 2)

and all dual variables to zero, i.e., z;(1) = 0 € R% Inhere, h: W — Risa 1-strongly convex
function.

Compute Phase: All workers are given T fixed time to compute their local minibatches. During
each epoch, each node is able to compute b;(¢) gradients of f(w, x), evaluated at w;(t) where the
data samples x;(t, s) are drawn i.i.d. from Q. At the end of epoch ¢, each node i computes its local
minibatch gradient:

As we fix the compute time, the local minibatch size b;(t) is a random variable. Let b(t) := >, b;(t)
be the global minibatch size aggregated over all nodes. This contrasts with traditional approaches
in which the minibatch is fixed. In Sec. ff] we provide a convergence analysis that accounts for the
variability in the amount of work completed by each node. In Sec. [5] we presents a wall time analysis
based on random local minibatch sizes.

Consensus Phase: Between computational epochs each node is given a fixed amount of time, 7,
to communicate with neighboring nodes. The objective of this phase is for each node to get (an
approximation of) the following quantity:

n n bb(t)
1 1
0] ; t)+ gi(t)] = Zb * 5 ; > Voo f (wi(t), zi(t, 5))

()+g( )- )

The first term, Z(t), is the weighted average of the previous dual variables. The second, g(t), is the
average of all gradients computed in epoch ¢.

The nodes compute this quantity approximately via several synchronous rounds of average consensus.
Each node waits until it hears from all neighbors before starting a consensus round. As we have fixed
communication time T, the number of consensus rounds r;(t) varies across workers and epochs due
to random network delays. Let P be a positive semi-definite, doubly-stochastic matrix (i.e., all entries
of P are non-negative and all row- and column-sums are one) that is consistent with the graph G (i.e.,
P, ; > 0onlyifi = jorif (i,j) € E). At the start of the consensus phase, each node ¢ shares its

message m(o) = nb;(t)[z;(t) + gi(¢)] with its neighboring nodes. Let [r] stand for [r] € {1,...7}.
Then, in consensus iteration k € [r;(¢)] node ¢ computes its update as

n n

=S pm =3P

Jj=1 Jj=1

As long as (G is connected and the second-largest eigenvalue of P is strictly less than unity, the
iterations are guaranteed to converge to the true average. For finite r;(t), each node will have an error
in its approximation. Instead of @]), at the end of the rounds of consensus, node 7 will have

zi(t+1)=z(t) + g(t) + &(1), (5)

where &;(t) is the error. We use D" (1) ({y Yiev,i ) to denote the distributed averaging affected by
r;(t) rounds of consensus. Thus,

Z(t+1) = %D(W(U) ({nbj(t) [2() + g; (t)]] }jev, z) - %mg’“t”. ©6)

We note that the updated dual variable z; (¢ + 1) is a normalized version of the distributed average
solution, normalized by b(t) = >, b;(¢).
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Update Phase: After distributed averaging of dual variables, each node updates its primal variable
as

wilt +1) = arg min {<w, Z(t+ 1)) + Bt + 1)h(w)}; )

where (-, -) denotes the standard inner product. As will be discussed further in our analysis, in this
paper we assume h : W — R to be a 1-strongly convex function and /3(t) to be a sequence of
positive non-decreasing parameters, i.e., 5(t) < 8(t + 1). We also work in Euclidean space where
h(w) = ||wl||? is a typical choice.

4 ANALYSIS

In this section we analyze the performance of AMB in terms of expected regret. As the performance
is sensitive to the specific distribution of the processing times of the computing platform used, we first
present a generic analysis in terms of the number of epochs processed and the size of the minibatches
processed by each node in each epoch. Then in Sec. [3] in order to illustrate the advantages of AMB,
we assert a probabilistic model on the processing time and analyze the performance in terms of the
elapsed “wall time” .

4.1 PRELIMINARIES

We assume that the feasible space W € R of the primal optimization variable w is a closed and
bounded convex set where D = max,, yew ||w — ul|. Let || - || denote the £2 norm. We assume the
objective function f(w, x) is convex and differentiable in w € W for all z € X. We further assume
that f(w, x) is Lipschitz continuous with constant L, i.e.

|f(w,z) — f(w,z)] < Lljw—w||, Vee X, andVw,w e W. (8)

Let V f(w, z) be the gradient of f(w,x) with respect to w. We assume the gradient of f(w,x) is
Lipschitz continuous with constant K, i.e.,

IVi(w,z) - Vf(w,z)|] < K||lw—w|, VzreX,andVw,w e W. )
As mentioned in Sec.[3]
F(w) = E[f(w,z)], (10)

where the expectation is taken with respect to the (unknown) data distribution ), and thus VF'(w) =
E[V f(w,z)]. We also assume that there exists a constant o that bounds the second moment of the
norm of the gradient so that

E[|Vf(w,z) — VF(w)|?] < 0* V2 € X,andVw € W. (an

Let the global minimum be denoted w* := arg min,cw F(w).

4.2 SAMPLE PATH ANALYSIS

First we bound the consensus errors. Let z(t) be the exact dual variable without any consensus errors
at each node

2(t)=z(t— 1)+ g(t —1). (12)
The following Lemma bounds the consensus errors, which is obtained using (Tsianos & Rabbat,
2016}, Theorem 2)

Lemma 1 Let zi(r) (t) be the output after r rounds consensus. Let Ao (P) be the second eigenvalue of

the matrix P and let € > 0, then

1207 (t) = 2(8)|| < e, Vi€ [n],t e 7], (13)
if the number of consensus rounds satisfies
' log (24/n(1+ 2L/¢)) ,
ri(t) > { 1= (D) -‘ , Vi€ [n],te[r] (14)
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We characterize the regret after 7 epochs, averaging over the data distribution but keeping a
fixed “sample path” of per-node minibatch sizes b;(t). We observe that due to the time spent in
communicating with other nodes via consensus, each node has computation cycles that could have
been used to compute more gradients had the consensus phase been shorter (or nonexistent). To
model this, let a;(t) denote the number of additional gradients that node i could have computed had
there been no consensus phase. This undone work does not impact the system performance, but does
enter into our characterization of the regret. Let ¢; () = b;(t) + a;(t) be the total number of gradients
that node ¢ had the potential to compute during the ¢-th epoch. Therefore, the total potential data
samples processed in the ¢-th epoch is c(t) = Y 7| ¢;(t). After 7 epochs the total number of data
points that could have been processed by all nodes in the absence of communication delays is

m = Zc(t). (15)
t=1

An important quantity is the ratio of total potential computations in each epoch to that actually
completed. Define the maximum such minibatch “skewness” as

~ e c(t+1)
T te[r—1]  b(t)

(16)

It turns out that it is important to compute this skewness across epochs (i.e., ¢(t + 1) versus b(t)) in
order to bound the regret via a telescoping sum. [Details can be found in the supplementary material.]

