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Abstract

This paper proposes a general framework of Riemannian adaptive optimization methods.
The framework encapsulates several stochastic optimization algorithms on Riemannian man-
ifolds and incorporates the mini-batch strategy that is often used in deep learning. Within
this framework, we also propose AMSGrad on embedded submanifolds of Euclidean space.
Moreover, we give convergence analyses valid for both a constant and a diminishing step
size. Our analyses also reveal the relationship between the convergence rate and mini-
batch size. In numerical experiments, we applied the proposed algorithm to principal
component analysis and the low-rank matrix completion problem, which can be consid-
ered to be Riemannian optimization problems. Python implementations of the methods
used in the numerical experiments are available at https://anonymous.4open.science/
r/202408-adaptive-0BA6/README . md.

1 Introduction

Riemannian optimization (Absil et al.| [2008; |Satol 2021) has received much attention in machine learning.
For example, batch normalization (Cho & Lee, |2017)), representation learning (Nickel & Kielal, |2017)), and the
low-rank matrix completion problem (Vandereycken| 2013} |Cambier & Absil, |2016; |Boumal & Absill 2015))
can be considered optimization problems on Riemannian manifolds. This paper focuses on Riemannian
adaptive optimization algorithms for solving stochastic optimization problems on Riemannian manifolds. In
particular, we treat Riemannian submanifolds of Euclidean space (e.g., unit spheres and the Stiefel manifold).

In Euclidean settings, adaptive optimization methods are widely used for training deep neural networks.
There are many adaptive optimization methods, such as Adaptive gradient (AdaGrad) (Duchi et al., [2011)),
Adadelta (Zeiler, [2012)), Root mean square propagation (RMSProp) (Hinton et all) [2012)), Adaptive mo-
ment estimation (Adam) (Kingma & Bal, [2015)), Yogi (Zaheer et al., [2018)), Adaptive mean square gradient
(AMSGrad) (Reddi et all |2018), AdaFom (Chen et al.l [2019), AdaBound (Luo et al., 2019)), Adam with
decoupled weight decay (AdamW) (Loshchilov & Hutter] 2019) and AdaBelief (Zhuang et al., 2020). Reddi
et al.| (2018) proposed a general framework of adaptive optimization methods that encapsulates many of the
popular adaptive methods in Euclidean space.

Bonnabel| (2013) proposed Riemannian stochastic gradient descent (RSGD), the most basic Riemannian
stochastic optimization algorithm. In particular, Riemannian stochastic variance reduction algorithms, such
as Riemannian stochastic variance-reduced gradient (RSVRG) (Zhang et al.| |2016), Riemannian stochastic
recursive gradient (RSRG) (Kasai et al. 2018]), and Riemannian stochastic path-integrated differential es-
timator (R-SPIDER) (Zhang et al., |2018; Zhou et al., |2019), are based on variance reduction methods in
Euclidean space. There are several prior studies on Riemannian adaptive optimization methods for specific
Riemannian manifolds. In particular, [Kasai et al.| (2019) proposed a Riemannian adaptive stochastic gradi-
ent algorithm on matrix manifolds (RASA). RASA is an adaptive optimization method on matrix manifolds
(e.g., the Stiefel manifold or the Grassmann manifold), with a convergence analysis under the upper-Hessian
bounded and retraction L-smooth assumptions (see (Kasai et al. 2019 Section 4) for details). However,
RASA is not a direct extension of the adaptive optimization methods commonly used in deep learning, and
it works only for diminishing step sizes. On the cartesian product of Riemannian manifolds, RAMSGrad
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(Bécigneul & Ganeay, |2019) and modified RAMSGrad (Sakai & Iidukal), [2021)), direct extensions of AMSGrad,
have been proposed as methods that work on Cartesian products of Riemannian manifolds. In particular,
Roy et al| (2018)) proposed cRAMSProp and applied it to several Riemannian stochastic optimizations.
However, they did not provide a convergence analysis of cRAMSProp. More recently, Riemannian stochastic
optimization methods, Sharpness-aware minimization on Riemannian manifolds (Riemannian SAM) (Yun &
Yang), 2024)) and Riemannian natural gradient descent (RNGD) (Hu et al., 2024|), were proposed.

1.1 Contributions

Motivated by the above discussion, we propose a framework of adaptive optimization methods on Rieman-
nian submanifolds of Euclidean space (Algorithm [1)) that is based on the framework (Reddi et al.l |2018]
Algorithm 1) proposed by Reddi, Kale and Kumar for Euclidean space. Our framework incorporates the
mini-batch strategy that is often used in deep learning. Important examples of Riemannian submanifolds
of the Fuclidean space include the unit sphere and the Stiefel manifold. Moreover, within this framework,
we propose AMSGrad on embedded submanifolds of Euclidean space (Algorithm [2) as a direct extension
of AMSGrad. In addition, we give convergence analyses (Theorem [3.7) valid for both a constant step size
(Theorem and diminishing step size (Theorem . Our analyses not only ensure that the proposed
method converges to the optimal solution, but also reveal the relationship between the convergence rate and
mini-batch size. Moreover, we numerically compare the performances of several methods based on Algo-
rithm [1] including Algorithm [2] with the existing methods. In the numerical experiments, we applied the
algorithms to principal component analysis (PCA) (Kasai et al., 2018} [Roy et al., [2018) and the low-rank
matrix completion (LRMC) problem (Boumal & Absil, 2015} [Kasai et al., [2019; Hu et al., 2024)), which can
be considered to be Riemannian optimization problems.

