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ABSTRACT

We propose Graphlet Message-Passing Neural Networks (MPNNs) as an exten-
sion of classical MPNNs in which vertex and edge graphlet information is taken
into account. In this way, the distinguishing power of MPNNs is increased in a
natural way. We introduce Graphlet MPNNs in quite some generality, hereby en-
compassing recent proposals. Our main result is a complete characterization of the
distinguishing power of Graphlet MPNNs. We conclude this paper by outlining
some interesting directions for future research.

1 INTRODUCTION

Xu et al. (2019) and Morris et al. (2019) showed that vertex embeddings, computed by Message-
Passing Neural Networks (MPNNSs), are inherently limited in expressive power. This limitation can
be elegantly formalized, as follows. Let M be an MPNN and denote by M (G, v) and M(G) the
embedding (in some R?), computed by M, of vertex v in the graph G, and of the graph itself,
respectively. For a graph X, denote by X* a rooted version of X, where x is a vertex in X. Then:

Proposition 1 ((Dvofik, 2010; Dell et al., 2018)). For any two graphs G and H, vertices v in G
and w in H, and any MPNN M: M(G,v) = M(H,w) if for any rooted tree 7", hom(T", G") =
hom(T", H"). Similarly, M(G) = M(H) if for any (unrooted) tree T', hom(T, G) = hom(T, H).

Here, hom(X,Y") denotes the number of edge-preserving vertex mappings from graph X to Y
(called homomorphisms). In case X and Y are rooted, homomorphisms should additionally map
the root of X to the root of Y. Proposition 1 thus tells that MPNNs cannot distinguish vertices and
graphs, based on the computed embeddings, whenever they contain the same tree-like structures.
For example, the classical example graphs G1 (LA8°) and H; (°.25°) cannot be distinguished by
any MPNN. We also remark that the class of MPNNs is powerful enough such that there exists an
MPNN M for which M(G,v) = M(H,w) implies that hom(T",G¥) = hom(T", H") for any
rooted tree 1", and similarly for graph embeddings (Xu et al., 2019; Morris et al., 2019).

Inspecting the example graphs G; and H; reveals what graph information could be used for dis-
tinguishing them. Indeed, GG; contains two triangles (3-cliques), whereas H; does not contain any.
Embedding G; and H; in R in terms of 3-clique counts thus suffices to distinguish them. In general,
subgraph counts were used by Przulj (2007) to define vertex embeddings (graphlet degree vectors),
and by Shervashidze et al. (2009) to define graph embeddings (graphlet kernel). In those works,
graphlets refer to small graphs and for each graphlet, the number of induced subgraphs isomorphic
to the graphlet, is taken as a feature of a vertex or graph.

Natural questions are now: How can graphlet information be integrated in MPNNs? Can MPNNs
benefit from having such additional graphlet information? Can Proposition 1 be extended to such
“Graphlet MPNNs”? We will address these questions in quite some generality, by allowing a flexible
way to define how graphlets can be tied to the underlying graph data.

2 GRAPHLET MPNNSs

Graphlet MPNNSs are inspired by the Graph Substructure Networks (GSNs) of Bouritsas et al. (2021)
and the P-MPNNs of Barcel? et al. (2021). In those works, graph structural information is used to
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augment the initial vertex and edge features, by using (induced) subgraph counts and homomor-
phism counts of graphlets, respectively. Subsequently, standard MPNNs are executed on such “aug-
mented” graphs. Graphlet MPNNs can be regarded as a unifying model for these two approaches
and further allow to define variants using general counting mechanisms of graphlets. We first explain
what we mean by such counting mechanisms and then define Graphlet MPNN's.

Counting vertex- and edge-graphlets. For a graph X, we denote by Vx and Ex its set of vertices
and edges, respectively. Moreover, X*¥ denotes a two-rooted graph X with (z,y) € Ex. A
graphlet P is just a small graph, a vertex-graphlet P" is single-rooted graphlet, and an edge-graphlet
Q" is a two-rooted graphlet. Let P" be a vertex-graphlet and G a graph. We define the following
set of vertex mappings: Map,,(P",G") := {f : Vp — Vg | f(r) = v, f satisfies ¢}. Similarly, for
an edge-graphlet Q""" we define Map,,(Q™"2,G"") 1= {f : Vp — Vg | f(r1) = v, f(r2) =
w, f satisfies 1 }. Crucial in these definitions are the conditions ¢ and ¢ which restrict the allowed
vertex mappings. Example conditions are:

s If o = Vp,q € Vp ((p,q) € Ep — (f(p), f(g) € Eg), then Map,,(P",G") consists of
homomorphisms from P" to GY;

*Ilfp =VYp,qeVr(((p.a) € Ep = (f(p). f(a)) € Ec) A ((p # a) = f(p) # f(q))). then
Map,,(P", G") consists of subgraph isomorphisms from P" to G"; and

* o =Vpq € Vp(((p,g) € Ep < (f(p). f(a)) € Ec) A ((p # a) = f(p) # f(q))), then
Map,,(P", G") consists of induced subgraph isomorphisms from P" to G*.

Similar conditions ¢/ can be used for edge-graphlets. Depending on the graph learning task at hand,
any other condition can be used. Given these sets of mappings, we next turn them into quantitative
vertex and edge features. More precisely, we obtain features by counting graphlets as follows:!

#p(P",GY) := [Map,(P",G")| and #4(Q™",G"") := [Map,(Q"",G"")|.
With these vertex and edge features at hand, we can now define Graphlet MPNNs.

Graphlet MPNNs. Consider a set P = {P[,..., Py} of vertex-graphlets, a set Q = {Q]"""*,
ceey le””2} of edge-graphlets, and conditions ¢ and v used to restrict vertex mappings for vertex-

graphlets and edge-graphlets, respectively, as explained above. Then, a Graphlet MPNN is formally
specified as a (P, Qy)-MPNN in which:

* The initial vertex labels (lab,) are augmented with vertex-graphlet counts, and edge-graphlet
counts are used for the edge labels. That is, the initial vertex embedding and edge labels are:

1 := (laby, #¢(P],G"),..., #¢(P;,G"))
Lw = (#Y(Q1"", G™™), ... . #(Qg ™, G™™)).
* Then, the vertex embedding 15,“ is updated just as in standard MPNNs (Gilmer et al., 2017):
1(+1 .= Update(®) (lg),Aggregate(t) ({19, 1,,) |w e Ng(v)]})) ,

where N¢(v) denotes the set of vertices adjacent to v in G, and Aggregate and Update are arbi-
trary functions operating on multisets of vectors (denoted by { }) and vectors, respectively.

* Finally, to obtain a graph embedding, a general readout function can be applied after 7" updates.
More precisely:

l¢ := Readout ({{lq(jT) |ve Vg}&) .

