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ABSTRACT

This paper introduces a visual sandbox designed to explore the training dynamics
of a small-scale transformer model, with the embedding dimension constrained to
d = 2. This restriction allows for a comprehensive two-dimensional visualization
of each layer’s dynamics. Through this approach, we gain insights into training
dynamics, circuit transferability, and the causes of loss spikes, including those
induced by the high curvature of normalization layers. We propose strategies to
mitigate these spikes, demonstrating how good visualization facilitates the design
of innovative ideas of practical interest. Additionally, we believe our sandbox
could assist theoreticians in assessing essential training dynamics mechanisms and
integrating them into future theories.

1 INTRODUCTION

The scaling hypothesis in deep learning states that a model’s performance will continue to improve
as the size of the model and its training set increase (Hoffmann et al., 2022; Kaplan et al., 2020).
This idea has led to a focus on developing very large models, with significant resources dedicated to
their training. While this approach has yielded great empirical successes, it requires a substantial
computational budget. This makes it challenging to conduct meaningful ablation studies to analyze
the importance of different components or factors in a system. As a result, there is still a limited
understanding of the training dynamics of these large models and much of the knowledge in this area
is based on unpublished tricks and techniques rather than rigorous scientific investigation.

We believe that improving the understanding of this matter is of great importance not only to enhance
performance but also to limit the failure cases that occur when scaling the size of the models
(Chowdhery et al., 2024; Dehghani et al., 2023; Molybog et al., 2023). This may notably contribute to
the reduction of memory and budget costs, along with carbon emissions associated with training large
models (Faiz et al., 2024). In this paper, we deliberately choose to focus on a small model to gain a
deeper understanding of its training dynamics. In particular, the crux of our approach is to consider a
model small enough to visualize it fully. Specifically, we focus on a transformer architecture with an
embedding dimension d = 2, which allows us to plot the dynamics of each layer in a two-dimensional
plane. This approach enables us to analyze the model’s internal workings and visualize the underlying
mechanisms that drive its behavior, which may be obscured in larger models. We hope that insights
gained from small-scale studies could provide a foundation for understanding the complex dynamics
at play in larger models, ultimately shedding light on their behavior and performance.

Our main contribution is to provide a visual sandbox which can be of great interest for several
reasons. Theoreticians can use it to build intuition on key mechanisms underlying training dynamics,
potentially leading to new theorems. Practitioners can use it to test new ideas, such as optimizer
modifications. In particular, modifications to the architecture, to the training setting, or to the data
can be seamlessly integrated into our pipeline. By providing this sandbox, we aim to facilitate the
understanding of the complex dynamics at play in larger models.

Summary of our contributions. Our contributions are as follows:

* We develop a visual sandbox to visualize the training dynamics of transformers. Our code is
made available to the reviewers and will be open-sourced. It is designed to create videos
that help comprehend the model’s internal dynamics thoroughly.
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* Using our visual sandbox, we provide insights into the training dynamics of our model. We
classify the types of circuits learned for our problem and illustrate a two-phase learning
process, consisting of representation learning followed by classifier fitting.

* We detail the transferability of circuits to showcase the usefulness of curriculum learning
and data curation.

* We investigate loss spikes, suggesting potential strategies for mitigation, which could lead
to more stable training processes.

Overall, we hope that our study will guide theorists towards new theorems that capture important
aspects beyond the training dynamics of transformers and help practitioners build intuition on
potentially promising changes to current training pipelines.

Related Work. Our work bridges explainability and training dynamics studies.

Opening the Black Box. As neural networks increasingly permeate civil society, concerns about
their opacity intensify. This has fueled the ongoing quest to "open the black box." To tackle this
issue, researchers have developed various methods, such as extracting meaningful features from
neural network activations (Fel et al., 2023), and assessing the impact of perturbations on model
inputs (Fel et al., 2021; Koh & Liang, 2017), among others. Recently, the field of mechanistic
interpretability has advocated for exposing the internal mechanisms of transformers to provide novel
insights into their capabilities (Elhage et al., 2021; Olsson et al., 2022). While some methodologies
may apply to large language models (Templeton et al., 2024), precise ablation studies often focus on
controlled environments and simplified architectures (Cabannes et al., 2024a; Charton, 2022; Geva
et al., 2023; Liu et al., 2022; Meng et al., 2022; Nanda et al., 2023; Rauker et al., 2023; Wang et al.,
2023). Our work aligns with this field, as we aim to make the internal behavior of transformers more
explicit through carefully selected visualizations in controlled settings. In particular, by utilizing
low-dimensional embeddings, we effectively circumvent the curse of dimensionality as defined
by Olah (2023). Although low-dimensional embeddings make learning the task more challenging,
they enable comprehensive visualization of every model component. However, unlike mechanistic
interpretability, our goal is to provide insights into the training dynamics of these models, in the spirit
of Wortsman et al. (2024).

Training Dynamics of Neural Networks. With the advent of deep learning, new optimization chal-
lenges have emerged. Training loss functions are no longer necessarily convex or smooth, the
optimization landscape has expanded enormously, and computations are distributed to manage this
scale. As the scale of models increases, the absence of theoretical results and closed-form solutions
for optimizing neural networks underscores the need to better understand their behavior in practice
during training, which is increasingly becoming a computational bottleneck. One approach to address
this issue is to employ mathematical abstractions, as seen with neural tangent kernels (NTK) Chizat
et al. (2020); Jacot et al. (2018) and mean-field analysis (Chen et al., 2024; Mei et al., 2018), among
others (Abbe et al., 2022; Ahn et al., 2024; Cabannes et al., 2024b). Unfortunately, obtaining formal,
rigorous results often requires simplifications that deviate from practical implementations. This type
of analysis can overlook crucial details that significantly alter the training dynamics.

2 SANDBOX SETUP

In this section, we describe our controlled setup, focusing on both the data and the architecture.

2.1 SPARSE MODULAR ADDITION

In terms of data, we concentrate on a straightforward mathematical task. We draw inspiration from
the sparse parity problem (Abbe et al., 2023; Barak et al., 2023) and the modular addition problem
(Nanda et al., 2023; Power et al., 2022) to formulate the sparse modular addition problem. This
problem is characterized by the following parameters:

* Inputlength L € N,
* Vocabulary size p € N,
* Sparsity index k € [L], and a set of indices I C [L] with cardinality || = k.
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Our default configuration is set to L = 12, k = 5, and p € {2, 3}. Without loss of generality, we

assume I = [k] := {1,2,..., k}. Inputs are sequences of L tokens z; in F,, = Z/pZ ~ [p], and the

corresponding targets are the sum of the first k£ terms modulo p. Formally, we aim to learn a mapping:
e Fﬁ — F,

T = (xla'rQa"'vxL) = y:ZtE[k] Lt

This mapping defines deterministic conditional distributions linking input and output data through

the formula p(Y = y|X = x) = 115+ (a)

(objective)

=y}
The sparse modular addition task offers the benefits of simplicity while allowing for the observation
of a variety of training behaviors.

2.2 ONE-LAYER TRANSFORMER ARCHITECTURE

This paper focuses on a specific architecture designed to address our problem.

Sequence Embeddings. The sparse modular addition problem is inherently discrete. To handle
it with a differentiable architecture, we need to embed it in a continuous space R%. We first embed
each token with both semantic and positional information. Given a learnable token embedding
E :F, — R% and a learnable position embedding P : [L] — RY, a sentence in token space is lifted
to a sentence in embedding space through the following embedding operation

 E(z) + P@)
1E(ze) + P
This type of embedding, known as absolute position embedding, incorporates both the semantic

meaning of the token and its position within the sequence. The normalization, which projects each
element of the sentence onto the sphere, is known as RMS-norm (Zhang & Sennrich, 2019).

