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Abstract

As first-order optimization methods become the
method of choice for solving large-scale optimiza-
tion problems, optimization solvers based on first-
order algorithms are being built. Such general-
purpose solvers must robustly detect infeasible
or misspecified problem instances, but the com-
putational complexity of first-order methods for
doing so has yet to be formally studied. In this
work, we characterize the optimal accelerated rate
of infeasibility detection. We show that the stan-
dard fixed-point iteration achieves a O(1/k?) and
O(1/k) rates, respectively, on the normalized it-
erates and the fixed-point residual converging to
the infimal displacement vector, while the accel-
erated fixed-point iteration achieves O(1/k?) and
O(1/k?) rates. We then provide a matching com-
plexity lower bound to establish that ©(1/k?) is
indeed the optimal accelerated rate.

1. Introduction

First-order optimization methods have become the method
of choice for solving the large-scale optimization problems
of the modern era. As first-order methods scale more fa-
vorably than classical interior-point methods (O’ Donoghue
et al., 2016; Stellato et al., 2020; Garstka et al., 2021), new
optimization solvers based on first-order algorithms are be-
ing built with the goal of replacing classical solvers based
on interior-point methods or simplex methods in large-scale
applications.

However, these new first-order solvers are far less equipped
to robustly detect infeasible or misspecified problem in-
stances. A general-purpose solver must robustly detect
infeasible problem instances arising from user misspecifi-
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cation or from applications such as embedded application,
mixed-integer optimization with branch-and-bound tech-
nique, or combinatorial optimization (Naik & Bemporad,
2017; De Loera et al., 2012). Classical solvers based on in-
terior point methods or simplex methods, in their first phase,
determines whether the problem is feasible or infeasible
by finding a feasible point. The behavior of such classical
solvers under pathologies is well understood through ex-
tensive theoretical research and through the decades-long
deployment of open-source and commercial solvers. The
analysis of first-order algorithms such as Douglas-Rachford
splitting (DRS) and ADMM applied to pathological prob-
lem instances has started to gain attention. However, the
computational complexity of determining the infeasibility
of a given problem instance has yet to be formally studied.

In this work, we characterize the optimal accelerated rate of
infeasibility detection by analyzing the convergence rates
of fixed-point iterations towards the infimal displacement
vector, which serves as a certificate of infeasibility. We show
that the standard fixed-point iteration achieves a O(1/k?)
and O(1/k) rates, respectively, on the normalized iterates
and the fixed-point residual, while the accelerated fixed-
point iteration achieves O(1/k?) and O(1/k?) rates. We
then provide a matching complexity lower bound to estab-
lish that ©(1/k?) is indeed the optimal accelerated rate.

1.1. Preliminaries and notations

We use the standard notations in Ryu & Yin (2022).

Sets and operators. Let 7 be a real Hilbert space. For a
set C' C H, we denote by conv C' a convex hull of C, Ca
closure of C', and conv C a closure of a convex hull of C.
If C is a nonempty closed convex set, for any x € H, there
exists a unique vector z € C' such that z € argmin, ¢ ||z —
y||?, which is denoted as IT¢(z) and called a projection of
x onto C'. We also let ¢ refer to the indicator function of
set C'. We denote by S™ the set of all n X n symmetric
matrices and by S”} the set of all n x n symmetric positive
semidefinite matrices. We say X = Y if X —Y € S for
X, Y e S™

Let T: H = H be a set-valued operator. domT = {z |
Tx # 0} is called the domain of T, and R(T) = {y | 3= €
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H s.t. y € Tx} is called the range of T. For a single-valued
operator T: H — H, it is called nonexpansive if || Tz —
Ty|| < ||z —y|| forall 2,y € dom T and ~y-contractive with
0 <~ < 1if |Tz — Ty|| < 7|z — yl| holds for all 2,y €
dom T, and 6-averaged if there exists nonexpansive operator
S and identity operator I such that T = S + (1 — )L. T is
called maximal nonexpansive (contractive) if dom T = H.
If x, € H is a point such that z, = Tz,, we call z, a fixed
point of T. Fix T C H denotes a set of fixed points of T.

Fixed-point iteration. Classical Banach fixed-point the-
orem illustrates that if T: 7 — H is a contraction, then
Fix T is nonempty and the Picard iteration (Picard)

2P =Tk,

k=0,1,... (Picard)

starting from 20 € H converges to some z, € FixT.

When T is nonexpansive but not necessarily contractive,
(Picard) may not converge to the fixed point of T. In
such cases, to guarantee the convergence, one may use
Krasnosel’skii-Mann iteration (Krasnosel’skii, 1955; Mann,
1953) or Halpern iteration (Halpern, 1967), whose forms
are described in Section 3.

Constrained optimization and fixed-point iterations.
Consider a constrained optimization problem

minimize x
nimize f(z)
subjectto =z € C,

where f: R™ — R is convex and C' C R™ is a nonempty
closed convex set. Problems of this type can be solved
with various first-order methods including projected gra-
dient method, proximal gradient method, alternating di-
rection method of multipliers (ADMM), and primal-dual
hybrid gradient (PDHG). These methods can be understood
and analyzed as nonexpansive fixed-point iterations (Ryu &
Yin, 2022). Therefore, the analysis of fixed-point iteration
broadly applies to this broad class of first-order methods.

Inconsistent operators. We say T is consistent if
Fix T # 0 and inconsistent if Fix T = (). T is inconsistent
if and only if 0 ¢ R(I — T). From the well-known fact
that R(I — T) is closed and convex (Pazy, 1971, Lemma
4),v = Hm(o) is well-defined, and v is called infimal
displacement vector. If T is consistent, then v = 0. If v # 0,

then T is inconsistent.

Any nonexpansive operator T is of exactly one of these
three cases: (i) Fix T # (), (ii) v # 0, and (iii) Fix T = )
with v = 0. In convex optimization, (i) corresponds to the
case where primal and dual solution exist and primal-dual
gap being 0, and (ii) corresponds to the case where either
the primal problem or the dual problem is infeasible. (iii)
corresponds to pathological weakly feasible and weakly

infeasible cases (Banjac et al., 2019; Liu et al., 2019; Ryu
et al., 2019). Our main focus will be on cases (i) and (ii).

1.2. Prior work

Inconsistent fixed-point iteration. Browder & Petryshyn
(1966) first proved that the iterates of Picard iteration is
bounded if and only if T is consistent, and later followed
by work of Pazy (1971) showing the convergence of —z* /k
to the infimal displacement vector. This result has been ex-
tended to Banach space setup by Reich (1973). If T is more
than just a nonexpansive operator, then difference of iterates
TFz — T#+120 also converges to the infimal displacement
vector; see Bailion et al. (1978), Reich & Shafrir (1987),
and Bruck Jr (1977) for averaged, firmly-nonexpansive, and
strongly nonexpansive operators in Banach spaces. For
more on general settings, see Reich (1981; 1982); Plant
& Reich (1983); Ariza-Ruiz et al. (2014); Nicolae (2013).
Despite its numerous appearance, it was not until in late
1990s where the term ‘minimal displacement vector’ was
coined (Bauschke et al., 1997). It was later called ‘infimal
displacement vector’ (Bauschke et al., 2014), and its proper-
ties have been analyzed with depth as well (Bauschke et al.,
2016; Ryu, 2018; Bauschke & Moursi, 2018; 2020b).

First-order numerical solvers. The interior point method
(Nesterov & Nemirovskii, 1994) has been successful in
solving convex optimization problems, and a number of
numerical solvers based on this exists (Nesterov & Ne-
mirovskii, 1994; Sturm, 1999; Gurobi Optimization, LLC,
2023; ApS, 2019; Mattingley & Boyd, 2012). Recently,
first-order method solving conic optimization programs has
gained huge interest, due to its scalability to very large and
high-dimensional problems. ADMM-based solvers such
as SCS (O’Donoghue et al., 2016; Sopasakis et al., 2019),
OSQP (Stellato et al., 2020), and COSMO (Garstka et al.,
2021), and also include PDHG-based solver PDLP (Cham-
bolle & Pock, 2011; Applegate et al., 2021a) are first-order
numerical solvers.

Constrained optimization and infeasibility. For convex
feasibility problem, primary choice of methods are cyclic
projection (Von Neumann, 1951), Dykstra’s algorithm (Dyk-
stra, 1983), AAR method (Bauschke et al., 2004), and so
on. These methods have been analyzed extensively (Boyle
& Dykstra, 1986; Bauschke & Borwein, 1994; Bauschke
et al., 1997; Artacho et al., 2014; Borwein & Tam, 2015;
Aragén Artacho et al., 2016). For general constrained
convex optimization problem, Douglas-Rachford splitting
(DRS) (Lions & Mercier, 1979) and alternating direction
method of multipliers (ADMM) (Glowinski & Marroco,
1975; Gabay & Mercier, 1976) are popular choices of al-
gorithm, and their behavior on infeasible primal or dual
problems has been recently analyzed (Eckstein & Bertsekas,
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1992; Bauschke et al., 2014; Raghunathan & Di Cairano,
2014; Banjac et al., 2019; Liu et al., 2019; Bauschke &
Moursi, 2020a; Banjac, 2021; Banjac & Lygeros, 2021;
Bauschke & Moursi, 2021; O’Donoghue, 2021; Moursi
& Saurette, 2022). Recently, PDHG (Chambolle & Pock,
2011) has been used as a first-order algorithm solving possi-
bly inconsistent LP and QP (Applegate et al., 2021b).

Accelerated fixed-point iterations. Picard iteration con-
verges when the operator T is contractive, but does not
converge with nonexpansivity alone. If T is averaged,
fixed-point residual of Picard iteration converges in O(1/k)
rate (Davis, 2015). But rather than adding conditions on
operators, interpolation or extrapolation schemes (Kras-
nosel’skii, 1955; Mann, 1953; Anderson, 1965; Ishikawa,
1976; Xu, 2004; Maingé, 2008; Dong et al., 2018; Shehu,
2018; Themelis & Patrinos, 2019; Reich et al., 2021; Walker
& Ni, 2011; Zhang et al., 2020; Shehu & Gibali, 2020;
Shehu et al., 2020; Scieur et al., 2020; Barré et al., 2022a)
may result in faster convergence rate, which is the case for
Halpern iteration (Halpern, 1967), which exhibits O(1/k?)
rate (Sabach & Shtern, 2017; Lieder, 2021).

For the inconsistent fixed-point iteration, the rate of conver-
gence to infimal displacement vector is measured. Unlike
the convergence itself (Bailion et al., 1978), the O(1/k)
rate of convergence was not known until late 2010s (Liu
et al., 2019). Another sequence converging to infimal dis-
placement vector is normalized iterates, and it is proven to
converge in O(1/k?) rate (Applegate et al., 2021b).

Complexity lower bound. Using the information-based
complexity framework (Nemirovski, 1992), lower bounds
to the iteration complexity has been thoroughly studied for
first-order convex optimization methods (Nesterov, 2004;
Drori, 2017; Carmon et al., 2020; Drori & Shamir, 2020;
Carmon et al., 2021; Dragomir et al., 2022; Drori & Tay-
lor, 2022; Yoon & Ryu, 2021; Park & Ryu, 2022). For
the fixed-point iterations, Diakonikolas (2020) first proved
Q(1/k?)-lower bound, and Park & Ryu (2022) later closed
the constant gap by showing that Halpern iteration of Lieder
(2021) has exactly matching ©(1/k?)-complexity to the
lower bound of Park & Ryu (2022). However, these works
are restricted to the consistent fixed-point iterations.

Performance estimation problem (PEP). From the sem-
inal work of Drori & Teboulle (2014), performance esti-
mation problem (PEP) has been widely used to obtain the
worst-case complexity of algorithms, including first-order
methods (Kim & Fessler, 2017; Taylor et al., 2017; De Klerk
etal., 2017; Kim & Fessler, 2018; Taylor et al., 2018b; Barré
et al., 2020; De Klerk et al., 2020; Kim & Fessler, 2021; Ab-
baszadehpeivasti et al., 2022a;c; Barré et al., 2022b; Kamri
et al., 2022; Rotaru et al., 2022; Gupta et al., 2023), operator

splitting methods (Ryu et al., 2020), minimax algorithms
(Abbaszadehpeivasti et al., 2021; Gorbunov et al., 2022;
Zamani et al., 2022), proximal point methods (Gu & Yang,
2020; Kim, 2021; Gu & Yang, 2022; 2023), decentralized
methods (Colla & Hendrickx, 2021; 2022a;b), coordinate
descent methods (Abbaszadehpeivasti et al., 2022b), and
even the continuous-time models (Moucer et al., 2022). PEP
also finds the optimal method with optimal worst-case com-
plexity (Drori & Teboulle, 2016; Kim & Fessler, 2016; Drori
& Taylor, 2020; Taylor & Drori, 2022; Kim, 2021; Park &
Ryu, 2022), and is even used to construct the Lyapunov
function for the proof of convergence (Taylor et al., 2018a)
and complexity lower bound (Dragomir et al., 2022). All
these works assume the existence of the solution or optimal
value.

1.3. Contribution

We summarize the contribution of this work as follows.
First, we prove upper bounds on the rates of convergence of
certain sequences to the infimal displacement vector, which
can serve as a certificate of infeasibility. In particular, we
establish a O(1/k?)-rate for the normalized iterates and
O(1/k?)-rate for the fixed-point residual of the Halpern
iteration. Second, we extend the performance estimation
problem (PEP) methodology to inconsistent fixed-point it-
erations based on a new interpolability result and demon-
strate how we used this methodology to discover the upper
bounds. Third, we prove a matching Q(1/k?)-complexity
lower bound and thereby establish that the O(1/k?) upper
bound is the optimal accelerated rate. Finally, we comple-
ment our theoretical results with a numerical experiment on
a decentralized semidefinite program (SDP).

2. Measure of optimality

Consider a nonexpansive operator T: H — 7. Then
FixT = () if and only if 0 ¢ R(I — T). In such case, since
R(I—T) is a closed convex set, it has a unique minimum
element v = argmin, 75— lly||?. Roughly, v represents
the distance from R(I — T) to containing 0, or T being
consistent. As long as v remains nonzero, T will never have
a fixed point. For an operator T which we do not have full
access to, if we are able to obtain v approximately from only
a sufficient number of first-order oracle calls, then this will

save resources including time and computational power.

Given a nonexpansive operator T: H — H, we measure
the rate of convergence to v for following sequences.

Definition 1. We call “kT_k‘”O with proper scaling factor

ag > 0 a normalized iterate, and call z* — Tz* a fixed-
point residual.

