Don’t Break the Egg: Branch-Rejoining Trajectory Optimization under
Contact Timing Uncertainties

Zhuocheng Zhang!, Haizhou Zhao'2, Xudong Sun', Aaron M. Johnson®*, and Majid Khadiv!

Abstract— Robotic tasks involving contact interactions pose
significant challenges for Trajectory Optimization (TO) due to
discontinuous dynamics. Conventional formulations typically
assume deterministic contact events, limiting robustness and
adaptability in real-world settings. In this work, we propose
SURE, a robust TO framework that explicitly accounts for
uncertainty in contact timing. By allowing multiple trajectories
to branch from possible pre-impact states and subsequently
merge into a shared trajectory, SURE achieves both robustness
and computational efficiency within a unified optimization
framework. We evaluate SURE on two representative tasks
with unknown impact times. In a cart-pole impact task with
uncertain wall location, SURE achieves an average improve-
ment of 21.6% in success rate when branch switching is
enabled during control. In an egg-catching experiment using a
robotic manipulator, SURE improves the success rate by 40%.
These results demonstrate that SURE substantially enhances
robustness compared to conventional nominal formulations.
This paper is a short version of our full paper [1].

I. INTRODUCTION

Most recent trajectory optimization approaches for
contact-rich problems adopt hierarchical formulations [2], in
which contact planning and whole-body motion generation
are treated separately. These methods typically assume deter-
ministic contact timings [3], [4]. In practice, however, such
assumptions are overly restrictive: environmental perception
is inherently uncertain, and both modeling errors and end-
effector tracking inaccuracies during contact establishment
can cause discrepancies between planned and actual con-
tact times. To mitigate these effects, existing frameworks
often rely on the inherent robustness of model predictive
control (MPC) through frequent replanning [5], [6], [7], [8].
Nevertheless, contact switches introduce very fast dynamics
that cannot be captured by the re-planning frequency of the
MPC controllers, underscoring the need for a more sys-
tematic framework that explicitly addresses contact-timing
uncertainty.

The primary contribution of this work is the develop-
ment of a robust trajectory optimization framework, termed
SURE(Safe Uncertainty-Aware Robot-Environment Interac-
tion), for hybrid systems with uncertain contact timing. The
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Fig. 1. Illustration of the egg-catching task. The Unitree Z1 robot arm
attempts to catch a falling egg while minimizing impact. The egg serves
both as the test object and as a passive sensor for detecting contact forces.
In this task, timing deviations on the order of milliseconds can significantly
affect performance, highlighting the importance of robustness to contact-
timing uncertainties.

framework introduces a branching phase, in which nodes can
branch and subsequently rejoin a common final trajectory,
thereby achieving both robustness and computational effi-
ciency. Using two case studies, we demonstrate the improved
robustness of the proposed approach compared to nominal
trajectory optimization and analyze different implementa-
tions.

II. NOMINAL TRAJECTORY OPTIMIZATION

In this section, we present the formulation of the nominal
trajectory optimization using multiple shooting [9], which
assumes that contact occurs at a deterministic time. The
trajectory starts from the initial state x(, under control u, and
is discretized into IV shooting nodes, Fig. 2a. We assume that
the contact occurs at the node indexed by c. The trajectory
optimization problem can then be formulated as follows:

N-1
xgigt ; L;(x;,u;, At;) + Ly (xn) (1a)
st. Viel0,N]: wi(x4,u;) =0, (1b)
h;(x;,u;) <0, (1c)
Vid{c,N}: fi(xiu,%41,At)=0, (1d)
g(x;) >0, (1le)
i=c xi+1 = R(x;), (1f)
g9(xi) =0, (1g)
At € [Atpmin, Atmax]. (1h)

Here, At; denotes the time interval between nodes, varying
within the bounds specified in (1h); L is the terminal cost;
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Fig. 2. (a) The nominal trajectory optimization problem. The contact
occurs at the node indexed by c, separating the pre- and post-impact phases.
(b) SURE trajectory optimization problem. The gray nodes represent the
pre-contact trajectory, the green nodes correspond to the branching phase
(serving the same role as the robust phase in (b)), and the blue nodes denote
the common final trajectory. Together, they form the common trajectory.
The orange nodes represent the branch trajectories, each diverging from a
branching node and rejoining the common final trajectory, composing the
rejoining phase.

