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Abstract

There is a recent literature on large-width properties of Gaussian neural networks (NNs),
namely NNs with Gaussian distributed weights. Two popular results are: i) the characteri-
zation of the large-width asymptotic behavior of NNs in terms of Gaussian processes; ii) the
characterization of the large-width training dynamics of NNs in terms of the so-called neural
tangent kernel (NTK). In this paper, we investigate large-width asymptotics and training
dynamics of a-Stable NNs, namely NNs whose weights are distributed according to a-Stable
distributions, with a € (0, 2]. First, for a-Stable NNs with a ReLU activation function, we
show that if the NN’s width goes to infinity then a rescaled NN converges weakly to an a-
Stable process, generalizing Gaussian processes. Differently from the Gaussian setting, our
result shows that the choice of the activation function affects the scaling of the NN, that is:
to achieve the infinitely wide a-Stable process, the ReLLU activation requires an additional
logarithmic term in the scaling with respect to sub-linear activations. Then, we character-
ize the large-width training dynamics of a-Stable ReLU-NNs in terms of a random kernel,
referred to as the a-Stable NTK, showing that, for a sufficiently large width, the gradient
descent achieves zero training error at a linear rate. The randomness of the a-Stable NTK
is a further difference with respect to the Gaussian setting, that is: in the a-Stable setting,
the randomness of the NN at initialization does not vanish in the large-width regime of the
training.

1 Introduction

There is a growing literature on large-width properties of Gaussian neural networks (NNs), namely NNs
with weights are Gaussian distributed (Neal, |[1996; [Williams, [1997; Der and Lee, 2006} |Garriga-Alonso et al.)
2018; [Jacot et al.| 2018; [Lee et al., 2018; Matthews et al., [2018; [Novak et al., 2018; |Arora et al., 2019; |Lee
et al |2019; [Yang] [20193aib} |Bracale et all [2021; [Eldan et all [2021; [Klukowskil, 2021} |Yang and Hul 2021}
Yang and Littwin| 2021} |Basteri and Trevisan) [2022). Consider this setting: i) for d,k > 1 let X be the
d x k NN’s input, with z; = (zj1,...,2;4)" being the j-th input (column vector); ii) let ¢ be an activation
function; iii) for m > 1 let W = (wﬁo), e ,wfqg),w) be the NN’s weights, such that wgo) = (wg)), ce wgg))
and w = (wy, ..., w,,) with the wg-))’s and the w;’s being i.i.d. as a Gaussian distribution with mean 0 and
variance o2. If

Fnlzy) = S wig((wl® ;)
=1

for j = 1,...,k, then fp,(X) = (fm(z1),..., fm(zk)) defines a (fully connected feed-forward) Gaussian ¢-
NN of width m. [Neal| (1996]) investigated the large-width asymptotic behaviour of Gaussian ¢-NNs. In
particular, under suitable assumptions on ¢, [Neal (1996) showed that an application of the central limit
theorem (CLT) leads to characterize the large-width distribution of the NN as follows: if m — 400 then the
rescaled NN m—1/2 fm(X) converges weakly to a Gaussian stochastic process with covariance function Xx 4

such that Xx 4[r,s] = UQE[¢(<’LU(O),SUT>¢(<’U}(O),378)]. Extensions are obtained for deep NNs (Matthews et

al., 2018)), general NN’s architectures such as convolutional NNs (Yang, 2019ajb)), and infinite-dimensional

inputs (Bracale et all 2021; Eldan et al.| [2021)).
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In addition to the large-width asymptotic behavior, recent works have investigated the large-width training
dynamics of Gaussian NNs, with the training being performed through gradient descent (Jacot et al.l |2018}
[Arora et all 2019 [Du et al. | 2019; [Lee et al., 2019). Let (X,Y) be the training set, where Y = (y1,...,yx)
is the (training) output, with y; being the (training) output for the j-th input z;, let f,,(X) be the Gaussian
¢-NN, with ¢ to be the ReLU activation function, and set

Fn (W, X) = — s fn(X).

In particular, at random initialization W(0) for the NN’s weights, and assuming the squared-error loss
function, the gradient flow of W(t) leads to the training dynamics of f,,,(W(t), X), that is for ¢t > 0

W = —(fn(W(t),X) = Y) 0 Hop (W (1), X), (1)

where 7, > 0 is the (continuous) learning rate, and H,,(W(t), X) is a k x k matrix whose (7, ') entry
is (0 fm (W (t),2;)/OW, 0 fm(W(t),x;)/OW). In such a context, Du et al. | (2019) showed that if 1,, = 1,
then: i) the kernel H,,(W(0), X) converges in probability, as m — +00, to a deterministic kernel H*(X, X),
which is referred to as the neural tangent kernel (NTK) (Jacot et al. [2018; [Arora et all, [2019); ii) the least
eigenvalue of H*(X, X) is bounded from below by a positive constant Ag; iii) for m sufficiently large, the
gradient descent achieves zero training error at a linear rate, i.e.

1Y = Fn (W (1), X)[13 < exp(=Aot)[[Y = fin (W (0), X)]13,

with high probability. We refer to the works of|Arora et al|(2019)), Yang| (2019)) and [Yang and Littwin (2021)
for several extensions of these results to deep NNs and also to more general architectures.

1.1 Our contributions

In this paper, we study large-width properties of a-Stable ReLU-NNs, namely NNs with a ReLLU activation
function and weights distributed according to a-Stable distributions (Samoradnitsky and Taqqul, [1994). For
a € (0,2], a-Stable distributions form a class of heavy tails distributions, with @ = 2 being the Gaussian
distribution. In his seminal work, first considered a-Stable distributions to initialize NNs’
weights, showing that while all Gaussian weights vanish in the infinitely wide limit, some a-Stable weights
retain a non-negligible contribution, allowing to represent “hidden features" (Der and Lee) |2006; [Fortuin et|
[2019; [Lee et all, [2022). This is attributed to the diversity of the NN’s path properties as « € (0, 2] varies,
which makes a-Stable NNs more flexible than Gaussian NNs. Motivated by these works, [Favaro et al.| (2020;
2021) characterized the large-width distribution of a-Stable ¢-NN f,,,(X; «) as follows: for a € (0,2) and a
sub-linear ¢, if m — +o0o then the rescaled NN m~1/« fm(X; @) converges weakly to an a-Stable stochastic
process, that is a process with a-Stable finite-dimensional distributions. Here, we extend this result to the
ReLU activation, this being the most popular linear activation function. We show that if m — +o0o, then
the a-Stable ReLU-NN (mlogm)~Yf,,(X;a) converges weakly to an a-Stable process. While for NNs
with a single input, i.e. kK = 1, such a result follows by an application of the generalized CLT for heavy tails
distributions (Uchaikin and Zolotarev, 2011; Bordino et all 2022), for £ > 1 the generalized CLT does not
apply, leading us to develop an alternative proof that may be of independent interest for multidimensional
a-Stable distributions. It turns out that in the a-Stable setting, differently from the Gaussian setting, the
choice of ¢ affects the scaling of the NN, that is: to achieve the infinitely wide a-Stable process, the use of
the ReLU activation in place of a sub-linear activation results in a change of the scaling m~—'/¢ of the NN
through the additional (logm)~'/¢ term.

Then, our main contribution consists in the study of the large-width training dynamics of a-Stable ReLU-

NNs, generalizing to the a-Stable setting the result of (2019), as well as soome results of
(2018)) and [Arora et al] (2019). For « € (0,2) and a training set (X,Y), we denote by

fm(VVvX§a): . Jm(X; @)

(mlogm)t/e
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the rescaled (model) output, and we consider the training of the NN performed through gradient descent
under the squared-error loss function. By writing the training dynamics of fm(W(t), X; a) as in equation
with 7, being the (continuous) learning rate and H,,(W(t), X) the kernel in the a-Stable setting, we show
that if ,, = (logm)?/ then: i) the rescaled kernel (log m)%/ ® H,, (W (0), X) converges in distribution, as m —
400, to an (a/2)-Stable (almost surely) positive definite random kernel H*(X, X; ), which is referred to as
the a-Stable NTK; ii) during training ¢ > 0, for every 6 > 0 the least eigenvalue of (logm)% @ H,,, (W (t), X; a)
remains bounded away from zero, for m sufficiently large, with probability 1 — §; iii) for every § > 0 the
gradient descent achieves zero training loss at a linear rate, for m sufficiently large, with probability 1—4J. The
randomness of the a-Stable NTK is a further difference with respect to the Gaussian setting, and it makes
the convergence analysis of the gradient descent more challenging than in the Gaussian setting. Our work is
the first to investigate the large-width training dynamics of NNs with weights initialized through heavy tails
distributions, and it shows that, within the a-Stable setting, the randomness of the NN at initialization does
not vanish in the large-width regime of the training. Such a behaviour may be viewed as the counterpart,
at the training level, of the large-width behaviour described in Neal (1996).

1.2 Organization of the paper

The paper is organized as follows. Section [2] contains some preliminary definitions on the multidimensional
a-Stable distribution. In Section [3| we the study of the large-width distributions of a-Stable ReLU-NNs,
characterizing the infinitely wide limit of a rescaled NN in terms of an a-Stable process. In Section [] we
study the large-width training dynamics of a-Stable ReLU-NNs, characterizing the infinitely wide dynamics
in terms of the a-Stable NTK, and showing that, for a sufficiently large width, the gradient descent achieves
zero training error at a linear rate, with high probability. Section [5] contains a discussion of our results, their
extension to deep a-Stable NNs, and some directions for future work. Appendices contain the proofs and a
brief review of a-Stable distributions.

