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Abstract

In this paper, we address the following problem: Given an offline demonstration dataset
from an imperfect expert, what is the best way to leverage it to bootstrap online learning
performance in MDPs. We first propose an Informed Posterior Sampling-based RL (iPSRL)
algorithm that uses the offline dataset, and information about the expert’s behavioral policy
used to generate the offline dataset. Its cumulative Bayesian regret goes down to zero
exponentially fast in N, the offline dataset size if the expert is competent enough. Since
this algorithm is computationally impractical, we then propose the iRLSVT algorithm that
can be seen as a combination of the RLSVT algorithm for online RL, and imitation learning.
Our empirical results show that the proposed iRLSVT algorithm is able to achieve significant
reduction in regret as compared to two baselines: no offline data, and offline dataset but
used without information about the generative policy. Our algorithm bridges online RL and
imitation learning for the first time.

1 Introduction

An early vision of the Reinforcement Learning (RL) field is to design a learning agent that when let loose
in an unknown environment, learns by interacting with it. Such an agent starts with a blank slate (with
possibly, arbitrary initialization), takes actions, receives state and reward observations, and thus learns by
“reinforcement”. This remains a goal but at the same time, it is recognized that in this paradigm learning is
too slow, inefficient and often impractical. Such a learning agent takes too long to learn near-optimal policies
way beyond practical time horizons of interest. Furthermore, deploying an agent that learns by exploration
over long time periods may simply be impractical.

In fact, reinforcement learning is often deployed to solve complicated engineering problems by first collecting
offline data using a behavioral policy, and then using off-policy reinforcement learning, or imitation learning
methods (if the goal is to imitate the policy that generated the offline dataset) on such datasets to learn a
policy. This often suffers from the sim2real problem, i.e., the learnt policy upon deployment often performs
poorly on out-of-distribution state-action space. Thus, there is a need for adaptation and fine-tuning upon
deployment.

In this paper, we propose a systematic way to use offline datasets to bootstrap online RL algorithms.
Performance of online learning agents is often measured in terms of cumulative (expected) regret. We
show that, as expected, there is a gain in performance (reflected in reduction in cumulative regret) of the
learning agent as compared to when it did not use such an offline dataset. We call such an online learning
agent as being partially informed. However, somewhat surprisingly, if the agent is further informed about
the behavioral policy that generated the offline dataset, such an informed (online learning) agent can do
substantially better, reducing cumulative regret significantly. In fact, we also show that if the behavioral
policy is suitably parameterized by a competence parameter, wherein the behavioral policy is asymptotically
the optimal policy, then the higher the “competence” level, the better the performance in terms of regret
reduction over the baseline case of no offline dataset.

We first propose an ideal (informed) iPSRL (posterior sampling-based RL) algorithm and show via theoretical
analysis that under some mild assumptions, its expected cumulative regret is bounded as O(\/T) where T
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is the number of episodes. In fact, we show that if the competence of the expert is high enough (quantified
in terms of a parameter we introduce), the regret goes to zero exponentially fast as N, the offline dataset
size grows. This is accomplished through a novel prior-dependent regret analysis of the PSRL algorithm,
the first such result to the best of our knowledge. Unfortunately, posterior updates in this algorithm can
be computationally impractical. Thus, we introduce a Bayesian-bootstrapped algorithm for approximate
posterior sampling, called the (informed) iRLSVI algorithm (due to its commonality with the RLSVI algo-
rithm introduced in |Osband et al. (2019))). The iRLSVI algorithm involves optimizing a loss function that
is an optimistic upper bound on the loss function for MAP estimates for the unknown parameters. Thus,
while inspired by the posterior sampling principle, it also has an optimism flavor to it. Through, numeri-
cal experiments, we show that the iRLSVI algorithm performs substantially better than both the partially
informed-RLSVI (which uses the offline dataset naively) as well as the uninformed-RLSVI algorithm (which
doesn’t use it at all).

We also show that the iRLSVI algorithm can be seen as bridging online reinforcement learning with imitation
learning since its loss function can be seen as a combination of an online learning term as well as an imitation
learning term. And if there is no offline dataset, it essentially behaves like an online RL algorithm. Of course,
in various regimes in the middle it is able to interpolate seamlessly. We note that this is the first algorithm
of its kind.

Related Work. Because of the surging use of offline datasets for pre-training (e.g., in Large Language
models (LLMs), e.g., see Brown et al| (2020); Thoppilan et al. (2022); Hoffmann et al| (2022)), there has
been a lot of interest in Offline RL, i.e., RL using offline datasets (Levine et al., 2020). A fundamental issue
this literature addresses is RL algorithm design (Nair et al., 2020; Kostrikov et al., 2021; Kumar et al., [2020;
[Nguyen-Tang & Aroral 2023} [Fujimoto et all, 2019; [Fujimoto & Gul [2021} |Ghosh et al.| [2022)) and analysis
to best address the “out-of-distribution” (OOD) problem, i.e., policies learnt from offline datasets may not
perform so well upon deployment. The dominant design approach is based on ‘pessimism’
[Xie et al 2021a} Rashidinejad et al.,[2021)) which often results in conservative performance in practice. Some
of the theoretical literature (Xie et al., |2021a; |[Rashidinejad et al. 2021; |[Uehara & Sunl 2021; |Agarwal &
has focused on investigation of sufficient conditions such as “concentrability measures” under
which such offline RL algorithms can have guaranteed performance. Unfortunately, such measures of offline
dataset quality are hard to compute, and of limited practical relevance (Argenson & Dulac-Arnold, [2020
Nair et al.l 2020} [Kumar et all 2020} [Levine et all, 2020} [Kostrikov et all 2021} [Wagenmaker & Pacchiano

2022).