Normalized iterate of Picard iteration converges to —v (Ap-
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plegate et al., 2021b), and fixed-point residual of Picard
iteration with averaged operator converges to v (Ryu et al.,
2019). Following lemma states that when v* is either nor-
malized iterate or fixed-point residual at iteration k, strong
(norm) convergence of v* to v is equivalent to the conver-
gence of [|[v*|| to ||lv||. Therefore, we measure the rate of
convergence for both ||v* — v||? — 0 and ||v*|| — ||v|| — 0.

Lemma 2. Let T: H — H be a nonexpansive operator
and v be its infimal displacement vector. If v* for k € N is

either —"‘ka;k"‘o or x¥ — Ta* with assumption that oy, > 0
X k__0 —_—
satisfies — = € R(L —T) for all k € N, then

<Uk, v) > ||v||2, k=1,2,...
and
lim v* =v < lim ||o*|| = ||Jv].
k—o0 k—o0

Proof of Lemma 2 is deferred to Appendix A.

2.1. Comparison of two optimality measures

In Section 3, we show upper bounds on the two optimality
measures [|[v¥ — v||? and (||v*|| — ||v]|)2. Since

l* =l > o*]| = [lv]

by the triangle inequality, the former is the more rigorous
optimality measure in the sense that it is no easier to re-
duce. This makes intuitive sense as ||v* — v||? corresponds
to characterizing the rate of v* — v, which is the conver-
gence of both the magnitude and direction of the vectors,
while (||v*| — ||v||)? corresponds to characterizing the rate
of [|v*¥|| — ||v||, which is the convergence of only the mag-
nitude of the vectors.

The relative difference [|[v* — v|| > |[v*|| — ||v|| do man-
ifest in terms of different constants. For both optimality
measures [|[v* — v||? and (|[v*|| — ||v]|)?, the best known

upper bound, presented in Corollary 5, is 75[/2° — z.|*.
On the other hand, the best lower bound for |[v* — v||? is
75 |20 — 2, ||2, while for (|[v*]| —[Jv]])? itis o5z [|2® — 242
So a conclusion of this work is that the two optimality mea-
sures are equivalent (up to a constant factor of at most 8) in
their optimal worst-case computational complexity.

3. Rate of convergence to v

We study the rate of convergence to v for normalized iterate
and fixed-point residual of (KM) and (Halpern). In the last
part, we deal with the normalized iterate of general Mann
iteration.

3.1. Convergence of KM iteration
Consider the Krasnosel’skii-Mann iteration (KM)

.'I,'k+1 — )\k+1xk+(1_>\k+l)’]rwk7 k:0,17~-~7 (KM)

where 2° € H is a starting point and A\, 41 € [0, 1).

Theorem 3 (Convergence rate of normalized iterate). Let
{x*}ren be the iterates of (KM) starting from z° € H.
For any ¢ > 0 and x. € H such that ||x. — Tz, —v|| <

. 52 1
min 72HUH+1, , €0y

0 2

k-
+ v

2
_ah o2 < (— 2 P —afte
Y TS (=N )

SJorallk =1,2,.... Ifwe further assume that v € R(I-T),
then there exists x, € H such that x, — Tz, = v and

2

HM+U < %onfx*ﬂz
f:l(l - )‘Z) ( :‘,9:1(1 - )‘Z))
forallk =1,2,....

Theorem 4 (Convergence rate of fixed-point residual). Let
{x*}en be the iterates of (KM) starting from x° € H and
ko = min{i € N | A\; > 0}. Foranye > 0and z. € H

such that |z. — Tz, — v|| < min{2H572 1, 5},

[+1°
k
(Z Aitr1(1 = Aig1)
%

2
|ﬂTﬂvo
o Doico A1 (1 — Xig1)
2
m“mm+%

< 1
Vo Air1 (1= Aiga)
and

(llz* = Tz*|| - jv]])”

2
1
< 2% — x|l + €
VE i1 (1= Aig1)

Sfor k > ko. If we further assume that v € R(I — T), then
there exists x, € H such that x, — Tx, = v,

k
. 11—\ ) )
(23 2ol = el nﬂ—Tﬂ—v>
i=0 Zi:o >‘i+1(1 - )‘iJrl)
1 0

oAt (1= Aigr) o = .,
and
(I~ Tk~ ol)* < s 12 . P
i=0 ’LJrl(]' )‘2+1)
for k > k.

We defer the proofs to Appendix B.1. Note that Theorems 3
and 4 imply the convergence of normalized iterate and fixed-
point residual to v respectively when Y r- | (1 — A) = o0
and Y77 A\p(1 — A;) = co. We also point out that the
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bound on the Cesaro mean in Theorem 4 is practically useful
when we use the randomized iterate selection technique of
Ghadimi & Lan (2013; 2016): choosing k € {1,2, ..., k}
with probablllty proportional to Az, (1=Xpg1)s ﬁxed pomt
residual ¥ — Ta* of k-th iterate will yield the same rate of
convergence as Theorem 4.

Corollary 5. Let {z"}ren be the iterates of (KM) starting
from 2° € H. Assume that v € R(I — T). The bound of
Theorem 3 is optimized at \;; = 0 for all k € N with

2

k_ .0
4
< ﬁHxO -z,

r —x

k

+o

The bound of Theorem 4 is optimized at N\, = % for all
k € N with

1 oa 4
—12”:&—1&; —vf]* < killxo—ﬂf*H2
1=0

and

(l=* = Ta*| = Jlo]})* < ’

Corollary 5 recovers the rates of (Liu et al., 2019, Theo-
rem 3) and (Applegate et al., 2021b, Theorem 3). To clarify,
we view the results of Sections 3.2 and 5 to be the major
contributions of this work. Our contribution of Section 3.1,
presented in Theorems 3 and 4, is to generalize the results
of (Liu et al., 2019; Applegate et al., 2021b) to the KM
iteration with { A, }ren that varies with k.

Counterexample. Theorems 3 and 4 show that conver-
gence of normalized iterates requires Y po ; (1 — \j) = 00
while convergence of fixed-point residual requires the
stronger condition Y, ; A\x(1 — A) = oc. The following
demonstrates that it is possible for the normalized iterates
to converge while the fixed-point residual diverges.

Define T: R* — R3 as T(z,y,2) = (~y,z,z — 1).
Then R(I — T) = R? x {1} and v = (0,0,1). Let
{(=*, 4%, 2*)}renugoy be a sequence of iterates generated
by (KM) with T and A\, = 0 for all £ € N starting from
(2°,9°,2%) = (1,0,0). Then

k k
(zF, ", 2F) = (COS %, sin %, k) ,

and the normalized iterates converge to —v. However,
(| (", 4, 2%) = T(a*,y*, 2F) — || = V2 forall k € N,
so the fixed- pomt residual does not converge to v.

3.2. Convergence of Halpern iteration
Consider the Halpern iteration (Halpern)

eF = N + (1= Aep)Ta®, k=0,1,..,

(Halpern)

where 29 € H is a starting point and A\, 1 € [0,1). Note
that (Picard) corresponds A, = 0 and OHM (Lieder, 2021)
corresponds to A = %H Define fp = 0 and

k

O =D (1= A1 = Apon) -

n=1
fork=1,2,....
Lemma 6. Fork =0,1,...,

Or+1 = (1 = Ag1)(1 + Ok).

If A\, =0, then 0 = k. If \y, = k+1’ then 0, = =
Theorem 7 (Convergence rate of normalized 1terate). Let

{x*}ren be the iterates of (Halpern) starting from x° € H.
Foranye > 0 and x. € H such that |z. — Tz > —||v]|* <

2
2 2
2
Gk S <9k”$0 — ZL’gH + E)

£s,
fork =1,2,.... If we further assume that v € R(I — T),
then there exists x, € H such that x, — Tx, = v and
2
4
< oz llz® =2 ?
o

(1= Ag—nt1)

$k—CIJ0

+v

xk—xo

O
fork=1,2,....

+ v

We defer the proofs to Appendix B.2. Note that the normal-
ized iterates converge to —v if ), — oo, which, in particular,
happens if Ay, — 0. See Lemma 23.

Theorem 8 (Convergence rate of fixed-point residual). Let
{x*}en be the iterates of (Halpern) starting from z° € H
with A\, = %ﬂ For any ¢ > 0 and x. € H such that
|z — Ta||? — ||v||* < O(g?), we have

2
2 4
(I = o) = ol < (le” -l + )

and
Ho:k —Tz* — v||2
- 2
En 1n + 441
< (el 2 2l +<
fork =1,2,.... If we further assume that v € R(I — T),
then there exists x, € H such that x, — Tx, = v,
(% —Tz* | - Jlo]])* < 2|| a =z ?
k
and
S L4 i
o — Tk — ol < L 2 — 2.2
fork=1,2,...
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Proof outline. Consider a potential function V* defined as
vk

= (k+1) {k[z* — Tz"||> + 2(z* — T2", 2" — 2%)}

+Mk+D<—i@k—ﬂU—@%—T%)@E—T%>

2

k
A J;k—x€+§(x5—Tx5)

k
1
—(Z@)W—%W
n=1

for all k € N. We can show VF < VA1 < ... < V1L
From V* < V1 < 3||2° — 2.||?, we obtain the desired
convergence rate. When there exists z, such that v =
z, — Txz,, use z, instead of .. The detailed proof is
deferred to Appendix B.2. [

RER)

The precise form of the O(g?)-term in Theorem 8 is stated
in the proof, which is deferred to Appendix B.2. Note that in
V%, the first term, written as (k + 1) {- - - }, is the potential
function that was used in prior work (Diakonikolas, 2020;
Park & Ryu, 2022) to analyze the convergence of consis-
tent fixed-point iterations. So the first term is known to be
nonincreasing, and the three additional terms are required
to adapt the proof to the inconsistent case.

Corollary 9. Let {x*},.cn be the iterates of (Halpern) start-
ing from z° € H with \}, = T}H For any € > 0, there
exists xo € H such that |z, — Tx. —v|| <e¢,

k _ .0 2
|2 ] < (fe0 e 4e)

k
2
2 4
(Io* = Ta¥] = o)’ < (e —acl )

2
+v

and
ka —TzF — vl|?
k 1 2
< (e 2 — ] + ¢
fork =1,2,.... If we further assume that v € R(I — T),
then there exists x, € H such that x, — Tx, = v,
2(xF — 29) ?
|2 | < et -l
2 16
(lz* =Tz = [[o]) Sgﬂffwwa
and
2
k k 2 V Zflzl % ta+1 0 2
2" — Ta" —o|* < ] 27 — @l

fork=1,2,....

An observation we point out is that when T is an affine
k+1_ 0
E+1
tion coincides with the fixed-point residual z* — Tz* of

1

(Halpern) with A\, = 771~ See Lemma 32.

T

of Picard itera-

operator, the normalized iterate —

3.3. Convergence of Mann iteration

The Mann iteration (Mann)

k—1
ab = E vE T2,
i=0

f 0 fori = 0,....,kand £k = 1,2,...,
Zf:o l/f 1 for k = 1,2,..., and T2~ = 20,
is a further general class of iterations including (KM)
and (Halpern). Lemma 33 of Appendix B.3 shows that
there exists positive sequence {ay }ren that depends on
{Vf}ogigk,keN such that

(Mann)

where vF >

l‘kfil'o

ERA-T), k=1,2,....

Ak

Furthermore, Theorem 36 of Appendix B.3 shows that

9 2
< (||x0 — x| + 5)
ay

and the normalized iterate converges to —uv if ap — ©00.
This result generalizes the convergence results of Theo-
rems 3 and 7 respectively for (KM) and (Halpern).

2
l‘k—ﬂfo

+v

&95

4. PEP with possibly infeasible operators

Instrumental in the discovery of the results of Section 3 was
the use of the performance estimation problem (PEP) (Drori
& Teboulle, 2014; Taylor et al., 2017). Loosely speaking,
the PEP is a computer-assisted methodology for finding
optimal methods by numerically solving semidefinite pro-
grams (Drori & Teboulle, 2014; 2016; Kim & Fessler, 2016;
Taylor et al., 2018b; Drori & Taylor, 2020; Kim & Fessler,
2021; Kim, 2021; Park & Ryu, 2022). In prior work, PEP
had been utilized in the analysis of consistent monotone
inclusion and fixed-point problems (Ryu et al., 2020; Kim,
2021; Park & Ryu, 2022). In this section, we describe how
to apply the PEP methodology in the analysis of algorithms
for inconsistent problems.

4.1. Interpolation result

The performance estimation problem framework relies on
certain interpolation results. The following result strength-
ens the prior interpolation result of (Ryu et al., 2020, Fact
2) by additionally restricting the range of the extension and
thereby allows us to control the infimal displacement vector
of the interpolation.
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Theorem 10 (Interpolability). Ler {(x;, y;)}ier CH X H
be a set of vectors with index set I such that

lyi =yl < llws — 5, Vi,jel

Let C =conv {x; — y; }ier C H, where Coniv denotes the
closure of the convex hull.
(i) There exists a nonexpansive T: H — H such that

y; = Ta;, Viel
and v = I1¢(0) is its infimal displacement vector.
(ii) If we further assume that v = x,
(@i —yi, v) > [v]]?,
then there exists a nonexpansive T: H — H such that

Yi :'JNin, Viel

— Yy, x € I and
Viel,

and v is its infimal displacement vector.

We defer the proof to Appendix C.1. The key insight is
to use the range/domain-restricting extension of (Reich &
Simons, 2005; Bauschke, 2007), construction of which, in
turn, relies on the Fitzpatrick function (Fitzpatrick, 1988).

4.2. PEP formulation

We now describe the PEP formulation with inconsistent
operators through an example. Consider (Halpern) with
Ak = k%_l, which we refer to as the optimized Halpern
method (OHM) of (Lieder, 2021). Let £ € N and define the
index set I = {0,1,...,k,x}. We consider nonexpansive
operators T that have an infimal displacement vector v and
a point z, € H such that v = x, — Tx,. The goal is to find
the worst-case instance of T such that ||z* — Tz* — v||? is
maximized.

We start from the infinite-dimensional performance estima-
tion problem

— Tk —v||?

T: H — H is nonexpansive
v = gy (0) = 2, — Ta,
gt = 2Ty 4+ ool
2% — 2.]* < R?

maximize ||x*
T

subject to

where n = 0,1,...,k — 1. Using Theorem 10 and scaling
by R, we get the equivalent non-convex finite-dimensional
problem

maximize ||z* — yF — v]|?

