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ABSTRACT

We consider composition problems of the form X"  F;(L > e Gi(2).
Composition optimization arises in many important machine learning applica-
tions: reinforcement learning, variance-aware learning, nonlinear embedding, and
many others. Both gradient descent and stochastic gradient descent are straight-
forward solution, but both require to compute + Z?zl G, (z) in each single it-
eration, which is inefficient-especially when n is large. Therefore, with the aim
of significantly reducing the query complexity of such problems, we designed a
stochastically controlled compositional gradient algorithm that incorporates two
kinds of variance reduction techniques, and works in both strongly convex and
non-convex settings. The strategy is also accompanied by a mini-batch version
of the proposed method that improves query complexity with respect to the size
of the mini-batch. Comprehensive experiments demonstrate the superiority of the
proposed method over existing methods.

1 INTRODUCTION

In this paper, we study the following composition minimization problem,

min {f(w) Y RGE)E Iy R (;chm)}, (L1

where f: RY — R is differentiable and possibly non-convex, each F;: RM — R is a smooth
function, each G;: RN — RM is a mapping function, both the numbers of F;’s and G;’s are
assumed to be n for simplicity We call G(z):= %Z?Zl G (x) the inner function, and F'(w):=
% >, F;(w) the outer function. Many machine learning problems can be cast as composition
problems that include two finite-sum structures: reinforcement learning (Sutton et al., 1998; Wang
etal., 2017; Liu et al., 2016), variance-averse learning (Lian et al., 2017), and nonlinear embedding

(Hinton & Roweis, 2003; Dikmen et al., 2015). In particular,

o (reinforcement learning) The S x S system of Bellman equations Wang et al. (2017)
can be written as min,cps |E[B]z — E[b]||?, where E[B] = I — yP™, v € (0,1) is a
discount factor, P™ is the transition probability under policy 7, and E[b] is the expected
state transition reward. This is one of key problems in reinforcement learning for evaluating
the value of a policy 7.

o (risk-averse learning) The risk-averse learning Lian et al. (2017) aims to maximize the
expected return while control the variance (or risk) in the meantime:

min, — E,[h(z;a)] + AVar,[h(zx; a)],

where h(x;a) is the loss function including a random variable a, A > 0 is a regularization
parameter.

e (nonlinear embedding) Stochastic nonlinear embedding Hinton & Roweis (2003) aims
to map a group of points from a high dimensional space to a low dimensional space by
minimizing the KL divergence. It is a non-convex composition optimization

. pi
min, ZKL(p_‘t I qe) == ZZpi‘tlog :I, (1.2)
t t i ¢

q;

where p;|; and g;}; are the conditional probabilities w.r.p. {2;};"; and {z;};-,,
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I d(z¢,2:) - d(z¢,q)
Pijt = S d(ze,2;) Lilt = S d@e,z;)

where d(-, -) is the dissimilar distance function between two samples.

To solve the composition optimization including the finite-sum structure in (1.1), two most straight-
forward approaches are the gradient descent (GD) and the stochastic gradient descent (SGD). How-
ever, it is extremely expensive to scan all the inner functions (for both SGD and GD) as well as all
the outer functions (for GD) in each iteration. However, note that, unlike solving common stochastic
optimization problems, randomly sampling one inner function and one outer function does not give
an unbiased estimate for the true gradient; that is, E; ) j~(n)[(0G; (2))TOF;(G(2))] # V[ (),

where G/(x)is the estimation of G/(x). The key to solving this composition objective is how to es-
timate the value of G(xy) and its Jacobian with high accuracy using only a few samples in each
iteration.

Recently, many stochastic optimization methods solving the composition problem have been devel-
oped, such as the stochastic gradient based method and the variance-reduction based method. For
example, stochastic compositional gradient descent (SCGD) (Wang et al., 2017; Liu et al., 2016)
estimates the inner function G(z) by using an iterative weighted average of the past values of G(x),
and then performs the stochastic quasi-gradient iteration. The advantage of this method is that con-
vergence rate does not depend on n; however, it queries more samples to the desired point. Another
set of approaches is based on variance reduction — for instance, compositional stochastic variance
reduction gradient (Compositional-SVRG) (Lian et al., 2017) estimates the inner function G(x) and
the gradient of function f(x) by using the variance reduction technique; however, the derived linear
convergence rate is related to n. Motivated by a few recent works (Lei & Jordan, 2017; Lei et al.,
2017; Allen-Zhu, 2017) that focus on the stochastically controlled gradient, we were inspired to look
for a way to improve the query complexity and reduce the dependence on n to solve the composition
optimization in (1.1).

Hence, this paper presents a novel and more efficient method named stochastically controlled com-
positional gradient (SCCG) for solving composition problems involving a two-finite-sum structure.
The result is improved query complexity over existing approaches. Further, all results in this paper
can be easily extended to cases where the number of F; and the number of G; are different. The
main contributions of this article are summarized below.

e We provide a stochastically controlled function to estimate the inner function G(z). In-
spired by stochastically controlled stochastic gradient (SCSG) (Lei & Jordan, 2017) that
estimates the gradient, G(z) can also be estimated by using a snapshot Z, in which G(Z;)
is not computed directly, but is estimated through a random subset from [n]. This is the
first time that a stochastically controlled function has been incorporated into the process
of estimating the inner function. We have also analyzed how the size of the subset might
influence the query complexity for both strongly convex and non-convex functions.

e We provide a stochastically controlled compositional gradient to estimate the V f (z). How-
ever, there are two potential situations that could be encountered in the estimation process
that can impede convergence. First, the expectation of the gradient is no longer an un-
biased estimation; and, second, the gradient of f(Z) at the snapshot is formed by two
random subsets, which are used for the functions F; and G; respectively. Moreover, the
biased gradient bring more difficulty in proving the convergence, which are greatly differ-
ent from those encountered in (Lei & Jordan, 2017; Lian et al., 2017; Lei et al., 2017). To
address these scenarios, we have identified a bound on the size of the subsets that are used
to estimate the gradient. The details of the analysis can be referred to Section 3.1 and 3.2.

e A mini-batch version of the proposed algorithm is also provided for both strongly convex
and non-convex functions. The corresponding query complexities are improved according
to the size of the mini-batch. More information can be referred to Section 3.3.

1.1 RESULTS

Following the classical benchmark for a general problem, the composition algorithm is also to find
a point x satisfying f(xz) — f(z*) < e for a convex function, where 2* is the optimal point in the
strongly convex function, and ||V f(z)||? < e for a non-convex function, respectively. The elegance
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Algorithm Strongly Convex Non-convex
SCGD (Wang et al., 2017) O(1/E77) O(1/eh
Acc-SCGD (Wang et al., 2017) O(1/e2/%) O(1/€7/2)
ASC-PG (Liu et al., 2016) O(1/S77) O(1/7%)
SC-SVRG (Liu et al., 2017b) 0 ((n + 12 /,f*) log (1 /e)) O(n*5 Je)
mini-batch VRSC-PG (Huo et al., 2018) 0 ((n + 12 /,ﬁ) log (1 /e)) O3 Je)
mini-batch C-SAGA (Yuan et al., 2019) @] (n + L?//ﬁ) log (1/6)) O(n?3/e)
SCCG @) ((min {n,eu%} + %min {n, “%}) log(l/e)) O(min{ 591/5’ ”45/5 b

. . . 2 . LT . . n2/3

mini-batch SCCG (b=i,m1n {n,1} 5) o ((mm {m Eﬂ%} + Tfmln {n, % }) log (1/6)) O(min{ 601/3 ,=1)

Table 1: Comparison of the query complexity with different algorithms. Note: ;1 and L are defined
in the Preliminary Section. b is the size of the mini-batch.

of a composition algorithm is evaluated based on its query complexity, defined as the number of
queries in a given sampling oracle that are needed to compute the gradient. Here, we give the query
complexities of the composition problem in Table 1, which offers an insightful comparison to other
algorithms.

Strongly convex function The query complexity for the strongly convex function is
O((min{n, 1/(eu?)} —|—L§p/,u2min.{n, 1/12})log(1/€)). The result is the gen.era! forrp for the
strongly convex composition and is equal to or better than the query complexity in (Lian et al.,
2017) and (Liu et al., 2017a).

Non-convex function The query complexity is O(min{1/¢%/5 n*/®/e}), which is better than the
result in (Liu et al., 2016) and comparable to the result in (Liu et al., 2017b).

