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Abstract

Deep reinforcement learning (DRL) has achieved remarkable success across mul-
tiple domains, including competitive games, natural language processing, and
robotics. Despite these advancements, policies trained via DRL often struggle to
generalize to evaluation environments with different parameters. This challenge is
typically addressed by training with multiple contexts and/or by leveraging addi-
tional structure in the problem. However, obtaining sufficient training data across
diverse contexts can be impractical in real-world applications. In this work, we con-
sider contextual Markov decision processes (CMDPs) with transition and reward
functions that exhibit regularity in context parameters. We introduce the context-
enhanced Bellman equation (CEBE) to improve generalization when training on a
single context. We prove both analytically and empirically that the CEBE yields a
first-order approximation to the Q-function trained across multiple contexts. We
then derive context sample enhancement (CSE) as an efficient data augmentation
method for approximating the CEBE in deterministic control environments. We nu-
merically validate the performance of CSE in simulation environments, showcasing
its potential to improve generalization in DRL

1 Introduction

Deep reinforcement learning has been deployed successfully in many problems requiring decision
making and multi-step optimization. Despite these successes, reinforcement learning still struggles
to perform well at test time in real-world scenarios. This is a well documented phenomenon with
multiple causes (e.g., sim-to-real distribution shift, limited contextual data) (Zhao et al., [2020; \Ghosh
et al., 2021} [Kirk et al., 2023). This places out-of-distribution generalization as a fundamental
challenge of reinforcement learning.

One approach to address generalization in reinforcement learning is to use continual learning in
which some training occurs at deployment in the testing environment (Khetarpal et al.| [2022; Wang
et al.,2023). However, this is not always feasible or desirable, as, for instance, safety considerations
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may prevent early agent deployment, and online adaptation may be prohibitively expensive (Gu
et al., 2024} |Groshev et al., [2023). Instead, we need to ensure that the agent has good zero-shot
generalization from only the training data. Another approach is to create many training environments
to prevent over-optimization on specific context parameters (e.g., friction coefficients) as in Meta-RL
and domain randomization (Beck et al.,|2025; (Chen et al.| |2022)). This is commonly used in robotics
where sim-to-real pipelines are necessary, and it has been found to produce policies that are more
robust to parameter uncertainty (e.g., less sensitive to distribution shift) (Tang et al., [2024; [Zhao
et al.| 2020). However, the environment construction may be prohibitively expensive. For example,
designing and building complex robots requires substantial engineering labor and expensive hardware.

Without sufficient structure and prior information, zero-shot generalization from only a few contexts
is an impossible problem. However, in many domains we have knowledge of the underlying dynamics
of the environment. For example, when solving control problems we may have equations for the
dynamics and only uncertainty in the parameters of the equations (Kay, [2013). In such cases it may
be possible to include knowledge about the general form of the dynamics into the architecture and/or
training algorithm without ever sampling from these unseen contexts. Some works build architectures
which try to capture such biases in the underlying dynamics (Wang et al.,|2018}; |Kurin et al.} 2021}
Huang et al.|[2020). Although this approach tends to improve training performance, the generalization
benefits have remained limited. The authors of these works note that the variance on the evaluation
set is still relatively large. Attaining consistent improvements in out-of-distribution contexts typically
requires developing complex architectures which are specifically tailored to the problem at hand
(Hong et al., 20225 (Chen et al., 2023} [Xiong et al.||2023} [Li et al., 2024). This is a valuable approach,
but is challenging to scale to larger sets of environments as it requires domain specific information.

1.1 Our Contributions

In this paper we develop an approach to incorporate structure across contexts into the training
algorithm in order to improve generalization performance on previously unseen contexts. We
introduce the context-enhanced Bellman equation (CEBE), which is the Bellman equation of a
contextual Markov decision process (CMDP) with transition and reward functions linearized about
a particular training context. This allows us to estimate data from the CMDP in a neighborhood of
the training context. We also derive context sample enhancement (CSE) as an efficient method to
generate data from nearby contexts in the linearized CMDP that we can then use to optimize the
CEBE in deterministic control environments. This allows us to enhance the data sampled from a
single training context to effectively train on nearby contexts. Our contributions are as follows:

1. We provide a theoretical analysis of context perturbations in contextual Markov decision pro-
cesses (CMDPs), demonstrating the viability of our proposed CEBE method for improving
out-of-distribution generalization.

2. We derive CSE as an efficient data augmentation method for deep reinforcement learning
(DRL), enabling more robust policy learning when learning from samples generated in the
training context of the CMDP.

3. We perform experiments with CEBE and CSE on a variety of RL environments that exhibit
regularity in the transition and reward functions with respect to the context parameters,
which demonstrate the utility of our methods to improve out-of-distribution generalization
in context-limited training scenarios.

This paper is organized as follows. Section [2] provides an overview of relevant background. Section [3]
introduces CEBE and our theoretical analysis of CEBE. Section[d]introduces CSE and provides an
algorithm for data augmentation with CSE. Section [5|shows our experimental evaluation of CEBE
and CSE. Section [6]offers a discussion and concluding remarks.

1.2 Related Works

Here we briefly discuss some of the most closely related works and defer a more extensive overview
of related works to Appendix [A] A related strategy for introducing knowledge of the dynamics into
RL training has been considered in previous work focusing on the action space. |Qiao et al.| (2021)
considered gradients with respect to actions and introduced sample enhancement and policy enhance-
ment to augment samples from the replay buffer. We instead focus on the context variable towards



addressing the problem of context generalization, for which we develop theory and experiments.
In the stochastic setting, our proposed CEBE can be estimated using importance sampling. This
would then be related to Tirinzoni et al.| (2018), who considered importance sampling for improving
out-of-distribution zero-shot generalization in RL. That work considers exact transitions and rewards
and must therefore consider information from nearby contexts.

Modi et al.| (2018)) assume continuity in the context space and propose a covering algorithm based
on zeroth order approximation of the policy in context space to derive PAC bounds. This requires
access to many contexts, but we note that our first-order approximation provides better coverage of
the context space. Malik et al.|(2021) consider CMDPs which have transitions and rewards that are
uniformly close in a neighborhood to provide lower bounds on the number of context queries required
for generalization. Our setting differs because we only sample one context, we consider first-order
information, and we obtain approximation results under more relaxed assumptions on the state and
action spaces. We also provide a practical algorithm for achieving generalization comparable to
domain randomization. |Levy and Mansour (2022) derive polynomial sample complexity bounds
when one has access to an ERM oracle and is able to sample from nearby contexts. This differs from
our work as we seek to approximate the dynamics and reward functions of nearby contexts without
sampling.

2 Contextual Markov Decision Processes

Sequential decision making is often modeled as a Markov decision process (MDP), and deep
reinforcement learning is employed to solve complex MDPs. However, the MDP framework does not
directly account for changes in the underlying context, and policies trained via DRL tend to overfit
to context parameters. Contextual MDPs (CMDPs) extend MDPs by including context parameters
explicitly in the MDP dynamics and rewards, which allows one to more directly account for their
impact. The context parameters can include a variety of aspects, particularly parameters that influence
the transition dynamics and parameters that specify a task by modifying the reward function.

‘We recall the relevant definitions and notation, consistent with [Beukman et al.| (2023)), that we use to
formulate our results below. A CMDP is defined as

M=(C,8AM ), ey

where C is the context space, S is the state space, A is the action space, and v € [0, 1] is the discount
factor. Here M’ is a function that takes any context ¢ € C to a corresponding MDP

MI(C) = (87 A7 TC> RC7 ’7)7 (2)

where 7° and R¢ are the transition and reward functions of the context-c MDP. For a specific ¢ € C,
TC¢isamap S x A — A(S), where A(S) is the space of probability distributions on S. In general
the state and action spaces could depend on ¢, but we restrict to a common state and action space in
this paper. We consider policies of the form 7 : C x S — A(A). Given an initial state distribution,
we define the expected discounted return in context ¢ when using policy 7 (e|c, s) as

J(m,¢) = Boymre 7' RS- 3)
>0
For a set of contexts U C C, we say that a policy 7 is (U, €)-optimal if
J(m,c) = J(p,c) — ¢, )

for all ¢ € U and all policies p: S — A(A). Given a test context distribution D" with support
S C C, the objective is to find a (.S, €)-optimal policy. In this paper, we consider the out-of-distribution
setting where the train and test context distributions, D" and D', have different supports.

Structural Assumptions We will consider the setting where the agent must generalize from a
single context and in particular the policy must generalize to contexts that are unseen during training.
For this to be possible we must add structure to the CMDP. We place the following assumptions:

1. The state space S and action space A are metric spaces. The context space C is an open
convex subset of a Banach space.



2. The reward function R° : S x A x & — R is deterministic.

3. The partial derivatives J.R¢ and 0.7 © exist and are Lipschitz.

4. The context ¢ € C is fully observable and fixed over an episode.

5. When making a transition (s, a) — ', the agent observes 9. R°(s, a, s') and 0.7 °(s'|s, a).
Settings of this form commonly appear in physical environments where the underlying dynamics are

determined by a system of differential equations with physical parameters (e.g., friction coefficient,
elastic modulus, mass) that may be modeled in terms of a context c.