(@%, y")ier ) ) ) )

subjectto ||y’ — || < ||zt — 27||?, Vi,jel,i#]
V=T, - Yne
(z' =y, v) > ||v||2 Viel
$n+1 n+1 0

o . b2 w2t
|z x*H <1

where n = 0,1,...,k — 1. Next, consider the following
Gram matrix Z = G7G € Sffr?’, where

G:[’UO A xo—m*] (1)

with v* = 2* — gy fori = 0, 1,..., k. We finally obtain the
following equivalent (convex) semidefinite program,

maximize tr(CyZ2)

zesht?

subjectto  tr(A;;Z) >0, Vi,jel\{x},i#]
tr(A;Z) >0, Viel\{*}
tr(B;Z) <0, Viell\{x}
tr(DoZ) < 1,

where A; ;, A; ., and B; fori,j € I\ {x}, Ck, and Dy in
Sk+3 are all defined in Appendix C.2. The details and the
subtleties of deriving the SDP representation are also further
discussed in Appendix C.2.

5. Complexity lower bound

In this section, we establish a lower bound on the compu-
tational complexity of approximating the infimal displace-
ment vector v. Following the information-based complexity
framework (Nemirovski, 1992), we begin by considering
algorithms satisfying the linear span condition

k+1 —Txo,:vl—Txl,...,a:k

— Tz*},

(span)
which covers a broad range of fixed-point iterations includ-
ing (KM), (Halpern), (Mann), Anderson acceleration and
many more. We then remove the linear span assumption
and expand the class of algorithm to all “deterministic fixed-

point iterations.”

Theorem 11. Letk € N, 2° = 0 € H, and v € H, where
dimH > k + 1. Then, there exists a nonexpansive operator
T:H — H and x, € H such that v = x, — Tx,, v
becomes the infimal displacement vector of T, and

(2

oF T = 29 + span{z°

2

1
—Moz%gw—aw

x—Tm

=0

and

hold for any iterates {x™}, k-1 sansfymg (span) and any
choice of real numbers {v;};—y such that ", v; = 1.

Proof outline. We construct a nonexpansive operator
T: R*! — RF+! with its infimal displacement & =
(0,...,0,]lv|l). Then, we choose an orthogonal matrix
U € REFDX(kHD) guch that UTU = Tand UT0 = v
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Figure 1. Solving SDP with 50, 000 iterations of PG-EXTRA (Picard) and OHM with PG-EXTRA (Halpern). We use an infeasible
instance, whose setups are described in Appendix E. Parameters are n = 10, m = 11, p = 10 with « = 8 = 0.01. (Left) Network graph.

(Middle) Squared norm of normalized iterate || (" — x°)/au||?. (Right) Squared norm of fixed-point residual ||z"

to construct a nonexpansive operator Ty = UTUT whose
infimal displacement vector is v. Our specific construction,
inspired by Park & Ryu (2022), is

1 0O 0 ... 0 1 0 «a
-1 1 0 ... 0 0 0 0
o -1 1 ... 0 00 0
e S A A
0 0O 0 ... 1 0O 0
0 0 0 ... =1 1 0 0
(0 0 0 ... 0 0 0 o]l

ER(k+1)x (k+1)

for all x € R*+! with o # 0. We provide the detailed proof
in Appendix D. O
Matching upper and lower bounds. The 5 [|2° — z, |2
upper bound on (Picard) for a2ty of Corollary 5
exactly matches the 5 [|z° — z.|[* lower bound of Theo-
rem 11. The upper bounds on (KM) with A\, = A € (0,1)
and (Halpern) with \;, = %ﬂ of Corollary 9 match the
lower bound up to a constant.
The O(~¢ log k) upper bound of (Halpern) for z¥ — Ta* — v
matches the lower bound up to logarithmic factors, and this
is the fastest known rate for the convergence of the fixed-
point residual z* — Tz* to v. However, the O(1/k?) upper
bound of (Halpern) for ||z* — Tz*|| — ||v|| does match the
lower bound up to a constant.

Finally, the upper bound
k 2 k 2 4,0 2
o™l =1llwl)® < ([0 = oll)” < s ll2” — 2.l

of Corollary 5 and the 55 [z° — x.]/* lower bound of
|lv*|| = ||v|| of Theorem 11 match only up to a constant
factor 8 (where v* are as defined in Theorem 11 and Corol-
lary 5). Reducing this gap may be an interesting direction
of future work.

— Tz

Lower bounds for deterministic iterations. Finally, we
use the resisting oracle technique of Nemirovski & Yudin
(1983) to extend the complexity lower bound to general
deterministic fixed-point iterations, an algorithm class we
formally define in Appendix D. The following result no
longer requires the linear span assumption (span).

Theorem 12. Let k € N, 2° € H, and v € H, where
dim H > 2k—1. Then, there exists a nonexpansive operator

T:H — Hand v, € H such that v = x, — Tx,, the
infimal displacement vector of T is v, and

k 2 1
(Z o =) —vn) > o lla - .
=0
and
2

S 400 2
Z zt — Ta") >ﬁ|x — |
=0

hold for iterates {z™}; k-1 o generated by any determinis-
tic fixed-point iteration and any choice of real numbers
{vi}et such that 3", v; = 1.

The proof of Theorem 12 is deferred to Appendix D.

6. Experiments
Consider an infeasible semidefinite problem (SDP)

minimize bl

rERC )
subjectto  A;[z] = Z?Zl Alz; < B;, 1<i<p,
where A{ , B; € S" and A;: R? — S™ is a linear operator

defined by A;[z] = Y7, Alx;.
Consider a setup where each objective function ¢] x and i-th

constraint A;[z] < B; are private to the local agent i €
{1,...,p}. Assume that they communicate only with their
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neighbors, which are represented in the graph as connected
nodes. This SDP can be solved in decentralized manner with
PG-EXTRA of Shi et al. (2015). See Appendix E for the
details of infeasible SDP instance, derivation of PG-EXTRA
for SDP, and the choices of parameters.

Figure 1 compares the results of PG-EXTRA and PG-
EXTRA combined with OHM. Both algorithms’ normalized
iterates and fixed-point residuals converged to v, but OHM
is faster for fixed-point residual, as our theory suggests.

7. Conclusions

In this work, we analyzed the convergence rates of fixed-
point iterations towards the infimal displacement vector. By
providing matching upper and lower bounds, we established
the optimal accelerated complexity to be O(1/k?). The dis-
covery of our upper bounds was assisted by the performance
estimation problem (PEP) methodology, which we extended
to accommodate inconsistent problem setups.

In our view, the analysis of optimization algorithms applied
to inconsistent problems is a necessary step in designing
robust general-purpose solvers. Carrying out similar anal-
yses for different algorithms under different inconsistent
problems is an interesting direction of future work, and we
expect our newly extended PEP methodology to be broadly
useful in such endeavors.
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A. Omitted proof of Section 2

Proof of Lemma 2. % — Ta* € R(I — T), so v* € R(I — T). From the property of the projection, as v* € R(I — T),
Wk, vy > |v||?, VkeN.

Then we have

lW* = wl* = [[o"* = 2(*, v) + [[o]]* < l* )1 ~ [lv]>.
If limy_, o0 v* = v, then obviously, limy, .« [[v*|| = ||v||. If limj oo |[v*|| = ||v]|, then im0 ||[vF — v]|? = 0 from
above inequality, so limy,_, o, v = v. O

B. Omitted proofs of Section 3
B.1. Omitted proofs of Section 3.1

Following lemmas will be used in the proof of Theorem 3 and Theorem 4.
Lemma 13. If {2*},en and {y*}ren are sequences of iterates generated by (KM) starting from z° € H and y° € H
respectively, for any k € N U {0},

[ — Tt | < 2 — Ta||

and
2%+ =y <l — .
Proof.
”karl _ kaHH _ kaﬂ —Ta* + T2k — TkaH
< [l = Tt + fla* — 2t
= At fl® = Ta®(| 4+ (1 = Apa) [J2* — Ta"|
= fla* — Ta¥|
and

24 = y* ) = (11 = ) (T = Ty¥) + My (2 — o)
< (1= Mg )| 2% = %)) 4+ Megr |2% — 27|

= [la* — "]l

Lemma 14. For any € > 0, there exists x. € H such that
|ze — Tz, — | <e.
And for any k € NU {0},
lzf — Taf|| — [lo]| <e.
Proof. Since v € R(I — T), for any £ > 0, we may choose y. € R(I — T) such that |ly. —v|| <e. Asy. € R(I—-T),
there exists . € H such that y. = x. — Tz, so

|ze — Tz —v|| <e.

We know that from Lemma 13 that for any £ € N,
% — Tl < [|lo2~" — Tat™!.
Therefore,
2% — Tl — v < [|lze — Ta.| — [|v]

< |lwe = Tz —v|| <e.

15
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We now prove our main results of this section.

Proof of Theorem 3. For € > 0, define € as

. e?
€= mln{QHUHH,l,E}
and let z. € H be a vector in H such that
lze — Tz, — || <&,
whose existence is guaranteed from Lemma 14.
Now let {x*}.cn be a sequence of iterates generated by (KM) starting from z.. Expanding the z* term, we get
2k _ 20

S (=)

:71 o — 2Py — (20 —2) - |z — 2k - y 1—)\->v>}
zf_lu—Ai){( SR ( ) @( )

_ 1 xk_xk_xo_x _ W xi—l_ xi_l—w
- Zle(l—Al) {( 8) ( 5) (1 )‘2)( £ T 5 )}

+v

-

i=1

and taking its norm,

ok _ 20
SE o Y
iz (=)
k
1 (1—=X\) i— i—
< g (lo" =l +l2° —zcl)) + Y, ||l = Tzl! — o
Zi:l(l - )‘i) i=1 Zi:l(l - )‘i)
k
2 (I—=X\) - -
<— |2 — || + Z |l =Tt — | (.- Lemma 13)
= k € k € €
Zi:l(l - )‘i) i=1 i:l(l - )‘i)
Since
& — T — | = [|o — Tz|* - 2(x — Tz,v) + |v]|* < |z — Tzl — |jv]*, Vz e,
we get

loz = T — o] < ||z — TaZl|* — [Jof|?

< |lze — Tz ||? — ||v||? (.- Lemma 13)
= (llze = Tac|| — [Jvl]) (| = Tz + ||v])
<E2[v|l +¢) (.- Lemma 14)

< E2flv]| +1) <€
for any ¢ € NU {0}. Gathering all facts above, we get

kaxo

H S (=)

+v |l — 2| + ¢

‘ e 2
iz (1= Ai)
for any k € N.

If v € R(I — T), there exists x, € H such that v = 2, — Tx,. The proof above applies well with ¢ = 0 and z. = x4, so
we are done. O

According to Theorem 3, the normalized iterate of (KM) converges to —v when ) .- (1 — \;) = oc.
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Corollary 15. Let {x"}yen be the iterates of (KM) starting from z° € H. If >0 (1 — \;) = oo, then

k _ 40

_ x
lim —————
koo 3 i (L=N)

Proof. According to the first claim, for any € > 0, there exists x. € H such that

ok — 20 2 0
o Y Sl el e
21:1(1 - )‘i) Zi:l(l - Ai)
Therefore, given Y .-, (1 — A;) = oo,
. xk — 20
0 < limsup — -ty <e
koo [ 2252 (1= i)
for any € > 0. We may conclude that % converges to —v in norm. O
i=1 i

Convergence of the fixed-point residual ¥ — Tz* to v requires a stronger assumption, which is oo Ak(1 = Ag) = 0.
This is a stronger condition than that of Theorem 3 in a sense that

k=0 k=0

In case of Fix T # (), The iterates {z*} generated by (KM) exhibits Fejer-monotonicity with respect to Fix T (Bauschke &
Combettes, 2017, Chapter 5), which is a useful concept in proving the convergence of (KM) in terms of ¥ — Tz*¥ — 0 and
z* — 2,. However, when Fix T = (3, such analysis is impossible.

Consider a sequence { A} renu{o} Of stepsizes to (KM). Define Ty : H — H, for each k € N as
Tr := (1 — A\p)T + AL
Then if {z*} ey is a sequence of iterates generated by (KM) with { Ay} xenugoy starting from z° € H,

k+

x = TkJrll'k.

Lemma 16. If {2"}1en and {y*}ren are sequences of iterates generated by (KM) starting from ° € H and y° € H
respectively, for any k € N U {0},

e = 12 = [l = S > N (1= A (@ = Ta¥) — (7 = Ty) |2

Proof. Firstof all, if A1 = 0 or 1, the theorem trivially holds from the fact that Ty ; is a nonexpansive operator.
Suppose A1 € (0,1).
(2" — 2™+t — (% =y ))?
= [Ja* — ¥ + [T = M = 202 — R e — )
= [la® =y P+ [l = g = 2(Tha® = Tigay®, 2 — o).
From (1 — A\g1)-averagedness of Ty 1, (Bauschke & Combettes, 2017, Proposition 4.35(iv)) gives us
ITr12® = Ty + A1 = Dlfe® = %1 < 20401 (Trga2® = Ty, 2" — o).
Then
Mot |l(2® = 2F1) — (" = y* )2
= Neprl2® = 9|7 + N2 = PP = 22040 (Thgaa® = Tigay®, 2% — ")
< N fla® =y 17 A [ = M2 = {20 = Dl — PP [P =y

= (1= Aesr) {Ilz" = %] = 2"+ — o112}
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af — M =P (1= Ny )T + N2} = (1= Mg (2% — T2,
combining this fact with above inequality and dividing by 1 — Ag41 > 0.

lz% = "I = [l =y 2 > N (1= M) (2" = Ta®) = (% = TyF) )12

We now prove the second main result of this section.

Proof of Theorem 4. Given € > 0, there exists x. € H such that

2
€
z.— T, —v||<é=min{ ——,1,¢

by Lemma 14. Let {z¥} ;cn be a sequence of iterates generated by (KM) starting from z.. With y° = z., summing up the
inequality in Lemma 16 and removing the telescoping terms, we get
|2 = ae|® = fla"* =B 2 Y N (= Al (2" = Ta') — (o — Tad)|?
i=0

for any k € N. Therefore,

izo N1 (1 = Xig1)

Xiv1(1—Xig1) ; ( Aig1(1 = Aig1) ) 2 Tt — (2 — Ta 2}
(Zf:oAi+1(1Ai+1)>}{; Simo At (1= Avy1) I o g

k 2
= {Z (Z Aita(l = ) )> H(xl - Txi) - (:c; - Tfé)”} (Cauchy-Schwarz)

f:o i1 (1= Xipa

k
>3 (Gl o m - ot maf

or equivalently,

k
Aig1(l = Ai i i i i 1
Z( Jre = A >||<x ~T) — (T < —— ]
im0 \2iz0 di1(1 = Aisa) \/Zz‘:o Ait1(1 = Aig1)

Note that for any = € H,

lz = Tz — vf|* = ]z — Tz ||* - 2 (z — Tz, v) +[|o]|* < [l = Tz||* — [Jv]*.
————

2|lvll?
For any 7 € N,
lz = T — | < (|22 = Tag]| = [lvll)(l2Z — TZ]| + [|v]))
< (lze = Tael| = o) (| — Ta|| + [[o]])
<@l +¢) <7,
S0
H(xl — Tz?) — (2% — ']l"xé)” < ||9c1 — Ta® — vH - Hxé — Tz! — vH

< Hxl — Tz" — UH — €.
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Therefore, we get

k
Air(1 =\ | 4 1
Z ( - 1 +1) > Hx’—Txl—vH < |20 — .|| + .
i=0 Zi:O /\i+1(1 - )‘i+1) \/Z?:O /\i+1(1 — )\i+1)

Also, note that for any ¢ such that 0 < ¢ < k — 1,
Ha:i —Tz' — ’UH > Hx’ —TmiH — |jv|| > ka - TackH — o]
where the first inequality comes from triangular inequality, and the last inequality comes from Lemma 13. Hence we get

1
lz* = Ta* || — |lvl| <

\/Zf:o Aig1 (1= Aig1)

on — x| +e.