There is of course, a large body of literature on online RL (Dann et all 2021} |Tiapkin et al.l [2022; Ecoffet|
let al 2021} |Guo et all 2022; Ecoffet et al., 2019; |Osband et al., [2019) with two dominant design philoso-
phies: Optimism-based algorithms such as UCRL2 in |Auer et al. , and Posterior Sampling (PS)-type
algorithms such as PSRL (Osband et al.l 2013; Ouyang et al., [2017), etc. (Osband et al., 2019; 2016; Russo|
|& Van Roy, 2018; Zanette & Sarkar] [2017; [Hao & Lattimorel [2022). However, none of these algorithms
consider starting the learning agent with an offline dataset. Of course, imitation learning
[2018; Beliaev et al., |2022; |[Schaall 1996)) is exactly concerned with learning the expert’s behavioral policy
(which may not be optimal) from the offline datasets but with no online finetuning of the policy learnt.
Several papers have actually studied bridging offline RL and imitation learning (Ernst et al., 2005; Kumar|
let al.l |2022; Rashidinejad et al |2021; Hansen et al., |2022; |Vecerik et al.l 2017; Lee et al. [2022)). Some have
also studied offline RL followed by a small amount of policy fine-tuning (Song et al.,|2022; |Fang et al., |2022;

Xie et all, [2021b} [Wan et all [2022} [Schrittwieser et all [2021} [Ball et al. 2023} [Uehara & Sunl [2021}
et al.l [2021b; |[Agarwal & Zhang) [2022)) with the goal of finding policies that optimize simple regret.

But none have studied the problem we introduce and study in this paper: Namely, given an offline demon-
stration dataset from an imperfect expert, what is the best way to leverage it to bootstrap online learning
performance (in terms of cumulative regret) in MDPs. What is the best regret reduction that is achievable by
use of offline datasets? How it depends on the quality and quantity of demonstrations, and what algorithms
can one devise to achieve them? And does any information about the offline-dataset generation process help
in regret reduction? We answer some of these questions in this paper.
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2 Preliminaries

Episodic Reinforcement Learning. Consider a scenario where an agent repeatedly interacts with an
environment modelled as a finite-horizon MDP, and refer to each interaction as an episode. The finite-horizon
MDP is represented by a tuple M = (S, A, P,r, H,v), where S is a finite state space (of size S), A is a
finite action space (of size A), P encodes the transition probabilities, r is the reward function, H is the time
horizon length, and v is the initial state distribution. The interaction protocol is as follows: at the beginning
of each episode ¢, the initial state s, is independently drawn from v. Then, at each period h = 0,1,..., H —1
in episode ¢, if the agent takes action a! € A at the current state si € S, then it will receive a reward
Th(s},, ay,) and transit to the next state s}, € P,(:|s},,af,). An episode terminates once the agent arrives at
state st; in period H and receives a reward 7 (s%;). We abuse notation for the sake of simplicity, and just
use rg(sty,al;) instead of ry(sh;), though no action is taken at period H. The objective is to maximize its
expected total reward over T' episodes.

Let @3 and V' respectively denote the optimal state-action value and state value functions at period h.
Then, the Bellman equation for MDP M is

QZ(S’G) :Th(sﬂa) +Z‘Ph(8/|sva)vl:+l(sl)v (1)

where Vi, | (s') 1= max, Qf | (s',b), if h < H —1and V), (s') =0, if h = H — 1. We define a policy 7
as a mapping from a state-period pair to a probability distribution over the action space A. A policy 7* is
optimal if 7} (-|s) € argmaxy, >, Q7 (s,a)ms(als) for all s € S and all h.

Agent’s Prior Knowledge about M. We assume that the agent does not fully know the environment
M,; otherwise, there is no need for learning and this problem reduces to an optimization problem. However,
the agent usually has some prior knowledge about the unknown part of M. For instance, the agent might
know that M lies in a low-dimensional subspace, and/or have a prior distribution over M. We use the
notation M () where § parameterizes the unknown part of the MDP. When we want to emphasize it as a
random quantity, we will denote it by 6*. Of course, different assumptions about the agent’s prior knowledge
lead to different problem formulations and algorithm designs. As a first step, we consider two canonical
settings:

e Tabular RL: The agent knows S, A,r, H and v, but does not know P. That is, 6* = P in this
setting. We also assume that the agent has a prior over P, and this prior is independent across
state-period-action triples.

e Linear value function generalization: The agent knows S, A, H and v, but does not know P
and r. Moreover, the agent knows that for all h, @} lies in a low-dimensional subspace span(®y,),
where ®;, € RISIAIX i a known matrix. In other words, Q; = ®,0; for some 65 € R¢. Thus, in

. . T . .
this setting 0* = [GST, ceey 9}111} . We also assume that the agent has a Gaussian prior over 6*.

As we will discuss later, the insights developed in this paper could potentially be extended to more general
cases.

Offline Datasets. We denote an offline dataset with L episodes as Dy = {(8},al, - - ,5@1)%:_01}, where
N = HL denotes the dataset size in terms of number of observed transitions. For the sake of simplicity, we
assume we have complete trajectories in the dataset but it can easily be generalized if not. We denote an
online dataset with ¢ episodes as H; = {(s},ab, -+ ,sly)!_o} and D; = Dy & Hy.