In practice, a;(t) and b;(¢) (and therefore c;(¢)) depend on latent effects, e.g., how many other virtual
machines are co-hosted on node 7, and therefore we model them as random variables. We bound
the expected regret for a fixed sample path of a;(t) and b;(t). The sample paths of importance
are Cot(7) = {ci(t) ieviter) and buot (1) = {bi(t) }iev,telr], Wwhere we introduce cior and byoy for
notational compactness.

Define the average regret after 7 epochs as

T n ci(t)

R(r) = E[Rlbot (1), cron(1)] =B [ DD {f(wi(t),xi(t,s)) _F(w*)} . (17

t=1 i=1 s=1

where the expectation is taken with respect the the i.i.d. sampling from the distribution ). Then, we
have the following bound on R(7).

Theorem 2 Suppose workers collectively processed m samples after T epochs, cf. ({[3), minibatch
skewness parameter 7, cf- (@) and let ¢nax = MaXse(r) ¢(t), Cavg = (1/7) D[, ¢(t) and 6§ =
maxy ¢yeq1,r—1} |c(t) —c(t")| be the maximum, average, and variation across c(t). Further, suppose
the averaging consensus has additive accuracy €, cf. Lemmal(l] Then, the expected regret is

R(7) < e P0(1)) = F(u) + B(r)h(u)] 4 2ot
+9 ((1 + %) F(w*) + h(w*) (K + Tl/anTvlg/Q)) -

2
4 <2KD6 4 % T 2LeComan + 2(5KD€T> Jm. (18)

Theorem [2is proved in App. [B]of the supplementary material.

We now make a few comments about this result. First, recall that the expectation is taken with
respect to the data distribution, but holds for any sample path of minibatch sizes. Further, the regret
bound depends only on the summary statisticS ¢max, Cavg, 9, and y. These parameters capture the
distribution of the processing speed at each node. Further, the impact of consensus error, which
depends on the communication speed relative to the processing speed of each node, is summarized in
the assumption of uniform accuracy € on the distributed averaging mechanism. Thus, Theorem [2]is a
sample path result that depends only coarsely on the distribution of the speed of data processing.

Next, observe that the dominant term is the final one, which scales in the aggregate number of samples
m. The first term is approximately constant, only scaling with the monotonically increasing /3 and
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Cmax parameters. The terms containing e characterizes the effect of imperfect consensus, which can
be reduced by increasing the number of rounds of consensus. The effect of variability across ¢(t) is
reflected in the terms containing the cmax, Cave and 0 parameters. If perfect consensus were achieved
(e = 0) then all components of the final term that scales in \/m would disappear except for the term
that contains the minibatch skewness parameter ~. It is through this term that the amount of useful
computation performed in each epoch (b;(t) < ¢;(t)) enters the result.

In the special case of constant minibatch size cmax = Cavg and & = 0, we have the following corollary.

Corollary 3 If c(t) = cforall t € [r] and the consensus error € < 1/c, then the expected regret is
R(1) = O(c+ v/m). (19)
Furthermore, if c = m” for a constant p € (0,1/2], then R(7) = O(y/m).

4.3 EXPECTED REGRET ANALYSIS

We can translate Theorem 2]and Cor. [3]to a regret bound averaged over the sample path. Since the
summary statistics Cmax, Cavg, 0, and y are sufficient to bound the regret, we assert a joint distribution
p over these terms rather than over the sample path byot (7), ctot (7). For the following result, we need
only specify several moments of the distribution. In Sec. [5|we will take the further step of choosing a
specific distribution p.

Theorem 4 Let ¢ = E,[c(t)] so that i = 7€ is the expected total work that can be completed in

T epochs. Also, let 1/b = E,[1/b(t)]. If averaging consensus has additive accuracy ¢, then the
expected regret is bounded by

co?

- K2e255/2
3K7ee” | <2KD6 5t 2L66> N

Ey[R(r)] < e[F(w(1)) = F(w") + B(r)h(w")] + ——

Theorem []is proved in App.[H of the supplementary material. Note that this expected regret is over
both the i.i.d. choice of data samples and the i.i.d. choice of (b(¢), c(t)) pairs.

Corollary 5 If ¢ < 1/, the expected regret is
E,[R(7)] < O(c + Vm). (20)
Further, if ¢ = mP for a constant p € (0,1/2), then E[R] < O(\/n).

Remark 1 Note that by letting ¢ = 0, we can immediately find the results for master-worker setup.

5 WALL TIME ANALYSIS

In the preceding section we studied regret as a function of the number of epochs. The advantages of
AMB is the reduction of wall time. That is, AMB can get to same convergence in less time than fixed
minibatch approaches. Thus, in this section, we caracterize the wall time performance of AMB.

In AMB, each epoch corresponds to a fixed compute time 7T'. As we have already commented, this
contrasts with fixed minibatch approaches where they have variable computing times. We refer
“Fixed MiniBatch" methods as FMB. To gain insight into the advantages of AMB, we develop an
understanding of the regret per unit time.

We consider an FMB method in which each node computes computes b/n gradients, where b is the
size of the global minibatch in each epoch. Let T;(¢) denote the amount of time taken by node i to
compute b/n gradients for FMB method. We make the following assumptions:

Assumption 1 The time T (t) follows an arbitrary distribution with the mean y and the variance o.
Further, T;(t) is identical across node index i and epoch index t. .

Assumption 2 If node i takes T;(t) seconds to compute b/n gradients in the t-th epoch, then it will
take nT;(t) /b seconds to compute one gradient.
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Lemma 6 Let Assumptions 1 and 2 hold. Let the FMB scheme have a minibatch size of b. Let b be

the expected minibatch size of AMB. Then, if we fix the computation time of an epoch in AMB to
T = (1+n/b)u, we have b > b.

Lemma 6]is proved in App.[G|and it shows that the expected minibatch size of AMB is at least as big
as FMB if we fix T' = (1 + n/b)u. Thus, we get same (or better) expected regret bound. Next, we
show that AMB achieve this in less time.

Theorem 7 Let Assumptions 1 and 2 hold. Let T = (1 + n/b)u and minibatch size of FMB is b. Let
S4 and S be the total compute time across T epochs of AMB and FMB, respectively, then

Sp < (1 T %\/n - 1) Sa. Q1)

The proof is given in App.[G] Lemma[6]and Theorem 7]show that our method attains the same (or
better) bound on the expected regret that is given in Theorem || but is at most (1 +o/uvn — 1)
faster than traditional FMB methods. In|Bertsimas et al.| (2006)), it was shown this bound is tight
and there is a distribution that achieves it. In our setup, there are no analytical distributions that
exactly match with finishing time distribution. Recent papers on stragglers [Lee et al.| (2018)); |S. Dutta
& Nagpurkar (2018)) use the shifted exponential distribution to model T;(¢). The choice of shifted
exponential distribution is motivated by the fact that it strikes a good balance between analytical
tractability and practical behavior. Based on the assumption of shifted exponential distribution, we
show that AMB is O(log(n)) faster than FMB. This result is proved in App.