Mini-batch ! For the mini-batch version, the query complexity can be improved to some extent, that
is O((min{n, 1/(eu?)} + L?c/(b/ﬂ)min{n7 1/u?})log(1/€)). and O(min{1/e%/> n*/5/e} /b/5)
for strongly convex and non-convex functions, respectively, which are better than mini-batch vari-
ance reduced stochastic compositional proximal gradient method (VRSC-PG) (Huo et al., 2018) and
mini-batch Composite SAGA (C-SAGA) (Yuan et al., 2019) when b=1/y and min {n, 1/€}?/3 for
strongly convex and non-convex functions, respectively.

1.2 RELATED WORK

As the amount of data we have at our disposal grows, stochastic optimization has become a pop-
ular technique in the realm of machine and deep learning, particularly for optimizing finite-sum
functions. The typical algorithms for solving such problems include stochastic gradient descent
(Ghadimi & Lan, 2016), SVRG (Johnson & Zhang, 2013; Reddi et al., 2016), stochastic dual co-
ordinate ascent (SDCA) (Shalev-Shwartz & Zhang, 2014; 2013) and the accelerated Nesterov’s
method (Nesterov, 2013), accelerated randomized proximal coordinate (APCG) (Lin et al., 2014;
2015) and Katyusha method (Allen-Zhu, 2017). The standard procedure for optimizing a problem
with a finite-sum structure is to randomly select one or a block of components to estimate the gra-
dient. However, knowing that the estimated gradient usually has a large variance, the gradient of
the function is estimated from a snapshot to appropriately reduce the variance — in other words, the
procedure includes a variance reduction mechanism.

Composition optimization problems can also be solved with the above algorithms, but the two-
finite-sum structures in composition problems mean that when the gradient of the inner function is
estimated directly, the query complexity can substantially increase. Recently, Wang et al. (2017)
proposed a method based on first-order SCGD to overcome this issue where the variable and the
inner function are updated alternately in two steps. The method has a query complexity of O(e~7/2)
for a general function and (9(6_5/ 4) for a strongly convex function. Liu et al. (2016) employed Nes-

'b denotes the size of the mini-batch, can be obtained through the 5 < 1 from Theorem 1 and Theorem 2.
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terov’s method to accelerate the composition problem, reaching O(e~5/4) and O(e~9/%) for strongly
convex and non-convex functions, respectively. Ghadimi et al. (2018) proposed a nested averaged
stochastic approximation method to find an approximate stationary point within the problem, result-
ing in a sample complexity of O(1/¢2). However, these methods estimate the inner function using
an iterative weighted average of the past function.

The other stream of solutions focuses on variance reduction technology. For instance, Lian et al.
(2017) initially applied the SVRG-based method to estimate the inner function G(x) and the gradi-
ent of the function f(x), which yields a linear convergence rate. Subsequently, Liu et al. (2017a) and
Devraj & Chen (2019) applied a dual-based method to composition problem, which also yields a lin-
ear convergence rate. Devraj & Chen (2019) also applied the stochastic variance reduced primal-dual
algorithms to composition problem. Yu & Huang (2017) turned to an ADMM-based Boyd (2011)
method and provided an analysis of convex functions that do not rely on Lipschitz smoothness.
Moreover, Liu et al. (2017b) went a step further and considered non-convex functions, analyzing the
query complexity with both inner and outer functions of different sizes. Lin et al. (2018) considered
non-smooth convex composition functions, offering an incremental first-order oracle complexity
analysis. Zhang & Xiao (2019) and Huo et al. (2018) also provided an randomized incremental
gradient method for the composition problem including regularization.

Many recent articles have discussed variance reduction methods that estimate the gradient from a
random subset rather than through direct computation. Lei & Jordan (2017), for example, proposed
an SCSG method for a convex finite-sum function. They then applied it to a non-convex problem
in (Lei et al., 2017) by using less than a single pass to compute the gradient at the snapshot point.
Furthermore, Allen-Zhu (2017) proposed the Natashal.5 algorithm, in which the gradient for each
epoch is based on a random subset. Moreover, the objective function has the regularization term.
Liu et al. (2018) applied an SCSG based method to the zeroth-order optimization problems with the
finite-sum function. Recently, Yuan et al. (2019) applied the stochastic recursive gradient descent
method to the composition problem.

The rest of paper is organized as follows: in Section 2, we give preliminaries used for analyzing
the proposed algorithm. Section 3 presents the SCSG-based method for the strongly convex and
non-convex composition problem and the corresponding mini-batch version. In Section 4, we give
the experimental results. We conclude our paper in Section 5.

2 PRELIMINARIES

Throughout this paper, we use the Euclidean norm denoted byﬂ || We use i € [n] to denote that
i is generated from [n] = {1,2,...,n}. We denote by (0G(z ) the full gradient of the
function f, 0G(z) the Jacobian of G, and (0G;(x))TVF; (G( )) as the stochastlc gradient of the
function f, where ¢ and j are randomly and independently selected from [n]. We use A = |.A| to
denote the number of elements in the set A, and define G4(z) = + > i<j<a Gapy)(x). We use

E to denote the expectation, that is E4[v] = % >, ;- 4 v.aj;. Note that all the variables such as

subsets A and B, elements ¢ and j are independently selected from [n], in particular, the element
in A and B are independent. So we use E in instead of E;, E; ,E 4 and Ez except when explicitly
stated otherwise. Recall definitions on Lipschitz function, smooth function and strongly convex.

Definition 1. For function p on X, Vx,y € X, A function p is a By-Lipschitz, that is
lp(z) —p(y)ll < Bpllz—yll; A function p is a Ly-smooth, that is ||Vp(z)— Vp(y)| <

Lyllz —y (y) = p(@)+{p (@), y—z)+u/2]z - y|.

Through our discussions, we make the following assumptions,

Assumption 1. Let Bg, Lr and Ly be positive scalars, 2
o G, is Bg-Lipschitz, j € [n), thatis |G;(z) — G;(y)|| < Ballz — |-
e F;is Lp-smooth, i € [n), that is ||V F;(z) — VF;(y)|| < Lr|lz — y||.

’In the strongly convex composition problem, the upper bounded Jacobian does not imply that the gradient
of f(x) is upper bounded since we do not require the gradient of F; is upper bounded. Moreover, in the
experimental section, we will show that the Jacobian of G(x) is bounded.
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e For function F;(G(x)), there exists a constant Ly satisfying ||(0G;(z))TVF;(G(x)) —
(0G;())TVE(GW)Il < Lyllz -yl Vi, j € [n].

o We assume that i and j are independently and randomly selected from [n], = € RM z €
RYN, then E[(0G,(z)) TV Fi(2)] = (0G(x))TVF(z).

Furthermore, we define H; and H, are the upper bounds on the variance of G(z) and
(0G(x)) TV F(y), respectively, that is,

L2 16() - G < i X 3 [|06@)TVE) - (06,() VEW)| < Ha.

|=

In the paper, we denote by xj, the k-th inner iteration at s-th epoch. But in each epoch analysis, we
drop the superscript s and denote by xj, for x7. We let x* be the optimal solution of the convex
f(z). Throughout the convergence analysis, we use O(+) notation to avoid many constants, such as
Bg, Lr, and Ly, that are irrelevant with the convergence rate.

3 STOCHASTICALLY CONTROLLED COMPOSITIONAL GRADIENT

In this section, we present the variance-reduction based method for the composition problem, which
can be used for both the strongly convex function and non-convex function. Before describing the
proposed algorithm, we recall the original SVRG (Johnson & Zhang, 2013). The general process
of SVRG works as follows. The update process is divided into S epochs, and each of the epoch
consists of K iterations. At the beginning of each epoch, SVRG defines a snapshot vector 4, and
then compute the full gradient V f(Z;). In the inner iteration of the current epoch, SVRG defines
the estimated gradient by randomly selecting 75 from [n] at the k-th iteration,

(0G(21)) TV EF;, (G(zx)) — (0G(E5)) TV Fi, (G(Es)) + V f(Es)- (B.D)

However, for the composition problem, there are also variance-reduction based methods in (Lian
et al., 2017; Liu et al., 2017a;b). The difference with SVRG is that there is another estimated
function for G(z), which also has the finite-sum structure. These methods define the estimated
function as

Gr = Galzr) — Galls) + G(7s), (3.2

where A is the mini-batch formed by randomly sampling from [n]. Whereas, as the number of the
inner function G; and the outer function F; increase, it is not reasonable to compute the full gradient
of f(z) and the full function G(x) directly for each epoch.