Vit e [L], zt = Z (T, t) : (embedding)

Next, an attention mechanism is applied to the sequence of normalized embeddings (z;) to aggregate
them into a single sentence embedding ¢ € R?. It utilizes a query vector ¢ € R%, and a value matrix
V € R4 Denoting z = (2;) € R, the sentence embedding can be expressed in matrix form as
ZTq d .
¢ := (Vz)softmax(—=) € R, (sentence embedding)
Vd
where the softmax operation is defined as a mapping from R’ to the simplex Ay in R”. Specif-
ically, the s-th component of softmax((a;)) is proportional to exp(as), formally expressed as
softmax((at)se(r]) = (exp(as)/ 3 ;e(r) exp(ar))se(r). Compared to the attention mechanism in
Vaswani et al. (2023), we omit both the key and output matrices, which would act as extra parameters
that do not increase the expressivity of our model.

Feedforward Neural Network. Finally, we transform the sentence embeddings using a neural
network to cluster them according to the desired output classes. We employ a two-layer multi-layer
perceptron (MLP) with pre-norm (Xiong et al., 2020) and residual connection (He et al., 2015). This
network is parameterized by h € N "receptors" weights w; € R?, h "bias" terms b; € R, and h
"assemblers" vectors u; € R? for i € [h]. It implements the following transformation:

T
=&+ Z o <wz ¢ + bi> -u; € RY, (embedding transform)
2\l

where o : R — R is a non-linear function, chosen to be o(z) = x¢(x) with ¢ being the Gaussian
cumulative function. This function o is known as the GELU activation. The final embedding vector

( is decoded back to token space based on how it aligns with the respective token embeddings. A
softmax layer converts these alignments into a probability vector over the different output classes:

pe(y) = softmax((E(y)TC)yeyp). (decoding)

Abstracting all the learnable weights into a single parameter €, our architecture takes as input a
sentence x € ]FZ% and outputs a probability vector over the classes pg(y|z). The parameters of our
model are optimized by minimizing the cross-entropy loss defined as:

L(0) :=E(x,y)~p [—log(pe(Y[X))], (loss)
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where p is a training distribution, typically chosen as the counting measure over some training data.
This loss is a proxy for the measure we aim to optimize, which is accuracy, defined as:

L(0) == Ex,y)~p [I{Yzarg max, ps(y| X)} | > (accuracy)

with p denoting a data distribution, typically chosen as the counting measure over some testing data.

Default Configuration. In our experiments, we trained our networks using n = 2048 = 2! data
points, which were sampled uniformly with replacement from the p” possible sentences. We utilized
the Adam optimizer with parameters 51 = 0.9 and 82 = 0.999 (Kingma & Ba, 2017), and we
initialized the network weights using the default schemes provided by PyTorch (Paszke et al., 2019).

2.3  VISUALIZATION TOOLS

The primary motivation of this paper is to embed all computations in dimension d = 2, enabling us to
visualize everything occurring within our model in a relatively straightforward manner. Our codebase
is designed to generate videos of the training dynamics, tracking several key aspects. We notably
track the following.

Position Embeddings. We visualize P(t) for ¢ € [L] as a point cloud. In this visualization,
"spurious" embeddings, P(t) for t ¢ [k], are represented by squares, and "non-spurious" ones, P(t)
for t € [k], by circles. Ideally, the transformer would collapse all spurious (resp. non-spurious)
position embeddings into a single point, learning invariance of y to sentence suffixes (resp. to
non-spurious token position permutation).

(Normalized) Embeddings. We visualize the normalized version Z(z,t) of E(x) + P(t) for
(x,t) € F), x [L]. We maintain the same circle and square distinction and use the same color for both
E(xz)+ P(t) and E(z") + P(t), for 2’ € F), \ {z}. On the normalized plot, we also plot the query ¢
as an arrow in R?, helping us understand how the attention learned where to focus.

Attention Map. A concatenation of attention vectors for different sentences is represented as a
vectorized image. This visualization enables us to follow the change in activation patterns, even
though it is a pure function of the normed embedding visualization.

Value transform. We visualize V' Z(x, t) as a point cloud. This allows us to understand how sequence
embeddings are built and how the value matrix may overcome faulty attention patterns.

Sequence embeddings/transforms. We visualize the sequence embeddings £ (or their transforms
¢) for a set of predefined sentences. These sentences are built by iterating over prefixes () ¢e|]
and suffixes (z¢).¢[x). Sentences that share the same prefix have the same color. Sentences whose
prefixes are equivalent up to a token position permutation have similar colors. Squares, circles, and
triangles are used to distinguish between the classes of the sentences. The sequence embeddings
visualization is a direct function of the value transformation and the normalized embeddings.

Transform level lines. We visualize the mapping from sentence embedding £ to their associated
learned probabilities p(y = 1). We also plot the sentence embedding on the same plot to better
understand the level line changes.

MLP receptors (and assemblers). We visualize the w; € R? (and u; € R?) defining the MLP
transform as a point cloud in R2. A consistent color scheme is used to link receptors with the
corresponding assemblers.

Loss and accuracy. We visualize the current train/test loss and accuracy. These are classical
quantities to track. It is interesting to put them in relation to the other visualizations to better
understand the loss spikes, loss plateaus, and phase transitions.

3 FAMILY OF CIRCUITS

In this section, we describe idealized circuits designed to solve the sparse modular addition problem
and discuss concrete solutions implemented by transformers.
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Figure 1: Idealized circuit capturing the invariants of the problem
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Figure 2: Faulty attention corrected by value collapse.
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Figure 3: Embeddings having only learned some invariants.
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Figure 4: Fuzzy construction.

3.1 IDEALIZED CIRCUITS

In the sparse modular addition problem, the output y is invariant to two sets of transformations of the
inputs z = (z1,...,xL).

* “Permutation invariance:” y does not depend on permutation of non-spurious tokens, i.e., if
7 € &}, is a permutation, then y = f*((z:)) = f*(Zx(1) -+ (k) Tht1,- -+ TL)).
* “Suffix invariance:” y does not depend on the suffix (xg41,...,2L).

These two sets of invariants can be easily enforced by the embedding layer. Any architecture where
the position embeddings satisfy p; = p; for ¢t € [k], will be permutation invariant, meaning that its
output will be invariant to permutations of the non-spurious tokens. Similarly, suffix invariance can
be enforced by ensuring that the query vector primarily aligns with Z(x,t) for t € [k], allowing
the sequence embedding £ to be invariant to the sequence suffix. Such a construction would yield

(k+2’_1) clusters of sequence embeddings,' which the feedforward layer could scatter into as many

decision regions to map each sequence embedding £ to the correct output class y € [p].

!This number corresponds to the number of ways to split % into p buckets, which is also the number of stars and
bars configurations with & stars and p — 1 bars.
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Figure 1 illustrates this ideal model with our visualization. From left to right, we first plot the two
token embeddings F(x) for x € [p] with p = 2. We then plot the twelve position embeddings
P(t). The spurious (resp. non-spurious) positions are represented with squares (resp. circles), they
all collapse to a single point. The normalized embeddings Z(x,t) are plotted in the third frame,
annotated with (x,t), with the query vector ¢ represented as a red arrow. This arrow points in the
direction of the embedding Z(x, t) for ¢ € [k], allowing the attention mechanism to focus exclusively
on non-spurious tokens. Finally, we plot some sequence embeddings, annotated with (z;), and
the output of the feedforward transform. The feedforward layer is able to map each cluster to the
appropriate output class. Its output is a probability vector over the classes, which we map to a color
according to the RGB color wheel.