If v € R(I — T), there exists x, € H such that v = z, — Tx,. The proof above applies well with ¢ = 0 and z. = z, so
we are done. O

According to Theorem 4, the fixed-point residual of (KM) converges to v if > - A;(1 — \;)

= 0.
Corollary 17. Let {x*}en be the iterates of (KM) starting from 2° € H. If S22 Mi(1 — \;) = o0, then

lim (mk — ']l"xk) = .

k—o0
Proof. Given > 2, A\i(1— \;) = o0,
0 < limsup ||z* — T2*| — |jv]| < e.
k—o00
Since above inequality holds for any choice of & > 0, limy,_, o, ||2* — Tz*|| = ||v||. Since

2% = Tz* — o] < |2 = Ta®||* — o]|?,
taking limit on both sides, we get

0 < limsupla* — Tk — vl < Tim [J* — Te¥|? — o] = Jo]* — Jol]? = 0.
k—00 k—o0

B.2. Omitted proofs of Section 3.2
Following lemmas will be used in the proof of Theorem 7 and Theorem 8.

We first prove Lemma 6.

Proof of Lemma 6. 1f k = 0, then
By =(1- M) =(1-A)(1+ 6)
~—

=0
Suppose k£ > 1.
k+1
Orir = Y (1= X)L = A) -+ (1= Njn2)
n=1
k1
= (1= Agg1) + (1 = Ag1) Z(l = Ak) (1= Ap—ng2
n=2
k
= (L= A1) + (1 = A1) Z(l =) (L= Apmntr
n=1

= (1 = Agy1) (1 + 0).
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Suppose A\, = 0. Then
0, =1+60,_1=24+0,_o=---=k+6,=kF.

If A\, = k+1 for all k£ € N, then from 6y = 0, suppose 01 = 51. Then as

1 kok+1  k
bp=(1—-—— (A +01)=—0""-==2
b < k+1)(+k1) k+1 2 2’

the induction holds. O

Remark 18. Let {z*}1en be the iterates of (Halpern) starting from 20 € . Then the k-th iterate z* of (Halpern) can be
expressed as

k—1
- Z {0 =) (1= Ay} (2" = Ta?).
If \p = 35 +1 for k € N, the k-th iterate z* of (Halpern) can be expressed as

— — — I

The sequence {6}, } refers to the sum of all linear coefficients to {z* — Ta*};—0 1. 1 used in the z¥-update of (Halpern).

3Ly

Following lemma refers to the property that two independent iterates {x*} and {yk} generated by (Halpern) cannot be
further than the distance between initial points ||z° — 3°||.

Lemma 19. Let {2*}pen and {y*}1.en be a sequence of iterates generated by (Halpern) starting from x° € H and y° € H,
respectively. Then
l2F = ") < [|l2° = 4°), E=0,1,....

Proof. We prove by induction on k. If k = 0, the claim automatically holds. Suppose k > 1and ||z*~! —¢*~1|| < ||2°—4O]|.
Then

lz® = y* Il < (1= Xe) [Tz~ = Tyt + Afla® = o)
< (L= 12" = y* )+ Alla® = o0
< (1= l2” = g0+ Aell2® = ol = [l = 4]l

Lemma 20. If {x*},cn be a sequence of iterates generated by (Halpern) starting from x° € H, then
t |
O

= <f2® —T20|, k=1,2,....

Proof. We prove by induction on k.

(i) k£ = 1. First of all,
ot — 2% = —(1 = \p) (2 — Tz%)

sofromf; =1— )\,

! ;1 2| = [|2° — T°||.
(i) k£ > 2. Suppose that the claim holds true for all n such that n < k.
af — 20 = (1= \p) (T2F ! = 0)
= (1 — ) (TP~ = T2%) + (1 — Ag) (T2® — 2)
lz* =2 < (1 =) IITx'“ ! TxOII + (1= M) [l2” = T2?
< (1= M) [l = 2%+ (1= M) [l2® = T2
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Therefore,

o — 29 _ 1=

_ 11—
J* = 2% + Tﬂxo — Tz

0y, - O
Op_1 |28~ — 20| 1 0 0
= + z — Tz .- Lemma 6
146, 4 Or—1 1461 ” ” ( )
Or—1 0 0 1 0 0
—||z” — T2"|| + ————||z” — Tx
< el I+ ! ||
= |o® - T2

O

Following lemma identifies the proper averaging of z* that resides in the closure of the range of I — T, which becomes the
candidate for the sequence {v*} ey converging to v.

Lemma 21. If {2} ,cn be a sequence of iterates generated by (Halpern) starting from z° € H, then
ok 20

O

ER(M—-T)
fork=1,2,....

Proof. 'We prove by induction on k, using the convexity of R(I — T).

(i) k=1.
1_ .0
e —— =" -T2 e R -T).
01
(i1) k > 2. Suppose that
k=1 _ 0
- € R(I-T).
Or—1
As
_xk — a0 _ (1 — A\g)Op_q F71 — 20 . 1— A (251 — Tz 1)
Ok O Or—1 Ok
Or—1 zht — 370) 1 k-1 k—1
= — + Y — T Y s
1+ 051 ( Or—1 1+9k—1(x =)
I'kffljg

5. is a convex combination of vectors in a convex set R(I — T), so it is also an element of R(I — T).

We now prove Theorem 7.
Proof of Theorem 7. From v € R(I — T), we may choose a point z. in H such that
lze — Tae||* — [|v]|* < &*.

Let £k > 1. From Lemma 19,
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Note that
k 2 k 2
Ty — Te TS — Te 2
—— 4| < — ||v
i <|| =5 -l
< lwe — T | — |v]|? < €%, (.- Lemma 20)
and from this we have
k 0 k 0 k k
v - —x i —x 8 —
+ < - Z£ || =e 4
O = H O O O !

2
< 7”$0 -zl +e
O

This result holds for any & > 1.

If v € R(I — T), there exists x, € H such that v = z, — Tz,. The proof above applies well with ¢ = 0 and z. = z,, so
we are done. O

According to Theorem 7, the normalized iterate of (Halpern) converges to —v when limg_, o, 0, = oc.

Corollary 22. Let {x*},.cn be the iterates of (Halpern) starting form x° € H. Iflimy_,o0 05, = 00, then

. ok — 20
lim — = —v.

Proof. Further assume that limy_, ., 0 = oco. Using triangle inequality,

T < [ o] < 2
— | —lv — +v —|lz° -z .
0y, - 0 — 0 °
From the fact that — ””ke’k 2 ¢ R(I — T) by Lemma 21 and the fact that v is the minimum norm element in R(I — T),
2
vl|.
0 -
Then
ok 40 2k g0
lv]| < liminf ’ < limsup H <|lvll+¢
k—o0 k— o0

holds for any possible choice of £ > 0, so

. xF — 20
lim ||———
k— 00 9k

= [o]-

We may conclude that, by the uniqueness of v as a minimum norm element in R(I — T),

b — 20

lim — = —v.
k— o0 919

O

As in Section 3.2, we have a simpler condition for {\; }ren to ensure the convergence of normalized iterate of Halpern
iteration to —v.

Lemma 23. [f
lim A\g =0,
k—o0

then

lim 60 = co.
k—o0

22
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Proof.

Ot1 . B
Jm g~ (= k) = 1

and A;41 € [0,1], so forany 0 < £ < 1, there exists V. € N such that

Or+1
—0 >1- vk > N..
1+6, — & ='e
Then
Ok+n, > (1 —€)0pyn.—1+ (1 —¢)
>(1—e)0n. +(1—e)+---+(1—e)F
1
=(1—-e)on. + (5 - 1) {1-(1-e)}.
As k — o0, ,
liminf 6, > - —1
k—o0 £
holds forall e € (0,1). As e — 0, liminfy_, o, 0 = 00, so we are done. O

In order to prove Theorem 8, we use the following fact to construct Lyapunov function.

Lemma 24. If {2"} ey is a sequence of iterates generated by (Halpern) starting from x° € H with A\, = then

1
k+1’
||T.§Uk _ ka+1”2 S ka _ xk+1||2

< (k+2) {(k +1)||2* T — T2k L2 4 2(2Ptt — Tk FL, it — x0>}

< (k+1) {k||2* — T2*|? + 2(2F — T2k, 2% — 29)}

Proof. From

k+1 1
k+1 _ Tk 0 r—_o0.1
X k+2 v+ k+2x 5 s Ly )
we have
ka _ .’L’k+1H2 o HTxk _ T.’L’k+1H2
= [[(a" = Tz®) — (2" = T2®)|? — || (" = Ta™H) — (271 = Tab) |2
= ||lz* — Ta"||? — [|2"T! — T2 T2 — 2(z% — T2k, 2P — Tak) 4 2(a T — Tah L 2P — Ty
1 1
= ||z* — T2k |2 — ||t — T2k Y2 — 2 <zk — Tz", T Q(xk —Tz*) — T 2(9:k - :UO)>
k+2
P <xk+1 C T (g Z ) — . 1 1(xk+1 _ x0)>
1
=53 {kak — Tk ||? + 2(z% — T2", 2% — %)}
by (k+1)[|2" Tt — TP T2 4 2(2h Tt — Tt g+t — 2%}
Equivalence follows immediately. O

We use the Lyapunov function V* for k = 1,2, ... of the following form.

k
1
VE=(k+1) {kak — Tk ||? + 2(2F — T2, 2 — %)} — (Z n) 2% — .||
n=1

2(k + 1) 2

k

k
of — x4+ 2 (2. — Tx,)

2
+k(k+1) <—k(xk—xo)—(ara—’]l“xe),xe—ﬂl'x5>+ 5

(Lyapunov function)
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Z € H is chosen to be the point which makes x. — Tz, very close to v. In particular, if v € R(I — T), choose x. such that
v=ux, — Tx..

Now, we show the monotonicity of {V*}, in k.

Lemma 25. Let {z*},cn be a sequence of iterates generated by (Halpern) starting from x° € H with \, =
define {V*} renu{o} as (Lyapunov function). For any k € N,

1
r_i_l, and

VE >yt

Proof. From Lemma 24,

Vk_vk-i—l
>0 w2 k(4 1) (—2(F — 2% — (2. — Ta.), 7. — Tx
~k+1 € k € e)s Le e
- 1 2 - R 20y — E_TE E_TE
(ko4 )04 2) (= (4 ) = (o = T, 0~ T )
2k+1) || 4 k 22k +2) || e k+1 >
+ k T —x5+2(x5—?l“ace) i T — .+ (xe — Tx.)
1 k(k+1)  (k+1)(k+2
:k+1||x°—xa2+{—k(l<:+1)+(k;+1)(k:+2)+ krD) Gl )}||x5_mll2

+(ze — Tae, —2(k + 1) (z% — 2°) + 2(k +2) (2" — 2°) + 2(k + 1) (2F — 2.) — 2(k + 2) (2" — 2.))

2(k+1), 4 5 2(k+2) | piq )
+ B ||l xe|| ) || Ze||
1
= gl = el (ke Dl = Tae|* = 2 (oe = T, 2° - ac)
2(k+1) 4 o 2(k+2), ki )
+ B | ze|| ) || e ||”.
Using
la* = e|® > || T2* — T |,
we get
Vi — ket
> gl = el o o Dl = Tl = 2 e = T, 2 — )
2(k+1 2k +2
+ (7+)H Tz* — Tz, ||2 _ QH P g, H2
k N—— k+1 ———
(Tzk —ze)+(ze —Txe) :%(kafxa)+%+2(zo—za)
k k+1)(k+2
= Grnmag i el DO o T~ 20— T — )
4k +1 4(k+1 4
+ Mmzk —ae|* + %@s — Tz., Tz" — 2.) — m(Tﬂfk —z.,2% — x.)
1 2
ST 120k + 1)(T2* — 22) — k(2® — 22) + (k + 1)(k + 2) (2 — Tz.)||
> 0.
O
Lemma 26. Let {xk}keN be a sequence of iterates generated by (Halpern) starting from z° € H with A\, = L and

k+1
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{V*}kenuqoy be defined as (Lyapunov function). For k > 1,

VE> (k412 (z* — Tab) — (2. — Tao)||? + 2k(k + 1)((2* — T2*) — (z. — Tx.), 2. — Tx.)

k
1
—2(k 4 1){(z* — T2*) — (2. — Ta. - > =] 12 — .
(k+1){(= ) = (x Te), x <n_1”> 27 — ||
Proof.
"1
F=(k+1) {kl|z* - Ta"|* + 2(a* - T — > = — z|?
VE=(k+1) {kl| 2+ 2(a - Tk, ok —2%)} - 2.5 [l2° — |
2
+k(k+1)<—z(xk—x0)—(xg—TxE), Tx5>+k1 x —ms—I—g(xs—Txg)

M»
SRS

Z(kJrl){ka — Tk |2 + 2(2zF — T2, 2% — 2° } (

Il
—

)ll” —ze|?
20 k_ 0
+k(k+1) —E(ac —2°) = (. — Tx.),x. — Tz,

=k(k+1) (ka —Tz*|? — ||z — Tz.|*) + 2(k + D{(z* — T2k — (2. — Ta.), ¥ — 2°)

k
1
- (Z n) la® — |1
n=1

= k:(k +1)||(zF = T2®) — (2. — Tx.)||? + 2k(k 4+ 1)((z* — T2¥) — (z. — Tx.), 2. — Tz.)
+2(k+ )<(xk Tz*) — (z. — Tx.), 2 — 2.) — 2(k + 1){((2* — T2*) — (z. — Tz.), 2° — z.)

