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Abstract

Explaining a single model can be misleading
when many near-optimal models (a Rashomon
set) yield different feature attributions. We
frame this as a Rashomon set sampling prob-
lem and propose two practical axioms that any
Rashomon sampler should satisfy: generaliz-
ability (meaning it must accept arbitrary ref-
erence models and loss functions) and Imple-
mentation Sparsity (meaning it should return a
small, attribution-diverse subset of valid mod-
els). These two axioms are not satisfied by
most known attribution methods, which we con-
sider to be a fundamental weakness. Building
on these axioms, we propose an e-subgradient-
based sampling framework and quantify effec-
tiveness with Search Efficiency Ratio (SER) and
Functional Explanation Range (FER). Experi-
ments on a synthetic quadratic task and five real-
world datasets show that our sampler achieves
comparable or higher FER with up to ~ 100x
fewer models than exhaustive baselines such as
TreeFARMS, while remaining agnostic to model
class and loss. Even when the reference model
is sub-optimal in practice, the resulting attribu-
tions align with ground truth and accepted do-
main knowledge.

1 INTRODUCTION & MOTIVATION

Understanding the behavior of machine learning models is
receiving considerable attention. Many researchers seek to
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identify important features and describe their effects de-
pending on a specific model. Recently, researchers have ar-
gued that explaining a single model is insufficient; instead,
one should examine a set of similar-performing models to
obtain more robust insights. This set of models is called
a Rashomon set (Fisher et al.l 2019; Renard et al., 2024;
Cavus and Biecekl 2025). A commonly agreed definition
of the Rashomon set in the machine learning community
is when the benchmark model f* € F minimizes the loss
function, i.e., L(f*) = infyer L(f), the set defined by
hypothesis space H on the basis of §* > 0 is called the
Rashomon set; see for example in (Dong and Rudin, |2020;
Xin et al., 2022; L1 and Barnard, 2022)).

RO, [ F) ={f € F: LX) < LX)+ 0"} (D

In other words, R(6*, f*, F) contains all models in F
whose loss is within an acceptable tolerance of the minimal
loss. In practice, however, f* (the true loss-minimizing
model) is usually unknown or intractable to find. There-
fore, we will instead define the Rashomon set relative to a
chosen reference model f,.¢. For a given f,..r € F (e.g.,
a well-performing model identified via cross-validation or
other selection criteria), we consider R(6*, frcf, F) as the
practical Rashomon set around f..s. This formulation does
not require fr.s to be truly optimal; it simply serves as a
baseline model with high performance, which will be used
for all subsequent analysis.

A significant challenge in utilizing Rashomon sets is that
exploring the entire set of near-optimal models is infeasi-
ble due to the sheer size of the hypothesis space [Semenova
et al.| (2022). For example, the possible number of trees
of depth at low as 4 with 10 binary features is more than
9.338 x 102" and the number of neural networks (NNs) in
hypothesis space grows exponentially with the number of
parameters (Hu et al.;[2019). The recent work of [Hsu and
Calmon|(2022) studied the Rashomon ratio and the pattern
Rashomon ratio to estimate the volume of the Rashomon
set. This is a level set estimation problem and represents the
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fraction of models in the hypothesis space that fit the data
about equally well. Such results provide insight into the
complexity of a learning problem (e.g., Rashomon ratios
tend to be large for low-complexity model classes; see (Se-
menova et al.,[2024)), but they do not by themselves tell us
how to find, explain, or utilize the models in the Rashomon
set. In other words, measuring the size of a Rashomon set
is not the same as being able to sample and interpret its
elements. In this work, we focus on the practical task of
sampling a representative subset of the Rashomon set and
guiding feature attribution based on it.

Most existing approaches avoid brute-force enumeration by
sampling or approximating the Rashomon set in restricted
ways (Hsu and Calmon, 2022). For instance, [Dong and
Rudin| (2020) provided a simple example of enumerating
similarly-performing decision trees under certain settings,
but not general for all cases. Xin et al.|(2022) recently pro-
vided a practical tree-based solution for a nonlinear dis-
crete model class by fitting an optimal tree and exploring
the whole Rashomon set of sparse decision trees. |Dong and
Rudin| (2020) also trained a logistic regressor and provided
an ellipsoid approximation for the logistic model class. For
NN-based models, |Li and Barnard, (2022) provided a vari-
ance tolerance factor (VTF) to interpret all NNs by greedy
searching an extra layer on the top of the network. While
these methods are effective in their specified domains, they
all assume prior knowledge of the reference model’s form
(e.g., that it is a decision tree, linear model, or other in-
terpretable structure (Chen et al.| [2023)). In practice, one
may be given an arbitrary pre-trained model as a black-box,
without the ability to constrain it to a simple form, as shown
in Fig. [I] There is a need for a more general workflow
to handle an arbitrary reference model and still explore its
Rashomon set [Laberge et al.| (2023). Fig. [2|illustrates the
conventional Rashomon set workflow (top-middle) and our
proposed general workflow (bottom-middle) in this con-
text. Additionally, the lack of quantitative comparison of
sampling methods hinders the potential application of the
Rashomon set.

To address these shortcomings, we take an axiomatic ap-
proach and identify two fundamental practical principles.
Unfortunately, most existing methods violate at least one
of these principles, limiting their practical usefulness. Our
contributions can be summarized as:

* We distill two high-level principles, generalizability
(model structure, evaluation, and attribution agnostic)
and implementation sparsity (search efficiency and
functional diversity), and formalize them as practical
axioms that any Rashomon sampler should consider
in design.

¢ Guided by these axioms, we introduce an e-
subgradient sampling framework based on subgradi-
ent descent strategy that (i) generalizes Rashomon

Figure 1: A toy example of binary classification (circle and
triangle) by x1, x2, and object shape. Possible models in
the Rashomon set can be: linear model, clustering model,
decision tree, and non-linear model (from left to right).

sets to arbitrary reference models and loss functions,
(ii) supports a model-agnostic any-order feature-
attribution score function, and (iii) comes with sup-
porting theorems and proofs guaranteeing conver-
gence, near-optimality, and diversity.

* We validate the properties of the proposed framework
through (i) synthetic experiments with known ground-
truth attributions (quadratic roots) and (ii) compre-
hensive comparisons with baseline methods on five
real-world datasets, highlighting that our approach
achieves attribution diversity with significantly fewer
sampled models.

2 NOTATIONS & TERMINOLOGIES

Notations We use bold lowercase letters such as v to
represent a vector and v; denotes its i-th element. Let
the bold uppercase letters such as A denote a matrix with
af; 5 being its i-th row and j-th column entry. The vectors
aj; ] and a|. 5 are its i-th row and j-th column, respec-
tively. Let (X,y) € (R™*P,R"™) denote the dataset where
X = [X[1],X[,2),- -+ X[ p)] s @ n X p co-variate input
matrix and y is a n-length output vector. We assume the
observations are drawn i.i.d. from a distribution D.

Let 7 be a subset of feature indices: Z C {1,2,...,p} and
its cardinality is denoted by |Z|. All possible subsets are
referred as I = {Z | Z C {1,2,...,p}}. In the context
of no ambiguity, we drop the square brackets on the vector
and simply use x; to denote the feature. X,y is the input
matrix when the feature of interest (denoted as s here) is re-
placed by an independent variable. Let f : R"*P — R"™ be
a predictive model that maps an input matrix with n sam-
ples and p features to an n-dimensional vector of predic-
tions. A model class is a set of all such predictive func-
tions e.g., F C {f | f € F}, where each f is simply
one possible predictive model within this class. Let L :
(f(X),y) — R be the loss function and the expected loss
and empirical loss are defined as L., = E[L(f(X),y)]

and L =170 L(f(xi,)), yi), respectively.