6 NUMERICAL EVALUATION

To evaluate the performance of AMB and compare it with that of FMB, we ran several experiments
on Amazon EC2 for both schemes to solve two different classes of machine learning tasks: linear
regression and logistic regression using both synthetic and real datasets. In this section we present
error vs. wall time performance using two experiments. Additional simulations are given in App. [l

6.1 DATASETS

We solved two problems using two datasets: synthetic and real. Linear regression problem was solved
using synthetic data. The element of global minimum parameter, w* € RY, is generated from the
multivariate normal distribution A(0,I). The workers observe a sequence of pairs (x;(s), y;(s))
where s is the time index, data x;(s) € R? are i.i.d. A/(0,I), and the labels y;(s) € R such that
yi(s) = z;(s)Tw* +n;(s). The additive noise sequence 7;(s) € R is assumed to be i.i.d N'(0,1073).
The aim of all nodes is to collaboratively learn the true parameter w*. The data dimension is d = 10°.

For the logistic regression problem, we used the MNIST images of numbers from O to 9. Each image
is of size 28 x 28 pixels which can be represented as a 784-dimensional vector. We used MNIST
training dataset that consists of 60,000 data points. The cost function is the cross-entropy function J

J(y) =— Z 1[y = i|P(y = ilz) (22)

where z is the observed data point sampled randomly from the dataset, y is the true label of
x. 1[] is the indicator function and P(y = i|x) is the predicted probability that y = 4 given
the observed data point x which can be calculated using the softmax function. In other words,
P(y = ilz) = e*®/ >, e*i®. The aim of the system is to collaboratively learn the parameter

w € R°¥9, where ¢ = 10 classes and d = 785 the dimension (including the bias term) that minimizes
the cost function while streaming the inputs = online.

6.2 EXPERIMENTS ON EC2

We tested the performance of AMB and FMB schemes using fully distributed setup. We used a
network consisting of n = 10 nodes, in which the underlying network topology is given in Figure 2] of
App. In all our experiments, we used t2.micro instances and ami-6b211202, a publicly available
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Figure 1: AMB vs. FMB performance comparison on EC2.

Amazon Machine Image (AMI), to launch the instances. Communication between nodes were
handled through Message Passing Interface (MPI).

To ensure a fair comparison between the two schemes, we ran both algorithms repeatedly and for a
long time and averaged the performance over the same duration. We also observed that the processors
finish tasks much faster during the first hour or two before slowing significantly. After that initial
period, workers enter a steady state in which they keep their processor speed relatively constant
except for occasional bursts. We discarded the transient behaviour and considered the performance
during the steady-state.

6.2.1 LINEAR REGRESSION

We ran both AMB and FMB in a fully distributed setting to solve the linear regression problem. In
FMB, each worker computed b = 6000 gradients. The average compute time during the steady-state
phase was found to be 14.5 sec. Therefore, in AMB case, the compute time for each worker was
set to be 7' = 14.5 sec. and we set T, = 4.5 sec. Workers are allowed » = 5 average rounds of
consensus to average their calculated gradients.

FigureTjfa) plots the error vs. wall time, which includes both computation and communication times.
One can notice AMB clearly outperforms FMB. In fact, the total amount of time spent by FMB to
finish all the epochs is larger than that spent by AMB by almost 25% as shown in Figure [Ijfa) (e.g.,
the error rate achieved by FMB after 400 sec. has already been achieved by AMB after around 300
sec.). We notice, both scheme has the same average inter-node communication times. Therefore,
when ignoring inter-node communication times, this ratio increases to almost 30%.

6.2.2 LOGISTIC REGRESSION

In here we perform logistic regression using n = 10 distributed nodes. The network topology is as
same as above. The per-node fixed minibatch in FMB is b/n = 800 while the fixed compute time in
AMB is T' = 12 sec. and the communication time 7, = 3 sec. As in the linear regression experiment
above, the workers on average go through » = 5 round of consensus.

Figures|[I|(b) shows the achieved cost vs. wall clock time. We observe AMB outperforms FMB by
achieving the same error rate earlier. In fact, Figure demonstrates that AMB is about 1.7 times
faster than FMB. For instance, the cost achieved by AMB at 150 sec. is almost the same as that
achieved by FMB at around 250 sec.

7 CONCLUSION

We proposed a distributed optimization method called Anytime MiniBatch. A key property of
our scheme is that we fix the computation time of each distributed node instead of minibatch size.
Therefore, the finishing time of all nodes are deterministic and does not depend on the slowest
processing node. We proved the convergence rate of our scheme in terms of the expected regret
bound. We performed numerical experiments using Amazon EC2 and showed our scheme offers
significant improvements over fixed minibatch schemes.
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A AMB ALGORITHM

The pseudocode of the Anytime Minibatch scheme operating in a distributed setting is given in
Algorithm [T} Line 2 is for initialization purpose. Lines 3 — 8 corresponds to the compute phase
during which each node i calculates b;(t) gradients. The consensus phase steps are given in lines
9 — 21. Each node first averages the gradients (line 9) and calculates the initial messages m;(t) it
will share with its neighbours (line 10). Lines 14 — 19 corresponds to the communication rounds that
results in distributed averaging of the dual variable z; (¢ 4+ 1) (line 21). Finally, line 22 represents the
update phase in which each node updates its primal variable w; (¢ + 1).

For the hub-and-spoke configuration, one can easily modify the algorithm as only a single consensus
round is required during which all workers send their gradients to the master node which calculates
z(t+1) and w(t + 1) followed by a communication from the master to the workers with the updated
w(t+1).

Algorithm 1 AMB Algorithm

1: forallt =1,2,...do

2 initialize g;(t) = 0,b;(t) =0

3 To = current_time

4: while current_time — Ty < T do

5: receive input x; (¢, s) sampled i.i.d. from Q
6.

7

8

calculate g;(t) = g;(t) + V f(w;(t), z;(¢, s))
bi(t) + +
: end while
9: start consensus rounds
100 gi(t) = 5 559:(t)

1: ml? = b)) + g:(1)]
12: setk=0

13: T, = current_time
14: while current_time —T7 < T, do
15: receive m¥,Vj € N;

k+1
16: mg ) — Zje/\/i Pi,jm?
17: send mEkH) to all nodes in NV
18: k++

19: end while

210 z(t+1) = ﬁmg““”

22: w;(t + 1) = arg min,ew {(w, zi(t+ 1))+ B(t + 1)h(w)}
23: end for

B PROOF OF THEOREM

In this section, we prove Theorem [2| There are three factors impacting the convergence of our
scheme; first is that gradient is calculated with respect to f(w, x) rather than directly computing the
exact gradient V,, F'(w), the second factor is the errors due to limited consensus rounds, and the last
factor is that we have variable sized minibatch size over epochs. We bound these errors to find the
expected regret bound with respect to a sample path.