3 Perturbative Theory of CMDPs
3.1 Context-Enhanced Bellman Equation (CEBE)

QBE(Sv a, C) = Es’NTc(s,a) (R(‘ + 7Ea’~7r(s’,c) QBE(S/7 a/7 C)) 5

is a fundamental equation in RL which is used to train the Q-function. However, the transitions and
rewards may not be known in all contexts. We fix a base training context cy and suppose that we have
access to approximate transition and reward functions 7cg and Rcg satisfying:

Ci Ci ~ ~
G=T" R =R", T&~T. Rop~ R

for all c in a neighborhood of cy. We refer to such approximations as the context-enhanced transitions
and context-enhanced rewards, respectively. We define the context-enhanced Bellman equation
(CEBE) as the Bellman equation of the approximate CMDP:

QCE(Sa a, C) = ESINTé‘E(S,a) (R%E + PYEa’NTr(s’ﬁc) QCE(SIa CL/, C)) . (6)

Note that at ¢ = ¢y this coincides with the original Bellman equation. While our theoretical results
further below apply in more general settings, in this paper we will let Rcg be the Taylor approximation
of R about ¢y and primarily consider the following two cases with corresponding definitions of Tcg.

Deterministic Transitions For the setting of deterministic transitions, there exists a function
f¢(s,a) such that T°(s,a) = dfc(s,q) is a Dirac delta distribution for each s, a, c. In this case, we
define the context-enhanced transition and reward functions as

Téx(5,a) = 60 (s,0)4+0..4°0 (s.a) (c—co) @
cg = R® + 0.R° - (c—¢g) + 0 RO.T - (¢ — ¢o). 8)

This is particularly useful in the online setting as we can simply estimate the CEBE from samples.
Here we additionally assume that the reward function is differentiable in the next state to compute its
linear approximation (i.e., Js» R¢ exists and is Lipschitz).

Transitions with Differentiable Measure If ¢ — 7 (s, a) is a differentiable map, then we can
define the context-enhanced transition and reward functions by

Tér(s,a) = P(T®(s,a) + 0. T (s,a) - (¢ — co)) ©)
Rég = R + 0.R° - (¢ — ¢p) (10)

where P(u) = ﬁ denotes projection onto the probability simplex and u™ denotes the positive part
of the signed measure p. This projection is required since the linear approximation may produce a
measure that is negative in places. If Ac = ¢ — ¢ is sufficiently small, the projection is well-defined
and sends the linear approximation to a probability measure.

3.2 CEBE Approximation of the Bellman Equation

In this subsection, we prove that the context-enhanced transitions and rewards we introduced above
lead to a Q-function Qcg which is close to @pg. For our approximation results, we introduce
the following notation on spaces of functions and measures. If X and Y are metric spaces and



f + X — Y is Lipschitz, we denote its Lipschitz constant by L;. If X is a metric space, we let
Lip(X) denote the Banach space of Lipschitz functions X — R, equipped with the metric

. =max | sup |(j(T)|, Sup ———~
Tiees sop @) o i)
T#Y

For a metric space X, let Meas(X) denote the space of finite signed Borel measures on X equipped
with the total variation norm. If X is a metric space and p € [1, 00|, let W, (X) denote the space of
probability measures on X, equipped with the Wasserstein distance

Wy(uv) = _inf (/aawwﬂawfm.

yel(p,v)
Here I1(u, v) denotes the space of probability distributions on X x X which have marginal distribu-
tions 4 and v. For p = oo, we define Woo (11, v) = limp_, o0 Wp (1, v).
Now we present our main result, which establishes that Q-functions are stable under small perturba-
tions to the transition dynamics and rewards.
Theorem 1 (7, R)-stability of the Q-function). Let R R € Lip(S x .A) be reward functions
with |R™) — R®)| o < 6. Let TD, T3 : S x A — W, (S) be transition functions with
sup W, (TW(s,a), T (s,a)) < or,
(s,a)eSxA

and let m : C x 8§ — W,(A) be a Lipschitz policy. Let y € (0,1) be a discount factor with
L Let Q) and Q@ denote solutions of the Bellman equation for

7 < max(LT(l) ’LT<2) YOA+Ln)"
(TD, RM ~Y and (T, R?), ~) respectively. Then

(5 n y(1+ Lﬂ)5T||R(2)||Lip(5xA) > .

1
W _0@, < —
1Q Qe < 1— R 1 —vymax(1l, Ly (1 + Ly))

Proof sketch. Using that Q(*) and Q) are solutions to their respective Bellman equations, we can
decompose

QW —Q® = (R(l) _ R(Q)) + ('yA(l)Q(l) _ 7A(l)Q(?)) + (’YA(l)Q(2) _ ’YA(Q)Q@)),

where A() and A®) are transition operators for the dynamics in the two MDPs under policy 7. The
first term is small if R(") and R(®) are sufficiently close. The second term can be bounded in terms of
the norms of A and Q") — Q(?). The third term can be bounded by showing that A(") and A(?)
are close, and showing that the learned function Q(?) is sufficiently smooth. Combining these bounds
and using a triangle inequality, we obtain the desired bound on ||[Q(Y) — Q|| .. O

The full proof for Theorem [1|is contained in Appendix Next we apply the theorem in the setting
where Q1) and Q(? represent different contexts of a CMDP. We first consider the case where the
transition dynamics are deterministic and we use context enhancement as in (7) and (8). For this case,
we assume that S and .4 are Banach spaces, so we can differentiate with respect to states and actions.

Theorem 2 (Deterministic CEBE is first-order accurate). Consider a Lipschitz policy m: S X C —
W, (A) and deterministic T. Suppose that the discount factor +y satisfies

1
DT oo + 1D*T el — col) (A + L)’
Let the context-enhanced transitions and rewards be defined by and @]) respectively. Then

Q6 — Qo < (1 + L) | D*T ||oo (| Rl o + |DR]|oo)
OF BBl = 1 —ymax(L, [ DT ||o(1 + Lr))

=1

le = col?
1—

@mmm+

This establishes that for a fixed policy 7, the Q-function of the CEBE approximates the ()-function
of the original CMDP with O(||c — ¢o||?) error, provided that the transition and reward functions
are sufficiently smooth. We prove Theorem 2]in Appendix[B.3] Next, we establish an analogue of
Theorem [2]for the case where the transition map is stochastic.



Theorem 3 (Stochastic CEBE is first-order accurate). Consider a Lipschitz policy m : S x C —
W, (A) and stochastic T. Let cy, c € C with ||c — ¢o| < ||(9627'||;ol/2 and
1
< — .
4diam(8)(L7 + [[¢ — col| Lo 7)(1 + Lx)

Let the context-enhanced transitions and rewards be defined by ) and (10), respectively. Then

105 — Q% < 3y diam(S) (1 + L) || R Lip(sx.axc) 02T oo

cE BE[loe = 1 — ymax(1,diam(S) L7 (1 + L))

Here Ly denotes the Lipschitz constant of T as amap S x A x C — Meas(S).

le = col?
1—x

(aanoo i

We prove Theorem [3]in Appendix [B.4] The above two theorems show that training with CEBE does
not incur too much approximation error versus training with BE in a neighborhood of the training
context. In particular, we can use CEBE to approximately solve the Bellman equation. The following
theorem complements these results by showing that a policy optimized using CEBE will also be close
to optimal on the original Bellman equation.

Theorem 4. Let wcg be an L-Lipschitz policy which is (C, €)-optimal with respect to the CEBE, and
suppose that there exists an L-Lipschitz policy mpg which is (C, €)-optimal with respect to the BE.

Suppose that

1QCk (e, & 7) — Qpr(e, &7l <0
forall ¢ € C and all L-Lipschitz policies m, and suppose that the reward function R is bounded. Then
g is (C, 20 + 2¢€)-optimal with respect to the Bellman equation.

The proof of the above theorem uses the observation that if two functions are uniformly close, then a
good optimizer of one is also a good optimizer of the other. We provide a proof in Appendix [B.3]

4 Context Sample Enhancement

In this section, we show how one can estimate the CEBE from samples in the deterministic-transitions
case. Suppose we are given a dataset D consisting of samples of the form (s, a,r, s"). We introduce
the following context sample enhancement CSE procedure, which takes a sample and a context
perturbation Ac = ¢ — ¢ as inputs and returns a context-enhanced sample:

CSE((s,a,r,s"),Ac) = (r + 0.R(s,a,s" ) Ac+ 0y R (s, a, s )0. T Ac, s + 0. T Ac). (11)

If (s,a,r, s) is sampled from the CMDP with context cg, then CSE((s,a,r,s’),c — ¢o) is a sample
(7,8") from the approximate CMDP in context c. In particular, CSE allows us to sample from the
approximate CMDP at perturbed contexts by performing data augmentation on samples from the
original CMDP at a base context. The samples generated via this procedure might have a lower quality
than those generated by exact domain randomization, due to approximation errors, but on the upside,
when the derivatives are available, CSE offers a very easy to implement way to integrate structure
information into the training. We provide a regularization perspective on CSE in Appendix The
full algorithm for CSE in deterministic environments is shown in Algorithm T}

S Experiments

In this section, we perform numerical experiments to test CEBE and CSE. For continuous control
problems, we use a simple feed-forward network and train with Soft Actor Critic (SAC) (Haarnoja
et al.,[2018). The inputs to the neural network are states with the context appended on (i.e., (s, ¢)).
We compare against baseline training (i.e., vanilla SAC) and local domain randomization (LDR).
LDR is a popular method in robotics and can provide significant generalization benefits (Jakobi et al.|
1995; [Levy and Wolf, 2015} [Sadeghi and Levine, [2016} Tobin et al., 2017). When using LDR, one
first samples a context that is a perturbation of the original training context and then produces a
trajectory from the perturbed context in order to broaden the training context distribution. Since LDR
has access to exact training data in a neighborhood of the original training context, we treat LDR as a
idealized benchmark method for comparison.

In Section[5.1] we empirically demonstrate that the Q-function obtained by dynamic programming
with the CEBE is first-order accurate, confirming our theory in Section In Section we



Algorithm 1 Off-policy RL algorithm with context sample enhancement

1: Given: CMDP M, training contexts Drain - data collection iterations N, train iterations M,
perturbation radius e, and off-policy RL algorithm ALGO.