T is nonexpansive, from
|Tz* — Ta|* < ||2* — a||?,

we get
2% — 2% — | T2* — T || = ((a* — 2.) — (T2* — Tx.), (2" — 2.) + (T2" — Tz.))
= {(zF — T2*) — (xc — Tx.), 2(2* — z.) — {(=* — T2*) — (2. — Tz.)})
=2 <(x”C —Tz*) — (2. — Tz.), 2* — Te) — ||(mk —Tz") — (z. — Tx5)||2
>0
SO

1
((1”c - ’]I‘xk) — (e — Tx.), z* — Ze) > §||(:17}c - Tazk) — (ze — T:cs)||2.
From this, we get

P> (k+1)2(aF = T2%) — (2. — Tao)||* 4 2k(k + 1) {((2F — T2*) — (2. — Tx.), . — Tz.)

k
= 200+ 1){(a* = Ta) — (e = Tao), 2 — ) - (Z i) 2 o

n=1

O

Lemma 27. Let {x"}rcn be a sequence of iterates generated by (Halpern) starting from x° € H with \j, = k%_l and
{ Vk}keNu{o} be defined as (Lyapunov function). Then

V<32l — 2|
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Proof.

Vl
=92 {||9c1 — TleQ + 2(961 — Tzt 2t — ;v0>} — ||ac0 — xEHQ
2

1
+2 <72(:r1 — 2% — (2. — Tx.), 2. — T$5> +4 |zt — . + 5(% — Tz.)

2

1
(331 - 330) + (CCO —xe) + 5(ze — Ta)|| — on - $e||2

2
= |[{2(a" - %) + (2. — Tz)} + 2(2° — :EE)||2 —202(x' — 2°) + (2. — Ta.), xo — Ta.) — ||2° — 2|2
= [ = {(@” = T2°) — (ze — Tae)} +2(2” — wo) | + 2((2° — T2®) — (2 — Tae), we — Tae) — [|2° — 2|
= ||(2° = T2°) — (2. — Tz.)||* — 4((z° — T2°) — (2. — Tx.), 2° — z.)

+3[j2° — x| + 2((2° — T2°) — (2. — Tx.), z. — Tz.)
<2((2° = T2°) — (z. — Tax.), 2 — Tx.) + 3||2° — 2. |* — ||(2° — T2?) — (2. — Tz.)|?
= 3a® — 2|2 — 2 — T2 — 3z — T ?

< SHxO — x5||2.

<0-2(2(z"' — 2% + (2. — Tz.), 2. — Tz.) +4

First inequality comes from Lemma 24 with k = 0. O

Theorem 28. Let {z*}en be a sequence of iterates generated by (Halpern) starting from z° € H with Ay, = %ﬂ and
{V*}kenu{oy be defined as (Lyapunov function). For any k > 1,

(k4 12 ||(z% — Tz¥) — (xc — Ta)|]? + 2k(k + 1){(2* — T2*) — (2. — Ta.), z. — Tx.)

k
— 2k + 1){(* — Ta¥) — (2. = Ta), 2° — ) — (Z ) la® — .||

< 3)j2° — x|

S|

Proof. Direct application of Lemma 25, Lemma 26 and Lemma 27. O
Lemma 29. Let {2} e be a sequence of iterates generated by (Halpern) starting from x° € H with \, = %ﬂ For any
keN,

lz* = Ta*|| < [J® - Ta?.

Proof. We use Lemma 24, the definition of z**!-update and and that ), = %, which is from Lemma 6. Dividing by
(k+1)(k+2)

5 , we have

2k k k2 k E ok 0
k+2|\x — Tz"||* + 4(z" — Tz", 2% — 27)

> 2||xk:+1 . TazkHHz + 4 <xk+1 e I0>

kE+1
k+1 _ .02 k+1 _ .02
— ka—&-l —T.Z‘k+1||2 + (l‘k+1 —T£k+1) + € < _ i o
Or+1 Ory1
Since
okl — 40 _ k ok — 20 B 2 (xk 7T:17k),
Ork+1 k+2 05 k+2
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we have

2
2h+1 _ 20

||.’Ek+1 _ T$k+1||2 +

(xk-i-l _ "Jl“xk"_l) +
Or11

2
2k k k2 k E ok 0 k ab —a® 2 k k
< - T 4 -T — — —-T
_k+2|\x )% + 4(x a2 — o) + 13 o k+2(m ")
k 2 xk — 20 2
k k2 k k
||z x| +<k+2> (z ) + o
hold for all k = 0,1, . ... Therefore, for any k£ € N, we get
1,012
la® = Ta")? > |l — a2 + | (2! = Ta') + ==
1
1 2 zl — 20 2
> Nzt — Tal|2 1 gl
> ot =T 2+ (15 ) @ = Teh)+
2,012
> |l2? = To?|* + | (22 — Ta?) + ———
2
> .
k_ .0
> |lz* — Tz |2 + ||(z* — Tz*) + Z ; x
k

> ||lz* — T2k |2

Now we find some relation between x. — Tx. and v.

Lemma 30. Let {x*}.cn be a sequence of iterates generated by (Halpern) starting from x° € H with \;, = %_H For any
€ > 0, there exists x. € dom T such that

|lze — Ta. — || <e,
and from this,
|2k — Tak — (2. — Tax)||> > [|F — Tz* — v||? — 2)|2° — T20||e
and
(2% — T2" — (v. — Tx.), 2. — Ta.) > (2% — Tz" —v,v) — {[|2° — T2°|| + 2|jv|| + €} .
Furthermore, if v € R(I — T), then there exists x, € dom T such that x, — Tx, = v.

Proof.
||a:’C —TzF — (ze — 'Jl"xE)H2 - ka — Tz — v||2

= —2(z% — T2z, — Tx. —v) + ||ze — Tz |? — ||v|?

>0
> _2)lz* - Ta*||la — T, — o]
> —2||2° — Ta|e
where the last inequality comes from Lemma 29. Also,

(% — Ta* — (. — Tz.), z. — Tx.)

= ((z® = T2* —v) — (2. — Tz, —v), (z. — Tze —v) + v)

= (2% — T2k — v, v) + (¥ — T2* — v, 2. — T2z, —v) — ||z — Tz. —v|?

—(xe — Tz —v,v)
> (2% — Ta* — v, v) — ||2F — Tz — v||||z. — Tz — 0|

= |lze = Tz — U”2 — |lze = Tz — v|[|v]]-
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Then
(2% — Tk — (x. — Tx.), z. — Tz.) — (2 — T2k — v, v)
> —lze = Tae — vl {[la* = Ta® — v + lze = Tze — vl + [Jv] }
> —e {(lla® — Tz"|| + [[oll) + & + |loll}
= —e {||2° = T2°|| + 2||v[| + ¢}
where the last inequality comes from Lemma 29. O

We now prove the convergence rate result of (Halpern) with \;, = k%_l

Theorem 31. Let {x¥}rcn be a sequence of iterates generated by (Halpern) starting from x° € H with A\, = k%‘_l For any
e>0and 0 < a < 1, there exists x. € dom T such that

k
1 1 1
k k 2 0 2
~Tab — o< ————— [ Y —+3+— — )
o=l —<1a)<k+1)2< T +a>“$ mell ¥ e

If we further assume that v € R(IL — T), there exists x, € H such that v = z, — Tz, and
1 Pl 1
k k 2 0 2
— Tx" — < —+3+ - — x|
S GRS (2” +a> o
Proof. Fore > 0and 0 < a < 1, consider x. € dom T such that
|lze — Tax. —ov|| <&

where

-1
2
€ = min { (2|m0 —T2°| + m(”mo — Tz + 2|jv[| + 1)) g, 1,5} :

According to Theorem 28,

(k+ 1)2H(xk - ka) — (xe — Ta.)|* + 2k(k + 1)((:10’“ - ']l"gck') — (xe — Txe), z. — Tx.)

) 12 — ]|

2% — z.|* > (1 — a)(k + 1)?|| (2" — T2*) — (z. — Tz.)|* + 2k(k + 1) {((2F — T2*) — (2. — Tz.), 2. — Tz.)
+ a(k 4+ 1)?||(z% = Tz*) — (z. — Tx)||? + 2(k 4+ 1){(z* — TzF) — (z. — Tz.), 2° — )

3=

k
—2(k + 1)((z* — T2*) — (z. — Tx.), 2° — 2.) — <Z
n=1
< 3la” — x|,

For any o € (0, 1),

k
> (1= a)(k + 12" = Ta*) = (o0 — T - (; 3 ;) 2 — .|

+ 2k(k + 1) {((z* — T2*) — (2. — Tz.), z. — Tz.).
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Rearranging the terms, we get

S S P o T
(1—a)(k+1)2 o n e

2 k
> ||(z* — T2?) — (z. — Tx.)|® + = am«xk —T2*) — (z. — Tz.), . — Tz.)
2 k
> [|a* — Tak — v||? — 2|20 — T2 + 7m<xk — Tz — v, v)
- ak—i—l{”m TJUOH—|-2||U||—|—§}€
> ||z — Tk — 0|2 — 7{ —a)||lz° = T2°| + 2|jv|| + £} &

> [|lz* = Ta* —v]* ~

The second inequality comes from Lemma 30, the third inequality comes from Lemma 2, and the last inequality comes from
the definition of € > 0. O

Proof of Theorem 8. With \;, = we have 0, = g from Lemma 6. Using Lemma 24, we get

1
k41
(k+2) {(k+1)[|a" — TaF 1|2 4+ 2(aF ! — T2k +! 2+ — 20}
< (k+1) {kf|2* — T2¥|? + 2(2" — T2¥, 2" — 2%)}

forall k =0,1,.... Therefore, for any k € N,
||z — Ta*|? 4 2(2® — T2k, 2% — 2°) <o0.

Using the Cauchy-Schwarz inequality, we get

2
o - Tt < | a* o)

for any k € N. Therefore, for any £ > 0 and . € H such that ||z. — Tz.||> — |[v]|* < &2, we have

2
o = Tt - ol < |2(0* - )

2 4
— |l < Hk(:ck —2%) +v ‘ < EH:&O — x|l +e
for any k£ € N, where the second from last inequality comes from Theorem 7.
From Theorem 31, given an arbitrary € > 0 and z. such that
lxe — Tz, —v|]| <€

where

(O}
Il

2 —1
n { (2 = T2l + 2 (e = T 2l 1)) e 1,6} = 0(e),
we get

k k 2 0 2
|z* — Tz" — ]| S()(k“<3+ +Z )Hx —z|*+e

forany 0 < o < 1. Now we find a minimizer o* of
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where

Ck:3+2i

is a positive constant.

Ck + 1
l—a a(l—a)

c 1 1
k+ 2
l—« «
crp + 1 1

(352 +3) @-a+a

11—« «

—_
| | =

Q

/~
o
Enl
+

Q=

~_
I

> (Ve +1+1)2 (. Cauchy-Schwarz.)

and the equality holds if and only if

e+l 1 1 JaFi-l
(1-a)? a2 S VerFI14+1 Ck '

With such «, we get

1 1
1—a <Ck+o¢> = (Ver +1+1)%
Therefore,
2
ko1
Dp—i g AT
la* — T2k — ol < T la® —zell* + <.

If v =z, — Tz,, we follow the same steps and get

VDD R | i

lz* —Ta* —o|* < E ol 12 — 2.1
O

We now prove the equivalence of the normalized iterate — xk;f_fo of Picard iteration and the fixed-point residual z* — Tz*

of (Halpern) with Ay, = k%rl for affine T, which was discussed in the last part of Section 3.2. Let T: ‘H — H be an affine

operator, i.e., Tx = Az + b where A: H — H is a linear operator and b € H.

Lemma 32. Suppose T: H — H is an affine operator. Let {x*}pen and {y*}xen be the sequences of iterates generated
by (Halpern) with A\, = k%_l and Picard iteration with T, respectively, starting from the same initial point z° = 3°. Then
forany k € NU {0},

Y

k k
— I —_z <
X X k-

Proof. First, note that when T is an affine operator, i.e., Tx = Ax + b for any x € H,

k k
T <Z V{JI‘:vi> = Zuﬂl"xi
i=1 i=1

for any z; € H and v; € [0, 1] such that Zle v; = 1.
We see that for Picard iteration,
g+l g0 B Th+1y0 — 0 B Tr+150 _ 20
E+1 E+1 k+1
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0

Considering the (Halpern) iterates {2*} <y starting from z°, we claim by induction on k that

k
1 ,
k 7,0
Y
T hrre

When k =1,
1 1
T iTmO + ixo‘
Now, suppose the claim holds for k = n.
1 1
L W z°
n+2 n+2

n+1 1 oo 1,
T T
n+2 <n+1z I>+n+2x

=0

n+1 1 1
— Tz+1 0 0
n+2<n+1z x>+n+2x

i=0
1 n+1
_ )
=2 ; T z".
Therefore,
1 1
k k i..0 i..0
-T2 = —— Tz —T| —— T
Tt YT (ng x>
1 & 1 &
- - Ti o_ - ']I*i-f—l 0
k+1 ; S| ; ’
1 1 .
_ _ T+ 0
F+10 k1 T
Tr+150 _ 20
k+1
O
Due to Lemma 32, when T is an affine nonexpansive operator, (Halpern) with Ay, = k%_l is exactly optimal with matching
lower bound, for fixed-point residual.
B.3. Omitted proofs of Section 3.3
Consider a Mann iteration .
F = Z VT2t (Mann)
i=0

where v; > 0, Z?:o vk =1and Tz—1 = 20.

Lemma 33. Let g = 0 and {x*}en be a sequence of iterates generated by (Mann) starting from x° € H. If the sequence
of real numbers {ay } renu{oy is defined recursively from the equation

k
akz(l—V§)+nyai_1, k=1,...,
i=1

and oy, > 0 forall k € N, then
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Proof. Note that oy, for £ > 1 can also be written as

k k
§ : k § : k
ap = v, + vV, i—1
i=1 i=1

since Z?:O vk =1.
Let £ = 0. Then from the definition of (Mann), 1/8 =1.Ifk=1,0q = 1/11 and
ot =T + ] Ta® = 2% — v} (20 — T20).

SO

1_ .0 1_,.0
ST Y 0 M e RA-T).
a1 141
Now, fix k£ > 1 and suppose that
i_ .0
S ER(M-T), Vi<k.
a;
Then from
k
= Z vF(Tz' =1 — %)
i=0
k
= Z vF (T~ — %)
i=1
k k
Y = T + Y v =),
i=1 i=1
we get

k i—1_
LEk — .TO Zi:l l/lk( Tm1 1) + Zz 1Y Oéz 1 ( - Oéiflx )
Ok Zz 1V + Zz 1V Oéi—l

Since R(I — T) is a closed convex set, it is closed under convex combination. Therefore,

Remark 34. Note that {a }xenuqoy of (33) recovers Zle(l — ;) of (KM) and 6}, of (Halpern).