3.2 CONCRETE REALIZATIONS

In practice, the model weights learned through gradient descent deviate from the idealized model.
We observe several variations of the idealized model, which we categorize as follows:

Faulty Attention, Corrected by Value. In many instances, we find that the attention scores are not
fully concentrated on the first five tokens. However, this faulty attention pattern is compensated by
the value matrix, which effectively collapses the embeddings of the spurious tokens that are attended
to. This adjustment allows the sequence embeddings to remain invariant to the suffix of the sequence.
An example of such a configuration is depicted in Figure 2. We also observe examples where the
attention focuses solely on non-spurious tokens that are not, for example, zeros, which still allows the
sequence embedding to encode for the prefix sums.

Partially Learned Invariants. Frequently, we observe that the sequence embeddings have not fully
learned all the suffix and prefix invariants, resulting in more than six clusters of sequence embeddings.
Specifically, Figure 3 illustrates a scenario where the sequence embeddings are not invariant to the
value xg, as evidenced by the positions of the blue squares (0, 6) and (1, 6) on the plot. They also lack
invariance to permutations of the token in the first or fifth positions with another of the non-spurious
tokens. This results in a sequence embedding that presents more clusters than the idealized model,
leading to a greater number of connected decision regions in the feedforward layer.

Fuzzy Constructions. Occasionally, we encounter fuzzy constructions where the sequence embed-
dings are clustered according to unconventional patterns that nonetheless generalize to unseen data.
Such a construction is presented in Figure 4.

To conclude, we observe numerous variations from the idealized construction. The networks discover
a variety of weight configurations to effectively solve our task. While these configurations do not
exhibit particularly striking geometric structures, they often capture the invariants of our problem.

4 TRAINING INSIGHTS

This section discusses several training insights we obtained from our sandbox. It focuses on training
dynamics, the transferability of circuits, and loss spikes.

4.1 TRAINING DYNAMICS

Our toolbox enables us to precisely track the training dynamics of the model. We notably observe
that the loss curves typically present drops, corresponding to the learning of different parts of the
network, hierarchically from the first to the last layers. They are illustrated in Figure 5.

First loss drop: learning of the sequence embeddings. The first loss drop coincides with the
learning of the sequence embeddings. It really corresponds to a phase change in the dynamics of the
weights. Before the first phase change, the weights seem to wander as if trapped in a saddle point,
waiting for a clear signal to escape it. At one point, they all move quite rapidly to create a relatively
definitive structure for the sequence embeddings. Interestingly, we also notice that when changing the
training hyperparameters, the time for this phase change to occur can vary quite a lot, reflecting the
highly unpredictable time needed to escape from the saddle point. Figure 6 shows the high variability
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Figure 5: Two-phase learning. Right: Loss profile featuring two significant drops in loss, marked by
four red dashed lines at key snapshots. From left to right: (1) During the first snapshot, the sequence
embeddings lack any clear structure. (2) They suddenly become clustered after the first loss drops, as
seen in the second snapshot. (3) At this point, the MLP already classifies some clusters correctly (third
snapshot). (4) A second loss drop occurs as the MLP gets fitted (last snapshot).
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Figure 6: Ablation studies regarding test accuracy as a function of batch size, hidden neurons, learning
rates, and MLP learning rates discount factor for a single run with 1000 epochs. We ensured consistency in
initial weights and batch designs when changing hyperparameters.
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Figure 7: This study, akin to Figure 6, yet averaged over 100 runs, highlights some regularity in the effect
of hyperparameters on the resulting test accuracy. The solid color indicates standard deviations.

of the test accuracy after 1000 epochs when slightly varying one hyperparameter (Figure 7 shows
more regularity when averaging over the runs). The exit from a saddle point can also be understood
via the gradient norms as illustrated in Figures 15 and 16 of Appendix A.1. Our findings resonate with
some theoretical arguments found in the deep learning theory literature (Chi et al., 2019; Dauphin
et al., 2014; Du et al., 2017), results that we hope our toolbox could help theorists strengthen.

Second loss drop: fitting of the MLP. The second loss drop is due to the learning of the feedforward
network. This change is about fitting the MLP weights to assign the correct classes to the different
clusters created during the learning of the sequence embeddings. Interestingly, this second loss drop
does not correspond to a clear phase change in the dynamics of the weights. The MLP weights
seem to evolve at a continuous speed, although the corresponding decision frontiers change relatively
strongly. We notice that this second loss drop appears soon after the first one, if not simultaneously.
Once again, we hope that theorists could use our visual toolbox to shed more light on this hierarchical
learning of the weights and strengthen previous results on the matter (see, e.g., Abbe et al., 2021).

The influence of initialization. As we have seen in the previous subsection, the final configuration
can vary quite a lot from one run to another. From our manual inspection, the final configuration
seems to be highly correlated with the initial weight configurations. We notably see a strong similarity
between the attention patterns at the start and at the end of the training, as illustrated by Figure 8.
We also notice that modifying the training hyperparameters (batch size, learning rates, etc.) without
changing the initial weights does not significantly alter the final weight configurations.
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(a) Pretraining with p = 2. (b) Finetuning with p = 3.

Figure 8: Influence of the initialization. Visualization of attention maps: for each sequence on the left,
we plot the corresponding attention pattern at the start and the end of training. The final attention maps
are correlated with the original one, illustrating that final variations of the original circuit depend on the
original weight configuration.

4.2 TRANSFER EXPERIMENTS

Among the lessons learned from training very large models is the importance of careful data engi-
neering (Team, 2024; Touvron et al., 2023b). Cabannes et al. (2024a) has highlighted that certain
sources of data may facilitate the learning of invariances, while Abbe et al. (2023) discusses how data
curation enables models to escape saddle points more quickly. These insights are consistent with the
observations we made regarding our problem. In the sparse modular addition problem, the number of
unique sequences is equal to p?, which increases rapidly with both p and T and makes the problem
quite hard to learn. In particular, when setting 7" = 12 and limiting the training set to n = 2048 data
points, training for 1000 epochs does not result in any learning for p > 4.
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Figure 9: Accuracies obtained from pretraining only with p € [2,10] and finetuning with p € [3, 10]
starting from p = 2 for various vocabulary sizes. Left: Averaged accuracy; Right: Maximum accuracy.
Finetuned models display better performances than pretrained-only models.

As previously seen in Figure 2, when training with p = 2, we often find circuits that capture both
permutation and suffix invariants. These invariants generalize for any p € N when k and 7T are fixed.
Consequently, initializing models with these invariants makes learning the sparse modular addition
problem much easier. This observation was made after conducting the following experiments: we
first trained a model with sequences in IF,, for p = 2 over 1000 epochs, before switching the dataset
to sequences in IF), for p = 3 for another 1000 epochs. We found that this procedure significantly
facilitates the learning of the sparse modular addition problem for p = 3, which we summarize in
Figure 9 where each bar plot is obtained by over 250 runs. Remarkably, we found that the only
models that achieved 100% test accuracy were those that captured both the token and permutation
invariances after the first 1000 epochs. Specifically, these were the models that created six sequence
embedding clusters, as shown in Figures 1 and 2, rather than those depicted in Figures 3 or 4.

Figure 11 shows the final circuit found in one of our finetuning experiments. The training was
initialized with the circuit in Figure 2, after adding a token embedding to encode for x = 2, resulting
in Figure 10. The final embeddings are not that far from the initial one, with the transformer having
learned to mainly pay attention to the non-spurious tokens that are not equal to 2. It also pays some
attention to 0 and 1 in positions ¢ = 7 and ¢ = 10. However, this faulty attention is corrected by the
value matrix. Once again, the final configuration seems somewhat close to the initial one, as shown
by the attention pattern reported in Figure 8. This is consistent with the observations made in the
previous subsections.
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Figure 10: Same circuit as in Figure 2 with an additional token embedding for p = 3.
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Figure 11: Circuit learned after 1000 epochs of finetuning with p = 3.