Extending from the SCSG (Lei et al., 2017; Lei & Jordan, 2017) and Natashal.5 (Allen-Zhu, 2017),
we present a new algorithm SCCG for the composition problem as shown in Algorithm 1. 3 We
introduce two subsets D; and D, which are independent with each other and randomly selected
from [n], respectively. We define D = D; UDs as a new variable, which is important in analyzing the
convergence. Firstly, D; is used for estimating the inner function. Based on the variance reduction
technique, the estimated inner function at k-th iteration of s-th epoch is

Gy = Ga(wr) — Ga(Zs) + Gp, (i), (3.3)

where the subset of A is the same as in (3.2). Note that A and D are independent with each other.
The difference with (3.2) is that the third term in (3.3) is computed under the subset D; rather than
[n]. Throughout the paper, we assume that |A| < |D;|. Secondly, D5 is used to estimate the outer
function F'. The key distinguish with (Lei et al., 2017; Lei & Jordan, 2017; Allen-Zhu, 2017) is
the biased full gradient of f(Z,). We define this estimated full gradient of f(Z) for each epoch as
V/ip(is) = (0Gp, (%)) TV Fp,(Gp, (is)). Though E4p[Vfp(Z.)] # V[(is), we could still
estimate the gradient of the f(x) by

Vi = (0G;, (z1))TVF;, (Gr) — (0G;, (s))VF;, (Gp, (&) + V fp(is), (3.4)

3The parameters’ setting can be referred to Theorem 1 and Theorem 2 for the strongly convex and non-
convex function, respectively.
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Algorithm 1 Stochastically Controlled Compositional Gradient (SCCG) for the strongly convex or
non-convex composition problem
Require: K, S,n, 2y and D = D; U Dy, where D; and D, are mini-batches.
fors=0,1,2,---,5 —1do
Sample from [n] for D times to form mini-batch D,
Sample from [n] for D times to form mini-batch Do
Vfp(Zs) = (0Gp, (%;)) "V Fp, (Gp, (¥5))
Ty = Ts
fork=0,1,2,--- ,K —1do
Sample from [n] to form mini-batch A
Gk = GA(CCk) - G.A(ijs) + GD1 (i'e)
Uniformly and randomly pick ij and jj from [n]
Compute the estimated gradient V f, from (3.4)
Tpy1 = 2k — NV fi
end for
Update Zs41 = T, Or Ts41 = @, r is randomly selected from [K — 1]
end for
Output: £ is uniformly and randomly chosen from s € {0, ..., S — 1} and k € {0, .., K — 1}.

where iy, and ji are randomly selected from [n] at the k-th iteration for functions F' and G, respec-
tively. Furthermore, E;; j, 4 p[V fx] # V f(x1) as well. This gives us more discussion about the
upper bound with respect to the estimated function and the gradient under the new random subset D
(more details can be referred to appendix).

3.1 SCCG FOR THE STRONGLY CONVEX CASE

In this subsection, we analyze the query complexity for the strongly convex composition problem
and show that our result is better or comparable to the previous methods. Furthermore, we discuss
the query complexity under different value with respect to n, 1z and €

Theorem 1. In Algorithm I, for the u-strongly convex problem, suppose Assumption 1 holds, let the
step size ism < u/(135L?), the subset size of A is A = min{n, 128 B4 L% /u?}, the subset size of
D, and Dy are both D = min {n, 5 (1GBéL%H1 + 4H2) /(4eu2)}, the number of the inner iter-
ation is K > 540L% /i, the number of outer iteration is S > 1/(log(£/p)) log(2E||Zg — x*||? /e).
Then, the query complexity is (D + KA) S = O ((min {n, E#} + % min {n, ﬁ}) log (l/e)) .
As can be seen from the above result, Theorem 1 presents the general query complexity under
different parameters ( the details of parameters’ setting can be referred to the Appendix.). Comparing
n with corresponding parameters, we analyze the query complexity separately. We remove the
parameters such as Bé, L%, H; and H,, and analyze the size with the order of 1/ uz. ‘We consider
three internals of n while the min value of the function in the above query complexity will take
different results:

o 1/u% < 1/(eu?) < n. When n is large enough such that we can obtain the query complex-
ity is O((1/(ep?) + L? /u*) log(1/€)). This result avoids the situation that computing the
full gradient of f(x) and the full function G(z) for the large-scale number of n. What’s
more, this result is better than Compositional-SVRG (Lian et al., 2017; Liu et al., 2017a).

o 1/u? < n < 1/(eu?). When n is smaller than 1/(eu?), the query complexity becomes
O((n + L} /u*)log(1/€)), which is the same as Compositional-SVRG (Lian et al., 2017).
However, we need to compute the full gradient of V f(Z;) as in (3.1). The estimation of
inner function G(z) is the same as in (Lian et al., 2017).

en < 1/u? < 1/(eu?). When n is the smallest one, the query complexity becomes
O((n + Ljn/u?)log(1/€)). The result has a similar form to SVRG (Johnson & Zhang,
2013). This also gives us an intuition that the inner function should be computed directly

rather than estimated if n is small.
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3.2 SCCG FOR THE NONCONVEX CASE

In the previous subsection, we showed convex SCCG converges to the optimal point with improved
query complexity. A natural question is whether the proposed algorithm can improve the perfor-
mance of the non-convex problem. We provide an affirmative answer. In this subsection, we present
the query complexity for the non-convex composition problem in term of stationarity gap ||V f (z)||%.

Theorem 2. In Algorithm 1, for non-convex function, suppose Assumption 1 holds, let the step size
is m = min{1/n?/° €?/°}, the size of the subset Dy and Dy are D = min {n,O(1/¢)}, the size
of subset Ais A = min {n, O (1/n)}, the number of inner iteration is K < O (1/n3/?), the total
number of iteration is T = O (1/ (en)), in order to obtain E[||V f(25)||?] < €, the query complexity
is O (min {1/€%°, n/>/e}) .

From the above result, we analyze the query complexity of the non-convex problem separately:
1) when n > 1/e, our query complexity becomes O(1/¢%/), which is independent on n. This
is better than the query complexity of the accelerated method in (Liu et al., 2016), in which the
query complexity does not depend on n as well. 2) when n < 1/¢, the query complexity becomes
O(n*/? J€), which is consistent with the result of (Liu et al., 2017b) in solving the problem (1.1).

3.3 MINI-BATCH VERSION OF SCCG

In this subsection, we present the mini-batch version of the proposed method in Algorithm 2 (in
appendix) and obtain the corresponding query complexities for both the strongly convex and the
non-convex functions, which provably benefit from mini-batching. As the process of the proof is
similar to that of Theorem 1 and Theorem 2, and the difference with Algorithm 1 is the computation
of the gradient of f(z) (the corresponding proof of bound is in appendix), we could directly present
the corresponding results for both the strongly convex and the non-convex problems.

Corollary 1. In Algorithm 2, for the pi-strongly convex problem, suppose Assumption 1 holds, let the

step sizen < bu/(135L?p), the number of the inner iteration is K > 540L?/(b,u2), in order to obtain
2

E||Zs — 2*| < € the query complexity is O ((min {n, eu%} + bLsz min {n, /%2}) log (1/6)) .

Corollary 2. In Algorithm 2, for the non-convex problem, suppose Assumption 1 holds, let the step

size ) = b¥5min{1/n?5 €2/5}, the number of the inner iteration is K < O (b'/2/(n*/?)), in

order to obtain E[||V f(23)||?] < e, the query complexity is (1/b'/°)O (min {1/€%/5,n*/ /e}).

From the above-given query complexity results for the strongly convex and non-convex problems,
we can see that both of their step size 1 and the number of inner iteration K are larger than the
corresponding ones in the non-mini-batch version. These two key parameters lead to the improved
query complexity for both strongly convex and non-convex functions.

4 EXPERIMENTS
In this section, we evaluate the performance of our proposed algorithm on the strongly convex and
non-convex functions, respectively.

SCCG for strongly convex function* To verify the effectiveness of the algorithm, we use the
mean-variance optimization in portfolio management’:

s

ming, cpa _% Z?:l <ri7x> + % Z?:1(<ri7x> - % <ri’ IE>)2,

=1

where 7; € RY i € [n] is the reward vector, and x € R” is the invested quantity. In the experi-

mental setting, we set n=3000, | A|~ n?/3, |D;| = 2400, 2600, 2800, which are denoted as SCCG
(2400), SCCG (2600) and SCCG (2800). The reward vectors are generated on Gaussian distribution

*Our aim is to compare our general variance-reduce based method with the stochastic composition gradient
method, and also to verify the proposed algorithm, thus we do not include SVRG-based method.
>This formulation is just used to verify our proposed algorithm. In appendix, we show the bounded Jacobian.
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Obje

Figure 1: Strongly convex: Comparison of the gap between the function value and the optimal value
among SCGD, ASC-PG and SCCG methods. Dataset (from left to right): condition numbers of the
covariance matrix are set Ko, =10, 30 and 50, respectively.