Our first contribution is to propose a general framework of Riemannian adaptive optimization methods
(Algorithm [1)) and AMSGrad on embedded submanifolds of Euclidean space (Algorithm . In particular,
the proposed method incorporates the mini-batch strategy. Our second contribution is to give convergence
analyses of Algorithms[[Jand[2] In particular, we emphasize that the proposed method can use both constant
and diminishing step sizes (Theorems and , in contrast to RASA (Kasai et al., [2019)), which only uses
a diminishing step size. The third contribution is to compare the proposed methods with RSGD and RASA
in numerical experiments.

2 Mathematical Preliminaries

Let R? be a d-dimensional Euclidean space with inner product (z,y), := x "y, which induces the norm |-||,.
Let R4 be the set of positive real numbers, i.e., R := {z € R |z > 0}. I; denotes a d x d identity matrix.
For square matrices X,Y € R4 we write X < Y (resp. X < Y) if Y — X is a positive-definite (resp.
positive-semidefinite) matrix. For two matrices X and Y of the same dimension, X ®Y denotes the Hadamard
product, i.e., element-wise product. Let max(X,Y’) be the element-wise maximum. Let S¢ (resp. S, S¢.)
be the set of d x d symmetric (resp. symmetric positive-semidefinite, symmetric positive-definite) matrices,
ie, 87 :={X e R | XT = X}, Sjir ={X e R | X = O} and SLF ={X e R4 | X = O}. Let D?
be the set of d x d diagonal matrices. Let Q4 be the orthogonal group, i.e., Og := {X € R4 | XTX = I;}.

Let M be an embedded submanifold of R?. Moreover, let T, M be the tangent space at a point z € M
and T'M be the tangent bundle of M. Let 0, be the zero element of T, M. The inner product (-, -), of a
Euclidean space R? induces a Riemannian metric (-,-), of M at x € M according to (£,n), = (§,1), =&
for &,n € T,M C T,R? = R The norm of n € T, M is defined as ||n|, = /n"n = ||nl,. Let P, : T,R? =
R? — T, M be the orthogonal projection onto T,,M (see Absil et al.| (2008)). For a smooth map F : M — N
between two manifolds M and N, DF(x) : T,M — Ty N denotes the derivative of F' at x € M. The
Riemannian gradient grad f(x) of a smooth function f : M — R at x € M is defined as a unique tangent
vector at x satisfying (grad f(z),n), = Df(x)[n] for any n € T,,M.

Definition 2.1 (Retraction). Let M be a manifold. Any smooth map R : TM — M is called a retraction
on M if it has the following properties.

e R.(0,) == for all x € M;
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o With the canonical identification Ty, T, M = T, M, DR,(0,) = idp,ar : T M — T, M for all z € M,
where R, denotes the restriction of R to T, M.

2.1 Examples

The unite sphere S9! := {z € R? | ||z, = 1} is an embedded manifold of R?. The tangent space T,,S"~*
at z € S is given by T,S" ! = {n € R? | "2 = 0}. The induced Riemannian metric on S¢~! is given by
&m), = (&mn)y ==&y for &, € T,S4"1. The orthogonal projection P, : R? — T,S%"1 onto the tangent
space T,S" ! is given by P.(n) = (Ig — zx")n for x € S¥~! and n € 7,81,

An important example is the Stiefel manifold (Absil et al., 2008, Chapter 3.3.2), which is defined as St(p, n) :=
{X e RVP | XTX = I,} for n > p. St(p,n) is an embedded manifold of R"*?. The tangent space T}, St(p, n)
at X € St(p,n) is given by

Tx St(p,n) = {n e R™? | XTn+n"X =0}

The induced Riemannian metric on St(p,n) is given by (£,n)y = tr(¢'n) for &,n € Tx St(p,n). The
orthogonal projection onto the tangent space Tx St(p,n) is given by Px(n) = n — Xsym(X ') for X €
St(p,n), n € Tx St(p,n), where sym(A) := (A + AT)/2. The Stiefel manifold St(p,n) reduces to the
orthogonal groups when n = p, i.e. St(p,p) = O,.