2: Initialize policy m, value functions @, and replay buffer B.

3: Collect some number of trajectories from a random policy in CMDP M’ (c) with ¢ ~ D'rin

4: for N iterations do

5 Sample ¢ ~ D

6: Collect a trajectory {(s¢, ¢, as, ¢, S¢+1) }+>0 from M’ (c) using 7 and store in buffer B

7 for Some number of training iterations do

8 Sample a batch {(s}, ¢, aj, ¢, s{ ) }; from buffer B

9: Generate perturbations Ac® € B(c, €) and compute (7, 5’) = CSE(x?, Ac?)
10 Update samples 2% < (s,c+ Act, a, 7, 3') and train with ALGO on the updated batch
11: end for
12: end for

empirically demonstrate improved performance with CSE compared to baseline training on a relatively
simple continuous control environment. In Section [5.3] we test on goal-based classic control
environments. In Section we test on MuJoCo environments with context dependent tasks
introduced in the work of |[Lee and Chung| (2021)). In all continuous control environments, we train
10 policies and compute the average return over 64 trajectories. We then report the mean and
95% confidence interval of the mean returns for each policy. The full list of hyperparameters and
experiment configurations are included in Appendix

5.1 Tabular CEBE

We begin by examining a tabular setting where we show that the CEBE is a first-order approximation
of the Bellman equation. Using dynamic programming allows us to exactly solve the Bellman
equation and the CEBE and thus avoid noise due to sampling and training in deep RL. We consider
the tabular Cliffwalking from gymnasium (Towers et al.| 2024), in which an agent must navigate a
grid-world to a goal state without first “falling” off the cliff into a terminal state. At each step, the
agent has some probability c of slipping into an adjacent state. To introduce nonlinearity into the
reward function, we consider the following two choices:

100 _ —10 _
cliff = B Rey = ¢ % R = The ol = (1+¢)71%. (12)

In each case, we let ¢ be equal to R if the agent falls off the cliff, Rg , if it achieves the goal

state, and 0 otherwise. In Figure we plot the approximation error ||Q&g — Q%gllc 0on a log-log
scale for 100 choices of c and fit a line to the first 10 points to show that Q¢ has an approximation
error of O(||c — ¢ol|?). We see the best-fit line has a slope ~ 2 for both choices of the reward function.
This numerically demonstrates Theorem [3|and shows that Q¢ is a first-order approximation of Qg

N True Error —— True Error
10

1.996 x + 11.42 107 1.999 x + 1.957
10! 10-2

Approximation Error
=
! )
Approximation Error

10 10 10— 102 10-
c—Co c—Co

(a) Reward in eq. (I2) left (b) Reward in eq. (I2) right

Figure 1: Approximation error of CEBE on Cliffwalker environment with different rewards. This
experiment uses 5 rows, 6 columns, ¢ = 0.1, and v = 0.9.



5.2 Simple Control Environments

We begin our study of continuous control problems with environments with linear transitions and
rewards. We let SimpleDirection denote the environment with transition and reward functions

T(s,a) =s+a+c, R°(s,a,s)=5""c,

where S = R?, A,C = [-1,1]%, and s ~ Uniform ([—1,1]?). This environment was chosen
because it has a reward function similar to ones we will test later in the MuJoCo environments,
but has much more simple dynamics. In SimpleDirection, the agent is incentivized to move in the
direction ¢ by picking action a = sign(c). Figure 2] shows the evaluation results for policies trained
on SimpleDirection with Baseline, CSE, and LDR as we vary the context parameters. We observe that
CSE performs similarly to LDR and much better than the baseline. We provide additional analyses of
this environment in Appendix [E]

— SAC

SAC + CSE

—— SAC + LDR

---- Train
i

Mean Return
B
o

N
o

04

H

-1.00 -0.75 =0.50 -0.25 0.00 0.25 0.50 0.75 1.00
Context

Figure 2: Comparison of training methods as we vary the first context parameter in SimpleDirection.

5.3 Classic Control

We consider a goal-based extension of the Pendulum environment (Towers et al., [2024)), which we
denote PendulumGoal. In addition to the physical parameters, we add a goal state to the context to
increase the task complexity. We let ¢ = (g, m, [, 7), where ¢ is the gravitational acceleration, m the
mass, | the pendulum length, and 7 € [—1, 1] the desired torque at the goal state, and set

Opons — 0\ 2 :
R® — 72 sin (g‘"‘;> +0.16% 4+ 0.001 w2, (13)

where u is the action and 0, = sin~! (—27/mgl). In Figure we plot the evaluation results for
each method as we vary g and the goal torque 7. Both CSE and LDR consistently outperform the
baseline. In some contexts, CSE performs much better than LDR, e.g., when the goal torque is greater
than 0.6. We present the results of varying the other context parameters in Appendix [C] We also
present additional experiments with a goal-based CartPole environment (CartGoal) in Appendix

5.4 MuJoCo Environments

For this section, we use the goal-based MuJoCo environments CheetahVelocity and AntDirection
introduced in the work of |Lee and Chung| (2021). These environments are based on the HalfCheetah
and Ant environments from [Todorov et al.|(2012). The CheetahVelocity environment uses a modified
reward function that rewards the cheetah for running at a velocity specified by the context. The
AntDirection environment uses a modified reward function that rewards the ant for running in a
direction specified by the context.

In Figure [da] we show the results of the CheetahVelocity experiment. When sweeping over the goal
velocity, CSE and LDR outperform the baseline for most of the contexts. CSE performs similar to
LDR. When the goal velocity is between 0 and 2, CSE and LDR perform nearly as well as on the
training context, while baseline starts to degrade. In CheetahVelocity, although baseline performs
best when the goal velocity is greater than 2.6, CSE still outperforms LDR. In AntDirection, shown
in Figure @bl CSE performs similarly to LDR in most contexts, though it achieves lower returns in
the region [3.5, 5].
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Figure 3: Comparison of training methods on PendulumGoal evaluating on different gravitational
acceleration and goal torque parameters. All context parameters (g, m, [, 7) are perturbed during
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Figure 4: Comparison of training methods on the goal-based MuJoCo environments.

6 Conclusion

We proposed a perturbative framework for CMDPs as an approach to improve zero-shot generalization
in reinforcement learning. In particular, we introduced an approximation of the Bellman equation
called the context-enhanced Bellman equation CEBE and showed theoretically that it approximates
the value functions of the true CMDP in a neighborhood of contexts. Moreover, we showed that
optimizing a policy based on our proposed CEBE produces a policy that is nearly optimal in the
original CMDP. Using this framework we then introduced a context sample enhancement CSE
procedure to generate samples that provably approximate samples from unobserved contexts. Finally,
we performed experiments in diverse simulation environments. The results suggest that CSE can
serve as a powerful method for improving generalization in DRL in smooth CMDPs.

We highlight that CSE is easy to implement and can be easily incorporated with other generalization
methods. While we focused on model-free algorithms, CSE is compatible with model-based methods
and may aid in training better world models. We think that CSE could potentially also be used to
effectively sample from a larger volume of the context space in high-dimensional context spaces
where domain randomization may suffer from a curse of dimensionality. However, further work is
needed to understand the sample complexity of CSE in comparison to domain randomization in this
setting. Another potential avenue for future study is in applying CSE to offline RL where obtaining
new samples is impractical. Aside from improving generalization, one could explore different ways
to leverage gradient information to design principled variations of prioritized replay buffers and
exploration strategies (Jiang et al., 2021} 2023)). The gradient information of the CMDP could also
highlight states in the CMDP which are sensitive to context parameters and allow one to focus more
training around these sensitive states or use adversarial context perturbations (Mehta et al., 2020)).



We conclude by pointing limitations of our work. While our theory with CEBE applies in general
to smooth CMDPs with deterministic rewards, CSE focuses on deterministic transitions which do
not always occur in practice. We primarily consider this case because it provides an efficient data
augmentation method. Extensions of this may consider taking gradients of appropriately defined
transport maps between distributions. Another limitation is that our analysis and experiments focus
on fully-observable state and context spaces. This does not always hold in practice and future study
should examine the sensitivity of CSE with respect to noisy gradients in context space as well as
partially observable environments.
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A Related Works

In this section, we provide a more detailed overview of related works and commentary that could not
be covered in main text.

Contextual Multi-armed Bandits Multi-armed bandits (MABs) serve as a model of reinforcement
learning in which the problem horizon is a single step. Contextual Multi-armed bandits (CMABs) are
a natural extension of MABs which include contextual information as part of the problem specification.
Contextual bandits are a popular modeling tool for a variety of applications including hyperparameter
optimization and robotics (Bouneffouf et al.| 2020). |[Lu et al.| (2010) introduce a clustering algorithm
for CMABs over metric spaces with sufficient regularity. [Dimakopoulou et al.[(2017) propose a
method to improve estimation in CMABs and reduce bias for CMDPs with generalized linear reward
functions. The assumption of linearity resembles our approach of approximating transition and
reward functions with their linearizations.

Challenges in CMDPs CMDPs present new challenges for reinforcement learning as a single
CMDP can model potentially infinitely many MDPs. CMDPs can have substantial structure built into
the context space that can aid in improving generalization (see the survey by Mohan et al.| [2024)).
In our work, we do not focus specifically on one CMDP’s structure, but opt for developing general
methods based on first-order information of the context. Some works consider minimal assumptions
on the structure of the CMDP by only imposing a notion of proximity between different MDPs in the
CMDP. For example, Hallak et al.|(2015) consider CMDPs with finite context spaces and introduce a
clustering algorithm in context space for training across all contexts. [Modi et al.|(2018)) establish PAC
bounds on learning smooth CMDPs. These works primarily consider a zeroth-order approximation
and propose covering arguments. This neglects the true changes in dynamics that occur in the CMDP,
which we capture through first-order approximations of the CMDP in the context space.