Norm of Gradient
Norm of Gradient

[—scab —scaD —sCcaD
—ASC-PG 107} [——ASC-PG 107} |[——ASC-PG
1072 | [——SCCG(400) ——SCCG(300) ——SCCG(800)
SCCG(600) SCCG(360) SCCG(1000)
— SCCG(800) —SCCG(380) —SCCG(1200)

Figure 2: Non-convex: Comparison of the norm of the gradient between SCGD, ASC-PG and
SCCG; Dataset (from left to right): mnist, olivettifaces and coil20.

with the condition number of its covariance matrix denoted by x..,,. Furthermore, we consider three
conditions numbers, £.,,=10, 30 and 50. We compare our algorithm with the stochastic gradient
based methods SCGD and accelerated stochastic method ASC-PG. Figure 1 shows the performance
of the gap between the value function and optimal value, we observe that our algorithm is better than
stochastic gradient methods, SCGD and ASC-PG.

SCCG for non-convex function For the non-convex function, we apply the proposed SCCG method
to the nonlinear embedding problem in (1.2). We consider the distance of low-dimension space
between x; and x; as 1/(1 + ||z; — x; %), 4,7 € [n]. Then, the problem can be formulated as the
problem in (1.1), in which the details can be referred to the appendix. We consider three datasets:
mnist, Olivetti faces and COIL-20 including different sample sizes and dimensions, 1000x 784,
400 x 4096 and 1440x 16384. Our experiment is to verify our proposed algorithm, thus we set
Dy = D, in default and choose three different sizes of sample set D1, which are smaller than n. For
example, for the case of mnist, we choose |D;| = 400, 600, 800, which are denoted as SCCG (400),
SCCG (600) and SCCG (800). Furthermore, we also set |A|~ n2/3, where n is the total number of
samples. Figure 2 shows the norm of the gradient, and Figure 3 (in appendix) shows the objection
value. We compare our algorithm with the stochastic gradient based method (SCGD and ASC-PG),
and observe that our proposed algorithm is better than SCGD and ASC-PG on both the norm of
the gradient and objective function. Additional experiments on reinforcement learning are given in
appendix.

5 CONCLUSION

In this paper, we propose the variance reduction based method for the strongly convex and non-
convex composition problems. We apply the stochastically controlled stochastic gradient to estimate
inner function G(z) and the gradient of f(x). The query complexity of our proposed algorithm is
better than or equal to the current methods on both strongly convex and non-convex functions.
Furthermore, we also present the corresponding mini-batch version of the proposed method, in
which the query complexities are improved as well. Experimental results also confirm that our
algorithm achieves better query complexity in a real-world problem.
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A TECHNICAL TOOL

For the subset A C [n], we present the following lemma that the variance of a random variable
decreases by a factor |A| if we choose |.A| independent elements from [n] and average them. The
proof process is trivial However, it is an important tool for analyzing the query complexity under the
different sizes of the subsets.

Lemma 1. Ifvq,...,v, € R? satisfy Z?:l v; =0, and Aisa non-empty, uniform random subset of
[n] and A = |A|, that is elements in A are uniformly selected from [n] without replacement, then

n
EAHAZbeAva % 2 [[vg]]2.

Furthermore, if elements in A are independently selected from [n] with replacement,, then

n
EAHAZbeA”bH % 2|\Ui|\2~

Proof. Based on the Z?Zl v; = 6 and permutation and combination,

For the case that A is a non-empty, uniformly random subset of [n], we have

2 ) CA L(
AHZbeAva =Ea {ZbeA ”va } cA il n—l Z%

n i#£j
A(A—1)

=A— Z HleQ m Zie[n] <Ui, Zi#j Uj>

- n A(A—1)

=42 il + W) e (o)

R X

1 n
AA<n)EY e,

where C'} refer to the number of the combination of n things taken A at a time without repetition.
Thus, we have

1 2
EAHAZbeAvb -

1 2 A I(A<n) 2
e R G

For the case that the element in A is randomly and independently selected from [n], we have

AHZbeA UbHQ :EA {ZbeA ||vb||2] * 2]EA [Zlgb<A <vb’ Zb<k§A vk>}
:B% Zj:l HviH2 +2EA [Zlgb«x <E [v] ’Zb<k§A Uk>}

— 1 " 12 2
=A=>  loill® + A4 -1 |ER)| (A1)
1 n 9
=A- 3 il
O

Based on Lemma 1, we can obtain the inequality with two-variables D; and D5, which are used for
the gradient of f(x).

11
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Lemma 2. If wy,...,w, € RM*N and vy, ...,v, € RM satisfy ( > i) wi)T(%zje[n] v;) =

1
w0, and D = [Dy, Dy is a non-empty, uniform random subset consist of Dy and Do, which are
independently and uniformly selected from [n), D = |D;| = | D2, then

1 T B 9
[D1[ D] <Zdlepl wdl) (Zd2€p2 Ud2> — WD
2
1 . L
ﬁ (Z[dlde]GD ((wdl) Ud2 —w 'U)>

I(D?<n?) 1 & T2
S%ﬁ Z | (wi)Tv; — oo

4,J=1

Ep

:ED

B BOUND ANALYSIS OF SCCG FOR THE COMPOSITION PROBLEM

B.1 BOUNDS ANALYSIS OF THE ESTIMATED FUNCTION AND THE GRADIENT

Here, we mainly give different kinds of bounds for the proposed algorithm, such as E 4 p, ||é’ E—
G(xi)||% Epl| B i [V i)l = Vf(zg)|? and Eiy j, 40|V fir. — V f(2x)||>. These bounds will be
used to analyze the convergence rate and query complexity. These bounds are all based on Assump-
tion 1. Parameters such as Bg, Br, Lg, Lr and L in the bound are all from these Assumptions.
We do not define the exact value of parameters such as h, A and D, which have a great influence on
the convergence but will be clearly defined in the query analysis. Our proposed bounds are similar
to that of (Lian et al., 2017; Liu et al., 2017a;b), but, the difference lies on that there is an extra
subset D, which shows an interesting phenomenon. That is when the subset D is equal to [n], the
corresponding bounds are the same as in (Lian et al., 2017; Liu et al., 2017a;b). However, it is the
independent subset D that gives more general query complexity result for the problem (1.1). The
following bounds are all used for the composition problem for both convex and non-convex prob-
lems based on the Lemma 1 and Lemma 2. For simplicity, we drop the superscript ix, jx, A and D
for the expectation with E in the proof.

Lemma 3. Suppose Assumption 1 holds, for Gy, defined in (3.3) with D = |D1| and A = | A|, we
have
I(D <n)

I(A<n)
A D

Eap, |Gy — Glzp)||> < 4 B2E|zy, — Zs)° + 6 H,.

Proof. By the definition of Gy in (3.3), we have
E||Gi — G(x)|* =E| Gk — Gp, (zx) + G, (vx) — G(xx) |

@ N

<2E||Gi — G, (x4)|* + 2E||Gp, (w1) — G(an)||”
(24H(A<n) I(D <n)
- A D

where (D follows from [|a; + az|[? < 2a? + 2a3; @ is based on Lemma 1 and the following
inequality: Through adding and subtracting the term G(zj) — G(Z5), we have

BEE|z), — & + 6 Hy,

E|Gr — Gp, (zx)|?
=E||Ga(z1) — Ga(@s) + Gp, (i) — Gp, (z1)||”
=E[|Ga(zr) — Ga(@s) — (G(zx) — G(is)) + (Glar) — G(&s)) + Gp, (&) — Gp, (w)|I”

QOB Ga(x) — Ga(Es) — (Glax) — CE))| + 2B G, () — G () — (G(Es) — Glan)) 2

O I(A<n N ~ -

2t A6, (2) — Gl P+ 2B G, (3) — Gl P+ 2E]| -G, (1) + Gl
® I(A (D

DA g, g+ aH 2= gy

12
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where (D) follows from ||a+b||> < 2a +2b?; @ is based on Lemma 1; @) follows from the bounded
function of GG and the upper bound of variance of GG. Note that A and zj, are independent; and D
and Z are independent. O

Lemma 4. Suppose Assumption 1 holds, for Gy defined in (3.3) and ka defined in (3.4) with

D = [D1, D5 and D = |Dy| = |D2|, we have
- I(A<n -
Bl Vi) - VH I <aB323 (1745 ) By - 2.7
I(D < n) I(D? < n?)
+82BG L= Hy + 4= M.