Moreover, we will also consider the Grassmann manifold (Absil et all 2008, Chapter 3.4.4) Gr(p,n) :=
St(p,n)/Op. Let X € St(p,n) be a representative of [X] := {XQ | Q € O,} € Gr(p,n). We denote the
horizontal lift of n € Tjx) Gr(p,n) at X by nx € Tx St(p,n). The Riemannian metric of the Grassmann

manifold Gr(p,n) is endowed with <f,77>[x] = <§X7ﬁx>2 for £,m € Tix) Gr(p,n). The orthogonal projection
onto the tangent space Tix] Gr(p,n) is defined through

Pix)(n) = (In — XX Nix,
for [X] € Gr(p,n) and n € Tix) Gr(p,n).
2.2 Riemannian stochastic optimization problem

We focus on minimizing a objective function f : M — R of the form,
L XN
f@) =+ Z:j fi(®),

where f; is a smooth function for ¢ = 1,...,N. We use the mini-batch strategy as follows (see [liduka
(2024) for detail). sj; is a random variable generated from the i-th sampling at the k-th iteration, and
S := (Sk.1,---,5kp)  is independent of ()%, where b (< N) is the batch size. To simplify the notation,
we denote the expectation Eg, with respect to s; by Ei. From the independence of sq, 82, ..., s, we can
define the total expectation E by E1E; - - - E. We define the mini-batch stochastic gradient grad fp, (x)) of
f at the k-th iteration by

b
grad fp, (x1) = % > erad fo, , (xk). (1)
=1

Our main objective is to find a local minimizer of f, i.e., a stationary point =, € M satisfying grad f(x,) =
0z, -

2.3 Proposed general framework of Riemannian adaptive methods

Reddi et al.| (2018) provided a general framework of adaptive gradient methods in Euclidean space. We
devised Algorithm [1| by generalizing that framework to an embedded manifold of R?. The main difference
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from the Euclidean setting is computing the projection of H, Ymy, onto the tangent space T;. M by the
orthogonal projection P,,. Algorithm [I| requires sequences of maps, (¢x)52; and (¢x)3,, such that ¢y, :
Toy M x - x Ty M — R and ¢y, : Ty, M X -+ x Ty, M — DT NS¢, respectively. Note that Algorithm
is still abstract because the maps (¢r)5>, and (¢x)52, are not specified. Algorithm |1]is the extension of
a general framework in Euclidean space proposed by Reddi, Kale and Kumar (Reddi et al., |2018). In the
Euclidean setting (i.e., M = R%), the orthogonal projection Py, yields an identity map and this corresponds
to the Euclidean version of the general framework.

Algorithm 1 The general framework of Riemannian adaptive optimization methods on an embedded sub-
manifold of RY.
Require: Initial point 1 € M, retraction R : TM — M, step sizes (o)72; C R4y, sequences of maps
(Pr)7Z1> (Vh)RZy-
Ensure: Sequence (z)72, C M.
1: k<« 1.
2: loop
gk = grad fp, (zi).

o

4 mi, = ¢e(g1, -, gk) € R

5 szwk(gl,...,gk)epdﬂ81+.
6: Tpt1 = Rmk(—akka (H,;lmk))
7 k< k+1.

8: end loop

Although Algorithm 1| is an optimization method on Riemannian manifold M, since g, € T,, M C R<,
mi € R? and Hy, € DN Si+ C R4 we can directly use (¢,)%; and (¢,,)2; to extend the Euclidean
adaptive gradient methods.

Here, SGD is the most basic method; it uses

Ok(g1s -5 98) = 9k, Vr(g1s- -, 9x) = L.

Algorithm [1| with these maps corresponds to RSGD (Bonnabel, 2013) in the Riemannian setting. AdaGrad
(Duchi et al}2011), the first adaptive gradient method in Euclidean space that propelled research on adaptive
methods, uses the sequences of maps ¢ (g1, ..., 9k) = gr and

Uk = V-1 + 9k © Gk,
Yi(g1, .-, gk) = diag(\/Vk 1, - -/ Vk.a) + €l4,
where vg = 0 € R? and € > 0. Here, we will denote the i-th component of v, by vy ;. The exponential

moving average variant of AdaGrad is often used in deep-learning training. The most basic variant is
RMSProp (Hinton et al., [2012), which uses the sequences of maps ¢ (g1, -, gx) = gr and

v = Pavk—1 + (1 = B2)gr © gr,
VY91, gr) = diag(y/Vk1, - - -, \/VUka) + €la,
where vo = 0 € R? and ¢ > 0. Both Algorithm || with these maps and cRMSProp (Roy et al., 2018) can be
considered extensions of RMSProp to Riemannian manifolds. They differ from each other in that parallel
transport is needed to compute the search direction of cRMSProp, but it is not needed in our method.
Adam (Kingma & Ba, [2015) is one of the most common variants; it uses the sequence of maps,
my

my = Bimg—1 + (1 — 51)gk; ¢k(917 e 79k) = W»
—P1

and
Uk

v = Bovp—1+ (1 = B2)gr © gr, Up = 1 g
- M2

Vr(g1s- -+, gr) = diag(\/Ox,1, - - -, \/O,a) + €la, (3)



Under review as submission to TMLR

where mo = 0 € R and vy = 0 € R%. 31 = 0.9, B2 = 0.999 and € = 10~8 are typically recommended values.
Moreover, within the general framework (Algorithm , we propose the following algorithm as an extension
of AMSGrad (Reddi et al., [2018) in Euclidean space.

Algorithm 2 AMSGrad on an embedded submanifold of R%.

Require: Initial point x; € M, retraction R : TM — M, step sizes (ay)72; C Ry, hyperparameters
Bl?ﬁ? € [07 ]-)7 e>0.
Ensure: Sequence ()32, C M.
1: Set mg =0, vg = 0 and 9y = 0.