2 Preliminaries on multidimensional a-Stable distributions

We recall the definition of the multidimensional a-Stable distribution. See Samoradnitsky and Taqqu| (1994,
Chapter 1 and Chapter 2). For o € (0,2], a random variable S € R is distributed as a symmetric and
centered 1-dimensional a-Stable distribution with scale o > 0 if its characteristic function is

E(exp{izS}) = exp {—0|2|"},

and we write S ~ St(«, o). The parameter « is typically referred to as the stability parameter. In particular,
if & = 2 then S is distributed according to a Gaussian distribution with mean 0 and variance 0. Let SF~!
be the unit sphere in R¥, with & > 1, and let T be a symmetric finite measure on S*~1. For a € (0,2],
we say that a random variable S € R* is distributed as a symmetric and centered k-dimensional a-Stable
distribution with spectral measure I' if its characteristic function is

E(exp{i(z, 5)}) = exp { / |<z,s>|ar<ds>} ,

k—1

and we write S ~ Sti(c,T'). Let 1, be the r-dimensional (column) vector with 1 in the r-th entry and
0 elsewhere, for any r = 1,...,k. Then, the r-th element of S, that is S1,. is distributed as an a-Stable

distribution with scale
1/«
o= (/ |<1T,5>|O‘F(ds)> .
Sk—l

We deal mostly with k-dimensional a-Stable distributions with discrete spectral measure, that is we consider
measures of the form T'(-) = Y, ;.. Vids; (-) with n € N, 7; € R and s; € S¥71, for i = 1,...,n (Samorad-
nitsky and Taqqul, 1994, Chapter 2). Throughout this paper, it is assumed that all the random variables are
defined on a common probability space, say (2, F,IP), unless otherwise stated.
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We make use several times of the following characterization of the spectral measure of a-stable distributions:
if S ~ Sty(a,T), then for every Borel set B of S¥~! such that I'(9B) = 0, it holds true that

S
lim 7P ( ||S]| > r, = € B) = C,I'(B),
r—00 ( 151
where

% a=1. @)

l—a
Ca _ { T'(2—a) cos(ra/2) @ 7& 1

The proof of this result is reported in Appendix [B| for completeness (Samoradnitsky and Taqqul (1994,
Chapter 2). Moreover, the distribution of a random vector £ belongs to the domain of attraction of the
Stx(a, T') distribution, with a € (0,2) and T' simmetric finite measure on S¥=1 if and only if

tim e (1] > 0/, e 4) = curca) ®

for every Borel set A of S such that T'(OA) = 0. We refer to Appendix [B| for more details. In genera, we
refer to the monograph |Samoradnitsky and Taqqul (1994, Chapter 1 and Chapter 2) for further details on
C,, within the context of the definition of the class of multidimensional a-Stable distributions.

3 Large-width asymptotics of a-Stable ReLU-NNs

To define an «o-Stable ReLU-NNs, consider the following setting: i) for any d,k > 1 let X be the d x
k NN’s input, with z; = (2j1,...,7;4)7 being the j-th input (column vector); ii) for m > 1 let W =
(wgo), ol w ) be the NN’s weights, such that w(o) (w(?), e wgg)) and w = (wy,...,wy). If

i

m
fn(W,zsi0) =3 wiw®, 2 ) I((w”, z;) > 0)

i=1
for j = 1,...,k, where I(-) being the indicator function, then the ReLU-NN of width m is f,(W, X;a) =
(fmW,z150),. .., fm(W,x; ). Throughout the paper, we denote by W(0) = (wgo) (0),... o) (0),w(0))
the NN weights at random initialization. In particular, if the weight wl(?)’s and w;’s are initialized as i.i.d.
a-Stable random variables, with o € (0,2) and o > 0, then f,,,(W(0), X;«) defines an a-Stable ReLU-NN
of width m. Without loss of generality we assume the scale parameter ¢ = 1. Further, the case a = 2,
which corresponds to the Gaussian setting, is excluded by our analysis, though some of our results remain
valid also for & = 2. The next theorem characterizes the infinitely wide limit of a-Stable ReLU-NNs. In
particular, we denote by Z,, — Z the weak convergence, as m — 400, of the sequence of random vectors
(Zm)n>1 to the random vector Z.

Theorem 3.1. Let f,,(W(0), X;«) be an a-Stable ReLU-NN. If m — +oo then

1
(mlogm)t/e

Fn(W(0), X; @) = f(X),

where f(X) ~ Sty(a,T'x), with the spectral measure T'x being of the following form:

d
= &Z (NzjiI (zgi > 0)];11*) D (X) + [[[zjid (x5 < 0)];]|*) Dy (X)
4
such that
DH(X) =4 ( [zjil(z5i > 0)]; ) 45 (_ [zjil (zji > 0)]; )
‘ [[zjid (i > 0)];l [[zjid (250 > 0)];l
and

e [2jil (zj; < 0)]; gl (z < 0)];
D”X””<H%J@ﬂ<mm>+5<MA@ﬂ<mm>’
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where, for any s € SF71, §(s) is probability measure degenerate in s, and C, is a constant defined in
equation[q The stochastic process f(X) = (f(x1),..., f(zr)), as a process indexed by the NN’s input X, is
an «a-Stable process with spectral measure I'x.

See Appendix for the proof of Theorem For a broad class of bounded or sub-linear activation
functions, [Favaro et al|(2021)) characterizes the large-width distribution of deep a-Stable NNs. In particular,
let

m

fm(xj; Oé) = Z UM(ﬁ(’LU,EO), Ij>

i=1

be the a-Stable NN of width m for the input z;, for j = 1,..., k, with ¢ being a bounded activation function.
Let fir(X;a) = (fin(z1; ), ..., fm(2k; @)). From Favaro et al.| (2021, Theorem 1.2), if m — +oco then

(X5 0) 5 F(X), @

with f(X) being an a-Stable process with spectral measure I'y ,. Theorem provides an extension
of |[Favaro et al| (2021, Theorem 1.2) to the ReLU activation function, which is one of the most popular
unbounded activation function. It is useful to discuss Theorem with respect to the scaling (m logm) =/,
which is required to achieve the infinitely wide a-Stable process. In particular, Theorem [3.I] shows that the
use of the ReLU activation in place of a bounded activation results in a change of the scaling m~/* in
equation |4} through the inclusion of the (log m)_l/ @ term. This is a critical difference between the a-Stable
setting and Gaussian setting, as in the latter the choice of the activation function ¢ does not affect the
scaling m~1/2 required to achieve the infinitely wide Gaussian process. For k = 1, we refer to Bordino et
al.| (2022) for a detailed analysis of infinitely wide limits of a-Stable NNs with general classes of sub-linear,
linear and super-linear activation functions.

4 Large-width training dynamics of a-Stable ReLU-NNs

Let f, (W, X;«) be an a-Stable ReLU-NN, and let (X,Y) be the training set, such that Y = (y1,...,yx) is
the (training) output, with y; being the (training) output for the j-th input z;. We consider

~ 1

fm(I}VvX;O‘): fm(VV,X;a),

(mlogm)t/«

and denote by f,, (W, z;;0a) = (mlogNm)’l/O‘fm(W, z;; ) the (model) output of x;, for j = 1,..., k. With
the squared-error loss function ¢(y;, fm (W, z;;a)) = 271 Zl<j<k(fm(I/V, z;;a) —y;)?, a direct application of
the chain rule leads to the NN’s training dynamics. That is for any ¢t > 0 we write

dfm(W(t), X; )

dt = _(fm(W(t)vX;O‘) - Y)anm(W(t)vX)’ (5)

where the kernel H,,(W(t), X) in the NN’s training dynamics is a k x k matrix whose (7, j') entry is

8fm(W(t),xj;a) 8fm(W(t),xj/;a)> , (©)

.
Ha(W (0, )17 = { 20 2i0), 20C00
and 7,, is the (continuous) learning rate. We show that if 7,, = (logm)?/® then: i) the rescaled kernel at
initialization H,, (W (0), X) = 1y Hyn (W (0), X) converges in distribution to an (a/2)-Stable (almost surely)
positive definite random kernel H*(X,X;a), as m — oo; ii) during training ¢ > 0, for every § > 0 the
least eigenvalue of the kernel H,,(W (t), X) remains bounded away from zero, for m sufficiently large, with
probability 1 — §; iii) for every § > 0 the gradient descent achieves zero training loss at a linear rate, with
probability 1 — §. Denote by Amin(+), || - || and || - ||2 the minimum eigenvalue, the Frobenius and operator
norms of symmetric and positive semi-definite matrices.
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4.1 Infinitely wide limits of H,, (W (0), X)

For a-Stable ReLU-NNs, we study the large-width behaviour of the kernel H,,(W(0),X) in equation [6} In
particular, if
Hy (W, X) = (logm)*“H,,(W, X), (7)

then H,,(W(0), X) converges in distribution, as m — oo, to a positive definite random matrix H*(X, X, a),
with («/2)-stable distribution. In particular, this result allows to prove that the minimum eigenvalue of
H,,(W(0), X) is bounded away from zero, with arbitrarily high probability, for m sufficiently large. Critical
for these results is the fact that H,,(W, X) can be decomposed as follows:

Hy (W, X) = HD(W, X) + HS (W, X), 8)

with f{,g)(I/V, X) and ﬁ,(nQ)(VV, X) being two matrices whose (7, ') entries are of the following form:

m

HY (W, X)[j, g/aZw w1 ) > 0w ) > 0), (9)
and
. . 1 &
HP W, X)5.3) = —572 3w ) I({w® ) > 0) ) (), 250) > 0), (10)
i=1

respectively. The next theorem characterizes the infinitely wide limits of the random matrices Hy, a )(W(O), X),
j2iS )(W(O), X), and H,,(W(0), X), and provides expressions for their spectral measures.