Jiang et al.|(2023)) examine how better exploration in the training environments can improve gener-
alization at test time. Weltevrede et al.|(2024) build on this by proposing an additional exploration
phase at the start of each episode to broaden the starting state distribution, which can be viewed
as an implicit regularization. While these works focus on improving generalization by providing
better exploration of the state space, they do not directly account for variations in the context during
training.

Other works consider CMDPs where the contexts are limited during training or adversarially chosen.
Ghosh et al.| (2021) show that contextual MDPs can be viewed as Epistemic POMDPs when training
on a limited number of contexts. [Levy et al.| (2023) analyze regret in CMDPs with adversarially
chosen context, reflecting worst case performance as the context changes. In our work, we consider
gradients to generate approximations in all context directions, including potentially adversarially
chosen directions.

RL Zero-Shot Generalization |Benjamins et al.|(2023) identify the need for context in zero-shot
generalization and propose a set of environments, CARL, to test generalization in RL. Ball et al.
(2021) propose model-based data-augmentation methods for offline RL, which introduce noise into
the transition dynamics to reduce overfitting to the observations. This method improves generalization
through data augmentation like our work, but does not directly account for changes in the context.

Cho et al.|(2024)) consider a related approach in which they aim to determine an optimal set of training
contexts for generalization. The authors propose an acquisition function that uses a linear function
to approximate the generalization gap for performance on out of distribution contexts. Learning
this linear model requires access to many contexts, which could be alleviated with access to context
gradients. Harrison et al.| (2019) leverage linear approximations of the transition dynamics in the
states and actions to improve robustness in model predictive control (MPC) when the agent has access
to a simulator in the training context and is operating in a different context. Similar to our work, this
method relies on a single training context.

Zhao et al.| (2024) use hierarchical planning to design policies which generalize task information
across contexts. They consider discrete state, action, and context spaces, evaluating primarily on
gridworld environments. They design an architecture which can generalize across discrete contexts,
in contrast to our focus on the training algorithm and continuous contexts.
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Some works aim to learn representations of the context space. |[Higgins et al. (2017)) use a 3-VAE, and
Prasanna et al.| (2024) propose a contextual recurrent state space model, to learn disentangled repre-
sentations of the context space. Beukman et al.| (2023) introduce an architecture with a hypernetwork
which uses the context to generate parameters for other parts of the network.

While several of the aforementioned works use linearity implicitly or gradient information directly,
most of these works require access to multiple contexts during training. For a more comprehensive
survey of zero-shot generalization in RL, we refer the reader to the survey by [Kirk et al.| (2023)).

Related areas In multi-task reinforcement learning, one trains a policy to solve multiple tasks in an
environment. This can improve sample complexity since knowledge of the environment can transfer
across tasks. For a survey of multi-task RL, we refer the reader to the survey by [Vithayathil Varghese
and Mahmoud (2020). Meta-learning seeks to train a policy which can quickly adapt to new contexts.
We refer the reader to the survey by Beck et al.|(2025). Robust RL aims to improve generalization
when model parameters are uncertain and we refer to the survey by (Chen and Li| (2020).

Another related direction is the simultaneous optimization of the context and policies in CMDPs.
Luck et al.| (2020) consider zeroth-order optimization methods for optimizing agent morphology
in robotics simulations to reduce the number of contexts sampled. [Thoma et al.|(2024) use bilevel
optimization and propose stochastic hypergradients for simultaneously optimizing high- and low-level
objectives in CMDPs. While these works consider slightly different problems, they may benefit from
the first-order methods we consider in our work to reduce the number of contexts sampled.

Libraries such as Procgen and C-Procgen allow for procedural environment generation (Cobbe et al.,
2020; [Tan et al.,|2023)). Not all environments support derivatives in the context variables and even
those that do may not support derivatives in the context variables of interest. For a more detailed
analysis of differentiable simulation, we refer the interested reader to the survey by Newbury et al.
(2024).

Due to the inherent partial observability in CMDPs demonstrated by |Ghosh et al.| (2021, some
approaches opt for using methods in POMDPs to study generalization in RL. For applications of
POMDPs in robotics, see the survey of [Lauri et al.| (2023)).

B Theory

In this section, we prove the results stated in Section@

B.1 Preliminaries

First, we introduce some notation and discuss the assumptions we make on the regularity of the MDP.

In the following, p € [1, oc] is a constant. Recall from Section2]that A refers to the space of actions
available to the agent and W, (A) denotes the space of probability measures on A equipped with the
Wasserstein distance W,.

* Policies: In this article, a policy is a Lipschitz map 7 : S — W, (.A) such that for all s € S,
7(s) is a probability measure. For a policy 7, we will often write 7 in place of 7(s).

» Q-functions: A Q-function is an element of Lip(S x A). We will often write @ to denote
the function a — Q(s, a).

¢ Reward functions: We assume that the reward function R of the MDP is an element of
Lip(S x A).

* Transition maps: A transition map is a Lipschitz mapping 7 : S x A — W,(S). For a
transition map 7, we will often write 7 , in place of T (s, a).

* Bellman operator: If 7 : S x A — W, (S) is a transition map and 7 : S — W, (A) isa
policy, we define the operator A" : Lip(S x .A) — Lip(S x .A) by

77 Q) (s, a) = o (a)dre (a)dTs q(s).
(AT7Q)(s,a) /S/Am)dmdfu (14)

We prove that this operator is well-defined in Lemma[7] Observe that the Bellman equation
can be written as Q = R + vA7™(Q, where v € (0, 1) is the discount factor.
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B.2 Proof of Theorem[Il

We need to show that the operator A7°™ is well-defined, in the sense that it maps elements of
Lip(S x A) to elements of Lip(S x A), and that it is a bounded operator on Lip(S x A). To this
end, we prove a couple of lemmas establishing the regularity of Lipschitz functions under integration.

Lemma 5. Let X be a metric space. Let f € Lip(X) and let v1,v € W,(X). Then

/X fdvi — /X fdvs

S Lpr(I/l, VQ).

Proof. First we prove the statement for the case p < oo. Let € > 0 and let p’ be the Holder conjugate

of p. There exists a coupling T" € TI(vq, v2) with

</X><X d(z y)"dr (. y)) " < Wy(vi,10) +e.

-| [ [ s@area - [ [ sware)

< [ [ @)= sl

(L o) ()
([ / L§d<x,y>pdr<x,y>) !

< Lf(WP(Vlv V2) + E)a
where we applied Holder’s inequality in the third line. Since this holds for all € > 0, we have

/X fdvy — /X fdvs

For the case p = oo, simply take the limit of the above inequality as p — oo.

Then
/ fdvr / fvy
X X

’

S Lpr(l/l, VQ).

O

Lemma 6. Let X and Y be metric spaces. Let f € Lip(X xY), and let p : X — W, (Y") be
Lipschitz with constant L,,. We write 1, in place of (1(x). Then the function g : X — R defined by

2) = / Fedpta
Y
is in Lip(X). Moreover,
sup [g(z)] < sup  |f(x,y)]
reX (z,y)EX XY

and
Ly <Ly(1+1L,).

Proof. By the triangle inequality,

sup |g(z)] < sup / Faldpa
reX JY

zeX

< sup sup | f(z, y)|.
rzeX yey

Let 1,29 € X be distinct points. Then

/fw1duzl_/ Jao dpiz,

Y Y

< ’/ fm1d;u’zl _/ fmde
Y Y

18

l9(21) — g(w2)| =

+‘/ f302d:uI1_/ fizdumz .
Y Y



We bound the terms of the above inequality separately. For the first term,

/ f11d,u$1 - / fﬁzd/’(’wl
Y Y

S/ |fw1 —fz2|dﬂx1

Y

S/ Lyd(z1,v2)dps,
Y

= Lfd(l‘l, 172).

For the second term, by LemmaE] we have
/ fwzd:u(l?l - / fa:zd/'[/:vz
Y Y

Combining the two terms, we get
l9(z1) — g(w2)| < Lyd(x1,22) + LyLyd(zy, 22),
so g has Lipschitz constant Ly (1 + L,,). O

S Lpr(,U/aclaMasz)

S LfLud(l‘l, xg).

Lemma 7 (A7"™ is well-defined). The linear map A7 : Lip(S x A) — Lip(S x A) given in (T4)
is well-defined. Moreover, for all € Lip(S x A),

A7 " Qllo < Qoo
and
Lar~g < LQL7(1+ Lr).
Proof. Let Q € Lip(S x A). First, observe that

su Tm0)(s, a u o (a)|dmg (a)dTs o (s
b (ATTQ)(s,a) < sup /S/AIQ()\d (a/)dT, o(s")

(s,a)eSx.A (s,a)eSx.A

< sup Qs ),
(s',a")eESX.A

30 [|[A77Qlloo < Qoo
Next, let ¢ : S — R be defined by

o(s) 1= /A Qudr..

By Lemmalf] ¢ € Lip(S) and
L, <Lg(l+ L)

Now

(AT7Q) = [ o()dTa(s):

S
By Lemmal[3]

LAT,WQ <L,Lt
< LQLT(I + LW).