First of all, (KM) is defined as
= (1 — )\k)TiUk_l + /\k.’L'k_l,

SO V,’j = 1 — Ag. From recursively applying the same identity as above, we get

1— A ifi=k
vE =8 A Aipi(1 =) if1<i<k
PYNEDVREED ¥ ifi =0

From Lemma 33, as
k k
k k
o = E v, + E Vo q
i=1 i=1

with ag = 0, we get

from plugging v above.
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Next, (Halpern) is defined as
= (1 — )\k)’][‘.’ﬂk + )\kl'o

SO
1— ), ifi=k
vF =10 ifl1<i<k
Ak ifi=0
Then

ap = lelk + Zl/fai,1 = (1 — )\k) + (1 — )\k)ak,1 = (1 — )\k)(l =+ Oékfl).

This recursive formula is exactly the same as the recursive formula in Lemma 6, so ay, = 0.

We elaborate on some properties of (Mann) which will be used in our main result, Theorem 36.

Lemma 35. Let {2} cn and {y*} wen be the sequences of iterates generated by (Mann) starting from x° € H and y° € H,
respectively. Define {ay }renugoy as in Lemma 33. Then

zk

Ak

— 70
H <2’ =120, k=1,2,...

and
b — ¥ < 2 =0, k=1,2,....

0 . . ..
=z — 9 — Tx0 so the claim is trivial. Now, let

Il
Q‘,_.

i .0
e B
Qg
for all 7 < k. Then
k
xk—xO—Zuf(Txl_l )
i=1
k k
——Zuk(x — Tz )—|—ZV§(T$‘ b Ta)
i=1 i=1
k
(1—vf)(2® - Tz )+Z F(T2'~! — TaP),
i=1
)
k_ .0 i1 0
¥ —x 1 — Tx
= 1ok -T -
o ( Vo)l’ 20 ZV (e 73 1( o1 )‘
1 Tzt — Taf
g— (1 —vf)||2® — T2 + via B
{ i u; e
1 2=l _ g0
< — (=) —Tx°||+Zv Qi ||
=2 Qi1
1 k
< a{ 1—ud)||° Tx0||+Zu o 1||z° "Jl"a:0||}
1=2

(1—vf) —|—Zu i 1}|x —Ta%| = [|2° — T2

=2
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Now we prove the second claim. First of all,
Izt =yl = Nl (2° = 4°) + v (T2® = Ty°)]|
< lla® =yl + v | T2® — T
< wplla® =yl + v fl2® — 0l = [l2° = ).
Suppose ||z — yi|| < ||2° — y°|| for all i < k. Then

k

ST Ty

=0

lz* = 4"l =

~.

<D v =Ty

-

o

1=

k

< e — gl + vkt -y
=1

k
< vglla® —yoll + D villa® — Il = l|2° = 4"
=1

We can extend Theorem 3 and Theorem 7 to cover the case of general Mann iteration.

Theorem 36. Let {x*}.cn be a sequence in H generated by (Mann) starting from z° € H and {ou} yenuioy be a sequence
of positive numbers defined in Lemma 33. Then for any € > 0, there exists x. € H such that ||x. — Tx. — v| < € and

J}k—l‘o

+v

2
< 2 — x| Fe
ag

If we further assume that v € R(I — T), then there exists x, € H such that

zk — 20 2
+ol| < —Jlz” — x4
a
Therefore, if limyg_, o a = 00, then
k 0
.oxt—x
lim = —.
k—o00 Qe

Proof. Fix ¢ > 0. Let z. € H be a point such that ||z, — Tz.||? — ||v||* < 2. Then
|ze — Txe —v||? = ||ze — Tz||® — ||v]|* — 2 (. — Tz, — v, v)

>0

< lwe = Tae||* = JJo]|?

< 2.

k J—
Suppose {z¥},.cn be a sequence in H generated by (Mann) starting from z... Since —% € R(I — T) by Lemma 33,

k _
<—IE xiv>z|MF
a,

2 X 2 "L'k—x
=H +nv2—2<— : iv>
(677
2

— v

for any k € N, so we get

k
Te T
Qg

1= &€

kg
Qg
k_

TP — X,

875

< [lwe — Tael|* — [Jof|* < €?

<
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a;k—a:
or ET«E"H}HSE'
:Jck_gc0+v SHSEk—wo_w’S—CUs N xf—xs_H)
(042 (072 (677 (677
JWﬁh”““%+w5%+w
(677 (677 (677
2 zF —x
§||x0—x5||—|—‘ £ AREyY
g

IN

2
a—kaO — x|+

holds, where the third inequality comes from Lemma 35. If v € R(I — T), there exists z, € H such that v = z, — Tx,,
and the above proof stil holds with € = 0 and z. = x,. Therefore,

ok — 20 2 0
Fol| < —[la” —a..
ag
If limg 00 o, = 00, for any € > 0,
. xk — 20
lim sup + || <,
k—o00 Qg
. 2k g0
so we get limy_, oo = —. O

o

Remark 37. By obtaining the upper bound to a;, we may optimize the upper bound of Theorem 36. From the definition of
{ak}kGNU{O}»

k k
ar=(1-vd)+ Zl/fozi_l = ny(l + 1)
i=2 i=1

with ag = 0.

Consider an extreme case of (Picard), which corresponds to the choice of {v},—1 _ ; fork € NU {0} as

.....

ko O (0<i<k-1)
T L (i=k)

In this case, a, = k. We claim that this is the biggest possible value for oy, for any k£ € N, using induction. First, ag = 0.
Suppose «; < i for all 7 such that 0 < 4 < k. Then

k
aE = Zyzk(l + ai—l)
z:l
<> v+ -1)
;1
<> {1+ (k- 1)}

_k
=kY v <k
=1

Therefore, o, < k for all £ € N. Hence (Picard) yields optimal upper bound, which is the same optimal upper bound as in
Theorem 36.

35



Accelerated Infeasibility Detection of Constrained Optimization and Fixed-Point Iterations

C. Omitted proofs of Section 4
C.1. Omitted proofs of Section 4.1

Below results will be used to prove Theorem 10.

Theorem 38 (Projection theorem, Theorem 3.16, Bauschke & Combettes (2017)). Let C' be a nonempty closed convex
subset of H. Then for every x and p in H,

p=Ilcz & |(y—p,z—p) <0, VyGC}

Theorem 39 (Corollary 5, Bauschke (2007)). Let D be a nonempty subset of H and let T: D — H be firmly-nonexpansive
operator. Then there exists a firmly-nonexpansive operator T: H — H such that T |p=T and R( ) C conv R(T).

Lemma 40. Let R be a nonempty set in H. Suppose that v € R is a vector such that
(x —v,v) >0, Vx€R.

Then
(x —v,v) >0, VzeconvR.

Proof. Let x € conv R. Then there exists {xj }ren such that 2, € conv R for all k and limg_, o zp = 2.

Since x;, € conv R, for each k, there exist ny € N, af € (0,1] and xf € Rfori=1,...,ng such that
ng
k_k
T = Z o' T
i=1
n k_
and )% o = 1.

(xx, v <Za g, > Za >ZakllvH2=llvH2-

So (x — v, v) > 0 for all 2, € conv R. Then

(x, v) = < lim x, v > = lim (z, v) > |Jv]|°.
k— o0 k— o0

O

Lemma 41. Let {(x;, y;) }ier C H X H be a set of vectors with index set I such that

lys —yill < llwi —a5ll, Vi,jel
and define D = {x;}ic; C H. Then there exists a nonexpansive operator T: H — H such that T |p=T and
R(I—T) = conv R(I — T).
Proof. Define an operator T: D — H as
T.Ti = Yi, 1el
where D = {z;}ic; C H. Then $: D — H defined as § = ; is a firmly- nonexpanswe operator. According to

Theorem 39, there exists a firmly-nonexpansive extension §: H — ’H of § such that § | =S and R(S) C conv R(S). If
T = I — 28, then T: H — H becomes a nonexpansive extension of T such that T [p= T and R(I — T) = 2R(S) C
2conv R(S) = conv R(2S) = conv R(I — T). Obviously,

RA—T) C R(I—T) C conv R(I — T).
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Since R(I — T) is a convex set,

convR(I-T) CR(I-T) Cconv R(I - T),

and as it is also a closed set,

R(I—T) =convR(I —T).

‘We now prove Theorem 10.
Proof of Theorem 10. Let C = conv {x; — y; }ie1-

(¢) From Lemma 41, there exists a nonexpansive operator T:H—>H such that y; = Ta:,;, Vie Iand R(I— T) =C.
Then v = II¢(0) = Hm(()) is an infimal displacement vector of T.

(77) Further assume that v = x, — y, with x € I and
(x; —ys, v) > ||v]|?, Viel.

Then Lemma 41 asserts that there exists a nonexpansive operator T: % — M such that Y = Txi, Vi € I and

R(I—T) = C. According to Lemma 40, (z, v) > ||v||* for all z € C. Then from Theorem 38, v = II¢(0) =

Hm(O) so it is an infimal displacement vector of T.
O
C.2. Omitted proofs of Section 4.2
Problem we want to solve is a maximization problem in following form, given k¥ € N and an index set I = {0, 1,...,k,*}.

As pointed out, we restrict the choice of nonexpansive operator T to be the ones where v actually lies in the range of T — T.

max%rmize 2% — T2 — |

subjectto T: H — H is nonexpansive

U:HW(O):J}*—TZ‘*
1 1
gt = P e 2 n=01,... k-1
n—+ 2 n—+ 2

la” — 2. ]* < R?
Without loss of generality, we may only consider the case of R = 1, which can be rescaled by R to obtain original problem.

max%rmize |lz* — TzF — |

subjectto T: H — H is nonexpansive

UZHW—T)(O) = Tx 7Tf£*
n+1_n+1 n 1 0

nt2 " +n—|—2x ’
2% =2, <1

Above problem is an infinite-dimensional problem, which is possibly an intractable problem. Such dimensionality stems
from the variable of this problem, T, lying in a function space which cannot be finite-dimensional.

37



Accelerated Infeasibility Detection of Constrained Optimization and Fixed-Point Iterations

We use Theorem 10 reduce the problem dimension by not considering the whole function space of nonexpansive operators
any more. According to Theorem 10, the existence of nonexpansive T with v = z, — Tz, is equivalent to the existence of
iterates {(x", y") }ic s satisfying the following inequalities.
i in2 i in2 .o . .
Iy = |17 < fla* =2?|%, Vijel i#;
(' =o', vy > |||?, Viel

Therefore, the problem can be reformulated as

maximize ||z* — ¥ — v]|?
{(z% y") }Yier

subjectto  (IH) (2, y' € H, Viel)
ly' =’ |I* < ll* —2?|?, Vijel i#j
V=2Ty — Yx
(@' =y ) > lvl?, Viel

A 3 RS U S T S
T n+2y +n+2z, n N

l2° — 2| <1

However, this problem is still intractable in a sense that the iterates {(z%, y*)};c; needs to be searched within any choice of
real Hilbert space H. We remove such dependency using the semidefinite formulation of PEP.

Consider a gram matrix Z € S¥*3 defined as

102 (00, 0h) e (0% 0h) (@, v) (0 2 —a,)]
<Ul, 110> ||U1||2 <vl’ vk> <vl7 v> Ul, 20 1‘*>
Z = :
(0¥, v°) (v*, v') [odls (v, v) b, 2 —a)
<7), UO> <’U, ’U1> <7), vk> ”’UHQ <U7 o= .%'*>
(2 —2,,0°%) (20 — 2, 01) (@0 =2, 0%) (2% =i, ) 20— ?
—[UO L :cofx*]T[vO vl R xofx*]

G—[UO ol vF v oz, xofx*],
then Z = G7G. From 41 )
m BTy % n=0,1,... k-1
n+2y + _"_2 ) n ) )
being equivalent to
w1 _ 0 N~ it
=z — =0,1,....k—1 2
o= ;HQU, n=01,...k=1, @

and we use this fact for our semidefinite PEP formulation.
For notational simplicity, let e; € R¥*3 denote the i-th canonical basis vector, i.e., only the i-th entry of (k -+ 3)-dimensional

real vector is 1 and all the other entries are 0, and let a ©® b = $(abT + baT).

(i) Objective function.

Pyt =l = [oF =0l
= (G(ery1 — ert2))" (Glery1 — exy2))
= tr ((er+1 — ext2)(ert1 — €xr2)T2)

[l

Letting Cj, = (€p11 — €pr2)(€rs1 — €pia)T, [|2F — yF —v[|? = tr(Cr 2).
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(i1) Interpolation condition on nonexpansiveness.
Using (2),
o = 27 ]1* = lly" = 9|
=2((a' —y') — (@7 —y), 2" —2?) — ||(&' — ") = () —))|?
=20 =7, 2t — ) — |lot —o7|?

i—1 7j—1
l+1 m+1
=2 <G(ei+1 —ejt1), G <— ; et mz::o Mej+1>> — (G(eiy1 —ej41))" (G(eiy1 —ej41))
Gy | mr1
=tr H—?(eiﬂ —€j11)© (; Tqe T mZ:() jHejJrl) + (€i+1 —€jr1)(€i41 — ej+1)T} Z
Letting
i—1 j—1
[+1 m+1
Aij=—2(ei+1 —€j41) © (; PR 2 Mej+1> + (eir1 — €jr1)(€ir1 — €j41)7,
the inequality condition ||y* — y7||? < || — 27||? for i, j € I \ {x} is equivalent to tr(4; ;Z) > 0.
Also,
&' — 2] = ly" —
=2 —y") = (we —ye), 2" —y") = (& —y") = (we —w)|IP
=20 —w, 2" —z,) — |[v' —v|]?
iy |
=2( Glei1 —exta), G| erya— Y ——err1 | ) = (Gleirs — er42))T (Gleir1 — exy2))
e +1
i—1 l+ 1
=tr|q —2(eir1 — €r42) © Z ——€41 — €43 | — (€iy1 — epy2)(€ip1 —epi2)T p 7
. +1
Letting

1—1
[+1
Ai = —2(eit1 —€p42) © Z ——eir1 —€pq3 | — (it —epq2)(eiy1 — ery2)T,
el +1
the inequality condition ||y — y,||? < || — 2, ||? is equivalent to tr(A; ,Z) > 0.
(iii) Interpolation condition on infimal displacement vector.
(v, v) = v]|* = (v — v, v)

= (G(eit1 — ery2), Gepy)
=tr{((ei+1 — ext2) © ext2) Z]

Therefore, letting B; = (e;4+1 — €x+2) © €x42, the inequality condition (v?, v) > ||v||? is equivalent to tr(B;Z) > 0.

(iv) Initial point condition.