The Notion of Regret. A online learning algorithm ¢ is a map for each episode ¢, and time h, ¢y p, : Dy —
A 4, the probability simplex over actions. We define the Bayesian regret of an online learning algorithm ¢

over T episodes as
T H
BRr(¢) :=E [Z (VO*(SB;H*) - Zrﬂs%ai))] ,
t=1 h=0
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where the (s}, a})’s are the state-action tuples from using the learning algorithm ¢, and the expectation
is over the sequence induced by the interaction of the learning algorithm and the environment, the prior
distributions over the unknown parameters 6* and the offline dataset Dy.

Expert’s behavioral policy and competence. We assume that the expert that generated the offline
demonstrations may not be perfect, i.e., the actions it takes are only approximately optimal with respect to
the optimal @-value function. To that end, we model the expert’s policy by use of the following generative

model,
) — I (5.0)
" > exp(B(s)Q}(s,a))’

where (B(s) > 0 is called the state-dependent deliberateness parameter, e.g., when S(s) = 0, the expert
behaves naively in state s, and takes actions uniformly randomly. When ((s) — oo, the expert uses the
optimal policy when in state s. When §(+) is unknown, we will assume an independent exponential prior for
the sake of analytical simplicity, f2(5(s)) = A2 exp(—A25(s)) over 5(s) where A2 > 0 is the same for all s.
In our experiments, we will regard (s) as being the same for all states, and hence a single parameter.

(2)

The above assumes the expert is knowledgeable about Q*. However, it may know it only approximately. To
model that, we introduce a knowledgeability parameter A > 0. The expert then knows @ which is distributed
as N (Q*,1/)\2?) conditioned on 6, and selects actions according to the softmax policy equation [2| with the
Q* replaced by Q. The two parameters (8, A) together will be referred to as the competence of the expert.
In this case, we denote the expert’s policy as wf’)‘.

Remark 2.1. While the form of the generative policy in eq. equation |2 seems specific, 71'5(|5) is a random
vector with support over the entire probability simplex. In particular, if one regards 8(s) and Qh(s, -) as
parameters that parameterize the policy, the softmax policy structure as in equation [2]is enough to realize
any stationary policy.

Furthermore, we note that our main objective here is to yield clear and useful insights when information is
available to be able to model the expert’s behavioral policy with varying competence levels. Other forms of
generative policies can also be used including e-optimal policies introduced in (Beliaev et al., [2022), and the
framework extended.

3 The Informed PSRL Algorithm

We now introduce a simple Informed Posterior Sampling-based Reinforcement Learning (iPSRL) algorithm
that naturally uses the offline dataset Dy and action generation information to construct an informed prior
distribution over 6*. The realization of §* is assumed known to the expert (but not the learning agent) with

Q(,60%) =Q(,-;0%), and S(s) := B > 0 (i.e., it is state-invariant) is also known to the expert. Thus, the
learning agent’s posterior distribution over 8* given the offline dataset is,

P(6* € -|Dy) x P(Dy|0" € )P(6" € -)
L-1H-1 (3)
= P e )x | I I oGrst.at)m) @llsy, o)) do.

0€ =0 h=0

A PSRL agent (Osband et al., |2013;|Ouyang et al., [2017) takes this as the prior, and then updates the poste-
rior distribution over * as online observation tuples, (s:, as, s, 7:) become available. Such an agent is really
an ideal agent with assumed posterior distribution updates being exact. In practice, this is computationally
intractable and we will need to get samples from an approximate posterior distribution, an issue which we
will address in the next section.

3.1 Prior-dependent Regret Bound

It is natural to expect some regret reduction if an offline demonstration dataset is available to warm-start
the online learning. However, the degree of improvement must depend on the “quality” of demonstrations,
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for example through the competence parameter 5. Further note that the role of the offline dataset is via the
prior distribution the PSRL algorithm uses. Thus, theoretical analysis involves obtaining a prior-dependent
regret bound, which we obtain next.

We use H to denote Shannon entropy (with the natural logarithm). We start by establishing a Bayesian
regret bound of PSRL algorithm for MDPs with any prior distribution.

Lemma 3.1. Let v be the prior distribution of ©*, then the PSRL algorithm satisfies

By (6751) < min{ H\/(SA)TH()T/2, /52 AZH T log(STTH) }.

The proof can be found in the Appendix. Note that the first part of the above bound reflects the prior
effect though H(v) while the second part is prior-independent. This gives us the following corollary for the
iPSRL algorithm:

Corollary 3.2. For the iPSRL algorithm,

B (HTSRE) < min { H\/(SA)HH(x [Do)T/2, v/STAZHIT og(STH) }. (4)

Proof. Conditioning on Dy = Dy, by applying Lemma we can obtain

E

T H B -
> (%*(sé; 6°) = > rulsh, ai)) Do = DO] < H\/ (SA)HH(m*|Dy = Do)T/2.

t=1 h=0

The corollary then follows by taking expectations on both sides over Dy along with the concavity of the
square root function. O

The conditional information H(7*|Dy) measures the amount of randomness of ©* given Dy. Therefore,
Corollary [3:2] means that the more certain about 7* we are, the less regret the iPSRL algorithm will incur.
In the rest of the proof, we provide an upper bound for H(7*|Dy) by use of Fano’s inequality. For positive
integer K, let [K]:={1,2,...,K}.

Lemma 3.3 (Fano’s Inequality). Let Y,Y be random variables on [K] such that Pr(Y # Y)
Then,

IN

e <1/2.

H(Y|Y) < elog K + h(e), (5)

where h(e) = —eloge — (1 — €)log(1 — ¢€) is the binary entropy function.

We assume the following about the prior distribution of 6*.

Assumption 3.4. There exists a A > 0 such that for all § € ©, h € [H], and s € S, there exists an a* € A
such that Qn(s,a*;0) > Qn(s,a’;0) + A, Va' € A\{a*}.