With Graphlet MPNNs in place, we next endeavor to provide a characterization of their distinguish-
ing power. More precisely, we show a generalization of Proposition 1 for Graphlet MPNNss.

3 DISTINGUISHING POWER OF GRAPHLET MPNNS

In order to generalize Proposition 1 to Graphlet MPNNs, we take inspiration from Barcel6 et al.
(2021). In that paper, the authors introduced P-MPNNs, for a set P of vertex-graphlets and con-
sidered homomorphism counts. As such, a P-MPNN is a (P, #)-MPNNs with ¢ the condition

'One can further generalize this by allowing other functions on the cardinalities of the sets of mappings.
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corresponding to homomorphisms, as described earlier. Barcel6 et al. (2021) show that the dis-
tinguishing power of P-MPNNs can be expressed in terms of homomorphism counts of so-called
‘P-pattern trees. Furthermore, it was observed that this pattern tree characterization can be extended
to a sub-class of GSNs (Bouritsas et al., 2021) in which only vertex-graphlets and induced subgraph
counts are used. This subclass corresponds to (P, #)-MPNNs with ¢ the condition corresponding
to induced subgraph isomorphisms, as described earlier. In this section, we generalize the pattern
tree characterization for general Graphlet MPNNSs, which can use general counting mechanisms (ex-
pressed through the conditions ¢ and 1), and that incorporate both vertex- and edge-graphlets. We
start by describing pattern trees, followed by our main result.

Pattern trees. Given a graph G, a vertex v € V; and a vertex-graphlet P", the join graph G x P
is obtained by taking the disjoint union of G and P, followed by identifying the root vertex r with
v. For example, the join of G (&) and P (&3) along the marked vertices is G x P (m). Similarly,
for a graph G, an edge (v,u) € E¢ and an edge-graphlet Q™"2, the join graph G % (@ is obtained
as above, but this time by identifying the edge (v, ) with (r1,72). For example, the join of G ()
and @ ($7) along the marked edges is G * ) (o$-3).

Given a collection P of vertex-graphlets and Q of edge-graphlets, we next define a (P, Q)-pattern
tree T": Tt is a rooted tree, obtained from a standard rooted tree S™ = (Vg, Eg), called the backbone
of T, followed by joining every vertex s € Vg with any number of copies of vertex-graphlets
from P and by joining every edge (s1,s2) in Eg with any number of copies of edge-graphlets
from Q. For instance, for P = {&, 33} and Q = {38}, examples of (P, Q)-pattern trees are:

f‘o Q;%o‘o gg% gﬁ%, where we marked vertices in the backbone in gray.

Main result. We are now ready to state our generalization of Proposition 1. In this generalization,
trees will be replaced by (P, Q)-pattern trees and we will use a revised notion of homomorphism,
based on the conditions ¢ and 1 used in Graphlet MPNNs.

More precisely, let 7" be a (P, Q)-pattern tree with backbone S, and consider G for graph G.
A (p,v)-homomorphism f from T" to GV is defined as follows: It is mapping f : Vpr — Vg
satisfying (i) f(r) = v; (ii) the restriction f |  of f to the backbone S is a standard homomorphism;
(iii) the restriction f | p Of f to each (copy of a) joined vertex-graphlet P in 7™ is an element in
Map,, (P, G"); and finally, (iv) the restriction f | 0 of f to each (copy of a) joined edge-graphlet @ in
T" is an element in Map,,(Q™"2, G***). In accordance with the notation used in Proposition 1, we
denote the number of (¢, ¥)-homomorphisms from 7" to G¥ by homy, (T, GV). Finally, a (¢, ¥)-
homomorphism from an unrooted (P, Q)-pattern tree T to G is defined as a (i, 1/)-homomorphism
from a rooted version T of 7" to any rooted version GV of G, for v € V. We use homy, (T, G) to
denote the number of such homomorphisms. Our main result is as follows:

Theorem 2. For any two graphs G and H, vertices v in G and w in H, and any (P,, Q,)-MPNN
M, we have the following:

* M(G,v) = M(H,w) if for any rooted (P, Q)-pattern tree 7", we have that hom, ,,(T",G") =
homy, (7", H"); and
* M(G) = M(H) if for any (unrooted) (P, Q)-pattern tree T', hom,, ,, (T, G) = hom,, (T, H).

Just as for classical MPNNSs, the class of (Pw Qy)-MPNNs is rich enough such that there
exists a (P, Qy)-MPNN for which M(G,v) = M(H,w) implies that hom, ,,(T",G") =
hom,, (T, H") for any rooted (P, Q)-pattern tree 7", and similarly for graph embeddings.

Theorem 2 tells that, intuitively, even when starting from a small number of vertex- and edge-
graphlets, when integrated in MPNNs, more complex graph patterns can be detected. Indeed, one
can show that a T-layered Graphlet MPNN can use (P, Q)-pattern trees of depth at most 7" (where
depth is defined in terms of the tree’s backbone). This is in contrast to, say graphlet degree vectors
or graph kernels, where one needs to explicitly provide all graphlets of interest. As such, Graphlet
MPNNs are more flexible and require less hand-crafted features (the initial set of graphlets). The
proof of Theorem 2 is a modification of the one in Grohe (2020a) and Barcel6 et al. (2021), but
generalized to edge-graphlets and general conditions ¢ and 1 (see supplementary material).
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We remark that when P and Q are empty, (P, Q)-pattern trees are just trees, and (ip,))-
homomorphisms are just homomorphisms. Hence, Theorem 2 encompasses Proposition | as a
special case. Similarly, it also encompasses the results by Barcel6 et al. (2021) for the special
cases of Graphlet MPNNs described in the beginning of this section.

4 LOOKING AHEAD

We conclude by pointing out some interesting directions for future research and by describing some
related preliminary results. We defer details to the supplementary material.

Comparison of Graphlet MPNNs. In designing Graphlet MPNNs one has to decide what
graphlets to include and what kind of mappings (conditions ¢ and ) are of interest. A natural
question is how different instantiations of Graphlet MPNNs compare to each other, in terms of dis-
tinguishing power or performance. For a theoretical comparison, Theorem 2 may turn useful. For
example, one can show that there are graphs that can be distinguished by GSNs but not by P-MPNNs
when using the same graphlets, and vice versa. This shows that the choice of ¢, i.e., homomorphisms
versus subgraph isomorphisms, makes a difference. A related question is what the impact is of us-
ing vertex-graphlets versus edge-graphlets. One intuitively would expect that edge-graphlets result
in stronger features since vertex-graphlet features “summarize” all information into single vertices.
We have the following result, where we use edge-graphlets in Q also as vertex-graphlets by ignoring
one its roots.

Proposition 3. (0, Q,,)-MPNNs can distinguish more graphs than (Q,, #)-MPNNs; and (Qy,, Qy)-
MPNNs are exactly as strong as (), Q,)-MPNNs.