L; is the running cost; w and h represent the state-input
equality and inequality constraints, respectively; f specifies
the discrete dynamics; g is the guard function, whose value
determines the triggering condition of the contact event
(contact occurs at ¢ = 0, while ¢ > 0 holds at all other
times); and R is the impact or reset function.

III. SURE TRAJECTORY OPTIMIZATION

The formulation in (1) assumes a deterministic contact
event. However, this assumption is often unrealistic due to
modeling or perception errors. In such cases, the trajectory
obtained from (1) cannot accommodate the timing uncer-
tainty: if the contact occurs earlier or later than expected, it
may cause a large impact or even lead to instability.

A. SURE Formulation

Similar to the robust phase in [10], we construct a branch-
ing phase C, which includes all the possible pre-impact
nodes. To address the drawback of [10], we force these
branches to eventually rejoin a common final trajectory. From
each node in the branching phase, we generate a rejoining
phase trajectory, each of which ends at the start of this
common final trajectory, as shown in Fig. 2b. For trajectories
with multiple contact transitions, this process is repeated for
each.

The SURE trajectory optimization problem under uncer-
tain contact timing is formulated as follows:

N-1

N,
X,I]EiAI;d . Li(xi,u;, At;) + Z Z Li j(%i,5, 0,5, At 5)

i=0 i€ j=0
+ Ly(xn) (2a)
st. Vie[0,N]: w;(x;,u;) =0, (2b)
h;(x;,u;) <0, (2¢)
Vi ¢ {Ke, N} : £(x4, 05, %541, At;) =0, (2d)
Vie K: x;0 = R(x;), (2e)
Xi,N, = XKo+1) (21)
vje[0,N, — 1] :
fi 5 (Xi 3> Wi 5, Xi j1, Aty j) = 0,
(2g)
wij(Xi5, i) =0, (2h)
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Fig. 3. TIllustrations of (a) trajectory scheduling, and (b) the robust nominal
trajectory. Trajectory scheduling utilizes all optimized trajectories obtained
from the robust approach, whereas the robust nominal trajectory corresponds
to the middle branch selected from these solutions.

h; j(x;5,15,5) <0, (2i)
i=Ko: 9(x;) =d, (2))
i=Ke: g(x;) = —d, (2k)
Vi < Ko : g(x;) > d, 21
d € [dmin, dmax) (2m)
At € [Atmin, Atmax]. (2n)

All nodes can be classified into two categories: (1) nodes
on the common trajectory (with a single subscript index, e.g.,
x;) and (2) nodes in the rejoining phase (with two subscript
indices, e.g., X; ;).

On the common trajectory, Ky and K. denote the in-
dices of the first and last nodes in the branching phase,
respectively. The variable d denotes half the width of the
uncertainty range. At i = Ky, the earliest possible contact,
we require g(x;) = d, (2j), while at i = K., the latest
possible contact, we require g(x;) = —d, (2k). Each node
in the branching phase represents a pre-contact state, and
we apply a state transition to compute the corresponding
post-impact state which is then the initial state on the
corresponding branch,(2e).

In the rejoining phase, each branch contains /N,. 41 nodes,
indexed by j = 0, 1,..., N,. Node x; ; denotes the j-th node
on the branch originating from node ¢ € K. The contact-
related cost and constraints are incorporated into L; ; as well
as (2h) and (2i). At j = N,, the branch node rejoins the
common final trajectory at the node with index i = K, + 1,

(2f).
B. Application of Solution Trajectories for Control

1) Trajectory Scheduling: When a sensor is available
to detect contact, the reference trajectory can be switched
according to the detected contact time, a strategy referred
to as trajectory scheduling (Fig. 3a). Initially, the system
follows the common pre-impact trajectory. Once it enters
the branching phase, if contact does not occur, the system
continues along the common trajectory. When contact occurs,
the scheduler selects the nearest subsequent trajectory as the
new reference and guides the system to the terminal state.

2) Robust Nominal Trajectory: If no sensor is available
for contact detection, having multiple trajectories is still
beneficial. By introducing additional decision variables and
constraints, the desired trajectory before the contact event
can also be reshaped to reduce the worst-case impact within
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Fig. 4. Tllustration of the cart-pole system with wall contact. The cart-pole
starts from an initially disturbed state and, due to limited control input,
moves toward the wall to induce an impact that reverses the pole’s velocity.
After the impact, the system seeks to regain balance and return to the desired
position. The wall position is uncertain within a range of +d.

the uncertainty region. As a result, selecting a branch among
these trajectories is expected to yield improved worst-case
performance than the nominal trajectory, even though perfor-
mance in some specific cases may degrade. It is reasonable
to choose the middle branch, as it is located at almost equal
distance to the extremes of the uncertainty set and thus
represents the most representative trajectory. This trajectory
branches from index i = [(Ko + K¢)/2] and is referred to
as the robust nominal trajectory (Fig. 3b).