So A7™ maps elements of Lip(S) to Lip(S), and

| AT < max(1, Ly (1 + La)).
O

Next, we show that the regularity of the transition and reward functions implies regularity of the
solution to the Bellman equation.
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Lemma 8 (@ is uniquely defined and Lipschitz). Let v < max (1, m) and suppose that
R € Lip(S x A). Then there exists a unique solution ) € Lip(S X A) to the Bellman equation

Q=R+~AT"Q. (15)
Proof. Consider the power series
B = Z’Y”(AT’W)H.
n=0

By Lemma | AT || < max(1,L7(1+ Ly)). Then we have ||[yA7 ™|| < 1, so this power series
converges absolutely in the operator norm. Then

B(I _ ,.YAT,ﬂ') _ Z ,yn(AT,ﬂ-)n 7 Z,yn+1(AT,7r)n+1
n=0 n=0

=1

The same calculation shows that (I — yA7"™)B = I,s0 B = (I — yA7-™)~1. Now Q satisfies the
Bellman equation if and only if

(I —vAT™Q = R.

Since I — yA7 "™ is invertible as an operator on Lip(S x .A), there exists a unique Q € Lip(S x .A)
satisfying this equation.

Lemma 9 (7 -stability of A77). Let T, T3 : S x A — W, (S) be transition functions with

sup Wp(T(l)(s,a),T(Z)(s,a)) <.
(s,a)eSxA

Then o ©
AT — AT < (14 Ly)o.

Proof. As in the proof of Lemma let @ € Lip(S x A), and let ¢ : S — R be defined by

o(s) 1= /A Qudr..

By Lemmalf] ¢ € Lip(S) and
Ly < Lo(1+ Lx) < [|Q(1 + Ly).
Now by Lemmaj]

(AT 7Q)(s, ) — (A7 Q) (s.0)| = \ [ ety ~ [ ot
S S

< LoWy(TW(s,a), T®(s,a))
< [1QII(X + Lx)d.

The result follows by taking a supremum over (s,a) € S X A and @ € Lip(S x A). O

Proof of Theorem 1]

Proof. Let Ay = AT ™ and let Ay = A7”". By Lemma@
A1 — Aof| < (14 Lx)dr.

Since QM) and Q® are solutions to Bellman equations, we have

QW - Q® = (RY +74,Q") - (R®) +74,Q®)
= (RY = B?) + (14:Q" = 74:Q%)) + (14:Q") — 74,Q1).
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Then by the triangle inequality,
QW = QP loe < |RD = R + 71410 = 41QP o + 7410 — 42QP .

< R = RPloc + 71 41QW — 41QP e + 7] A1 — A2 QP |Lip(s x.)

<R = B loe + 91 41Q = 410 oo + ¥(1+ La)orl|Q® Lip(s x.)-
By assumption, we have ||[R1) — R®)||, < 5. By Lemmal7} we have

14:QW = 4:QP e < |QV = QP
By the Bellman equation for Q(%),
1P lLip(sxay = (I = vA2) 'R
<11 = vA2) I RP |nip(s x.4)

< (1 =) A2) " I RP|Lip(sx.a)-
By Lemmal[/]
||A2H < max(l, LT(Z)(]- + Lfr))a
)

N

Qo < (1 =114zl IR st

IR Lip(sx.4)
~ 1—~vymax(1,Lro(1+ Ly))’

Combining, we get

1+ L.)8 @ .
HQ(I) —Q(2)||oo < 5R+’Y||Q(1) _Q(Q)HOO i 'Y( + ) THR ||L1p($><A)

1 —~vymax(1l, Ly (1 + L))

and thus

1+ L2)op|| R |1
HQ(l) _Q(2)||oo < 1 or + (1 + Lz)or|| ||L1p($><.A) .
1—7 1 —ymax(1l, Ly (1+ Ly))

B.3 Deterministic CEBE approximation error

In this section we prove Theorem |2 We first reiterate some of the assumptions implicit in the
statement of the theorem and stated before.
* The state space S and the action space A are Banach spaces.

* The deterministic transition function 7 : § x A x C — W,(S) is of the form 7 (s,a) =
0f(s,a,c)» Where f : & x A x C — S is twice continuously differentiable with bounded
second partial derivatives. We will write f¢ to denote the function f(e, e, c).

* The reward function R : S x A x C — R is twice continuously differentiable with bounded
second partial derivatives. We will write R to denote the function R(e, e, c).

* The policy 7 : S x C — W, (A) is Lipschitz.

Lemma 10. Let X be a metric space. Then for all x1,22 € X and p € [1,00], Wy(0z,,05,) <
d(xl,xg).

Proof. First we prove the statement for p < co. Let I be the coupling between d,,, and J,, given by
the product measure. Then

Wp(0ay,0a,) < </X ‘/)(d(y17y2)pd]‘—‘(yl7y2)> 1/p

) (/X /X 4(y192)" A0, (41)0, (y2)>> "

= (d(w1,22)")"
= d(Il, .Z‘Q).
For the case p = oo, take the limit as p — oo in the above bound. O
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Proof of Theorem[2] In view of Theorem|I] we need to show that the linearized transition and reward
functions are good estimates of their true values. Let us define fcg : S x A x C — S by

fég(s,a) = f%(s,a) +0cf“(s,a) - (¢ — co),
so that T5g(s,a) = Ofer(s,a)-
Lets € S, a € A, and ¢ € C. By Taylor’s theorem, there exists ¢’ € [co, ] such that
1£€(s, @) = f0(s,0) = Bef (s, 0) - (c = co)|| < §/102F (s, a)ll][c = col
which we can write as
1£5(s,a) = fér(s, @) < [ID*fllsolle = coll.

Here 0. denotes the partial derivative with respect to ¢ while D denotes the derivative with respect to
all parameters. By Lemma[I0]

Wi (T(s,a), Tég(s,a)) < [|f(s,a) — fér(s, a)||
< [D*fllsclle = coll.
Hence we have shown that the transition maps are close.

Next we show that the reward functions are close. Again by Taylor’s theorem, there exists ¢’ € [co, |
such that

[R°(s,a) — R (s,) — R (s,a) - (¢ — co)| < [ D*R* (s, 0)[[lc — co?
<[ID*R||sslle = coll*.
So
IR — Rl < ID?Rl|solle — col %,
and the reward functions are close.

Next we will show that the transition and reward functions are Lipschitz. By Lemma[I0] for all
(s1,a1), (s2,a2) € S x A, we have

Wp(0pe(sy,ar), fe(saa2)) < I1F(81,a1) — fO(s2,a2) ||
< |10(s,a) [ lloc (51 — 82,01 — az)|

$0 L7e < ||Df||oo. Similarly,

Wy(Tér(s1,a1), Ter(s2, a2))

< |[fég(s1,a1) — fép(s2, as)||

< |10(s,a) fEllsoll (51 = $2,a1 — a2) |

< |[0(s,a) f(85a) + Os,0)0c f(5,a) - (€ = co)l|oo| (51 — 52,01 — az)|

<D fllsoll(s1 = 52,01 — a2)|| + [ D* fllscllc = collll(s1 — s2,a1 — az)]l,
50 Lye, < IDflloo + |1D? flloollc = coll-

Sp =
Since R is twice continuously differentiable, it is Lipschitz with constant | D R|| ., and therefore
1R |[Lip(sxa) < max(|[Rlo, [ DR|[oo)-
For the context-enhanced reward function,
| ReglLip(sx.a) = [[R® + 0.R® - (¢ — co) |Lip(sx.A)
< R |Lip(sx.a) + 10:R? - (¢ = co)[|Lip(sx.a)
< max(||Rlloc, | DR||c) + lle — col| max(| DR||oc, [|D* Rl|o)-

Now we can apply Theorem[I]} Note that
1

[Dfllos + D2 flloolle = coll)(1 + Lx)
1

<
- max(LTc, LTéE)(l + LW) ’

7=
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SO

. . e — coll? 2 A/(l+Lfr)||D2f||oo”RHLip(SxAxC)

c _ c IS < an=  —Un D o
< lle—col DR + YA+ L) [|1D? flloo (| Blloc + [[DRl|o)
= 1= T Ty max(L, [ Do (1 + L)

B.4 Stochastic CEBE approximation error

In this section we provide a proof of Theorem [3] We start by introducing assumptions and notation.

* The state space S is a bounded metric space. The action space .4 is a metric space.

* For a metric space X, let Meas(X ) denote the space of finite signed Borel measures on
X equipped with the total variation norm. The transition map is a function 7 : S x
A x C — Meas(S), and we suppose it is twice continuously differentiable in C, and
1T Nloos 10T |loos [|0%T ||o < 00. We also assume that 7 and 0,7 are Lipschitz. In this
subsection, we view 7~ as a map into Meas(S) rather than into W, (S). So, for example, the
Lipschitz constant L refers to the Lipschitz constant of 7 as amap S x A x C — Meas(S).

* Recall that if X is a metric space and p € Meas(X ), then p admits a unique Hahn-Jordan
decomposition p = p* — p~. Let U(X) denote the open subset of Meas(X ) consisting
of the signed measures p with u+(X) > 0, and let A(X) denote the probability simplex
of Meas(X), consisting of the (unsigned) measures p with (X)) = 1. We define the map

+
P:UX) — A(X) by P(p) := HﬁTH
* We suppose the reward function R : S x A x C — R is twice continuously differentiable

with respect to C, and || R|| oo, [|0:R|| o, |02 R||co < 00. Moreover, we assume that R is
Lipschitz.

A technical difficulty with transition maps in this setting is that the linearization of the parametrization

map might produce measures that have negative components and therefore might no longer be

probability measures. To fix this issue, we project the linearized transition maps onto the probability
simplex (note this is not necessarily on a finite sample space). But first, we must check that it is

possible to make this projection. In particular, for a projection P of the form U/(S) — A(S) we need

to check that the linearization 75z (s, a) = T (s,a) + 0. T (s,a) - (¢ — ¢o) lies in U(S).
Lemma 11. Let X be a metric space, and let | € U(X) be such that u(X) = 1. Then

Il —PQ)ll < 2(p |-

Proof. By the triangle inequality,
e = Pl < i = p* |+ ln™ = P(u)]

)+ \

=l
7T

1
= I+ Dt (1 - )
]

=+ el -1
=@+ lu" D+l -1
=2[lp" -

In the second to last line, we used that (X)) = 1, and therefore that || || — ||u~ || = 1.