2: k<« 1.

3: loop

4: g = grad fp, (xf).

5 my = Prime_1+ (1= B1)gr.

6 vp = Povp_1+ (1= B2)gr © gr-

7 Vg = max(ﬁk_l, Uk).

8: Hk:diag(w/f}k,h---,\/@k,d)‘}’eld-
9: Tht1 = ka(—aszk (Hk_lmk))

10: k+k+1.
11: end loop

3 Convergence analysis

3.1 Assumptions and useful lemmas

We make the following Assumptions [B.1][[AT)H(A4)} [(AT)] and [(A2)] include the standard conditions.
assumes the boundedness of the gradient. |(A4)|is an assumption on the Lipschitz continuity of the gradient.
I(A5)[ assumes that a lower bound exists.

Assumption 3.1. Let (x)52, be a sequence generated by Algorithm .

(A1) Eylgrad fs, ,(vx)] = grad f(zg) for allk > 1 andi=1,...,b.
(A2) There exists 0 > 0 such that

E {ngad Jori(wr) — grad f(xk)Hz] < o2,
forallk>1andi=1,...,b.
(A3) There exists G, B > 0 such that ||grad f(zx)||, < G and ||grad fg, (zk)|ly < B for all k > 1.
(A4) There exists a constant L > 0 such that
ID(f o Re)(m)[n] = Df (@)[m| < L nll3,
forallx e M, neT, M.

(A5) f is bounded below by f, € R.

Lemma 3.2. Suppose that Assumption holds. Let (x1)52, be a sequence generated by Algorithm
[ Then,

Ey [grad fp, (z1)] = grad f(zy),

for all k > 1.

Proof. See Appendix [A] O
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Lemma 3.3. Suppose that Assumptions and hold. Let (x)72, be a sequence generated by
Algorithm[1. Then,

0'2 2
n + llgrad f(zx)ll5

By [llerad £z, (w0)3] <

for all k > 1.
Proof. See Appendix O

It is known that if Assumption [3.1][(A4)] holds, so does the following Proposition This property is known
as retraction L-smooth (see Huang et al. (2015); Kasai et al|(2018)) for details).

Proposition 3.4. Suppose that Assumption (A4 ) holds. Then,

F(Ra(n) < (@) + {arad F ), )y + = [l

forallz € M andne T, M.

3.2 Convergence analysis of Algorithm [I]

The main difficulty in analyzing the convergence of adaptive gradient methods is due to the stochastic

momentum my = ¢x(g1,. .-, gx). As a way to overcome this challenge in Euclidean space, |[Zhou et al.| (2024);
[Yan et al. (2018); |Chen et al| (2019) defined a new sequence zj,
2k = Tk + b (xk —.rkfl).

1—-p

However, this strategy does not work in the Riemannian setting. Therefore, by following the policy of

(2018), let us analyze the case in which ¢x(g1,...,9x) = gr. To simplify the notation, we denote the
i-th component of g, (resp. vk, Ox) by gk, (resp. vg,i, Vi)

Lemma 3.5. Suppose that Assumption holds. Then, the sequence ()52, C M generated by
Algorithm [g satisfies

Ok < B2,
forallk>1andi=1,...,d.

Proof. See Appendix [C] O

Lemma 3.6. Suppose that Assumption (A4) holds. If ¢r(g1,- .-, 9x) = gr and H, ' < vy for allk > 1
and some v > 0, then the sequence (zx)5>, C M generated by Algom'thm satisfies

Loziu2

2
2 ||gk||2’

f(@rg1) < faw) + (grad f(zx), —arH, ' gr), +

for all k > 1.

Proof. See Appendix O

Theorem 3.7. Suppose that Assumptions [3.1][(A7]) hold. Moreover, let us assume that apy1 < oy,
Or(g1, - Gk) = Gk, aka_l = ak+1Hk_j1 and there exist u,v > 0 such that pul; < Hk_1 < vl forall k> 1.
Then, the sequence (x)72, C M generated by Algom'thm satisfies

K

Layv? Oy &

2
> o (10 Z ) [erad o] < €1+ Y,
k=1 k=1

for some constant C1,Cy > 0.
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Remark: Since Algorithm [2|satisfies O11,; := max(0g;, Vi+1,i) > Dk,i, it together with agy1 < oy, leads to
ar/ (/O +€) > ag+1/(y/Ok+1,i + €). Moreover, from Lemma
1 1 1
S S )
B+e€ Opi+e €

which implies (B + ¢)~'I; < H, ' < e 'I;. Therefore, Algorithm [2| satisfies the assumption oy H, ' =
ak+1Hk__&1 and ply < Hk_1 < vlywith p=(B+e¢) tand v =e1.

Proof. We denote grad f(xx) by g(zk). First, let us consider the case of kK = 1. From Lemma we have

La2v?