IV. CASE STUDY I: CART-POLE SYSTEM WITH WALL

In this case study, a cart-pole system stabilizes itself under
disturbances using contact with an uncertain wall (Fig. 4).
The system dynamics are given by:

M@+ Had) = o]+ TF @

where q = [z, 0] " denotes the generalized coordinates, with
x the cart position and 6 the pole angle. The cart and pole
masses are m. = 0.3kg and m, = 1kg, respectively, and
the pole has length | = 0.4 m with mass concentrated at the
tip. The system input is the external force 7 acting on the
cart. M(q) denotes the mass matrix, and H(q,q) captures
Coriolis, centrifugal, and gravitational effects. The contact
Jacobian at the pole tip is J. € R?*2, and the wall reaction
force is F = [fy, f,] T € R2

The trajectories generated by both nominal and SURE
approaches are used as references to control the system in
simulation, and their performance is compared to evaluate
robustness. As the simulation platform, we developed a
custom environment to reproduce the physical behavior of
the cart-pole system and its interaction with the wall. For
tracking the reference trajectory, a proportional-derivative
(PD) controller with feedforward compensation is employed:

T(t) = kp (qdes (t) - Q(t)) +kg (qdes (t) - Cl(t)) + Tdes (t)a
“)
where k, € R? and k; € R? are the proportional and
derivative gain vectors of the PD controller, respectively.
We evaluate whether stabilization can still be achieved
under two sources of uncertainty: the wall position and the
restitution coefficient of the wall. In each trial, the wall
position and restitution coefficient are randomly sampled
and held fixed. The system is released from an (often

TABLE I
EXPERIMENTAL RESULTS FOR THE CART-POLE-WALL SIMULATION

State Success Rate
Initial T T 0 6 . Robust  Trajectory
Conditi Nominal . .
ondition [m] [m/s] [rad] [rad/s] Nominal Scheduling
1 0 0 T 5.5 585%  60.0% 75.0%
2 0 0 T 6.5 37.0%  43.0% 48.0%
3 0 -1.0 353 35 37.0%  57.0% 70.0%
4 0 -05 345 45 46.5%  61.0% 72.5%
Total ‘ 44.8%  55.3% 66.4%
. Trajectory MM Success
Nominal I%I?)kx)x:liital Scheduling Failure
> | o Success

Trajectory

Rate

Restitution Coefficient

0.70
72.5%

2

3 61.0%
46.5%

Fig. 5. Robustness comparison under Initial Condition 4 for three reference
trajectories. The nominal wall position iS %511 = —0.5 m and the nominal
restitution coefficient is 0.8. SURE trajectory optimization is performed
using 5 branches, with the half-width of the uncertainty range fixed at
d = 0.05m. The wall position varies within @y, € [—0.7m, —0.3m],
and the restitution coefficient ranges from 0.7 to 0.9. A total of 200 points
are randomly sampled within this two-dimensional uncertainty space, and
simulations are conducted for all three approaches to evaluate and compare
their success rates.

aggressive) initial condition, and the controller attempts to
track the reference trajectory while exploiting wall contact
for stabilization. Four sets of initial conditions are evaluated.
Each case starts from a different initial state but shares the
same terminal state, Xo,q = [0,7,0,0]T. The results are
summarized in Table I, and representative successful and
failed samples for Condition 4 are shown in Fig. 5.

First, we observe that the nominal trajectories already
exhibit a certain degree of robustness to variations in wall
position and restitution coefficient with a success rate of
44.8%, even though these uncertainties are not explicitly
considered during optimization. In comparison, the SURE
solution with trajectory scheduling demonstrates a substan-
tially higher success rate of 66.4%—even when evaluated
over a wider uncertainty range than that specified during
optimization (the intended range being ¢ = 0.8, Twa1 =
—0.5 £ 0.05m).