Define pp,(s;6) := Prg 1 9)(sn = 5).

Assumption 3.5. The infimum probability of any reachable state, defined as

p:=inf{pn(s;0) : h € [H],s € S,0 € ©,pu(s;0) > 0}
satisfies p > 0.

We now describe a procedure to construct an estimator #* from Dg so that Pr(n* # #*) is small. Fix an
integer N, and choose a § € (0,1). For each § € ©, define a deterministic Markov policy 7*(0) = (7} (-;0))
sequentially through

argmax, Qn(s,a;0), if Prg .- s —8) >0
71—;(8;9) :{ & Qh( ) o, 1;h71(9)( h ) (6)

aop, if Préa”;hfﬂé)(sh = S) >0,
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where the tiebreaker for the argmax operation is based on a fixed order on actions, and ag € A is a fixed
action in A. It is clear that 7*(6) is an optimal policy for the MDP 6. Furthermore, for those states that are
impossible to be visited, we choose to take a fixed action ag. Although the choice of action at those states
doesn’t matter, our construction will be helpful for the proofs.

Construction of #*: Let Nj(s) (resp. Np(s,a)) be the number of times state s (resp. state-action pair
(s,a)) appears at time h in dataset Dy. Define 7* to be such that:

o @r(s) = argmaxaea Ni(s,a) (ties are broken through some fixed ordering of actions) whenever
Np(s) = 6N;

o @7 (s) = ap whenever Nj(s) < dN. ao is a fixed action in A that was used in the definition of 7*(6).
The idea of the proof is that for sufficiently large § and N, we can choose a ¢ € (0,1) such that
o Claim 1: If s € S is probable at time h under 7*(6), then Ny(s) > N with large probability.
Furthermore, 7} (s) = argmaxqe 4 Np, (s, a) with large probability as well.
o Claim 2: If s € S is improbable at time h under 7*(8), then Nj(s) < N with large probability;

Given the two claims, we can then conclude that 7* = 7* with high probability via a standard union bound
argument.

Lemma 3.6. Let X be the sum of N i.i.d. Bernoulli random variables with mean p € (0,1). Let ¢ € (0,1),
then

Pr(X <gN)<exp(-2N(¢—p)*).  ifa<p,
Pr(X >gN) <exp(-2N(¢—p)*),  ifqg>p.
Proof. Both inequalities can be obtained by applying Hoeffding’s Inequality. O

Lemma 3.7. Let A and p be as in Assumptions cmd respectively and let
B :=[log3 —logp + log(H — 1) 4+ log(A — 1)]/A.

For any 8> 8 and N € N, there exists an estimator a* constructed from Dq that satisfies

Np? N
ric sz oo () e ()]

The proof is available in the appendix.
Theorem 3.8. Let 5> ﬁ, then for all N such that ey < 1/2, we have

BRT(¢"PSEL) < min {\/SQAQH‘*T log(STH), H\/ (SA)H (enySHlog A + h(aN))T/2}. (7)

N ]32 Np
exp T + exp 36 )|
Proof. Since #* is a function of Dy, we have H(7*|Dg) < H(7*|#*). The result then follows from Lemma

[3:2] Lemma [3:3] and Lemma[3.7] O

Note that using the inequality h(e) < 24/ —¢ for all € € (0, 1), we see that the right-hand side of equation
converges to zero exponentially fast as N — oo.

where

€N=SH
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Remark 3.9. (a) For fixed N, and large S and A, the regret bound is O(SAH?V/T), which possibly could
be improved in H. (b) For a suitably large 3, the regret bound obtained goes to zero exponentially fast as
N, the offline dataset size, goes to infinity thus indicating the online learning algorithm’s ability to learn via
imitation of the expert. (c¢) Corollary can be improved to remove the exponential dependency on H by
using the Cauchy—-Schwarz inequality in the space of state-action occupancy measures. Such technique has
been successfully used in (Hao & Lattimore| |2022) in a purely online setting. We leave this refinement as a
part of future work.

4 Approximating iPSRL

4.1 The Informed RLSVI Algorithm

The iPSRL algorithm introduced in the previous section assumes that posterior updates can be done exactly.
In practice, the posterior update in Eq. equation [3]is challenging due to the loss of conjugacy while using
the Bayes rule. Thus, we must find a computationally efficient way to do approximate posterior updates
(and obtain samples from it) to enable practical implementation. Hence, we propose a novel approach based
on Bayesian bootstrapping to obtain approximate posterior samples. The key idea is to perturb the loss
function for the maximum a posterior (MAP) estimate and use the point estimate as a surrogate for the
exact posterior sample.

Note that in the ensuing, we regard § as also unknown to the learning agent (and A = oo for simplicity).
Thus, the learning agent must form a belief over both 6 and /8 via a joint posterior distribution conditioned
on the offline dataset Dy and the online data at time ¢, H;. We denote the prior pdf over 6 by f(-) and prior

pdf over 8 by fa(-).

For the sake of compact notation, we denote Q; (s, a;0) as Qﬁ(s7 a) in this section. Now, consider the offline
dataset,

Dy = {((Shaahaslhvrh)h 0 )l 1}

and denote 6 = (6;,)7—,'. We introduce the temporal difference error £ (parameterized by a given Q”),

Q") = (rh + mpx QG0 - QAshoah) )

We will regard QZ to only be parameterized by 6, i.e., QZ’I but abuse notation for the sake of simplicity.
We use this to construct a parameterized offline dataset,

Do(Q%) = {((s},. al,. 3, Eh(Q°))h=0:1-1)1=1.L}-

A parametrized online dataset H;(Q?) after episode ¢ can be similarly defined. To ease notation, we will
regard the jth episode during the online phase as the (L + j)th observed episode. Thus,

(Qe) = {((Shvahvsmgh (Q Nh=0:H-1)k=L+1:L+t}

the dataset observed during the online phase by episode t.