Theorem 4. 1 Let H,,(W, X), H, (1)(W X) and HT(,?)(W X) be the matrices defined in equatwn@ equatzon@
and equatzon respectively. Moreover, for every u € {0,1}*, let

B,={veR?: (v,z;) >0 ifu; =1,(v,2;) <0 ifu; =0,5=1,...,k},
and for everyi=1,...,d, let e; denote the d-dimensional vector satisfying
eij =1 forj=1, e; =0 forj#i.

As m — 400,
(H(W(0), X), HZ (W (0), X)) = (Hj (), H3 (a)),

where f[l* () and ﬁ;‘ (o) are stochastically independent, positive semi-definite random matrices, distributed
as (a/2)-Stable distributions with spectral measures

[<Ij’x.7”>uju.7’]_j,j/ )

(Zj,jl (zj,zj/)2ujuj,)1/2

o
Ty =Caz Y. Pw”(0) € By)

11)
—a/4’ (
ue{0,1}k (Zj,j/@jaxj')%j“j’)
and
5<Wul)
. ijﬂuj
B=Cp Y% 7 )

a/2
ue{0,1}* {i:{e;,—e; }NB,#0} (ZJ ziu )
respectively, where C, /o is a constant defined in equation @ Furthermore, as m — oo,
H,,(W(0),X) % H*(X,X;a),

where H*(X, X;a) is a positive semi-definite random matriz, distributed according to an (c/2)-Stable dis-
tribution with spectral measure of the form I'* =17 +T'5.
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See Appendix for the proof of Theorem It turns out that the probability distributions of the random
matrices Hi(a) and Hj(«) are absolutely continuous in suitable subspaces of the space of symmetric and

positive semi-definite matrices. In turn, this fact implies that the minimum eigenvalues of FIE)(W(O),X )

and of H{? )(W(O), X) are bounded away from zero, uniformly in m, for m sufficiently large, with arbitrarily
high probability. This is precisely the statement of the next theorem.

Theorem 4.2. Under the assumptions of Theorem[{.1], for every 6 > 0 there exist strictly positive numbers
Ao, A1 and Ao such that, for m sufficiently large,

AminHO(W(0), X)) >N\ i=1,2,

and
A pnin (Hn (W(0), X)) > Ao.

with probability at least 1 — §.

See Appendix for the proof of Theorem 4.2] In the setting of Gaussian ReLU-NN, |Du et al. | (2019))
showed that if 7,, = 1, then: i) the kernel H,,(W(0), X) converges in probability, as m — 400, to the NTK
H*(X,X), which is a deterministic kernel; ii) the least eigenvalue of H*(X, X) is bounded from below by
a positive constant A\g. See also the works of |Jacot et al.| (2018), |Arora et al. (2019) and [Lee et al.| (2019)),
and references therein, for the study of large-width training dynamics of Gaussian ReLLU NNs, as well as
the work of [Yang| (2019)) for some extensions to more general NN’s architectures. Theorem and Theorem
extend the main results of |Du et al. | (2019) to the a-Stable setting, for a € (0,2), showing that: i)
the rescaled kernel (logm)?/*H,, (W (0), X) converges in distribution, as m — o0, to the a-Stable NTK
H*(X, X;a), which is (o/2)-Stable (almost surely) positive definite random kernel; i) during training t > 0,
for every & > 0 the least eigenvalue of the kernel H,,(W (t), X;«) remains bounded away from zero, for m
sufficiently large, with probability 1 — é. The randomness of the a-Stable NTK provides a critical difference
between the a-Stable setting and the Gaussian setting, showing that in the a-Stable setting the randomness
of the NN at initialization does not vanish in the large-width regime of the training for the NN’s.

4.2 Large-width training dynamics of o-Stable ReLU-NNs

We conclude our analysis by exploiting Theorem [£.1] and Theorem [1.2] to study the large-width training
dynamics of a-Stable NNs. In particular, the next theorem shows that, if m is sufficiently large, then with
high probability the minumum eigenvalue of the random matrix H,, (W (t), X) remains bounded away from
zero. This property is critical in order to establish the rate of convergence of the training.

Theorem 4.3. For any k > 1 let the collection of NN’s inputs x1,...,x) be linearly independent, and such
that ||lz;|| = 1. Let v € (0,1) and ¢ > 0 be fized numbers. Further, let H,,(W,X) and f{,(g)(I/V,X) be
the random matrices defined as in equation[7 and equation [I0, respectively. For every 6 > 0 the following
properties hold true for every t > 0, with probability at least 1 — §, for m sufficiently large:

(i) for every j=1,....k,

/e || OFm gy sy — 2 (w(0), 2510

1
(log m) ow ow

(ii) there exists Ao > 0 such that

and \
/\min(ﬁm(w(t)aX)) > ?0

See Appendix [A-]] for the proof of Theorem [1.3] Theorem [£.3]is critical to study on the large-width training
dynamics of a-Stable ReLU-NNs. From Theorem for a fixed 0 > 0, let m and A\g > 0 be such that
Ao

Ain (W (5), X)) > 3.
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for every s < t, on a set N € F with P[N] > 1 — 4. According to such a construction, for any random
initialization W (0)(w) of the a-Stable ReLU-NN , with w € N, the following inequality holds

%HY — (W (5) (@), X; )lI3 < =Xo[|Y = Fun(W(5)(w), X; ) I3,

and hence

% exp(Aos) ||V — fi (W (s)(w), X;a)[2 < 0.

Since exp(Ags)||Y — fin (W (s)(w), X; @)||3 is a decreasing function of s > 0, then we can write that
1Y = fn(W(s)(w), X; @) 13 < exp(=08)[[Y = frn(W(0)(w), X; ) 3.

The next theorem summarizes the main result of this section, completing our study on the training dynamics.

Theorem 4.4. For any k > 1 let the collection of NN’s inputs x1, ..., x) be linearly independent, and such
that ||z;|| = 1. Under the dynamics equation@ if nm = (logm)?/® then for every § > 0 there exists \g > 0
such that, for m sufficiently large and any t > 0, with probability at least 1 — ¢ it holds true that

Y = fin(W (1), X;0)|13 < exp(=Aot)|Y — fu(W(0), X; )3

5 Discussion

In this paper, we investigated large-width properties of a-Stable ReLU-NNs, focusing on the popular ques-
tions of large-width asymptotics and training dynamics of the NN. With regards to large-width asymptotics,
we showed that, as the NN’s width goes to infinity, a rescaled a-Stable ReLU-NN converges weakly to an
a-Stable process. As a novelty with respect to the Gaussian setting, it turns out that in the a-Stable setting
the choice of the activation function affects the scaling of the NN, that is: to achieve the infinitely wide
a-Stable process, the ReLU activation requires an additional logarithmic term in the scaling with respect to
sub-linear activations. With regards to large-width training dynamics, we characterized the infinitely wide
dynamics in terms of the a-Stable NTK, and we showed that, for a sufficiently large width, the gradient
descent achieves zero training error at a linear rate. The randomness of the a-Stable NTK is a further nov-
elty with respect to the Gaussian setting, that is: within the a-Stable setting, the randomness of the NN at
initialization does not vanish in the large-width regime of the training. Our work extends the main result of
Favaro et al.| (2020;2021) to the popular ReLU activation function, and then presents the first analysis of the
large-width training dynamics of NNs in the a-Stable setting, thus generalizing to heavy-tails distributions
the main result of|Du et al. | (2019), as well as some results of|Jacot et al.| (2018) and |Arora et al.| (2019). The
use of the a-Stable distributions to initialize NNs, in place of the classical Gaussian distributions, brought
some interesting phenomena, paving the way to future research.

It remains open to establish a large-width equivalence between training an a-Stable ReLU-NN and per-
forming a kernel regression with the a-Stable NTK. In particular, |Jacot et al| (2018]) showed that for
Gaussian NNs, during training ¢ > 0, if m is sufficiently large then the fluctuations of the squared Frobe-
nious norm ||H,,(W(t), X) — H,,(W(0), X)||% are vanishing. Accordingly, this result suggested to replace
D Hpm (W (1), X) with the NTK H*(X, X) in the dynamics equation |1} and write

S ,3) V) (x, %),

This is precisely the dynamics of a kernel regression under gradient flow, for which at ¢ — 400 the prediction
for a generic test point 2 € R? is of the form f*(z) = YH*(X, X) 'H*(X,x)T. In particular, Arora et al.
(2019) have proved that the prediction of the Gaussian NN f,, (W (t),z) at t — 400, for m sufficiently large,
is equivalent to the kernel regression prediction f*(x). Within the a-Stable setting, it is not clear whether

the fluctuations of H,,(W(t), X) = lflr(nl)(W(t),X) + fIr(,f)(W(t), X) during the training vanish, as m — oo.
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Theorem |4.3| shows that the fluctuations of AL’ (W(t), X) vanish, as m — co. Such a result is based on the
fact that for every § > 0 it holds that

2

< em” /e
F

2/« W.zs o) —
(logm) ow (W, 2550) ow

(W(0), zj; )

for every j = 1,...,k, and for every W such that ||[W — W(0)||r < (logm)?/®, with probability at least
1 — 4, if m is sufficiently large. See Lemma [A-§] for details. The same property is not true if the partial
derivatives with respect to w are replaced by the partial derivatives with respect to w(®). Therefore, it is not
clear whether the fluctuations of ﬁ,(nl )(W(t)7 X) during training also vanish, as m — oo.

