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Abstract

In this paper, we study the offline RL problem with linear function approximation.
Our main structural assumption is that the MDP has low inherent Bellman error,
which stipulates that linear value functions have linear Bellman backups with re-
spect to the greedy policy. This assumption is natural in that it is essentially the
minimal assumption required for value iteration to succeed. We give a computa-
tionally efficient algorithm which succeeds under a single-policy coverage condition
on the dataset, namely which outputs a policy whose value is at least that of any
policy which is well-covered by the dataset. Even in the setting when the inherent
Bellman error is 0 (termed linear Bellman completeness), our algorithm yields the
first known guarantee under single-policy coverage. In the setting of positive inher-
ent Bellman error egg > 0, we show that the suboptimality error of our algorithm
scales with ,/ege. Furthermore, we prove that the scaling of the suboptimality with
v/€ge cannot be improved for any algorithm. Our lower bound stands in contrast
to many other settings in reinforcement learning with misspecification, where one
can typically obtain performance that degrades linearly with the misspecification
error.

1 Introduction

The study of reinforcement learning (RL) focuses on the problem of sequential decision making in
a stateful and stochastic environment, typically modeled as a Markov Decision Process (MDP). An
agent aims to maximize its expected reward over a finite time horizon H, also known as its value,
by choosing a policy, or a mapping from states to actions. In the offfine (or batch) RL problem, an
agent’s only knowledge of its environment comes from a dataset D consisting of samples drawn from
the state transition distributions and reward functions of the MDP. Given D, the learning algorithm
aims to compute a policy & whose value is at least as good as that of some reference policy w*.

A key challenge in offline RL is understanding how to choose the policy # when the dataset D
exhibits incomplete coverage of the environment, meaning that the transitions from many states
are not represented in D. The naive approach to this problem would proceed via some variant
of wvalue iteration. At each step h = H,H — 1,...,1 of the time horizon, given a policy acting
at steps b/ > h, value iteration uses D to compute estimates of the value function of the policy,
which maps each state-action pair to the policy’s expected reward starting at that state-ation pair.
Value iteration then greedily chooses a policy at step A which maximizes this estimated value, and
proceeds to step h—1. Unfortunately, this approach suffers from the fact that state-action pairs which
are undercovered by the dataset D may have, due to random fluctuations in D, overly optimistic
estimates of their value. The chosen policy 7 will then aim to visit such state-action pairs, which
could in fact be very suboptimal.
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A common approach to correcting the above issue is the principle of pessimism (e.g., Fujimoto et al.
(2019); Xie et al. (2021a); Liu et al. (2020); Yu et al. (2020); Jin et al. (2021)), which chooses 7 so as to
maximize an underestimate of its value, where the underestimate is chosen according to constraints
that force it to be consistent with the dataset. By ensuring that 7 takes actions whose value is
robust to random fluctuations in the dataset, pessimistic algorithms typically ensure a guarantee of
the following form: for any policy 7* whose state-action pairs are well-covered by D, the value of
7 is guaranteed to be at least that of 7*. The assumption made on 7* here is typically known as
a single-policy coverage condition (formalized in Definition 2.2); along with several variants, it has
come to represent a gold standard for obtaining offline RL guarantees.

Function approximation & misspecification in offline RL. As the state and action spaces
encountered in practice tend to be large or infinite, much of the theoretical work on offline RL makes
function approximation assumptions, which introduce function classes Qy, for steps h € [H], whose
elements can be used to approximate the value function for a policy. Due to the complexity of the
offline RL problem, our understanding of the optimal guarantees attainable remains limited even
for the fundamental special case in which the classes Qy, are linear, which is the focus of this paper.
Concretely, letting the state and action spaces be denoted by X and A, respectively, we assume
the following: for some known feature mappings ¢p : X x A — R, Q;, is the class of functions
(7,a) = {(¢n(z,a), w), where w € R? belongs to some bounded set. As an added benefit of focusing
on the linear setting, we will be able to obtain end-to-end computationally efficient algorithms,
without reliance on a regression oracle for Qy,.

It is unreasonable to expect that elements of the classes Q) coincide exactly with the actual value
functions for the underlying MDP. Therefore, it is essential to understand the price paid by having
misspecification error in Qp. To quantify this misspecification error we use the inherent Bellman
error (Munos & Szepesvéri, 2008; Munos, 2005), denoted egg, which describes the maximum distance
between the Bellman backup of any function in Q41 with respect to the greedy policy and a best-
approximating function in Q. The inherent Bellman error is particularly natural since it is exactly
what quantifies the degree to which value iteration succeeds: in particular, the regression problems
solved by value iteration are egg-approximatly well-specified. As a result, it can be shown that, if D
covers the entire state space in an appropriate sense and the inherent Bellman error is bounded by
egE, then value iteration produces a policy whose suboptimality may be bounded by poly(d, H) - ege
(Munos & Szepesvéri, 2008). Moreover, the linear growth of suboptimality error with respect to egg
cannot be improved in general (Tsitsiklis & van Roy, 1996).

The results of Munos & Szepesvari (2008); Munos (2005) discussed above serve as a useful sanity
check on the reasonableness of low inherent Bellman error, but do little to address the problems
encountered in typical offline RL situations as a result of their stringent assumption that D covers
the full state space. In most such settings, ranging from autonomous driving to healthcare, one
should expect the offline data to be gathered in regions of the state space that result from executing
reasonably good policies. (For instance, one should not expect much offline data involving states
corresponding to driving a car off a cliff.) Thus, positive results under only single-policy coverage
conditions are much more desirable. Our main goal is to address the following question: is bound-
edness of the inherent Bellman error sufficient for computationally efficient offline RL under only
a single-policy coverage condition? Prior to our work, this question was open even for the special
case of 0 inherent Bellman error, which is typically known as linear Bellman completeness.

1.1 Main results

Our first result is a positive answer to our main question; to state it, we need the following notation
(introduced formally in Section 2). An offline RL algorithm takes as input a dataset D of size n,
consisting of n tuples (h,z,a,r,2’), denoting a sample of the transition at step h € [H]: namely,
at state x, action a was taken, reward r was received, and the next state observed was z’. For
each h € [H], let ¥;, denote the unnormalized covariance matrix of feature vectors in D at step h.

Moreover, for a policy 7, let p » := 2’1;1:1 |E™ [én(xh, an)]||,, -1 denote the coverage parameter for
h



RLJ | RLC 2024

7w with respect to D, which measures to what degree vectors in D extend in the direction of a typical
feature vector drawn from 7. We denote the inherent Bellman error of the MDP by egg > 0.

Theorem 1.1 (Informal version of Theorem 3.1). There is an algorithm (namely, Algorithm 1)
which given the dataset D as input, outputs a policy & at random so that for any policy 7, we have

E [Vf“* (1) — Vi (21)| <€p e - poly(d, H) - <\/5E+ \}ﬁ) :

Moreover, Algorithm 1 runs in time poly(d, H,n).

A notable feature of Theorem 1.1 is the fact that the suboptimality of # scales with ,/ggg, which
contrasts with the linear scaling in egg seen in classic works on offline RL (Munos & Szepesvéri, 2008;
Munos, 2005) and recent works studying online RL under low inherent Bellman error (Zanette et al.,
2020a;b), as well as linear dependence on the misspecification error for other types of misspecification
in both online and offline RL settings (Xie et al., 2021a; Zanette et al., 2021; Nguyen-Tang & Arora,
2023; Jin et al., 2020b; Wei & Luo, 2021).1 We show below that, perhaps surprisingly, the square-root
dependence on egg cannot be improved, even in a statistical sense:

Theorem 1.2 (Informal version of Theorem 4.1). Fizegg € (0,1), n € N, and setd = H = 2. There
are feature mappings ¢p, : X x A — R9, h € [H], where |A| = 4, so that for any (randomized) offline
RL algorithm A, the following holds. There is some MDP with inherent Bellman error bounded by
ege, together with some policy T so that €p =~ = O(1) yet the output policy 7 of A satisfies

« N 1
E [V (o) = Vi(a1)| 2 @ ( vVeee + —= )
£ o) - Vi) 2 0 (Ve + -
We emphasize that Theorem 1.2 establishes a surprising separation between offline and online RL:
whereas in the online setting, as mentioned above, one can learn a policy whose suboptimality scales

linearly with egg, the optimal scaling in the offline setting is linear in /ege. Thus, misspecification
is more expensive in the offline setting, i.e., when one is not allowed to adaptively gather data.

Relation to prior work. Wang et al. (2021); Zanette (2021) showed exponential lower bounds for
offline RL under the assumption of all-policy realizability, which stipulates that the @-value function
of all policies is linear (i.e., belongs to Qp). This lower bound is incomparable to that of Theorem 1.2:
whereas the inherent Bellman error of the instances in Wang et al. (2021); Zanette (2021) satisfies
ege = (1) (so that lower bounds of |/ege and egg are indistinguishable), the instance used to prove
Theorem 1.2 does not satisfy all-policy realizability. Moreover, the lower bounds are unrelated on a
technical level.

A recent line of work has investigated a strengthening of all-policy realizability under which offline RL
can be achieved, known as Bellman restricted closedness (or often simply as (policy) completeness).
Under this condition, there are statistically efficient algorithms for offline RL with only single-policy
coverage, for general function classes Q) (Zanette et al., 2021; Xie et al., 2021a; Cheng et al., 2022;
Nguyen-Tang & Arora, 2023). Moreover, given a regression oracle for the class Q; which implements
a variant of regularized least-squares, many of these works (Xie et al., 2021a; Cheng et al., 2022;
Nguyen-Tang & Arora, 2023) show that the same offline RL guarantee can be obtained in an oracle-
efficient manner. Since regularized least-squares is computationally efficient when Qy, is linear, it
follows that, under Bellman restricted closedness computationally efficient offline RL algorithms are
known (Xie et al., 2021a; Cheng et al., 2022; Nguyen-Tang & Arora, 2023; Zanette et al., 2021).

For a class II of policies, an MDP satisfies II-Bellman restricted closedness if the Bellman backup of
any function in Qy,41, with respect to any policy in I, belongs to Q) (see Definition F.2). Generally

INote that, in Xie et al. (2021a), the realizability error e 7 and policy completeness error & F,F appear in a square
root (see Theorem 3.1 of Xie et al. (2021a)), since the quantities € 7, e 7, 7 actually represent the mean squared errors.
Moreover, the cube-root dependence on e r,ex, 7 in Xie et al. (2021a) is suboptimal and is improved in Nguyen-Tang
& Arora (2023, Theorem 2).
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speaking, the above papers achieving the strongest bounds assume II-Bellman restricted closedness
for the class IT°® of softmax policies (Definition F.1) (Zanette et al., 2021; Nguyen-Tang & Arora,
2023). While technically speaking such an assumption is incomparable with linear Bellman com-
pleteness (i.e., 0 inherent Bellman error), the latter has the advantage of being universal in the sense
that it is defined so as to allow the fundamental approach of value iteration to succeed. In contrast,
II-Bellman restricted closedness only enjoys a similar “universality” property when one takes II to be
the class of all Markov policies, in which case II-Bellman restricted closedness allows policy iteration
to succeed (Du et al., 2020, Theorem D.1). However, as we discuss further in Appendix A, in this
case II-Bellman restricted closendess becomes significantly stronger than linear Bellman complete-
ness: in fact, if each state has two distinct feature vectors, then it becomes equivalent to the linear
MDP assumption (Jin et al., 2020a, Proposition 5.1).

Remark 1.1 (Confluence of terminology). Due to an unfortunate confluence of terminology, some
prior works in the literature (e.g., Uehara & Sun (2022)) refer to the setting of II-Bellman restricted
closedness when the classes Qp, are linear as “linear Bellman completeness”. We do not use this
convention, and use “linear Bellman completeness” to refer to the setting when the inherent Bellman
error is 0.

Finally, we remark that in the construction used to prove Theorem 1.2, the comparator policy 7* is
not the optimal policy in the MDP. This observation suggests the following intriguing open problem:
if one further assumes that 7* is the optimal policy, then can one improve the |/ege upper bound
in Theorem 1.1 to be linear in egg, or does an analogue of Theorem 1.2 continue to hold?

Organization of the paper. In Section 2, we introduce preliminaries. In Section 3 we state and
discuss our upper bound, Theorem 3.1 (the formal version of Theorem 1.1), and in Section 4 we
state and discuss our lower bound, Theorem 4.1 (the formal version of Theorem 1.2). Appendix A
contains a detailed discussion of related work. The full proof of our upper bound is provided in
Appendices B and C, and the full proof of our lower bound is provided in Appendix D. Finally,
Appendices E and F contain additional useful lemmas.

2 Preliminaries

We consider the standard setting of a finite-horizon Markov decision process, which consists of a
tuple M = (H, X, A, (PM)E_, (rM)E_ | '21), where H € N denotes the horizon, X denotes the state
set, A denotes the action set, P)'(- | x,a) € A(X) denote the transition kernels (for h € [H]),
it X x A —[0,1] denote the reward functions (for h € [H]), and 1 € X denotes the initial state.
We omit the superscript M from these notations when its value is clear.

A Markov policy (or simply policy) 7 is a tuple 7 = (71,..., 7y ), where m, : X — A(A) for each
h € [H]. We let IIM denote the set of Markov policies. A policy 7 € IIM defines a distribution
over trajectories (w1,a1,71,..., 2, am,7g) € (X x A x [0,1])#, in the following manner: for each
h € [H], given the state x5, an action ay, is drawn according to ap ~ 7, (xp), a reward r,(xp, ap) is
received, and the subsequent state xj,11 is generated according to zj, ~ P (- | zn,an). We use the
notation EM*[-] to denote expectaton under the draw of a trajectory from policy = in the MDP M,
and we write E™[-] if the value of M is clear.

Fix an MDP M. The Q-value function and V -value function associated to a policy 7 € IIM in MDP
M are defined as follows: for h € [H],z € X,a € A,

H

Qn(2,a) :==rp(x,a) + E7 Z Tg('rwag) | (zn,an) = (z,a) |, Vi (z) = Qp (2, mh(z)),
g=h+1

where for a function @ : X x A — R, we write Q(z, 7 (x)) := Equr, (@) [Q(z,a)]. We use the
convention that all rewards and value functions evaluate to 0 at step H + 1.
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Given h € [H], a function Qp.; : X x A — R, and a policy 7 € M, the Bellman backup
of Qn+1 with respect to m is the function @y : X x A — R defined by Qn(z,a) := rp(z,a) +
By by (2,0) (@1 (2, Thy1 (27))]. Tt is straightforward to see that, for any 7 € IIM, QT is the Bellman
backup of QF,; with respect to m, for each h € [H].