Proof. Through adding and subtracting the terms of
(0G (1)) TV F(G(ax)), (0Gp, (3,)) TV Fp, (G(F:)), (0G(7,)) TV F(G(E,)),

we have

EplE A iwie [Ve] = V(e
—E||(06 (@) TV F(Gx) — (06(@.))VE (G, (2.)) + Vfin(E2) ~ V()|
2AE|(96(@)) TV E(G) — (96(@)) TV E (@)

+4E[(0G(#,) TV (G(&,)) - (0G(@,)) TV F (G, (2,)|
+4B|[V /(@) — (0Gip, (2.)) 'V Fp, (G(&) |
+ 4[| (0Gp, (7)) 'V Fp, (G(35)) — (0G(3,)) VP (G(&,)||”

® N 2 5 B 5 5 I(D? < n?
2B 18]G - G| +4BLLEEIG(E,) - Gp, (3| +4BLLEE|G(E,) - G, (3| + 412 =)
® I(A< s I(D < [(D* < n?

<4BLL% (4(14")> Elzy — |° + 3233;@%}11 + 4%%,

where (D follows from ||a; + az + a3 + a4||* < 4a? + 4a3 + 4a3 + 4a?; @ is based on the
bounded Jacobian of G and the smoothness of F' in Assumption 1, and the upper bound of variance
in Lemma 2. (® is based on Lemma 3 and the upper bound of variance of G(x). Note that A and z,
are independent; and D and x4 are independent. O

Lemma 5. Suppose Assumption 1 holds, for Gy defined in (3.3) and ka defined in (3.4) with

D = [Dy1,Ds) and D = |D;| = | D3|, we have

D < n)
D

L? I (A < Tl) 2
+5BL L2 L +4 Ellzx — &>
F\ BLLZ A

_ I
Eiy oA Dl Vi = Vf (zi)||> <40BZLE (

Proof. Through adding and subtracting the term of (9G;(zk)) ' VE/(G(xk)),
(0G;(%5))"VE;(G(%5)), (0G(is))TVF(G(is)), (0Gp,(¥s))"VFp,(G(%s)) (Note that, D
and z, are independent), we have

BV fi = Vf (i)
=B (06, () TV E(Gr) ~ (96 (52)) TV F (G, () + ¥ o) = V(o)

%EH(5Gj(xk))TVFi(G(xk)) — (0G;(5:)TVE(G(3,)) — (Vf () — (0G () TVF(G(3)) ||

13
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+ 5B (906, (24)) TV E(G) — (96 (20) TV E(G )|

+ 5E|(9G;(2.)) TV Fi(G(3.)) — (9G;(3.)) 'V (G, (3))]||”
+ 5E|[V fp () — (0Gp, (2)) 'V Fp, (G(&) |

+ 5E||(9Gp, (&) TV P, (G(#,)) — (0G(&:)TVF(G(&,))||”

@ A 2
<SL3E|ax — | + 5BELEE| Gy — Glaw)|| +5BALEIG(,) — G, ()

_ - 2 ]I(D2 < n2)
+ 5B L2E|G(Z,) — Gp, (&) + b=y 2
® .., L3  I(Ad<n) -2 2 2 (D <n) I(D? < n?)
<5BLL% (BéL% +a——— | Elley = &|" +40BG Ly ——F— H + 5——p5— Ha,

where (D follows from ||a; + ag + a3 + a4 + as||> < 5a? + 5a3 + 5a3 + 5aj + 5aZ; @ is based
on E[|| X — E[X]||?] = E[X?2 — |E[X]||?] < E[X?], the smoothness of F}, the bounded Jacobian of
G(z) and the smoothness of F' in Assumption 1, and the upper bound of the variance. @) is based
on Lemma 3. O

As can be seen from the above results directly, when A and D increase, the upper bounds are close
to the bounds in (Lian et al., 2017; Liu et al., 2017a;b). Though there are extra terms with respect to
A and D, they give us another direction for analyzing the convergence rate and query complexity.
The convergence rate not only depends on the convergence sequence, but also the terms including
the event function I. Thus, we can obtain the lower bound range of A and D that is related to e.
Furthermore, this lemma can be applied to analyze the convergence rate and query complexity of
the convex and non-convex composition problem.

C PRrOOF OF SCCG METHOD FOR COMPOSITION PROBLEM

C.1 PROOF OF SCCG METHOD FOR STRONGLY CONVEX COMPOSITION PROBLEM

In this section, we analyze the proposed algorithm for the strongly convex composition problem. We
first present the convergence of the proposed algorithm and then give the query complexity. Though
the proof is similar to that of (Lian et al., 2017) and (Xiao & Zhang, 2014), we present a more
clear and simple process as there is an extra term derived from the subset D. In order to ensure the
convergence of the proposed algorithm, we obtain the desired parameters’ setting, such as A, D, K,
1 and h. Based on the setting, we can obtain the corresponding query complexity, which is better
than or equal to the SVRG-based method in (Lian et al., 2017) and (Liu et al., 2017a). This is in fact
that the event function I has an influence on the size of A and D.

C.1.1 CONVERGENCE ANALYSIS

Based on the strong convex and smoothness of the function of f(x), we provide the convergence
sequence, in which the parameters are not defined. But the sequences motivate us to consider the
parameters’ setting such that lead to the desired convergence rate. Note that, D and =4 are indepen-
dent.

Theorem 3. Suppose Assumption 1 holds, in Algorithm 1, let h > 0,7 > 0, A= |A|, D = |D;| =
|Ds|, K is the number of the inner iteration, x* is the optimal point, we have
- - « 1—p9
E|l#s —a*||° < p°Ell#o —a*|)* + 22—,
1 1=p
where p = (% + p2)/p1. p2 and p3 defined (V, V; are defined in (C.4) and (C.5).)
1
p1 = (2u —h— 4VE — (127 +10V) 77) n, (C.1)
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1
P2 =2 <2vh +5(LF+V) n) n, (C.2)
1 4
ps =5V + 202V, (C.3)

Proof. By the update of x; in Algorithm 1, we have
Eleg s —z*||”

. 2
=E||zr — £L'*||2 — 2nE(V f,xp, — ™) + anHkaH

—Bllri — 2°|1* — 20B(V f(ex) + By [Vi] ~ VFGon), e — ) + ]|V

=EBljox — o*|* — 20B(Vf(21), 04 — 2*) = 2Bz [VFi] = VI (ar), 2 - o)

~ 2
+1PE||V i+ V() = V)|
@ *112 %112 1 r3 2 %112
<l — |2 — 2mpex — 2| + 2 E|[Eais [VA] - @0 + Bl — 27|
~ 2
w2 (EIV S + B[V - 91| )
* 12 * 12 1 rs 2
—E|la. — a*|° — 2np — ) Ellzi — 2P + 07 BBy [VA] - V5@
~ 2
w2 (BIVf(o0) - V1) + B[V - Vs )
@ 1 -
<Ellar — 2*|* = (20 — hn) Ellzi, = 2*|* +mo- (4V o — 2] + V2
+ 202 (L3Efla — "I +5 (L3 + V) e — &l + V4
1
=E|zi, — 2*|* — (2u —h =4V — (1213 + 10V) 77) nE|zi, — x*|?

1 1
+2 (QVh +5(L7+V) n) nE||&s — z*||* + UCRS 202V,

where
V =B L% <4]I(AA<”)> , (C.4)
Vi :4OB§,L%MH1 + 5H(D2D7<2"2)HQ, (C.5)
Vs :32B§,L%WH1 + 411(1)21)7?”‘2)112 = gvl, (C.6)

@ is based on ||a; + az||* < 2a} + 2a3 and (a1, a2) < hlla1|]* + +|laz|[*,h > 0; @ is based on
strongly-convex of f in Assumption 1, and Lemma 4, 5.