Note that Q7 is to be regarded as a parameter. Now, at time ¢, we would like to obtain a MAP estimate
for (0, 8) by solving the following:

MAP:  arg maxlog P(H:(Q")[Do(Q”). 6, 8) + log P(Do(Q")[6: ) + 1o f(6) + og f2(8)- (8)

Denote a perturbed version of the Qf-parameterized offline dataset by

ﬁO(QG) = {((Slha aiy élhv é%)h:O:H—l)l:l:L}

where random perturbations are added: (i) actions have perturbation w}* ~ exp(1), (ii) rewards have per-

turbations z, ~ N(0,0?), and (iii) the prior 6 ~ N'(0,%).
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Note that the first and second terms involving H; and Dy in equation[8|are independent of 3 when conditioned
on the actions. Thus, we have a sum of log-likelihood of TD error, transition and action as follows:

IOg P(ﬁo (Qe) |Q8H)

Mm

> (108 P(E} 13}, ah. shy QB.1o)+ log P(3hlab, sh Qf.) + log Pla} s, Qf.1r))
h

I
-

Mh

>~ (10 P(E}13%, ah sh Q) +og iy (ahlsh, @) )
h

Il
-

By ignoring the log-likelihood of the transition term (akin to optimizing an upper bound on the negative
loss function), we are actually being optimistic.

For the terms in the upper bound above, under the random perturbations assumed above, we have

2
- 1
02 P 0hsh Q) =~ (7 + 24+ mpx Qs (8,0) ~ QAo )+ constane

and

1%ﬁ@w@%m%@m@wm4%zmmmm%w)
b

Now, denote a perturbed version of the Q?-parametrized online dataset,

He(Q%) = {((sf.af, 3%, EFVhmo:H—1)keL+1:141 )

and thus similar to before, we have

L+t
IOgP(Ht(QG)mO( QOH Z Z (IOgP 5h Q9)|shaaha3h7Q0 H)+10gp(§h|ah75h7Qe))7
k=L+1 h
L4t 3
< Z Z(IOgP(g}]fléﬁvaﬁvsl}cuQiez:h-i-l))a
k=L+1 h

where we again ignored the transition term to obtain an optimistic upper bound.

Given the random perturbations above, we have

2
1
_ (r}’j + 28+ max Qzﬂ(élﬁ, b) — QY (s, aﬁ)) + constant.

logP(éfh( )|5haaha3haQZ:h+1): B

The prior over 3, f2(3) is assumed to be an exponential pdf As exp(—A2f3), 5 > 0, while that over € is assumed
Gaussian. Thus, putting it all together, we get the following optimistic loss function (to minimize over
6 and 3),

Lyt H-1
5 1

2
‘C(aa 20_2 Z Z <Th + Zh =+ maX Qh—‘rl(sh’ ) - QZ(S;&Q}Z))
k=1 h=0
-1

L
- Z Z w <5Qh Sh7ah logZexp BQh(sm ))) + %(0 - 9)720(9 - é) + A2f3.

=1 h=0

The above loss function is difficult to optimize in general due to the max operation, and the @-value function
in general having a nonlinear form.
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Remark 4.1. Note that the loss function in equation [J] can be hard to jointly optimize over § and 3. In
particular, estimates of 5 can be quite noisy when ( is large, and the near-optimal expert policy only covers
the state-action space partially. Thus, we consider other methods of estimating g that are more robust,
which can then be plugged into the loss function in equation [9} Specifically, we could simply look at the
entropy of the empirical distribution of the action in the offline dataset. Suppose the empirical distribution
of {al,...al;}E | is pa. Then we use co/H(pa) as an estimation for 8, where co > 0 is a hyperparameter.
The intuition is that for smaller 3, the offline actions tend to be more uniform and thus the entropy will be
large. This is an unsupervised approach and agnostic to specific offline data generation process.

Remark 4.2. In the loss function in equation [J] the parameter 6 appears inside the max operation. Thus,
it can be quite difficult to optimize over 5. Since the loss function is typically optimized via an iterative
algorithm such as a gradient descent method, a simple and scalable solution that works well in practice is to
use the parameter estimate 6 from the previous iteration inside the max operation, and thus optimize over
# only in the other terms.

4.2 iRLSVI bridges Online RL and Imitation Learning

In the previous subsection, we derived iRLSVI, a Bayesian-bootstrapped algorithm. We now present inter-
pretation of the algorithm as bridging online RL (via commonality with the RLSVT algorithm (Osband et al.,
2016) and imitation learning, and hence a way for its generalization.

Consider the RLSVTI algorithm for online reinforcement learning as introduced in (Osband et al.| |2019). It
draws its inspiration from the posterior sampling principle for online learning, and has excellent cumulative
regret performance. RLSVI, that uses all of the data available at the end of episode ¢, including any offline
dataset involves minimizing the corresponding loss function at each time step:

L+t H—1 2
1 ~ ~
0 T
Lrisvi(0) = 02 > (Th + max Qh1(375:0) — Qh(#ﬂﬁ)) + 500 = bo:r) " Bo(Oo:rr — o)
k=1 h=0
Now, let us consider an imitation learning setting. Let 7, = (s}, al,, sh)h o be the trajectory of the /th

episode. Let 7y, (als) denote the empirical estimate of probability of taking action « in state s at time h, i.e.,
an empirical estimate of the expert’s randomized policy. Let p(7) denote the probability of observing the
trajectory under the policy 7.