This result resolves an open problem of GSNs (Bouritsas et al., 2021): edge-graphlets are strictly
more powerful than vertex-graphlets. Clearly, these results only provide an initial understanding of
the entire space of Graphlet MPNNs.

Other uses of graphlets. So far, graphlets are used to augment vertex and edge features. We
can, however, also use edge-graphlets for defining an extended notion of neighborhood, over which
MPNNSs can aggregate. Such an approach is recently proposed by Li et al. (2021). The idea is as
follows: Given an edge-graphlet Q"*'"2 (where now 1 and r5 are abitrary) and corresponding con-
dition 1), define the extended neighborhood N¢ ¢, (v) := {u € Vg | 3f € Map,,(Q™"2,G"*)}.
In other words, vertices u € V(; are treated as neighbors of v, when they are linked through the
edge-graphlet via a mapping satisfying ). Using this, we can extend MPNNs by aggregating over
this extended set of neighbors:
1(+D) .= Update(®) (lgf),Aggregate(t)({(l,(f), l,u) | u € Ng(v) U Ngg, (v)}})) )

Furthermore, one can similarly revise (P, #)-MPNNs.” Let us denote the resulting extension by
P,-MPN Ns*®. A natural question is how the use of extended neighborhoods affects the distin-
guishing power. Well, as it turns out, we can leverage Theorem 2 to gain insights. Indeed, consider a
P-pattern tree 7" (no edge-graphlets) underlying the characterization of (P, #))-MPNNs. Now, let
Q"™ be an edge-graphlet, which is used for the extended neighborhood. It now suffices to observe
that the backbone S™ of T" was a tree, because the standard neighbor set N (v) was used. So, when
using Ng,q,, (v) instead, it suffices to replace each edge in the backbone tree S™ by the edge-graphlet

Q™"2. For example, suppose that our backbone is J§7 and we use the edge-graphlet is d:b Then,

we need to consider as backbone of our pattern tree instead. If additional vertex-graphlets

are present, these need to be joined with the original (gray) backbone vertices. With this extended
pattern-tree notion in place, Theorem 2 generalize to the case of extended neighborhoods.

To conclude, we believe that Graphlet MPNNSs in all their forms and shapes are a promising and
interesting way of extending the power of classical MPNNs. Moreover, pattern-tree based charac-
terizations of distinguishing power are not only elegant, they are handy means for. reasoning over
Graphlet MPNNs.

2Combining extended neighborhoods with edge-graphlet count features seems less natural.
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A APPENDIX

A.1 PROOF OF MAIN THEOREM

Proof of Theorem 2

Earlier we mentioned that classical MPNNs are completely characterized in expressive power by the
Weisfeiler-Leman color refinement procedure. In Xu et al. (2019) this result is proven by demon-
strating that every couple of graphs distinguishable by Weisfeiler-Leman will be embedded differ-
ently with the right chosen depth for a GNN provided that the aggregation and updating functions
are injective. Moreover, a GNN architecture (called Graph Isomorphism Network or shortly GIN) is
constructed that satisfies these conditions. While this result is originally formulated for the “’basic”
MPNNs without extensions, it also holds for MPNNs with extended features and the corresponding
versions of the Weisfeiler-Leman procedure (see Barcel6 et al. (2021) for a full exposition on the
extension of node features with homomorphism counts as an example). We remind the reader that
the WL-procedure goes as follows:

1 = Hash (159, ({1 | w € No(u)}))

Any graph morphism types ¢ and i enable us to define a version of the Weisfeiler-Leman color
refinement procedure that corresponds to MPNNs with extended node features and/or extended edge
features based on structural information about the nodes and edges in the graph.

U = (s #S(P], GY), ... #6(Fy, GY)
lu'u = (#1;[}(@71“17‘27 Guv)? R #w(QZhAQ’ Guv))

1040 1= Hash (19, {010, 10) [ 0 € Va0 )

For pattern sets P, Q and morphism types ¢ and 1 we call this the (P, Q,)-WL procedure.

We show that for any finite collections P, Q of patterns, graphs G and H, vertices v € V5 and
w € Vy,and d > 0:

(G,v) (H,w) <= hom, (T",G") = homy (T", H"), (1)

_(ad)
—(Py,Qqy)-WL

for every (P, Q)-pattern tree T of depth at most d. Similarly,

G =9

(Po.0y)wL H = homy, (T, G) = homy, (T, H), (2)

for every (unrooted) (P, Q)-pattern tree of depth at most d.

For a given set P = {Py,..., PJ} of patterns and s = (s1,...,5,) € N?, we denote by F* the
graph pattern of the form (P* % - - - x P,”)", that is, we join s; copies of Py, sy copies of P, and so
on.

Proof of equivalence (1). The proof is by induction on the number of rounds d.

We first consider the implication (G,v) Egdp)«s-,Qw)WL (H,w) = hom, (T",G") =

hom,, (T, H") for every (P, Q)-pattern tree T of depth at most d.

Base case. Let us first consider the base case, that is, d = 0. In other words, we consider (P, Q)-
pattern trees 7" consisting of a single root r adorned with a pattern F* for some s = (s1,...,5,) €
NP. We note that due to the properties of the graph join operator:

hom, (17, G") = ] (#6(FF.G"))™. 3)

i€lp]
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Since, (G,v) EE(IL{Q)_WL (H,w), we know that xg(v) = xg(w) = a for some a € ¥ and

#P(PI,GY) = #¢(P7, HY) for all P € P. This implies that the product in (3) is equal to
H (#¢(Pzr7 Hw))Si = hom807’l/1(TT7 Hw)
i€[p]

as desired.

Inductive step. Suppose next that we know that the implication holds for d — 1. We assume now

(G,v) EE%) QuWL (H,w) and consider an (P, Q)-pattern tree 7" of depth at most d. Assume
that in the backbone of T, the root r has m children ¢y, ..., ¢, and denote by 77", ..., TS the

(P, Q)-pattern trees (of depth < d — 1 in T rooted at ¢;. Furthermore, we denote by Ti(r’c"') the

(P, Q)-pattern tree obtained from 7" by attaching 7 to ¢;; Ti(r’ci) has root r. Let F* be the pattern
in T" associated with r and let £]*" be the edge-wise join of patterns attached to backbone edge
(r,¢;) . The following equality obviously follows from the definition of a (¢, v)-homomorphism:

hom,, (T, G*) = hom, o (F,G") T] (1 35 hom o7, G phom,, (€72, G ).
i€[m] v’ ENg(v)
4)
=l _(0)

Recall now that we assume (G, v) = Py, Q)WL (H,w) and thus, in particular, (G, v) = (Py.Qu)WL

(H,w). Hence, by induction, hom,, ,,(S”, G") = hom,, ,,(S", H") for every F-pattern tree S” of
depth 0. In particular, this holds for 5" = F* and hence

hom,, 4 (F*, G*) = homy, ,(F*, HY).