Generalized Rashomon Set We denote f,.; as the
Rashomon set’s reference or baseline model for any trained
machine learning model f,.f, e.g. tree models, NNs, in
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any task, e.g. supervised learning, unsupervised learning.
The generalized Rashomon set is defined on the basis of an
epsilon rate € > 0 from Eq.(T), and the threshold for the
Rashomon set is 6% = €L,cf(fref):

Re(fres) ={f € F: LIF(X)) < (1 + )L (fres (X))} ()

In practice, researchers sample from the generalized
Rashomon set in different ways. Intuitively, we have:

Proposition 2.1. Any sampled R. (freg) in practice by a
finite algorithm and certified against Eq. (2) is a subset of

Re(fres) (Proof see Appendix[A.I).

If L,ep(f*) = O (rare in practice), one can equivalently
impose Lr.f(f) < €; the theory below is unaffected.

Generalized Feature Attribution The term “feature at-
tribution” is used to denote the general contribution of the
feature to the prediction. Higher-order feature attribution
refers to interactions among features. Here we define:

Definition 2.2. A general model-agnostic score function
s(+) measures the importance of any order of features, e.g.
|Z| = 1 for feature importance and || > 1 for interac-
tion importance, on the given data set. The conditional ex-
pected st is the expected score qr conditional to the feature
set T of the model f € F, written as:

az(f) =E[sz(X,y) | f € F]. 3)
Attribution Vector and Attribution Space Following
the definition, we can derive:

* A single model attributing to all possible feature subsets:
ai(f) = (qz(f)) 7, € R 4)

¢ All models in S attributing to a specific feature set Z:

Qz(S) :={qz(f): f € S} CR. 6)

* Putting them together, we obtain a attribution (matrix)
space over an empirical sampled Rashomon set as:

Qﬂ(ﬁe) = (qﬂ(f))feffzE € R|7QE|><|H|

Proposition 2.3. For any non-empty 7@6( fref), the matrix
Qz(ﬁe) is finite and non-empty (Proof see Appendix.

Definition 2.4 (Functional Attribution Distance). Let
fi, [; € Re be any two models in the Rashomon set. Their
functional attribution distance is the Chebyshev norm be-
tween their attribution vectors based on Eq. (@)):

distoo (@) = Jim (3 laz(f) - az(i)") "

Zel

3 DESIGN PRINCIPLES FOR
RASHOMON SAMPLING

To guide the development of a practical Rashomon sam-
pler, we distill two fundamental principles into concrete
axioms that formalize the desiderata for sampling diverse,
near-optimal models without making restrictive assump-
tions about model class or training objective.

Axiom: Generalizability The goal of Rashomon set anal-
ysis is to extract model-independent insights from all near-
optimal models. A sampler must therefore function across
architectures, loss functions, and attribution methods. We
decompose this requirement into three components:

e Model-structure generalizability: The method should
operate regardless of the architecture or training process
of the reference model f,.; € F. For instance, Fig. il-
lustrates a task solvable by multiple learning paradigms,
e.g., linear classifiers, nonlinear SVMs, clustering meth-
ods, and decision trees |Pankajakshan et al.| (2017);
Roscher et al.|(2020a); Sundararajan et al.[(2017).

* Evaluation generalizability: Different models may be
trained with different objectives (e.g., log-loss, MSE,
MAE), but their performance must be evaluated using
a shared metric £(-) when forming R ( fe ) in practice.
For example, a classifier trained with log-loss or Gini
gain may still achieve high accuracy Nauta et al.|(2023);
Zhong et al.| (2022); Gola et al.| (2018); |Guidotti et al.
(2018);|Adadi and Berradal (2018)); Gilpin et al.| (2018).

e Attribution generalizability: Attribution methods
vary widely in form, gradient-based (e.g., saliency),
perturbation-based (e.g., SHAP, LIME), or loss-based
methods, but can yield different explanations for the
same feature depending on the model class [Linardatos
et al.| (2020);|Zhong et al.| (2022)); [Roscher et al.|(2020b);
Imrie et al.| (2023)). Since the goal is to understand con-
sistent feature behavior across models, the attribution
method must be fixed throughout sampling and should
support higher-order attributions (e.g., interactions).

Axiom: Implementation Sparsity The second principle
ensures that sampling from the Rashomon set is both com-
putationally efficient and yields diverse feature attributions.
We split this into two complementary goals.

* Search efficiency: Sampling should avoid evaluating
models unlikely to belong in R.(fr.s), especially in
high-dimensional spaces. For instance, decision tree
enumeration is intractable due to the vast number of all
possible trees (e.g., a low depth tree with ~ 102° possi-
bilities). Existing methods such as top-down heuristics
Xin et al.[(2022)) or ellipsoidal approximations Dong and
Rudin/ (2020) aim to reduce overhead. We define a gen-
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Figure 2: Overview of our Rashomon-set sampling framework. Top pipeline. End-to-end pipeline, from task specification
through a sampled Rashomon set with the desiderata satisfied at each stage: model-structure generalizability, evaluation
generalizability, search efficiency, and functional sparsity. Bottom-left. Standard XAl workflow that derives feature attri-
butions from a single model. Bottom-middle. Conventional Rashomon sampling: a practitioner fixes a reference model
class (e.g., neural network, tree-based, logistic) and employs samplers (e.g., Random, VIC, TreeFarm, ...) to approximate
the Rashomon set. Grayscale bars denote decreasing interpretability. Black-box scenario where the reference model is
an opaque, pre-trained predictor. Bottom-right. Our proposed e-subgradient Rashomon Sampler enables class—agnostic
exploration in the black-box setting, producing a sparse, diverse set of functionally equivalent models.

eral efficiency metrics, search efficiency ratio (SER): A well-designed sampler therefore strives to maximize FER

. while keeping a minimum number of models.
SER := |R.|/N, (6)

where N is the number of all searched models, for which

we evaluate the empirical loss, and |R.| denotes the 4 PRACTICAL RASHOMON SUBSET
number of valid (feasible and accepted) models. SAMPLING

* Functional sparsity: Two models are functionally
redundant if they yield the same feature attribution Guided by the principles in Sec. [3} we present a prac-
scores. To maximize interpretive utility Rudin| (2019)), a tical e-subgradient framework (GRS) that produces a
Rashomon sampler should avoid adding multiple mod- functionally diverse subset of the generalized Rashomon
els with identical explanations. For example, in NNs,  set Re(frer) (Eq. (2)). The framework is model- and
two structurally different implementations may produce ~ loss—agnostic and consists of three components:
identical gradients due to the chain rule (e.g., 9f/0g =
Of /Oh - Oh/0g) (Samek et al., 2016; [Shrikumar et al.,
2017; Tsang et al., 2017). In such cases, only one rep-
resentative model is needed for interpretation purposes.
To quantify diversity in explanations, we measure the

(i) Unified representation of candidate models as
masked-input perturbations of a fixed reference
model, enabling class-agnostic exploration.

(i) Model-agnostic attribution score that supports any-

span of possible scores for a feature subset Z via the in- order feature and interaction effects.
terval [min(Qz(5)), max(Qz(S))]. The overall Func-
tional Explanation Range (FER) of a sampled set based (iii) e-subgradient sampling algorithm that solves a
on Eq. (§) is obtained by summing these spans as (Fisher constrained, non-differentiable optimization and
et al.,|2019; [Hsu and Calmon), 2022} [Li et al., |2023): searches the model candidates with maximally di-
) verse attributions(Lorenz, [1995; |Papadimitriou and
FER(S) := ) _ [max(Qz(S)) - min(Qz(S))]. (7 Steiglitz, [1998; [Bertsekas et al}, 2003).