The optimal policy 7Pt € TIM is defined as 7°P* := arg max, cym V¥ (71).

2.1 Inherent Bellman Error

MDPs encountered in practical scenarios tend to have enormous state and action spaces. To address
this challenge, it is common to use function approximation assumptions, which consider function
classes Q, C RY*4 and posit that the value functions for the optimal policy belong to Qy, i.e.,
ngpt € Oy for h € [H]. As our goal is to obtain provable end-to-end computationally efficient
algorithms for offline RL, without reliance on intractable regression oracles, we focus on the setting
when the classes Qy, are linear. In particular, for some dimension d € N together with known feature
mappings ¢, : X x A — R% we take Q, := {(z,a) — (¢n(z,a),w) : w € R}. For simplicity of
notation, we use the convention that ¢p41(z,a) is the all-zeros vector for each z, a.

Generally speaking, prior work on offline RL in the linear setting (Zanette et al., 2021; Xie et al.,
2021a; Cheng et al., 2022; Gabbianelli et al., 2023; Nguyen-Tang & Arora, 2023) interprets elements
of the classes Q) as approximations of the @-value functions @7, for all m belonging to some subset
II C IIM consisting of policies whose values the learning algorithm wishes to compete with. Accord-
ingly, these works make the assumption of II-realizability, which posits that for all 7 € Il and h € [H],
Q7 € Qp. This assumption is natural in that it is sufficient for correctness of the Least-Squares Policy
Iteration (LSPI) algorithm (Lagoudakis & Parr, 2003) (which assumes knowledge of the transitions
and rewards of M) for finding an optimal policy (Du et al., 2020, Theorem D.1). However, as
shown in Wang et al. (2021); Amortila et al. (2020); Zanette (2021), II-realizability alone is insuf-
ficient for offline RL to succeed with polynomial sample complexity under our desired single-policy
coverage condition.? Thus, it is typical to make the stronger assumption of II-Bellman restricted
closedness (Zanette et al., 2021) (also known as policy completeness), namely that for all = € IT and
Qht+1 € Qng1, there is some Qp € Qp, so that Qu(x,a) = Epwp, (,0)[Th(2, @) + Quyr (2!, mhpr(2)))].

Inherent Bellman error. Bellman-restricted closedness is an unwieldy assumption in that it
requires quantifying over both a policy and a value function at step h + 1. In this work, we study
offline RL under the alternative assumption of low inherent Bellman error (Zanette et al., 2020a), as
defined in Assumption 2.1 below. For h € [H], write By, := {w € R? : |{¢p(x,a),w)| <1VY(z,a) €
X x A}

Assumption 2.1 (Low Inherent Bellman Error; Zanette et al. (2020a)). We say that a« MDP M
has inherent Bellman error egg if for each h € [H], there is a mapping Ty : Bpy1 — By so that

5
sup sup (On(z,a), ThO) — Egrop, (2,0) |Th(T,0) + Il;lax<¢h+1(x/7a/>7 0>} ’ < ZBE (1)
0€Br41 (z,0)EX XA a’€A 2

If M has inherent Bellman error ege = 0, then we say that M is linear Bellman complete.

The assumption of linear Bellman completeness is sufficient for correctness of the Least-Squares Value
Iteration (LSVI) algorithm (Munos & Szepesvari, 2008; Munos, 2005), which assumes knowledge
of the transitions and rewards of M. This fact has made it a popular assumption under which to
study online RL, for which algorithms typically proceed via approximate variants of LSVI (Zanette
et al., 2020a;b). In contrast, as recent offline RL algorithms typically bear more resemblance to LSPI
(Zanette et al., 2021; Xie et al., 2021a; Cheng et al., 2022; Gabbianelli et al., 2023; Nguyen-Tang
& Arora, 2023), offline RL has not previously been studied under linear Bellman completeness as
opposed to Bellman restricted closedness. As discused in Section 3, one of the contributions of this
work is to draw connections between these two types of assumptions.

2In fact, these results rule out offline RL even under a stronger all-policy coverage condition.
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It is convenient to separate the components of 7;, capturing the rewards at step h and the transitions
at step h, as follows: an immediate consequence of Assumption 2.1 (see Zanette et al. (2021, Propo-
sition 2)) is that there are mappings 7,° : Bp41 — By, for each h € [H — 1] and a vector 6, € By, for
each h € [H] so that the below inequalities hold:

sup sup  |(Pn(w,a), Ty 0) — Eypinpy, (2,0) | X (P11 (2", a’), 9)] ’ <eBE (2)
0€Bp41 (z,0)EX XA a’€A
Swp fralea) = (Gn(@a) )| <. (3
(z,a)EX XA

It was observed in Zanette et al. (2020a, Proposition 5) that, in general, the assumptions of linear
Bellman completeness and ITM-realizability are incomparable, in that neither one implies the other.
Moreover, it is straightforward to see that linear Bellman completeness is a strictly weaker condition
than IIM-Bellman restricted closedness. For an arbitrary subset of policies IT C IIM, linear Bellman
completeness may be incomparable to the assumption of II-Bellman restricted closedness.

Finally, we make the following standard boundedness assumptions.

Assumption 2.2 (Boundedness). We assume the following:
1. For allh € [H],z € X,a € A, we have ||¢p(z,a)|2 < 1.

2. For some parameter B € Ry for all wy, € By, it holds that ||wp]l2 < B.

8. For all h € [H], [|0},]l2 <1 (and hence sup, , j, [ra(x,a)] <1).

The assumption that ||¢n(z,a)||2 < 1 together with the definition of By, ensures that B, contains a
ball of radius 1 centered at the origin.

2.2 Perturbed linear policies

Given w € R4 h € [H],x € X, define Ay, ,(z) := argmax, 4(w, ¢p(z,a)) C A, where arg max is
interpreted as the set of all actions maximizing (w, ¢, (z, a)).

Definition 2.1 (Perturbed linear policies). For ¢ > 0, h € [H] and w € R%, define 7, 4, : X —
A(A) by
ﬂ-h,w,o(x) (a) = PrQNN(w’O—Z.Id) (a € Ahﬂ(x)) .

In words, to draw an action a ~ 7 (7), we draw 0 ~ N(w,0? - I;) and then play
argmax, ¢ 4(¢n(x,a’),0). We extend to the case that ¢ = 0 by taking a limit, ie., define
Thaw,0(T)(x)(a) == limge o Th o (x)(a) (it is straightforward to see that this limit is well-defined).
Given o > 0, we denote the set of all 7y ., where w € R% o’ > 0 satisfy o'/||w|2 > o,
by HE”"’U, and IIPino .= HhH:1 H:“"’J. Moreover, we write IIF" = HZ“"’O = U,>o HE“"’U and
HPIin = HPIin,O — Ua>0 HPIin,a_ n

Note that, for any ¢ > 0, T cw,oc = Th,w,0/c- We refer to the policies in TP as perturbed linear poli-
cies. Given a (possibly randomzied) policy 7, : X — A(A), we use the convention that ¢y (x, 7 (2))
refers to Eqr, (2)[#n (2, a)].
Gaussian smoothing. For § € R? and o > 0, we write
N () = N (0,07 - 1)(0) = 7y ol
o T , O d - (27T>d/20'd €xXp 20_2 2 |-

Furthermore, for f : R? — R, we write S, f(#) to denote the convolution of f with N, namely

So1(0)i= [ FENo0=2)dz = [ f0 - DN () = Buioana O =2 ()
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2.3 The offline learning problem

In the offline learning model, the algorithm is not allowed to interact with the environment. Rather,
it is given a dataset D cousisting of tuples (h,z,a,r, '), where r = r,(z,a) and ' ~ Py(:|z,a).
We allow the values of h,z,a in the dataset D to be chosen in an arbitrary adaptive manner, as
formalized by the following assumption:

Assumption 2.3. We assume the dataset D = {(hi, x;, a;, 75, x}) 1y s drawn from a distribu-

tion satisfying the following conditions. For i € [n], let F; denote the sigma-algebra generated by
{(hj,wj,aj,rj,x;-)};;ll U {(hs,xi,a;)}. We assume that, for each i € [n], conditioned on F;, the
reward r; is equal to Ty, (i, a;) = (n, (i, a;),0},), and x; ~ Py, (v, a;).

We remark that Assumption 2.3 is essentially the same as Assumption 1 of Zanette et al. (2021).
Based on the dataset D, the algorithm must output a policy # whose value, V¥ (x;) is as large as
possible. Of course, it may be impossible to make V{¥(x;) very large if the dataset D does not
include states (h;,z;,a;) which explore certain directions of the feature space R?. A large number
of conditions have been proposed in the offline RL literature which capture the degree to which D
exhibits good “coverage” properties of the state space. Our bounds depend on one of the weakest
such conditions, namely the following variant of single-policy coverage, which is identical to that in
Zanette et al. (2021).

Definition 2.2 (Coverage parameter). Given a dataset D as in Assumption 2.3, we define ¥, :=
D ichi—n Oni (Tis i) Pn, (i, a;)". For a policy © € IIM its coverage parameter for the dataset D is

H
Cp,r = Z IE™[on(n; an)lll -1 -

h=1

In words, ép,r measures the degree to which an average feature vector drawn from 7 at each step h
lines up with directions spanned by feature vectors in D. We refer to Gabbianelli et al. (2023, Section
6), Nguyen-Tang & Arora (2023, Section 4), and Jiang (2023) for a detailed comparison between 6
and other coverage parameters considered in prior work. As discussed there, assuming boundedness
of €p . is essentially the weakest coverage assumption in the literature, as many previous works
(e.g., Jin et al. (2021)) require instead boundedness of E”[||¢h(xh,ah)||n2;1], where the norm is

inside the expectation.

3 The offline actor-critic algorithm

In this section, we discuss our main upper bound, Theorem 3.1, which shows a performance guarantee
for the output policy & of the Actor algorithm (Algorithm 1).

Theorem 3.1. Consider any dataset D with n examples drawn according to Assumption 2.3, as well
as parameters fnal, 0 € (0,1). Suppose ege < CO(BH)72d*3 for some sufficiently small constant cg.
Then, for n set as prescribed in Definition C.1, Actor(D, eginal, 0,m) (Algorithm 1) returns a policy
7 so that, with probability 1 — & the following holds: for any 7 € 11,
Vi (1) = Vi (1)
BHdlog*(dnBH/(ggina0))
Vn

The overall computational cost of Algorithm 1 is bounded above by poly(d, H,n,log(B/d),1/efinal)-

<0 <d3/ 2BH - 12 log(1/ege) + ) (H + Cpnt) + Ehinal-

3.1 High-level proof overview

A key ingredient in the proof of Theorem 3.1 is a new structural condition (Theorem 3.2 below)
proving that MDPs with low inherent Bellman error satisfy II-Bellman restricted closedness for the
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class of perturbed linear policies. To understand this result, we first consider the special case of
linear Bellman completeness, i.e., egg = 0. In this case, we show (as a special case of Theorem 3.2)
that II""-Bellman restricted closedness holds, where II"" denotes the class of linear policies, namely
those of the form z +— arg max,¢ 4(¢n(z,a),0), for some 6 € R?. Unfortunately, when ege is positive
but small, II'""-Bellman restricted closedness may no longer hold even in an approximate sense. We
correct for this deficiency by modifying the policy class II'" to instead consist of perturbed linear
policies (Definition 2.1).

Theorem 3.2 (II”'"™7_Bellman restricted closedness; informal version of Corollary B.2). Suppose
that # € IP""? and h € [H — 1]. Then there is a matriz T,;" : R so that, for all w € R? and
(x,a) € X x A,

~ 1
onloa). T = B (o d)ol] <0 (ol (VA 2) ) o )
a/~7rh+1(7w/)

The proof of Theorem 3.2 proceeds by considering, for a pair (z,a) € X x A, the function w
Qn(w;z,a) == Ey o p, (2,0 [Maxarca{Pni1(2’, a’), w)]. The key observation is that if 7,11 = Thi1,w,0
is the perturbed linear policy specified by w € R? ¢ > 0 (see Definition 2.1), then the second term
on the left-hand side of (5) may be expressed as follows in terms of the gradient with respect to w
of the Gaussian smoothing of Q:

VuSeQ(z,a,w) = By op, (2,0) [@n41 (2, Thit,w,0(2))]- (6)

The existence of the desired matrix 7,7 as claimed by Theorem 3.2 then follows by using the fact
that |Qp(w; x,a) — (¢n(z,a), T,Lw)| < ege (see (2)) as well as the fact that differentiating is a linear
operation. This argument must overcome a few challenges in the setting that egg,o > 0 due to the
fact that S, Q(x, a,w) is different from Q(z,a,w); full details are given in Appendix B.

We proceed to discuss the remainder of the proof of Theorem 3.1. Previous work (Zanette et al., 2021)
shows that, under Bellman restricted closedness with respect to a softmaz policy class, an actor-
critic method suffices to obtain offline RL guarantees under single-policy coverage. While Bellman
restricted closedness does not hold in general for the softmax policy class under the assumption of
linear Bellman completeness (see Lemma F.1), we prove Theorem 3.1 by adapting the actor-critic
method in Zanette et al. (2021) to work instead with the set of perturbed linear policies. To explain
the requisite modifications, we briefly overview the actor-critic method: roughly speaking, the overall
goal is to solve the problem max, minareaqy, (x) V" (21), where Mp(7) indicates a set of MDPs
which, under trajectories drawn from 7, are statistically consistent with the dataset D. Moreover,
VM (x1) denotes the value of policy 7 in MDP M. Minimization over M € Mp(m) corresponds to
the pessimism principle, and standard arguments (Xie et al., 2021a; Zanette et al., 2021) show that
an exact solution to this max-min problem would solve the offline RL task.

To solve this max-min problem in a computationally efficient manner, the actor-critic method uses
the “no-regret learning vs. best response” approach: a sequence of policies 7(*) and MDPs M®) ¢
MD(ﬂ'(t)) is generated in the following manner. At each step ¢, a no-regret learning algorithm,
called the Actor, generates a policy 7(!); in response, an optimization algorithm, called the Critic,
chooses M® € Mp(n®) so as to minimize V=" (z,). If T is chosen sufficiently large, then, as
shown in Zanette et al. (2021), a policy drawn uniformly from {7() : t € [T]} will have sufficiently
large value in the true MDP.