Overall, our transfer experiment highlights the transferability of circuits and the usefulness of a
curriculum in facilitating the learning of challenging tasks by inducing effective circuits through tasks
that are easier to solve. Although our experiments are performed in two stages, we hypothesize that
the same type of mechanism can explain the importance of data curation.

4.3 LoOSS SPIKES

One interesting aspect of our sandbox is that it generates loss spikes that we can study quite precisely.
Our visual inspection showcases two aspects beyond loss spikes. The high curvature of multi-layer
perceptrons with heavy weights, or with numerous small correlated weights, as well as the high
curvature of the RMS normalization layer near the origin.
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Figure 12: Loss spikes are linked to the high curvature of internal network functions. A small update to an
element x can result in a substantial change to its normalized version x/ ||z||, significantly altering the

network’s subsequent behavior.

Figure 12 illustrates that a small modification to an element can result in a disproportionately large
change in its normalized version. In theory, gradient points towards directions that would reduce the
training loss. However, considering a large step size in these directions could be counterproductive.
This is especially true for functions with high curvature, such as the normalization layer f(z) =
x/ ||z|| near the origin. At any point x, the gradient descent update rule suggests that one can update
Zy41 as Ty — npuy without changing f(x4), where u; = x;/||x¢|| and 7, is the learning rate. This
holds true only if the learning is small enough, n, < ||z;||. When =, is close to zero, ensuring
N < ||z¢|| becomes challenging, particularly if the step size 7; was predetermined by some scheduler.
This behavior is related to the "edge-of-stability" phenomenon highlighted by Cohen et al. (2022),
further theoretical insights being provided by Cabannes et al. (2024b). Interestingly, this analysis
suggests removing some loss spikes by smoothing out the normalization layer. For example, consider
using f(x) = o(||z||)x/ ||z| where o is a smooth function with ¢(0) = 0 and o([1,00)) = {1}.
This demonstrates the usefulness of our visual sandbox in gaining insights and building intuition,
which can then be validated on a larger scale in subsequent works.
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Figure 13: Loss spikes (both left) resulting from a small change from one iteration to another in sequence
embeddings that are close to the decision boundaries of the subsequent feedforward layer (both right).
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Figure 14: A small change in sequence embeddings (left) can lead to a big change in MLP response (right).
This is due to heavy, or small but heavily correlated assemblers (middle).

Another source of loss spikes is illustrated in Figure 13. They are due to the decision boundaries of
the feedforward layer being quite close to the sequence embeddings, meaning that a small change in
the sequence embedding can lead to a high change in their classification. This is again due to the
high curvature of the MLP layer, as illustrated in Figure 14. In particular, the heavy, or the small
but heavily correlated, weights in the MLP cause the response ( to vary highly as a function of (.
Once again, one can imagine different ways to regularize these types of loss spikes, with various
regularization measures, or by ensuring that the capacity of the MLP is large enough for the MLP to
avoid creating these heavy or highly correlated weights.

Connection to gradient norms and sparsity is discussed in Appendix A.l and A.2 and similar
experiments with d > 2 are conducted in Appendix A.3.

To conclude, our visual sandbox enabled us to peek into some reasons behind loss spikes in large
neural networks and to build intuition on how to circumvent them, giving us ideas for large-scale
experiments, which, if successful, could help increase the amount of intelligence learned for a given
amount of training compute.

CONCLUSION

This paper aims to advance our understanding of neural network training dynamics through a detailed
study of a small-scale transformer model, facilitated by a novel visual sandbox. This tool allows
us to observe and analyze the model’s internal mechanisms vividly, providing both theoretical and
practical insights that could lead to more efficient training strategies.

Our findings highlight a hierarchical learning process where low-level features are developed first,
followed by a more predictable model refinement. We also emphasize the impact of initial con-
figurations on the final model outcomes and the seemingly unpredictable nature of some feature
learning phase transitions during training. Additionally, we explored the transferability of learned
behaviors, which relates to the importance of data curation and curriculum learning in enhancing
model performance. We also addressed loss spikes caused by high curvature in the model’s internal
functions and proposed potential solutions to mitigate these issues. Future work will aim to apply
these insights to larger and more complex models, assess the scalability of observed phenomena, and
enhance our visualization tools for higher-dimensional models.

10



Under review as a conference paper at ICLR 2025

Societal Impact. This paper aims to understand the complex dynamics at play in neural networks.
The insights gained from our research stream could help in designing more efficient and robust neural
networks, ultimately aiding in reducing the computational cost and environmental impact of training
large models.

REFERENCES

Emmanuel Abbe, Enric Boix-Adsera, Matthew Brennan, Guy Bresler, and Dheeraj Nagaraj. The
staircase property: How hierarchical structure can guide deep learning, 2021. URL https:
//arxiv.org/abs/2108.10573.

Emmanuel Abbe, Enric Boix-Adsera, and Theodor Misiakiewicz. The merged-staircase property: a
necessary and nearly sufficient condition for SGD learning of sparse functions on two-layer neural
networks, 2022.

Emmanuel Abbe, Elisabetta Cornacchia, and Aryo Lotfi. Provable advantage of curriculum learning
on parity targets with mixed inputs, 2023.

Kwangjun Ahn, Xiang Cheng, Minhak Song, Chulhee Yun, Ali Jadbabaie, and Suvrit Sra. Linear
attention is (maybe) all you need (to understand transformer optimization). In The Tivelfth
International Conference on Learning Representations, 2024. URL https://openreview.
net/forum?id=0ulI5415ry7.

Ebtesam Almazrouei, Hamza Alobeidli, Abdulaziz Alshamsi, Alessandro Cappelli, Ruxandra Co-
jocaru, Mérouane Debbah, Etienne Goffinet, Daniel Hesslow, Julien Launay, Quentin Malartic,
Daniele Mazzotta, Badreddine Noune, Baptiste Pannier, and Guilherme Penedo. The falcon series
of open language models, 2023. URL https://arxiv.org/abs/2311.16867.

Boaz Barak, Benjamin L. Edelman, Surbhi Goel, Sham Kakade, Eran Malach, and Cyril Zhang.
Hidden progress in deep learning: SGD learns parities near the computational limit, 2023.

Alison L. Barth and James F.A. Poulet. Experimental evidence for sparse firing in the neo-
cortex. Trends in Neurosciences, 35(6):345-355, 2012. ISSN 0166-2236. doi: https://doi.
org/10.1016/j.tins.2012.03.008. URL https://www.sciencedirect.com/science/
article/pii/sS0166223612000513.

Vivien Cabannes, Charles Arnal, Wassim Bouaziz, Xingyu Alice Yang, Francois Charton, and Julia
Kempe. Iteration head: A mechanistic study of chain-of-thought. In ICML 2024 Workshop
on Mechanistic Interpretability, 2024a. URL https://openreview.net/forum?id=
D66dtunCnP.

Vivien Cabannes, Berfin Simsek, and Alberto Bietti. Learning associative memories with gradient
descent, 2024b.

Francois Charton. What is my math transformer doing? — three results on interpretability and
generalization, 2022. URL https://arxiv.org/abs/2211.00170.

Scott Shaobing Chen, David L. Donoho, and Michael A. Saunders. Atomic decomposition by
basis pursuit. SIAM Journal on Scientific Computing, 20(1):33-61, 1998. doi: 10.1137/
S1064827596304010. URL https://doi.org/10.1137/51064827596304010.