Summing up from kK = 0to k = K — 1, we have

K-—1
Ellax — "> < Ellzo — 2" |* = p1 Y Ellag — 2" | + Kpo || — 2| + Kps,
k=0

where

1
p1 = <2u —h— 4V — (12L} + 10V) n) m,

1
po =2 (zvh +5(L5+V) n) n,
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1
03 :EUVQ + 2%V
For zy = Z4, by arranging, we have
2
|

~ * 1 * ~ * 1 *
prE|Eor1 — 2|2 SElleo — 2|2 + p2BllE, — 27 + ps — Ellox — 2|

1 -
<(F+m) Bl -+
we assume that p; > 0 in (C.1), then we can obtain

S
E|#s —a*|* <p*E| — 2°||* + Z—jzps
0

- 1-p°
<pSE|jio — 2*|? + B2 (C.7)

pr 1—p
where p = (% + p2)/p1, p2 and ps defined in (C.2) and (C.3), the last inequality is based on the
formula of geometric progression. O

Thus, if s converges to the optimal point *, we need to ensure that p < 1 and the second term
p3(1 — p%)/(p1(1 — p)) is less than €/2. Actually, if D = n, the second term is equal to zero, which
will be similar to the convergence results in (Lian et al., 2017) and (Liu et al., 2017a).

Proof of Theorem 1

Proof. In order to keep the proposed algorithm converge, we consider the parameters’ setting, we
first ensure that p; > 0in (C.1), and then define

1
= (= C.8
p= (5 +r2lpr, (C3)
that require p < 1, where po defined in (C.2). Thus, the convergence sequence is

S
1
- " 3 - 3
< Bl — ot + 225700 < o Bl — 7P S
s=0 1

EHjS —x*

We ensure Z—jﬁ < e, where p3 defined in (C.3), that we can derive the size of the D. In the
following we analyze the parameters’ setting such that satisfying the above requirement.

1. In order to ensure p; > 0 in (C.1), we consider the parameter h, 1 and A,

(a) h = p, consider p; in (C.1), we should require that i < p, however, V in (C.4) has the
relationship with A and D. In order to keep A small enough, we set the upper bound
of h. Thus, we set h = p.

(b) A = min {n, 1283§;L%M—12}, based on the setting of h, we require that V/h < 4.

Thus, we have
I(A<n I(A<n
V= ByLy (11451)) < 8BLIFIAR <
For V defined in (C.4), if A < n, we have
A> 128BéL2FM%,
otherwise, A = n satisfy the requirement. Thus, we have A
min {n 12832,@%}.

3p : 3u %H
() n < 5307 back to the target of p; > 0, we require that n < 5312 < 2074 0L <

3 —4iy 2u—h—4LVv e
IH [ _ H h
B+ T L34V 212 110(121V)" note that ¢ < Ly by the definition in
preliminaries.
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2. In order to ensure p < 1 in (C.8), we first consider p; and ps in (C.1) and (C.2). By the
setting of h = pand V' < 12 /16, we have,

3 101
p12<u—2L?n—(4 +10<Lf+16 )n>)772<4u—8L ) (C.9)

1 1 1 1 85
4 10 (L7 + —p® ) n* < ( <p+10( L} w? > ~p+ —L3
7716”+ <f+16“)77— gt 16 =gt g

(C.10)

1
Kp1

We require that p = + % < 1, and analyze the two terms separately,

(a) In order to ” 2 < =, that is

1 8512
p2 (zﬁ”r ?Lf”) U
0 s 101 <3
1 (zﬂ - TL?U) n
We getn < 135L2 .
(b) In order to Kipl < L thatis
1 1 1
< <
Kpr = 2Kp2 “akc (40410 (L3 + 502 m) m
< 1 < 1 < 1
_— _— 1 .
2K (%u + %L?n) n 2K (zpm) 2

2
Thus, we have K > 540%.
3. Consider the term pS E|| o — z*||? + £2 . we analyze them separately,

(a) In order to ensure Z—l % < %e, that is

P1

1 2 1
- = /’13 < f3 1 S1 P 1 Sﬁﬁfﬂ
pll_(Kp1+@) PPk —P2 PL—F —3PL 3PLTF 12

Based on the bound of p; in (C.9), the definition of V; in (C.5) and the step size n
mentioned above, we have

o

i. ForV
a2V ety ey (gt 20)
= 5 = = = > €
P R T TR T T
thus, we have
3 101 2
3 101 1 3 101 1 3, — 101 3 101
V<§€2<(Z—Tﬁ)€2<(z—Tﬁ>ﬂ it f135L? L
R . DMV 5 T2
5 T 135 51 13542 135L2 (@ +277)

ii. f D < mn, we can obtain D > %5 (20B&L%.H1 +5H,), other-
wise D = 0, the above inequality is correct. Thus, we obtain D =

min {n, (16BELEHy +4Hy) 12 }.

(b) In order to ensure pS E||Zo — z*||* < 1e, we need the number of the outer iterations

- w2
§> 1 log 2E||Zg — x| .
log (1/p) €
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All in all, we consider the query complexity based on above parameters’ setting. For each outer
iteration, there will be (D + K A) queries. Thus, the query complexity is

(D+KA)S=0 ((min {n 6;2} 4 izmin{n,;D 10g(1/€)> .

C.2 PROOF OF SCCG METHOD FOR NON-CONVEX COMPOSITION PROBLEM
C.2.1 RELATED BOUNDS

Lemma 6. Suppose Assumption 1 hold, in Algorithm 1, we can obtain the following new sequence
with respect to f(zy) and ||z — Zs||% let h > 0,1 > 0, A = | A| and D = |D;| = | Ds|, we have

E[f (@r41)] + crriBlorsr — )" < E[f (2)] + Bl — Z)” = wl|Vf (@)lI* + Ji,

where
I(A<n) I(D < n)
_n4dr2
W =B4L% (4 R , (C.11)
2
Ch =Chi1 (1 + (h + 4hW) n+10 (L7 + W) n2)
+2Wn +5(L% + W)Lsn?, (C.12)
1
Ul = ((2 — h0k+1> n— (Lf + 2Ck+1) 772> 5 (Cl3)
I(D<n I(D? < n?
W, =20B4 L% ( >H1 +5 ( E )HQ, (C.14)
1 4
Ji = (2 + hck+1> 5W177 + (Lf + 2¢k41) Wi (C.15)

Proof. Consider the upper bound of f(z441) and ||z, — Z||°, respectively,

e Base on the smoothness of f in Assumption 1 and take expectation with respective to iy, jx,
we have

Bij [f(@ri1)]
~ ~ 12
<E [f(s)] ~ nE(V(z2), Vi) + LBV |

=E [ (e2)] — B(Y (x), Vi — Vf () + V(@) + B[]
< ([ ()] 7E(V S (22, V() — (V). B [VFs] = VS Con)) + LBV fe — V) + 9|
<E(f(ee)] ~ BNV S (@) + SrBIVf @l + B[ Eass [V - V)|

+ 5ot (19 sl + 28] - Vi)

£ [7(00)] - BNVl + grE|Eass [V] - Vs + L2 (519 @0 + E|VF - Vs

2

)

1 1 ~ 2 -
(7] - (51— L2 ) BV + 308 Bass [VA] - Vs + LoPE|[Vh — 9160

where the last inequality is based on ||a; + az||? < 2a? + 2a3.
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e Base on the update of x in Algorithm 1 and take expectation with respective to iy, ji, we
have,

Eijllznin — %))
—E|jzx — &> — 20E(V fy, x1 — F) + nQIEHkaHQ
—E||zy, — s> — 20B(V fx — Vf (1) + Vf(ar), zk — Fs)] + n%avakHQ
=E|xy, — Zs||° — 20E(V f(z), 25 — &s)] — 2n(E [ka} — Vf(re), or — )]
||V = ) + V)|
R 2 5 22 2
<Ellzi — & + Wl V £ @) + bn[E [VFi] = V(@) + ZnElax — &

b <2E|Vf(xk)”2 + QEvak - Vf(xk)HQ)

2

)

2 ~ 2 ) ~ 2 .
= (1 + hn) Ellex — & + (hn + 27%) B[V £ (@) |* + miE|[E [V ] = Vi (@n)|| +2°E[| Vi = V()]

where the inequality is based on 2{ay, ba) <1/h||a1||*+h|az||?, Vh > 0, and ||a; +as||* <
2a? + 2a3.

Combine above equalities and Lemma 4, 5, we form a Lyapunov function,
E[f (241)] + o1 Elzrsr — 3]

(7)) (30— L ) 19001 + a8 [V] - Vs + 22| - Vs

+ e ((1 - in) Ellas 2 + (b + 20%) [V £ )| + hn|B [V ] VG| + 2029 - me)HQ)
17 o))+ eusn (14 50) Bl = 217 = (5 = exah ) 0= (L + 2000) 7 ) V£

_ 2 1 - 2
+ (L + 2n%crg) Hka - Vf(xk)H n <2n + hnckH) HE [ka} _ Vf(mk)H

<E[f(zx)] + cxEllwe — Zol|” — url|V (@) |* + T,

where

1
up, = <<2 - h0k+1> n—(Ly+2cky1) ﬂ2> ;

D < n) Hi o+ 5H(D2 < n?)