3.2 Algorithm description

In our setting, the Actor algorithm and its associated Critic (Algorithm 2) function similarly to
the Actor and Critic algorithms in Zanette et al. (2021). For an appropriate choice of the number
of iterations T', Actor repeats the following steps T times: at each iteration ¢ € [T], Actor lets

9,(? be the sum of vectors wff) for iterations s < t, and lets W,(f) be a perturbed linear policy with
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Algorithm 1 Actor(D, €final, 9, 1)
Require: Dataset D = {(h;, x4, a;, 14, x}) Y11 ; parameters gnal, 0 € (0,1) and n > 0.

1: Define T, e,px, o, B as a function of n, &ginal, 0 per Definition C.1.
2: for 1 <t<T+1do
3: for 1 <h < H do

" Set 61 = SE7h ),

5: Define W,(lt) =T g0 > (See Definition 2.1)

6: Set (w!” wi) = critic(D, 71, eyny, a, B,6/(2T)), where 70 = (") ) >
. 1 2> H 9 y» “apXx;y ) ) 9 1 s tyg /)

Algorithm 2

7: return a policy # drawn as # ~ Unif({7() ... 7(T)}).

Algorithm 2 Critic(D, T, capx; @, 5, 9)

Require: Dataset D = {(h;, i, a;, i, 2})}7; policy m € IIP""; parameters e,p, @, 3 > 0.
: For each h € [H], let 7}, C [n] denote the set of i so that h; = h.

—_

2: For h € [H], deﬁfle =15+ Ziezh (i, a;)bn (i, a) .
3: For i € [n], set ¢F < EstFeature(x},m, h; + 1,€apx,9/n). > Algorithm 3
4: Solve the following convex program with variables w, £ € R4 :
min(wy, ¢1(z1, 71 (21))) (7a)
s.t. wp = fh + E}:l Z (bh(:vi,ai) . (Ti + <$Zr, wh+1>) Vh € [H] (7b)
i€l
1€nl[%, < o® Vhe [H] (7c)
lwall3 < 5% Vh e [H]. (7d)
5: return the solution w = (wy,...,wy) € R of the convex program.

Algorithm 3 EstFeature(x,m,h,&apx,0)

Require: State © € X, policy m € II"'" step h € [H], error eupx € (0,1), failure probability
0€(0,1).

Choose w € RY, 0 > 0 so that 7, = Th .0 > (This is possible by definition of TI™'").
Choose N < 2¢;.2 log(2d/6).

Draw N samples 0y, ...,0n ~ N(w,0? - 1).

return dA) = % Zf\;l on(x, Th,0; ().

—_

oW

mean vector 0}(f). The vector 9}(:5) represents an aggregation of the pessimistic estimates of the

value function produced by the Critic at previous iterations. In turn, at time step ¢, the Critic
(Algorithm 2), given (") = (ﬂ%t), o JrS)) as input, then produces vectors w,(f) € R for h € [H],
which constitute a solution to the optimization problem (7). The program (7) has as its objective to
minimize the value at the initial state (namely, (7a)), subject to constraints that force wg) to have

Bellman backups with respect to 7(*) which are consistent with D (Egs. (7b) to (7d)).

The main difference between Algorithms 1 and 2 and the approach in Zanette et al. (2021) is the

choice of the policies W}(Lt) in the Actor (Algorithm 1). While we take w,(lt) to be a perturbed linear

policy corresponding to Gﬁf) and an appropriate choice of the noise parameter 7, in Zanette et al.
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(2021), ﬂf) was taken to be a softmax policy corresponding to G,St), with an appropriate choice

of temperature. As we discuss further in Appendix C.2, our choice of Tl',(lt) implicitly leads ﬁ,(Lt)(x)
to implement the no-regret follow-the-perturbed-leader algorithm at each state x. In contrast, the
softmax policy from Zanette et al. (2021) corresponds to the exponential weights algorithm. This
difference is crucial to allow us to use Theorem 3.2 to ensure that the program (7) is feasible and
outputs a pessimistic estimate of the value function Vf’w (x1), for each t € [T]. The settings of the
parameters in our algorithms are given in Definition C.1 in the appendix. We remark here that the
optimal choice of the size 1 of the perturbation turns out to scale proportionally to ,/egg, which leads
to the scaling of the error with |/egg in Theorem 3.1. The full details of the proof of Theorem 3.1
may be found in Appendix C.

Remark 3.1 (Relation to prior work: Bellman restricted closedness). We point out that many
works on offline RL consider similar actor-critic methods to ours in the setting of general function
approximation (Zanette et al., 2021; Xie et al., 2021a; Cheng et al., 2022; Nguyen-Tang & Arora,
2023), generally under the assumption of II-Bellman restricted closedness for various policy classes
II. While some of these results are sufficiently general to be instantiated in our setting (of low inher-
ent Bellman error) using Theorem 3.2, which establishes (approximate) IIP"™“-Bellman restricted
closedness when egg is small, none of the resulting implications will be as strong as Theorem 3.1,
either suffering from suboptimal statistical rates or computational intractability. We defer detailed
discussion to Appendix A.

4 Lower bounds

In this section we state Theorem 1.2 formally below as Theorem 4.1, and sketch its proof (which is
provided in full in the appendix).

Theorem 4.1. Let egg € (0,1) and n € N be given, and set d = H = 2. Then there are state and
action spaces X, A with |A| = 4 as well as feature mappings ¢p, : X x A — R? (h € [H]), so that the
following holds, for any offline RL algorithm 2. There is some MDP M which has inherent Bellman
error with respect to the feature mappings ¢p, bounded by 2ege and which satisfies Assumption 2.2,
some distribution over datasets D satisfying Assumption 2.3, and some policy 7* € "™ so that:
€D = O(1) with probability 1 over the draw of D yet the output policy & of A satisfies

E (V7 (21) — Vﬁ(m)] >Q (VeE + (8)

1
Vi)’
where the expectation is over the draw of D and the randomness in 2.

Proof overview for Theorem 4.1. To explain the idea behind Theorem 4.1, we first consider the
following “toy setup”: suppose that H = d = 2, A = {0, 1}, that rewards at step h = 1 are known to
be 0, and rewards at step h = 2 are known to be induced by a coefficient vector 85 € {(1,1), (—1,1)}.
Concretely, this type of uncertainty in 65 may be implemented by having a dataset D for which all
feature vectors at step 2 are parallel to (0, 1); thus, the first coordinate of 6} may remain unknown.

Consider an MDP with states 3,2, € X so that, for each a € A, (z1,a) transitions to either x5 or
x4, but which one is unknown. Moreover suppose that feature vectors at o, 2, are given as follows:
for a € {0, 1},

¢2(x27a) = (1_20'71_(1_20’)'5BE/2)’ ¢2($/27a): (1_2a’1+(1_2a)'EBE/2)' (9)

We may ensure that the transitions described above are consistent with the requirement that the
inherent Bellman error be bounded by egg, since the feature vector ¢o(z2,a) is within distance egg
from ¢o(xh, a) for each a.

At a high level, our lower bound results from the following consideration: suppose the policy we wish
to compete with at step 2, namely 73, takes a uniformly random action at step 2 (so that its expected
feature vector at step 2 is (0,1)). Not knowing any information about the first coordinate of 65, a
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natural choice for 75 is the “naive” policy that maximizes the reward in the one “known” direction
(0,1), i.e., let #5%"¢ be the linear policy which, at state z, chooses argmax,¢ 4(¢n(z,a), (0,1)).
However, this choice suffers from the issue that, due to the egg perturbation between ¢o(x2,a) and
ba(xh, a), #52Ve will choose an action a at step 2, whose feature vector is either (1,1 + egg/2) (if 21
transitions to z5) or (—1,1+ege/2) (if 21 transitions to x2). By choosing 65 = (—1,1) in the former
case and 05 = (1, 1) in the latter case, we can thus force this naive choice #52V¢ to have suboptimality
—Q(1) compared to 75. This issue stems from the fact that the policy #52V¢ is extremely brittle
to small perturbations of ¢o(x2,a): a change of size egg in each of the feature vectors leads to a

Q(1)-size change in the actual feature vector chosen by #52ve.

Of course, in this specific example, one can simply instead set 72 to be the policy which chooses each
action at step 2 with probability 1/2, which will lead to a policy ## whose value is within O(egg) of
7. Roughly speaking, doing so corresponds to considering a perturbed linear policy, in the vein of
Theorem 3.2. We can show, however, that such a perturbation must hurt the value of 7, for some
alternative choice of MDP. Formally, we add transitions to states xée) at step 2 with state-action
feature vectors gbg(ozg), a) = (1-2a,1£(1—2a) -£-egg), for each value of £ € {1,2,...,[1/\/ege]}. A
suboptimality of €2(,/ggg), with respect to some reference policy 7*, arises because avoiding it would
require 72 to act in a way consistent with the naive policy #52V¢ (i.e., without perturbation) at states
with features ¢y, for £ = Q(1/,/ege). (At such states, the second component of the feature vectors
deviates from 1 by enough that it cannot be “ignored”.) But because the MDP has inherent Bellman
error of egg, similar reasoning to the previous paragraph shows that the algorithm’s output policy
# cannot act significantly differently at states with feature vectors ¢o (xgz)7 a), o (:Uéeil)7 a), for each
value of / and a. Since, per the previous paragraph, the algorithm must add large perturbations to
7o for £ = O(1), we will ultimately reach a contradiction. There are many details we have omitted
from this high-level description, such as ensuring that D satisfies the requisite coverage property
with respect to 7*, and the fact that we wish to allow the algorithm to output arbitrary choices of
7, and not just perturbed linear policies — the full details are in Appendix D.
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A Detailed comparison to related work

In this section, we discuss prior work on offline RL with function approximation and compare existing
provable guarantees to our own.

Actor-critic methods. Asmentioned above, the most closely related work is Zanette et al. (2021),
which proves an analogous upper bound to ours for the special case of linear MDPs. More generally,
the results of Zanette et al. (2021) apply to the broader class of MDPs satisfying Bellman restricted
closedness, which requires that the Bellman backup of any linear function under any policy is (ap-
proximately) linear in the features. In contrast, the weaker condition of low inherent Bellman error
(Assumption 2.1) requires that the Bellman backup of any linear function under the single policy
induced by that linear function is approximately linear. Intuitively, the fact that Bellman restricted
closedness requires that Bellman backups under all poicies be linear places it much “closer” to the
assumption of linear (i.e., low-rank) MDPs than to low inherent Bellman error. This intuition is
formalized in Jin et al. (2020a, Proposition 5.1), which shows that under the mild additional as-
sumption that each state has at least two distinct feature vectors, then Bellman restricted closedness
implies that the MDP is a linear MDP.

Several works have studied actor-critic methods in the setting of general function approximation,
beginning with Xie et al. (2021a). In particular, Xie et al. (2021a) considers the setting of a gen-
eral function class F C [0,1]%*4 and policy class II € A(A)¥, and assumes that (F,TI) satisfy
approximate realizability and completeness.> Their first result, namely Xie et al. (2021a, Theorem
3.1), establishes a computationally inefficient algorithm for offline RL based on the principle of
Bellman-consistent pessimism. One may use Corollary B.2 together with an appropriate choice of
o to instantiate their result with II = II”'"™ and F = {(z,a) = (¢n(x,a),w) : h € [H],w € R?}

3Formally, to satisfy the realizability and completeness assumptions of Xie et al. (2021a), it suffices that for all
h € [H], supren,p, erinfp,er 1fn — T fryille <&
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to obtain a computationally inefficient version of Theorem 3.1.% Finally, Xie et al. (2021a) establish
an algorithm, PSPI, which is oracle-efficient given an oracle for F which can solve a certain regu-
larized least-squares problem. However, this result requires taking II to be a softmax policy class,
for which approximate Bellman completeness does not in general hold under Assumption 2.1 (see
Lemma F.1). Thus, PSPI cannot be combined with Corollary B.2 to achieve an efficient algorithm
under the assumption of low inherent Bellman error. (Moreover, their rate of O(n=/3) (Xie et al.,
2021a, Corollary 5) is suboptimal.)

Subsequently, Cheng et al. (2022) considered a similar setting, with general function and policy
classes (F,II) satisfying approximate realizability and completeness. Their algorithm, ATAC, imple-
ments the actor using a generic no-regret learning algorithm, and implements the critic by solving a
Lagrange relaxation of a least-squares regression problem. When combined with our main structural
result, Corollary B.2, it is possible to use ATAC to obtain an end-to-end computationally efficient
learning algorithm for offline RL under Assumption 2.1. In particular, one may take II to be the
class of perturbed linear policies, the no-regret learning algorithm to be expected FTPL (i.e., Al-
gorithm 4), and one may implement the critic, which a priori appears to require minimizing a
nonconvex quadratic function, using the approach in Xie et al. (2021a, Appendix D) (see also Antos
et al. (2006)). However, due to the Lagrangian term in the critic’s optimization problem, the result-
ing rate (see Cheng et al. (2022, Theorem 5)) is worse than ours, scaling with O(n~/3). We remark
that Cheng et al. (2022) also considers the problem of robust policy improvement, which shows that if
the data is drawn from a behavior policy, then the algorithm’s output performs nearly as well as the
behavior policy, with no assumptions on the hyperparameters, no dependence on any concentrability
coefficient, and no assumption of Bellman completeness. Recently, Nguyen-Tang & Arora (2023)
has given a refined analysis of ATAC which obtains the optimal O(n’l/ 2) statistical rate, though only
in the case when the policy class is the softmax policy class and Bellman completeness holds with
respect to this class (which is not the case under Assumption 2.1).

Finally, Zhu et al. (2023) introduces an algorithm, A-Crab, which is similar to ATAC but incorporates
the idea of marginalized importance sampling. As we discuss in the following paragraph, this ap-
proach cannot be instantiated in the setting of low inherent Bellman error to yield computationally
or statistically efficient guarantees for offline RL in full generality.