Flwz) < flan) + (glar), —anHy 1), + = a3
By taking Eq[-] of both sides, we obtain
_ La2v?
Ey[f(x2)] < f(x1) + (g9(x1), —nEa[H} 191]>2 + TlEl {”91”;}
_ La2v? [ o?
< J(ar) + (glar), e Ea ]}, + 0 (4 (o))

where the second inequality comes from Lemma By taking E[-] of both sides and rearranging terms, we

get
La2o?v?
2b

Loy 2
2

E[llg(e) 3] < £(21) = Elf(z2)] + (9(21). e E[H  1]), +

By adding oy uG? to both sides, we obtain
La2o?v?
2b

Laqv?
2

+ (g(z1), —anE[H; ' g1]), + 1G>

Co

c1pG? = Z2E [llgan)|l3] < fla1) — Bl (w2)] +

Here, we note that

a1 | llg(a1)[3] < arnG?.
Therefore, we have

La2o?v?
2b

s (=222 B [latenlE] < o)~ Elfe)] + +Co (@)

2
Next, let us consider the case of k > 2. From Lemma we have

_ _ _ La2v?
F(@ria) < flan) + (g(an), w1 H gy, + (9(z), (an—1 Hly — o Yge), + 5 lgxl3
for all £ > 2. From Assumption (A3) Lemma and ak_lHk__ll — aka_l = O, we have
_ _ _ La?v?
F(@rr1) < flan) + (g(xn), —an—1H ygr), + GBtr(ag_1 H ') — o H ) + Qk lgkll3 -

By taking Eg[] of both sides, we obtain
Ex[f (w11)] < () + (g(ar), —an1 H, 1 Erlgi]),
+ GBE,[tr(ap 1 Hy Yy — o H V) +
< flaw) — ar—1 (glaw), H  1g(z),

_ _ La2v? [ o2
+ GBE[tr(ay 1 H, ) — apH ') + Zk (b + ||9(9Ek)||§> ,

Lai V2
2

By [llgw 3]
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where the first inequality comes from the independence of H ,:_11 for s; and the second inequality comes from
Lemmas and Here, since H,;ll = ulg and af < ag_1, it follows that

—on—1 (g(aw), Hy tyg(an)), < —anpllgla); .
which implies
Laio?v?
2b

Lag,/?
2

Exlf (20s1)] < flax) — o (u - ) lg(en)lE + GBEltr(arr Hy, — o Y] +

By taking E[-] of both sides, we have

Loy,v? _ _ Lo2o?v?
Bl )] < Blf0] - o (1= 25 VB [lo(enl3] + GBEIlan1H Ly - antty ]+ Z2A5
By rearranging the above inequality gives us
Loy,v? _ _ La2o?v?
o (1= P2V B [laton) ] < LA (o] ~ Bl (ons)] + GBElm(ana i - anti ]+ 252 5)

By summing from k =2 to k = K, we have

pILA (I BY RN

k=2

< E[f(z2)] — E[f(vx+1)] + GBE[tr(cn Hy ' — ax Hy' Z Lak“

Since ply = H;(I < vl for all k > 1, it follows that tr(alel) < aqvd and tr(ozKHf(l) > 0. Here, we note
that E[f(xk+1)] > f«, from Assumption Therefore, we have

2

K Loy ? Laio?v
;ak(u— 2V E [lo(aul] < Blf(e)] - ot GBawd+ 3 LT ®

k=2

Here, by adding both sides of and @, we have

K LCMkyQ ) L02V2 . K 2
E ak (p— E [HQ(xk)“z] < f(z1) — fo + Co + GBayvd + 5 E al.
C1 N—— k=1
Ca
This completes the proof. -

Our convergence analysis (Theorem [3.7) allows the proposed framework (Algorithm 1)) to use both constant
and diminishing steps sizes. Theorems [3.8] and [3.9] are convergence analyses of Algorithm [I] with constant
and diminishing steps sizes, respectively.

Theorem 3.8. Under the assumptions in Theorem[3.7 and assuming that the constant step size ay, = «
satisfies 0 < a < 2puL~'v=2, the sequence (xy)52, C M generated by Algom'thm satisfies

1 & ) 1 1
e Bl sols] =0 (e + ).

Proof. We denote grad f(xx) by g(zx). From Theorem we obtain

K

RIS LV E flotanl] < S+ S22 ™
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Since 0 < a < 2uL~'v=2 it follows that (2au — La?v?)/2 > 0. Therefore, dividing both sides of by
(2ap — La?v?) /2 gives

20, 1 20502 1
=—N'E [ 2} < — .4 .-
K kz::l lgt@llz] = 2ap — La?2v? K + 200 — La?v? b

This completes the proof. O

Theorem 3.9. Under the assumptions in Theorem [3.7 and assuming that the diminishing step size ay :=
a/Vk satisfies o € (0,1], the sequence (z)?, C M generated by Algom'thm satisfies

Il(gna [llgrad f(@i)]13] = © ((1 + b) 1%) '

Proof. We denote grad f(zx) by g(zx). Since (ax)f, satisfies ap — 0 (k — 00), there exists a natural
number kg > 1 such that, for all k>1,if k> ko, then 0 < ay, < 2uL~'v~2. Therefore, we obtain

Lay,v?