Let w(t) be the primal variable computed using the exact dual z(t), cf.

w(t) = arg min {{w, 2(¢)) + B(¢)h(w)} (23)

11
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From (Tsianos & Rabbat, 2016, Lemma 2), we have

[[wi(t) —w(®)] < ﬁ( )Ilzz( ) =zl Vi€ [n]

_B()

Recall that z;(t) is the dual variable after r rounds of consensus. The last step is due to Lemma
Let X () be the total set of samples processed by the end of ¢-th epoch:

X(t) :=A{xi(t',s) 11 € [n],t' €t],s € [c(t)]}.

Let E[-] denote the expectation over the data set X (1) where we recall 7 is the number of epochs.
Note that conditioned on X (¢ — 1) the w;(t) and z;(t, s) are independent according to equation [7}
Thus,

(24)

B[ (us(8),3(t, )] = E [y, 1) [ (s (8),3(t,9) [ X ¢ — D]
— B [F(ur(1))]. (5)
where equation [23]is due to equation|[TI0] From equation[T7) we have

T n ci(t)

E[Rlbion (1), cuor(7)] = 30D SB[ (wi(t), wi(t,5)) — F(w")] 26)

t=1 i=1 s=1

T n c(t)

= Z Z Z E[F — F(w")]. (27)

t=1 i=1 s=1

Now, we add and subtract F'(w(t)) from equation[17]to get

T n ci(t)

Bl (1), ()] = 323 DL ELF(00) = F(07) + Pl () = Flu?)]
_ Z C(t)ELF (w(2)) — F(w™)] + Z Z A (OIF (wr (1)) — Fw(t))]
si}ﬂmwww»—Fww+§;§;ﬁumwww—mo]<%>
< Z 1+ ; Z: (t( 29)
= S I (w(t)  F +L§jﬂg (30)

t=1

Note that equation 28] and equation [29]are due to equation [§]and equation 24} Now, we bound the
first term in the following Lemma, which is proved in App.

Lemma 8 Let 5(t) = K + a(t) where a(t) = ﬁ Then
Y CDE[F(w(t)) = F(w")] < e(V[F(w(1)) = F(w*)] +Y_(e(r) = et)) Fw")
t=1 t=2
. A KDe c(t+1)o? K2 =, c(t+1)
+ ¢(T)B(T)h(w*) + ; ol 2 BDam +— 2 5P +E[¥] 31
where
T—1
B[] < (c(t) = c(t + 1)) ((t = F(w*) + B(t)h(w") + 2K Dey/it) . (32)

12
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In equation [3T] the first term is a constant, which depends on the initialization. The fourth and the
sixth terms are due to consensus errors and the fifth term is due to noisy gradient calculation. The
second and the last term E[¢)] are due to variable minibatch sizes.

Now, the total regret can be obtained by using Lemma 8]in equation [30]

E[R|biot (1), crot(T)] < e(L)[F(w(1)) = F(w*)] + Y _(e(r) = e(t)) F(w") + e(7)B(r) h(w")

t=2
KDe = c(t+1)0? K?2e =, c(t+1) c(t)
+Z - W(alt) ;a(t)ﬁ(t) 2 o

Define Y = MaXgef1,r—1} ([fT)l)s Cmax = MaXyc[r] C t),and § = maxgg ¢ye{1,7—1} |C( ) - C(t/)|

Then

E[R]btot (), ot (T)] < cmax[F(w(1)) — F(w*) + B(T)h(w™)] + ZdF(w )

T—1 T—1

KDe ~no?2 = 1 K €2 cmaX
+ _ 4 — + Lecmax )
250 1 2am 2ol EWl Z 30

In App. @ we bound ), :11 o and Zt 1 W terms. Using them, we have

E[R|biot (T), ot (T)] < emax[F(w(1)) — F(w*) + B(7)h(w™)] + 67F(w*) + 2K De\/ut
n 2’70'4\//F I 3K262C21axﬂ3/2 + 2L€Cmax\//?+ EW)} (35)
E[R]btot (), Ctot (T)] < cmax[F(w(1)) — F(w*) + B(T)h(w™)] 4+ 67 F (w™)

3K2e2¢, . 113/2 2
+ ety <2KDe + -+ 2Lecmax> VAT +EW] (36)

Now we bound E[¢]. Using § = maxy; pyeq1,7—13 |c(t) — ¢(t')| in equation 32} we can write

IA

E[¢] <) 0 ((t—1)F(w*) + B(t)h(w*) + 2K De\/it)

) (F(w*) TZl(t -1)+ h(w*)TZ1 (K + \/z) + TzlzKDem)
<4 <T22F(w*) + h(w*) (K + \/;> T+ 2K De mr)
<5 <;F(w*) + h(w*) <K + \/D + ZKDe\//F) T 37)

By substituting equation [37]in equation 3¢]
E[R[btot (7), ot (T)] < max[F(w(1)) = F(w”) + B(7)h(w”)] + 67F (w")
K220y i3/2 2
36% + <2KD€ + % + 2Lecmax) VUT
+6 (;F(w*) + h(w*) (K + \/?> + 2KDe.Tn> T (38)
W
By rearranging terms

3K2620maxu3/2

E[Rlbiot (7), ciot(T)] < Cmax[F(w(1)) = F(w") + B(r)h(w)] + 1

+0 <(1 + g) F(w*) + h(w") <K+ \/D) .

2
+ <2KDe + % T 2LeCmax + 25KDET> VI (39)
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Let 1 = Cavg = (1/7) >_/_, c(t), then from equation w7 = m and we substitute

ec /
B[Rl (7), o (7)) < e (1)) — Fiw) + 3ot 2 et 2

({1 3) Pty ()

2
+ <2KD6 + % + 2LeCoan + 2(5KD6T> Jm.  (40)

This completes the proof of Theorem 2}

C PROOF OF LEMMA [8l

Note that ¢(t) is calculated with respect to w;(t) by different nodes in equation 3| Let g(¢) be the
minibatch calculated with respect to w(t) (given in equation by all the nodes.
1 & bi(t)
g(t) = — Vo f(w(t), zi(t, s)). 41
910) = g5y 2 2 T (w(0).0.5) (1)
Note that there are two types of errors in computing gradients. The first is common in any gradient

based methods. That is, the gradient is calculated with respect to the function f(w, x), which is based
on the data x instead of being a direct evaluation of V,, F'(w). We denote this error as g(t):

q(t) = g(t) = VuF(w(t)). (42)
The second error results from the fact that we use g(t) instead of g(¢). We denote this error as r(¢):
r(t) = g(t) — g(t). 43)

Lemma 9 The following four relations hold
E[{q(t), w* —w(t))] =0,

N _ KDe
El{r(t),w —w(t)] = Ze
Ellla@®1I°] = b

. K2€2

The proof of Lemma [9]is given in App. [E] Let [;(w) be the first order approximation of F'(w) at
w(t):

le(w) = F(w(t) + (Vo F(w(t)), w — w(t)). (44)
Let [;(w) be an approximation of I;(w) by replacing V, F'(w(t)) with g(t)
(w) = F(w(®) + {g(t), w — w(t)) (45)
= F(w(t)) + (VuwF(w(t)), w —w(t)) + (¢(t), w —w(t)) + (r(t), w —w(t))  (46)
= li(w) +(q(t), w —w(t)) + (r(t), w — w(t)). 47)

Note that equation [46] follows since g(t) = q(t) + r(t) + V,,F'(w(t)). By using the smoothness of
F(w), we can write

Flw(t+1)) < L(w(t+1)) + %Hw(t +1) —w(t)|?
= lL(w(t+1)) — (g(t),w —w(t)) — (r(t), w —w(t)) + gllw(t +1) —w(t)|?