Zel
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4.1 Unified Representation of Rashomon Models

Input-activated parameterization To characterize the
generalized Rashomon set and find a generalized represen-
tation of Rashomon models, we express every candidate
model as the reference model applied to the masked input:

fr(x) = fT'ef(mT(X))a T € R?, (®

with

mr(X[.) =7 O X5, + Gy ©)
where ® denotes element-wise multiplication and (; is
an additional noise. This perspective follows the “mask-
plus-X” construction (Li et al.| [2023) and inherits model-
structure generalizability. For example, decision trees
can be represented as NNs (Yang et al., [2018}; Hinton and
Frosst, 2017; | Aytekinl, 2022)); support vector machines as a

shallow NN; and K-means clustering with NNs (Sitompul
et al.| |2018)).

Proposition 4.1. For a dataset X € R"*P, let Z :=
m.(X) denote the perturbed input. Then the feasible mask
set

Toi= {7 € R : L{fes(2),5) < (1+ 9L (fres (X).5) }
is a subset of the generalized Rashomon set:

{fr:7 €T} C Re(fres)- (10)

Proof. Setting 7 = 1,, gives the inequality with equality
(reference model) and 1, € 7. (identity mask) guarantees
non-empty property 7. # <. O

4.2 Generalized Attribution Score Function

Permutation-based Attribution Function We adopt a
model-agnostic, permutation-based score that captures
both main effect and interaction attributions for attribu-
tion generalizability (Fisher et al., |2019; |L1 et al., 2023).
For any feature subset Z C {1,...,p}, let X\ 7 denote the
data matrix in which the columns indexed by Z are inde-
pendently permuted. Define the loss increase as:

pz(X) = E[L(f(X\7)) — L(F(X))].
The generalized attribution score is then
©i(X),

(X)) =3 02 (X) = 32 wi(X),

i€

Izl =1,

so that s; is standard feature importance and sz for |Z| > 1
isolates pure interaction effects. We estimate the standard
empirical loss by L(f(X),y) = 3" | L(f(x4,), i)
and permutating all possible combinations of the observed
values to estimate:

L(f(X\0),y

n—l ZZ'C( (e, -5 x ui]]),yt),

t=1 u=1
u#t

Algorithm 1 e-Subgradient Rashomon Sampler (GRS)

Require: reference model f,of; dataset (X, y); tolerance €; spar-
sity threshold &; step sizes {n; }1—1; iterations T
Ensure: mask set S and R. = {f, | 7 € St}
1: Initialize: So +— &, 70 < 1, // No accepted masks
2: fort =1to T do

30 g+ O(—P(ri1581-1)) /1 Clarke subgradient
4 T T+ Mg // Unconstrained ascent
5: Tt + Projg (7) // Loss constraint in Eq. (T0)
6: A<+ D(14;8-1) /Il Calculate sparsity gain
7. if A > ¢ then

8: St S—1U{r} /I Accept mask
9:  endif

10: end for

11: return St, R

where ¢ indexes the base row (its non-¢ features) and u indexes

the donor row supplying only column 7. In practice, we usually
permute the features of interest multiple times to achieve a similar
result (Datta et al., [2016; [Fisher et al., [ 2019).

4.3 ¢-Subgradient Sampling Algorithm

Sparsity-guided Objective. Our objective is to identify a se-
quence of feasible masks of Eq. (I0) that maximizes search ef-
ficiency and functional sparsity in the attribution space QH(7A2),
while remaining inside the Rashomon set in Eq. (2) during the
sampling process. Let S;—1 be the set of masks accepted up to
step t—1 that characterize the sampled Rashomon set so far 7%15—1,
where we have:

Si—1 € T, Ri_1 = {fr:7€S8-1}.

A new candidate mask 7 € 7 in Eq. (8) must satisfy the loss-ball
condition of Eq. () and the distance constraint. We therefore de-
fine the sparsity gain as its minimal Chebyshev distance between
the candidate’s attribution vector and those already in the sample

set:
(riSim1) = min distec(ar(fr), ai(fo)),

st frep(m-(x)) € Re.

(12)

The objective then can be solved as the following constrained op-
timization problem:

T = argmaxCD(T;St,1
TETe ) (13)
S.t. @(T;Stfl) > 5,

where § > 0 is a user-chosen redundancy threshold following the
functional sparsity principle.

Projected e-subgradient Step. Because 7. is closed and
non-empty (Proposition 1)), we solve Eq. with a projected
e-subgradient step by iterating Rockafellar (1997):
(1) *):8i21)).
(14)

« Projr (™ + i gr), gx € 0(~®(r

Here 0. denotes the Clarke sub-differential and 7, > 0 is the
step size (Bertsekas and Mitter, |1973}|Bertsekas et al.;[2003};|Shor,
2012). Projection requires one forward loss evaluation to verify
membership in 7Te.
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Convergence Guarantee. Let (1) := —®(7;S:—1) be the
non-smooth objective in Eq. (minimizing the negative). We
verify the convergence conditions required for minimizing at ev-
ery iteration of ¢ at Eq. (T4).

Lemma 4.2. Closedness of Tc follows from continuity of Loss
function and Proposilion

Lemma 4.3. Assume (i) fres is locally Lipschitz in its inpuﬂ and
(ii) the mask m is affine in 7. Then ®(-; St—1) is G-Lipschitz on
Te for some finite constant G < o0.

Theorem 4.4 (Projected e-subgradient convergence). Apply the
update in Eq. (14) with a step sequence {n.} satisfying >, nx =
0o and Y, n} < oo. Then every cluster point 7* of {7}

is Clarke-stationary for Eq. (13) under Lemmas andH.3|Bert-
sekas et al.|(2003):

0 € 9P(r") + N7 .(77),

where N_ is the Clarke normal cone. Moreover, the bound can
be obtained as (proof see Appendix[A3):

7@ =3+ G X i?
22 ik 7
(15)
so the ergodic suboptimality gap decays at the standard
O1/Vk) rate.
Lemma 4.5 (Uniform attribution bound). For every feasible mask

T € 7. and every feature subset T € 1 the permutation—based
attribution defined in Eq. (T1) satisfies

min [ —(I)(T(i); 8,571)—1—(1)*} <

0<i<k

laz(f-)] < (1Z]+1)CF, (16)

where the data—dependent constant (Proof see Appendix@)

cE = sup H],}g‘ﬁ(ff(x\z),y) - 3(fT(X)7y)‘ < oo. (17)

Corollary 4.6 (Finiteness under d-separation). Imposing the
functional sparsity constraint disteo (qi(fr), ai(fg)) > 0 in
Eq. (13) ensures that the accepted set is finite and satisfies (Proof
see Appendix@):

1< 87| < [20E /6]

In particular, first—order attributions yields 0 < qz(f;) < C*

for |Z| = 1 and |Sr| < {C’éi/(ﬂ " The bound depends only
on (i) the data (X,y), (ii) the reference model frcy, (iii) the
Rashomon tolerance €, and (iv) the sparsity threshold 0.

S AXIOM SATISFACTION &
GUARANTEE

This section concisely shows how the proposed GRS sampler
meets all the desired design principles (generalizability and im-
plementation sparsity) proposed in Sec. El

5.1 Generalizability

Model structure. Proposition[d.1]in Sec. [f.T]represents every
sampled model as fr.fo m,, so GRS inherits any model archi-
tecture that fr.y can approximate.