Lemma 12. Foralls € S, a € A, and ¢, cy € C, we have
(T (s,a) + 0. T(s,a) - (c—cp)) (S) =1.
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Proof. Let € > 0 be such that a ball of radius €||c — ¢o|| about ¢y is contained in C. Let us define
v : (—€,€) — Meas(S) by

y(t) := Teottle=co) (5 q).

Since 7 is twice continuously differentiable in C, v is twice continuously differentiable. Since
~(t) € Meas(S) for all t, we have
JRCE
S

So for all ¢t # 0,

= W. Since 7 is differentiable, we have i, — %(0) in Meas(S).

(0 :/ lim py,

= lim L
n—oo S

=0.

Foreachn € N, let p, :
So

Finally, by the chain rule, we have
(T(s,a) + 9T (s,a) - (¢ — co))(S) = (T(s,a) +7(0))(S) = 1.
O

The following lemma shows that the linearization 7 (s, a) + 0.7 (s, a) - (¢ — ¢p) lies in U(S),
and therefore that the projection P(7(s,a) + 0.T(s,a) - (¢ — co)) is well-defined.

Lemma 13. Lets € S, a € A, and c,co € C. If ||c — co|| < (2]|102T ||oo) ™2, then the following
conditions hold:

[T 6,0+ 0.7 (5,0) - (= )| 2 1= 102 T llclle = o, (16w
T(s,a) + 0:.T(s,a) - (c—co) € U(S), (16b)
IT(s,0) = P (T*(5,0) + 0.7 (5,0) - (c = eo))|| < 3|02 T lclle — ol (160)

Proof. By Taylor’s theorem,
17(s,0) = T*(s,a) = 0.T*(s,a) - (¢ = co)l| < 102 T | oc [l — col|*.
Then by the triangle inequality,
(72 (s,0) + 0T (s5,0) - (= o))
> [[(7<(s,00)*
> |[(7<(s,a)) || = 102 T lsclle = col?
=1-102T°(s, ) [sclc = co|*.

‘ —IT¢(s,a) — T (s,a) — 0.T(s,a) - (¢ — co)|

Here we used that 7(s, a) is a probability measure on the second line. This establishes (16a). In
particular, the last line is greater than 0 by the assumption on the norm of ||¢ — ¢g|, s0

H(TCO(&a) + 9. T (s,a) - (¢ — co))+H > 0,

which establishes (T6b).
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By Lemmal[12] we have (7 (s, a) + 8.7 (s,a))(S) = 1. We can also bound the negative part of
the linearized measure:

(725, ) + 0.7 (s,0) - (e = o)
< (T )~ ||+ 1T<(s,0) = T*(s,0) = 0T (5,0) - (¢ = co) |
< [(Te(soa) || + 102 T Nloclle = eoll?
= 92T lloolle = col*.
Then by Lemmal|TT]
T (s,a) + 0. T(s,a) - (c—co) — P(T(s,a) + 0. T(s,a) - (c — o))l
<2|[(T(s,0) + 8T (5,0) - (c — o)) |
< 2|92 T [loc lle = col .
To conclude, we apply the triangle inequality:

IT¢(s,a) = P(T(s,a) + 0. T (s,a) - (c = co))||

<||IT%(s,a) — T(s,a) — 0. T (s,a) - (c — co)||

+ [T (s,a) + 0. T(s,a) - (¢ — co) — P(T(s,a) + 8. T (s,a) - (c—cp))||
<N02T |loolle = coll® + 20102 T [|oo [l — col|®

<3[92T oo lle = coll*.

This establishes (T6c). O

Next, we show that the projection map sends nearby measures to nearby probability measures.

Lemma 14. Ler X be a metric space, and let ji,v € U(X). Then

1P(s) - P)) < 212l

|

Proof. By repeatedly applying the triangle inequality, we get

1P - P = gk - ]|
& TR
RG]
B T A N A EATAL
o e [ TR
st
Il 7]
I
=2
In— v/
I

O

The following lemma relates the Wasserstein distance to the total variation distance, and is a special
case of a result in the monograph of |Villani et al.|(2008| Theorem 6.12).

Lemma 15. Let X be a bounded metric space, and let 1, ps € Meas(X). Then

Wi (pa, p2) < diam(X)|[| g1 — pr2 || veas(x) -
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Proof of Theorem 3] To use Theorem [T} we need to show that the context-enhanced transition and
reward functions are good estimates of their true values. By Lemma forall (s,a) € S x A,

IT°(s,a) = T (5, @)l pteas(s) < 3102 T loolle — col.
By Lemma([I0] we have
WH(T*(s,a), Té(s, a)) < diam(S)||T(s, a) — Téx(5, @) Meas(s)
< 3diam(8)\|8§T|\oo|\c — CoH2.
By Taylor’s theorem, there exists ¢’ € [c, ¢o] such that
[R°(s,a) — R(s,a) — 0B (s,a) - (¢ — co)| < 02R"(s,a)[l|c — col|”
<N 0ZR]olle = coll?

which we can rewrite as

|R°(s,a) — Rgg (s, a)| < [|02R||oollc = col®

IR® = R¢gllo < 102R]colle = col*.

So the reward functions are close.

Next, we will show that the transition and reward functons are Lipschitz. By Lemma [I5] for all

(s,a),(s',a") € S x A,
WHT(s,a), T*(s',a)) < diam(S)[[T*(s,a) — T*(s', @) [ meas(s)
< diam(S)Lrd((s,a), (s',a")),
so the Lipschitz constant of 7¢ : § x A — W;(S) is at most diam(S) L.
Letus define 7 : S x A — Meas(S) by
T(s,a) == T(s,a) + 8.T(s,a) - (¢ — co).
Then 75y = Po T. By Lemma forall (s,a) € S x A,

|76 o], =1 10T el = ol

For all (s,a) and (s',a’) in S x A, we have
I7(s,0) = T(5", 0"l teascs)
< T (s,a) = T(s', 0" ) I Meas(s) + 10T (s,a) — 0T (8", a") Inteas(s) ll¢ — coll
< Lrd((s,a), (s',d")) + Lo, 7llc — colld((s, a), (s",a")).
Then by Lemma([14] for all (s, a), (s',a') € S x A,
= IT5,0) = T st
Meas(8) ~ 17 (s, @) * || Meas(s)

LT + HC B COHLL%T)d((Sv a)? (5/7 a/))
1 —[|02T ||oolle = col|?
<ALy + |le — collLo,7)d((s,a), (s,a")).

|P(T(s,0) = P(T(s )|

§2(

Again by Lemma T3] we have
WH(Tée(s,a), Tér(s', ') < diam(S)||Téx(s, a) — Téu(s', a')llmeas(s)
< 4diam(S)(L + lle — collLa.7)d((s, a), (', ),
so the Lipschitz constant of 75z : S x A — Wy (S) is at most 4 diam(S) (L7 + ||c — co||La,T)-

By assumption, R is Lipschitz with constant at most Lr. The Lipschitz constant of R¢p =
R + 9. R - (¢ — ¢g) isat most Lr + Lg_r|lc — coll.

Finally, by Theorem|[I} we have
Q¢ — QI

1
< = (1e2Rlwle - olP +

3y diam(S)(1 + L) | Rlluip(sxaxc) 102 T [l lle = col|?
1 — ymax(1,diam(S)Ly(1 + L)) '
O
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B.5 CEBE policy is approximately optimal

Here we provide a proof of Theorem 4]

Proof. Recall that

= ESNSU,aNﬂ'(s,c) QC(S, a; 7T),

J(m,c) =K lz 'R,
t=0

where R; denotes the reward attained at time ¢ from following the policy mcg in context c. Let ¢ € C.
Let 1 denote the initial state distribution. Since Qcg and Qg are close,

Jon(Tam,¢) = /S /A Qs (5. a3 ) (a)dja(s)
> /S /A Qi (s, a3 o) e ()dp(s)
~ [ [ 1@¢n(s.aimae) - Qbes,aimue)| drss(@)da(s)
SJA
> [ [ @hu(s.aiman)dre(a)dute) 5

= JBE(WBE,C) — 5.

Similarly,
JBE(WCE,C):/8/AQ%E(sva%WCE)dWCE(a)dﬂ(S)
> /S /A Qép(s, a mom)drcn(a)du(s)
~ [ ] 1@t s.amoe) = Qi i) dmc(aints)
> /5 /A Q(s5, a; mom)dmom (a)dpa(s) — 6

= JCE(WCE, C) - 5.

The above inequalities, combined with the (C, ¢)-optimality of g and wcg on their respective
MDPs, yield

Jee(mcE, ¢) > Jee(mcE, ) — 0
> JCE(WBE,C) —€e—90
2 JBE(WBE7 C) —€—20
> sup Jpg(p, ¢) — 26 — 2e.
p

Hence, g is (C, 20 + 2¢)-optimal on the Bellman equation. O

B.6 Relation of CSE to regularization

In this section we aim to provide intuition about what functions are learned when using CSE by
developing a regularization perspective for the CSE loss. For simplicity we consider the supervised
setting. In supervised learning, for an input data distribution D and a true function F': X xC - Y
we want to learn, we may define a loss function for a hypothesis f : X x C — Y

L(f) = Eonp | f(z,¢) = F(z,0)]3.