Another interesting avenue for future research would be to extend our results of Section [3|and Section[d] to the
more general setting of deep a-Stable NNs, with D > 2 being the depth. Let us consider the following setting:
i) for d,k > 1let X be the d x k NN’s input, with z; = (z;1,...,2,4)7 being the j-th input (column vector);
ii) for D,m >1and n > 1 let: i) (W, ..., W) be the NN’s weights such that W) = (wﬁ7 . ,wg?d)
and W = (wgl)l, . wg)m) for 2 <1 < D, where the wg])-’s are i.i.d. as an a-Stable distribution with scale
o >0, e.g. we can assume o = 1. Then,

f(1 X;a) Zw

and

Z AV m) I (X, m) > 0)

with fi(ﬁ (X;a) := fi(l)(X; «), is a deep a-Stable ReLU-NN of depth D and width m. Under the assumption
that the NN’s width grows sequentially over the NN’s layers, i.e. m — +00 one layer at a time, it is easy
to extend Theorem 1) to f; o m(X; ). Under the same assumption on the growth of m, we expect the NTK
analysis of deep a-Stable ReLU-NNs to follow along lines similar to that we have developed for the a-Stable
ReLU-NN, though computations may be more involved. A more challenging task would to extend our results
to deep a-Stable ReLU-NNs under the assumptions that the NN’s width grows jointly over the NN’s layers,
i.e. m — +oo simultaneously over the layers.
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A

A.1 Proof of Theorem [3.1]

To simplify the notation, we set in this section: w := w(0), w® := w(®(0), and W := W(0). First, we will
prove that le(o), zjﬂ((wgo), xj) > 0)]; belongs to the domain of attraction of an a-stable law with spectral
measure

Iy = CoBor, <||[<u’$j>1(<u’xj> > ())}j||"6< [(w, 2;)I({u, ;) > 0)]; >) 7

1w, ) I (Cuy 25) > O)4

where T’y is the spectral measure of w®. For this, it is sufficient to show that

i

W@ 2N (w0 A
o <||le<0)7xj‘ijézwzo)7xj‘i igﬁ{ll € B, [[(w”, )1 ((w!”, z;) > 0)}; > r)

— Cafl(B),
for every Borel set B of S¥~! such that T1(9B) = 0 (see Appendix [B). Let 7' : S¥=! s [0,1]* and C :

R*\ {0} — S*=! be defined as T'(u) = [(u,z;)I({u,z;) > 0]; and C(v) = v/||v|, respectively. Fix a Borel
set B of S¥~! such that T';(0B) = 0. This condition implies that

Iy ({ue ST ()| # 0, T (u) € C~'(9B)})

— T, ({u e SF1 || T (w)|| # O, |I§EZ§|| € 8B}> —0.

Hence

Lo (T ({z€[0,1]% : ||z]| #0,2 € 0C~*(B)}))
=To (T7' ({z€[0,1]": ||z]| £0,2 € C*(B)})) = 0.

Now, let Z = T(wgo)/HwEO)H)I(HwEO)H #0). We can write that

P <||{§wzo)’xfijizwzo)’xfi i EHJ‘H € B, [, 2 I((w®, z;) > 0)],]| > r)

K2

7 0
=NPan¢a”Z”eBw@>nZ>@

:/‘ P > rllzl| !, Z € d2)
C-1(B)N[0,1]*

(0)

a —1\a 0 — w; -
:/’ 2l Pl > 72 7, —— € T7}(dz)).
C-1(B)N[0,1]* [Jw; |l

Since To (77! ({z €[0,1]F: 2 # 0,2 € (C7(B))})) = 0, then the points of discontinuity of the function
lz[|*I(C~Y(B))(2) have zero ['o(T~1(-))-measure. It follows that

« -1\« 0 _ 0 -
Lo PGP ol € 720
-

~c | 2l To(r @)
Cc-1(B)n[0,1]*

- T Y
= [, 1ee ) (g T o

= C,I'1(B),

11
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as r — 00, which completes the proof that [(w(O), :I:jﬂ((w@), xj) > 0)]; belongs to the domain of attraction

1 1
of an a-stable law with spectral measure I';. Then, for every k-dimensional vector s,

LSS sl e (!, 25) > 0),

as a sequence of random variables in m, converges in distribution, as m — +o00, to a random variable with
a-stable distribution and characteristic function

k
exp(—ﬂaEuNrou S sl ) I((u,2) > o>|a>).

=1

Thus, the distribution of Z?Zl s <w2(o)’ zj>I(<w£0), xj) > 0) belongs to the domain of attraction of an a-stable
law. In particular, this implies that as m — +o0

MPQ S s (w®, ) 1w, 25) > 0)] > )

Jj=1

— CoEynr, <| > siu, ) I((u, ;) > o>|a>.

j=1

We now study the tail behaviour of |w; Zle s (wm), a:j>I(<w<0), zj) > 0)|. By Cline| (1986, Section 5),

K2 K2

k
P(|wi| 1S 55w, e (w0 ;) > 0)] > ) _FEa0),
j=1
where

O =P(lul> ). GO =P (1 sl o)l o) > 0] > ).

j=1

We now prove that F' and G satisfy the assumptions of [Cline| (1986, Theorem 4) with § = v = 0. The
distribution functions F' and G have exponential tails with rate a. Indeed, for all real u,

. F(t—u) . P(jw;| > et7Y) e—olt—u)
lim ———~ = lim =
t—oo  F(t) t—oo  P(Jw;| > et) e~

au

=€

Analogously for G. Moreover the functions b(t) = e*'F(t) and c(t) = e*G(t) are regularly varying with
exponent zero: for all y > 0,

o (t) - tlggo P (|w;| > et) B tlggo eote—ot 1=y

_ob(yt) L eiIP(Jwg| > evt) | eovtemovt .
b

t—o0

The same property holds for ¢(¢). By |Cline| (1986, Theorem 4 (v)), as t — oo,

k
IP(wi 1Y sl e 1w, ;) > 0)] > et> =FxG(t)
j=1
k

~ C2Eqmr, (| Zsj (u, ;) I((u, z;) > 0)|*)ate™,

j=1

12
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as t — oo. Thus, for r — oo,
k
0 0
P(mu|§j%@é%xnnaé%xn>on>r)
j_

k
~ C2Eqry ( |ZSJ w, z;) I ({u, ;) > 0)|*)alogr.
j=1

Let L(r) = C’gEuNFUUZ?lej<u,xj>l(<u,a:j> > 0)|*)alogr. Since the distribution of

w; Z]? 85 (w(o), ]>I(<w£0),x]—> > 0) is symmetric, then we can write that

j=1
1 & 0 0
Tzwlzsj () < E)7Ij>>0)7

i=1  j=1

as a sequence of random variables in m, converges in distribution, as m — +o00, to a random variable with
symmetric a-stable law with scale 1 provided (@, )m>1 satisfies

mf/(am)
agy,

— Cy

as m — oo. The condition is satisfied if

1/«
k
am = | CaEunry ( Z u,z;)I((u, ;) > 0)|*)mlogm
It follows that i
1 S O (0)
(mlogm)l/azwzzsj I({wi™, z5) > 0),
=1 Jj=1

as a sequence of random variables in m, converges in distribution, as m — +o00, to a random variable with
symmetric a-stable distribution with scale of the form

1/«

k
CoEunr, ( |ZSJ (u, 2;)I({u, z;) > 0)|*)
j=1

Since this holds for every vector s, then

m

W S wil(w® 2 1(w®, x;) > 0)];,

as a sequence of random variables in m, converges in distribution, as m — 400, to a random vector with
symmetric a-stable law with the spectral measure

;Gﬂm%<mwwﬁﬂwwﬁ>®bw

[(u, 2) I ((u, z;) > 0)]; - [, zi) I ((u, zj) > 0));
5Qmw%ﬂ«ww>>mm0+5<|mw%ﬂ«w%>>mh>>

Since I'g = %Zd 1(0(e;) + d(—ei)), where e;; = 1 if j = i and 0 otherwise, then

d

. % Z (iji[(xji = o), (5(||[$jil(l‘ji > O)LH) + 5(_ [l (xj; > 0)]3” ))

Pt [zl (z5: > 0)]; [zl (zji > 0));

N [2ji] (75 < 0)]; [zl (25 < 0)];
*“%”“”<””'(“[@J@ﬂ<mbw+5(H%I@ﬂ<m1w>)

13
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A.2 Proof of Theorem [4.1]

To simplify the notation, we set in this section: w := w(0), w©® = w®(0), W := W(0), ayy o=

f[,(,%)(W(O),X) and Hfrf) = H(?)(W( 0), X), with ﬁ)(,})(VK X) and f[,(,% (W, X) defined in equation |§| and
equation The proof of Theorem [{.] is split into several steps.
Lemma A.1. If m — 400 then B ~

ALY =% Hi(a),

where Hy () is an (o /2)-Stable positive semi-definite random matriz with spectral measure

Ti, T )UUG| . -
I =Cay2 Z P(“’EO) € Bu)(Z@j,x]")zujuj,)a/‘ld <(Z[< o g YU ]J,J ) 7

e N2 0, )1/2
T, ) AU U
u€e{0,1}F JJ’ ]7J'< PRt} > 7 )

where, for every u € {0,1}*, B, = {v € RY: (v,2;) > 0 ifu; = 1,(v,2;) <0 ifu; =0,j =1,...,k}, and
Ca /2 1s the constant defined in Equation equation .

Proof. Since fNL(nl) is symmetric, is is sufficient to show that, for every k-dimensional vector s,

sTHVs & sTH (a)s.