Yihang Chen, Fanghui Liu, Yiping Lu, Grigorios Chrysos, and Volkan Cevher. Generalization of
scaled deep resnets in the mean-field regime. In The Twelfth International Conference on Learning
Representations, 2024. URL https://openreview.net/forum?id=tMzPZTvz2H.

Yuejie Chi, Yue M. Lu, and Yuxin Chen. Nonconvex optimization meets low-rank matrix factorization:
An overview. IEEE Transactions on Signal Processing, 67(20):5239-5269, October 2019. ISSN
1941-0476. doi: 10.1109/tsp.2019.2937282. URL http://dx.doi.org/10.1109/TSP.
2019.2937282.

Lenaic Chizat, Edouard Oyallon, and Francis Bach. On lazy training in differentiable programming,
2020. URL https://arxiv.org/abs/1812.07956.

11


https://arxiv.org/abs/2108.10573
https://arxiv.org/abs/2108.10573
https://openreview.net/forum?id=0uI5415ry7
https://openreview.net/forum?id=0uI5415ry7
https://arxiv.org/abs/2311.16867
https://www.sciencedirect.com/science/article/pii/S0166223612000513
https://www.sciencedirect.com/science/article/pii/S0166223612000513
https://openreview.net/forum?id=D66dtunCnP
https://openreview.net/forum?id=D66dtunCnP
https://arxiv.org/abs/2211.00170
https://doi.org/10.1137/S1064827596304010
https://openreview.net/forum?id=tMzPZTvz2H
http://dx.doi.org/10.1109/TSP.2019.2937282
http://dx.doi.org/10.1109/TSP.2019.2937282
https://arxiv.org/abs/1812.07956

Under review as a conference paper at ICLR 2025

Aakanksha Chowdhery, Sharan Narang, Jacob Devlin, Maarten Bosma, Gaurav Mishra, Adam
Roberts, Paul Barham, Hyung Won Chung, Charles Sutton, and Gehrmann et al. Palm: scaling
language modeling with pathways. J. Mach. Learn. Res., 24(1), mar 2024. ISSN 1532-4435.

Jeremy M. Cohen, Simran Kaur, Yuanzhi Li, J. Zico Kolter, and Ameet Talwalkar. Gradient descent
on neural networks typically occurs at the edge of stability, 2022. URL https://arxiv.org/
abs/2103.00065.

Yann Dauphin, Razvan Pascanu, Caglar Gulcehre, Kyunghyun Cho, Surya Ganguli, and Yoshua
Bengio. Identifying and attacking the saddle point problem in high-dimensional non-convex
optimization, 2014. URL https://arxiv.org/abs/1406.2572.

Mostafa Dehghani, Josip Djolonga, Basil Mustafa, Piotr Padlewski, Jonathan Heek, Justin Gilmer,
Andreas Peter Steiner, Mathilde Caron, Robert Geirhos, Ibrahim Alabdulmohsin, Rodolphe
Jenatton, Lucas Beyer, Michael Tschannen, Anurag Arnab, Xiao Wang, and Riquelme Ruiz
et al. Scaling vision transformers to 22 billion parameters. In Andreas Krause, Emma Brunskill,
Kyunghyun Cho, Barbara Engelhardt, Sivan Sabato, and Jonathan Scarlett (eds.), Proceedings of
the 40th International Conference on Machine Learning, volume 202 of Proceedings of Machine
Learning Research, pp. 7480-7512. PMLR, 23-29 Jul 2023. URL https://proceedings.
mlr.press/v202/dehghani23a.html.

Simon S. Du, Chi Jin, Jason D. Lee, Michael I. Jordan, Barnabas Poczos, and Aarti Singh. Gradient
descent can take exponential time to escape saddle points, 2017. URL https://arxiv.org/
abs/1705.10412.

Stefan Elfwing, Eiji Uchibe, and Kenji Doya. Sigmoid-weighted linear units for neural network func-
tion approximation in reinforcement learning. Neural Networks, 107:3-11, 2018. ISSN 0893-6080.
doi: https://doi.org/10.1016/j.neunet.2017.12.012. URL https://www.sciencedirect.
com/science/article/pii/S0893608017302976. Special issue on deep reinforce-
ment learning.

Nelson Elhage, Neel Nanda, Catherine Olsson, Tom Henighan, Nicholas Joseph, Ben Mann, Amanda
Askell, Yuntao Bai, Anna Chen, Tom Conerly, Nova DasSarma, Dawn Drain, Deep Ganguli, Zac
Hatfield-Dodds, Danny Hernandez, Andy Jones, Jackson Kernion, Liane Lovitt, Kamal Ndousse,
Dario Amodei, Tom Brown, Jack Clark, Jared Kaplan, Sam McCandlish, and Chris Olah. A
mathematical framework for transformer circuits. Transformer Circuits Thread, 2021.

Ahmad Faiz, Sotaro Kaneda, Ruhan Wang, Rita Chukwunyere Osi, Prateek Sharma, Fan Chen, and
Lei Jiang. LLMCarbon: Modeling the end-to-end carbon footprint of large language models.
In The Twelfth International Conference on Learning Representations, 2024. URL https:
//openreview.net/forum?id=alok3zZD9to.

Thomas Fel, Remi Cadene, Mathieu Chalvidal, Matthieu Cord, David Vigouroux, and Thomas
Serre. Look at the variance! efficient black-box explanations with sobol-based sensitivity anal-
ysis. In M. Ranzato, A. Beygelzimer, Y. Dauphin, P.S. Liang, and J. Wortman Vaughan (eds.),
Advances in Neural Information Processing Systems, volume 34, pp. 26005-26014. Curran Asso-
ciates, Inc., 2021. URL https://proceedings.neurips.cc/paper_files/paper/
2021/file/da9%4cbeff56cfda50785df477941308b—-Paper.pdf.

Thomas Fel, Victor Boutin, Louis Béthune, Remi Cadene, Mazda Moayeri, Léo Andéol, Mathieu
Chalvidal, and Thomas Serre. A holistic approach to unifying automatic concept extraction and
concept importance estimation. In Thirty-seventh Conference on Neural Information Processing
Systems, 2023. URL https://openreview.net/forum?id=MziFFGJpkb.

Pierre Foret, Ariel Kleiner, Hossein Mobahi, and Behnam Neyshabur. Sharpness-aware minimization
for efficiently improving generalization. In International Conference on Learning Representations,
2021. URL https://openreview.net/forum?id=6TmlmposlrM.

Kunihiko Fukushima. Visual feature extraction by a multilayered network of analog threshold

elements. IEEE Transactions on Systems Science and Cybernetics, 5(4):322-333, 1969. doi:
10.1109/TSSC.1969.300225.

12


https://arxiv.org/abs/2103.00065
https://arxiv.org/abs/2103.00065
https://arxiv.org/abs/1406.2572
https://proceedings.mlr.press/v202/dehghani23a.html
https://proceedings.mlr.press/v202/dehghani23a.html
https://arxiv.org/abs/1705.10412
https://arxiv.org/abs/1705.10412
https://www.sciencedirect.com/science/article/pii/S0893608017302976
https://www.sciencedirect.com/science/article/pii/S0893608017302976
https://openreview.net/forum?id=aIok3ZD9to
https://openreview.net/forum?id=aIok3ZD9to
https://proceedings.neurips.cc/paper_files/paper/2021/file/da94cbeff56cfda50785df477941308b-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/da94cbeff56cfda50785df477941308b-Paper.pdf
https://openreview.net/forum?id=MziFFGjpkb
https://openreview.net/forum?id=6Tm1mposlrM

Under review as a conference paper at ICLR 2025

Mor Geva, Jasmijn Bastings, Katja Filippova, and Amir Globerson. Dissecting recall of factual
associations in auto-regressive language models, 2023.