0<p-— < f,

for all k > ko. From Theorem [3.7} we have

K 2 K Ro 1 oV 9
> o (1= 25 B floten)] < 01 G Yoot = 3 e (= F57 ) B lteni]

k=kq k=

for all K > ko. Since (a)?2; is monotone decreasing and ay, > 0, we obtain

Lo ? !
o (0= 25) S E[la@l] <o+ 2 Zak + 3 Lob"E [lo(wol]

k=kq

Dividing both sides of this inequality by 27 Kax (2u — Lag,v?) > 0 yields

1 & ) 2 Cy & 2 e, )
% 2 Eloe0ll] < gom e (O o0k + X LaivE [lg(eo) ]

k=ko k=1 k=1
1 2 ko1
- . C Lo QIE[ , 2]
Kag 2M_LakoV2< 1*2 o E llg(@)l
Cs

1
bKaK 2u— Lozkol/QZak
——— k

Cy

From this and ag := a/vK < 1, we obtain
1 & 1 Cs = =
K" [lg()l3] < <Cs +=1>a ) Z (g 13]
K
E [llg@)3] + fz )

A

|
—
—
2
_l’_
E
|

From « € (0,1], we have that

K K K
Z i Zf§2;§1+/K?:l+logK.
Pt 1

e
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Therefore,

KZE[ngk H} O(\/><C3+koz:l [ngk H}_'__‘_C;ng)

This completes the proof. O

4 Numerical Experiments

We experimentally compared our general framework of Riemannian adaptive optimization methods (Algo-
rithms |1)) with several choices of (¢,,)22; and ()22, with the following algorithms:

o RSGD (Bonnabel, [2013): Algorithm [1| with ¢x(g1,...,9x) = g and Yi(g91,- .., 9%) = Ia.
o RASA-LR, RASA-L, RASA-R (Kasai et al. 2019, Algorithm 1): 5 = 0.99.

« RAdam: Algorithm [[|with (¢,)5%; defined by ([2)), (¢,)32, defined by (@), 81 = 0.9, B2 = 0.999 and
e=10"8.

« RAMSGrad: Algorithm [2] with 8; = 0.9, 82 = 0.999 and ¢ = 108,

We experimented with both constant and diminishing step sizes. For each algorithm, we searched in the
set {1071,1072,...,1078} for the best initial step size o ( both constant and diminishing). Note that the
constant (resp. diminishing) step size was determined to be o = a (resp. ap = a/vk) for all k > 1.
The experiments used a MacBook Air (M1, 2020) and the macOS Monterey version 12.2 operating system.
The algorithms were written in Python 3.12.1 with the NumPy 1.26.0 package and the Matplotlib 3.9.1
package. The Python implementations of the methods used in the numerical experiments are available at
https://anonymous.4open.science/r/202408-adaptive-0BA6/README . md.

4.1 Principal component analysis

We applied the algorithms to a principal component analysis (PCA) problem (Kasai et all [2018; Roy et al.,
2018). For N given data points x1,...,zy € R™ and p (< n), the PCA problem is equivalent to minimizing

N
)= 5 3 o~ 00w, (8)
1=1

on the Stiefel manifold St(p,n). Therefore, the PCA problem can be considered to be optimization problem
on the Stiefel manifold.

In the experiments, we set p to 10 and the batch size b to 2'°. We used the QR-based retraction on the
Stiefel manifold St(p,n) (Absil et al., |2008, Example 4.1.3), which is defined by

Rx(n) := qf(X +1n),

for X € St(p,n) and n € T'x St(p,n), where qf(-) returns the Q-factor of the QR decomposition.

We evaluated the algorithms on training images of the MNIST dataset (LeCun et al.|1998) and the COIL100
dataset (Nene et al., [1996). The MNIST dataset contains 60,000 28 x 28 gray-scale images of handwritten
digits. We transformed every image into a 784-dimensional vector and normalized its pixel values to lie in
the range of [0,1]. Thus, we set N = 60000 and n = 784. The COIL100 dataset contains 7,200 normalized
color camera images of the 100 objects taken from different angles. As in the previous study (Kasai et al.,
2019)), we resized them to 32x32 pixels. Thus, we set N = 7200 and n = 1024.

Figure (resp. Figure[l(b)) shows the performances of the algorithms with a constant (resp. diminishing)
step size for the objective function values defined by with respect to the number of iterations on the

10


https://anonymous.4open.science/r/202408-adaptive-0BA6/README.md

Under review as submission to TMLR

MNIST dataset, while Figure and present those on the COIL100 dataset. Figure (resp. 2(b)))

presents the performances of the algorithms with a constant (resp. diminishing) step size for the norm of
the gradient of objective function defined by with respect to the number of iterations on the MNIST
dataset, while Figure [4(a)]and [4(b)] present those on the COIL100 dataset. The experiments were performed
for three random initial points, and the thick line plots the average of all experiments. The area bounded
by the maximum and minimum values is painted the same color as the corresponding line.

501 —%— RSGD 40 1
—— RAdam
—— RAMSGrad
—— RASAL 381
RASA-R
—+— RASA-LR

—%— RSGD
—— RAdam
—— RAMSGrad
—— RASA-L

RASA-R
—+— RASA-LR

45

40+

w
A
L

Objective function value
Objective function value

301

301 \
28+

T T T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500

Number of iterations Number of iterations
(a) constant learning rate (b) diminishing learning rate

Figure 1: Objective function value defined by versus number of iterations on the MNIST datasets.