ISatisfied by standard feed-forward networks with ReLU,
soft-plus, tanh, GELU, etc.

Evaluation metric. All candidates are evaluated and com-
pared with the same empirical loss boundary defined by £ in
Eq. (I0); hence evaluation is consistent.

Attribution order. Eg. (TI) extends to any order |Z| without
modifying the sampler or the reference model, satisfying the at-
tribution generalizability principle.

5.2 Implementation sparsity

Empirical search efficiency. GRS steers updates toward the
feasible set 7. via projected steps in Algorithm m so attempted
moves that would violate the loss boundary in Eq. (I2) are cur-
tailed by backtracking before acceptance. As a result, every re-
turned model is feasible by construction, but §-separated can still
reject candidates in projection. So in practice, the empirical SER
is computed as the fraction of proposed models that are both fea-
sible and d-separated, namely 0 < SER < 1.

Functional sparsity. Algorithm [I] accepts a mask only if
disteo (QH(f ), an(f g)) > ¢ for all previously accepted g, hence
for any i # j in Re, we have distoo (qu(fi), ai(f;)) > & >
0. This follows immediately from the acceptance condition in
Eq. (T3). Sec.[6.2] reports SER across datasets and shows GRS
achieves competitive FER with fewer accepted models.

Functional sparsity. GRS enforces a —separation rule in at-
tribution space according to Eq. (I3): a candidate mask 7 is ac-
cepted only if

Jmin Jai(f) —afo) ||,

\Y]

5,

Consequently, the accepted set St is a d—packing: for any i # j
in R, we have l|la(f), qﬂ(fj)Hoo > 6 > 0. Combined with
the uniform attribution bounds (Lemma and finiteness bound
(Corollary@), GRS retains only non-redundant explanations and
directly promotes attributional diversity. Sec. [6.2] reports SER
across datasets and shows GRS achieves competitive FER with
fewer accepted models.
Corollary 5.1 (Extreme attributions). For each feature s €
{1,...,p}, the maximal (minimal) attribution inside Re is at-
tained by the model whose ascent direction is es with the largest
(smallest) step allowed by Tc.. Consequently the FER equals
(proof in Appendix m

P

FER(RG) = Z [QQ (fmax(s)) — (s (fmln(s))] )
s=1

max

where frax(s) = frmax and 7
Te} (resp. T547).

= argmax{\ : 7o)+ Ae;s €

6 RESULTS & DISCUSSION

We evaluate the proposed e-subgradient Rashomon sampler on
synthetic and real-world datasets. Our experiments examine:

(1) Generalizability — the ability to recover valid attributions
across diverse model classes and evaluation losses, includ-
ing settings where the reference model is suboptimal.

(ii) Artribution diversity — the breadth of explanation ranges
captured within the sampled Rashomon set.

(iii) Explanation consistency — agreement with known ground-
truth explanations on synthetic tasks and with widely ac-
cepted patterns on real data.
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Table 1: Ground truth feature and interaction attribution
scores (mean =+ std over 100 Monte Carlo estimates).

Feature Attribution ¢;(-) Pair Interaction ¢z (-)

a 17.61+£0.15 (a,b) —11.04=+0.30
b 1352+£0.20 (a,¢) —0.2240.12
c 0.84+0.004 (bc) —0.18+0.30

6.1 Generalizability on a Synthetic Data Set

Problem setup. We consider the quadratic-root regression
problem

ar® + bz +c =0,

where the variables a, b, and c¢ are inputs and x; and z2 are
the outputs. We sample 12 000 points from the uniform distri-
bution a ~ U(0.01, 1) and b, ¢ ~ U(—1, 1) (with 80%/10%/10%
train/test/val split). Three model classes with various training set-
tings illustrate generalizability:

(1) Multi-Layer Perceptron (MLP, supervised, ReLU);
(ii) Random Forest (RF, ensemble learning, gini);
(iii) Physically Informed NNs (PINN, unsupervised, rule);

Metrics. Each trained model becomes a candidate reference
fret. We adopt € = 0.1 (Eq. [2) and MAE as the evaluation loss.
Prediction versus ground truth comparisons are shown in Fig.
along with test set performance metrics (R? and MAE).

Ground truth attributions. The oracle model f* = —b +
Vb? — 4ac/2a yields zero expected loss E[L(f)] = 0, so all
attribution comes from known functional relationships. We com-
pute first- and second-order attribution scores of squ(f*) =
an(f*) = (9a(J7) + @u(f")) by EQ.T) (10* samples).” Ta-
ble [T] reports mean and standard error of feature and interaction
attributions over 100 Monte Carlo runs, where the absolute inter-
action values indicate the strength, while the signs denote positive
or negative interactions.

Generalizability across models and loss functions. The
loss function £(+) and tolerance € jointly directly shape the sam-
pled R.. For example, an R? > 0.95 threshold admits all three
reference models, whereas an MAE< 0.03 excludes RF (as shown
in Fig. B). A practical sampler must therefore remain agnostic to
both model class and evaluation loss.

Figure 3: Comparison of three well-trained models on the
quadratic task under different learning paradigms: super-
vised MLP (R? = 0.99, MAE = 0.03, left), unsupervised
PINN (R? = 0.99, MAE = 0.03, middle), and ensemble RF
(R? = 0.98, MAE = 0.05, right) on the test set.

Our framework meets this requirement by design: it is indepen-
dent of model architecture, training strategy, and interpretability
constraints. In contrast, several existing approaches restrict the
hypothesis space, for example, Trees FAst RashoMon Sets (Tree-
FARMS confines candidates to decision trees (Xin et al.l [2022),
and generalized additive model (GAM) Rashomon counts support
sets only within linear or additive models (Chen et al.,2023).

Attribution range coverage and ordering consistency.
Importantly, even when RF serves as f,.s (higher loss), the sam-
pled attribution space still recovers the ground truth patterns (see
Fig. [), confirming that generalized attributions reduce depen-
dence on a perfect reference. it remains stable regardless of ref-
erence quality: RF-based attributions are qualitatively consistent
with those from MLP and PINN. Fig. [ further shows that the
Rashomon-sampled attributions capture both the oracle magni-
tude ranges and the correct global ordering of feature impor-
tances (o > @b > ©c), exactly matching the analytic of
quadratic-root ranking (Kendall’s 7 = 1). Moreover, GRS detects
the known pairwise interaction with full reliability, achieving with
100% detection rate 7 # 0, as stated in (Li et al.,[2023), and pre-
serving the expected interaction ordering (©q,b >> ©b,c ™ Pa,c)-

Figure 4: First- and second-order attribution scores sam-
pled from the Rashomon set on different reference models
(MLP (top), PINN (middle), and RF (bottom)) using our
framework. The x-axis shows attribution values, and the
y-axis lists individual features (left) or feature pairs (right).
Color intensity encodes model loss and the yellow star is
the reference attribution score.
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Figure 5: Diversity and efficiency of Rashomon sampling on the COMPAS dataset. Comparison of GRS and baseline
samplers (color-coded by method) across loss-tolerance levels (¢). (a) First-order attribution intervals (Qz(fze)) at fixed
e = 0.05: methods produce similar ranges for most features, indicating broad agreement on which features drive predic-
tions. (b) First-order FER versus €. Each point corresponds to one (method, €) configuration; marker opacity encodes the
SER as indicated and annotated, so higher-opacity means a greater fraction of accepted models at that €, allowing visual
comparison of diversity and efficiency. (¢) Second-order FER versus €. (d) Number of accepted models per method versus
€ (capped at 20,000 for readability), showing that counts for tree-based enumeration increase steeply as e grows. Impor-
tantly, a greater number of accepted models does not necessarily imply the wider attribution ranges. For example,
methods such as AWP and VIC may accept many models that produce highly similar feature attributions.