Let 71'5’0(-|s) denote the parametric representation of the policy used by the expert. And let pﬁ’e(T) denote
the probability of observing the trajectory 7 under the policy 7%¢. Then, the loss function corresponding to
the KL divergence between IIX ,p(7;) and ITIE_ p?9(7;) is given by

L1(8.0) = Dicr, (W p(m) |y p7 (7)) = / T} 1p(m) log =27, Z / (m)log ()

HlL 1pﬁ 7'l ( )
L .
_ Fn(ahlsh)
=Y D log—g5 -t
I=1 h=0 " (ayls,)
1

~ 0
[log 7t (al|sh,) — log my % (al,|s%)]

I |
SR

(ﬁQh(sh, ay,) — log Z exp (ﬁQ‘Z(slh, b))) -+ constant.
b

Remark 4.3. (i) The loss function Lyy,(3,0) is the same as the second (action-likelihood) term in equation |§|
while the loss function ﬁRLSVI(G) is the same as the first and third terms there (except for perturbation) and
minus the Ay term that corresponds to the prior over 3. (ii) Note that while we used the more common
KL divergence for the imitation learning loss function, use of log loss would yield the same outcome.
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Thus, the iRLSVI loss function can be viewed as

L(B,6) = Lrrsvi(0) + L1(B,0) + A2, (10)

thus establishing that the proposed algorithm may be viewed as bridging Online RL with Imitation Learning.
Note that the last term corresponds to the prior over 8. If 3 is known (or uniform), it will not show up in
the loss function above.

The above also suggests a possible way to generalize and obtain other online learning algorithms that can
bootstrap by use of offline datasets. Namely, at each step, they can optimize a general loss function of the
following kind: } } }

Lo(8,6) =alorL(d) + (1 — ) LiL(8,0) + Xa2f, (11)

where Loy is a loss function for an Online RL algorithm, L1, is a loss function for some Imitation Learning
algorithm, and factor « € [0, 1] provides a way to tune between emphasizing the offline imitation learning
and the online reinforcement learning.

5 Empirical Results

Performance on the Deep Sea Environment. We now present some empirical results on “deep sea', a
prototypical environment for online reinforcement learning (Osband et al.,|2019)). We compare three variants
of the iRLSVI agents, which are respectively referred to as informed RLSVI (iRLSVI), partially informed
RLSVI (piRLSVI), and uninformed RLSVI (uRLSVI). All three agents are tabular RLSVI agents with similar
posterior sampling-type exploration schemes. However, they differ in whether or not and how to exploit the
offline dataset. In particular, uRLSVI ignores the offline dataset; piRLSVI exploits the offline dataset but
does not utilize the information about the generative policy; while iRLSVI fully exploits the information in
the offline dataset, about both the generative policy and the reward feedback. We note no other algorithms
are known for the problem as posed.

Deep sea is an episodic reinforcement learning problem with state space S = {0,1,..., M }2 and , where M
is its size. The state at period h in episode ¢ is s}, = (z,d}) € S, where zf, = 0,1,..., M is the horizontal
position while dj, = 0,1,...,M is the depth (vertical position). Its action space is A = {left,a} and time
horizon length is H = M. Its reward function is as follows: If the agent chooses an action a in period h < H,
then it will receive a reward —0.1/M, which corresponds to a “small cost"; If the agent successfully arrives
at state (M, M) in period H = M, then it will receive a reward 1, which corresponds to a “big bonus";
otherwise, the agent will receive reward 0. The system dynamics are as follows: for period h < H, the
agent’s depth in the next period is always increased by 1, i.e., dﬁH_l = d} 4+ 1. For the agent’s horizontal
position, if aj, = left, then z} _, = max{z} — 1,0}, i.e., the agent will move left if possible. On the other
hand, if aj, = a, then we have z} ,; = min{xz} 4+ 1, M} with prob. 1—1/M and x}_, = z}, with prob. 1/M.
The initial state of this environment is fixed at state (0,0).

The offline dataset is generated based on the expert’s policy specified in Eq. equation 2] and we assume
B(s) = B (a constant) across all states. We set the size of the offline dataset Dy as |Dg| = k|.A||S|, where
k > 0 is referred to as data ratio. We fix the size of deep sea as M = 10. We run the experiment for T" = 300
episodes, and the empirical cumulative regrets are averaged over 50 simulations. The experimental results
are illustrated in Figure [T} as well as Figure [3]in Appendix [C]

Specifically, Figure [I] plots the cumulative regret in the first 7' = 300 episodes as a function of the expert’s
deliberateness 3, for two different data ratio k = 1,5. There are several interesting observations based
on Figure (i) Figure [1] shows that iRLSVI and piRLSVI tend to perform much better than uRLSVI,
which demonstrates the advantages of exploiting the offline dataset, and this improvement tends to be more
dramatic with a larger offline dataset. (ii) When we compare iRLSVI and piRLSVI, we note that their
performance is similar when § is small, but iRLSVI performs much better than piRLSVI when f is large.
This is because when ( is small, the expert’s generative policy does not contain much information; and as
0 gets larger, it contains more information and eventually it behaves like imitation learning and learns the
optimal policy as 8 — oco. Note that the error bars denote the standard errors of the empirical cumulative
regrets, hence the improvements are statistically significant.

10
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Figure 1: Cumulative regret vs. 8 in deep sea.
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Figure 2: Robustness of iRLSVI to misspecification.