—%— RSGD 104 —%— RSGD
—— RAdam i —— RAdam
| —— RAMSGrad —— RAMSGrad
—— RASA-L —— RASA-L
LRI RASA-R 8 RASA-R
—— RASALR —+— RASA-LR

Norm of the gradient of the objective function
Norm of the gradient of the objective function

T T T T T T T T T T
0 100 200 300 400 500 0 100 200 300 400 500

Number of iterations Number of iterations
(a) constant learning rate (b) diminishing learning rate

Figure 2: Norm of the gradient of objective function defined by versus number of iterations on the MNIST
datasets.

Figure indicates that RAdam and RAMSGrad (Algorithm [2)) performed comparably to RASA-LR in
the sense of minimizing the objective function value. Figure [1(b)|indicates that RAdam and RAMSGrad
(Algorithm [2)) outperformed RASA-L and RASA-R. Figure [2(a)| shows that RAMSGrad (Algorithm
performed better than RASA-LR in the sense of minimizing the full gradient norm of the objective function.
Figure indicates that RAdam and RAMSGrad (Algorithm [2) had the best performance in the sense
of minimizing the objective function value. Figure |3(b)|indicates that RAdam and RAMSGrad (Algorithm
performed comparably to RASA-LR. Figure ows that RAdam had the best performance in the
sense of minimizing the full gradient norm of the objective function. Figure indicates that RAdam and
RAMSGrad (Algorithm [2]) performed comparably to RASA-R and RASA-LR.
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Figure 4: Norm of the gradient of objective function defined by versus number of iterations on the
COIL100 datasets.
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4.2 Low-rank matrix completion

We applied the algorithms to the low-rank matrix completion (LRMC) problem (Boumal & Absil, 2015} Kasai
et al.l [2019; [Hu et all |2024). The LRMC problem aims to recover a low-rank matrix from an incomplete
matrix X = (X;;) € R"™Y. We denote the set of observed entries by Q C {1,...,n}x{1,..., N}, ie., (i,j) €
Q1 if and only if X;; is known. Here, we defined the orthogonal projection Pg, : R™ — R™ : a — Pq,(a) such
that the j-th element of Py, (a) is a; if (4, j) € §, and 0 otherwise. Moreover, we defined ¢; : R"*? x R™ — R?
as

¢(U,z) := argmin || P, (Ua — )|, , (9)
a€RP

for i > 1. By partitioning X = (z1,...,zy), the rank-p LRMC problem is equivalent to minimizing

N
$U) = 55 3 I1Pa,(Uas(U.:) - ). (10)

on the Grassmann manifold Gr(p,n). Therefore, the rank-p LRMC problem can be considered to be an
optimization problem on the Grassmann manifold (see Hu et al.| (2024, Section 1) or Kasai et al| (2019}
Section 6.3) for details).

We evaluated the algorithms on the MovieLens—lMH datasets (Harper & Konstan, 2015) and the Jesterﬂ
datasets for recommender systems. The MovieLens-1M datasets contains 1,000,209 ratings given by 6,040
users on 3,952 movies. Thus, we set N = 3952 and n = 6040. The Jester datasets contains ratings of 100
jokes given by 24,983 users with scores from —10 to 10. Thus, we set N = 24983 and n = 100.

In the experiments, we set p to 10 and the batch size b to 28. We used numpy. 1ina1g.1stscE| to solve the
least squares problem @D We used a retraction based on a polar decomposition on the Grassmann manifold
Gr(p,n) (Absil et al., 2008, Example 4.1.3), which is defined through

_1
2

Rix)(n) = (X +01x) (L, + 1x7x) "2,

for [X] € Gr(p,n) and n € Tix) Gr(p,n).

Figure (resp. Figure shows the performances of the algorithms with a constant (resp. diminishing)
step size for objective function values defined by with respect to the number of iterations on the
MovieLens-1M dataset, while Figure and present those on the Jester dataset. Figure (resp.
6(b)) shows the performances of the algorithms with a constant (resp. diminishing) step size for the norm
of the gradient of the objective function defined by with respect to the number of iterations on the
MovieLens-1M dataset, while Figure and present those on the Jester dataset. The experiments
were performed for three random initial points, and the thick line plots the average results of all experiments.
The area bounded by the maximum and minimum values is painted the same color as the corresponding
line.

Figure indicates that RAMSGrad (Algorithm [2)) performed better than RASA-L and RASA-LR in the
sense of minimizing the objective function value. Figure shows that RAdam and RAMGRad (Algo-
rithm [2) performed comparably to RASA-L and RASA-LR. Figure indicates that RAdam performed
comparably to RASA-R in the sense of minimizing the full gradient norm of the objective function. Figure
%m shows that RAdam outperformed RASA-R. Figure and indicate that RAMSGrad (Algorithm
2) performed better than RASA-LR in the sense of minimizing the objective function value. Figure
indicates that RAdam performed comparably to RASA-L and RASA-R in the sense of minimizing the full
gradient norm of the objective function. Figure shows that RAMSGrad (Algorithm [2) outperformed
RASA-L and RASA-R.