The corresponding CSE loss is then obtained by augmenting the data (by adding perturbed inputs and
corresponding labels from the linearized true model) and is given by

LEOSE(f) = EgEﬂfN'D”f(‘T?CO + g) - F(‘T7CO) - aCF(I7CO)€||§7
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where ¢ is a random vector of our choice, which we will suppose is standard multivariate Gaussian.
We then calculate

Lege(f)

= EeEonnl| f (2, c0) + O f (2, c0)€ + ET 02 f (, c0) + O(IEI°) — Fx, co) — 0F (z, co)é |13
= EEop|f — Fl3 +2(f — F,(8:f — 0.F)E)

+ 10 f — 0F)E|5 + (€702 1€, f — F) + O(J€]1%)

= Eonnllf — FII5 + EcEonn || (0ef — 02 F)E|13 + BeBonn (€702 fE, f — F) + EcO(|I€]°)
~ B f — Fl3 + EcEonn||(0n f — 0. F)E||5 + B¢y (€102 fE, f — F).

The first term of the above expression encourages f to be close to F'. The second term is equal to

BByl (00 f — 0. F)" (00 f — 0. F)E = EcBypTrace(6€" (0, f — 0, F)" (0, f — 0.F))
= EoopTrace(E[EET](00f — 0. F)" (0o f — 0. F))
= 0%E,pTrace((0pf — 0, F)" (0pf — 0.F))
= 0"Eonpl|0uf — 0. F |3

and therefore encourages the derivative of f to agree with F'. Under the assumption that the function
f is a close approximation of F' in the training context cg, the loss is approximately

L&g(f) = 0By |00 f — 0. F |7

Up to higher-order terms in the perturbation size, data augmentation with CSE corresponds to adding
L? regularization on the difference between the Jacobian of the trained model f and that of the true
function F'. In other words, this encourages J.f ~ O0.F at cg.

C Additional Experiments

C.1 PendulumGoal

We provide additional plots for the PendulumGoal experiment. In Figure[5] we show the evaluation
performance of the trained policies when sweeping over the context parameters. We additionally plot
the mass and length context parameters. All methods perform similarly as we vary the length. When
we vary the mass, the methods perform similarly until the mass is greater than about 1.6 at which
point the baseline performs best. Note that CSE still outperforms LDR in this case.

C.2 CartGoal

We present our results on the CartGoal environment in Figure[6] This environment uses discrete
action spaces, so we train the @) functions and policies using DQN (Mnih et al.| 2013)). We can see
in the figure that all methods perform similarly with respect to the cart mass and pole mass. CSE
has a slight edge on pole mass when the mass is greater than 1.75. Interestingly, baseline performs
better than CSE and LDR when changing the gravitational acceleration. We note that this is very out
of distribution since the Ac used in training was only 0.1. On pole length, the policies trained with
LDR performed best and CSE slightly outperforms baseline for most contexts. When varying the
goal state, CSE performs best when the goal state is far from the origin.
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Figure 5: Comparison of training methods on PendulumGoal as we vary the context parameters.
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Figure 6: Comparison of training methods on CartGoal as we vary the context parameters.

C.3 AntGoal

We present the results of the AntGoal environment in Figure[7] We can see that CSE performs at

least as well as LDR across all contexts. Both CSE and LDR beat baseline performance across all

contexts.
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Figure 7: Comparison of training methods as we vary angle of the goal state in the AntGoal
environment and keep a fixed distance of 3. The training context is (3.0, 0.0).

C.4 PendulumGoal with Automatic Differentiation

In the other experiments, we use analytical gradients, but this may be limiting in some settings. In
this section, we perform an experiment on the PendulumGoal environment and use automatic differ-
entiation to obtain gradients. Figure[§]shows the evaluation performance of the trained policies when
sweeping over context parameters in the PenGoal-AD environment. We can see that CSE performs
similarly to LDR. In some cases, CSE outperforms LDR (e.g., when gravitational acceleration is at
least 3).
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Figure 8: Comparison of training methods on PendulumGoal-AD as we vary the context parameters.

C.5 Stochastic Transitions

We present the results for the SimpleDirection-Stochastic environment in Figure[9] This environment
has the same transitions and rewards as in SimpleDirection, but with additive Gaussian noise € ~
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N(0,0.1) applied to both the transitions and rewards at each step. In this environment, the policy
trained with CSE has similar performance as with LDR and outperforms the baseline. While this
provides empirical evidence that CSE is robust to stochasticity in transitions and rewards, further
work should establish theoretical guarantees for this scenario.
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80 SAC + CSE

—— SAC + LDR
---- Train

Mean Return

201

01

H

-1.00 -0.75 —-0.50 -0.25 0.00 0.25 050 0.75 1.00
Context

Figure 9: Comparison of training methods as we vary the first context parameter in SimpleDirection-
Stochastic.

C.6 Aggregate Statistics and Context Dimension

In this section, we present a table of average performance for each environment. We compute the
mean performance from the previous context sweeps and show the results in Table[I] The last column
shows the normalized score )

CSE — Baseline

LDR — Baseline

for each environment. Note that CSE is better than the baseline in all cases. CSE performs better than
LDR in three of the six environments tested (CheetahVelocity, SimpleDirection, and PendulumGoal).
The data do not point to a relationship between the context dimension and the normalized score. This
is expected since the transitions and rewards vary significantly between environments. We expect that
the context dimension can have an impact on the performance of LDR and CSE and further work
should consider testing this when scaling to high dimensional contexts.

Environment Dimension(C)  Baseline LDR CSE Normalized Score
CheetahVelocity 1 —681.87 —588.22 —575.94 1.13
SimpleDirection 2 16.03 37.60 38.05 1.02
AntDirection 2 507.11 560.23 515.98 0.17
AntGoal 2 —2790.55 —2157.52 —2307.24 0.76
PendulumGoal 4 —425.08 —421.58 —394.19 8.83
CartGoal 5 284.65 325.49 315.74 0.76

Table 1: Mean Returns averaged across all context sweeps for each environment using analytic
gradients. The last column shows the normalized score for CSE compared to LDR. The highest mean
returns for each environment are shown in bold.

D Experiment Details

In this section, we outline the details of our experimental setup. We include an overview of the SAC
hyperparameters in Table [2] and replay buffer hyperparameters in Table [3] For the SAC experiments,
all neural networks use three fully connected layers of width 256 with ReLU activations. For the
CartGoal experiment, we use DQN and the neural networks have a single fully connected layer of
width 256 with Tanh activations. The neural network head is a two layer fully connected neural
network with width 256 and ReLU activations. We use the default RLLib implementations of SAC
and default hyperparameters for each environment are based on the tuned examples from RLLib
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Environment Epochs Actor LR Critic LR  Entropy LR Initial Entropy

SimpleDirection 500 1-107%  2-.1073 4-1074 1.0
PendulumGoal 1000 2.10¢ 8.10¢ 9.10¢ 1.001
CheetahVelocity 10000 2-10"%* 8-1071 9.1074 1.001
AntDirection 5000 3-10°° 3-107¢ 1-107* 1.001
AntGoal 10000 3-10=° 3.107% 1-107% 0.01

Table 2: SAC Hyperparameters

Environment Capacity « B

SimpleDirection le6 06 04
PendulumGoal leb 1.0 0.0

CartGoal 5ed 0.6 04
CheetahVelocity led 0.6 0.4
AntDirection le6 0.6 04
AntGoal le6 06 04

Table 3: Prioritized Episode Replay Buffer Hyperparameters

(Liang et al.; 2018}, 2021). Note that|Lee and Chung| (2021) use a smaller initial entropy penalty for
AntGoal, so we use their choice of ag = 0.02 as well. We increase the number of epochs in each
environment to account for the increased complexity of training with contexts. When performing
CSE and LDR, we generate perturbations Ac uniformly from the sphere of radius 0.1. To improve the
sampling performance, we vectorize all environments to sample from 8 versions of the environment.

When training with SAC, we have the following additional hyperparameters which we keep constant
across experiments. The target entropy is automatically tuned by RLLib. The policy polyak averaging
coefficient is 5 - 1073, We use a training batch size of 256 and 4000 environment steps per training
epoch. These are the default choices in RLLib. For CartGoal, we also have the following hyperpa-
rameters with DQN. The learning rate is 5 - 10~* and the train batch size is 32. We additionally
enable double DQN and dueling within DQN to improve ) value estimation, implemented within
Liang et al.[ (2018} 2021). We also use random exploration for 10* timesteps, followed by using
e-greedy exploration with ¢ = 0.02. These are hyperparameters were chosen based on the default
RLLib implementations DQN for the tuned CartPole example from RLLib (Liang et al.|[2018}2021)).
Note that in both SAC and DQN, we use 1-step returns during training. While the experiments in this
paper use SAC and DQN, we note that CSE is derived from CEBE which should allow one to apply
the method to any algorithm which leverages bootstrapping. Issues may arise when using n-step
returns for estimating returns as repeated linear approximations will accumulate error for large n.

Hardware Experiments were run on a system with Intel(R) Xeon(R) Gold 6152 CPUs @ 2.10GHz
and NVIDIA GeForce RTX 2080 Ti GPUs.

Python libraries Torch (Paszke et al.,2019); Ray (Moritz et al., [2018)); Ray Tune (Liaw et al.|
2018); Ray RLIib (Liang et al.| 2018} [2021); Seaborn (Waskom, [2021)); Matplotlib (Hunter, 2007);

Pandas (pandas development team), 2020); Numpy (Harris et al.,|2020); Scipy (Gommers et al.,[2024);
Mujoco (Todorov et al., 2012); Gymnasium (Towers et al., 2024).