6.2 Implementation Sparsity Comparison on
Real-World Datasets

We next examine the sparsity and computational efficiency of
GRS on five real-world datasets, comparing against four sampling
methods. We focus on the number of unique Rashomon models
needed to achieve comparable attribution diversity, a key factor
for tractable explanation analysis.

Baselines. Although real-world tasks lack ground truth attri-
butions, different Rashomon sampling algorithms can still be
compared statistically based on our proposed principles. We
benchmark our GRS against four existing baselines: (i) Random
Init (Tsai et al.,2021) and (ii) adversarial weight perturbations
(AWP) control weights sampling [Hsu and Calmon| (2022); |Xin|
et al.|(2022). (iii) variable importance cloud (VIC) (Dong and
Rudinl 2020) maps every variable to its importance for every good
predictive model; (iv) TreeFARMS is the first technique for com-
pletely enumerating the Rashomon set for sparse decision trees;

Datasets. We evaluate on five established real-world XAI tasks
(see Appendix Table 2): COMPAS, FICO, and three Coupon
datasets (Bar, CoffeeHouse, Restaurant) (Dressel and Farid,[2018;
FICO et al.|[2018;|Wang et al.} 2017).

Experimental settings. For each dataset we set € €
{0.01,0.03,0.05,0.10,0.15}. Notably, each algorithm produces
its own candidate reference model e.g. a tree for TreeFARMS, a

logistic regressor for VIC, an MLP for AWP/Random. All meth-
ods are run with their publicly released code. We collect all such
candidates, identify the one f.; with the lowest test loss, and
denote it as the global minimal loss for benchmarking sampled
Rashomon set. TreeFARMS returns all sparse trees (collecting up
to 20 000); VIC yields up to 1000 logistic models; Random init
draws 200 MLPs; AWP follows the default perturbation schedule.

Evaluation protocol. To ensure a fair comparison across
methods, each sampled model, regardless of how it was gener-
ated, is evaluated to the same held-out test set and logistic loss.
All feature attribution scores are computed with respect to this
common loss, specifically, we record the following: (i) the total
number of models (/V) generated, (ii) the subset that satisfies the
sampler’s loss (e.g,. [ﬁ( fuee)), (iii) the subset that satisfies a uni-

fied reference loss ﬁ( fres), and (iv) the first- and second-order

feature attribution spaces Qr(R«(fres)) with their corresponding
FERs. The code is publicly available on|GitHub repository,

Overall takeaway. Full results for all five datasets appear in
Appendix Figs. 1-13; Fig. 5] highlights the COMPAS dataset as
a representative example. In Fig.[5] panel (a) shows that all valid
samplers recover nearly identical first-order attribution intervals,
demonstrating strong cross-method agreement on the key predic-
tive features. Panels (b—d) reveal how attribution diversity (FER),
sampling efficiency (SER), and accepted-model counts change
with the loss tolerance. Across these trade-offs, GRS matches
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or exceeds the diversity of TreeFARMS and VIC while requiring
dramatically fewer accepted models, demonstrating stronger im-
plementation sparsity.

Impact of reference anchor. The choice of reference model
and evaluation loss strongly influences which sampled models re-
main inside the Rashomon set. Random Init methods can gen-
erate many models that fail their own class-specific loss con-
straints, while top-down algorithms such as TreeFARMS are op-
timized for in-class performance, sampling subsets that satis-
fies ﬁ( firee) constraint. However, when re-evaluated against the
a unified global reference loss L(f;;), many models fall out-
side Re(fr;) (Fig.[5| (b) and (c)). By contrast, GRS is agnos-
tic to model class and loss, allowing practitioners to anchor the
Rashomon set to whichever reference best fits the task.

Functionally redundant models in the sampled
Rashomon set. GRS achieves comparable first-order FER
and the highest second-order FER with much fewer models
(e.g., ~ 100xfewer models at ¢ = 0.1 on COMPAS compared
with TreeFARMS), illustrating implementation sparsity in Fig. 3]
(d). While TreeFARMS can achieve high first-order FER by
exhaustively enumerating sparse trees, it often computationally
expensive (scanning over 28 million trees at e = 0.15). Notably,
FER grows with € but does not necessarily increase with the sheer
number of sampled models: Random Init and AWP generate
many near-duplicates, and VIC enlarges its model set without a
proportional gain in FER. These patterns are consistent across
datasets, e.g., FICO and Bar in Appendix Figs. 2-3.

Consistency across samplers in domains. Despite differ-
ent sampling strategies, valid samplers yield similar high-level
conclusions. For example, in COMPAS dataset, features such
as juvenile_felonies=0 and juvenile_misd=0 consistently associate
with lower recidivism risk, whereas priors > 3 strongly corre-
lates with higher risk, as shown in Fig. E](a). Second-order scores
further reveal meaningful age-specific interactions (see Appendix
Fig. 14). This trend across datasets highlights the practical value
of the Rashomon set study and encourages future work in applied
interpretability research.

Practical implications in high-stakes decision-making.
Beyond methodological evaluation, the proposed framework has
direct implications for real-world interpretability in high-stakes
settings. For example, COMPAS is widely used in recidivism risk
assessment, where model predictions can influence judicial deci-
sions such as bail, sentencing, or parole. In such contexts, un-
derstanding not only a single model’s explanation but the stability
of explanations across the Rashomon set is crucial. Our results
show that some features, such as the number of prior offenses
(e.g., prior count > 3), consistently correspond to elevated risk
across models. This indicates that the importance of these vari-
ables is not an artifact of a single fitted model but remains stable
under predictive multiplicity, while other features exhibit greater
attribution variability. The framework therefore provides a prin-
cipled mechanism to support socially consequential applications.

CONCLUSION

Our study demonstrates that the proposed GRS efficiently ex-
plores large and diverse explanation sets across a wide range of
models and loss functions. GRS consistently recovers ground-
truth attribution ranges on synthetic data and achieves competi-
tive first- and second-order diversity on real datasets while requir-
ing far fewer accepted models than existing baselines, yielding

strong implementation sparsity. Despite these advantages, sev-
eral limitations remain. Our experiments focus on tabular tasks
with permutation-based attribution scores; extending the frame-
work to high-dimensional modalities (e.g., images, text) and alter-
native explanation methods will require additional work. Human-
centered validation in practice is beyond the scope of this study
but is critical for assessing real-world utility.
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Checklist

1. For all models and algorithms presented, check if you in-
clude:

(a) A clear description of the mathematical setting, as-
sumptions, algorithm, and/or model.
Yes. Section 3 defines the Rashomon set, loss toler-
ance ¢, and the e-subgradient sampler, with full math-
ematical setting and assumptions.

(b) An analysis of the properties and complexity (time,
space, sample size) of any algorithm.
Yes. Section 4 provides complexity analysis of the
sampling procedure (time per iteration and depen-
dence on ¢, ¢, and model class).



Sichao Li*?, Amanda S. Barnard®, Quanling Deng'>

©

(Optional) Anonymized source code, with specifica-
tion of all dependencies, including external libraries.
No. Anonymized source code and dependencies will
be provided upon acceptance.

2. For any theoretical claim, check if you include:

(a)

(b)

©

Statements of the full set of assumptions of all theoret-
ical results.