R. Gribonval and M. Nielsen. Sparse representations in unions of bases. IEEE Transactions on
Information Theory, 49(12):3320-3325, 2003. doi: 10.1109/TIT.2003.820031.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image
recognition, 2015.

Dan Hendrycks and Kevin Gimpel. Gaussian error linear units (gelus), 2023. URL https:
//arxiv.org/abs/1606.08415.

Jordan Hoffmann, Sebastian Borgeaud, Arthur Mensch, Elena Buchatskaya, Trevor Cai, Eliza
Rutherford, Diego de Las Casas, Lisa Anne Hendricks, Johannes Welbl, Aidan Clark, Tom
Hennigan, Eric Noland, Katie Millican, George van den Driessche, Bogdan Damoc, Aurelia Guy,
Simon Osindero, Karen Simonyan, Erich Elsen, Jack W. Rae, Oriol Vinyals, and Laurent Sifre.
Training compute-optimal large language models, 2022. URL https://arxiv.org/abs/
2203.15556.

Romain Ilbert, Ambroise Odonnat, Vasilii Feofanov, Aladin Virmaux, Giuseppe Paolo, Themis
Palpanas, and Ievgen Redko. SAMformer: Unlocking the potential of transformers in time
series forecasting with sharpness-aware minimization and channel-wise attention. In Ruslan
Salakhutdinov, Zico Kolter, Katherine Heller, Adrian Weller, Nuria Oliver, Jonathan Scarlett, and
Felix Berkenkamp (eds.), Proceedings of the 41st International Conference on Machine Learning,
volume 235 of Proceedings of Machine Learning Research, pp. 20924-20954. PMLR, 21-27 Jul
2024. URL https://proceedings.mlr.press/v235/ilbert24a.html.

Arthur Jacot, Franck Gabriel, and Clement Hongler. Neural tangent kernel: Convergence and general-
ization in neural networks. In S. Bengio, H. Wallach, H. Larochelle, K. Grauman, N. Cesa-Bianchi,
and R. Garnett (eds.), Advances in Neural Information Processing Systems, volume 31. Cur-
ran Associates, Inc., 2018. URL https://proceedings.neurips.cc/paper_files/
paper/2018/file/badbelfal34e62bb8abecbtb91d2462f5a-Paper.pdf.

Jared Kaplan, Sam McCandlish, Tom Henighan, Tom B. Brown, Benjamin Chess, Rewon Child,
Scott Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. Scaling laws for neural language models,
2020. URL https://arxiv.org/abs/2001.08361.

Diederik P. Kingma and Jimmy Ba. Adam: A method for stochastic optimization, 2017.

Pang Wei Koh and Percy Liang. Understanding black-box predictions via influence functions.
In Doina Precup and Yee Whye Teh (eds.), Proceedings of the 34th International Conference
on Machine Learning, volume 70 of Proceedings of Machine Learning Research, pp. 1885—
1894. PMLR, 06-11 Aug2017. URL https://proceedings.mlr.press/v70/kohl7a.
html.

Zonglin Li, Chong You, Srinadh Bhojanapalli, Daliang Li, Ankit Singh Rawat, Sashank J. Reddi,
Ke Ye, Felix Chern, Felix Yu, Ruigi Guo, and Sanjiv Kumar. The lazy neuron phenomenon:
On emergence of activation sparsity in transformers. In The Eleventh International Confer-
ence on Learning Representations, 2023. URL https://openreview.net/forum?id=
TJ2nxciYCk-.

Ziming Liu, Ouail Kitouni, Niklas Nolte, Eric J Michaud, Max Tegmark, and Mike Williams.
Towards understanding grokking: An effective theory of representation learning. In Alice H. Oh,
Alekh Agarwal, Danielle Belgrave, and Kyunghyun Cho (eds.), Advances in Neural Information
Processing Systems, 2022. URL https://openreview.net/forum?id=6at6rB3IZm.

Julien Mairal, Francis Bach, Jean Ponce, and Guillermo Sapiro. Online dictionary learning for
sparse coding. In Proceedings of the 26th Annual International Conference on Machine Learning,
ICML ’09, pp. 689-696, New York, NY, USA, 2009. Association for Computing Machinery.
ISBN 9781605585161. doi: 10.1145/1553374.1553463. URL https://doi.org/10.1145/
1553374.1553463.

13


https://arxiv.org/abs/1606.08415
https://arxiv.org/abs/1606.08415
https://arxiv.org/abs/2203.15556
https://arxiv.org/abs/2203.15556
https://proceedings.mlr.press/v235/ilbert24a.html
https://proceedings.neurips.cc/paper_files/paper/2018/file/5a4be1fa34e62bb8a6ec6b91d2462f5a-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2018/file/5a4be1fa34e62bb8a6ec6b91d2462f5a-Paper.pdf
https://arxiv.org/abs/2001.08361
https://proceedings.mlr.press/v70/koh17a.html
https://proceedings.mlr.press/v70/koh17a.html
https://openreview.net/forum?id=TJ2nxciYCk-
https://openreview.net/forum?id=TJ2nxciYCk-
https://openreview.net/forum?id=6at6rB3IZm
https://doi.org/10.1145/1553374.1553463
https://doi.org/10.1145/1553374.1553463

Under review as a conference paper at ICLR 2025

Song Mei, Andrea Montanari, and Phan-Minh Nguyen. A mean field view of the landscape of
two-layer neural networks. Proceedings of the National Academy of Sciences, 115(33), July 2018.
ISSN 1091-6490. doi: 10.1073/pnas.1806579115. URL http://dx.doi.org/10.1073/
pnas.1806579115.

Kevin Meng, David Bau, Alex J Andonian, and Yonatan Belinkov. Locating and editing factual
associations in GPT. In Alice H. Oh, Alekh Agarwal, Danielle Belgrave, and Kyunghyun Cho (eds.),
Advances in Neural Information Processing Systems, 2022. URL https://openreview.
net/forum?id=-h6WAS6eE4.

Seyed Iman Mirzadeh, Keivan Alizadeh-Vahid, Sachin Mehta, Carlo C del Mundo, Oncel Tuzel,
Golnoosh Samei, Mohammad Rastegari, and Mehrdad Farajtabar. ReLU strikes back: Exploiting
activation sparsity in large language models. In The Twelfth International Conference on Learning
Representations, 2024. URL https://openreview.net/forum?id=0soWxY8g2E.

Igor Molybog, Peter Albert, Moya Chen, Zachary DeVito, David Esiobu, Naman Goyal, Punit Singh
Koura, Sharan Narang, Andrew Poulton, Ruan Silva, Binh Tang, Diana Liskovich, Puxin Xu,
Yuchen Zhang, Melanie Kambadur, Stephen Roller, and Susan Zhang. A theory on adam instability
in large-scale machine learning, 2023. URL https://arxiv.org/abs/2304.09871.

Neel Nanda, Lawrence Chan, Tom Lieberum, Jess Smith, and Jacob Steinhardt. Progress measures for
grokking via mechanistic interpretability. In The Eleventh International Conference on Learning
Representations, 2023. URL https://openreview.net/forum?id=9XFSbDPmdW.

Chris Olah. Mechanistic interpretability, variables, and the importance of interpretable bases. Trans-
former Circuits Thread, 2023. URL https://transformer-circuits.pub/2022/
mech-interp-essay/index.html.