I
Wi :4OBgL2F( 5 Hr— H2;

4
Wa ZSWU
1
T = <2 + hck+1> Wan + (Ly + 2cx41) Win%;

W =BAL2 <4H (AA< ”)> :

2
Ch =Ch1 (1 + (h + 4hW) n+10 (L} + W) 772) +2Wn+5(L} + W)Lsn?*.

O

Based on the above inequality with respect to the sequence E[f (z4)] 4 cxE||lz), — Z4]|> and Algo-
rithm 1, we can obtain the convergence form in which the parameters are not clear defined.
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Theorem 4. In Algorithm 1, suppose Assumption 1 holds, we can obtain the following new sequence
with respect to f(x1,) and ||z — Zs||%. K is the number of inner iterations, S is the number of inner
iterations, we have

f(@o) — f(=")
KS
where &3, is the output point, Jo and ug are defined in (C.15) and (C.13).

woB[|[V f(23)|I*] < +Jo,

Proof. Based on the update for ¢ in (C.12), we can see that ¢, > cx41. As ¢ is a decreasing
sequence, we have ug < uy and Ji, < Jo. Then, we get

wE[|Vf (o)) < Elf ()] + cBlllzr — Zs)1%) = (E[f (zr41)] + crpaEllzasr — Zs]*) + Jo.

Sum from k =0to k = K — 1, we can get

15 E[f (20)] — (Elf (zx)] + exEl|zx — &%)
Z;wuwkam 0 KK KITE +Jo
< ]E[f(l”o)] ;{E[f(l"K)] +Jo.
Since xg = T, let Ts41 = T i, we obtain,
K-1 - -
Z UO]E va mk)” ] [f(xs)] _If[f(xs+1)] + JO-

Summing the outer iteration from s = 0 to S — 1, we have

S—-1 , K—1
1
wkE[[|V f(& =3 Z E Z uoB[[|V £ (23)[1%] + Jo
s=0 " k=0
E[f(Z)] — E[f(%s5)] fwo) = f(z¥)
< < ="
= KS ThET e
where z7 indicates the s-th outer iteration at k-th inner iteration, and £ is uniformly and randomly
chosen from s = {0, ..., S — 1} and k={0, .., K — 1}. O

C.2.2 CONVERGENCE ANALYSIS

Base on Algorithm 1, the analysis of convergence is based on the smoothness of f(x) and the
update of x under the Lyapunov function to form the convergence sequence. Theorem 1 shows that
our proposed algorithm can converge to the stationary point.

The convergence proof is similar to that of (Liu et al., 2017b; Reddi et al., 2016), however, our
algorithm considers the inexact computation of the gradient at the beginning of each epoch. Thus,
we derive the different parameters’ setting. In particular, the number of the subset D and .A depend
on the min function. Intuitively, we can compute the gradient and inner function based on the subset
rather on the whole sample. Moreover, considering the convergence results, we can see that the step
size 7 has the relationship with many parameters, such as the subset .4, inner iteration K and the
total iteration 7.

Proof of Theorem 2
Proof. In order to have E[||Vf(jz)||2] < ¢, that is
E[[VF(@)I7] < w—&-J/ <E4+E<
uoSK 0 U/O — 2 2 — 6,

we consider the corresponding parameters’ setting:
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1. For the first term, consider ¢ defined in (C.12) define ¢, = cx41Y + U, for k = K, we

have
(1\" LU U
‘K=\y Ty 1) T v-1

where
2
Y =1+ (h +4hW) n+10(B&LE: + W) n?
U =2Wn +5(L} + W)L > 0.
By setting cx — 0, we obtain
uyK U U((YK-1)

Co —

Y-1 Y-1  Y-1
Then, putting the Y and U into the above equation. We have
2Wn + 5(L% + W)L n? 2W +5(L2 + W)L
o = n ( f )Ln O = ( f )Ln C. (C.16)

(2+40W)n+10 (L3 + W)z (3+40W) +10 (L3 + W)y

where C' = YX — 1. Because ¢y has the influence on the parameters such as K, C' and uy,
we analyze them separately,

t1
(a) For K and C, based on the character of function (1 + i) —elasty, ty — +o0

and ¢1f2 < 1, and the function is also the increasing function with an upper bound of
e, we require

K<1/<<Z+4hw)n+1o(L§+W)n2>, (C.17)

thus, we have C' < e — 1.

(b) For ug defined in (C.13), in order to keep uj > 0, we need to keep coh < 1/4. If
coh < 1/4, there exits a constant @ such that uy = @7). In order to satisfy coh < 1/4,
combine with (C.16) and C' < e — 1, that is

2W + 5(L% + W)Ly 1

coh < h(e—1) < -,
’ (2+4hw)+1o(L2+W)n

4

i. By setting h = \/T’ there exist w > 0, based on above inequality, we have

16L3n 4 50L% 5\[77

96+34L377 504/ L

Thus, combine with the definition of W in (C.1 1), we require that

< QZ)L?J)

I(A <n) I(A <n) .
W = B4 L (4A> <8BGLE——— < wljn=0(Ljn).
If A < n, we require A > O (BéL%/(L?J}n)). Thus, we have A =

min {n, O (1/n)}.
ii. Based on the setting of & and W, combing with (C.17), we have

1
(10 Lyn+ gL >n+1o (Lff +wL§;n) 2

1 1
(10 \/LT>77+10<L§+77)172:O<(Lf77)3/2>.

K<

SHere the "¢’ is the Euler number, approximate to 2.718.
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2. For the second term about Jy, as ug = win, we require

Ji 1/1
TO == ( + hC()) W2 + (Lf + 200) W117
un U \ 2

3
W1< +Lf77+7;f>
I(D < n) <

3 1
<Z (20BZI%H,+5H,) [+ L —
—ﬁ( alrpi + 2)(5+ fTI+77\/77> D 2

Then, if D < n, we require that

D > 2 (20BEL3Hy + 5H,) (£ + $Lgn+ cony/m) = O (1).

Thus, we set D = min {n, O(1/¢)}.

3. Based on the first term W < %e, the total number of iteration is T' = SK =

2L¢ (f(wo)—f(="))
ne :

Thus, based on the above parameters’ setting, we can ensure that E[[|V f(25)]|?] < €

Based on the parameters’ setting, that is D = min{n,O(1/¢)}, A = min{n, O (1/9)}, K <
O (1/n*/?),and T = O (1/ (en)), we have,

0<§(D+KA)> :0<1 (§+A)>
e

where the optimal 77 = min {1/n?/%,¢%/5}. 0

D PROOF FOR THE MINI-BATCH OF THE SCCG TO THE COMPOSITION
PROBLEM

We provide the Mini-batch version of SCCG:

The following lemma is distinguish with Lemma 5 in which the estimated gradient ~y is obtained
through b times repeat.

Lemma 7. Suppose Assumption 1 holds, for Gy, defined in (3.3) and A defined in Algorithm 2 with
D = [D:1,Ds) and D = |Dy| = , we have

bBLLZ. A D
I(D < n)

L3 I(A<n) I(D<n N
Eiy g AplA =V (20)|* <5BLE ( Lyl ) 14X ) Ellax — &

[(D? < n?)

+20B%L% 5

H{+5

H27

Proof. Through adding and subtracting the term of + > (9G;(zy))"VEi(G(xk)),
MISH

%(_;I (0Gi(2,))TVF,(G(Z,)). and (0G(%,))TVF(G(%,)). (9Gp, (%)) VFp, (G(s)).
weﬁa\eleb

E|A =V (z0)]?
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Algorithm 2 Mini-batch version of SCCG
Require: K, S, n (learning rate), Zo and D = [Dy, D]
fors =0,1,2,--- ,S—1do
Sample from [n] for D times to form mini-batch D;
Sample from [n] for D times to form mini-batch D5
Vip (ZZ"S) = (aGDI (i's))TVsz (GD1 (js))
To = Ts
fork=0,1,2,--- K —1do
Sample from [n] to form mini-batch A
Gr = Ga(zr) — Ga(Zs) + Gp, (Zs)
Ap=0
for t=1,...,b do
Uniformly and randomly pick ij and jj, from [n]
Compute the estimated gradient V f, from (3.4)

A1 =M+ Vg

end for
A=Ay/b
Tpy1 = T — A
end for
Update Z541 = xf, Or T541 = T, 7 is randomly selected from [K — 1]
end for

Output: & is uniformly and randomly chosen from s € {0, ...,.S — 1} and k € {0, .., K — 1}.