Robustness to misspecification of 5. We also investigate the robustness of various RLSVI agents with
respect to the possible misspecification of 5. In particular, we demonstrate empirically that in the deep sea
environment with M = 10, with offline dataset is generated by an expert with deliberateness § = 5, the
iRLSVI agent is quite robust to moderate misspecification. Here, the misspecified deliberateness parameter
is denoted 3. The empirical results are illustrated in Figure l where the experiment is run for 7" = 300
episodes and the empirical cumulative regrets are averaged over 50 simulations.

Since uRLSVI and piRLSVI do not use parameter B, thus, as expected, their performance is constant over
B. On the other hand, iRLSVI explicitly uses parameter B. As Figure [2] shows, the performance of iRLSVI
does not vary much as long as 3 has the same order of magnitude as 3. However, there will be significant
performance loss when J is too small, especially when the data ratio is also small. This makes sense since
when 3 is too small, iRLSVI will choose to ignore all the information about the generative policy and
eventually reduces to piRLSVI.

6 Conclusions

In this paper, we have introduced and studied a new problem: Given an offline demonstration dataset from
an imperfect expert, what is the best way to leverage it to bootstrap online learning performance in MDPs.
We have followed a principled approach and introduced two algorithms: the ideal iPSRL algorithm, and the
iRLSVI algorithm that is computationally practical and seamlessly bridges online RL and imitation learning
in a very natural way. We have shown significant reduction in regret both empirically, and theoretically as
compared to two natural baselines. The dependence of the regret bound on some of the parameters (e.g., H)
could be improved upon, and is a good direction for future work. In future work, we will also combine the
iRLSVI algorithm with deep learning to leverage offline datasets effectively for continuous state and action
spaces as well.

11
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A Proof of Lemma [3.1]

Proof. To simplify notations, for a deterministic Markov policy 7 = (m)L,, m, : S = A, set m(als) =
Limu(s)=a}-

For each deterministic Markov policy 7, define a (SA)H-dimensional indicator vector a, € {0,1}(5 <A by
H

Tr (S1:1,01:1) = H Th(an|sn)- (12)
h=1

We claim that V{7 (6), the value of policy 7 in an MDP 6, is a linear function of x,. This can be seen since
the probability of each trajectory (s1.m,a1.m) is given by

Pr(sim, arm) (13)
= P()g(sl)ﬂ'l (a1|31)P19(52|51, CL1)7T2(CL2|82)P20(53|82, ag) Xoeee (14)
X Phy_y(sulsu—1,an—1)wm(an|sm) (15)
= PG(SLH,al:H)x‘n'(Sle7a'1:H)7 (16)
and V{7 (0) is a linear function of the probability measure on the trajectory.
Let {n!,72,--- ,7M} where M = ASH be the set of all deterministic Markov policies. Let {z!, 22, .- 2™}

be their corresponding (SA)-dimensional indicator vectors. If we treat z'’s as “actions”, and the state-
action trajectories as “observations”, then the MDP learning process can be treated as a linear bandit process

14
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with bandit feedback. Applying Proposition 1 and Proposition 5 in (Russo & Van Roy, 2016) we obtain the
result.

For notational simplicity define v; = Pr(n* = 7'). Let R; denote the random total reward divided by H in
MDP 6 if one applies policy 7. We have R; € [0,1] holds with probability 1. We have

E[R] = E[(v")"2'] = (E[”))" 2 (17)
E[R;|n* = n7] = E[(v%)Tai|n* = n7] = (E[o’|r* = n7])" . (18)

Set = E[v?] and p/ = E[v?|7* = 77]. Define a matrix & € RM*M by

&y = /A (E[Ri|n* = 1] — E[R,) (19)
= Jaio; (W — )t (20)

Then following the proof of (Russo & Van Royl, |2016) we have

E[Reg(T)/H] < +/rank(®)H(v)T/2. (21)

It remains to bound rank(®). Notice that

@EM; - ugi
Pd = Ve M: s [\/071;101 \/072961 aMxM.] (22)
Var (M = )

which means that ® is the product of a M x (SA)H matrix and a (SA)¥ x M matrix. This means that
rank(M) < (SA)H.

On the other hand, we could follow the proof of Theorem 4.11 in (Hao & Lattimore, |2022) to obtain the
second part of the regret upper bound.

O

B Proof of Lemma 3.7

Proof. For convenience, write Pry(-) = Pr(+|6).

Define the event &, = {@n,n # a}(5n,n;0)}, i.e. in the n-th round of demonstration, the expert did not
take the optimal action at time h. Given the expert’s randomized policy ¢, we have

P;r(‘s‘n,h|§n,1:ha C_ln,l:h—l) (23)
=1- : . (24)
1+ Za;éa;(gnyh;@) exp(—BAL(Sn,n,a;0))
< Y exp(—BAN(Snn a;0)) (25)
a#aj; (5n,h30)
< (A—1)exp(-BA) = 7y, (26)

Define g = (H — 1)kg. Then > 3 means that xg < p/3.