V. CASE STUDY II: BALL CATCHING

As shown in Fig. 1, we consider a Unitree Z1 robotic
manipulator with a lightweight container as its end effector.
The manipulator dynamics are given by:

M(q)q+H(q,q) =7 (5)

where q € RS denotes the joint angles, M(q) € R6*6 is
the mass matrix, and H(q,q) € RS collects the Coriolis,
centrifugal, and gravitational terms. 7 € RS is the vector
of joint torques. A ball falls freely from an initial height
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Fig. 7. Relative velocity between the ball and the end effector under

varying initial ball heights. The ball is released from 11 uniformly spaced
initial heights in the range [ppai1,0,> —0.2m, ppail,0,~+0.2 m]. The top row
shows the vertical position profiles of the end effector and balls, while the
bottom row shows the corresponding velocity profiles. Vertical dashed lines
indicate the contact times for each trial, and the purple annotations report
the relative velocity at impact. (a) Nominal trajectory, with a maximum
impact relative velocity of 3.93m/s. (b) Robust nominal trajectory, with a
reduced maximum impact relative velocity of 2.67m/s.

ho with uncertainty +d and no horizontal velocity. Given
a prescribed release time, the manipulator aims to catch the
ball while minimizing impact and move it to a final position.
Figure 6 compares the solution trajectories obtained from the
nominal and SURE optimization formulations, including the
corresponding position and velocity profiles.

To further analyze impact robustness, we evaluate the
relative velocity between the ball and the end effector
at contact for different initial ball heights, as shown in
Fig. 7. The results indicate that the robust nominal trajectory
provides substantially improved robustness. The nominal
trajectory performs well only when the ball is released from
the nominal height; deviations in the initial height lead to
higher relative velocities at contact for all but the nominal
and two closest heights. In contrast, the robust nominal
trajectory keeps the relative velocity v);,,, bounded below
2.67 m/s across all tested initial heights, effectively limiting
impact despite uncertainty in contact timing. Meanwhile, the
nominal trajectory reaches a maximum relative velocity of
3.93 m/s (47% higher).

We conduct physical experiments in which the robot
attempts to catch an egg using either the nominal or the
SURE robust nominal trajectory shown in Fig. 6, under

TABLE I
RESULT OF THE EGG DROP EXPERIMENT

twait Irajectory 1 2 3 4 5 6 7 8 9 10 Sng:;:tzss
0.125s nominal X v vV o o X o X X X 35%
" SURE VvV VvV V/V V V/V V V oV V 95
0.118s nominal X X Vv / X V V o / X 5%
’ SURE vV o o X oV V V V V 7%
nominal 45%
Total - “yRE 85%

identical initial conditions. The trajectory scheduling was not

implemented as it requires accurate contact event sensing,

which was not available at the time.

Opening the gripper and releasing the ball require a non-
negligible amount of time. Consequently, the Z1 must wait
for a fixed delay tya.it ~ 0.12s to achieve approximate
synchronization. For each trajectory, we tune .t such that
the average contact time is close to the nominal contact
time. This is achieved by iteratively adjusting ty,ix and
performing ten drop-catch trials until the number of early
contacts approximately equals the number of late contacts.
After calibration, we obtain ty,;; = 0.118s for the nominal
trajectory and fy,j; = 0.125s for the SURE trajectory. Using
both of these delays, we conduct ten additional trials for each
trajectory. We classify the outcomes of each trial into three
categories:

(1) successful catch without egg damage (score +1, denoted
as v);

(i) egg contacts the end effector, bounces upward by more
than 10 cm, then falls back into the end effector (by
luck) without breaking (score +0.5, denoted as o);

(iii) egg breaks or drops (score 0, denoted as X).
The experimental results are summarized in Table II. The
results show that, under both timing settings, the SURE
trajectory consistently outperforms the nominal trajectory by
achieving a higher success rate. Overall, SURE achieves
an 85% success rate compared to 45% for the nominal
approach, corresponding to a 40% improvement in egg-
catching performance under timing uncertainty.

VI. CONCLUSION

In this paper, we proposed an efficient formulation for
robust trajectory optimization that can handle uncertainties
in contact timing. The main novelty of our formulation lies in
branching possible solutions at different contact timings and
rejoining all solutions at a common point outside the uncer-
tain region. Through extensive simulation and experimental
demonstrations, we showed that our framework adapts its
strategy in the presence of uncertainty, resulting in more
robust solutions than a nominal formulation.

In future work, we plan to extend our formulation to
account for imperfections in low-level control. Furthermore,
we are interested to learn uncertainty-conditioned policies
from our robust formulation under various uncertainty con-
ditions. We are also interested in extending the framework
to floating-base systems, with the goal of enabling robust
loco-manipulation behaviors.
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