Furthermore, (G,v) EE?phi,Qw)-WL (H,w) implies that there exists a bijection S : Ng(v) —
Ny (w) such that (G,v') =50 o (H,B()) and #0(Q7, G*) = #(Q) ™, H™™)

for every v’ € N¢(v). By induction, for every v’ € N¢(v) there thus exists a unique w’ € Ny (w)

such that hom,, ., (S™, Gy = homy, 4 (S", H™") for every F-pattern tree S” of depth at most d — 1.
In particular, for every v € N¢(v) there exists a w’ € Ny (w) such that

homy, 4 (77", G”/) = hom,,  (T;", H“’/)
hom,..o(717%,6) = T #(Qi™. 6™
J€ld]

= H #w(Qzlrz,wa/)yij = homw)w(g{1T27H1uu/)

Jj€ld]
for each of the sub-trees 7" in 7. Hence, equation 4 is equal to

homg, (F* H") T (30 homy (T, H* homy, (€7, H""™))
i€lm] w' €Npg(w)
which in turn is equal to homy, , (T, H"), as desired.
We next consider the other direction, that is, we show that when hom%w(TT',G“) =
hom, ,(S”, H") holds for every (P,Q)-pattern tree 7" of depth at most d, then
(G,v) EE% Q)WL (H,w) holds. This is again verified by induction on d. This direction is more
complicated and is similar to techniques used in Grohe (2020b). In our induction hypothesis we fur-
ther include that a finite number of (P, Q)-pattern trees suffices to infer (G, v) EE%L, Q)WL (H,w)
for graphs GG and H and vertices v € Vg and w € V.
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Base case. Let us consider the base case d = 0 first. We need to show that xc(v) = xm(w) and

#6(P!, GY) = #6(P;, H") for every P € P, since this implies (G,v) =3 o |\ (H,w).

We first observe that homy, (7", G") = hom,, ,,(T", H") for every (P, Q)-pattern tree 7" of
depth 0, implies that v and w must be assigned the same label, say a, by xg and x g, respectively.

Indeed, if we take 7™ to consist of a single root 7 labeled with a (and thus r is associated with the
pattern F°), then hom, (1", G¥) = homy, ,,(T", H") will be one if x¢(v) = xu(w) = a and
zero otherwise. This implies that y;(v) = xu(w) = a.

Next, we show that #¢(P,GV) = #¢(P;, H") for every P € P. It suffices to consider the
‘P-pattern tree T consisting of a root 7 joined with a single copy of P,

#¢(Pir7 GU) = homl,DﬂZJ(Pira Gv)
=homy (P, H") = #¢(P;, H")

We observe that we only need a finite number of F-pattern trees to infer (G, v) EEE-)_)WL (H,w).
Indeed, suppose that x and x g assign labels a1, ..., ar, then we need L single vertex trees with
no patterns attached and root labeled with one of these labels. In addition, we need one F-pattern
tree for each pattern P/ € F and each label ay, ..., ar. Thatis, we need L(p + 1) (P, Q)-pattern
trees of depth 0.

Inductive step. We now assume that the implication holds for d — 1 and consider trees of depth
d. That is, we assume that if homy, (7", G") = hom, ,,(T", H") holds for every F-pattern

tree 7" of depth at most d — 1, then (G, v) =(d-1) (H,w) holds. Furthermore, we assume

T(Py,Qu)-WL
that only a finite number K of F-pattern trees ST, ..., Sy of depth at most d — 1 suffice to infer
—(d-1)
(G,v) = (Py0u)WL (H,w).

So, for d, let us assume that hom (7", G¥) = hom(T™, H") holds for every F-pattern tree of depth

at most d. We need to show (G, v) EE% Q)WL

number of F-pattern trees of depth at most d suffice to infer (G, v) EE% Qy)WL (H,w).

(H,w) and that we can again assume that a finite

By definition of (G, v) EE% Qu)WL (H,w), we can, equivalently, show that (G, v) Eg;i);l)gw)-WL

(H,w) and that there exists a bi/jection B : Ng(v) — ]\TH(w) such that (G,v") Eg%;,l)gq/,)-WL
(H,B(v")) and #(Q7">,G"') = #p(Q*"™, HYP)) for every v/ € Ng(v). That
(G,v) E(]f-i_;vll_) (H,w) holds, is by induction, since hom(T",G?) = hom(T", H") for every
(P, Q)-pattern tree of depth at most d and thus also for every (P, Q)-pattern tree of depth at most
d — 1. We may thus focus on showing the existence of the bijection .

We know, by induction and the proof of the previous implication, that (G, v) ng.l_;\,ll_) (H,w) if

and only if hom,, (ST, GY) = hom (S, H") for each i € K. Denote by Ry,..., R, the
equivalence class on Vg U Vj induced by = ]_{1;\/13 and the values of the counts #w(Qflm,G”"’/)

or #Y(Q;*", H “’“’/). In other words: two vertices are in the same equivalence class if the K
(¢, ¥)-homomorphism counts of the trees S; and the ¢ 1-counts of the patterns @); are all the same.
Furthermore, define N; x(z) := Nx(z) N R; and let n; = |N; ¢(v)| and m; = |N; g(w)| for
v € Vg and w € Vy, for each j € [e]. If we can show that n; = m; for each j € [e], then this
implies the existence of the desired bijection.

Let 77~ be the F-pattern tree of depth at most d obtained by attaching S to a new root vertex r
labeled with a. We may assume that v and w both have label a, since their homomorphism counts for
the single root trees with labels from 3. The root vertex r is not joined with any F* (or alternatively
it is joined with F’ 0). It will be convenient to denote the root of S by r; instead of . Then for each
i1 € [K ]I
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homg, (T}~ G") = 3 homyy(S]",G*) = Y njhom, (S, G")

v'€Ng(v) J€le]
= Z mjhom%w(Sffl,Hwi) = Z homwx,(S oY
j€le] w'€Ng (w)

= homg (T}~ H")

where v and w} denote arbitrary vertices in N; g (v) and N; r(w), respectively. Let us denote

homy, 4 (S:7, GYi) by a;,; and observe that this is equal to hom, , (S;7™", H™i). Hence, we know
that for each i; € [K]:

E aanJ—E iy 105

JE€le] J€le]

Similarly, for each 5 € [q]:

hom%w(ngGv) = Z homcp w( T1r2 va Z n; homw " r1r2 va )

v'€ENg(v)
= > mjhomy  (Qi5"2, H"™1) = Z homy, s (Qi5", H"™")
j€le] w' €Ny (w)

= homwﬁ (711'7«1:047 Hw)

and thus
Z QirjTy = Z QizjMMj

for all o € [g] if we denote homy, (Q;5'"™ LGV = hom, 4 (Qi5' ™2, HY™") by ¢, ;.