Consider each (h,s) € [H] x S, conditioning on 6 there are two cases:
o If pp(s;6) > 0 then

(27)

Wl N
s

Pr(onn = 8) 2 (1= 75)" " pn(s:0) > (1= rg)p >
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The first inequality in equation can be established via induction on h: First observe that
Pro(s,1 = s) = pi(s;0) for all s € S by definition. Suppose that we have proved the statement for
time R, i.e. Prg(8,,, = s) > (1 — &g)"!pu(s;0) for all s € S. Then we have

ph1(s30) = ;Perms, 0}, (53 0))pn (s 6) (28)
Pr(Enn =) 2 §¢f(a2<s; 6)|5:0) Pr(s'|s, aj,(5:0)) Pr(5n. = s) (29)
> SGZSO — Rg) Pr(s'|s, 0], (5:6)) Pr(5n. = 5) (30)

> ZS (1= )" Pr(s'|s, aj,(s:0))pn(s:6). (31)

The statement for h 4+ 1 then follows by comparing equation and equation establishing the
induction step.

o If py(s;6) = 0, then if 5, ) = s, the expert must have chosen some action that was not optimal
before time h in the n-th round of demonstration. We conclude that

h—1

Pe(th—S U5 SZF; wi) SR glj (32)

[t

The above argument shows that there’s a separation of probability between two types of state and time index
pairs under the expert’s policy ¢?(#): the ones that are probable under the optimal policy 7*(#) and the
ones that are not. Using this separation, we will proceed to show that when NV is large, we can distinguish
the two types of state and time index pairs through their appearance counts in Dy. This will allow us to
construct a good estimator of 7*.

Define 7* to be the estimator of 7* constructed with § = p/2. If #* # 7, then either one of the following
cases happens
o There exists an (s,h) € S x [H] pair such that ps(s;0) > 0 but Ny(s) < d
o There exists an (s,h) € S x [H] pair such that py(s;0) = 0 but Ny(s) > 4§
>

o There exists an (s, h) € Sx[H] pair such that p,(s;60) > 0 and Ny (s) > 0N, but 7} (s;0) = a},(s;0) #

arg max, Ny (s,a) = 7} (s);

Using union bound, we have

Pr(n” # #7) (33)
<
< > Pr(Na(s) < 6N) + > Pr(Ny(s) = 6N) (34)
(s,h):pp (s;0)>0 (s,h):pn (s;0)=0
+ > Pr(Ny(s) > 6N, aj(s:0) # arg max Ny (s, a)). (35)

(s,h):pn(s;0)>0

Let Bin(M,q) denote a binomial random variable with parameters M € N and ¢ € [0,1]. Notice that
conditioning on 6, each N (s) is a binomial random variable with parameters N and pg (s) := Prg(51,5 = s).

Using equation [27]and Lemma [3.6] we conclude that each term in the first summation of equation [35]satisfies

IZr(Nh(s) < 0N) < Pr(Bin(V,2p/3) < (p/2)N) (36)
2 Np?
< exp(—2N(p/6)”) = exp <—18> : (37)
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Using equation and Lemma we conclude that each term in the second summation of equation
satisfies

P;r(Nh(s) > 0N) < Pr(Bin(N,kg) < (p/2)N) (38)

< exp (—QN (% - K6)2> < exp (—]\?:> . (39)

Again, using Lemma [3.6] each term in the third summation of equation [35] satisfies

P;r(Nh(s) > 0N, a;(s;0) # arg max Ny (s,a)) (40)

< I?gr(a,ﬁ(s;@) # arg max Np(s,a) | Np(s) > 6N) (41)
< Pr(Ni(s) = Nu(s, aj(s;0)) = Na(s)/2 | Ni(s) = 6N) (42)
< P;r(Birl(Nh(s)7/?;5) > Ni(s)/2 | Nn(s) > 0N) (43)
< ]?;r(Bin(]\fh(s)7 1/3) > Np(s)/2 | Np(s) > 6N) (44)
< Ey [exp (— N;{és)) ‘ Np(s) > 5N} (45)

ON Np
< exp <_18) = exp (_36) . (46)
Combining the above we obtain
‘g Np® Np

Per(7r gr*) < SH lexp <_18> + exp <_36)] . (47)
O

C More empirical results on deep sea

In this appendix, we provide more empirical results for the deep sea experiment described in Section
Specifically, for deep sea with size M = 10, data ratio k = 1,5, and expert’s deliberateness § = 1, 10, we plot
the cumulative regret of iRLSVI, piRLSVI, and uRLSVI as a function of the number of episodes t for the first
T = 300 episodes. The experiment results are averaged over 50 simulations and are illustrated in Figure [3

As we have discussed in the main body of the paper, when both data ratio x and the expert’s deliberateness (8
are small, then there are not many offline data and the expert’s generative policy is also not very informative.
In this case, iRLSVI, piRLSVI, and uRLSVI perform similarly. On the other hand, when the data ratio k is
large, iRLSVI and piRLSVI tend to perform much better than uRLSVI, which does not use the offline dataset.
Similarly, when the expert’s deliberateness 3 is large, then the expert’s generative policy is informative. In
this case, iRLSVI performs much better than piRLSVI and uRLSVI.

17



Under review as submission to TMLR

cumulative regret

beta: 1.0 beta: 1.0
data_ratio: 1.0 data_ratio: 5.0
100 4 100
754 754
50 - 50 -
25 - 25
01, : : A 01 : : | agent
0 100 200 300 0 100 200 300 ——iRLSVI
beta: 10.0 beta: 10.0 ~—— piRLSVI
data_ratio: 1.0 data_ratio: 5.0
100 - 100 - —— uRLSVI
75 75
50 - 50 4
25 4 254
0 0+
0 100 200 300 0 100 200 300
t

Figure 3: Cumulative

18

regret vs. number of episodes in deep sea.



	Introduction
	Preliminaries
	The Informed PSRL Algorithm
	Prior-dependent Regret Bound

	Approximating iPSRL
	The Informed RLSVI Algorithm
	iRLSVI  bridges Online RL and Imitation Learning

	Empirical Results
	Conclusions
	Proof of Lemma 3.1
	Proof of Lemma 3.7
	More empirical results on deep sea