%JE% > (9G; (@) VE(Glar) — (9G;()) VE(G(E,)) — (Vf(ar) - (0G(5,)) VF(G(3,)))
(IS
+ 5k lla(i%ejl (0G;(x1))"VFi(Gr) — (0G; (k) " VE(G ()
7 2
+5B|2 S0 (0G;(2) VE(G(.) - (06,(.) TV (Go, (7)
(1,9)€L
+ 5BV o) — (0G, (7)) TV Fo, (G(3)||
+ 5B (06, (2) TV Fp, (G(2) ~ (96() VF(G(E) |

@5 N . 2 ~ )
< L3E|a — &7 + 5BgL2FEHGk - G(:rk)H + 5BLL2E|G(&s) — Gp, (&)
- - 2 ]I(D2 < TL2)
+ 5BALEE||G(%s) — Gp, (3s)|° + b=y >
Dt r2 L3 [(A <n) = 12 2 2 UD <n) [(D? < n?)
<SBGLE (bBéL% +4 1 Ellzy — Z[I” + 4OBGLFTH1 + 5TH2’

where (@ follows from ||a; + as + a3 + a4 + as||> < 5a? + 5a3 + 5a3 + 5a3 + a2, and @ is
based on E[|| X — E[X]||?] = E[X? — ||E[X]||?)] < E[X?] and Lemma 1, the smoothness of F},
the bounded Jacobian of G(x) and the smoothness of F' in Assumption 1, and the upper bound of
variance in Lemma 2. () is based on Lemma 3. [

Proof of Corollary 2
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Proof. Based on the parameters’ setting, that is D = min{n,O(1/e)}, A = min{n,O (b/n)},
K <O (b/2/1%2),and T = O (1/ (en)), we have,

T 713/2 ) 1 b1/2b 771/2 ) 1 b3/2
_ 1 : 1) g, 02
_ebl/zO(mln{n,e}r] —i—?
1 . [nt5 1
270 (min {0 )

where the optimal n = b3/5 min {1/n2/5, 62/5}. 0

E EXPERIMENT

E.1 RISK-AVERSE LEARNING

To verify the effectiveness of the algorithm, we use the mean-variance optimization in portfolio
management7 :

1 n 1 n 1 n )
in —— 75 + — (%) - [z )
min n;w z) n;w ) H;O" x))

where r; € RN i € [n] is the reward vector, and x € R¥ is the invested quantity. The objec-
tive function can be transformed as the composition of two finite-sum functions in (1.1) with the
following forms:

1 n

G](x) :[.’17, <Tj7x>}-r7 Y= E j=1 Gj(m) = [ylva]T7

Fi(y) = — (ri,ya) + ((ri, 1) — y2)%, 4,0 € [n].
where y; € RM and , € R.
Note that the function G;(x) = [, (r;, )], and the corresponding Jacobian is [I, €] ", where I €
RN*N is a unit matrix, and e € RY*! is all-ones vector. It is straightforward to prove that the
norm of the Jacobian is bounded, i.e. G;(z) is Bg-Lipschitz. We choose such example of the
composition problem to verify the efficiency of the proposed algorithms, because it has been widely

used in related researches (Lian et al., 2017; Wang et al., 2017; Lin et al., 2018). The source code
package will be released as soon as possible to ensure the reproducibility.

E.2 NON-LINEAR EMBEDDING

For the non-convex function, we apply the proposed SCCG method to the nonlinear embed-
ding problem in (1.2). We consider the distance of low-dimension space between x; and x; as

/(1 + ||z — :cj||2), i,j € [n]. Then, the problem can be formulated as the problem in (1.1). In

particular,
ﬁzztl Y _521:1 i\ Lejm T )

where
1 n

.
Gi(z) =2, — 1, — 1];

T — . —
1l — ) 1 lan — )

Fi(y) =n Zk:lpk\i(llyi — il + log(ynrx)), i, 5 € [n].

"This formulation is just used to verify our proposed algorithm.
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Figure 3: Non-convex: Comparison of the objective function between SCGD, ASC-PG and SCCG;
Dataset (from left to right): mnist, olivettifaces and coil20.

Note that, consider the function g () = -1, its gradient is Vg (z) =

1422
of z, we can see that

2z

TEREEL For different value
2] > 1= (1+22)° >
lz] < 1= (1+:172)2 >1>z.
Thus, we obtain |Vg (z)| < 2, which is upper bounded. Based on this results, we can obtain that the
norm of Jacobian is also bounded. Moreover, in practice, wo do not compute the Jacobian directly

as the dimension is large. The matrix of Jacobian is sparse due to the random subset, which greatly
save much space.

We consider three datasets: mnist, Olivetti faces and COIL-20 with different sample sizes and di-
mensions, 1000x 784, 400 x 4096 and 1440x 16384. Our experiment is to verify our proposed
algorithm, thus, we set D; = D5 in default and choose three different sizes of sample set D1, which
are smaller than n. For example, for the case of mnist, we choose |D;| = 400, 600, 800, which
are denoted as SCCG (400), SCCG (600) and SCCG (800). Furthermore, we also set |A|~ n?/3,
where n is the total number of samples. Figure 2(in the main paper) shows the norm of the gradient,
and Figure 3 shows the function value. We compare our algorithm with stochastic gradient based
method (SCGD and ASC-PG) and observe that our proposed algorithm is better than SCGD and
ASC-PG on both the norm of the gradient and objective function.

E.3 REINFORCEMENT LEARNING

We consider the policy value evaluation in reinforcement learning. Let the policy of interest be 7,
total states be .S, and the value function of state be V™ at state sq,

v (51) - Eﬂ' {Rshsz + VVW (82) |52} ;81,82 € [S]v

where I, ,, is the reward of moving from state s; to so, and the expectation is taking over state so
conditioned on state s1. We assume V™ (s) ~®Tw* for some w* € R?, where ® is the linear map
of the feature used to approximate the value of the state. Then, the problem can be formulated as the
Bellman residual minimization problem, that is

2

s S
Hgnz (®i,w) = > P (Rij + 7 (®j,w) |
i=1 j=1

where v is a discount factor, 7;; is the random reward of transition from ¢ to state j. Our proposed
algorithm can be applied to the above problem, which can be formulated as the composition problem
by taking

T T T
gj (w) =S[(®1,w) ..., (Ba,w), P[; (R1j + 7 (Pj,w)), ... P§; (Rsj +7(Pj,w))] " ;
S

g(w)=;gi(w)=y= [ z;]

fi () =Sllyri — yo.il*-
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o 1t 2 3 4 5 & o o5 1 15 2 25 3 35 0 05 1 15 2 25 3 35 4 45 5
Number of queries 107 Number of queries 108 Number of queries x10°

Figure 4: Reinforcement Learning application: Comparison of the objectively values between
SCGD, ASC-PG and SCCG (including three different values of |D1|= 0.95 % n,0.9 * n,0.8n);
Dataset (from left to right): n=500,1000, and 1500.

——sceD ——SsCGD ——sceD
——ASC-PG ——ASC-PG ——ASC-PG
——SCCG(400) ——SCCG(800) ——SCCG(1200)
. ——SCCG(450) " ——SCCG(900) " ——SCCG(1350)
2 ——SCCG(475) ——SCCG(950) ——SCCG(1425)

Norm of Gradient
Norm of Gradient
Norm of Gradient

10" 107 10"

s 4 5 s o os 1 15 2 25 3 35 0 05 1 15 2 25 3 35 4 45 5
Number of queries 107 Number of queries 10 Number of queries 108

Figure 5: Reinforcement Learning application: Comparison of the norm of gradient between SCGD,
ASC-PG and SCCG (including three different values of | D1 |= 0.95%n,0.9xn, 0.8n); Dataset (from
left to right): n=500,1000, and 1500.

In the experiments, parameters P™, ® and R are randomly selected. We implement on three data
with the size of n = 500,1000,1500. And we set |D1| = 0.95 * n,0.9 * n,0.8n, respectively
for different value of n. We set b = |A|~ n?/3 based on our theory analysis. Figure 4 and 5
show the experimental results, which demonstrate that our proposed method is better than the non-
variance reduction based methods SCGD and ASC-PG on both the objective value and the norm of
the gradient.
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