In what follows, we will denote the patterns @ € mathcal@ with S}* withi € {K+1,..., K +q}
and the K (d — 1)-depth pattern trees from the inductive step with S;* with ¢ € K. This means that
we can denote ¢; ; = a;4x,; and that we won’t need ¢;j in our notation and that the following holds
foralli € [K + q]:

E , i My = E : Q45

JEle]

We call aset I C [K + g] compatible if the following conditions are satisfied:

* For all ¢ € I N [K], the corresponding trees have the same label in the root.

* If the pattern set Q consists of labeled patterns (i.o.w.: if preserving labels is a condition of the
y-type morphisms) : Foralli € IN{K +1,..., K + ¢} the corresponding patterns have label a
in the first root and the same label as the roots of depth d — 1 in the second root.

Consider a vector s = (81,...,8k, ..., Sk+q) € NXT7 and define its support as supp(s) := {i €
[K +q] | si # 0}. We say that s is compatible if its support is. For such a compatible s we now
define T7=%% to be the F-pattern tree with root r labeled with a, with one child ¢ which is joined
with (and inheriting the label from) the following F-pattern tree of depth d — 1:

*icsupp(s)n[K]S; -
The edge (r, ¢) is joined with the corresponding number of patterns from Q:

Sq
icsupp(s)N{K+1,....K+q}5; -
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In other words, we simply join together powers of the K (d — 1)-deep pattern trees S; *’s that have
roots with the same label, whereas we join the edge patterns on the edge (r,¢). Then for every

compatible s € NI+l

Then for every compatible s € NI/+al:
hom,,  (T"=%*, G")

Z H (hom%qp(Sle,val))Si H (homw7¢(szri7Gv’))Si

v’ €Ng(v) i€[K+1,K+q] i€[K]

=>"n; [  (homyy (8772, G*) H (homg (S, G¥)) ™

j€le] 1€[K+1,K+q] €K

5wy T (Gomn(sr ) T] (el 9"

JEK+4q] 1€[K+1,K+q] i€[K]
= > II (homeu(sym )™ T (homgu(s, H™))™
w' €Ny (w) i€[K+1,K+q| i€[K+q]

= hom (7", ")

where, as before, v; and w; denote arbitrary vertices in N; ¢ (v) and N; i (w), respectively. Hence,
for any compatible s € NI+l

67,7 . Si
2 AL =2 m 11 e

le]  i€[K+d] jele] i€[K+q]

We now continue in the same way as in the proof of Lemma 4.2 in Grohe (2020b). We repeat the
argument here for completeness. Define aj := [],¢ (k. ai; for each j € [e]. We assume, for the
sake of contradiction, that there exists a j € [e] such that n; # m;. We choose such a j, € [e] for
which S = supp(aj, ) is inclusion-wise maximal.

We first rule out that S = (). Indeed, suppose that S = (). This implies that a;, = 0. Now observe
that a; and a; are mutually distinct for all j,j’ € [e], j # j’. Indeed, if they were equal then this
would imply that R; = R;/. Hence, supp(a;) # 0 for any j # j,. We note that n; = m,; for all
j # Jjo by the maximality of S. Hence, nj, = n—3_, . nj =n—3, ., m;j = m,, contradicting
our assumption. Hence, S # ().

Consider J := {j € [e] | supp(a;) = S}. For each j € J, consider the truncated vector &; :=
(ai; | ¢ € S). We note that &;, for j € J, all have positive entries and are mutually distinct. Lemma
4.1 in Grohe (2020b) implies that we can find a vector (with non-zero entries) § = (3; | ¢ € S) such
that the numbers éi? for j € J are mutually distinct as well. We next consider s = (s1,...,5Kk)

with s; = §; if i € S and s; = 0 otherwise. Then by definition of §, also a? for j € J are mutually
distinct.

We next note that for every p € N, al° = (a$)? and if we define A to be the |J| x |J|-matrix such

that A;; := a ® then this will be an invertible matrix (Vandermonde). We use this invertibility to
show that nj, = mj,.

Letny:=(n;|je€J)andm; = (m; | j € J). If we inspect the j'th entry of n; - A, then this is
equal to

./ -/ -/ -/
E njaj® = E njaj® — E njaj® — E njaj®.
jer j€le] j€le] jele)
S¢Zsupp(ay) SCsupp(a;)

We want to reduce the above expression to

., v -/
§ q) S — § o) S _ § : oJ's
n]aj = njaj n]aj .

jeJ j€lel J€le]
SCsupp(a;)

10
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To see that this holds, we Verify that when S ¢ su pp(a ;) then aﬁ,s = 0. Indeed, take an ¢ € S such

that ¢ ¢ supp(a;). Then, a7 'S contains the factor aJ % = 0% with s, = 3, # 0. Hence, agls =0.

Now, by the maximality of S, for all j with .S C supp(a;) we have n; = m; and thus

-/ -/
E a5 = E q) S
nja; - = mja; .

J€Ele] J€Ele]
SCsupp(a;) SCsupp(a;)

. . j/S . /
Since 3¢ nya) ° = 3o ¢ m;a) °, we thus also have that

i's _ i's
jed jeJ
Since this holds for all j* € J, we have ny - A = my - A and by the invertibility of A, ny = m.
In particular, since jo € J, nj, = mj, contradicting our assumption.

As a consequence, n; = m; for all j € [e] and thus we have our desired bijection.

It remains to verify that we only need a finite number of F-pattern trees to conclude that n; = m;
for all j € [e]. In fact, the above proof indicates that we just need to check test for each root label a,
we need to check identities for the finite number of pattern trees used to define the matrix A.

Proof of equivalence 2 This equivalence is shown just like proof of Theorem 4.4. in Grohe (2020a).
in Grohe (2020b).

[=] We first show that G *(;13) .0,)-we H implies hom,, (T, G) = hom,, (T, H) for unrooted
(P, Q)-pattern trees 1" of depth at most d.

Assume that Vx NVy = () for X,Y € {G,H}. Forz € Vx and y € Vi, define z ~4 y if and only
if hom(T", X*) = hom(T",Y?) for all F-pattern trees 7" of depth at most d. Let Ry, ..., R, be
the ~4-equivalence classes and for each j € [e], let p; := |R; N V5| and ¢; := |R; N Vp|. Suppose
that G zg_)v\,L H. This implies that p; = g; for every j € [e].