We first prove that the functions defined, for t € (—oco, +00), by F(t) = P (wf > et), and

k
Q) = ]p( S sy (g ap I, 2) > 01((w®, ;) > 0) > )

7,3’ =1
k
0
= ]P( S s ((w”, @) > 0))% > )
j=1

satisfy the assumptions of |Cline (1986, Lemma 1). Indeed, F has exponentail tails with rate a/2, since by
the properties of the stable law,

al t—u)/2
im F(i_ u) — lim P(‘w’t‘ > 6( )/ ) — eau/Q.
SRTER e Pl > )

Moreover, for any 7,

ma () :/0 7" G(du) = E(]| Zsjmj ,x;) > 0)]7) < oo.

By |Cline| (1986), Section 5 and Lemma 1, as t — oo,

k
P(wf > sisi e, ) (W 2;) > 0)I((w”,2;0) > 0) > )
Jri'=1
= F+Q(t) ~ ma(a/2)F (1)
k
a/g(et)—aﬂza((z sisy (w2 (W 25) > 0) (W™, z5) > 0))*?).

By the properties of the stable law,

s = mz/aZw 5 sysplep a1 a5) > O, 1) > 0

J,j'=1

14
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converges weakly, as m — oo, to a totally skewed to the right, «/2-stable random variable, with scale

parameter E(|Zk © s Tjr) > 0)|a/2)2/a

=1 sjsj/(xj,xj/)l((wgo),xﬁ > 0)I((w; ) . Hence, for every t € R, as
m — 00,

(2

]E(exp(z’tsTfIﬁll)s))

k
— exp (t|a/2]E(| Z s;sj(xj, zj/>I(<w§0),xj> > O)[((wgo),xj/> > O)|a/2) (1 — i sign utan(wa/ll)))

J,3'=1

_ B o 1al2(1 i s i
exp( /Sk2_1|§ts]s] v;5|**(1 zmgn(tZstJ v]}j)tan(wa/4)l"1(dv)>,

3.3’

where

K3

i = ca/zE<||[<mj,xj,>1(<w<0>,xj> > 0)I((w”, aj0) > 0)];.501I5

[z, 2) I((w”, ;) > 0 I((w®,z;) > 0)];5
5<||[ ( ) '

>
(j, 20 I((w”, ;) > 0)I((w”, z;0) > 0)]; 5]l r

It follows that, as m — +oo,
ALY = H(a),

where H{(a) is an (a/2)-Stable random matrix with spectral measure T'% of the form

1 « [<x]"1:]/>uju]/] ig’
I'; = Cay2 Z ]P’(wz(o) 6B“>(Z<£j>$jf>2ujuj-/) /46< i '

o 2 (5> g )72

We will now prove that Hj(«) is positive semi-definite. By definition, ﬁ,g)(w) is positive semi-definite for
every w and every m. By Portmanteau Theorem, for every vector u € SF71,

m

P (uTI:If(oz)u > O) > limsup P (qu{(l) u > ()) =1.

Let A be a countable dense subset of S*~!. Then, with probability one, aTﬁf(a)a > 0 for every a € A. By
continuity, this implies that the same property holds true with probability one for every u € S¥~1, which
proves that H;(c) is almost surely positive semi-definite. By eventually modifying H?(a) on a null set, we
obtain a positive semi-definite random matrix. O

Lemma A.2. If m — 400 then
HY % (o),
where H () is an (o /2)-Stable positive semi-definite random matriz with spectral measure
* a [Tjiujxjiugj
Gt SN (S gl
we{0,1}% {is{ei,—ei }NBL£0}  j I
where B, = {v € R : (v,2;) >0 ifuj = 1, (v,2;) <0 ifu; = 0,5 =1,...,k}, e; is a d-dimensional vector

satisfying e;; = 1 if j =4, and e;; = 0 if j #1i (4,5 = 1,...,d), and Cy/5 is the constant defined in Equation
equation[4
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Proof. By the properties of the multivariate stable distribution (see Appendix 7 it is sufficient to show
that

[l ) @l ) () 2) > 01 (), 25) > 0)]

. o,

J»J c.
I [l e,z (@l 25) > 01wl ) > 0)] s

)

)

0 0 0 0
I [t 0l 1l > )1l 27} > 0] e 1)
~ Cajar™*PT5(),
as r — +00. We can write that

[l ) @ ) () 25) > 01 (Gl 25) > 0)]

w1

3, c.

I [l ) w2 1l ) > 01(@l” 25) > 0)] e

I [t 0l a5} (0l 25) > 01 (0l 25) > 0] > v)

0
|:<w§ )au]IJ><w§ ),Uj/‘Tj/>j|j .

- Z P (0) e
wtonp \ Il wap) @l wyag)] s

)

0 0
I [t ) uyed] >l € ).

For every u € {0,1}*, let X, be the d x k matrix, defined as
Xu = [jiwsli=1,... ki=1,...d-
Then we can write that

0
[<w§ )»“ij><w§ )a“j’xj’>Lj

0 0
R T I P

)

0 0
[t ) @l uyed] e > rud” € B

0 0
_p Xgwi” (w”)" X, .
(tr(X T (wi™) i X, XT (i) Tl X,))1/
(X7 (i) 0l X, X7 (wf™) w0l X,) > 1%, w” € B,)

xT ONT (O)Xu
=P (1;))(101 ) wl(o) e -,w§°>XuX[{(w§0>)T > 7 wgo) €B,|.
wy XUX3<w1 )z

Notice that the maximum eigenvalue of the matrix X, X is smaller than or equal to k, since the norm of each

column of X, is smaller than or equal to one. Then wgo)Xqu(wg)))T > r implies that Hw§0)|| > (r/k)Y/2,

We can therefore write that
XT( (0))T’LU§O)XU
w(O)X WX (w (0))T

€ - w” X, XT ()T >rw§0)63u>

XT (w7 V x,
=P ( (0)( ) w 1(0) IS 'vwgo)Xqu(w?))T > 7 ||w§0)|| N (r/k)1/2 (0) B,
wy X X (wy )T
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Since B, is a cone and the spectral measure of wgo) is given by Y .(d(e;) + d(—e;)), by the properties of the

multivariate stable distribution, we can write that

(XE (Tl X,

(0) T, (ONT (0) /2, (0)
€ wy Xy X, (wy ) > flwy || > (r/k) T wy € By
ol X, XT (@)~ 1 1 1

k
a2 o vaj2s [ [Eamiaugug g
~Coar Y <Z%i“f>/5<z )

{i:{e1,—e;}NB,#0} j=1 J i

as 7 — +oo. The proof that Hi(«) is positive semi-definite can be done by following the same line of
reasoning as in the proof of Lemma [A7T] O

Lemma A.3. As m — +oo, the probability distribution of (H,SP,FI},P) converges weakly to the law of
independent stable random matrices, with spectral measures I'y and I's as in equation and equation @
respectively.

Proof. Since ¥ and HPZ converge marginally to «/2-stable random matrices, by the properties of the
multivariate stable distributions it is sufficient to show that they converge to stochastically independent
random matrices. By Theorem we know that

" (ll[w$<xj,w]-/>f<<w§°%xj> > 0)I((w®,z5) > 0)]j50 |l r > 0,

g, iY@, iV (w0, 25) > 0)I(w®,25) > 0)];5]|F > "W)

and

" (H[w?<xj,xjf>f<<w§0>,xj> > 0)I((w”,z5) > 0)]j 5|l F > ”2/a>

converge to finite limits, as n — oo. Hence, again by Theorem it is sufficient to show that

n—oo

lim n]P<||[w%<xj,:cj«>f<<w£“%xj> > 0)I((w® 2) > 0)]; 5ol > 0,

%

(w0 (@, wV (W 25) > 0T, 2;) > )]0l F > ”2/a> -

which ensures that the Lévy measure of the limit infinitely divisible distribution of (fﬂ(,% ), f{y(,? )) is the sum of

a measure v, concentrated on the space spanned by the first k2 coordinates and a measure v, on the space
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spanned by the last k2 coordinates. We can write that

"Pomﬁwp%wuwﬁ%@>>muw$%@»>mhﬂu>n”%

|m@w$5@ww9ﬂ«@“wn>0ﬂ«@®wfwwmmwF>*m>

ue{0,1}*

a 0 0 a 0
POM&%@N%%%JW>H”JW%W%W%u@UWW%JM>”WwaBO

0 0 0 a 0
=n Y P’ e Bu)IP<||[<$j’w§ N wyujupligple >0 | w® e B“)
u€{0,1}F

Pomﬁ%wﬂwwwﬂw>ﬁm)

0 0 o 0
= > ”]P<||[<xjvw§ Ny w™Vujuiljgle > 0w e Bu)
u€e{0,1}F

as n — oQ. .