= t(WHIIq(t)IIIIw—w(t)H+IIT(t)IIHw—w(t)II+§IIW(t+1)—w(t)ll2- (48)

14
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The last step is due to the Cauchy-Schwarz inequality. Let o(t) = 5(t) — K. We add and subtract
at)||lw(t + 1) — w(t)]|?/2 to find

~ a(t)

F((t+1)) < &w(t+1) + o) o~ w00l ~ (e 1) w1+ 10— wio)|
=+ 1) — w2 + LD e 1) w2
Note that
la ke~ w(e)] — Dt 1) w2

e [l || Yl
= l 1 ||] <l

(49)
Similarly, we have that
IO = w)] - 2 jute-+ 1) - wiof? < LOL 50
Using equation[A9] equation[50} and 3(t) = K + a(t) in equation 48] we have
Flolt+ 1) < o+ 1)+ 2 e+ 1) —wiop+ LOE L OB

The following Lemma gives a relation between w(t) and I, (w(t))

Lemma 10 The optimization stated in equation[23]is equivalent to

<>—arggém{zzt/ )+ BE)h(w )} (52

By using the result (Dekel et al., 2012, Lemma 8), we have

2 lte+ ll2<th (t+1)) + (BE)A(w(t + 1))
=3 e wl®) + (K + BO)h(w(). ($53)

Use equation [51]in equation[53|and substituting in 3(t) = K + a(t) we get

F(w(t+1)) < ly(w(t+1) +th/ (t+1)) th/ + (K + a(t))h(w(t + 1))
la(t)]1* + IIT( )II2
— (K + at))h(w(t)) + 0
<>l (w(t+1)) Zzt/ + (K +a(t + 1)h(w(t + 1))
t'=1
IIq( )M+ [Ir@)]1?
— (K + a(t)h(w(t)) + Ta(t) , 54

15
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where equation [54]is due to the fact that al(t + 1) > a(t). Now, we use 3(t) = K + a(t), multiply
by c(t + 1) and rewrite

c(t+1)F(w(t+1)) zt: (t+ D)l (w(t+1)) i t)+c(t+1)B{E+1)h(w(t+1))
__C(t)ﬂ(t)h(w(t)) s 1_) latt >||;I IO
—(c(t+1) lZzt (t)h(w (t))]. (55)
Summing from ¢ = 1 to 7 — 1 we get
;c@)F(w(t)) < _ o) (w(r)) + c(r)B *Z (¢ 4 1lat ”z Cj( el
+§(c t) —c(t+1)) _1, (t)h(w (t))].
Let 1 be the last two terms, i.e., B -
P = Z ) —c(t+1)) :_zilft/(w(t))—i—ﬁ(t)h(w(t))]. (56)

Then, using Lemma 0]

T () F(w(t)) gT_lc(r)z}(w*) 4 e(T)B(T)h(w*) +T_1c(t+ 1) la@)1* + lIr ()11” + 4.
> > >

t=2 t=1 t=1 da(t)

By substituting in equation @3] we continue

T T—1 T—1

2 AP (®) < 37 () + 3 {alt) w = wlt)) + {r(t), w — wit)
T r)BIh() {g}a ) ||q<t>|;+(t)r<t>|2 o
< (= De(m)F(w") + :§_§<q<t>,w = w(t)) + {r(t),w — w(?)
+ e(r)B(r)h(w”) + g (t+1) "q<t)|zcj(t)r(t)|2 v (57)

where equationis due to convexity of F(w), i.e., Zt:ll le(w*) < (7 — 1)F(w*). Adding and
subtracting terms we find that

S et Fw(t) — Fw)] < e()[Fw() — F)] + 3 (e(r) — e(t)) Fw)
3 (at)w — w() + (r(8),w — w(t))

S lg(®)11* + [Ir(£)]1?
4a(t)

—1
+ e(7)B(T)h(w™) + c(t+1)

t=1

+
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Taking the expectation with respect to X (7 — 1)

E > cF(wt) = Flw)]| <cD)F(wl) = Fw)] + Y (e(r) = c(t) F(w")
+e(T)B(m)h(w”) + z_: E[{g(t), w —w(t))] + E[{r(t), w — w(t))]

5 o EIO O]

— do(t)

We use the bounds in Lemma[J]to get

< c()[F(w(1 )]+ Z F(w?)

.. S KDe ‘clt+1) [0 K2
et th_; 50 T2 ok (b(t) +ﬁ(t)2> +EW)

We rewrite by rearranging terms

E lz c(®)[F(w(t)) — F(w")]| < c(1)[F(w(1)) N+ (el F(w")
t=1 t=2
N A KDe « 1c(L‘—|—1 K2€2T_1 ct+1
FerBO) + 3 S+ St T S S ) 68

Now we bound E[¢]. From equation |56| we find

t—1
Y= Z ) —c(t+1)) (Zztf(w(t))—&-ﬂ(t)h(w(t)))

< Y (c(t) —c(t +1)) ( N Iy (w*) +B(t)h(w*)> (59)

= S7elt) — et + 1)) ( ™ (I (") + (g(t'), 0" — w(t) + (r(t'), 0" — w(t)) +ﬂ(t)h(w*)>
t=1 t'=1 (60)

< S7(elt) — et + 1)) ((t S D)F@) 1 A0 + 3 {alt), 0 — w(t)) + (r(t),w w(t’») ,
t=1 t'=1 (61)

where equation [59)is due to Lemma[I0] equation[60]is simple substitution of equation 453} and the last
step is due to convexity of F'(w). Now, we take the expectation over data samples X (7 — 1)

E[y]

< Z —c(t+1)) ((t —1)F(w*) + )+ Z E[{g(t"),w* —w(t"))] + E[{(r(t'),w* — w(t')>]>
<Z ) —c(t+1)) <(t—1) (w*) + B(t)h Z??E) (62)

< Z —c(t+1)) ((t = 1)F(w*) + B(t)h(w*) + 2K Dey/pit) (63)

where Lemma|2|1s used in equation[62]and the last step is due to equation[64] This completes the
proof of Lemma ]
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D PROOF OF BOUNDS USED IN APP. [