Catherine Olsson, Nelson Elhage, Neel Nanda, Nicholas Joseph, Nova DasSarma, Tom Henighan,
Ben Mann, Amanda Askell, Yuntao Bai, Anna Chen, Tom Conerly, Dawn Drain, Deep Ganguli,
Zac Hatfield-Dodds, Danny Hernandez, Scott Johnston, Andy Jones, Jackson Kernion, Liane
Lovitt, Kamal Ndousse, Dario Amodei, Tom Brown, Jack Clark, Jared Kaplan, Sam McCandlish,
and Chris Olah. In-context learning and induction heads. Transformer Circuits Thread, 2022.
https://transformer-circuits.pub/2022/in-context-learning-and-induction-heads/index.html.

Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gregory Chanan, Trevor
Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga, Alban Desmaison, Andreas Kopf, Edward
Yang, Zach DeVito, Martin Raison, Alykhan Tejani, Sasank Chilamkurthy, Benoit Steiner, Lu Fang,
Junjie Bai, and Soumith Chintala. PyTorch: An imperative style, high-performance deep learning
library, 2019.

Alethea Power, Yuri Burda, Harri Edwards, Igor Babuschkin, and Vedant Misra. Grokking: General-
ization beyond overfitting on small algorithmic datasets, 2022.

T. Rauker, A. Ho, S. Casper, and D. Hadfield-Menell. Toward transparent ai: A survey on
interpreting the inner structures of deep neural networks. In 2023 IEEE Conference on Se-
cure and Trustworthy Machine Learning (SaTML), pp. 464483, Los Alamitos, CA, USA,
feb 2023. IEEE Computer Society. doi: 10.1109/SaTML54575.2023.00039. URL https:
//doi.ieeecomputersociety.org/10.1109/SaTML54575.2023.00039.

Llama Team. The llama 3 herd of models, 2024. URL https://arxiv.org/abs/2407.
21783.

Adly Templeton, Tom Conerly, Jonathan Marcus, Jack Lindsey, Trenton Bricken, Brian Chen,
Adam Pearce, Craig Citro, Emmanuel Ameisen, Andy Jones, Hoagy Cunningham, Nicholas L
Turner, Callum McDougall, Monte MacDiarmid, C. Daniel Freeman, Theodore R. Sumers, Ed-
ward Rees, Joshua Batson, Adam Jermyn, Shan Carter, Chris Olah, and Tom Henighan. Scaling
monosemanticity: Extracting interpretable features from claude 3 sonnet. Transformer Cir-
cuits Thread, 2024. URL https://transformer—-circuits.pub/2024/scaling-
monosemanticity/index.html.

14


http://dx.doi.org/10.1073/pnas.1806579115
http://dx.doi.org/10.1073/pnas.1806579115
https://openreview.net/forum?id=-h6WAS6eE4
https://openreview.net/forum?id=-h6WAS6eE4
https://openreview.net/forum?id=osoWxY8q2E
https://arxiv.org/abs/2304.09871
https://openreview.net/forum?id=9XFSbDPmdW
https://transformer-circuits.pub/2022/mech-interp-essay/index.html
https://transformer-circuits.pub/2022/mech-interp-essay/index.html
https://doi.ieeecomputersociety.org/10.1109/SaTML54575.2023.00039
https://doi.ieeecomputersociety.org/10.1109/SaTML54575.2023.00039
https://arxiv.org/abs/2407.21783
https://arxiv.org/abs/2407.21783
https://transformer-circuits.pub/2024/scaling-monosemanticity/index.html
https://transformer-circuits.pub/2024/scaling-monosemanticity/index.html

Under review as a conference paper at ICLR 2025

Hugo Touvron, Thibaut Lavril, Gautier Izacard, Xavier Martinet, Marie-Anne Lachaux, Timothée
Lacroix, Baptiste Roziere, Naman Goyal, Eric Hambro, Faisal Azhar, Aurelien Rodriguez, Armand
Joulin, Edouard Grave, and Guillaume Lample. Llama: Open and efficient foundation language
models, 2023a.

Hugo Touvron, Thibaut Lavril, Gautier Izacard, Xavier Martinet, Marie-Anne Lachaux, Timothée
Lacroix, Baptiste Roziere, Naman Goyal, Eric Hambro, Faisal Azhar, Aurelien Rodriguez, Armand
Joulin, Edouard Grave, and Guillaume Lample. Llama: Open and efficient foundation language
models, 2023b. URL https://arxiv.org/abs/2302.13971.

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N. Gomez, Lukasz
Kaiser, and Illia Polosukhin. Attention is all you need, 2023.

Kevin Ro Wang, Alexandre Variengien, Arthur Conmy, Buck Shlegeris, and Jacob Steinhardt.
Interpretability in the wild: a circuit for indirect object identification in GPT-2 small. In
The Eleventh International Conference on Learning Representations, 2023. URL https:
//openreview.net/forum?id=NpsVSN6o4ul.

Mitchell Wortsman, Peter J Liu, Lechao Xiao, Katie E Everett, Alexander A Alemi, Ben Adlam,
John D Co-Reyes, Izzeddin Gur, Abhishek Kumar, Roman Novak, Jeffrey Pennington, Jascha Sohl-
Dickstein, Kelvin Xu, Jaechoon Lee, Justin Gilmer, and Simon Kornblith. Small-scale proxies for
large-scale transformer training instabilities. In The Twelfth International Conference on Learning
Representations, 2024. URL https://openreview.net/forum?id=d8wlpmvXbZ.

Ruibin Xiong, Yunchang Yang, Di He, Kai Zheng, Shuxin Zheng, Chen Xing, Huishuai Zhang,
Yanyan Lan, Liwei Wang, and Tie-Yan Liu. On layer normalization in the transformer architecture,
2020.

Biao Zhang and Rico Sennrich. Root mean square layer normalization, 2019.

Yushun Zhang, Congliang Chen, Tian Ding, Ziniu Li, Ruoyu Sun, and Zhi-Quan Luo. Why trans-
formers need adam: A hessian perspective. In The Thirty-eighth Annual Conference on Neural
Information Processing Systems, 2024. URL https://openreview.net/forum?id=
X6rgEpbnj3.

15


https://arxiv.org/abs/2302.13971
https://openreview.net/forum?id=NpsVSN6o4ul
https://openreview.net/forum?id=NpsVSN6o4ul
https://openreview.net/forum?id=d8w0pmvXbZ
https://openreview.net/forum?id=X6rqEpbnj3
https://openreview.net/forum?id=X6rqEpbnj3

Under review as a conference paper at ICLR 2025

A APPENDIX

A.1 UNDERSTANDING SADDLE POINTS IN LOSS OPTIMIZATION VIA GRADIENT NORMS

When the model’s training stagnates, the loss plateaus for several epochs before decreasing again.
This behavior may be understood by the optimizer reaching a saddle point in the loss function w.r.t.
the model’s parameter, that is the gradient of the loss is (almost) zero, but the optimization has not
yet reached a local minimum. We illustrate this phenomenon in the full-batch and mini-batch setup,
respectively in Figures 15 and 16. The connection between gradient norms and learning phases is
salient in Figure 15. We can see that loss drops occur in tandem with high gradient norms for each
layer. As studied in Section 4.1, these drops correspond to successive learning phases. This is even
more salient in the last subfigure of Figure 15 where the pics precisely match the drops. This shows
the connection between the exit of a saddle point and high gradient norms. Similarly, in Figure 16,
we can see that the first drop in the loss (around epoch 250 in the first plot) appears when the first
increase in gradient norm occurs and the second point of inflection (around epoch 700) also match
an infection point on the gradient norms. It should be noted that this is less salient compared to the
full-batch setup.