Approaches via marginalized importance weighting. In addition to A-Crab, many other
works, starting with Xie et al. (2019) have considered the approach of marginalized importance
sampling (MIS), which introduces an additional bounded function class W consisting of importance
weights. Elements of W may be interpreted as possible values for the density ratio between the state-
action visitation distribution of the policy 7* one wishes to compete with and the data distribution.
A line of work, including CORAL (Rashidinejad et al., 2023), PRO-RL (Zhan et al., 2022), PABC (Chen &
Jiang, 2022), MLB-PO (Jiang & Huang, 2020) and that of Ozdaglar et al. (2023), makes the assumption
that W contains the density ratio for 7*, amongst other assumptions. Generally speaking, these
algorithms implement pessimism for offline RL using primal-dual methods applied to the linear
programming formulation of policy optimization. The introduction of W allows many of them to
establish upper bounds even in the absence of Bellman completeness.

Several factors prevent such approaches from implying bounds similar to our own for the setting of
MDPs satisfying linear Bellman completeness. First, all of the above works assume the existence
of an oracle for optimizing over the class W, which would translate into an intractable nonlinear
optimization problem in the setting of linear Bellman completeness. More fundamentally, it can
be impossible to satisfy the assumption of realizability with respect to W: even if we only wish to
compete with a single policy 7*, there is a class M of linear Bellman complete MDPs so that there

4The resulting single-policy coverage parameter is somewhat larger than our own, though a subsequent observation
by the authors of Xie et al. (2021a) (see Jiang (2023)) leads to a tightening of their analysis which results in a matching
coverage parameter.
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d”*’M(m,a)

hm @) is bounded.® Since the above results require

is no distribution p for which sup ;¢ ag ‘
(oo}

* M
dp 7 (z,a)

that ) belongs to W for any M € M, a bounded class W of importance weights, satisfying
realizability for the model class M, does not exist.

Uehara et al. (2023) analyses a primal-dual approach of a slightly different nature, but with the
common goal of relaxing Bellman completeness at the cost of assuming realizability of a suitable
class of Lagrange multipliers. Finally, Gabbianelli et al. (2023) uses a similar primal-dual method
applied to the LP formulation of policy optimization as many of the above approaches, but only
treats the special case of linear MDPs. Due to this additional structure, Gabbianelli et al. (2023)
does not need to explicitly make any assumptions regarding a class W.

Linear MDPs: pessimistic value iteration. In contrast to the above approaches, which phrase
the problem of finding a pessimistic value function as a global optimization problem, a line of
work, including PEVI (Jin et al., 2021), VAPVI (Yin et al., 2022), R-LSVI (Zhang et al., 2022), and
LinPEVI-ADV (Xiong et al., 2023) has considered a local approach to implementing pessimism. In
particular, these algorithms perform value iteration but subtract “penalties” at each state which are
inversely proportional to how well the state is visited in the given dataset. Since the penalties do
not necessarily have Bellman backups which are linear functions, these approaches do not directly
generalize to the setting of linear Bellman complete MDPs.® The approach of pessimistic value
iteration has also been extended to settings with nonlinear function approximation (Di et al., 2023).

Additional approaches for offline RL with function approximation. An older line of work
(Munos & Szepesvari, 2008; Chen & Jiang, 2019) has studied offline RL under the stronger as-
sumption of all policy concentrability, meaning that the data distribution covers the state-action
distribution of any policy. These approaches proceed via variants of fitted Q-iteration, and therefore
require approximate realizability and Bellman completeness in the setting of general function ap-
proximation. Xie & Jiang (2021) show that the assumption of Bellman completeness can be avoided
under an even stronger concentrability assumption. Liu et al. (2020) analyzes pessimistic variants
of value and policy iteration with only single-policy concentrability, under somewhat non-standard
assumptions regarding completeness with respect to truncated Bellman backups. In the special case
of tabular MDPs, Rashidinejad et al. (2021); Shi et al. (2022); Xie et al. (2021b) have focused on ob-
taining the optimal polynomial dependence on the various problem parameters, under single-policy
concentrability. Finally, several works have considered model-based offline RL (Ross & Bagnell,
2012; Chang et al., 2021; Uehara & Sun, 2022; Bhardwaj et al., 2023), which construct an estimate
of all of the MDP’s transitions and rewards (perhaps pessimistically) as opposed to estimating the
value functions.

Finally, we mention that in a distinct setting to ours (namely, that of nonlinear dynamical systems),
Block et al. (2023) use the idea of injecting Gaussian noise into the learned policy to establish guar-
antees (see Definition 5.3 therein). This technique is analogous to our technique of using perturbed
linear policies.

Lower bounds. Wang et al. (2021); Amortila et al. (2020) show an exponential lower bound
for offline RL even when the value function for any policy is assumed to be linear in some known
features, and when the distribution of the data has good coverage of all feature directions. Zanette
(2021) shows a similar exponential lower bound, but which is stronger in that it holds no matter
how the distribution of offline data is chosen. Finally, Foster et al. (2021) shows a lower bound for
offline RL in a nonlinear setting when the stronger assumption of concentrability is made. Taken
together, these results may be seen as motivating the assumption of Bellman completeness: when

5For instance, consider a class of MDPs for which an initial state-action pair (x1,a1) transitions deterministically
to any of infinitely many copies of some state, denoted x%,:p%, ..., each of which is equivalent in the sense that
¢2(xé,a) = qﬁg(z%,a) foralla € A, i #j.
Moreover, a necessary truncation step in pessimistic value iteration presents another obstacle to extending this
approach to our setting.
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only realizability (as well as an appropriate coverage or concentrability notion) is assumed, little is
possible.

B Low Inherent Bellman Error: Structural Properties

In this section, we prove Theorem 3.2 (restated below formally as Corollary B.2), which shows that
the Bellman backup of any linear function at step h + 1, with respect to any perturbed linear policy,
is an approximately linear function at step h. The main ingredient in the proof of Corollary B.2 is
Lemma B.1 below, which shows that the expected feature vector induced by a perturbed linear policy
at step h + 1 is a linear transformation of the state-action feature vector at step h. Lemma B.1 is a
generalization of Lemma 4.3 of Golowich & Moitra (2024), which treats the special case of egg = 0
and used the result to develop an efficient algorithm for the related setting of online RL under linear
Bellman completeness.

Lemma B.1. Suppose that the MDP M has inherent bellman error bounded by egg, and fix o > 0.
Then for each h € [H] and w € R?, there is a linear map L weo - R? — R? so that for all
(x,a) € X X A,

| Lp .o+ 01(2,0) = Earop, (2a) (G041 (& g 1.0 ()],

1
<Cp.eged®? - ( dlog(d/(ee0)) + a) ;

for some constant Cp.1. Moreover, for any w,w’, 0,0’ for which Thi1w,0(x') = Thi1,w 00 for all
e X, we have Lh,w,a = Lh,w’,a'/'

Given a perturbed linear policy 741 € HE“&, so that mp11 = Th41,0,0 for some 6 € R, 0 > 0, we
define 7,"""'w := 0}, + Ly 9., - w, where Ly, g, is the map of Lemma B.1 and where ¢ was defined
in Assumption 2.1. Note that 7, """ is well-defined in the sense that it only depends on mj41 (and
not on the particular choice of 6, o), since for any 6, 0,6’ o’ satisfying mn41.0,0 = Th+1,0',0, we have
by Lemma B.1 that Ly ¢, = Lpne . We will at times abuse notation by writing 7, := 7717”‘“ for
a policy m € IIP'". Given Lemma B.1, the proof of Corollary B.2, stated below, is straightforward.

Corollary B.2. Suppose that 7 € IP'"™_ Then for all h € [H — 1], w € RY, and (z,a) € X x A,
}<¢h(1‘7 a)aﬁlﬂ-w> - (Th(zaa) + Em/NPh(w,a)[<¢h+1(z/a7rh+1(x/))7w>})| < ||’LUH2 : Co; (10)

where (y = Cpoeged®/? - ( dlog(d/(egeo)) + é), for some constant Cg.a. Moreover, if (, < 1,
then T,Fw € (14 2||w||2) - B.

Proof. The inequality (10) follows directly from Lemma B.1 and the definition of 7,7, as well as (3).
To see that 7,7w € (1 + 2||wl|2) - By, we note that, by (10), for all (z,a) € X x A,

[(¢n(z,a), T w)| < 1+ [[wllz + [[w]lz - G < 1+ 2fjwll2,
since (, < 1. O

As a further corollary of Corollary B.2, the @-function for a perturbed linear policy is linear.

Corollary B.3. Suppose that M is linear Bellman complete, o > 0, and that © € TI?""? . Then for
each h € [H], there is a vector wf € 2H - By, C R? so that for all (z,a) € X x A,

|Qh (2, a) = (wi, ¢n(x,0))| <3(H +1-h)HB - (,,

where (, 1s as defined in Corollary B.2. Moreover, if 3HB(, < 1, then w} € 2H - B}, and ||wf|j2 <
2HB.
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Proof. We use reverse induction on h; the base case h = H is immediate, so suppose the statement
holds at step h + 1. By Assumption 2.1 and Corollary B.2, we have that for all (z,a) € X x A,

’Th (1’, a) + ]Ex’NPh(x,a) [<¢h+l(x/> 7Th+1(xl))v w;:+1> - <¢h (1’, a)? ﬁzﬂwg+l> ’
<ege + (o - lwhiqll2-

Let us write wj;, := T,7wj_ |, Since Qf (z,a) = rn (v, a) + By p, (2,0) [QF 11 (2, Thy1(2))], the inductive
hypothesis then gives us that

QF(w,a) — (wf, én (e, )
B (0, Q1 (@, a1 (2)) = (01, S (@, g (@)
[ (@,@) + Barmoy o) (@11 (@, T2 (2)), 00} — (60, @), )|
<3(H — W)HB - Gy + (ege + G - 0] yll2) < 3(H +1 - W)HB -, (1)

where the final inequality uses that ege < (,. To see the upper bound on ||w}||2, note that, by
definition of QF and (11), we have [(w], ¢n(z,a))| < H+3(H +1— h)HB(, < 2H for all z,qa,h,
where we have used that 3HB(, < 1. Then it follows that ||w] |2 < 2HB by Assumption 2.2. [

Proof of Lemma B.1. We may assume without loss of generality that ||w||2 = 1, by increasing o by a
factor of 1/||w||e. Fix h € [H]. For 2’ € X and w € R%, define V (z/, w) := maxy/c a{dni1(2,a’), w).
For x € X,a € A,w € RY, define Q(z,a,w) = By oy (2,0) [V (2, w)]. Since A, X' are assumed to be
countable, the mapping w — Q(z, a,w) is piecewise linear with countably many pieces (and is also
continuous). Next, Assumption 2.1 together with the fact that {w € R? : |lw|ls < 1} C Bpy1 gives
us that

sup sup  [{on(z,a), Tow) — Q(z,a,w)| < ege. (12)
[w]2<1 (z,a)eX XA

Next, we may choose k < d and (v1,a1),..., (7, ar) € X x A so that {(¢n(z,a;)}, forms a
barycentric spanner of {¢n,(,a)}(z.a)cxx.4, and so that ¢p(z;,a:), 1 < i <k, are linearly indepen-
dent. By linear independence of ¢y (z;,a;), for each w € R¢, there is a matrix Ly we € Réxd g0
that, for all ¢ € [k],

Lhwo’ '¢h(.’L'i,a7,‘) = VSUQ(xhaiaw)- (13)

Next, for each (z,a) € X x A and w € R?, we have

vaUQ(‘Z’ a,w) =V EZNN(O o2 Id)Em ~Pp(z,a) [Q(.%'/, ’LU)}
=K. N 0,02 1)Ea'm Py (2,0) [V V (@, w + 2)]

_]EwINPh(ZD,a)EZNN(O,U2-Id [d)h-‘rl ' » Th+1, w+z( /))]

:]E:v’NPh(:L’,a) [¢h+1<xlaﬂ-h+1,w,a($ ))] (14)

where the second equality uses the dominated convergence theorem together with the fact that
for each 2/ € Z,z € RY w + V(2',w + z) is piecewise linear with finitely many pieces, with
bounded derivative, i.e., ||V, V (2, w + 2)|| < maxgea ||¢h+1(x a )HZ < 1. (Note that S,Q(x, a,w)
is infinitely differentiable since we can write S,Q(z, a,w) fRd (z,a,w)Ny(w — 2)dz and since
Ny(w — z) is infinitely differentiable in w.) Using (14) with (z,a) = (:c“al) (for each i € [k]), we
see that Ly, w0 = L w0 for all w,w’, 0,0’ satisfying mp4+1,w,0 (2 )Tht1,w 0 (¢') for all ' € X.

Fix any (z,a) € X x A. By the barycentric spanner property, there are coefficients aq,...,ax €
[-1,1] (depending on z,a) so that ¢p(z,a) = Zle a; - ¢n(x;,a;). Tt therefore follows that, for all
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w e Bh+17

‘ (x,a,w) Eazquaz,

§|Q(x,a,w) - <¢h(m7a)a777.ow>| +

k
<¢h (.’t, a)v ﬁzow> - Z Q; <¢h (:Ci, ai)v ﬁzoﬂ})
i=1

k
+ Zai (Q(xi, a4, w) — <¢h($i,ai)aﬁow>)‘
i=1

<|Q(z, a,w) — (¢n(2, a), Tyw |+Z\Q (@i, a5, w) = (Pn(zi, ai), Ty w)]
<(d+1)egE, (15)

where the second inequality uses that (¢p(x,a), Tow) = Zle ai{pn(zi, a;), T,w) and the final
equality uses (12) applied to each of the tuples (z,a), (x1,a1),. .., (Tk, ag).

Next we apply Lemma B.4 with

flw) =Q(z,a,w) Z%Q (zi, i, w
e =(1+ 1000 dlog(2d/(aBEU)))(d + 1)ege,

D=2d,B=1,and B={w € R%: |wl|y < 1}. Since, for all z € X,a € A, w € R, |Q(z,a,w)| <
w2, we have |f(w)] < (d+ 1) - |w|2 < 2d||lwl|]2 for w € RY, verifying that the choice of D =
2d is admissible. Moreover, the set of z with dist(z,B) < 1000+/dlog(2d/(eo)) is contained in
(14 1000+/dlog(2d/cgeo)) - B, since € > egg and B is a unit ball. Therefore, scaling (15) verifies

that for all w with dist(w, B) < 1000+/dlog(2d/(ec)),

’ (z,a,w) ZaZQ (z4,a;,w)| <(14 1000+/dlog(2d/(egeo))) - (d+ 1) - ege = €.