We know 3(t) = K + a(t). Let a(t) = | /. Then, we have

<25 (64)

Similarly,

t=1

< 3u%/2%. (65)

E PROOF OF LEMMA

Note that the expectation with respect to x4 (t)
E[f(w(t), 25 (t))] = E[F(w(?))]- (66)
Also we use the fact that gradient and expectation operators commutes
E[(Vf(w(t)), zs(t), w(t))] = E[(F(w(t)), w(t))]. (67)

Bounding E[(g(t), w* — w(t))] and E[||q(#)||?] follows the same approach as in (Dekel et al., 2012}
Appendix A.1) or|Tsianos & Rabbat| (2016). Now, we find E[(r(t), w* — w(t))]

E[(r(t), w” —w(t))]
1 n bi(t) 1 n
e —

=1 s=1

b (1)
Vol (w(t),z;(t,s)),w" — w(t)>

2

—~
=
3

=1 s=1 =1 s=1

1 & 1L
=E <b(tz Vo F(w; ) Vo F(w(t)), w —w(t)>

i(OE (Vo F(wi(t) = Vo F(w(t)), w” —w(t))]

I
=
|
=
'MS
=

< % 2 bi(E[[[VuF(wi(t)) = Va F(w () |[w* = w(B)]] (68)
1 n
<50 ; bi(t)E [K|[wi(t) — w(t)|| D] (69)

where equation [68]is due to the Cauchy-Schwarz inequality and equation [69]due to equation[9]and
D = maxy, yew |Jw — uf. Using equation 24|

E[(r(t), w* — w(t % Z bl

_ KDe
IO

KDe

(70)
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Now we find E[||r(¢)]/?].

E[[r(t) ) = B |b(1t>2 Vol (w02l 5)) - wf<w<t>,xl<t,s>>]

n bi(®) 2
1
<E 0] [V f (wi(t), wi(tvs))—wa(w(t),afi(t,S))I) ]
=1 s=1
: R0 2
E|l— K ||w;
< ) 2 2 [|wi(t) — ()II)
n bi(t) 2
1 Ke
< | — -
- (b(t)i;s_l (t))
K2¢2
EIOR 7y
F PROOF OF THEOREM /4]
By definition
=Y ailt) (72)
1=1

where ¢;(t) is the total number of gradients computed at the node 4 in the ¢-th epoch. We assume
¢i(t) is independent across network and is independent and identically distributed according to some
processing time distribution p across epochs. Let ¢ = E,[c(¢)] and let 1/b = E,[1/b(t)]. From
Lemma 8] we have that

D B [F(w(t)) — F(w")] < e(1)[F(w(1)) = F(w*)] + > (c(r) — e(t)) F(w*)
+ () B(r)h(w*) + i Iﬁ{g;
T—1 c 262 T—1
+ > z+ Do . K4 > a((;);(:))z + E[y). (73)
Let a(t) = \/t/c. Now take expectation over the c(t) to get
T T—1
By |3 DB IF(0(t) — Fw)]| < elP(w(1)) = Fu)] +e8(r)h(u) + 3 5o
T—1
ct+1) (0?2 K?2¢
35 [ (i * )| e
_ N _ = KDe
= c[F(w(1)) = F(w")] + ¢B(r)h(w(T)) + 2 50)
= ¢ o? K%
X a5+ ) 9
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The last step is due to the fact that ¢(¢ + 1) and b(¢) are independent since these are in two different
epochs. Further E,[E[¢)|c(t)]] = 0. After further simplification through the use of Appendix D] we
get

< elF(w(1)) = F(w") + B(1)h(w(r))] + 2K Dev/er

t=1
N 602@ N 3K2€255/2. 75)
2b 4
Taking the expectation over c(t) in equation [30} we have
T . T E
Ep[E[R|bros (1), ciot ()] < Ep | Y c(tE[F(w(t)) — F(w")]| + Le Y 30
t=1 t=1
< e[F(w(1)) = F(w*) 4+ B(1)h(w(r))] 4+ 2K DevVer
= 2 /= 2 .2-5/2
U A L S Y (76)
2b 4
By definition
m = c(t). a7n
t=1
Then m = [E,, = ¢r. By substituting /m and rearranging we find that
) § B 3K 2e265/2
Ep[E[R[boy (), cror ()] < e[F(w(1)) = F(w”) + B(r)h(w(7))] + ————
=2
" <2KD6 n ;b n 2Lec> N (78)

G PROOF OF THEOREM/7]
Proof: Consider an FMB method in which each node computes b/n gradients per epoch, with T;(t)
denoting the time taken to complete the job.

Also consider AMB with a fixed epoch duration of 7. The number of gradient computations
completed by the i-th node in the ¢-th epoch is

bi(t) = bT S bT
S nTi(t) | T nTy(t)
Therefore, the minibatch size b(t) computed in AMB in the ¢-th epoch is

n "y b o~ 1

. 7
1=

-1 (79)

Taking the expectation over the distribution of T;(¢) in , and applying Jensen’s inequality, we
find that

bT & 1 bT & 1 _
]Ep[b(t)]zn;]Ep{Ti(t)}nzngwnb’fu ' n.

where E,[T;(t)] = mu. Fixing the computing time to 7' = (1 + n/b)u we find that E,, [b(¢)] > b,
i.e., the expected minibatch of AMB is at least as large as the minibatch size b used in the FMB.

The expected computing time for 7 epochs in our approach is

Sa=1T=7(14+n/b)u. (81)
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In contrast, in the FMB approach the finishing time of the ¢th epoch is max;c[,,) T;(t). Using the
result of |[Arnold & Groeneveld|(1979); Bertsimas et al.|(2006) we find that

E,[maxT;(8)] < p+ ov/n — 1, (82)

1€[n]
where o is the standard deviation of T;(¢). Thus 7 epochs takes expected time
Sp = TEP[IHE[&.)]( ;)] <7 (p+ovn—1) (83)
i€ln

Taking the ratio of the two finishing times we find that

Sp _ptovn—1 o 1
& < = (e vaT) e &)

For parallelization to be meaningful, the minibatch size should be much larger than number of nodes
and hence b >> n. This means (1 + n/b) ~ 1 for any system of interest. Thus,

Sp < (1 T %\/n - 1) Sa, (85)

This completes the proof of Theorem 7]

H SHIFTED EXPONENTIAL DISTRIBUTION

The shifted exponential distribution is given by

1) (2) = Aexp (=A(z = (), Vz>( (86)

where A > 0 and ¢ > 0. The shifted exponential distribution models a minimum time ({) to
complete a job, and a memoryless balance of processing time thereafter. The A parameter dictates the
average processing speed, with larger A indicating faster processing. The expected finishing time is
E,[Ti(t)] = A~ + (. Therefore,

Sa=7T=71(1+n/b)A"" +Q). (87)
By using order statistics, we can find
Ep [max T3(t)] = A~ log(n) +¢, (88)
€N

and thus 7 epochs takes expected time
Sp=1 ()\’1 log(n) + ¢) (89)
Taking the ratio of the two finishing times we find that
Sk _ ()\’1 log(n) + C)
Sa (A+n/b)A14C)

For parallelization to be meaningful we must have much more data than nodes and hence b > n.
This means that the first factor in the denominator will be approximately equal to one for any system
of interest. Therefore, in the large n regime,

(90)

. log(n)
1 =
i Se =17 Y8

Sa, O

which is order-log(n) since the product A( is fixed.