27 — 2, ||* = (Gegys)T (Gepys)

=1tr (ek+3ek+37 Z)

soif Dy = ex13€x43T, the inequality condition ||2° — x,]|? < 1 is equivalent to tr(DyZ) < 1.
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Gathering all these facts, the problem at hand can be reformulated into the semidefinite program

maximize tr(CpZ2)
zeskt?
subjectto  tr(A4;;2) >0, Vi,jel\{x},i#j
tr(A;«Z) >0, Viel\{x}
tr(B;Z) <0, Viell\{x}
tI'(Doz) S

Here, the condition on which real Hilbert space H and that the iterates x*’s and »*’s must be defined can be ignored, and this
problem indeed can be solved with numerical solvers. The equivalence of the last reformulation comes from Lemma 42.

Lemma 42. [fdimH > k + 3, Z is a positive-semidefinite (k + 3) x (k + 3) matrix if and only if there exist 2° — x,, v,
and vt = ' —y' fori =0,1,...,k in H such that G is defined as in (1) and Z = G7G.

C.3. Numerical result of PEP

We numerically solved the SDP formulated in Section 4.2 to obtain a numerical guarantee on the rate of convergence to
[|% — Ta* — v]|? for (Halpern) with A, = 1. We used MOSEK (ApS, 2019) with k = 1,2, ...,100. We observe that

the numerical solution of PEP to indicate an optimal rate of O(1/k?) but not O(1/k?).

] = -
a 101 E T O(l/kz) T 2.2x 10! ’,”
* Io~< — PEP - e
2 ] 8 1 -
1 = 2x10 -~
°s|~z 10° SNy ,/’ ,//
= E = -
= ] | 1.8x 10! -
T 107+ = T
<« ] J 1.6x10!
= 8
| =
.« -2 X
L 10 > 1.4x10} === Ollogh)
— PEP
T T LA | T LA | \'l; T T L |
10° 101 102 10° 10! 102

Iteration number &

Figure 2. We solved the problem for iteration numbers k£ = 1 through k£ = 100. (Left) Plot of ka — Tz
— Tz® —v|)?/||a° — z.|> fork=1,...,

k=1,...,100. (Right) Plot of (k + 1)? - ||z*

D. Omitted proofs of Section 5

We use following lemma in the proof of Theorem 11 and Theorem 12.

100.

Iteration number &

= v|*/[|lz° — @.|* for

Lemma 43. Consider any orthogonal matrix U: R™ — R" such that m < n and UTU = I,,,. For any nonexpansive

operator T: R™ — R™ and any xog € R", define Ty: R" — R™ as Ty (-) =

(D) |Uz| = ||z|| for any x € R™ and |UTz|| < ||z|| for any x € R™.

(it) Ty: R™ — R™ is a nonexpansive operator.

(iii) UTR(I—Ty) = UTUR(I —T) = R(I—T)

(iv) v =

UTUT(- — xg) + 2. Then,

Hm(()) if and only if v = Ut = HW(O). If there exists ©, € Hy such that © = x, — Txy, then

Yx = xo + Uz, implies v = y, — Tyyx. If there exists y, € Ha such that v =y, — Tyys, then x, = UT(y, — o)

implies x, — Tx, = 0. This implies Fix T = () if and only if Fix Ty = () as well.
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Proof. From orthogonality of U, UTU = I,,, and UUT is an orthogonal projection onto the range of U.
lUz|? = (Uz,Uz) = (&, UTUz) = (z,2) = ||, VzeR™
and
[UT2|* = [UUTa|® < ||z]?,  VzeR™
Also,
Tyy — Tyzl| = [U(TUT (y — x0) = TUT (2 — 20))|

= [[TUT(y — wo) — TUT (2 — z0)|

< [UT(y = m0) = UT(z — o)

<|ly-z|, Yy, zeR"
so Ty is a nonexpansive operator.

Finally,
Ulx—Tz)=Uz—UTe =Ux —UTU Uz = (I —Ty)(Uzx + z9), VzeR™,

SO UR(I-T) CRA—-Ty),and UTUR(I-T) =R(I-T) CUTR(I — Ty).
Ul(ly—Tyy) =UTy-UTUTU Ty =1 -T)(UTy+ 20), VyeR",
so UTR(I — Ty) € R(I— T) and (4¢) holds true.

In order to prove (iv), note that from (i), ||3|> = ||U®||?. Suppose © = IT (0). Then from (4i¢), UTv € R(I — T).

R(I-Ty)
¥ is the minimum norm element of R(I — T), so

1Uo] = o]l < [[UTw]] < lvll.

Uv € R(I — Ty ) and its norm is smaller than or equal to that of v. Therefore, U0 must also be the minimum norm element
of R(I — Ty ), which leads to U = v by the uniqueness of such element.

If z, € R™ is a point where v = x, — Tx,, then setting y, = x¢ + Uz, leads to

v=U0=Uxy — UTz, = (Uzy + 20) — Tu(Uzs + 20) = Y5 — Tryx-

Now, if y, € R™ is a point where v = y, — Ty ys, then setting 2, = UT(y, — zg) leads to

Zy — Ty =UT(y, — o) — UTUTUT (yx — x0)
=UT(yx — Tyy,) =UT0=UTUD = 0.

D.1. Fixed-Point Iteration with Span Assumption

Proof of Theorem 11. Let e; € Rk denote an i-th canonical basis vector whose i-th entry is 1 and the other entries are
all zero. As we discussed in the outline of proof, we only consider the case o = (0,...,0,]||v|]) = ||v||€x+1. Define
T: RFL — R*1 as

[1 0 0 0 1 0]
-1 1 0 0 0 0
0 -1 1 0 0 0
z—Te=| : oot ot aer — |luflepyr, VreH
0 0 O 1 00
0 0 0 ... -1 10
L0 0 0 ... 0 0 0f

—MeR(E+1)x (k+1)
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for aw # 0. Note that M is an invertible matrix. If v = 0, T has fixed-points of the form

—-— E € + (. )k+r1€k+1, (To)kt1 €R.

If v # 0, T does not have a fixed point, and its infimal displacement vector o = ||v|lex+1 # 0.
Let the iterates {z" }¥_, satisfy the linear span assumption (span). Since 2° = 0, 2° — T2° € span{e;, 7} and
zt € 2° + span{z® — T2} C span{e;,v}.

Then x! — Tz! € span{e;, ez, ¥} and we also have

x? = 2% + span{x® — Tz, 2! — Tx'} € span{e;, ey, 0}.

From the observation above, we claim that
2™ € span{e;,es,...,e,,0}
— Tz" € aey + 0 + span{Me,, Mes,...,Me,} C span{ej,ea,...,€,41,0}
forn=1,....,k—1.

We have already proven the case of n = 1. Let n < k£ — 1 and assume that the claim above hold for all m such that m < n.
Then

Ve g% +span{z® — T2°,...,2" — T2"} C span{ey,..., e, 1,7}
Also,

2" — Tt = Ma™t + aey + 0
€ ae; + 0 +span{Mey,..., Me,11}
C span{ej,es,...,e,12,0}.
The claim holds for n + 1 as well.

From above claim and its proof, we have

k—1
Z:z/Z ' — Tz') — 0 € ae; +span{Mey,..., Mey_1},
1=0

=:Rp_1

SO

2

(' = Ta') —o|| > [aei|* - |g,_, (aer)]?
i=0
) 2
S
Since Ri- | = span {Zle e, 17},
N 2
) 2
$ 7’][‘56 > l_Ispan{z:f:1 ei,ﬂ}(el)"

2
=" | pangsr | ei}(el)H

k k
— o2 < D1 > Diz1€i
= k
el /I el
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We know that the set of possible choice of x, € H is

{:Z}* S Rk+1 | Ty = —— Ze, CC* k+1ek+1, V(:E*)]H_l € R} .

As 20 =0, |20 — 2, ]| > ’m and equality holds when (z, )1 = 0.

Gathering the facts above, we may conclude that there exists T: R**1 — R**! with infimal displacement vector ¥ and
corresponding x, € R5*1 such that 2, — Tz, = ¥ and

k—
~ 0 2
Z ' —Ta') — o >ﬁ||x — Zu||
i=0
for any iterates {z"};_ ! satisfying the linear span assumption, starting from z° = 0.

Now, we may use the same operator T to prove that
2

N 1
( - v||> > sl —

for any iterates {™}*_, satisfying the linear span assumption, starting from z° = 0.

k—

Z x—Tac

=0

If v =0,thenv = 0so

k—1 k—1
Zvi(xz—Txl) —Ioll = Zvi(xz—Txl)—vH
1=0 =0
2
> 2120 — 2, |2
> 2a®
1
> — xo—x* 2
> el |

so the desired inequality
k—

Z x—Ta:

2
- 1
- vn) > ol — 2.
=0

(

Now suppose v # 0. Following the calculations above,

holds true.

k

Z vi(z® — Ta")

=0

—lloll = \/IIﬁH2 + llae||? = |[g,_, (aer)| — [|7]]

2
= \/nw +a? [ Cen)|| Il
With a real function f(t) = v/¢ defined on [0, 00), we may use the fact that f is a concave function, therefore

ft+h)—f(t)>hf'(t+h)= 2\/% Vi, h>0.

Substituting ¢ and & by |v]|? > 0 and 042||HR§71 (e1)]|* >0,

5l > o®[ Mgy (ed)]
1ol >
2\/||U||2+012\\1_[1%,9{1(61)||2
afllge (e1)]]

oz
2\/1 T T, @l
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o > 0 is a positive real number which was left unspecified, so we may just assign any positive value for the calculation. Let
— 1] — 5 0 _«a _ kllol
o = W —\/EHU” >O, then as ||I —I'*” = 5\/%— g we get

v 2 1
< —||ﬁ|l>/x0—m*||> Il 2 _

(z' —Tm

2V2k[3l V2K

=0
SO

(z* —Tx

2
3 1
< ||v||> 2 2k,zllﬂﬂ — %

We now extend the result to the arbitrarily given v, not @. The case v = 0 is trivial, so suppose v # 0. Let U € R(k+1)x(k+1)
be an orthogonal matrix such that UTU = I3 and Uv = v. Since U is a square matrix, UTU = UUT = I;4; so
|UTz|| = ||| for all z € R¥*1. According to Lemma 43, Ty defined as Ty (+) = UTUT(- — y°) + 4 is a nonexpansive
operator with v = Uv = Hm( ). Let {y™};_, is a sequence of iterates satisfying the linear span assumption (span)
with Ty;.

=0

UT(y" = Tuy") =UT(y" —y") —~UTUTUT (y" —3°)
=UT(y" —y") = TUT(y" —3°)
and as
y" " ey +span{y’ — Tuy’, ..., y" —Tuy"}
implies
UT(y" ™ — 4% € span{UTy° — UTTyy®, ..., UTy" — UTTyy"}
= span{UT(y" —¢°) = TUT(y° = 3°), ..., UT(y" —¢°) = TUT(y" — ")},
{U T(y™ — %) }:;é satisfies linear span assumption (span) with T where © = UTv is an infimal displacement vector of T.
Therefore,
k—

Z (y' = Tuy') —v

=0

>

k—1
Ut Z ui(yi — "JI‘in) —UTw
i=0

—TUT(y" —y°)} — 0 (-UTw=UTUD = D)

Vz

> kgHUT(y — ) = U (ys — )7

= ﬁHyO —yal?
Similarly,
— k-1 . .
i(y" = Tuy")|| = o] > UTZVZ-(yl — Tuy")|| — llv]l
=0 =0
l/z —TUT (y" yo)}H — |9l (v =Ud)

IUT(° — %) = U (g — ")

> \fk:
— 0 _

Proof with real Hilbert space H can be done in the same manner as the proof of H = R*+1. Set {e;};* k“ as a set of

orthonormal basis vectors of H where ey = W if v # 0 and arbitrary if v = 0, and proceed with the same proof as

above. O
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Remark 44. We calculate the complexity lower bound of various quantities including fixed-point residual ¥ — T2* and
normalized iterate (z* — 2°) /a, by appropriately choosing the convex coefficients v;’s. In order to measure the lower bound
of fixed-point residual 2*~! — Tz*~! converging to v, choose Vk 1 = 1 and choose all other v;’s as 0. For normalized

iterate, we use the fact that KM and Halpern choose the iterate z* to be in form of 20 + Zk ! A (2% — Ta?). Therefore, if

k
ﬁ, we obtain normalized iterates ﬁ for KM and Z- ’I for Halpern. This scheme can be
extended to calculate the lower bound of Mann iteration as well.

we choose v; =

D.2. General Fixed-Point Iterations

We follow the general complexity lower bound result of Park & Ryu (2022) for operators with fixed points, and extend their
result to the case where fixed point might not exist.

Definition 45 (Section D.2,& D.4, Park & Ryu (2022)). Let H be a real Hilbert space and T: H — 7 be a nonexpansive
operator. Let {e; };c; with index set I denote a set of orthonormal basis of H.

A deterministic fixed-point iteration F is defined as a mapping of the point 2° € # and an operator T to sequences of
iterates {2} .en and {Z¥} pen. Here, xF is the k-th query point and z* is the k-th approximation point, and we consider the
setup with ¥ = z* so we omit z*. Actually, FF is defined as a sequence of mappings {IFj, } xcn, where ¥ is an output of IFy,
given the point z° and the operator T where

= Fy[2°, T] = Fy[2°, Or(2”), Ox(a), ..., Op(z"71)]

for any k € N. Here, {2}, only depends on 2° and T via the fixed-point residual oracle Or(z) = Tz. Fis
deterministic in a sense that, when provided with the same point z° and the same oracle queries Oy (z*) = 2% — Ta* for
k € N, F will give the same sequence of iterates {x*} as an output of IF.

For z € H, denote by supp{z} the support of z, i.e.,

supp{z} = {i € I| (2, e;) # 0}

We say a sequence {z"},enuqoy is zero-respecting with respect to T if

supp{z'} C U supp{z® — Tz}
s<t

If {Zt}teNu{O} is a zero-respecting sequence with respect to T, then by the definition, supp{2°} C 0 so 2° = 0.

As we did for fixed-point iterations with linear span assumption (span), from now on, we prove the result for Euclidean
spaces, since the proof naturally extends to Hilbert spaces H with dim’H > 2k — 1 and its set of orthonormal vectors
e}

Lemma 46. Given k € N and v € RF'L et T: R — R**1 be the worst-case operator defined in the proof of

Theorem 11, along with its infimal displacement vector v and x,. If the iterates {x" f;%) are zero-respecting with respect to
T,

(z° —Ta") — v l2° — ||

Zkl
i=0 +

and
k—

Z I—Tl‘

=0

for any choice of real numbers {v;}"=} such that El oVi=1L1

Proof. We claim that any zero respecting sequence {x"}ﬁ;é satisfies

x" € span{ey,...,e,}

— Tz" € span{ey,...,e 1}

45



Accelerated Infeasibility Detection of Constrained Optimization and Fixed-Point Iterations

forn =0, ..., k. If this holds, then the proof of Theorem 11 is still applicable to zero-respecting sequences, leading to the
desired result.