Then the guarantee of Lemma B.4 gives that for some constant C > 0, for all w with ||w]|]s <1,

k
Cevd
VSUQ(l',a,’LU) - Zai 'VSUQ(xi,ai,UJ) < 6\[~
=1 2 g
By our choice of a; and (13), for all w € R%,
k
Zai'vng($i,CLi, = hwa Zal ¢h xzaaz hwa'¢h(x7a)'

i=1

Combining the above with (14) and the definition of € gives that, for some constants C,C’, for
w2 <1,

B by (2.0) [@041 (2, hi1 0,0 (2))] = Ly 4y o - S1(2,0) |,
e C - (14 1000+/dlog(2d/(ege0)))(d + 1) - Vd
>CBE

g

<C'eged/? - < dlog(d/(egeo)) + <17> ,

as desired. O
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Bounding the gradient of a Gaussian convolution. For a subset B ¢ R? and z € R?, we
write dist(z, B) := inf{||lw — 2|2 : w € B}.

Lemma B.4. There is a constant C > 0 so that the following holds. Let o,¢ € (0,1/2) and B,D > 1
be given, and suppose that B C RY is a set with nonempty interior B°, and for which maxgeg ||0] <
B. Suppose f : RY — R? satisfies | f(2)| < € for all z with dist(z, B) < 1000+/dlog(BD/(ec)), as
well as |f(2)| < D||z||2 for all z € R, for some D > 0. Then for all z € B°,

VS, (2l < S

Proof. Let us write A := 1000+/dlog(BD/(ec)). Let Ba := {z € R? : dist(z,B) < A}, so that, by
assumption, |f(z)| < e for all z € Ba. Then, for any 6 € B,

9. 70012 = | [ 100 2

< /B 1) VN0 = D)y + / 1£(2)- YN0 — ) ydz.  (16)

AN\Ba

2

f(2) - VNL(0 — 2)d=
Rd

2

Note that VA (0) = —£ - NV, (6). Then we have

V Dzl - |0 —
/ 1£(2) - VN (6 — Z)Hde S/ = |L
RABa RA\Ba o

10 — z]I3 + Bl — |2
2

2z N (0 — 2)dz

<D N, (0 — 2)dz, (17)

Rd\BA g
where the second inequality uses that ||z|| < ||§ — z||2 + B since 6 € B.

Using the tail bound Pr, 0,021, (|[2]|3 > 2tdo?) < e='4/10 for ¢t > 1 (Laurent & Massart, 2000,
Lemma 1)7 it holds that

/ Allzllz - No(2)dz < / 12113 - Ny (2)dz <AZ . e=27/(209%) | / o~ v/(200%) g0
[zll2>A ||z]]l2>A A2

_ A2 _—A%/(200° 1 —A?%/(2002
=A% .¢ /( )_|_207.€ /( )

< (AZ " 12> . —5dlog(BD/(c0))

ag
< (104dlog BD/(eo) + 1) - (e /(BD))>
< =
10%ec3e n i _ 10001e0?
-~ BD BD  BD ’
where the second inequality uses the layer cake formula and the fact that A?/o? > 2d, and the final

inequality uses that (eo/(BD))*® - dlog(BD/eo) < (ea/BD)* - d < eo®/(BD) (since e,0 < 1/2)
and that (eo/(BD))*? /0% < ea®/(BD).

Note that for all z € R*\Ba, we have that [|§ — z|| > A since § € B. Thus, combining Eqs. (17)
and (18), we have, for some constant C,

D BD
Lo W INoo= e < [ 102 Nol6 )zt oy [ 8= el N0 - 2)d
R4\ Ba 0% JRA\Ba g R4\ Ba

D Ces® BD C(Ceo?
< - . <
~o0?2 BD + 02 BDA — 2Ce, (19)

7See also https://math.stackexchange.com/questions/2864188/chi-squared-distribution-tail-bound.

(18)
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where we have used in the second-to-last inequality that B > 1 and o/A < 1.

Next, we compute

116 = =
2

/ [1£(2) - VNG (0 = 2)||2dz S/ |f(2)] No (0 — z)dz
Ba Ba

g

< 18— 2ll2o (0~ 2)dz

evd

€ €
gﬁ/w 16 — z||aNy (0 — 2)dz < ;%f\/ﬁz . (20)
where the final inequality uses the fact that Ezr(0,02.1,)[[|1 Z]|2] = oVd.
Combining (16), (19), and (20), we obtain that, for some constant C’ > 0,
C'evd
VS, O)] < 2Ce+ eVdjr < S
which is the desired bound. O

C Proof of Theorem 3.1

In this section we prove Theorem 3.1. We begin by defining the values for the parameters used in
Algorithms 1 and 2.

Definition C.1 (Parameter settings for the algorithms). Given d, H, B > 0 specifying the dimen-
sion, horizon, and boundedness parameters for the unknown MDP M, as well as dataset size n and
error parameters £gna,0 € (0,1), we define the following parameters to be used in Algorithms 1
and 2 and its analysis:

e f:=2BH.

2 1/2
T.=168d7

Efinal
* Eapx 1= 1/v/n.
e 1:=[ max {T1/2d_1/4,T5|13/E2}.

. U:ﬁ

e (= Cpocged’?. ( dlog(d/(egeo)) + %), where Cpg 5 is the constant from Corollary B.2.

(Note that ¢ = ¢,, where (, was defined in Corollary B.2.)

o o= 48¢yn + CeaBdlogt?(dnB/(c6)), where Cey is a constant chosen sufficiently large
so as to ensure Lemma C.4 holds.

C.1 Critic analysis

Consider a tuple f = (f1,..., fg), where f, : X x A — R, and a policy 7. We define an MDP M7~
(called the induced MDP, per Zanette et al. (2021)), whose transitions are identical to those of M,
but whose rewards are given as follows: for h € [H] and (z,a) € X x A,

M

i (@, a) = fu(@,0) = Barp, ) [faa (2 7aga (27)). (21)
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Lemma C.1 (Lemma 1 of Zanette et al. (2021)). Fiz any f = (f1,..., fu) with fr : X x A = R,
any © € II, and write M’ := M¥*™. Then the Q-value function of M’ for the policy w, denoted
QM"™, satisfies the following:

vhe [H], (wa) e X x A, QY (x,a) = falx,a),
which implies in particular that V' ™ (2) = fu(z, ma(z)).
The proof of Lemma C.1 follows a simple telescoping argument and is provided in Zanette et al.

(2021). Next, we establish the following straightforward guarantee for EstFeature:

Lemma C.2. For any x € X, 7 € I h € [H], eapx € (0,1) and § € (0,1), EstFeature
(Algorithm 3) runs in time O(de;2log(d/8)) and returns a vector ¢ so that, with probability 1 — 6,

R apx
H¢ - ¢h(x77rh,w(x))”2 < Eapx-

Proof. By the definition of 7, 4 », it holds that for each 6; ~ N'(w,0? - I;) in Algorithm 3, we have
El¢n(x, mhe, ()] = én(x, 71 (). Then by Hoeffding’s inequality and a union bound, we have that,
with probability 1 — 4,

N N
1 1
¥ 2 On(@ M, (2) = gn(z,mi(2))| <V ‘N > bn(@,mno,(x) = bn(x, ()| < ape
i=1 2 i=1 o
O
Recall that Critic (Algorithm 2) computes a vector w = (wy,...,wy) € R* . Given such w, we
define a function f* = (f{’,..., f{), where f}’(z,a) := (¢n(z,a),wp). We introduce the following
notation, in the context of Critic (Algorithm 2). Given a dataset D = {(h;, z;, ai, i, ;) } 7, at
step h € [H], a policy m € TIP'""a collection of feature vectors ¢ = (1, ...,¢,) (as produced in
Line 3), and a vector w € R%, we define
Tl 0= D dnlwi,ai) - (ri + (i,w)), (22)

i€l

where ¥, = I; + Ziezh én(zi,a;)bn(zi,a;) " and T, = {i : h; = h} are defined as in Algorithm 2.
Given parameters a, o > 0, we define the following good event £, 5. 5.c,,,:

— . . Th+1 FTh+1
Ea,B.0e0m = sup sup sup HE Wh1 — T Awh_HHE < a
h

. . h,D, =
lwri1ll2<B 7rh+1e1'[';|$‘1“ ((bi),;e[n]e(]Rd)": Vi€[n], Do#

ldi—dni1 (s mnrr(x)))]l2 <eapx

(23)

Lemma C.3 below establishes that under the good event &, g .,,, upon given a perturbed linear
policy 7 as input, Critic produces a vector w* € R4 so that the value of 7 in the induced MDP
MF"" ™ lower bounds the value of 7 in the true MDP (Ttem 1). Moreover, for any policy «’ € II, the
value of 7/ in M¥" 7 is close to the value of 7’ in M , as controlled by a concentrability coefficient
depending on 7’ (Item 2). Recall from Corollary B.2 that we have defined {, = Cp oeped’? -

(V/dlog(d/ o)) + ).

Lemma C.3. Consider any 0,0, eapx,0 > 0 for which 3BH(, < 1, suppose 8 = 2BH, and let
m € IOPIno be given. Consider the execution of Critic(D, T, capx, v, 3,0): there is some event &
depending only on the randomness in the call to EstFeature in Line 3, with Pr(E;) > 1—0, so that
the following holds. Under the event £4. 6.0 ¢,, N Ex, the output of Critic(D, T, capx, @, §,9) is a pair
of vectors w*, £ € R satisfying the following conditions, for f := f*":
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1. Vleﬁ7r (xl) < ‘GM’W(JM).

2. For any 7' €11,

H
VM () = VT (@) | < BBHC + 20 B [, an)] -
h=1

Moreover, given an oracle which can solve the convex program (7), the computational cost
of Critic is poly(d,n, H,log(1/3)/e2..).

apx

For simplicity, we assume in the statement and proof of Lemma C.3 that the convex program (7) may
be efficiently solved exactly (i.e., that an oracle provides the answer). While strictly speaking this
may not be the case, it is known that for any € > 0, an e-approximate solution to (7) may be found
in time poly(a, 8,n,d, H,log(1/€)). The guarantee of Lemma C.3 as well as those of subsequent
lemmas hold with only minor modifications if we can only solve the program (7) e-approximately
in this manner. In particular, our main guarantee (Theorem 3.1) may be achieved computationally
efficiently, without assumption of any oracle; the necessary modifications to the proof are described
in Remark C.3.

Proof of Lemma C.3. By Lemma C.2 and a union bound over i € Zj, there is some event & with
Pr(€;) > 1 — 6 so that, under &, the estimates ¢ produced on Line 3 of Algorithm 2 satisfy
max;ey) [|0F — Onr1 (2], Thi1(27))|l2 < €apx for all i € Zj,. We prove the two statements of the lemma
in turn:

Proof of Item 1. Let wj € 2H - By, be defined per Corollary B.3: in particular, wj = T, wj .

A

For each h € [H], define & := T wj =T SWht1- We claim that the vectors (w}; )neia], (6 ) herm
constitute a feasible solution to the program (7). By the definition of 7;”D 3 in (22), note that (7b)

requires that wj = & + ’72”D éw;{ 41~ This equality holds by definition of {f and since wj =

’771“11)}{“. Next, the fact that £, g,0.c,, N Er holds, mpy1 € Hzlrl’”, and wf € 2H - Bj, (and hence
lwrlle < 2BH; here we use Corollary B.3 together with the fact that 3BH(, < 1) gives that

A

1€ s, = T wh .y — ETD,(&ng”Zh < @; this verifies (7¢). Finally, since 8 = 2BH we have that
(7d) holds. It follows that (7) is feasible under the event £y g,5.c,,. N Er-

Let us denote the solution to (7) by w*,&*. Since wj, &} are feasible to (7), we must have that
(wy, ¢1(z1, m (1)) < (wT, d1(z1,m1(21))) = Vi (21). But Lemma C.1 together with our choice of
f=f"" (sothat fi,(x,a) = (¢n(z,a),w})) guarantees that (w}, ¢y (z1, 71 (71))) = Vle’"(xl), which
yields Vle’”(xl) < Vi (z1).

Proof of Item 2. For each h € [H] and (z,a) € X x A, we have, by the definition (21),

ri "7 (2, a) — vy (2, a) =(wi, dn(x,a)) — i (x,a) — Byt Py (2,0) [{(Wh 15 Ohgr (@, Thopr (2)))]
:€h(1‘7 (I) + <w; - nﬂw;-‘,—la ¢h($7 a)>

=en(z,a) + (&, dn(@, @) + (T swigy — T wh i, oz, ), (24)

where e5,(z, a) satisfies e (v, a)| < (1 + 2||lwy,]|2) - (¢ < 38¢, (for which such a choice is possible
by Corollary B.2).
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Since the MDP M 7™ has transitions identical to those of M, for any 7’ € II,

VI ) = ()| =

H
> RN [T%M(mh, an) — Th(xh’ah)] ’
h=1
= .
<3BHC, + Z |]EM.,W'[<§}*L7 bn(xh, ah)>H + ‘}EM"*’ {<7;:D,({5w2+1 = Ty Wh i1, Gn(Th, ah))} ‘
h=1

H
<3BHC, + Y B [én(ons an)l|lgs - (16015, + 1775 swis = T whan s, )
h=1

H
<3BHGy + 20 Y ||EM [ (wn, ah)]\yE;1 ; (25)
h=1

where the first inequality uses (24) and the triangle inequality, and the third inequality uses the fact
that (wy, &) is feasible for (7) (in particular, (7c)) as well as the fact that £y g o.c,, N Er holds and
lwhssll2 < B = 2BH (using (7d)).

Finally, we analyze the computational cost of Algorithm 2. The call to EstFeature in Line 3 takes
time poly(N,d) < poly(d,log(1/5)/e2,.). The remaining steps take time poly(d, H). O

apx

Lemma C.4. There is a constant Cc4 so that the following holds. Suppose the dataset D is
drawn according to Assumption 2.3, and o, [3,0,capx > 0 are given so that e,px < 1/y/n and o >

4B¢s\/n + CeuBdlog'/?(dnB/(c6)). Then, Pr(€a,,0,e00) = 1 —0/2, where the probability is over
the draw of D.

We remark that the only source of randomness in Critic is over the randomness of EstFeature in
Line 3.