Now, we are in the position of proving Theorem [£1] By Lemma [A-T] Lemma [AT] Lemma [A.3] and the
properties of stable distributions, H,, (W (0), X) converges in distribution to a positive semi-definite random
matrix, with («/2)-stable distribution, and spectral measure I'; + I'5. This completes the proof of Theorem

A.3 Proof of Theorem

To simplify the notation, we set in this section: w := w(0), w® = w®(0), W := W(0), a4y o=
ﬁ%)(W(OLX) and A = ﬁfy(,f)(W(O),X), with ﬁff,})(m X) and b285 (W, X) defined in equation |§| and
equation [I0]

From equation [8 H,,(W (0), X)) is the sum of two positive semi-definite random matrices, Y and 72.
The following results show that for every d > 0, there exist \; > 0 and Ag > 0 such that, for m sufficiently

large, with probability at least 1 — ¢ o

)\min(Hqgsz)) > )"L
with the large-width behaviour of asy being characterized in Lemmaand Lemma through an («/2)-
Stable limiting random matrix H; (o) with spectral measure I'} of the form equation |11{and equation To

prove that the minumum eigenvales of I:L(nl )~ and ﬁff ) are bounded away from zero, we first need to inspect
the characteristics of the distributions of Hj(«) and of Hj(«). This is the content of Lemma and of

Lemma Then, the results concerning the minumum eigenvalues of ffy(,}) and ﬁr(,f) are given in Lemma

[A5 and Lemma [A7

Lemma A.4. Under the assumptions of Theorem |4.4) the distribution of the random matriz ﬁf(a) 18
absolutely continuous in the subspace of the symmetric positive semi-definite matrices with zero entries in
the positions (j,j') such that (xj,x;) =0, with j,5" € {1,...,k}, with the topology of Frobenius norm.
Proof. From [Nolan| (2010), it is sufficient to show that

inf / (s, )| /2% (du) # 0,

SGS§271

18
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where I'] is the spectral measure equation S’gtl is the unit sphere in the space of the k x k symmetric
matrices such that s; ; = 0 if (x;,x;/) = 0, with the Frobenius metric. Now, since

JECRIRE N

0 0 «
= Copol [ 1 syt o) Il ay) > 0)I((w”, 250) > 0)[*/

3,3’

is a continuous function of s that takes value in a compact set, then the minimum is attained. Thus it is
2
sufficient to show that for every s € S 1,

0 0 «@
E 1D sl o) Hw® z;) > 0I((w®,z;) > 0)[*/% | #0.
3,3’

(0)

i

For every j and every u; € {0,1}, let A?j be the event ((w
u; = 0. Then

,zj) > 0) if u; = 1 and its complement if

0 0
E| Y sjila oI ;) > 0)I((w”, ;) > 0)|*/
3,3’

= D PAP NN A uguges; (e, x|

ULy, U J:3’

Since @1, ...,z are linearly independent, then for every wi,...,ur, P(AY* N ..., A;*) > 0. To prove it,
assume, without loss of generality, that u; = 1 for every 4. Since x1, ..., x) are linearly independent, then we
can complete the matrix X = [z1 ... zx] by adding k — d columns in such a way that the completed matrix
X is non-singular. For every d-dimensional vector v such that vy > 0,...,v, > 0 there exists a vector u such
that v = (X7)~'v. Thus,

{u e R : (u,21) > 0,...,(u,2) >0} = {(XT) " w:vg >0,...,0 >0}

(0)

is an open non-empty set. Since w, ’ has independent and identically distributed components, with stable

distribution, then

IP(wl(O) ce{(X) v >0,...,u >O}) > 0.

This concludes the proof that P(A}* N ..., A{*) > 0 for every (ui,...,ux) € {0,1}*}. It follows that
[ |{s,u)|*/?T%(du) is zero if and only if, for every (u1,...,ux) € {0,1}*, it holds

> wjug(s, s = 0.

33"

The only solution of the above system of equations in the space of symmetric matrices s such that s; ; =0
if (z;, ;) =0 is s = 0, which is not consistent with ||s||p = 1. O

We observe that the space of the symmetric positive semi-definite matrices with zeros in the entries (j,j')
such that (z;,x;) = 0 contains all the matrices with non-zero diagonal element since (z;,z;) = 1 # 0 for
every index j.

Lemma A.5. Under the assumptions of Theorem [[4), for every 6 > 0 there exists A\; > 0 such that with
probability at least 1 — §

)\mm(ffiF (Oé)) > AL

19



Under review as submission to TMLR

Proof. Since the distribution of I:If (a) is absolutely continuous in the space of symmetric positive semi-
definite matrices with zero entries in the positions j,j’ such that (xz x;/) = 0, and since this space contains
all the symmetric positive semi-definite matrices with non-zero diagonal entries, then we can write that
P(det(Hj(a)) = 0) = 0. Moreover, since H; () is positive semi-definite, then P(Amin(H; () > 0) = 1
Thus, for every § > 0, the exists A\; > 0 such that P(Amin (Hj(a)) > A1) > 1 — 4. O

Lemma A.6. Under the assumptions of Theorem the distribution of the random matriz Hj(a) is
absolutely continuous in the subspace of the symmetric positive semi-definite matrices, with the topology of
Frobenius norm.

Proof. From [Nolan| (2010), it is sufficient to show that

inf /|<s,u>\a/2r;(du) £0

seSk?-1

where I'; is the spectral measure equation S**=1 is the unit sphere in the space of the k x k symmetric
positive semi-definite matrices, with the Frobenius norm. For every u € {0,1}*, let B, = {v € R?: (v, 2;) >
0if u; =1,(v,z;) <0 if u; = 0}. Moreover, for every ¢ = 1,...,k, let e; be a d-dimensional random vector
satisfying e;; = 1 for j = 7 and e;; = 0 for j # i. Finally, let (/5 be the constant defined in Equation
equation [2] Then

/| s,u)|*/?T5(dw) a/Q\ZSH Z Z xjiujxj/iuj/|°‘/2.

ue{0,1}* {i:{e;,—e; }NB,#0}

Since D7 i 85,5 D uey 2o FuijitljTiuy is continuous as a function of s and s takes Values in a compact

set, then the minimum is attained. Thus it is sufficient to show that for every s € Sk*-

E E E SjJ/I‘jinZL’j/i’U,j/ 7é 0.

ue{0,1}F {i:{e;,—e; }NB,#0} 7,5’

Since ||s||F = 1, then s is not the null matrix. Hence there exist ¢ > 0, a vector a with ||a|| = 1 and a positive
semi-definite, symmetric matrix s’ such that

s=caa” + 5.

Since B, N B, = (), when u # «’, then, for every : = 1,...,d and j = 1,..., k, there exists one and only one
u € {0,1}* such that u; = 1 and {e;, —¢;} N B, # 0. Then we can write that

> > > 85,0/ Tty

u€{0,1}F {i:{e;,—ei }NB.#D} j.j’

>c > O ajjing)’
ue{0,1}k {i:{e;,—e; }NBy#0} J

d
Z Z aﬂxﬂ Z Uj

1 j=1 {u{ei,—e; }NB,#0}

d
E , a]xﬂ

i=1 j=1

<.

—

which is strictly positive, since the z; are linearly independent, and ||a|| = 1. This concludes the proof. [

Lemma A.7. Under the assumptions of Theorem [[Z), for every 6 > 0 there exists Ao > 0 such that with
probability at least 1 —

)\min(g; (Oé)) > Ao,

20
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Proof. Since the distribution of ﬁQ( ) is absolutely continuous in the space of symmetric positive semi-
definite matrices then we can write that P(det(Hj(a)) = 0) = 0. Moreover, since Hj(a) is positive semi-
definite, then P(Apin (H3 () > 0) = 1. Thus, for every § > 0, the exists Ao > 0 such that P(Apin (H3 (@) >
)\2) >1-4. ]

Now, we are in the position of proving Theorem [£.2] Let § > 0 be a fixed number. By Lemmas[A.5 and [A.7]
there exist A; > 0 and Ay > 0 such that, for i = 1,2, P(Amin(H;(a)) > ;) > 1 — §/2. Since the minimum
eigenvalue map is continuous with respect to Frobenius norm then, by Portmanteau theorem, for i = 1,2,

hn}ninflP(Amm(ij(W(o),X)) > N) > POin (HF (@) > X)) >1—5/2.

Let Ag = A1 + A2. Since the minimum eigenvalue of a sum of symmetric, positive semi-definite matrices
is greater than or equal to the sum of the eigenvalues of the two matrices (see Horn and Johnson| (1985)
Theorem 4.3.1), then we can write that

limianP(Amin(H' (W(0), X)) > Ao)
> lim inf P( min(HSD (W(0), X)) 4+ Ain (HZ (W(0), X)) > o)

> hHTlnlanP(mi=l,2()\min( ~£)(W(O)7X)) > \i))

2
> 1— limsup (Z P(Amin(HS) (W(0), X)) < m)

m i=1

21_67

thus completing the proof of Theorem [1.2]

A.4 Proof of Theorem [4.3]

Before proving Theorem [1.3] we give some preliminary results.

Lemma A.8. Let vy € (0,1) and ¢ > 0 be fized numbers. For every 6 > 0 the following property holds true,
for m sufficiently large, with probability at least 1 — §:

fm

0fm
0 ow

(log m)z/a ” (W, zj;a) — < em™2/e

F

— = (W(0),zj;0)

for every W such that ||[W — W(0)||r < (logm)?* and every NN’s input x;, with j =1,..., k.