Ifn = 0,2 = 0and 2° — T2® € span{e;}, so the case of n = 0 holds true. Now, suppose that n < k — 1 and
the claim above holds for all m such that m < n. Since the iterates form a zero-respecting sequence with respect to T,
supp{z" ™} C Uy <psupp{z™ — Ta™} and therefore 2" ! € span{ey, ..., e,1}. Using this fact, z" ! — Tz ! €
span{ej, ..., e, 2} easily follows. O

Lemma 47. Let F be a general deterministic fixed-point iteration and T: R™"t! — R"™*! be a nonexpansive operator
defined as in the proof of Theorem 11. For any arbitrary x° € R% and v € R? with d > n + N, there exists an orthogonal

N
matrix U € R>*("+Y) and the iterates {x*}}_| = F[z°, Ty] such that z® = UT (2F — 29), {z® Vo i zero-respecting
with respect to T, and v becomes an infimal displacement vector of Ty.

Proof. We prove the existence of an orthogonal matrix U € R%*™ such that {z* N_ = F[z°, Ty], z®) = UT(2k — 20
p g k=1

and v becomes an infimal displacement vector of Ty;. Constructing such orthogonal matrix is equivalent to choosing

appropriate set of orthonormal vectors {u; ?j 11, whose i-th vector u; becomes an ¢-th column of matrix U, i.e.,

U= |u1 ... up

We modify the proof of (Park & Ryu, 2022, Lemma D.4(i)) to cover the case when v # 0, as the original proof is restricted
to the case where the fixed point exists, or in other words, the case where v = 0.

We provide the scheme which inductively finds the column w;’s, given an arbitrary nonzero vector v € R?. Define the set of
indices S fort € {1,...,N} as

Sy = Usupp{x(s) —Ta:(s)} c{1,2,....,.n+1}

s<t

and note that Sy = ) € S; C --- C Sp. Asv # 0, 2(0) — Tz £ 0, and S; # 0. Choose a set of vectors {u; }ics, to be
any unit vectors which are orthonormal to each other. The precise choice of {u;};cs, will be later specified, and it will
make v to be an infimal displacement vector of Ty;.

Now, suppose that for ¢ > 2, {u;}ies,_, is already chosen. Choose a set of unit vectors {u;};cg,\s,_, from the orthogonal
complement of
Wt ‘= Spall ({xl - 1,0’ T xtil - xO} U {ui}iESt—l) c Rd

and let them be orthogonal to each other. When ¢ = N and Sy # {1,...,n + 1}, choose any {u;}ic1,... nt1}\5, Which
makes U orthogonal. Above scheme is well-defined if

dim W= > [y \ e,
and this is guaranteed from the fact thatd > n + N and ¢t < N since
dimWh =d—dimW; >d—{(t — 1)+ |S;_1|} > (n+1) — [Se_1]| > |S¢ \ Se_1].
Since (u;, yr — yo) fori ¢ Sy fort =1,... N,
2 = UT (2" — 2°) € span{e; }ies,

leads to supp{=(Y)} C S;. This proves that there exists an orthogonal matrix U € R%*("*+1) such that {z*}}¥_, = F[2°, Ty/]
and 2¥) = UT(2F — 20) forallk =1,...,N.

Now, it remains to show that certain choice of {u;};cs, implies that Ty has v as its infimal displacement vector. First,
observe that for any arbitrary choice of {u;}ics,,

S1 = supp {x(o) — Tac(o)}
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and
2@ — Tz = 0 —T0 = —ae; + [|v]le,

so S1 = {1,n}. Note that the infimal displacement vector of T is ¥ = |[v||€,,+1. From Lemma 43, U? = ||[v| - Uep41 =
|v]juy, is an infimal displacement vector of Tyy. As n + 1 € S7, we may choose u, 11 = ﬂ so that v is an infimal
displacement vector of Ty;. O

Lemma 48. Consider the setup of Lemma 47 with U € R™*™ and the iterates {z*}Y_, = F[2°, Ty]. Then

k

Z (2 —Tz) — 5

1=0

k
< Zm (z° — Tyax®) —v
=0

and
Kk

Z — Tz™)

for any v; € R such that Zf:o v; = 1, where v is an infimal displacement vector of Ty and v is an infimal displacement
vector of T.

il

k
— ol < || Y wi@' - Tyt
=0

Proof. According to Lemma 43, v = Uv.

k k
Zyi( N —o| = ZVI (UT(a" —2%) —=TUT (2" —2°)) = UTv
=0 =0
k . .
= ||UT ZV,- (2" = 2% —UTUT (2" — 2°)) = UTw
i=0
k
= UTZV($ —Tya')-UT
i=0
k
< Zl/i(il} — Tyz')
i=0
Note that ||9|| = ||Uv|| = ||v||. Therefore,
k k _ _
D ovila? =T D) — ol = |UT Y vz’ = Tua')| — [Jol
=0 i=0

k

Z zt — Tyat)

IN

= lvll-

‘We now prove the main result.

Theorem 49. Let d > 2k — 1 for k € N. For any deterministic fixed-point iteration F, any initial point 2° € R? and any
vector v € RY, there exists a nonexpansive operator T: R — R® such that

h— 2

Z x—Tx —v

=0

T —x*||2

4
— k2||

and

k—1 2
( > vila' - Ta')|| - vll) > 2k2 2 — 2
=0

0 )andVZEIanhEZ 01/1—1

where v =z, — Tz, = HR(][ )
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Proof. Let §: R*1 — R**! be a worst-case operator in the proof of Theorem 11. From Lemma 47, there exists an
orthogonal matrix U € R #+1) such that d > k + (k — 1) = 2k — 1, {x(t)}f:_ol a sequence of iterates defined as
) = UT(2? — ) is zero-respecting with respect to S,

- k-1
) — 8 )) || < Zl/lx —Syz’) — ||,
i=0 =0
- k-1
—Sa)| =[]l < || D wila’ —Spa)|| — |||
i=0 i=0

for any v; € R such that Z 0 v; =1,andv = Uv or v = UTv by Lemma 43.
Since {a:(t) } t:_O is zero-respecting with respect to T, Lemma 46 implies

2

I(i)) — % I(*)H?

Z ?HI

i=0

and

vi(z®) — $2())

2
] 1 X
- ||v|) > e ® - )

(5

where z(*) € M, is a point such that z*) — $§2() = v. If 2, = 20 + Uz™,

=0

2 = @2 = | =D = || - Uz |? = la° - o,
so we may conclude that
2
- 4
(z' — Sya’) —v ﬁHx z,||?
i=0
and
_ 2
1 0 2
( (2 - Sya') ‘—wn) > —lla® -
=0
Therefore, T = Sy is our desired worst-case operator. O

Proof of Theorem 12. Use the worst-case nonexpansive operator of Theorem 49 and construct the nonexpansive operator
with the orthonormal basis set {e; }2*7* of 7 with dim H = 2k — 1. O

E. Details of experiment in Section 6
Consider a semidefinite problem (SDP)
mifg&ize Pl
subjectto  A;[z] = Z?Zl Agmj < B;, 1<i<p,
and PG-EXTRA applied on this problem.
UM =T1_sy (U F+ B(B;: — Ailz*]))
whtl=wk 4 = 5 (I W)x* (PG-EXTRA)
o =l —aBuTt —wi) + o (AT RUFT - U] - )
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E.1. Deriving PG-EXTRA for SDP

Consider .
minimize 3 oy (i, D
subjectto 07, ;A7 Sgr By, i=1,---,p

or in other words,
e . D . N
minimize 20y (er a1}

subjectto  L;(z;) := B; — Z;”Zl(g;l)JAf msp 0, Q=1 ,p -
(I-W)x=0 & Ux=0

Defining Lx = (L1(z1) — B1,- -, Lp(zp) — Bp, Ux), which is a linear map from RP*™ to (S™)P x RP*™,

minimize Z?:1<Ci7 LL'Z'>Rm + §(Si)p><{0} (LX =+ B)

x; ER™
Corresponding Lagrangian is
p *
L(x,u) =Y (ci, zi)rm +(0, LX + B) 50y xoxm — (5(s¢)px{0}> (u)
i=1

:=(C7 x>[Rp><m

where u = (uq,- -+ ,up,y) € (S™)P x RP*™ and its saddle subdifferential is
c+ L*u
OL(x,u) = *
( ) 7LX*B+8(6(51)11><{0}) (11)
where :
€
c= || eRP™,
<
Note that from
m m
Lx= _Z(xl)JAJD ) —Z(J}p)]A%, Ux y
j=1 j=1

L*: (S™)P x RPX™ 5 RPX™ i

(Afy1)T
L*(yly"'aypa z):UTzi .
(A;yp)T
Then
(Afuq)T
oL c—Uy+ :
(x,u) = (Apup)T
—Lx—B+90 (6(Si)px{0}) (u)
_ { ¢ } - " N : ﬁ
-B —L a<6(5’1)?><{0}) ul
=:H(x,u) =:F(x,u)
Note that

6{oy (@) = Sup ((z,9) = 00y () = 0.
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and
) 0 —Xesn
55 (X) =sup ((X,¥) = dgy (V) = sup (X,Y) = { T = 5_gp(X).
Y Yesn o0 O.W.
Let (1/a)
1/a)l L*
M =
" af)
then the FPI of forward-backward splitting (x**1, u**!) = (M + F)~}(M — H)(x*, u¥) is
(1/a)l 2L | [xETE (1/a)xF + L*u* — ¢
0 (1/8)I1+d (5(Si)px{o}) w2 | Lxk o (1/8)uk + B

o xPM 20 ub ! = P a(L*u” - c)
ukt! = Proxﬁ(‘s(sjlr)!)x{o})* (uk + B(ka + B))

o uftt = Proxﬁ((;(Si)px{O})* (uk + B(Lx® + B))
xkH = xk — cv(?L*u}“+1 — L*u* + )

S ult =T gy (uf + B(B; - vy, (ah);4]))
yrHl = vk 4 gUxk
xFH = xF — q(2L*u*! — L*uF + ¢)

Note that y; and y are not related to each other. If we let w? =0, x° arbitrary, and

k—1

wh = %Uyl€ = %(I— W)ij’
j=0
then
uftt =gy (uk +B(B; — z;lzl(x?)jAZ))
(ArukthyT (Afup)T cf
XM =xF—apewt T —wh ta 2] N E
(Apuy™)T] LA™ e
S %(1_ W)xk
or

uf"'l = H_Si (Uf + ﬂ(Bz - Z?:l(xf)]Az)>
(I —W)x"

- xf — a5(2wf+1 — wf) +« (AZ* (2uf+1 — uf) — Ci)

K3

where U and u; are irrelevant and
tI“(A1U1)

A*u = :
tr(Anun)

Above solves decentralized semidefinite problem, when «, 5 > 0 are chosen to define a metric on R™*? x (S™)P x R"™*P.

M= [(1/5)“ <1f;>n]
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E.2. Measuring fixed-point residual in //-norm

Although the algorithm itself does not keep the iterate y* such that

1
k k
w' = =-Uy",
8

we need y*-iterates in order to calculate the fixed-point residual ||(x*, u”*)||3, where M : RPX™ x ((S™)P x RP*™) —
RPX™ x ((S™)P x RP*™) is a linear map defined as

M= [(1/5)1[ (1%)11] '

Then for any x € RP*™ and u = (ug, -+ ,up,y) € (S™)P x RP*"™,

1 1 i
G, w13, = EIIXIIépxm + BH“H%S")PXRPX"L + (x, L u)goxm + (LX, 1) (gn)p xroxm

1 1 <& 1
= EIIXIIépm + 3 Z llwsl|Zn + BHY”évxm + 2 (Lx, u)(gnyp xgpxm -
=1
()

Then
(*) = < _Z(‘rl)]Ajla —Z(Jfg)]A%7 7_2(5611)]‘4;)’ Ux 7(u17u27"' 7up7Y)>
j=1 j=1 j=1
p m )
= (x, fw) — ZZ(xk)jtr(A?cuk%
k=1 =1
SO

1 1< 1 L& :
66 wlRr = 2l 5 D lln = Iy e + 2806 w) =23 73 wn);tr(Afu).
i=1 k=1j=1

Now, y can be calculated as follows. Consider a eigenvalue decomposition (I — W) = VEVT. Let v; be the i-th column of
V', o; be the i-th eigenvalue corresponding to v;. Suppose o, = 0 withv, =1. Asy L 1,y = Zf:_ll 4;v;. Then

p—1
pw=Uy=UY_ ywv:.
=1
AsU = VX1/2yT,

Y1 Vo1
p=1 Y2 VO2Y2 p—1
Bw =VEPVTY oy =VE/2 | 1 | =V : = Voyivi
i=1 Yp—1 \/0;77—13/;7—1 i=1
Yp = 0

Calculate y; from taking inner product of Sw and v;.
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E.3. Experiment settings and additional plots

In this experiment, we use the parameters & = § = 0.01 withn = 10, m = 11, p = 10, and £ = 0.5. These numbers come
from the infeasible linear matrix inequality (LMI) designed for this experiment, which we state below.

T ZQ— ~0
) el
To .Tg- ~0
T3 € | -

Tk Th+1 -0
Tk+1 £ -

with € > 0. Then the set of inequalities above is a subset of

xT €T 2k
{(an, T, .oy Ty Tpy1) € RFFL | 2L > <ﬂ> }
€ 5
If we add another LMI
|:_1'1 $2:| - 0’
T2 €
The feasible region is also a subset of
T €T 2k
fir e 22 (22)7)

Reversing the sign of the first (1,1)-entry of each LMI results in the only feasible region {(0, ..., 0)}. Then, if we
additionally impose an LMI such as
1 0 1 0
-
R

Then the origin {(0, ..., 0)} is never in a feasible region of the set of all LMIs, so the SDP becomes infeasible. The value
of ||v]|? has been numerically calculated using the normalized iterate of Picard iteration after 200, 000 iterations.

Additionally, we draw plots of the difference of fixed-point residual or normalized iterate between v and —v, respectively.

10" 1 TR N
o = RN
s .4 g
| 10" 4 g 10»1 4
S =
E\' 10-3 O& -3
- b I 107 4
E %

10 - 1051 — KM

— OHM — OHM
10! 102 103 104 10! 102 103 104
Iteration number & Iteration number &

Figure 3. (Left) Squared difference between fixed-point residual and v, ka —Ta* — UHQ. (Right) Squared difference between normalized
iterate and —w, ||(z* — 2°)/ax + v]|°.
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