Proof of Lemma C.J. Given h € [H], wpy1 € R, w1 € OPM and b= (ng‘)ie[n] € (RH™, let us
write, for i € 7,

€i(Wha1s Thi1) =1 A+ (Dny1 (@, Thy1 (7)), whar) — (Pa(Tis @) + Eornp, (21,00 [(Onp1 (2 Thga (27)), why1)])
Ei(Wha1, That) =1, ai) + By py (25,00 [(Oh1 (2, Thga (7)), wagr)] — (O (@is aq), Ty " wpgr)

Ni(Wha1, Thits Qgi) 1=<¢3¢ - ¢h+1($§77fh+1($§))a Wh1)-
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Error decomposition. For any wy,1 € RY, 1,41 € HZL':I’”, and ¢ = (¢:)ie[n), We can decompose

T-Th+1
Thp.gn+1

:Z;l Z ¢h($ia ai) : (Ti + <§£z; wh+1>)

1€Ly

=S on(@isai) - (i + (S (2, T (@), whn)) + 550> bn(@ias) - mi(Whgr, e, 65)
€Ly, i€y

:2}:1 Z On (i, a;) - (dn(wi, ai)77-hﬂh+lwh+l>

1€Ly
+2,0 ) dnlwia) - <5i<wh+1; Tht1) + & (Wht1, Tha1) + 0 (W1, Tht, éi))
i€y,
=3 Twpe + 257 <+ Z ¢h(fﬂi,ai)¢h($i7ai)T> Ty wng
i€Th

+ 200 dnl@i, i) - (ei(wnir, 1) + Gi(waga, Taga) + 0i(Whg1, Tho, 65))

1€Ty,
=T e = S T wnga
+ 500 dnl@i,ai) - (i (wagr, Thar, 61) + & (W1, Thin) + € (Whtr, Thg)), (26)
€Ly,

where the final equality uses the definition of 3, (in Line 2 of Algorithm 2).

Bounding the error terms. First, we note that for any wyy; satisfying ||wp11]l2 < S and any
Plin,
Th+1 € Hh_l:lg,

=50 T wnsalls, = 1T wnsllg o < [T w2 < 3- BB, (27)

where the first inequality uses that ¥, = I; and the second inequality uses that, since ||wp11]]2 < 5,
we have 7, " wp41 € 38 - By, (Corollary B.2), and hence || 7, "™ wp41]]2 < 33B (Assumption 2.2).

Next, as long as ||wy11]l2 < 8 and [|¢; — dni1 (2, Thyr(2)))]2 < apx for all i € [n], we have
i (Wh 1, W1 80)| < 16 = dngr (@ Thpa (@) l2 - [whsallz < Beaps

for all ¢ € [n] and thus

St onws ai) - mi(wngas T, 61)
1€l

> on(@iyai) - ni(wni1, Ty, bi)

€Ly,

< Beax V1,

-1
z,

2h
(28)
where the inequality uses Lemma E.2.

Next, by Corollary B.2, for any w1 satisfying |wp41]l2 < 8 and any w41 € I, for each i € 7,
we have

Th+1

[P @iy ai) + B by (w00 [{On41 (@, Thg1 (), wng1)] — (Gn(@iy ai), T " wngr)| <B - G

Thus, by Lemma E.2,

2;1 Z On(@isai) - §(Wht1, Thir)

i€Ly,

> on(wi ) - Si(wngr, Thar)

i€Ly,

< BCevn.  (29)

-1
Zh

>h
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It remains to bound the final term in (26), namely the one involving €;(wp+1,Tht1). To do so, we
use a covering based argument. We define the following metric on HZ""’J: for mp,, m), € HZ""’J, define

I7n = 7 lloo1 = sup > |ma(ala) — 7 (al2)]. (30)
TEX 1eA
For € > 0, we let Noo)l(Hili"’U, €) denote the minimum size of an e-cover of HZ““’U with respect to
|l loo,1- Similarly, let G := {w € R?: |w|2 < B}, and let N2(G, €) denote the miniimum size of an
e-cover of G with respect to || - ||2. We use the following lemma:

Lemma C.5 (Covering number bounds). There is a constant Cc 5 so that for all h € [H],

logJ\/ooJ(H,F:“""’, €) <dlog(Cc.5/(e0))
log Na(G, €) <dlog(Cc.553/e).

Let G C G be an e-cover of G with respect to || - ||2 with size bounded per Lemma C.5, and
Hiu_"l’” C HZTl’U be an e-cover of Hiu_nl’” with respect to || - [|eo,1 With size bounded per Lemma C.5.

For fixed wp41 € G and Thel € ﬁp“""’, for each i € 7, we have from the definition of &;(Wpt1, Tht1)
that

lei (Wha1, Tnt1)| < 2+ 2[|wnia]l2 < 2428 < 48, (31)

where we have used Assumption 2.2 and the fact that 5 > 1. Moreover, by Assumption 2.3,
if we let F; denote the sigma-algebra generated by all tuples (hj,mj,aj,rﬁ%) for 7 < ¢ and by
(hi+1,mi+1,ai+1)7 we have E[Ei(ﬁh+1,%h+1)|fi,1] = 0 and E[ekei(g’ﬁl’;’*l)|]:Z',1] < 6)‘2A(4B)2/2,
where we have used (31). Moreover, ¢p(x;,a;) is measurable with respect to F;_1. Let us write
N := |G| - |TIP"7|, so that log N < Cdlog(8/ea), for some constant C. By Lemma E.1, there is
some event 877;,;h+1 which occurs with probability at least 1 — §/N, so that under 55’;}&1, we have

N 1/2
< 322 1log'/? <d‘3tg/]’<f)) < 83d'/?1og"/? <N~ dﬂ;”) ,

> n(@i, ai) - €@y, Thyr)

1€Ly

=t
where the final inequality uses

s < (1) < (ji - <d+ > ||¢h<xi,az->|§>>d < (T

1€Ty,

By a union bound, it follows that under some event £ that occurs with probability at least 1 — 4,
we have

. ~ d+n
sup || > (i, i) - o(@ngr, ) < 88d"/*log'/? (N' dé) : (32)
_weg ez, o
7fh+1€HZI$'f h

Now consider any wpy1 € G and 7,41 € HZT{J- Choose w41 € G and Thal € ﬁzlrl’g so that

Hwh+1 — {Eh+1H2 § € and H’lTthl - %h"’lHOOyl S e. We have

sup  |&i(Wha1, Tht1) — €i(Wht1, Tht1)| <2 ||Whgr — Wi [z < 2€ (33)
7rh+1€H:|$’1‘7
sup [ei(Whi1, Thy1) = €i(Whi1, Thy1)] <28 sup [[ns1 (2, mhr1(2”)) = dnar (2, Tnpa (2))]2 < 2P,
Wwhi1€G ' eX

(34)
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where (34) uses the definition of || - ||oc,1 in (30). Then, under the event &,

> dnl(@i, ai) - ei(whyr, Thin)

1€Th 2;1
<D onli,ai) - £i(Whir, ag) + 1 bn(iyai) - (€i(@hir, Tht1) — €i(whgr, Thir))

1€Ly, E;l i€y, E;l

11D onl@i ai) - ((@hin, Fngr) — e(@hyr, Taga))
1€Lh g;l

<> on@i, ai) - €i(@ny, Tryr) +4fev/n

1€Lp E;l

d

<83d'/?10g!/? <N~ ;") + 4Bev/n, (35)

where the first inequality uses the triangle inequality, the second inequality uses Lemma E.2 together
with Eqgs. (33) and (34), and the final inequality uses (32) together with the fact that £ holds.

Combining Egs. (26) to (29) and (35), we conclude that under the event &, for any wp+1 € G,

The1 € Hm_"l’”, and qg € (RY)™ so that mMax;en] ||qu51 — Ont1 (@], a1 ())]l2 < Eapxs

. d
I nen = T s, 388 + Beape -+ 5, + 8502 1og!* (- T ) apey/
1/2 dn,@
SllCﬂleg T +4ﬁ(6+5apx+€-0')\/ﬁa
€00

where the second inequality uses the bound log N < Cdlog(S/ec). Choosing € = 1/4/n, and as long
as Eapx < 1/4/n, we see that £ C €4 3,6,e,,» Since we have chosen o > 4BC,/n+CBdlog'?(dnB/(56))
for a sufficiently large constant C. Thus Pr(£q g,0.c,,) > Pr(€) > 1 — 6. Rescaling 0 to §/2 yields
the result. O

Proof of Lemma C.5. First, we note that logN2(G,€) < d - log(383/(e)) by Wainwright (2019, Ex-
ample 5.8). To bound the covering number of IT; ™7, let € C {w € R? : |lwlly < 1} denote a
eo-cover of the unit ball, so that Wainwright (2019, Example 5.8) ensures that we can choose C with
IC| < dlog(3/(ec)). For any w € R? with [Jw||s < 1, there is some w’ € C with ||w — w'[]2 < eo.
Then we have

1 1
Drv(N(w, 0% - I7),N(w', 0% - 1)) < \/2 cKLN(w, 02 - Ip)|IN(w', 02 - 1)) = % [lw — w2 < g,
o
where we have used Pinsker’s inequality and the formula for the KL divergence between two Gaus-
sians. Moreover, for any x € X, we have

Z |7Th,'w,a(a|1‘) - 7Th,w/7g(a|$)| SDTv(N(IU, o Id),,/\/'(wl70'2 . Id))
acA

by the data processing inequality for total variation distance (in particular, the deterministic function
W +— argmax,c 4(¢n(z,a), W) maps a random variable W ~ N(w,0? - I;) to an action A ~
Th,w,o (-]2)). Combining the above displays gives that |7 w0 — Thw o llco,1 < €, as desired. O

C.2 Actor analysis

Notice that the Actor algorithm (Algorithm 1) is a special case of the Follow-the-Perturbed-Leader
(FTPL) algorithm. This observation is central to our proof. Below we first review some basic facts
pertaining to the FTPL algorithm.
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Review of FTPL. For J, L > 0, a distribution y on R? is defined to be (.J, L)-stable with respect
to the Euclidean norm || - ||2 if the following two conditions hold:

EP~H[HPH2] <J

Vv € RY, / lu(p) = ulp —v)ldp <L - [|v]2.
pER4

We consider the setting of online linear optimization: the algorithm is given a set of actions ® C RY,
and operates over some number 7' € N of rounds. At each round ¢ € [T], an adversary chooses a
reward vector w®) | which may be random and depend arbitrarily on past choices of the algorithm
(i.e., we consider the case of an adaptive adversary). Simultaneously, the algorithm chooses a vector
#®) € &, and then observes w® and receives a reward (w®),¢®)). The algorithm’s goal is to
minimize its regret with respect to the best-in-hindsight fixed choice of action in ®. The expected
FTPL algorithm, presented in Algorithm 4, solves the online linear optimization problem. Its choice
of action at each round is given by the best action for the previous rounds, perturbed by a distribution
which satisfies (J, L)-stability.

Algorithm 4 Expected Follow-the-Perturbed-Leader: ExpFTPL(®, u, T, 7)
Require: Action set ® C R?, distribution p € A(R?), parameters w > 0,7 € N.
1: for 1<t<T do

2: Choose
t—1
oM =FE Py |ATEMAX 4 W - Z(w(s),(b)—i-(p(t),@ .
peA —1
3: Receive reward vector w® € R?, earn reward (¢(*), w®).

Theorem C.6 (Hazan (2017), Theorem 5.8). Suppose that p is (J, L)-stable, and write D :=
maxgeq ||¢ll2. Then for any adaptive adversary choosing w, ... w™) satisfying ||w®|s < G for
all t, the iterates ¢\Y) produced by ExpFTPL(®, i, T,w) (Algorithm 4) satisfy

max XT: Z < wLDG?*T + 2= JD
e (2 t=1

We remark that since the iterates ¢(*) of Algorithm 4 are deterministic, in the setting of no-regret
learning (i.e., that of Theorem C.6), adaptive and oblivious adversaries are equivalent.

Analysis of Actor. Recall that for w = (wy,...,wy) € R we have defined fv := (f¥,..., f¥),
where fi(z,a) = (¢n(z,a),wp). To simplify notation, we write f() := 7o where w® =
(wgt), e 7wg)) is the vector returned by Critic on Line 6 of Actor (Algorithm 1).

Lemma C.7. For any D, ¢€final, 0, the algorithm Actor(D, €final, 6,1) (Algorithm 1) satisfies the fol-
lowing: for any 7> € I, h € [H|, and x € X, we have

T
LT Zf(” (om0 ) < 0 QBHYT + V.
t=1

We emphasize that the policy 7* in Lemma C.7 is not required to be a (perturbed) linear policy.

Proof of Lemma C.7. Fix 7* € Il and « € X. Note that, by definition of f}(Lt),

T

T
ST @ ) = 3wl onle, mh(2)),

t=1
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and

T

Y i@ (@) = D (), énle, 7 (2)).

t=1 t=1

!

Moreover, the definition of 7r}(f) in Actor (Algorithm 1) ensures that

¢h(m ﬂ-}(:)( )) =K 9 ~N(0,m2%-14) |:ar§é?4ax{<¢h(x a) 9( +p(t)>}:|

Ph

t—1
=B (0,02 1) [argmax {Z<¢h($,a)aw§f)> + <¢h($,a)»/’§f)>H ;

acA o—1
where we have written 9;? == 11 w,(L ) asin Algorithm 1. In particular, on(z, 7r,(L ) (x)) is exactly the
choice of ExpFTPL(®, u, T,w) (Algorithm 4) at round ¢ with action set ® = &, (z) = co({¢n(z,a) :
a € A}), distribution u = N (0,1? - I), and w = 1. It follows from Theorem C.6 that

T
S 1O @, 7 (1)) Z £O (@, 7D (@) =
t=1

T
(Wi, dn (@ ) =Y (), dn(z, 7 (2)))

t=1

M%

t

Il
)—‘H

~Y(2BH)*T + nVd,

where we have used that |¢n(x,a)|| < 1 for all z,a,h, that N(0,7% - I;) is (nVd,n~')-stable

(Lemma C.8), and that ng’)HQ < f = 2BH, using the constraint (7d) in Critic (and where
the value of S is set on Line 1 of Algorithm 1 per Definition C.1). O

Lemma C.8. For anyn > 0, N(0,7? - 1) is (n/d,n~")-stable.