I SUPPORTING DISCUSSION OF NUMERICAL RESULTS OF MAIN PAPER AND
ADDITIONAL EXPERIMENTS

In this section, we present additional details regarding the numerical results of Section [6] of the
main paper as well as some new results. In Appendix [[.T| we detail the network used in Section[6]
and, for a point of comparison, implement the same computations in a master-worker network
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Figure 2: The topology of the network used in our experiments on distributed optimization.

topology. In Appendix [[.2] we model the compute times of the nodes as shifted exponential random
variables and, under this model, present results contrasting AMB and FMB performance for the linear
regression problem. In Appendix [[.3|we present an experimental methodology for simulating a wide
variety of straggler distributions in EC2. By running background jobs on some of the EC2 nodes
we slow the foreground job of interest, thereby simulating a heavily-loaded straggler node. Finally,
in Appendix we present another experiment in which we also induce stragglers by forcing the
nodes to make random pauses between two consecutive gradient calculations. We present numerical
results for both settings as well, demonstrating the even greater advantage of AMB versus FMB when
compared to the results presented in Section [6]

1.1 SUPPORTING DETAILS FOR RESULTS OF SECTION [l AND COMPARATIVE RESULTS FOR
HUB-AND-SPOKE TOPOLOGY

As there was not space in the main text, in Figure [2| we diagram the connectivity of the distributed
computation network used in Section[6] The second largest eigenvalue of the P matrix corresponding
to this network, which controls the speed of consensus, is 0.888.

In Section [6] we presented results for distributed logistic regression in the network depicted in
Figure[2] Another network topology of great interest is the hub-and-spoke topology wherein a central
master node is directly connected to a number of worker nodes, and worker nodes are only indirectly
connected via the master. We also ran the MNIST logistic regression experiments for this topology.
In our experiments there were 20 nodes total, 19 workers and one master. As in Sec[§] we used
t2.micro instances and ami-62b11202 to launch the instances. We set the total batch size used in
FMB to be b = 3990 so, with n = 19 worker each worker calculated b/n = 210 gradients per batch.
Working with this per-worker batch size, we found the average EC2 compute time per batch to be 3
sec. Therefore, we used a compute time of 7" = 3 sec. in the AMB scheme while the communication
time of 7. = 1 sec. Figure 3] plots the logistical error versus wall clock time for both AMB and FMB
in the master-worker (i.e., hub-and-spoke) topology. We see that the workers implementing AMB far
outperform those implementing FMB.

1.2 MODELING STRAGGLERS USING A SHIFTED EXPONENTIAL DISTRIBUTION

In this section, we model the speed of each worker probabilistically. Let T;(t) denote the time taken
by worker 4 to calculate a total of 600 gradients in the ¢-th epoch. We assume T;(t) follows a shifted
exponential distribution and is independent and identically distributed across nodes (indexed by ¢) and
across computing epochs (indexed by t). The probability density function of the shifted exponential
is pr,(1)(2) = Ae *=9). The mean of this distribution is u = ¢ + A~! and its variance is A\=2.
Conditioned on T;(t) we assume that worker ¢ makes linear progress through the dataset. In other
words, worker i takes k7;(t)/600 seconds to calculate k gradients. (Note that our model allows &
to exceed 600.) In the simulation results we present we choose A = 2/3 and ¢ = 1. In the AMB
scheme, node ¢ computes b;(t) = 6007"/T;(t) gradients in epoch ¢ where T is the fixed computing
time allocated. To ensure a fair comparison between FMB and AMB, T is chosen according to
Thm. 7} This means that E[b(¢)] > b where b(t) = >, b;(t) and b is the fixed minibatch size used by
FMB. Based on our parameter choices, "= (1 + n/b)u = (1 + n/b) (A" + () = 2.5.

Figure ] plots the average error rate of the linear regression problem versus wall clock time for both
FMB and AMB assuming a distributed computation network depicted in Figure[2] In these results, we
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Figure 3: MNIST logistic regression training results for AMB and FMB operating in the hub-and-
spoke topology.
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Figure 4: Linear regression error of AMB and FMB operating in the fully distributed topology of

Figure 2] for 20 sample paths of {77 (t))} generated according the the shifted exponential distribution.
We plot error versus wall clock time where there are five rounds of consensus.

generate 20 sample paths; each sample path is a set {T;(¢)} fori € {1,...,20} and ¢t € {1,...20}.
At the end of each of the 20 computing epoch we conduct r» = 5 rounds of consensus. As can be
observed in Fig.[d} for all 20 sample paths AMB outperforms FMB. One can also observe that there
for neither scheme is there much variance in performance across sample paths; there is a bit more
for FMB than for AMB. Due to this small variability, in the rest of this discussion we pick a single
sample path to plot results for.

Figures [5aand [5b] help us understand the performance impact of imperfect consensus on both AMB
and on FMB. In each we plot the consensus error for » = 5 rounds of consensus and perfect consensus
(r = 00). In Fig.[5a we plot the error versus number of computing epochs while in Figure [Sb] we plot
it versus wall clock time. In the former there is very little difference between AMB and FMB. This is
due to the fact that we have set the computation times so that the expected AMB batch size equals
the fixed FMB batch size. On the other hand, there is a large performance gap between the schemes
when plotted versus wall clock time. It is thus in terms of real time (not epoch count) where AMB
strongly outperforms FMB. In particular, AMB reaches an error rate of 10~3 in less than half the
time that it takes FMB (2.24 time faster, to be exact).
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Figure 5: The effect of imperfect consensus on AMB and FMB.

1.3 PERFORMANCE WITH INDUCED STRAGGLERS ON EC2

In this section, we introduce a new experimental methodology for studying the effect of stragglers. In
these experiments we induce stragglers amongst our EC2 micro.t2 instances by running background
jobs. In our experiments, there were 10 compute nodes interconnected according to the topology
of Figure[2] The 10 worker nodes were partitioned into three groups. In the first group we run two
background jobs that “interfere” with the foreground (AMB or FMB) job. The background jobs we
used were matrix multiplication jobs that were continuously performed during the experiment. This
first group will contain the “bad” straggler nodes. In the second group we run a single background
job. These will be the intermediate stragglers. In the third group we do not run background jobs.
These will be the non-stragglers. In our experiments, there are three bad stragglers (workers 1, 2, and
3), two intermediate stragglers (workers 4 and 5), and five non-stragglers (workers 6-10).