Let T be an unrooted (P, Q)-pattern tree of depth at most d, let r be any vertex on the backbone
of T, and let T" be the rooted (P, Q)-pattern tree obtained from 7" by declaring r as its root. By
definition, for X € {G,H}, any x € Vx N R;, homy, ,(T", X*) are all the same number, only
dependent on j € [e]. Hence,

hom, (T, G) = Z hom,, ,(T", G") Z pjhom, (T, G*7)

veV(G) j€le]
= Z gjhomy, (T", H"7) = Z homy, (7", H") = homy, (T, H),
j€Ele] weV (H)

where v; and w; are arbitrary vertices in 2; N Viz and R; N Vg, respectively, and where we used
that homy, (7", G"7) = hom,, ,(T", H"3) and p; = g;. Since this holds for any unrooted (P, Q)-
pattern tree 7" of depth at most d, we have shown the desired implication.

We next check the other direction. That is, we assume that hom, (7', G) = hom,, (T, H)

holds for any unrooted (P, Q)-pattern tree T' of depth at most d and verify that G EE%, Q)WL H.

For x ~4 y to hold for x € Vx,y € Vy and X,Y € {G, H}, we earlier showed that this
corresponds to checking whether hom,, (77", X*) = hom, (T, Y?) for a finite number K
rooted (P, Q)-pattern trees T, *. By definition of the R;’s, a;; := homy, (7}, X*) for x € R; is
well-defined (independent of the choice of X € {G, H} x € Vx). For the rooted T} "’s we denote
by T; its unrooted version. Similarly as before,

hom,, (15, G) = Z ai;pj = Z ai;q; = homy, (T}, H).

J€le] J€le]

11
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Figure 1: A circular skip graph with 7 nodes and skip length 2

We next show that p; = ¢; for j € [e]. In fact, this is shown in precisely the same way as in our
previous characterisation and based on Lemma 4.2 in Grohe (2020b). That is, we again consider
trees obtained by joining copies of the T}’s, to obtain, for compatible s € N,

D api = ) aijg;
€l

JEle] JEle]

It now suffices to repeat the same argument as before (details omitted). O

A.2 DETAILED COMPARISONS OF DIFFERENT APPROACHES

Before introducing the examples substantiating the comparisons between different extensions of
MPNN models , we briefly define the Circular Skip Graphs. This is a graph consisting of n nodes
forming a cycle and additional edges making ’skip connections’ between nodes divided by k steps
in the cycle. As an example, see the graph CSL(7,2) in figure 1.

The computed numbers of homomorphism and subgraph isomorphisms in the propositions of this
section can be verified by self implemented code (available in ?).

We will use the notation C'l; > Cl, to denote that an instance from class C'l; of MPNNs is able to
distinguish a pair of vertices that any instance of class C'ls will not be able to distinguish.

At first, we prove that neither homomorphism or subgraph isomorphism counts of the same pattern
set result in a strictly stronger model.

Proposition 4. There exist vertices vy and vs in graphs G and H and a pattern set P such that vy
and vy that can not be distinguished by (Psyp, 0)-MPNNs but are distinguishable by some (Phom, 0)-
MPNN, as well as the other way around.

Proof. While such graphs are 4-regular graphs, CSL graphs of the same size but with mutually prime
skip connection numbers %k are not isomorphic. These graphs can be used to test the expressive
power of GNN models (as in Dwivedi et al. (2020)), as every pair of CSL graphs with a fixed
number of nodes is WL-indistinguishable. Moreover, any pair of vertices in such graphs are also
WL-indistinguishable.

1. (Phom, 0)-MPNN > (Psyp, #)-MPNNs
Consider the graph G = C3 U C3 U C3 U C3 U Cs and H = C5 U C5 U Cs. For any
vertex v in G and w in H: sub(C§,G") = sub(C§,G?) = 0, which means that those
two are indistinguishable by ({C }sub, #)-MPNNs. However: hom(C{, GY) = 22 # 20 =

3https://github.com/AnonSubmits/ICLRWorkshop2022

12
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hom(Cg, H"), which means that a ({Cf }hom, #)-MPNN exists that can distinguish those
vertices.

. (Peup, #)-MPNN > (Phom, #)-MPNNs

Consider the graph G = CSL(7,2)UCSL(7,2) and H = CSL(14, 2). For any vertex vin G
and any vertex w in H, hom(C§, G¥) = hom(C§, H") but sub(C§, G¥) # sub(C§, H™).
This means that these vertices are indistinguishable by ({C1¢ }hom, #)-MPNNs but not by
({Olo}suba @)-MPNNS

O

Theorem 5. 1. (0, Ps)-MPNNs are strictly stronger in distinguishing power than (Pg,()-

MPNN:s.

2. (Pg,Py)-MPN Ns are exactly as strong as (0, Py)-MPNNs

Proof.

1. We proof the first part of this proposition by demonstrating two things:

° (@,P¢)-MPNNS > (qu,@)-MPNNS
* Every pair of vertices undistinguishable by (0, P4)-MPNNs is indistinguishable by
(Pg,0)-MPNNs.

Consider the graph G and vertices v and w, illustrated in 2. The “inner circle” is a 7-
cycle with a skip link connection of length 2, the “outer circle” a 7-cycle with a skip link
connection of length 3. Node on corresponding position at the inside and the outside are
joined with an edge. The result is a 5-regular graph of 14 nodes which implies that if all
labels are identical no pair of vertices in this graph can be distinguished by the Weisfeiler-
Leman procedure within any number of rounds. A computational verification shows that
sub(Cy, G¥) = sub(Cy, G¥) = 20, we also observe that this means that sub(Cy, G*) = 20
for any vertex u in the graph as v and w are representatives of the two orbits of V(G)
induced by the action of the graph automorphism group. As a consequence, if P = C4
than v and w are indistinguishable by (Psyp, #)-M PN N s

On the other hand: if we consider the edges in v and w (depictioned in bold) and compute

the numbers sub(Cy, G**") and sub(Cy, H**') we get the multisets {4,4,5,5,2} and
{6,6,3,4,2}. This means that v and w are distinguishable by (f), Psub)-MPNN

We proof the general claim by induction. Specifically, we proof the following:

For any vertices v, w in the respective graphs G and H the following holds for all d € N

(d d—
(G,v) =( . (Hw) = (Gov) =(5 ) . (H,w)

We start with the base case d = 1

Suppose (G, v) = @)Pas) wi (H,w): this means that

(10, {0 Lowr) [ 0" € Na()}) = (L {{ Lurs L) | 0" € N (w) )

(1, s, Go(rr, 6 Niew) |0 € No) )
= (18, {0 GroPr7 ) ier) | 0 € Nu(w) )

where 10 and 19 denote the original labeling in the graph. It is immediately clear that this

implies
(I, (#O(P, G)iepp)) = (Lo, (#O(P H™))icp)

as

13
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Figure 2: (0, Py)-MPNNs are strictly stronger in distinguishing power than (Pg, §))-MPNNs

Vielpl: #O(PLGY) = Y #G(PTG)
v’ €Ng(v)

= N #e(PITLH) = #6(P] HY)

w’ ENg (w)

0
Hence, (G, v) E§77)¢,®)-WL (H,w)

In the inductive case we assume that (G, v) Egg—;};)_WL (H,w).