E Environments

We provide additional details about the environments in this section. A summary of the environment
parameters is included in Table 4]
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Environment Train Context ¥ Horizon

SimpleDirection (0.0,0.0) 0.9 10
PendulumGoal (2.0,1.0,1.0,0.0) 0.99 200
CartGoal (10.0,0.1,1.0,0.5,0.0) 0.99 500
CheetahVelocity (2.0) 0.99 1000
AntDirection (1.0,0.0) 0.99 1000
AntGoal (1.0,0.0) 0.99 1000

Table 4: Environment Parameters

E.1 Cliffwalking

We begin our experiments by first solving the problem in a tabular setting. This allows us to exactly
solve the Bellman equation and the CEBE to avoid noise due to sampling and training in deep RL.
This allows us to compute the approximation error exactly. We consider the tabular Cliffwalking
environment shown in Figure[T0} In this environment, the agent must navigate to a goal state without
first falling off a cliff (depicted as black cells in the figure). If the agent walks near the cliff’s edge it
can complete the task faster, but risks falling off the cliff. In this environment, the context is ¢ € [0, 1],
which denotes the probability that the agent slips. When the agent slips, the next state is picked
uniformly at random among the adjacent states. If the slipping probability is high, then the agent is
incentivized to first navigate away from the edge of the cliff before navigating to the goal state.

Figure 10: Visualization of the tabular Cliffwalker environment. The agent, represented by e, is
taking the right action. The agent is most likely to move right, but there is a probability c of the
agent slipping. If the agent slips to moves to an adjacent cell with equal probability.

E.2 SimpleDirection

Recall that the equations for the SimpleDirection environment are given by
T¢(s,a)=s+a+c, R(s,a,s)=5"c

We pick this environment because the transition is linear in each variable and rewards are linear in c.
The spaces are
S=R* A=[-1,1? C=[-1,1
and the initial state is picked uniformly at random so ~ Uniform ([—1,1]?). This gives the resulting
gradients
8TC_I GRC_S, 8RC_C
dc 7 dc 77 098 7

E.3 PendulumGoal

The transition function is the same as in the pendulum environment from [Towers et al.| (2024) and are
determined by the solution to the ODE

. 3g . 3

0= 5 sin 6 + mlzu
over a time interval d¢t = 0.02. We modify the reward so that the desired position of the pendulum is
not vertical. In particular, we specify 7 to be the desired torque applied at the goal state. We choose
to specify a goal torque instead of a goal state since the action space is bounded and an arbitrary goal
state may not be stable for any policy under different contexts (e.g., when max |u| < ngl sin(fgoa))-
Solving for the goal state at the desired torque 7, we get

. ( 27 )
Ogoat = arcsin | ——— | .
mgl
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The reward function is then
2 Og0a1 — 0 2 )2 2
R¢ = w“sin (g2) +0.16“ 4+ 0.001 u 5

where we have also used sin instead of the absolute value function for the state error due to periodicity
in the problem.

E.4 CartGoal

The transition function is the same as in the cartpole environment from [Towers et al.|(2024)) and are
determined by the solution to the system of ODEs

gsinf + cos 6 (M)

mMp+me

0=
4 my, cos? 6
l (§ - mp+me )
fH+mpl (92 sin @ — 6 cos 9)
€r =

mp + My

over a time interval d¢t = 0.02. The reward function is modified to include a goal state for the cart

position
R =2—/1+ (x — zgo0m)?

Note that the environment uses the same termination conditions as CartPole and can terminate early
ife &[—2.4,24] or 6 ¢ [—0.21,0.21].

E.5 ODE Environment Simulation

The continuous control environments are specified by differential equations and reward functions.
Derivatives of 7¢ and R are computed symbolically. The differential equations are then converted
into first-order systems and compiled into Python functions before solving numerically with Euler’s
method.

Example with a simple equation Consider the transition function specified by the differential
equation
T =azx + bF

and reward function
R@Y9) — (¢ — z(t + At))?,

where a, b, c € R are context variables and F’ is the control. Then the derivatives of the transition
function with respect to the context variables are solutions of the following differential equations:

di _ e odi e oodi de
da da T @ T Y@ T de ” Yae T
Similarly, the reward function has derivatives
dR(a,b,c) dR(a,b,c) dR(a’b’C) dR(a,b,c)
da ’ db 0, de (e—a) —o (c—z)
When solving for the gradients, we use the initial conditions
dx dx dx
250 =0 —(0)=0, —-(0)=0.

This is because we care about how the next state would change as we change the context. So, the
change in the next state due to the change in the context would be zero if we did not move forward in
time at all. We include a full derivation for the PendulumGoal system in Appendix
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E.6 Goal-based Mujoco Environments

Lee and Chung| (2021) introduced goal-based variants of the HalfCheetah and Ant from Mujoco
(Todorov et al.|[2012). We denote these environment by CheetahVelocity, AntDirection, and AntGoal.
They each follow the same dynamics equations specified by [Todorov et al.|(2012). However, their
rewards are modified to introduce context dependent tasks.

The original CheetahVelocity implementation modifies the forward reward to a penalty on the velocity
—|v — vgou|. We use a smoothed version of this function,

R%elocily =1- 1+ (’U - Ugoal>2-

We follow the original reward function for the AntDir environment. The velocity component of the
Ant reward function is modified to

C —
RDirection =C-v.

The original AntGoal implementation modifies the forward reward to a goal based penalty —|(z,y) —
(@goal; Ysoal)|. We use a smoothed version of this function,

Rg‘;oal =1- \/1 + ((xvy) - (xg()ﬂl’ ygoal))z‘
F Worked Examples

In this section, we provide fully worked out calculations for some of the environments in the paper
with the aim of providing more clarity.

F.1 SimpleDirection expected optimal returns

The kth state is given by
k—1

Sk :so—i—Zai—&—kzc.
i=0
Using this, we get the rewards are

k
TR =C- Skt1 :c~so+c-2ai+(k+1)||cH§.
i=0

By symmetry on sy initial distribution, we have

k

E(re) = ¢y a; + (k+1)lle]3.
=0

Due to the constraints on a;, the maximum is obtained when a; = sign(c) (computed element-wise).
So, we get
E(re) = (k+1) (el + lle]3) -

The expected non-discounted returns are thus

H—-1 H-1

H+1
> = X (et 1) (el + ell) = (751 (el + 1e1B).
k=0 k=0

where H is the horizon.

F.2 PendulumGoal Equations

In this section, we present the full set of equations for the PendulumGoal Environment. This includes
the transition and reward gradients. Recall that the context parameters are (g, m, [, 7), where ¢ is the
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gravitational constant, m is mass, [ is the pendulum length, and 7 is the goal torque. The dynamics
are governed by the equation

0= 5 sin(6) +

where 6 is the pendulum angle and u is the control torque. The reward function is

miz

0

903* ? A
Rc:w2sin( g 12 ) +0.16% 4 0.001 u2,

where Ogoa = sin~! (%) . Taking gradients of the transition dynamics in each context parameter,
g

we get

. 3

0y = 2 (sin(@) + g cos(9)8,)
3g 3

0, 5 cos(0)6., o

__39 39 6

6 e sin(6) + 5 cos(0)0, ke
39

0, =— 0)6

r = 5 cos(0)6-

The full transition dynamics with the gradient equations are then converted into the following first
order system of differential equations.

3
b=2 5111(9) + Tk
6 = ¢
by = o (sin(0) + g cos(0)6,)
ég = ¢y
3g 3
¢>m = Cos(ﬂ)em — 5t
Om = ¢m
__39 39 6
) 5z in(f) + 5 cos(6)6, ik
0 =
_39
&r o cos(0)6,
= ¢r,

where ¢ = %. The reward function and its gradients are

Ogoar — 0\
RC=W2sm( & 12 ) +0.142 + 0.001 u?

Ogoat — 0
n< : '2 )(agogoalag)+o.2¢g¢

(OmBgoat — bg) + 0.2 )

(a agoal 0l) +0.2 ¢T¢a

sin (9g°al 0) (010500 — 01) + 0.2 919



where

2T
agagoal = >
mg2ly/1 — EERLTE
2T
a'megoal = 1.2
m2gl 1- m27g—2l2
27
819g0a1 = =
mgl2 1- mzqg—zlz
-2
a‘rggoal = =
mgl 1- 7rL27_¢;2l2

G Broader Impacts

This paper develops foundations for generalization in RL with sufficiently regular CMDPs. This may
be applied to improve performance in out-of-distribution contexts. Improvements in this direction aid
in increasing our understanding of CMDPs and can lead to the design of policies which are more
robust to perturbations of the context. This work focuses on sufficiently smooth CMDPs, which
appear, for instance, in physics problems. The authors do not foresee any direct negative societal
impacts of this work, but do not have control over how these methods might be applied in practice.
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should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: Theorem statements and assumptions are included in Section 3] Proofs of the
theorems are included in Appendix [B| We provide a proof sketch for our main theorem,
Theorem []in Section 3

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all code to reproduce the experiments in GitHub repository linked
from the title page of the article.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide all code to reproduce the experiments in GitHub repository linked
from the title page of the article.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide all code to reproduce the experiments in GitHub repository linked
from the title page of the article (anonymous for double-blind review). We also outline
hyperparameters in Appendix D]

Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We report 95% confidence intervals in all experiments involving statistical
significance.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: In Appendix [D] we include include all details of the compute resources.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research complies with the NeurIPS Code of Ethics. The research process
did not cause harms nor do the outcomes of the research represent immediate risks to create
harmful consequences.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We provide a discussion of the broader impacts of this work in the appendix.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

41


https://neurips.cc/public/EthicsGuidelines

11.

12.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper does not release data or models. The code includes some new
environments, but these present no risk for misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We properly cite all environments and algorithms used in the paper. We also
include citations for python packages in the appendix.

Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The code base is well documented and includes clear instructions on how to
run all experiments done in the paper.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve human subjects or require IRB approval.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: The core method development does not involve LLMs.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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