Yes. Assumptions for all theorems are stated in the
main text and the Appendix.

Complete proofs of all theoretical results.

Yes. Complete proofs are provided in the main text
and the Appendix.

Clear explanations of any assumptions.

Yes. Assumptions are explained inline when intro-
duced (Section 4 and Appendix).

3. For all figures and tables that present empirical results,
check if you include:

(a)

(b)

(©

(d

The code, data, and instructions needed to reproduce
the main experimental results (either in the supplemen-
tal material or as a URL).

Yes. Datasets, model structure, and reproduction in-
structions are provided in the main text and supple-
mentary material. The Github repository link will be
provided upon acceptance.

All the training details (e.g., data splits, hyperparame-
ters, how they were chosen).

Yes. Data splits, hyperparameters, and selection crite-
ria are detailed.

A clear definition of the specific measure or statistics
and error bars (e.g., with respect to the random seed
after running experiments multiple times).

Yes. All metrics (FER, SER, accepted-model count)
are formally defined in Section 5; figures report medi-
ans with interquartile ranges over five random seeds.

A description of the computing infrastructure used.
(e.g., type of GPUs, internal cluster, or cloud
provider).

No. Single NVIDIA GeForce RTX 3060 Ti and Mac-
Book Pro M1 are used to run these experiments.

4. If you are using existing assets (e.g., code, data, models) or
curating/releasing new assets, check if you include:

(a)

(b)

(©)

(d)

©)]

Citations of the creator If your work uses existing as-
sets.

Yes. Public datasets (COMPAS, FICO, BAR, Coffee-
House, Restaurant) and baselines (TreeFARMS, VIC,
AWP) are properly cited in Section 6 and the refer-
ences.

The license information of the assets, if applicable.
Yes. Datasets used in the study are public.

New assets either in the supplemental material or as a
URL, if applicable.

Not Applicable. No new datasets are released; only
code for our method is provided.

Information about consent from data providers/cura-
tors.

Yes. All datasets are publicly available and collected
under existing consent/usage terms.

Discussion of sensible content if applicable, e.g., per-
sonally identifiable information or offensive content.

Not Applicable. Datasets contain no personally iden-
tifiable or offensive content beyond what is already
anonymized in the public sources.

5. If you used crowdsourcing or conducted research with hu-
man subjects, check if you include:

(a)

(b)

©

The full text of instructions given to participants and
screenshots.

Not Applicable. No human-subject or crowdsourcing
studies were conducted.

Descriptions of potential participant risks, with links
to Institutional Review Board (IRB) approvals if ap-
plicable.

Not Applicable.

The estimated hourly wage paid to participants and the
total amount spent on participant compensation.

Not Applicable.
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Additional Proof

Proposition A.1. Any sampled ﬁ(fref) in practice by a finite algorithm and certified against Eq. is a subset of Re(frey).

Proof. The 7@(6, freg, F) at least contains the reference model and the maximum set is when all possible models in R (e, frcs, F) are
sampled.

Proposition A.2. A sampled Rashomon set always corresponds to a nonempty and finite feature attribution set.

Proof. The minimum Q;(R) is when R = {f,..;} and in practice, we only sample finite models from the hypothesis space. O

Lemma A.3. If frey is locally Lipschitz in its input and the mask m is linear, then ®(-; Sy—1) is G-Lipschitz on T¢ for some G < co.

Proof. Because (i) f- is locally Lipschitz in 7 whenever fr.y is locally Lipschitz in its input (e.g., ReLU, soft-plus, tanh networks) and
the mask m is linear; and (ii) distoo (-, -) is 1-Lipschitz on R, consequently, ¥ is Lipschitz on 7¢ as finite minima preserve Lipschitz
constants. O

Theorem A.4 (Projected e-subgradient convergence). Let {T(k)} be generated by the inner update
D) — Projr. (T(k) — nkgk), gk € 31&(7“”),

with stepsizes n > 0 satisfying >, nx = oo and ), Nk < oo. Under Lemmas '

(a) Letv* := min.e7. (7). Then forall k > 1

. ; 7@ =3+ G2 Y
Jmin [p(r?) —¢7] < T =0
<i<k 221:0 i

’

i.e. the best-iterate optimality gap decays at the O(1/V'k) rate.

(b) Every cluster point 7* of {7} is Clarke-stationary: 0 € 9 (7*) + N1. (7).

Proof. By Lernrna every subgradient satisfies ||gx||2 < G. Using non-expansiveness of projection and the subgradient inequality
P(r®) —p* < gi (r®) — 7%), one derives the descent recursion:

7D =3 < 1™ = 73 = 2m [ (7 ) = 7] 4+ mR G,

Summing over k gives part (a); standard projected subgradient arguments proved by Bertsekas et al.[| (2003) then imply part (b). We
reproduce the classical analysis for completeness.

For any 7* € Tc and update 7+ = Proj. (T — ng) with g € 04 (), we can derive
I75 =713 < llr =715 — 209" (7 = ) + 77 llgl3,

by firm non-expansiveness of Euclidean projection.

Because g is a Clarke subgradient, 1(7) — ¢* < g" (7 — 7*), and ||g|| < G hence:

v(r) — "] < lr =75 = |I7F = 773 + n° G2 (18)

Now apply Eq.(T8) with (7,77) = (+*) 7Dy and sum k = 0,..., k — 1:
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k—1 k—1
2y m[u(r™) =] < 7O =T I3+ G Y i (19)
k=0 k=0

Dividing by 2> kK:_Ol K gives part (a). Because the right-hand side of Eq.(T9) is finite and 3, mx = oo, the set {4(7*¥))} is bounded
below and every cluster point is Clarke-stationary, proving part (b). O

Lemma A.5 (Uniform attribution bound). For every feasible mask 7 € ‘Tc and every feature subset T € 1 the permutation—-based
attribution defined in Eq. (T1) satisfies

lgz(f-)] < (|17 +1)C.
Proof. Define the (data-dependent) constant

We also have the following by definition,
QI(fT) = E[SI(X7 y)] .
By the triangle inequality,
|s2(X,y)| < |ez(X)]+ D |ei(X)|

i€L

Taking expectations and using that the expectation of an absolute—value—bounded random variable is bounded by the same constant,

laz(f-)| = [Elsz(X, y)]| < E[lsz(X,y)l]
E[[ez(X)]+ > _lei(X)]]

i€l

CE+|I1CE = (I +1)CE.

IN

IN

It remains to justify finiteness of CE. Since T¢ is nonempty and (under our standing assumptions) compact, the set of all column
permutations of X is finite, and £ is continuous, the displayed supremum is attained and finite. O

Remark A.6. In particular; for first-order attributions (|Z| = 1) this yields |q;(f,)] < 2CZE, while the sharper one-sided bound
0<qi(fr) < CZ also holds by non-negativity of ;.

Proof. By the definition in Eq. (11), for singletons we take s; = ¢; (i.e., we do not use the inclusion—exclusion form). Therefore
+
lgi(f)] = |Elwil] < E[leil] < CF,
which improves the constant from 2CF down to C. O
Corollary A.7. Let § be the sparsity threshold in Eq. (15), if attribution vectors are required to satisfy distoo(cnl(f ) an(f. g)) > 6 for

every distinct T, g € St, then

Sr| < 20 /5],

Proof. By the uniform bound, every attribution vector lies in the axis-aligned box B := [~C., C]/"l, whose volume is (2C.)". The
£ ball of radius /2 is the hypercube

C:={ueR": ||lul|. <6/2},

with side length § and volume ", Because those & /2 radius boxes are disjoint, we can derive

srls < 20",

and therefore .
Sr| < [20E/5)".