(d)
(0,Pg)-WL

Ng(v) and Ny (w) mapping every v’ to a 3(v’) such that (G, v’) EE?P@—WL (H, B(")).

This implies that (G,v) = (H,w) and the existence of a bijection /3 between

By the induction hypothesis this implies that (G,v) Egglv;)-WL (H,w) and

(G,v) EE?,;IQ;)_WL (H, 8(v") By the definition of the Weisfeiler-Leman procedure this

means that (G, v) EE% oywr (H,w).

2. Itis obvious that (P, P, )-WL distinguishes all pairs disitinguishable by (), P,)-WL. The
other direction is verified in exactly the same way as in the first part of this proposition.

O

A.3 DETAILS AND PROOF ON PATTERN-INDUCED NEIGHBORHOODS

In the classical Weisfeiler-Leman color refinement procedure, a node color in each next iteration
is determined by aggregating the neighbors’ colors from the previous round. In the main paper
we described and (P, Q,;)-MPNNs and the proof of theorem 2 introduced the corresponding color
refinement procedure. While these extensions add local information to the node and edge labels
information is still propagated along the edges of the graph. In both cases this results in the possi-
bility to detect (albeit extended with pattern “leaves”) tree-shaped structures. Suppose now that we
would be interested to propagate information not along edges, but between couples of nodes who

14
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appear together in a specific pattern. This kind of label propagation gives raise to a color refinement
procedure and corresponding message passing neural networks.

Li et al. (2021) combines the aggregation of features according to a classical MPNN updating rule
with a “motif-neighborhood”, which essentially comes down to the approach analyzed in this sec-
tion. They note that this enables the model to simultaneously learn global graph information and
local structural information pertaining to a particular nodes and to distill the necessary combination
of this two types of information by introducing an attention mechanism.

In this section we would like to determine what kind of graph structures such frameworks would be
able to detect. Let us firstly introduce the necessary concepts and notations to formalize this notion.

Let G = (V, E) be a graph and let P"°"2 be a two-rooted graph pattern. Suppose that a ¢-type
morphism is a type of graph morphisms such that (homomomorphisms and subgraph isomorphisms
are both examples of such types) for all pairs of vertices v, w in G the following sets have the same
cardinality:

#{f:V(P)=V(G)]| f(r1) =v,f(re) =wand f € &}

#{f: V(P) = V(G) | f(r1) = w,f(rz) = vand f € D}

where we denoted the set of all graph morphisms satisfying the conditions imposed by a ¢-type
by ®. We denote the cardinality of these sets by #¢(P™ "2, G') and the sets themselves with
(I)(Prlrg’ va)

For every v € V' we can construct a tree-shaped graph G,, 4 p of depth d in the following way:

1. The root vertex of G, 4, p is a vertex with the same label [, as v.

2. For all w € V with label [,, for which #¢(P"™ "2, G'") = k, an edge from the root vertex
to a new vertex with label [, is added k times.

3. Repeat the previous step for all vertices on the second level. This means computing all
numbers #¢(P">"2 G*#) = k and adding the corresponding number of edges from level
2 to level 3. An important remark here is that if a vertex already has an edge to a vertex
with label [, (i.e. the root vertex from step 1 has label [,,), only & — 1 vertices with label [,
are added on level 3.

4. Complete this tree in this way until the depth is d.

5. We define a mapping o : V(G ,4,p) — V(G) mapping a vertex in this tree to a vertex in
G with the same label.

The previous construction and the presence of identyfying labels in G ensures us that for all vertices
with label [,, in any G, q,p (independent of the choice of v) «,, (u) will always be the same vertex
in V (G). This is why we will denote this mapping by « in the proofs.

This can be seen as an unfolding of this graph according to the neighborhood structure implied
by the common appearance of vertices in patterns P inside the graph G. The introduction of the
morphism type ¢ allows us to prove a general result, independent of the type of pattern counts used
to define the neighborhoods.

Example 6. Consider the following couple G and P"™ " in figure 3. Applying the steps described
above results in the tree G, 2 p

Letnow 71" be some rooted, directed tree and P> a two-rooted symmetric

graph pattern as before. The associated graph T, is constructed by replacing Figure 4: Example
every edge with a subgraph of the same shape as P, ,. Consider the fol-  of 7%

lowing couple 7" = /-2 and P™"2 = . Applying the steps described

above results in the following graph 77 illustrated in figure 4. We call this

kind of graph a P-tree and define a notion corresponding type of graph map-

ping:

Definition 7. A ¢-homomorphims from a rooted P-tree 7', to a rooted graph

G" is a mapping f : V(Tp) — V(G) such that f(r) = v and that the

15
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Figure 3: An example of G, 4, p

restriction f | p is a ¢-type morphism on every subgraph of shape P con-

necting nodes on the “virtual backbone” of T5. We denote the number of

such ¢-homomorphisms with ¢ — hom (75, GV) and remark that it bears the same properties as the
(¢, ¥)-homomorphisms from the previous sections of this paper.

Lemma 8. For any vertex t on the "virtual backbone” of a P-tree Tp the number of p—hom(Tp, G)
can be factores into a product as:
6 — hom(Th, G*) = 6 — hom(T}, ,G") - & — hom(T}, , G*)

where Ty, and Ts,, are the two P-trees obtained by cutting Tp at t.

Proof. This holds because the definition of a ¢-homomorphism of a P-tree imposes no conditions on
the images of different P-shaped parts of the tree: i.e. the number of mappings ¢ — hom(77,,, G")
and ¢ — hom (T3 ,, G*) do not depend on each other. O

These constructions bear the following usefull property. Suppose that we use this new notion of
neighborhood to define a color refinement procedure, called the P-WL-procedure, in the following
way:

(0)
XP,G,'U .

(xc(v))

Xg)c:,v : HASH(Xg‘EifGlﬂ)J, {{XSS;}L | u = h(rz) for some h € ®(P"", Gv,w)}}), ford > 0.

We will denote equivalence according to this color refinement procedure after d steps by N% and
equivalence after d steps of the “classical” WL (A.1) by =%. The following proposition shows that
performing this color refinement procedure on the original graph is the same as the “classical” WL
on the tree graph G, 4 p.

Proposition 9. For any two graphs G, H and vertices v € G and w € H the following equivalence
holds:
vEGNdeEH@verd,pEdweHw,d,p

Proof. The essence of the proof comes down to the fact that in both color refinement schemes, WL
(see equation A.1) in the original graphs and P-WL in the unfoldings, the (multi)sets of neighbors
have a one-to-one correspondence and have the same multisets of labels. To make this work techni-
cally, we introduce some definitions and assume that G and H have some unique node identifiers.