However, this setup enables us to study another training behavior mentioned in Section 4.3. Indeed,
we observe in Figure 16 that the loss spikes appear in tandem with high gradient norms, indicating
that when a too-large step size deviates the model from its current small loss region, it is taken back
to where it was with large updates. It has been shown in the literature (Foret et al., 2021; Ilbert et al.,
2024; Zhang et al., 2024) that studying the gradient and the hessian of the loss could provide valuable
insights on the neural network optimization both from a theoretical and experimental point of view.
We believe using our visual sandbox could help in future work on such an investigation.
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Figure 15: Connection between loss profiles and gradient norm in full-batch setup. From left to right:
Evolution of train and test losses, the corresponding accuracies, the evolution of gradient norms for each
layer in log-scale, and the similar evolution in linear scale. We see that the learning phases of Section 4.1
appear in tandem with high gradient norms. This can be seen in the last subfigure where the three pics
correspond to the loss drops and their corresponding plateaus
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Figure 16: Mini-batch setup. This study, akin to Figure 15, makes the connection between gradient norm
and loss profile even more salient for our problem. The first loss drop appears simultaneously with the first
increase in gradient norms. Loss spikes occur in tandem with spikes in gradient norms.
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A.2 IMPACT OF ACTIVATION SPARSITY ON MODELS PERFORMANCE

Sparsity is a phenomenon of interest in many fields such as signal processing, neuroscience, and
machine learning (Barth & Poulet, 2012; Chen et al., 1998; Mairal et al., 2009). Recent studies
focused on the sparsity in deep neural network activations. In particular, Li et al. (2023) showed
that trained transformers have sparse activations and concluded that it was caused by the training
dynamics rather than by a compact representation of the training data as commonly thought in
computer vision and NLP. Mirzadeh et al. (2024) observed a similar phenomenon and showed how to
leverage sparsity to reduce the inference cost of large language models. Inspired by this line of work,
we study the activation sparsity of our model from a performance viewpoint. It should be noted that
those works study deep transformers and identified that the sparsity increases with the depth while
we only consider a one-layer transformer.

Following the framework from Li et al. (2023), we recall that the activation sparsity corresponds to the
percentage of non-zero entries of the feed-forward activation map. Without loss of generality, the feed-
forward block is an MLP with weights W, W5 and a non-linear activation o that outputs for any input
x a vector z = Wyo(Wax). Formally, the activation sparsity is the percentage of non-zero entries in
o(Waz) and takes values in [0, 1]. In the classical setting with ReLU activation (Fukushima, 1969),
this is equivalent to computing the percentage of non-negative neurons before the activation. However,
some activations do not have non-negative outputs. This is the case of the SiLU (Elfwing et al.,
2018), used in Llama models (Touvron et al., 2023a), and of the GeLU Hendrycks & Gimpel (2023)
used in Falcon (Almazrouei et al., 2023), PaLM (Chowdhery et al., 2024), and in our transformer
implementation. Instead of replacing such activations by a ReLU (Li et al., 2023; Mirzadeh et al.,
2024), we compute a smoothed sparsity' as the percentage of entries with an absolute value lower
than € > 0. A sparsity of 1 means that all entries are e-close to 0 (i.e., sparse activations) and a
sparsity of 0 means that all entries are at least e-away from 0 (i.e., dense activations).
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Figure 17: Connection between performance and sparsity. We display the evolution of the activation
sparsity of 20 trained models with ¢ € [107°,10?]. Left: Successful models (i.e., with test accuracy above
0.9) in blue have less sparse activation than failed models in red. Right: The color indicates the models’
test accuracy (the lighter, the better). The performance increases as the activation sparsity decreases.

To better understand the impact of sparsity, we train 20 independent models and display in Figure 17
their sparsity after training for e € [107°, 10?] (the range is chosen such that the sparsity reaches its
extremal values 0 and 1). Given the task’s difficulty, achieving an accuracy above 0.9 is a success;
otherwise, it is a failure. On the left, we plot successful models in blue and failed ones in red.
We observe a striking separation between successful and failed training. In the permissible range
[1072,10], successful models tend to have less sparse activation than failed ones. To further study
this phenomenon, we plot in the right subplot of Figure 17 the evolution of the sparsity with €, and
here, the color indicates the models’ test accuracy (the lighter the color, the better the model). We
can see that the sparsity decreases as the performance increases. This explains the sharp transition
between failure and success in the left subplot. This experiment seems to indicate that, contrary to
images and textual data (Li et al., 2023; Mirzadeh et al., 2024), the sparse modular addition problem
needs the involvement of many neurons during inference, and hence requires non-sparse activations.

IThis is akin to using the ¢;-norm, respectively the nuclear norm, instead of the £y quasi-norm, respectively the
rank (Gribonval & Nielsen, 2003; Ilbert et al., 2024).
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A.3 BEYOND LOW-DIMENSIONAL EMBEDDINGS: EXPERIMENTS WITH d > 2

Relying on our visual sandbox, we studied several phenomena on the training dynamics of neural
networks from the learning of the different parts of the network in Section 4.1 to the loss spikes
occurring during the optimization in Section 4.3 through the efficiency of transfer learning in
Section 4.2. Finally, we analyzed the connection between saddle points (and loss spikes) and gradient
norms in Appendix A.l and the impact of the activation sparsity on the models’ performance in
Appendix A.2. Our rigorous and detailed study was enabled by the low-dimensional embeddings of
our transformer model as it makes it possible to visualize each layer of the network. However, we

note that many of the studied behaviors can be analyzed independently of the embedding dimension
d.

In particular, we extend the experiments of Appendix A.1 with an embedding size d = 3 in Figure 18.
We obtain similar conclusions than in Appendix A.l where the loss drops and spikes occur in tandem
with high gradient norms for each layer. This is even more salient in Figure 19. This again shows
the connection between the exit of a saddle point and high gradient norms as well as the connection
between gradient norms and loss spikes. We believe using our visual sandbox could help in future
work on such an investigation.

Similarly, we extend the experiments of Apppendix A.2 with an embedding size d €
{2,3,4,8,16,32} in Figure 20. We first note that the higher the embedding size, the more the
model succeeds at the task. Especially, as of d = 8, all the models are successful, i.e., they all achieve
an accuracy higher than 0.9 (as defined in Appendix A.2). This is expected given that imposing
low-dimensional embeddings limits the expressiveness and the generalization power of our model.
It should be noted that this was one of the many challenges of our study: obtaining a generalizable
neural network with embeddings in R? for a mathematical reasoning task such as the sparse modular
addition problem. We obtain similar conclusions than in Appendix A.2 with successful models having
more dense activations.
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Figure 18: Connection between loss profiles and gradient norm in full-batch setup when d = 3. From left
to right: Evolution of train and test losses, the corresponding accuracies, the evolution of gradient norms
for each layer in log-scale, and the similar evolution in linear scale. Askin to Figure 15, we see that the
loss profiles studied in Section 4.1 and Section 4.3 appear in tandem with high gradient norms. This can be
seen in the last subfigure where the pics correspond to the loss drops and spikes.
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Figure 19: Mini-batch setup. This study, akin to Figure 18, makes the connection between gradient norm
and loss profile even more salient for our problem. The first loss drop appears simultaneously with the first
increase in gradient norms. Loss spikes occur in tandem with spikes in gradient norms.
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Emb. dim. 8
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Figure 20: Connection between performance and sparsity. We display the evolution of the activation
sparsity of 20 trained models with ¢ € [107°,10%] for d € {2, 3,4, 8, 16, 32}. Successful models (i.e.,
with test accuracy above 0.9) in blue have less sparse activation than failed models in red.
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