Thttps://grouplens.org/datasets/movielens/
?https://grouplens.org/datasets/jester
Shttps://numpy.org/doc/1.26/reference/generated/numpy.linalg.lstsq.html
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Figure 5: Objective function value defined by versus number of epochs (iterations for the entire dataset)

on the MovieLens-1M datasets.
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Figure 7: Objective function value defined by versus number of epochs (iterations for the entire dataset)
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5 Conclusion

This paper proposed a general framework of Riemannian adaptive optimization methods, which encapsu-
lates several stochastic optimization algorithms on Riemannian manifolds. The framework incorporates the
mini-batch strategy often used in deep learning. We also proposed AMSGrad that works on embedded sub-
manifolds of Euclidean space within our framework. In addition, we gave convergence analyses that are valid
for both a constant and diminishing step size. The analyses also revealed the relationship between the con-
vergence rate and mini-batch size. We numerically compared the AMSGrad with the existing algorithms by
applying them to the principal component analysis and the low-rank matrix completion problem, which can
be considered to be Riemannian optimization problems. Numerical experiments showed that the proposed
method performs well against PCA. RAdam and RAMSGrad performed well for constant and diminishing
step sizes especially on the COIL100 dataset.
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A Proof of Lemma
Proof. From (1)), Assumption [3.1][(AT)] and the linearity of Ej[-], we have

E, [grad fp, (z1)] grad Jora( )] = grad f(xy).

HM&

This completes the proof. O

B Proof of Lemma 3.3
Proof. From |la+ b||3 = |la]l3 + 2 (a, b}, + ||b]|5, we obtain
By [llerad £, (o4) 2] = B [llgrad f, (or) — grad f(ae)]3]

+ 2B, [{grad f5, (21) — grad f(zi), grad f(z)),] + Ex [lgrad f(z) 3], (1)

for all £ > 1. From and Assumption [B.I|[(AT)] the first term on the right-hand side of yields
2

b
k [llgrad fa, (zx) — grad f(ax)|,] = Ex Hll) > grad £, , (zx) — grad f ()
=1

2

1 b
= b—ZEk Z \|grad fs, , (zx) — grad f(w ‘]2]
i=1
o2
< R
— b

where the second equality comes from Assumption 3.1][(A2)] From Lemma [3.2] the second term on the
right-hand side of (| . yields

2By [(grad fp, (vx) — grad f(xx), grad f(z)),] = 2 (Ex[grad fp, (zx)] — grad f(xx), grad f(zr)),
=2 (grad f(zx) — grad f(z), grad f(zx)),

|
e

Therefore, we obtain

A\

2
o
Ex [llerad £z, (o) ] < % + llgrad f@0)l
for all £ > 1. This completes the proof. O

C Proof of Lemma

Proof. Note that from Assumption we have
Gti < Gia ot 9ia= okl < B’
forall k > 1andi=1,...,d. The proof is by induction. For &k =1, from 0 < 85 < 1, we have
D15 =01, 1= Pavo + (1= B2)gi s = (1= Ba)gi, < 914 < B
Suppose that 91, < B2 From vy_1,; < 941, < B?, we have
Ok,i = Bavk—1, + (1 — B2)gi; < B2B® + (1 — o) B* = B>
Thus, induction ensures that vy ; < B2 for all k > 1. O
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D Proof of Lemma

Proof. We denote grad f(zx) by g(x). From Proposition we have

F@rn) < Fan) + (g(wn), —onPo, (H ' gr)), + §

for all k£ > 1. From the linearity and symmetry of P,, , we obtain

| = Pe, (H; 1)

<g($k)v 7Oék’P-Tk (Hk_lgk)>2 = <P”Ek (g(ﬂ?k)), 70‘/6ng_191€>2 = <g(£Ck), 7O‘kH]g_19k>2 .

From the symmetry of P,, and P, o P;, = F,,, we have

I~ Po (H g, = oF || P2 (0 19k>H§
= af (Pe ( Y9r), Pu, (Hy 9k)>
= aj, (Hy gy Poy (Pry (Hi ' 1)),
= o} (H g, Po, (Hy, 1)),
< o [|Hg  gil|, || o (H i) -

Here, when Py, (H, 'gx) # 0 € R?, it follows that

|~ Pe (Hy ta)|ls < af | Hi grll, < adv? lgnll2

where the second inequality comes from H, 1 < vI;. On the other hand, this inequality clearly holds if

P, (H; 'gy) = 0 € R Therefore, we obtain

_ La21?
flangr) < flan) + (9(an), —oHy ' gi), + Qk lgxlla,

for all £ > 1. This completes the proof.

E Linear algebra lemma

Lemma E.1. Let a = (ay,...,a,)" € R", b= (by,...,b,)" € R" and D = diag(dy,...,d,

lally < A and |[p]l, < B, then

a' Db < ABtr(D).

Proof. From |lal|, < A and ||b]], < A, we have |a;| < A and |b;| < B foralli=1,...

obtain

i=1 i=1 i=1

This completes the proof.
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