Proof. We first note that Ezn0,n21,) [ Z 2] < 0vVEzon0,1)[Z

Let iy, : R? — R denote the probability density function of A (O,nQId). To verify the second
condition of stability, we compute, for any v € R?,

[ ) =l = )l =2Dre (N 0.5 10) N o771

<V2KLWN (0, 12 L) [N (v, 1)) = [[vll2/n,

where we have used Pinsker’s inequality and the formula for KL divergence between Gaussians. [
Finally, we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let the parameters T, 7, €apx, @, 8, 0 be chosen as in Definition C.1. Note that
these parameter settings ensure that 1/0 < 1/,/€gg, which in turn ensures that

3BH( < 3BH - Cp.yeped®? - <, [dlog(d/eis) + 1/,FBE> <1, (36)

by our assumption that egg < co(BH) 2d~2 and as long as ¢y is sufficiently small.

Fix an arbitrary policy 7* € II. Recall that 7 denotes the policy chosen by Actor (Algorithm 1) in
step t € [T], and f®) = f“’(t). Moreover, let us write M®) := M7 The choices of o, B, €apx in
Definition C.1 ensure that, by Lemma C.4, we have that, over the draw of D, Pr(€a,,0,c,,) > 1—0/2.
We next wish to use Lemma C.3 with 7 = 7#(®), for each t € [T]. To do so, we need to check that

7 ¢ TIPne: indeed, W}(Lt) = T, o) ,» Where 0,(? satisfies HG,(Lt)Hg < t-maxs<; ||w,(f)|\2 < TB (by
Vg s -
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Corollary B.3, which is applicable because of (36)). Then
definition of 1, ¢ in Definition C.1.

> L/ p— -
HO“)H 75 = 0, where we have used the

If we let F(*) denote the sigma-algebra generated by D, w™, ... w®, then Lemma C.3 ensures that,
for each t, Pr(E,|F* V) > 1—6/(2T). (In particular, we use here that the randomness in the
call to EstFeature in Critic is chosen independently at each step ¢.) By a union bound, it follows

that Pr (Sa,meapx N nte[T] Eﬂm) >1—09. We write £* 1= 45,0, N ﬂte[T] Ery-

By Lemma C.3,; under the event £*, for each t € [T], we have

H

VI () = VP ) <V () = VT (@) - BBHC 200 BN [ (s an)] o
h=1
(37)

Next, using the performance difference lemma applied (Lemma E.3) to the MDP M ®) we have

t) » () (%)
M (@) = T (@)

B
<

t=1
T H
() p* (t) () (1) (1)
=SS E O QO (wn, () — Q) (i ()]
t=1 h=1

M-
M=

EM(t)’_N* [f;(f)(xh,ﬂﬁ(xh)) (t)((L'h,ﬂ'}(Lt)( ))}

~
Il
—
>
Il
—

[0 @n, mi@n) = £ sl (@n)]

M-
M=

~
Il
-
>
Il
—

Iv]7r

Zf (i (2n)) = f3 (@, Ty (2 ))], (38)

p“qm

h

1

where the second equality uses Lemma C.1, the third equality uses the fact that the dynamics of
M® are the same as those of M, and the final equality rearranges. Next, Lemma C.7 guarantees
that for each possible choice of xj, we have

T

T
>0 @n i @n)) = o £ @nom (en)) < 07 (2BH)T + 0V, (39)

t=1 t=1

Combining (38), (39), and (37) yields that, under £*,

n\f

H
fZ(VIM" — V(@) <203 B gn(wn an)lllgr + 07 (2BH)? + TS 4+ 3BHC. (40)

h=1
Note that the choices of 7, o, ¢ in Definition C.1 gives that 1/0 < egEl/ 2, meaning that
€ < Cpoceed”’? - (\/dlog(d/(cee0)) + et ) < Ceglfd?/ log(1 /cee), (41)
for some constant C' > 0; note that we have used that egg < d~!' and thus Vdlogd <

O(sgé/z log'/?(1/egg)) in the above display. Combining Eqs. (40) and (41) gives

T

1 * t

LS (e e )
t=1

ul . ABHd'/4 12 28/ 1/2
<2y |[EM" [qsh(g;h,ah)ngl+T + 2BHVdeg + 6CBH?d%? - g log(1/eae).

h=1
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Thus, by our choice of T' = 16842 (Definition C.1), it follows that the policy # := % Zle 7

2
. Efinal
satisfies

VI (@) = VM ()
H
<20 Z H]EM,W* [¢h(xh, ah)]||2;1 ~+ Efinal + O (BH2d3/2 . 518{52 log(l/EBE))
h=1
H

H
<0 (d?’/?BHg;/EQ log(1/ege)v/n + BHdlog!/ 2(dnBH/(5ﬁna|5))) : (\/ﬁ + ) EM [ (@, ah)]||2;1> + Efinals
h=1

which is equal to the desired bound.

Finally, we analyze the computational cost of Algorithm 1. The only nontrivial computation to be
performed is the call to Critic in Line 6, which is made T times. Thus, by Lemma C.3, given
an oracle which can solve the convex program (7), the overall computational cost of Algorithm 1
is poly(T,d,n, H,log(1/6)/e3,,) < poly(d, H,n,10g(1/6),1/final). The same guarantee holds with-
out existence of such an oracle; the necessary modifications to the proof are described below in
Remark C.3. O

Remark C.2. Notice that in the case egg = 0, the final steps of the proof above yield the (slightly
stronger) bound

VT () = VT ()

BHdlog"/?(dnBH/(gnai))
o)

H
. Z ”EM,rr* [On(xh, ap)] ||n2’:1 ~+ Efinal-
h=1

Remark C.3 (Solving the convex program). In this remark, we discuss the minor modifications
necessary to the proof of Theorem 3.1 to establish its guarantee without assumption of an oracle
which can solve the program (7).

Note that the program (7) is a convex program in O(dH) variables consisting of linear equal-
ities and ¢ norm constraints, for which all coefficients of the variables can be specified with
log poly (e, 8,d,n) < logpoly(n, B,d, H,log(1/§)) bits. Thus, for any € > 0, the ellipsoid algo-
rithm returns vectors w, ¢ € R*H which satisfy the constraints up to € error and e-approximately
minimize the objective (7a) in time poly(d, H,log(nB/(d¢))). Then it is immediate that Item 1 of
Lemma C.3 gives only the weaker guarantee V1Mf’7r (z1) < V™™ (21) + e. Moreover, in the proof
of Ttem 2 of Lemma C.3, the right-hand side of (25) has an additional O(e - aH) term (as (7c)
holds up to additive €), which may be absorbed in the first term (namely, 36H(,) by increasing the
constants, as long as e is sufficiently small. In turn, Lemma C.3 is used to establish (37): thus this
equation gains an additional term of € on the right-hand side as well as additional constant factor.
This additional terms propagate to degrade the bound of Theorem 3.1 by a constant factor.

D Proof of Theorem 4.1

In this section we prove Theorem 4.1. First, in Appendix D.1 we introduce the family of MDP
instances used to prove the theorem, and in Appendix D.2 we analyze the performance of any
algorithm on this family.

D.1 Construction of the family M,,.

Fix egg > 0. For simplicity we assume that L := 1/\/@ is an even integer. Given bits brew, binit €
{0,1} and (bf,e)ée[L],ee{O,l} € {071}21‘, we write b = (breW7binita(b&e)Ze[L],ee{(),l}) € {0,1}2L+2 to
denote the collection of all these bits. We construct a class Mege = {MP}peq0,1320+2 of MDPs MP,
each of which has inherent Bellman error bounded above by egg with respect to some fixed feature
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mappings. All MDPs M € M., have horizon H = 2 and feature dimension d = 2. The state and

action spaces of each M € M., are given as follows:

X = {51,41,59,52,q2} U {85, fg,o,fg,l}ge[o,l] A=1{0,1,2,3}, (42)

where ¢ ranges over [0,1]. (We remark that we will only need to use the states sg,tg,o,tgl for
values of ¢ which are in {0, egg, 2¢gE, - . ., /€BE}, but to simplify notation we opt to define states
corresponding to all ¢ > 0.)

Feature vectors. The feature vectors corresponding to X, A are defined below. We use the
convention that if we specify fewer than 4 actions at a state, then all remaining actions at the state
have equal behavior (i.e., feature vectors and transition) to action 0 at that state. For normalizing
constant a := (v/2)7!, we define, for each h € [2]:

o 6n(51,0) = a- (1,0), gu(s1,1) = a- (0,1).

o Op(t1,0) =a-(1,1) and ¢p(t1,1) = - (1, -1).

o &p(52,0) =a-(0,0).

o dp(s2,0) =a-(0,1), dp(s2,1) = - (0,—1).

« For each ¢ € [0,1], ¢n(s5,0) = a - (0,0), dn(s5,1) = a - (1,0), ¢n(s5,2) = - (0,~0),

én(s5,3) = a- (=1,0).

« Foreach ¢ €[0,1] and b € {0, 1}, ¢ (t5 ,,0) = o~ (1, (1-2b)¢) and ¢ (t5,, 1) = a-(—1, —(1—
2b)¢). Via slight abuse of notation, we identify 9 o, 9 |, i.e., 5 =19 .

Transitions and rewards. Consider any M = MP € M., and write b =
(brews binits 1be,e foelr],ecf0,11) € {0, 1}2L+2. We proceed to define the initial state distribution, tran-
sitions and rewards of M. The initial state distribution has all its mass concentrated on t;. The
transitions are defined as follows:

o (s1,1) transitions to 5y with probability 1.

o (s1,0) and (1, binit) each transition to the distribution that puts mass 1/L on each of the
states s5e€, for £ € [L].

o (t1,1 — binit) transitions to the distribution which:

— Puts mass 1/(2L) on t(e be0) €€ for cach £ € [L];
— Puts mass 1/(2L) on tg‘il bea) < for cach £ € [L).

The rewards are defined as follows:

o ri(z,a)=0for all x € X,a € A, i.e., rewards at step 1 are linear with 6] = (0,0).

o The rewards at step 2 are linear with respect to the coefficient vector 65 = (1 — 2byew, 1/R),
where R := 16.

Verifying low inherent bellman error. Next, we verify that each MDP MP € M, has low
inherent Bellman error and satisfies Assumption 2.2 with respect to the feature mappings ¢, defined
above.

Lemma D.1 (Low inherent Bellman error and boundedness). For any M = MP € M_,., M has
inherent Bellman error 2ege and satisfies Assumption 2.2 with B = /2.
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Proof. 1t is straightforward to see that
By =By = {w eR? : alwi| + alws| < 1},

meaning that the second item of Assumption 2.2 is satisfied with B = 1/a = v/2. Moreover, by
choice of « the first item is immediate, and the third item holds since for all (x,a), |re(x,a)| <
a- |63y =a-(1+1/R) <1

We must verify (1) for h € {1,2}. We begin with the case h = 1. For § € R?, define

Ti0 = (25) (max< ba(s “Bﬂa») ,0> ,

{=1

which belongs to Bj since its first coordinate is bounded above in absolute value by « -
max{[01], Lege|f2|} < v+ (|01] + [62]) <1

Since ri(x,a) = 0 for all x,a, we certainly have that, for each (z,a) € ({1} X A) U (t1, binit),
(¢1(x,a))1 =1 and thus

(90,0, T6) = By | 1(020) 4 ma(aa's .0} (13)

meaning that (1) holds for these (z,a). Now consider the state-action pair (z,a) = (t;,1 — bjpit). For
each ¢ € [L] and 6 € R?, we have

B 1 EBE 1EBE
a6 0),6) —  maon (657, 0),6) — L man (677, 0),0)

L.
2 e
1
<¢)2(’L§SE,(1/), 0> - 5

1
<albz|ese + ‘mg§<¢2(5§EBE,a/), 0) — - max
a

¢
5 max X<¢2( R I),9>‘ = alf2|ege < egE.

It follows that
’<¢h(’t1,1 = binit), T16) — Epr o par (4, ) |71 (t1; binit) +£{1g§<¢2($/,a/)79>H < eBE;

verifying (1) holds for (z,a) = (t1, binit). Finally, the validity of (1) for (x,a) = (s1,1) is immediate
since (710)2 = 0.

Next we verify (1) for h = 2. Since all feature vectors are identically 0 at step h = H+1 =3
(by convention), we take 726 = 65 (which is in By since a- (1 +1/R) < 1), and satisfies ra(x,a) =
(pa(z,a),05) for all (z,a). O

D.2 Proof of Theorem 4.1

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. First, note that if 1/y/n > ,/egg, then the lower bound is straightforward and
well-known. In particular, consider X' := {s1,52}, .4 := {0, 1} with ¢1(z,0) = (1,0), ¢1(z,1) = (0,1)
for each z € X, and ¢3(s1,a) = (1,0), ¢p2(s2,a) = (0,1) for each a € A. We let the rewards be
linear with respect to some vectors 67,05 € R? with 6 = (0,0) some choice of 65 € {(0,1),(1,0)}.
The initial state is s1; (s1,0) transitions to s; with probability 1/2 + (10/n)~! (and to sy with the
remaining probability), and (s, 1) transitions to s; with probability 1/2 — (10y/n)~! (and to s; with
the remaining probability). Finally, the dataset D consists of n/4 transitions from each of the tuples
(x,a) € {(s1,0), (s1,1), (82,0), (52,0)}. Tt is straightforward to see that the inherent Bellman error
is 0 and that Assumptions 2.2 and 2.3 are satisfied. Moreover, it follows from well-known arguments
(Lattimore & Szepesvéri, 2020, Chapter 15) that for any algorithm 21, there is some choice of 65 as
above so that the optimal policy 7* (i.e., defined by nj(s;) = 0 if 65 = (1,0), and 7} (s;) = 1 if
05 = (0,1)) and the output policy # of 2 satisfy (8).
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For the remainder of the proof we may therefore assume that \/ege > 1/4/n. Moreover, by decreasing
ege by a constant factor, we may assume that L = 1/,/gg is an even integer. We use the state and
action spaces defined in (42) and the feature mappings ¢y, defined in Appendix D.1 above. Fix some
randomized offline RL algorithm A. We will choose some MDP M € M., and define a distribution
over datasets D satisfying Assumption 2.3 so that (8) holds for some 7*.

Consider some b = (brew, binit; (br.e)ee[L),ec{01}) € {0,1}2572, to be specified below, and set M =
MP. By Lemma D.1, M has inherent Bellman error 2egg and satisfies Assumption 2.2 with B = v/2.
The dataset D consists of tuples (h;, z;, a;,r;, ), i € [n], drawn as follows:

o There are n/3 points of the form (1,s1,1,0,55).
o There are n/3 points of the form (1,5y,0,0,z;), where z; ~ PM(- | 51,0) for i € [n/3].