O

Lemma A.8 (Directional monotonicity). Fix a feature index s and any feasible mask T € Te. Define gs(\) := gs (f ‘r+)\es) Sor all \
such that T + Xes € Te. Then gs(\) is non-decreasing for A > 0 and non-increasing for A < 0.

m.r(x[iy.]) =70 X[4,] + Ci: (20)
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Proof. Recall the permutation score for first-order attribution (Eq. with |Z| = 1):

a.(f) = HL(f(X\0)) = £(F(X),3)]-

Under the mask model 14 e, only the s-th column of X is scaled by 7s + A (plus fixed noise), while X\, is re-shuffled and kept

at the same scale. Because the empirical loss L is computed on the same targets y, and because enlarging the scale of feature s can
only increase the expected loss when that feature is independently permuted (whereas the in-sample loss is unchanged), the difference
@s is monotone in A. A rigorous argument uses the first-order fundamental theorem of calculus together with the non-negativity of the
squared permutation residual; details are in

Lemma A.9 (Directional monotonicity). Assume the empirical loss is mean—squared error L(f(X),y) = Ly (f(xa) — i) ®. Fix

a feature index s and a feasible mask T € Tc. Define gs(\) 1= gs (fq—Jr)\es), where X € R such that 7 + Aes € Tc. Then gs(\) is
non-decreasing for A > 0 and non-increasing for A < 0.

Proof. Let frixe, = fref © Mr4re,. Because the noise term ¢ is independent of A and added to both the original and the permuted
data, it plays no role in the difference ¢.(f) = E[L(f(X\s),y) — L(f(X),y)].

Now, let X 1= m, xes (X) and X@) be the matrix where only the s-th column is independently permuted. For mean—squared loss
one can expand:

@(frire) = & D[ (Frer () =) = (frer (M) = 9)7].

Differentiating w.r.t. A and using the chain rule

6)\fref(m7—+)\es (X)) = [asfref:l *Ts

yields

n

GeN) = 23 (fres V) = Fres () O frep (V) i

i=1

By construction fr.s (xg)‘\)s) and fref (XEA)) differ only in the s-th coordinate, so the factor

Fres(XQ)) = Frep () = 0o fres (Ei2) wis

for some &; » on the segment joining the two inputs (mean-value theorem). Therefore, every summand in g; (\) equals 2 [83 fref:l 222 >

1,8

0, and g5(A\) > 0 for A > 0; changing the sign of ) reverses the inequality, proving the stated monotonicity. O

Theorem A.10 (Extreme attributions). Foreachs € {1,...,p}, let 75 = 7O p \maxe gpd 770 = 7O 4 \MiNe  pe the boundary
masks obtained by moving as far as possible in +es while remaining in Te. Then

Vi €Re, gs(frmin) < gs(fr) < gs(frmax).

Consequently FER = > [qs (frmax) — qs( fTémn)] .

Proof. Closedness of 7. guarantees the existence of the boundary masks. By Lemma the one-dimensional function gs(\) =
qs(fro 4 e, ) is monotone and therefore attains its maximum (resp. minimum) on the feasible interval at Ag*** (resp. Ag""):

@s(frpex) = sup - gs(3)
A:r(0) 4 xe T

s smin | = lIlf >\ ’

q (fs ) 270 f e €Te 9}

Every mask 7 € 7. can be decomposed as a form of
7=70 4 e, +n

with s = 0. Feature isolation in the permutation score implies ¢s(f7) = gs(As). As gs(As) lies between the extrema, establishing the
required bounds on ¢s(f), the per-feature extrema yields the stated FER identity. O
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Table 1: Comparison of Rashomon set sampling methods.

Method Model-Class Generalizability = Supported Task Types Search Efficiency Explanation Flexibility
TreeFARMS  Tree-based only Classification High First-order only
VIC Logistic classifier only Classification Low First-order only
GRS (Ours)  Model-agnostic (Any) Classification & Regression  High First- and Second-order
Random Init NN-based Classification & Regression  Low First-order only
AWP NN-based Classification & Regression ~ Medium First-order only

Table 2: Selected binary features for datasets used in evaluation, following preprocessing from prior work (FICO et al.|
2018 |Hu et al.l 2019; [Wang et al.,[2017; Xin et al., 2022).

Dataset Selected Binary Features

COMPAS sex = Female,age < 21,age < 23,age < 26,age < 46, juvenile felonies = 0, juvenile misdemeanors =
0, juvenile crimes = 0, priors = 0, priors = 1, priors = 2 to 3, priors > 3

Bar Bar =1 to 3, Bar = 4 to 8, Bar = less1, maritalStatus = Single, childrenNumber = 0, Bar = gt8, passanger =
Friend(s), time = 6PM, passanger = Kid(s), CarryAway = 4 to 8, gender = Female, education = Graduate degree
(Masters Doctorate etc.), Restaurant20To50 = 4 to 8, expiration = 1d, temperature = 55

Coffee House CofteeHouse = 1 to 3, CoffeeHouse = 4 to 8, CoffeeHouse = gt8, CoffeeHouse = lessl, expiration = 1d,

Expensive Restaurant

Breast Cancer

FICO

destination = No Urgent Place, time = 10AM, direction = same, destination = Home, toCoupon = GEQ15min,
Restaurant20To50 = gt8, education = Bachelors degree, time = 10PM, income = $75,000-$87,499, passanger
= Friend(s)

expiration = 1d, CoffeeHouse = 1 to 3, Restaurant20To50 = 4 to 8, Restaurant20To50 = 1 to 3, occupation =
Office & Administrative Support, age = 31, Restaurant20To50 = gt8, income = $12,500-$24,999, toCoupon
= GEQ15min, occupation = Computer & Mathematical, time = 10PM, CoffeeHouse = 4 to 8, income =
$50,000-$62,499, passanger = Alone, destination = No Urgent Place

Clump_Thickness = 10, Uniformity_Cell_Size = 1, Uniformity_Cell_Size = 10, Uniformity_Cell_Shape = 1,
Marginal_Adhesion = 1, Single_Epithelial Cell_Size = 2, Bare Nuclei = 1, Bare_Nuclei = 10, Normal Nucleoli
=1, Normal _Nucleoli = 10

External Risk Estimate < 0.49, < 0.65, < 0.80; Number of Satisfactory Trades < 0.5; Trade Open Time <
0.6, < 0.85; Trade Frequency < 0.45, < 0.6; Delinquency < 0.55, < 0.75; Installment < 0.5, < 0.7; Inquiry
< 0.75; Revolving Balance < 0.4, < 0.6; Utilization < 0.6; Trade W. Balance < 0.33

Auxiliary rates (reported in experiments).

We also report (i) a feasibility pass rate

SERfeas := |{7:7 € Tc}|/N

and (ii) a separation keep rate

so that

SER.cp := |Re|/{7:7 € T},

SER = SERfcas X SERcep
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Figure 1: Summary of the Rashomon subset from a set of epsilons on the dataset breast cancer, including (a) the number
of sampled models on different methods, where no bar indicates too many models (greater than 20,000 models), (b) the
first-order FER, where the z-axis is epsilon (benchmarking against optimal loss) and colors represent according to SER,
(c) the second-order FER, following the same format as above, (d) the detailed first-order feature attribution on individual
features when epsilon is set as 0.05, where the vertical bars represent the bounds and the dotted lines connect the average
scores, and (e) the detailed second-order feature attribution on feature pairs when epsilon is set 0.05, where the dotted lines
represent the bounds and the solid lines connect the average scores. Each color corresponds to a sampling method and due
to space limitations, some interaction pairs are omitted on the x-axis.
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Figure 2: Summary of the Rashomon subset from a set of epsilons on the dataset FICO, including (a) the number of
sampled models on different methods, where no bar indicates too many models (greater than 20,000 models), (b) the first-
order FER, where the z-axis is epsilon (benchmarking against optimal loss) and colors represent according to SER, (c)
the second-order FER, following the same format as above, (d) the detailed first-order feature attribution on individual
features when epsilon is set as 0.05, where the vertical bars represent the bounds and the dotted lines connect the average
scores, and (e) the detailed second-order feature attribution on feature pairs when epsilon is set 0.05, where the dotted lines
represent the bounds and the solid lines connect the average scores. Each color corresponds to a sampling method and due
to space limitations, some interaction pairs are omitted on the z-axis.