We first launch the background jobs in groups one and two. We then launch the FMB jobs on all
nodes at once. By simultaneously running the background jobs and FMB, the resources of nodes
in the first two groups are shared across multiple tasks resulting in an overall slowdown in their
computing. The slowdown can be clearly observed in Figure [pa] which depicts the histogram of the
FMB compute times. The count (“frequency”) is the number of jobs (fixed mini batches) completed
as a function of the time it took to complete the job. The third (fast) group is on the left, clustered
around 10 seconds per batch, while the other two groups are clustered at roughly 20 and 30 seconds.
Figure [6b] depicts the same experiment as performed with AMB: first launching the background jobs,
and then launching AMB in parallel on all nodes. In this scenario compute time is fixed, so the
histogram plots the number of completed batches completed as a function of batch size. In the AMB
experiments the bad straggler nodes appear in the first cluster (centered around batch size of 230)
while the faster nodes appear in the clusters to the right. In the FMB histogram per-worker batch size
was fixed to 585 while in the AMB histograms the compute time was fixed to 12 sec.

We observe that these empirical results confirm the conditionally deterministic aspects of our statistical
model of Appendix[[.2] This was the portion of the model wherein we assumed that nodes make linear
progress conditioned on the time it takes to compute one match. In Figure[6a} we observe it takes the
non-straggler nodes about 10 seconds to complete one fixed-sized minibatch. It takes the intermediate
nodes about twice as long. Turning to the AMB plots we observe that, indeed, the intermediate
stragglers nodes complete only about 50% of the work that the non-straggler nodes do in the fixed
amount of time. Hence this “linear progress” aspect of our model is confirmed experimentally.

Figure [/|illustrates the performance of AMB and FMB on the MNIST regression problem in the
setting of EC2 with induced stragglers. As can be observed by comparing these results to those
presented in Figure[Ib|of Section|[f] the speedup now effected by AMB over FMB is far larger. While
in Figure[Tb]the AMB was about 50% faster than FMB it is now about twice as fast. While previously
AMB effect a reduction of 30% in the time it took FMB to hit a target error rate, the reduction now
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Figure 6: Histograms of worker performance in EC2 when stragglers are induced.
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Figure 7: MNIST logistic regression performance of AMB and FMB on EC2 operating with induced
straggler nodes.

is about 50%. Generally as the variation amongst stragglers increases we will see a corresponding
improvement in AMB over FMB.

1.4 PERFORMANCE WITH INDUCED STRAGGLERS ON AN HPC PLATFORM

We conducted another experiment on a high-performance computing (HPC) platform that consists
of a large number of nodes. Jobs submitted to this system are scheduled and assigned to dedicated
nodes. Since nodes are dedicated, no obvious stragglers exist. Furthermore, users of this platform do
not know which tasks are assigned to which node. This means that we were not able to use the same
approach for inducing stragglers on this platform as we used on EC2. In EC2, we ran background
simulations on certain nodes to slow them down. But, since in this HPC environment we cannot tell
where our jobs are placed, we are not able to place additional jobs on a subset of those same nodes to
induce stragglers. Therefore, we used a different approach for inducing stragglers as we now explain.

First, we ran the MNIST classification problem using 51 nodes: one master and 50 worker nodes
where workers nodes were divided into 5 groups. After each gradient calculation (in both AMB

25



Published as a conference paper at ICLR 2019

2500 T T T 4000 T T T
I group 1 I group 1
[ group 2 [ group 2
group 3 3500 group 3
2000} [ group 4 1 [ group 4
B group 5 3000 I group 5

1500- 25001

2000-

Frequency
frequency

1000 15001

|
1000t ‘ .
500 | ‘ |
011111 RN
° 10 ! 2

0 0.2 0.4 0.6 0.8 1 0 0
Time (sec) Batch Size

500+

30 40 50

(a) FMB: number of batches completed by each  (b) AMB: number of batches completed by each
worker versus time to complete each batch; batch ~ worker versus size of each batch; compute time
size fixed. fixed.

Figure 8: Histograms of worker performance in HPC when stragglers are induced.

and FMB), worker 7 pauses its computation before proceeding to the next iteration. The duration
of the pause of the worker in epoch ¢ after calculating the s-th gradient is denoted by T; (¢, s). We
modeled the T; (¢, s) as independent of each other and each T;(¢, s) is drawn according to the normal
distribution N (5, O'JQ-) if worker ¢ is in group j € [5]. If T;(¢,s) < 0, then there is no pause and
the worker starts calculating the next gradient immediately. Groups with larger ;1; model worse
stragglers and larger 0]2 models more variance in that straggler’s delay. In AMB, if the remaining
time to compute gradients is less than the sampled T;(¢, s), then the duration of the pause is the
remaining time. In other words, the node will not calculate any further gradients in that epoch but will
pause till the end of the compute phase before proceeding to consensus rounds. In our experiment, we
chose (1, iz, p3, pia, pis) = (5,10,20,35,55) and 03 = ;. In the FMB experiment, each worker
calculated 10 gradients leading to a fixed minibatch size b = 500 while in AMB each worker was
given a fixed compute time, 7' = 115 msec. which resulted in an empirical average minibatch size
b = 504 across all epochs.

Figures [8a and [8b| respectively depict the histogram of the compute time (including the pauses) for
FMB and the histogram of minibatch sizes for AMB obtained in our experiment. In each histogram,
five distinct distributions can be discerned, each representing one of the five groups. Notice that the
fastest group of nodes has the smallest average compute time (the leftmost spike in Figure [8a) and
the largest average minibatch size (the rightmost distribution in Figure Sb).

In Figure 9] we compare the logistic regression performance of AMB with that of FMB for the
MNIST data set. Note that AMB achieves its lowest cost in 2.45 sec while FMB achieves the same
cost only at 12.7 sec. In other words, the convergence rate of AMB is more than five times faster than
that of FMB.
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Figure 9: MNIST logistic regression performance of AMB and FMB on HPC operating with induced
straggler nodes.

27



	Introduction
	Related work
	System model and algorithm
	Analysis
	Preliminaries
	Sample path analysis
	Expected regret analysis

	Wall Time analysis
	Numerical evaluation
	Datasets
	Experiments on EC2
	Linear regression
	Logistic regression


	Conclusion
	Acknowledgment
	AMB Algorithm
	Proof of Theorem 2
	Proof of Lemma 8
	Proof of bounds used in App. F
	Proof of Lemma 9
	Proof of Theorem 4
	Proof of Theorem 7
	Shifted exponential distribution
	Supporting discussion of numerical results of main paper and additional experiments
	Supporting details for results of Section 6 and comparative results for hub-and-spoke topology
	Modeling stragglers using a shifted exponential distribution
	Performance with induced stragglers on EC2
	Performance with induced stragglers on an HPC platform