« There are n/3 points of the form (2,s5% 0, Legea/R, L).
It is immediate that the distribution of D satisfies Assumption 2.3.

Controlling the coverage coefficient. Note that we have

2
¥ Zg ~p1(s1, D)1 (s1,1) T + % - ¢1(51,0)¢1(s1,0) " = % -1
_ 2
R N (]

Define wi := (1, 1—2biit), w3 := (0,1), and 7}, := 7y 2 o for h € [2], and write 7* = (77, 75) € I1Ptin,
Note that

EM™ (¢ (21,a1)] = - (1,1 — 2binie), EM™ [$9(22,a2)] = a - (0, Lege),
so that
|EM (91 (21, a1l = V6, ||EM’ﬂ*[¢2($2,a2)]||nz;1 = V3.

The value function of 7* for M = MP € M., does not depend on the choice of b and may be
computed as follows: first, note that V™ (s5) = (¢a(s$,0),05) = al/R, for cach ¢ € [0,1], which
implies that V"™ (1) = Q"™ (t1,b1) = Vo™ (s0) = & . UFoklleee —a (], 4 1)epe /2.

Controlling the performance of 2[. Let # denote the (random) output of the algorithm 2, given
the random dataset D. Note that the distribution PM (- | 51,0) does not depend on the choice of b.
Thus, the distribution of #, which we denote by Dy € A(IIM), is the same for all possible choices of
b. Lemma D.2 below, which is the main technical component of the proof, yields that there is some
b so that (8) holds (as we have assumed 1/y/n < \/ggg), which completes the proof of Theorem 4.1.

Lemma D.2. Let Dy € A(TIM) be an arbitrary distribution over Markov policies. Then there is
some choice of b so that, for M := M® € M., we have

Ennpy V7 (0)] < V7 () - 2 (VEsE) (44)
The proof of Lemma D.2 is provided below. O

Proof of Lemma D.2. Let Dy € A(IIM) be given. Choose binix € {0,1} so that Zy := E up,[m(1 —
binit | fl)] Z 1/2 For 0 S Y4 S L, define

7(0) ==E,p, [m b | 1) - (ﬂ(o | t6oge) — (1| tg‘leE))]

3(0) =Ennp, [w(binit 4) - (7r(1 | 5£58) — (3 | 556%))} .
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Let D € A(II) be defined by

Do(m) - (1 = binit | 1) _ Do(m) - (L~ binit | 1)
Er/apo [ (1 = binit | t1)] Zo )

D(r) :=
For 0 < /¢ < L, define
pll) = Ennp [7(0 | 6357) +7(1 | 65°)).

Consider any choice of brew € {0,1} and b, € {0,1} for each ¢ € [L],e € {0,1}, and write b =
(brew binit, (be,e)ee[r),ec{0,1})- Then for any policy m, ¢ > 0, and b € {0,1}, we have

VR S) =m0 6) - (62650, 05) + 7 (1= 6,) - (62(65,,1— D). )
=a- W(b | tg,b) : <(1 —2b, C)’ (1 — 2brew, 1/R)> ta- (1 - ﬂ(b | té,b)) ’ <(2b -1, _C)a (1 — 2bew, I/R»

=20 7(b [ 15,) - (1 —20)(1 — 2brew) + ¢/R) — - (1 — 2b)(1 — 2bren) + (/R). (45)
Hence
VT 0) + VT (,0) =20(1 = 2bren) - (0 | 60) = 7(1] 6.1)) + 2R (70 ) + (1] 6,) — 1)
(46)
Moreover,

VT (55) =a - (1= 2bew) - ((1] 58) = (3] 59)) + aR7'C- (n(0 | 85) — 7(2 ] 55))
<o (1= 2brew) - (w(1 1s$) — (3| sg>) +aR7IC. (47)

Case 1: ‘ Zz (7 ()—1—7(5))‘ > \/ILOE. Recall our choice bijnir from above. Set b = 0 if

ZZ (7€) +~(£)) < 0, and otherwise brew = 1. Finally set by, = 0 for all £ € [L],e € {0,1},
and write b = (brew, binit; (be,e)e,e). Therefore,

Exep, Vi7" (1))

b
LZEMU[ (1= b | 12) - (V37 (658%) + VT (6589) ) + 2l | 1) - V5 (s57) |

(48)
1 L
<37 > 2a(1 - 2brew) - Erep, [W(l — binie | t1) - (m(0 | £555) — 7 (1 | tZEBE))}
=1
1 L
- —1 . ZEBE ZEBE _
+t57 ;QaR legeErnp, {7‘(‘(1 binit | t1) - (m(0 ] t5°6F) + 7(1 | 5°5F) 1)}
1 L
+ 237 (a1 = 2ben) - Enmy [(bime | 1) - (m(1 | 85%) = (3 #BE))} + QR B, [7 (b | 1) - fege])
=1
1 L 1 <&
5=1 =1
(49)
o L
-7 Z ) 4+ aR™YL 4 1)ee/2
a - T* Q\/EBE MP 1*
== T [0+ 3|+ T () < - v ()
/=1
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where the first inequality uses Egs. (46) and (47), and the second inequality uses p(¢) < 2 for each
¢ € [L] as well as our choice of brew. The above chain of inequalities thus verifies (44) in this case.

From here on, we assume that Case 1 does not hold. Since tg’o = tg’l, we have p(0) —1 = 0.

Therefore, either ZZL:L/Q(/)(E) ~1)<L.1/20r %ZZL:l[p(Z) —p(l—=1)]+ > 1/(2L) = \/zge/2. Thus,
it suffices to consider the (exhaustive) Cases 2 and 3 below:

Case 2: Zf:L/z(p(E) -1 < % -1/2.  We make the same choice of b as in Case 1. Then using
(49), we have

L L
b 1 aZy
EWNDU [‘GM ' (tl):| :a - rew Z ?Z €5BE+ ZEEJBE
=1
Z L
<o ;:: —1) - Lege + aR™Y(1 — Zo) - (L + 1)epe/2

(L + 1)EBE ay (L + )EBE L LEBE/Q
<7 1—-Z . - —
= 2R 1=20)+ 3 2 4 L
_a(L + ]-)EBE . OZZO . LgBE

2R S8R

§V1Mb’7r*(t1) — aR 'Legg/16 = V1Mb’ﬂ*(f1) — aR™"/Eee/16,

where the second inequality uses our assumption that ZeLz £s2(p(f) —1) < L/4, and the final in-
equality uses the fact that Zy > 1/2.

Case 3: Z(g p(0) — p(¢ — 1)]4 > (/ege/2. For each ¢ € [L] and b € {0,1}, define py(¢) :=
Eﬂwp[ (b | t&BE) so that p(¢) = po(£) + p1(¢). We may choose some e* € {0,1} so that
Zle[pe (£) — per (£ — 1))+ > \/Ege/4. Choose brew = ¢* and define the values b, . as follows:

1 N * — * — 1 > = e*
S VGRS R 50)
’ 0 : otherwise.

Write b = (binit, brew; (be.e)e, e). Using (45), for each ¢ € [L], we have
V2 ’W(t(e by, o)EBE) + V ( (Z by, 1)535)
=20m(l - e* | 555 ,.) - ((2¢" — 1>< — Obrew) + Lepe/R) — a((2¢" — 1)(1 — 2Drew) + Lo/ R)
+ 2am(er | 25 (1= 26%)(1 = 2brew) + (€ — brer)ese/R) — (1 — 26*)(1 = 2bre) + (€ — by o+ Jepe /R)
=2am(l — " [ 4555 ,.) - ((2¢* )( — 2brew) + Lege/R) — (20 — by )ege/ R
) ((2¢* = 1)(1 — 2brew) — (€ — by ex )eBe/R)
<20(2¢” = 1)(1 = 2brew) (7(1 = e | €55 0) = m(e” | 27)) + 200 - cpe/ .

_ 20(71'( * ‘ t;p*btz ,e* )EBE

Combining the above display with (46), we obtain that
%Mb,ﬂ(téliabe,o)EBE) + VéMb,ﬂ'(téfil*bz,l)EBE) - (VJVI ,71'( ZSBE) + ‘/YQ ( éffg))
< (Qa(ze* “1)(1 = 2bren) (w(l —er |t L) — (et | tg‘j;bf~e*)eBE)) +2aR"10. EBE>
- (2a(1 — o) - (ﬁ(o | €ege) — (1| tgffE)) + 2aR Mege (w(o | £Le8E) 4 (1 | €48 — 1))
<20(1 — 26*)(1 = 2bgen) - 7(e* | oor ) = 2a(1 — 2bren)(1 — 26*) - w(e* | £55) + 4R~ Lege
= — 20+ (w(e" | 425) = m(e* | ")) + da R ege, (51)
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where the final equality uses our choice of brew = €*. Define by , = 0 for all £ € [L],e € {0,1}, and
set b’ := (brew; binit; (br,e)y ). Then, using (48) as well as the fact that VQMb’”(sg) = VQMb T (s5) for
all 7 and ¢,

1
Zy

L

1

_ } :]EwNDU [ (1= binie | t1) - (VM ﬂ(t([ be, o)EBE) + VM W(t(@ by, 1)535) . (VQMb’W(thSE) + VQMb,‘fr(tgeglgED)}
2L 7, = ? !

b b’
Erpy [vf” (1) — VM %)}

L
1 b (- b (6—by s b b
= 2 Bre [ V21T ") v ) () () |
(=1

L
<2aRM(L+1)ege — Y Epup [W(e* | €e28) — m(e* | tg‘j;’”’f*)f%)]

=1
L
=2aR" ML+ 1)ege — Y (per () = per (£ = brer))
=1
L
:2aR_1(L + 1)ege — @ Z[pE* (€) = per (£ — b))+
=1
<2aR™M(L + 1)ege — av/ege/2 < —av/ege /4, (52)

where the first inequality uses (51), the final equality uses the definition of by« in (50), and the
final inequality uses the fact that R = 16. Also note that, from (49),

L L -
A - 1 - -
Beam, V(0] =01 = ) S0+ 3000 + 57 320 e (010 =)+ o 317 e
L+1 *
<a- g + & ;Rm — VM (1) + o - VEge/ 10, (53)

Combining Eqs. (52) and (53) and using the fact that Zy > 1/2 gives that

Erp, [VIM ”T(tl)} — VM (1) < ay/Eee/10 — ay/EeE/S = —an/FaE/40,

as desired. ]

E Useful lemmas

E.1 Concentration

Lemma E.1 (Concentration for self-normalized process; e.g., Theorem D.3 of Jin et al. (2020a)). Fiz
n € N and let e1,...,&, be random variables which are adapted to a filtration (F;)o<i<n. Suppose
that for each i € [n], E[e;|Fi_1] = 0 and E[e*i|F;_1] < eX'o*/2 Suppose that 1, ..., b, is a
sequence which is predictable with respect to (F;)o<i<n, t.€., ¢; is measurable with respect to F;_1
for all i € [n]. Suppose that Ty € R4 is positive definite, and let T; = g + 23:1 ¢j¢;'—. Then for
any § > 0, with probability at least 1 — ¢,

det(I';)1/? det(ro)—1/2)
5 :

n 2
> e
i=1

-1
I

< 202 log (
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E.2 Projection bound

Lemma E.2. Consider any sequence of vectors ¢1,...,¢, € R? and a sequence of real numbers
bi,...,b, € R, so that, for some € > 0, |b;| <€ for all i € [n]. Then for any A > 0,

n 2
> bidi
i=1

< ne’.

n —1
(AT, i07)
E.3 Performance difference lemma

Lemma E.3 (Performance difference lemma; Kakade & Langford (2002)). For any MDP M, policies
m, 7w €1l, it holds that

H
> ru(n, an)
h=1

F Bellman restricted closedness

EM.™ _ EM,W’

H H
Zrh(xh, ah)] = ZEM’”/ V"™ (xn) — Qp " (xh, an)] -

h=1 h=1

In this section, we show that linear Bellman completeness does not, in general, imply that Bellman
restricted closedness holds, even when the policy class is restricted to be softmax policies. We first
make the requisite definitions.

Definition F.1 (Softmax policy class). Given feature mappings (¢n : X x A — R%),¢y, the
associated softmaz policy class T1°" consists of the set of all policies 7 = (71, ...,7g), for which
there is some 7 > 0 and wy, ..., wy € R? so that for all h € [H] and z € X,

exp(n - (¢n(w,a), wp))
Za’EA eXp(U : <¢h ($7 al)a wh>) .

If 7y, satisfies the above display, we write 7, = 75°f[wy, 1]

Definition F.2 (Bellman restricted closedness). An MDP M is said to satisfy Bellman restricted
closendess with respect to d-dimensional feature mappings (¢n)ne(m] for a policy class II' if for each
7 € II', there are mappings 7,7 : R? — R? so that the following holds for each h € [H]:

mh(alx) =

sup  sup  [{on(z,a), TTw) = Barop, (z.0) [P (25 @) + (P (2, mhpa (27)), w)]| = 0.
weR? (z,a)EX XA

Lemma F.1. There is an MDP with H = 2, A = 3 together with feature mappings in d = 1
dimension which satisfies linear Bellman completeness (i.e., Assumption 2.1 with egg = 0) but not
Bellman restricted closedness (Definition F.2) with respect to the softmaz policy class TI%°f.

Proof. Consider the MDP with H =2, 4={1,2,3},d =1, X = {s1,82}, and
¢1(z,a) =1 VeeX,ae A

P2(s1,1) =1, ¢2(51,2) =0, ¢2(s1,3) = —1

¢2(527 1) =1, ¢2(52a2) = 1?¢2(5273) =-L
All rewards are 0. The transitions are as follows: for any a € A, © € X, (z,a) transitions to x at
step 1. By defining Tyw = |w|, we may ensure that linear Bellman completeness holds with respect
to the above feature mappings: indeed, for each z € X', maxq e 4 w- d2(x, a) = |w| = {p1(z,d’), TTw)
for all a’ € X.
Now let o := 75°f[1, 1] (see Definition F.1) and w = 1. Then
-1
e—e

:e+1+e_1
2e

T2 fe 1

(¢2(s1,m2(51)), w)
(¢2(s2,m2(52)), w)
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Since ef:j;l_l + 2;2_1, and ¢1(s1,a) = ¢1(s2,a) for all a, Bellman restricted closedness cannot
hold (even up to constant approximation error). O