Proof. For a fixed W (0), let W be such that |[IW — W (0)|r < (logm)?/®. Then it holds [w(® —w(®(0)[|2 <
W —W(0)]|% < (logm)* . Accordingly, we can write the following

ogm)%/® % T —% T 2
(ogm )/ | S (W, ay50) = S (W(0),200) |
< e 2 (@ e 1,23} > 0) = (0 (0), 2} (" (0), ;) > 0))

< 23 (.2 - @00).2) H(w®.a,) >0)

i=1

+ o 3wl (0),2,)? (1l 2)) > 0) ~ I(w{(0).2;) > )
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We will bound the two terms of the sum separately. First, we define r; = |(w§0) —wl(o)(O)7 xzj)|fori=1,...,m.
Then, we can write that

(] O
Y o< Z O — )2 ;12 < [[w® — w@(©)[|% < (logm)*e.
=1 i=1
Since v < 1,
2 0) 0) 2 (0)
> (W 2) — @ ), 2)) T, 2) > 0)
=1

< 2m~¥*(logm)¥* < Em2/e
— 4 )
for m sufficiently large. In order to bound the second term, we observe that the following set
{w®@(0) : Jw st (w” —w”(0),2;)| = i, I(W®,2;) > 0) # I(w®(0),z;) > 0)}

is included in the set {w(o) (0) : |<w§0)(0), xj)| < r;}. Therefore, we can write that

2 <, 0 0 2

sup sup o7 2wl (0),2,) (1w, 2) > 0) = I((w”(0),;) > 0))
>, r2<togm wl® —w® ()| <r, T IS0
< __sw sup )2 1((w” (0),25) <)

m
> ristogm ju® —w(® )< M 20
m

< sup sup
>, ri<logm \wﬁ“—wim(ong

1 4/ €  _2v/a
< 5 (logm)*™< < ™ ,

for m sufficiently large. O

Lemma A.9. For every § > 0 there exist A\ > 0 such that the following two properties hold true, for m
sufficiently large, with a probability at least 1 —§:

i)
12 (W, X) — HP (W(0), X)||p < Am™/*;

Amin(Hm (W, X)) >

Y

| >

for every W such that |W — W (0)||r < (logm)?/«.

Proof. By Lemma [A77] for every § > 0 there exists A such that
Amin (H3 (@) > X
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with probability at least 1 — 0/2. For every vector W, we can write that

B W, X))~ B (W(0), X)L, ]
O fm O fm O fm O fm
= (o | (00, S Wegi) ) = (G2 10) ), G2 10). 5500 )
0fm 0 fm 0fm
m)?/ x; e TiQ) — —— T«
< (logm) w(W i3 )F w(VVa 75 ) ow (W(0), 35 )F
Ofm Ofm Ofm
+(logm)?/e %,(Ww),x],a) B (Woisa) = G W), ai0)|
< (logm)*« (Hafm (W(0), x;; « Hafm xl;a)—ﬁ(W,xi;a) )
w F
0 m 0 fm
| o ],a%%(mom]—;a) )
O fm O fm O fm
+ logm)?/® | F W (o), )| | F (80 0) - G W0, ai00) |
For every i =1,... k,
~ 2 m
(ogm® |G 7 0) 2500 = e S0 21wl 00201 >0
1 m
< e 0

=1

which converges in distribution, as m — oo. Thus there exist M > 0 and mg such that for every m > my
and every : = 1,... k,

of, )
P Vo || Zim . M) < —.
<( ogm) 0 (W(0), 25 @) ; > ) < 2
By Lemma for m sufficiently large, with probability at least 1 — &/(4k?)
(logm)'/* (Hafm W(O),xi;a) Hafm ), i Q) — —%{Lﬂ (W, 235 ) > < 2M
F

whenever |[W — W(0)||p < (logm)?/®. Lemma also implies that, for every v € (0,1), and i = 1,...,k,
with probability at least 1 — §/(8k?)

0fm
0

. 3 fom
w (M/a Tis Oé)

ow

(logm)"/® ——(W(0),25;a) m=/e

< IMk2

whenever |[W —W(0)||%. < (logm)*®, provided m is sufficiently large,. Thus, with probability at least 1 —,
if m is sufficiently large

-~ . ~ o A e
maX|Hr(3)(W,X)[% ] H( )(W(O)vX)[Zvj” < ?m v/ ’

’L’]
whenever |[W — W(0)||r < (logm)?/ . Thus
1A (W, X) = HE (W(0), X))

~ - A
< HS (W, X) = HD (W(0), X)||p < dm™ "/ < 2,

whenever ||W — W(0)||r < (logm)?/, provided m is sufficiently large. The last inequality and Lemma
imply that, with probability at least 1 — ¢, if m is sufficiently large, then

I HS (W, X)||2 > A/2,
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for every W such that |W — W (0)||r < (logm)?* . Since H,,(W, X) is the sum of two positive semi-definite
matrices lfLS@l)(W, X) and I;h(f)(V[ﬂ X), then

| o (W, X) 2 = 1D (W, X)l2 > A/2,
for every W such that || — W (0)||r < (logm)?/®, if m is sufficiently large. O

Lemma A.10. For every 6 > 0 the following property holds true, for m sufficiently large, with probabillity
at least 1 — §: there exists M > 0 such that

0fm
EO)
for every j =1,....k, and for every W such that |W — W (0)||r < (logm)?/®.

O fm
~ ow©

1/«

(W, z5; )

(W(0),2550)|| < M,

F

(log m)

Proof. Let us define r; = |(w§0) - wgo)(O),xjH for ¢ = 1,...,m. Now, since ||z;|| = 1 by assumption, for
j=1,...,k, then we can write

12 <yl - w® —w@(0)|2 < W — W(0)[% < (logm)*/e.

It holds
3 r3 2
6~f’m afm
(log m)*/* (W, zj5a) — (W(0),z;; @)
w0 J ow(0) J »
e 0) ) 2
< —7z > (wil ([ 2) > 0) = wiO)1((w{” (0), ;) > 0))
i=1
2 m
< 2w = wi(0)*I(w]” ;) > 0)
1=1

b e SO (e 25) > 0) = (w”(0). ) > ).

We will bound the two terms separately. First,

m

3 (wi — wi(0)*I((wl” 25 > 0)

i=1
1
m2/e

2
m2/a

m

> (wi = w;(0))?

i=1
2

m2(1—7)/a

(logm)*/ < gm*%/a,

<

< lw = w(0)]%

<
— m2/a

if m is sufficiently large. To bound the second term, we can write that

e Y ORI, 25) > 0) = 1w (0), ) > O)

2 m
< —=> wi(0)?
g 2 o b
m2/ Pt

which converges in distribution to a stable random variable, as m — oco. Hence there exists M; such that,
with probability at least 1 — /4,

2 & M?
(w0 = wi0)* I ({wf” a)) > 0) < 75

2/c
m
i=1
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and
2

2 « M
57 O wil O L((w”, ;) > 0) = I((w(” (0), 25) > 0)] < Z5.
=1

for m sufficiently large, which entail

0 fm O fm M
w© (W, zj50) — m(W(O)(W)7$j§Oé) <=

P k

1/«

(log m)

On the other hand, there exist N3 € F and My with P(N3) > 1 — §/4 such that, for every w € N3 and for
m sufficiently large, .
[fm (W (0)(w), X;0) = Y||p < M,

and

< Mj(logm)~ /e,

0 -
me(W(O)(w), Ti; Oé) »

max
1<i<k
The above inequalities follow from the convergence in distribution of f,,(W(0), z;; ) and of

2

o -

(logm)Q/a me(W(O), Q)| = I:I(W(O),X; )i, i) (i=1,...,k),

F
as m — oQ. O

Lemma A.11. Let~ € (0,1) and ¢ > 0 be fixed numbers. For every § > 0 the following property holds true,
for m sufficiently large, with probability at least 1 — §:

IW () = W(0)llr < (logm)*/*.

if
2

< Cm—2’Y/04
F

Ofm Ofm
(17 (5), 300 — G

or every NN’s input x;, with j = 1,...,k, and for every s < t.
J

(logm)*/* (W(0),z5; )

Proof. By Lemmas and there exists N; € F with probability at least 1 — §/2 such that, for every

w € Ny,
2

. O o
2/ *%(W(O)(W)vxj;a) <cm 2W7

Ofm
ogm)?/ | X (1,2 )

F
for arbitrarily fixed ¢ > and v € (0,1/2), and

Amin (Hom (W, X)) >

)

Do | >

for some \ > 0, for every W such that |[W — W (0)(w)||r < (logm)?® and every j = 1,...,k, provided m
is sufficiently large. Moreover, by Lemma [ATI0] there exist, for m sufficiently large, M; > 0 and N, with
P(N3) > 1 — 4, such that

O fm
~ ow©

O fm
Ow(©)

1/« < M,y

F k-

(W, 53 )

(logm)

(W(0) () ;)

for every j = 1,...,k, and for every W such that |[W — W(0)(w)||r < (logm)?>/*. We will prove, by
contradiction, that for every w € Ny N Ny N Na, [|[W(t) — W(0)|[r < (logm)?* for every t > 0. In the
following we will write W (s) in the place of W (s)(w) and always assume that w belongs to Ny N N2 N Ns.
Suppose that there exists ¢ such that [|[W () — W(0)||r > (logm)?/“, and let

to = argmin, o {t : [W(t) = W(0)|r > (logm)Q/a}.
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Since ||W(s) — W(0)||r < (logm)?/« for every s < to, then, for every s < tg,
~ A
mln H (W( )7X)) > 57
|20 5000 S 05500 < em= = tog e
ow P
Bfm 8f~m . Ml —1/a .
Haw(o )-aj50) = S VO @) )| < Fhlogm) ™/ (=1,

| fn (W (0)(w), X50) = Y|P < Ma,

max ifm(W(O)(w),alci; )| < My(logm)~/e.
ow P
Let us now consider the gradient descent dynamic, with continuous learning rate n = (logm)?/*:
k
dW (s 1 2
)~ ogm) Vi 3 3 (W () 2300 — )
i=1
k ~ 8f
—(logm)*/® > (fn(W(s),2:) = i) S (W (s), 15 ).
i=1

This expression allows to write

W (to) = W)l
to d
/o gW(s)ds

0 fm
< (logm)*/= / Z F W (), 22:0) = ) O (1 (5), 2 0) s
F
O o
(logm)2/aOlgnsaéSO %(W(s) Ti; Q) F/o | frn (W (s), X; ) — Y ||ds.