16
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The construction of G, 4 p establishes an important correspondence between two “neighborhood
sets”. On one hand we have a multiset of vertices of G, the so-called P-neighborhood of a vertex v:

Na.p() = {{h(rs) € V(G) | h € (P, G")}}
On the other, the neighbors of any non-leaf vertex with label [, in the tree G, 4, p.

To use these correspondences in out proofs we define a mapping «,, from the vertices of G, 4, p to
G. By using the unique node identifiers (labels) in G, the following is a well defined function:

V(Gy,d’p) — V(G)
x with label [, — v with label [,

Moreover, the remark in the third step of the constructions ensures that this correspondence holds
no matter which vertex was chosen to be the root of the "unfolding” of GG. In other words a non-leaf
vertex with some label [, has exactly the same neighbors in G, 4 p for all u € V(G). We also
note that o, can be denoted as « as it only depends on the vertex label and hence well-defined and
independent of v . We can observe the following things about any vertex u € G-

NG, . ()] = [{{aWe, . » ()} = [{{Ne.p(e(u))} ]
Moreover: {{a(Neg, , »(u))}} = {{Ne p(a(u))}}

Exactly the same constructions are defined for H and its vertices and we define the mappings by «
for readibility.

We proof the proposition by induction on the depth d.

Our induction hypothesis is twofold:

LoeGr b l'weHeveGuap="we Hyap

2. afz) € G N‘Iifl a(y) & » =1 y. Where z € Gy, ap andy € Hy, 4 p and the
statement is independent of the chosen u; € G,us € H

By definition of G, 4, p and H, 4 p and the remarks about «, it is clear that the base case d = 1 is
trivial.

Suppose now that v € G Nﬁlj w € H, this means that:

v € G ~%y, w € H and 3 bijection f :{{Ng p(v)}} = {{Nu.p(w)}}
such that u ~51 f(u)(Vu € Ng.p)

v € Gyap="""we H,qpand I bijection g : {{Ne, ,,©)}} = {{Nn, ., (w)}}
such that a(z) ~% ' a(g(x))(Va € Ng, . »(v))

v € Gyap =-1ye H,, 4.p and 3 bijection g : {{Ngv‘dwp(v)}} = {Nu, 0 p(w)}}

such that z =471 g(x)
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From the definition of G, 4, p, it is clear that performing this iterative color refinement procedure
on some vertex v in the original graph G is the same as performing the classical Weisfeiler-Leman
on G q,p. The neighbors of v in this graph are exactly those whose labels would be hashed when
performing the P-WL procedure on G.

Proposition 10. Given a tree T" of depth d, a graph G = (V, E), a pattern P™ "2 and a vertex
v € V and using the constructions of G, 4. p and Ty, described above. The following homomorphism

numbers are equal:
¢ —hom(Th,G") = hom(T™, GZ,d,P)

Proof. Suppose that the root r of 7" has children ¢y, . . ., ¢;,. Every one of these is the root of a tree
Tf" of depth < d — 1. We denote the tree that is obtained by attaching r to 7" by T, . All of
these trees have maximal depth d. These trees give raise to the P-trees Tfpc Now we have:

hom (17, Gy 4.p) = [ [ hom(Z7*, G} 4 p)

i=1

_ H Z hom(7*, Z:d,P)

i=1 1)’6/\/@1/@’13 (v)

=] > & hom@p, Go)
=1 UIENGv,d,P (v)

m

= H Z ¢ — hom(T77%p, Ghr2))

=1 heg(Prir2,Gvr)

=1 > #eéP™",G"")¢— hom(Tf4, G*)

i=1weV(Q)
=[[¢ - hom(z", GY)
i=1

— 6 — hom(Tp, G")
Where we used the lemma about factorizing the number of ¢-homomorphisms of P-trees and the

bijection between the neighborhoods in G and G, 4, p established in the proof of the previous propo-
sition.

Another proposition reformulates results of Grohe (2020a) and Krebs & Verbitsky (2015) for our
setting.

Lemma 11. Let T|*, T3? be two trees of depth d. The following implication holds
r =ty = T ~ Ty

Proof. We proof this statement by induction on d and note that the base case is trivial. Suppose

that 1, =4 ry < T7*. This is equivalent with 7y =d-1 p, & Ty and the existence of orderings

{x1,..., 21} and {y1,...,ys} respectively such that z; =9=1 y;. This last part implies that z; €
7y =d=1 4 € TQy)"’d_l. The induction hypotheses gives us that 77, | ~ 77, and T)") | ~
T1y7 ‘1~ Lemma 2.5 of Krebs & Verbitsky (2015) implies that we can conclude that Tl’ld ~ T272d O
Proposition 12. For any graphs G, H, symmetric pattern P and any tree of maximal depth d:

v € Gyap=twe Hyaqp e hom(P, v.a.p) =hom(T", HY; p)

Proof. This is shown by the following implications:
v € Guap="weHyap=Glyp Hyap=
hom(T", G} 4 p) = hom(T", H,'; p) = v € Gy a,p =l we Hya.p

The first implication is an application of the previous lemma, the second is obvious and the third
was shown by Grohe (2020a) as theorem 4.14. ]
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These 3 propositions and the lemma above allow us to formulate the following theorem:

Theorem 13. Tiwo vertices v and w in respective graphs G, H are indistinguishable by P-WL for
some pattern P™°"2 if and only if  —hom(T},G") = ¢ — hom(T}, HY) for every T}, obtained
by replacing the edges of a tree 'T}. by a graph pattern of shape P.

Proof.

veEG~bweH

)

v € Gpap=*we€Hyap

)

hOm(PT,GZ7d’P) - hOm(TT,H:j:d7P)

¥
¢ — hom(Th,G") = ¢ — hom(Tp, H")

O

When applying the theory above to characterize the distinguishing power of such models we im-
plicitly assume that a regular edge is also in the pattern set. This way, we always obtain a class of
MPNNs at least as strong as the the classic message-passing framework without additional pattern
information.

A.3.1 COMPARING PATTERN-INDUCED NEIGHBORHOODS TO EXTENSION BY ADDITIONAL
FEATURES

On an intuitive level, this approach bears some similarity with the edge features based on pattern
counts. In both cases, the additional information contains relative positions for couples of nodes in a
chosen set of patterns. However, in this framework the two roots of the pattern are not required to be
on one edge but can have all possible positions relative to each other. We denote this ’completion’
of a pattern set by P. E.g. if P = {IZ} than P = {FZXZ}. It is an open question whether this
results in a stronger class of models.

Proposition 14. If a pattern set P has only patterns in which the two roots are joined by an edge,
than the distinguishing power of P-MPNNGs is limited by (0, Phom)-MPNNs.

Proof. This can be demonstrated by induction in exactly the same way as in the proof of 3. O
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