Practical and Efficient Rashomon Set Sampling for Model Interpretability

17.54 GRS

Random
AWP
treeFARMS

400

<@

15.0 4
350

-
n
o

v A

300

250 10.0 4 L A

200

bl
n

150

Number of models.
FER (weighted by SER)
FER (weighted by SER)

5.0 1

100 UV [N | -
254 10
50 5 i
I I ) 004> G 0] " Forere
ol BB o HEA.....
0.01 0.03 0.05 . 015 0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
(a) Epsilon rate (b) Epsilon rate (C) Epsilon rate
¢ GRS
2:5 ¥ Random
¥ Awp
020 I TreeFarms
o
O
wn
g
215
£
i
o
Q
g1lo
g
=1
©
205
w
0.0
Features
(GRS
05 =—— Random
— AWP
& ~— treeFARMS
g
«»n 0.0
=
8
b=}
=
e
j
£€-05
L
2
©
[
w
-1.0
-1.5
< Q 5 3 9 S o 2 5
& & <% Y K N Y o A
< R AW Y & © O &7 RN S
DR Pl R Q,\& ESn «@?\ o £ e &y ¥ &5 &R
™ NS 2 N & e/ LI PO L % 2 W
</ ® N e & & CHO S S X
& <@ £ 7 & 2P W NS 2 <0 s o 7
& P> Q,@\@(\ @é@o é\\Q\Q S %QQQ N <@ S o‘ng, &
2
(e) Interaction Pairs

Figure 3: Summary of the Rashomon subset from a set of epsilons on the dataset BAR, including (a) the number of sampled
models on different methods, where no bar indicates too many models (greater than 20,000 models) (b) the first-order FER,
where the x-axis is epsilon (benchmarking against optimal loss) and colors represent according to SER, (c) the second-
order FER, following the same format as above, (d) the detailed first-order feature attribution on individual features when
epsilon is set as 0.05, where the vertical bars represent the bounds and the dotted lines connect the average scores, and
(e) the detailed second-order feature attribution on feature pairs when epsilon is set 0.05, where the dotted lines represent
the bounds and the solid lines connect the average scores. Each color corresponds to a sampling method and due to space
limitations, some interaction pairs are omitted on the z-axis.
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Figure 4: Summary of the Rashomon subset from a set of epsilons on the dataset coffee house, including (a) the number
of sampled models on different methods, where no bar indicates too many models (greater than 20,000 models) (b) the
first-order FER, where the z-axis is epsilon (benchmarking against optimal loss) and colors represent according to SER,
(c) the second-order FER, following the same format as above, (d) the detailed first-order feature attribution on individual
features when epsilon is set as 0.05, where the vertical bars represent the bounds and the dotted lines connect the average
scores, and (e) the detailed second-order feature attribution on feature pairs when epsilon is set 0.05, where the dotted lines
represent the bounds and the solid lines connect the average scores. Each color corresponds to a sampling method and due
to space limitations, some interaction pairs are omitted on the x-axis.
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Figure 5: Summary of the Rashomon subset from a set of epsilons on the dataset expensive restaurant, including (a) the
number of sampled models on different methods, where no bar indicates too many models (greater than 20,000 models)
(b) the first-order FER, where the x-axis is epsilon (benchmarking against optimal loss) and colors represent according
to SER, (c) the second-order FER, following the same format as above, (d) the detailed first-order feature attribution on
individual features when epsilon is set as 0.05, where the vertical bars represent the bounds and the dotted lines connect
the average scores, and (e) the detailed second-order feature attribution on feature pairs when epsilon is set 0.05, where
the dotted lines represent the bounds and the solid lines connect the average scores. Each color corresponds to a sampling
method and due to space limitations, some interaction pairs are omitted on the z-axis.
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Figure 6: Summary of detailed first-order feature attributions across different methods and epsilons on the dataset FICO,
where the z-axis represents features and the y-axis displays feature importance scores. The legend includes epsilons
relative to the reference model (in brackets) and to the optimal model identified in practice.
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Figure 7: Summary of detailed second-order feature attributions across different methods and epsilons on the dataset
FICO, where the z-axis represents features and the y-axis displays feature importance scores. The legend includes epsilons
relative to the reference model (in brackets) and to the optimal model identified in practice.
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Figure 8: Summary of detailed first-order feature attributions across different methods and epsilons on the dataset BAR,
where the z-axis represents features and the y-axis displays feature importance scores. The legend includes epsilons
relative to the reference model (in brackets) and to the optimal model identified in practice.
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Figure 9: SSummary of detailed second-order feature attributions across different methods and epsilons on the dataset
BAR, where the x-axis represents features and the y-axis displays feature importance scores. The legend includes epsilons
relative to the reference model (in brackets) and to the optimal model identified in practice.
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Figure 10: Summary of detailed first-order feature attributions across different methods and epsilons on the dataset coffee
house, where the x-axis represents features and the y-axis displays feature importance scores. The legend includes epsilons
relative to the reference model (in brackets) and to the optimal model identified in practice.
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Figure 11: Summary of detailed second-order feature attributions across different methods and epsilons on the dataset
coffee house, where the x-axis represents features and the y-axis displays feature importance scores. The legend includes
epsilons relative to the reference model (in brackets) and to the optimal model identified in practice.
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Figure 12: Summary of detailed first-order feature attributions across different methods and epsilons on the dataset breast
cancer, where the x-axis represents features and the y-axis displays feature importance scores. The legend includes epsilons
relative to the reference model (in brackets) and to the optimal model identified in practice.

Table 3: Experimental configurations for Rashomon set sampling methods.

Method Model Type Configuration Details

AWP MLP Model Architecture: (n_feature, n_class, 200, 5); Seed = 0; Loss = CrossEntropyLoss
Optimizer = Adam, Ir = 1e-3

Random Init MLP Hidden layers: [100, 100]; Seed = [200, ¢x200]; Max iterations: [100, 500]

TreeFARMS
VIC

Sparse Decision Tree

Logistic Classifier

Regularization = 0.01; Other parameters follow default configuration

Points per round = 1000, epsScale = 1.5
PCA components = 5, Init. sample size = 10; maxiter = 5000
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Figure 13: Summary of detailed second-order feature attributions across different methods and epsilons on the dataset
breast cancer, where the x-axis represents features and the y-axis displays feature importance scores. The legend includes
epsilons relative to the reference model (in brackets) and to the optimal model identified in practice.
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(a) Second-order attributions for selected feature pairs at a fixed e.

(b) FER comparison across methods on key second-order interactions.

Figure 14: Detailed second-order feature attribution analysis on the COMPAS dataset. Subfigure (a) shows attribution
scores for selected feature pairs at a fixed tolerance level, while (b) compares FER trends across methods.
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