To bound the term || f,, (W (s), X; o) — V|| we will exploit the dynamics of the NN output

dfmn(W(s), X;a)  Ofm _
is = gy W(s), X;a)

= 7(10gm)2/a(fm(w(5)aX; a) - Y)Hm(W(S)vX)
_(fm(W(s)v X; a) - Y)E[m(W(S>7 X)v

dW(s)
d

that gives

L7l (5), X;0) = VI3 = =2 (FuW(s), X;0) = V) Hn(W(5), X) (Fn(W(5), X;0) = ¥)"

Since Amin(Hpm (W (s), X)) > \/2 for every s < to, then

d, = -
LW (s), X50) = Y5 < =Ml fm(W(s), X;0) = V3,

which implies that

L (exp\3) (W (5), X;0) ~ Y3) <0

It follows that exp(\s)|| fm(W(s), X; ) — Y3 is a decreasing function of s, and therefore

1 fn (W (), X;0) = Yl < exp(=A/2)[[ fn(W(0), X; @) = Y2,
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for every s < ty. Substituting in the integral, we can write that

W (to) = W(0)lp

of, to .
< 2/ —m . — . ca) —
< Qogm)*” . 3| SOV 61| [ exp(hs/2)ds | (0), X;) ¥
2(logm)?/® Y 0Fm i Ofm i O fm _
- A 0<%t — \[[ oW (W(0), i; ) F+ ow (W(s), i) - ow aw WO zi0) .
|| fmn(W(0), X;0) = Y|
(logm>2/“ (]| O fim Ofim
< —- — . T . _ .
< o2, 2\ | g WO ma )|+ |5, m (W) e o) = 5 (WO, s
0 m 0 m g
H I (5 0) = 22010 50| ) 1OV 0) X500 <
F
2(1 1/a
< % (Mz + My + kcm—v/a) Mo,
which, for m large, contradicts ||[W (to) — W (0)||r > (logm)?/« . O

Now, we are in the position of proving Theorem Let m € Nand N € F be such that P(N) > 1—¢ and
the properties mentioned in Lemma Lemma, Lemma, and Lemma hold true for every
w € N. Therefore, by means of Lemma and of Lemma it is sufficient to show that

IW(t) = W(0)|[3(w) < (logm)**
for every t > 0 and w € N. By contradiction, suppose that there exists, for some w € N, to(w) finite with

to(w) = Inf{t : [|W(2) = W(O)llr(w) = (log m)*/°}.

Since W (t)(w) is a continuous function of ¢, then ||W (to(w)) — W(0)||%(w) = (logm)?/®. Then, by Lemma

A8

~ 2
6fm afm 727/a
oW oW | (@) <emT,

for every s < ty and every j. Therefore, by Lemma 1| it holds true that [|[W (to(w)) — W(0)||#(
(logm)?/, which contradicts the definition of ¢y. This completes the proof of Theorem 4.3}

(logm)*/* (W (s), zj; ) = 577 (W(0), 255 )

B

The distribution of a random vector £ is said to be infinitely divisible if, for every n, there exist some i.i.d.

random vectors &p1, ..., &Epn sSuch that >, &n 2 &. A k-dimensional random vector £ is infinitely divisible if
and only if its characteristic function admits the representation e¥(*) where

P(u) = iu’b — %uTau +/ (ei“T"’” —1—iuTzI(||z]| < 1)) v(dx) (13)

where v is a measure on R* \ {0} satisfying [(||z|[* A 1)v(dz) < oo, a is a k x k positive semi-definite,
symmetric matrix and b is a vector. The measure v is called the Lévy measure of £ and (a, b, v) are called
the characteristics of the infinitely divisible distribution. We will write £ ~ i.d.(a,b,v). Other kinds of
truncation can be used for the term iu’'xz. This affects only the vector of centering constants b. An i.i.d.
array of random vectors is a collection of random vectors {&,;,j < my,,n > 1} such that, for every n,
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&n1s- -+, &nm, areii.d. The class of infinitely divisible distributions coincides with the class of limits of sums
of i.i.d. arrays (Kallenberg |2002, Theorem 13.12).

To state a general criterion of convergence, we first introduce some notations. Let £ ~ i.d.(a,b,v). Define,
for each h > 0,

aM =q +/ zxlv(dz),
lel|<h

b =p— / av(dz),
h<|lz||<1

where fh<\lrll<1 =— f1<|\r\|<h if h > 1. Denote by - vague convergence, that is convergence of measures
with respect to the topology induced by bounded, measurable functions with compact support. Moreover,
let R* be the one-point compactification of R*. The following criterion for convergence holds (Kallenberg,
2002} Corollary 13.16).

Theorem B.1. Consider in R* an i.i.d. array (&nj)j=1,...mn.n>1 and let & bei.d.(a,b,v). Let h > 0 be such
that v(||z]| = h) = 0. Then }_; &n; A & if and only if the following conditions hold:

(i) mpP (En1 € -) 2 v(-) on RF\ {0}
(i) mnE(gnlfrj;ll(anIH <h))— aM

(iii) maB(Eni I(||En ] < h)) — b™)

Inside the class of infinitely divisible distribution, we can distinguish the subclass of stable distributions. A
k-dimensional random vector £ has stable distribution if, for every independent random vectors £; and &
with & 4 & 4 ¢ and every a,b € R, there exists ¢ € R and d € R* such that a&; + b&, 2 ¢ + d. This is
equivalent to the condition: for every n > 1,

G4t & EnVo+d, (14)

where « € (0,2], &,...,&, are i.i.d. copies of £ and d,, is a vector. The random vector ¢ is said to be strictly
stable if equation [14] holds with d,, = 0. A stable vector £ is strictly stable if and only if all its components
are strictly stable. The coefficient « is called the index of stability of £ and the law of £ is called a-stable.
A stable vector £ is symmetric stable if P(§ € A) = P(—¢ € A) for every Borel set A. A symmetric stable
vector is strictly stable. The class of stable distributions coincides with the class of limit laws of sequences
(>2%y Xk — by)/an), where (X,,) are i.i.d. random variables.

A stable distribution is infinitely divisible. Thus its characteristic function admits the Lévy representation
equation If o = 2, then the Lévy measure is the null measure and, therefore, the stable distribution
coincides with the multivariate normal distribution with covariance matrix a and mean vector b. If o < 2,
then a = 0 (the zero matrix) and the a-stability implies that there exists a measure o on the unit sphere
S¥=1 such that v(de) = r~(**Ddrg(ds), where r = ||z|| and s = /||z||. Substituting in equation [13] we
obtain

. > irul's . 1
P(u) = iu’b+ /S/o (e —1—irulsI(r < 1)) mdro(ds)

For a < 1, the centering iru’sI(r < 1) is not needed, since the function (of r) is integrable, and we can

write -
. iruT's 1
'(/J(’LL) = l’LLTb/ + /S‘/O (e — 1) mdrg(ds),

for some vector i'. After evaluating the inner integrals as in [Feller| (1968, Example XVII.3), we obtain

P(u) =il — /S [u”'s|°T(1 — ) (cos(ma/2) — isign(u’'s) sin(ra/2)) o(ds)
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= iult — /S [uTs|* (1 — isign(u”s) tan(mra/2)) T(1 — ) cos(mar/2)o(ds).

For a > 1, using the centering iru”

— i, T > iruTsi i, T 1
w(u)fzubJr/S/O <e 1—iru S)TH_

for some b”. After evaluating the inner integrals as in |[Feller| (1968, Example XVII.3), we obtain

s, we can write

—dro(ds),

Y(u) = iu v’ +/ |uTs|a% (cos(ma/2) — isign(u”s) sin(rar/2)) o(ds)

re-
=il — / [u”s* (1 —isign(u”s) tan(ra/2)) M cos(ra/2)o(ds).
-«
Since, for a < 1, T'(2 — «) a)T'(1 —«), we can encompass the above results in one equation, and write,

for a £ 1,
I'2-a)

L cos(ma/2)o(ds),

Y(u) = iulb" — /S [u's|* (1 — isign(u”'s) tan(ra/2))

for some b"’. Finally, for a = 1, using the centering i sin ru”

P(u) = il v"" Jr/ / (equs — 1 —drsin ruTs> —dro(ds),
sJo r

for some b"”. Evaluating the inner integral as in [Feller| (1968, Example XVII.3), we obtain

s, we can write

W(w) = iuTb" — / T s| <g+isign(uTs) 1og\uTs\)a(ds)
S

2
=" f/ |ul's| <1 +i=sign(u’'s)log|u 5> —o(ds).
S s 2
Considering the spectral representation e?(®) of the multivariate stable characteristic function

— [ luTs|* (1 — i sign(u”s) tan(war/2)) T'(ds) + T p® o #1
P(u) =
— [ luT's| (1 + i2 sign(u”s)log [u”s) [(ds) + iu"p@ o =1,

we can establish the following relationship between the Lévy measure v and the spectral measure I':
1
l/(dx) = Camr(d8>,

where r = ||z||, s = z/||z|| and
11—«
(2 — a)cos(ma/2)

a#1
Co, =

2/7 a=1
A Stable random vector £ is strictly stable if and only if

p® =0 a#1
Jss;T(ds) =0 for every j o =1.

(see e.g. Samoradnitsky and Taqqu| (1994, Theorem 2.4.1)). By Theorem the spectral measure I" of a
symmetric stable random vector £ satisfies

nl;ngo nlP (|§|| >nl/ o, @ € A> = Chx™ °T'(A4) (15)

for every Borel set A of S such that I'(OA) = 0. Moreover, the distribution of a random vector £ belongs
to the domain of attraction of the Sty («,I") distribution, with a € (0,2) and I" simmetric finite measure on
SF=1,if and only if equation |15 holds (see e.g. Davydov et al. | (2008, Theorem 4.3)).
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