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Fixed-Point Reasoning: Stable and Adaptive Deep Looped Models
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Abstract

Looped-in-depth architectures provide an induc-
tive bias toward learning step-by-step procedures
for tasks that require compositional reasoning.
The effective depth reached by looping deter-
mines the quality of the solution. Similar to deep
architectures, looped architectures are prone to
signal propagation issues as the halting decision
is postponed. In this paper, we address these sig-
nal propagation issues by using pre-norm layers
and residual scaling. Furthermore, we propose
FPRM: a Fixed-Point Reasoning Model that uses
fixed-point convergence as an end-to-end halting
mechanism in a looped architecture. We show
that fixed-point halting allows FPRM to adapt
its compute to the difficulty of the task. FPRM
proves effective on common reasoning bench-
marks, namely sudoku, maze, and state tracking.

1. Introduction
Reasoning in neural networks has increasingly been framed
as a problem of scaling test-time compute: a model should
be able to spend more computation on inputs it finds
harder [25, 29]. However, doing so requires two ingre-
dients: (1) flexibility: a mechanism for spending a variable
amount of compute on the problem, and (2) adaptivity: a
way to decide how much compute to spend on the problem.
One way to achieve this is through Chain-of-Thought (CoT)
mechanism [33]. In CoT, the model scales compute through
verbalization, and makes halting decisions based on predict-
ing a specialized halting token. However, this emerging
behavior requires a special training regime [15].
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Figure 1. FPRM: our fixed-point looped transformer with better
signal propagation due to pre-norm and residual scalings.

An alternative approach towards an end-to-end training
method for reasoning models is emerging in the form of
looped architectures [7, 4, 28]. Whereas in CoT, the com-
pute scales along the sequence dimension, in looped archi-
tectures it scales along the depth dimension:

zℓ+1 = fθ(z
ℓ;x), (1)

where fθ(z;x) is a neural network. Since, in looped models,
compute scales independently of parameter count, it can be
increased naturally, satisfying the first requirement. The halt-
ing decision, however, is no longer trivial. Most approaches
either fix or randomly sample the number of loops [12],
which eliminates adaptivity, or use external modules trained
to make halting decisions [32, 16]. The latter is associated
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with adaptive computation time (ACT) modules [14], which
introduce non-differentiable halting objectives that can only
be trained via continuous relaxation.

One of the recent examples of this paradigm are Hierarchical
Reasoning Model (HRM) [32] and Tiny Reasoning Model
(TRM) [16], which achieve strong performance on reason-
ing benchmarks such as Sudoku, maze, and ARC-AGI [6].
Using small networks with bounded iteration counts, these
models have been able to outperform prominent LLM-based
reasoning models. At the core of these methods is the idea of
the need for a hierarchical looping mechanism, wherein the
compute is distributed between a fast-looping component
(the L-level) and a slow-looping component (the H-level).
However, paired with the ACT mechanism, they ultimately
fail on the adaptivity test as the compute during test-time is
fixed and pre-determined.

Alternative approaches such as Deep Equilibrium Models
[2] and energy-based reasoning models [9] provide a more
natural criterion for halting, namely either reaching a fixed-
point or a local minimum in an energy landscape. However
unrolling these models can reveal that they are akin to a
deep, weight-tied neural network, which is accompanied
by a plethora of issues such as vanishing and exploding
gradients [5, 26], rank-collapse [8], and signal propagation
problems [24]. As such, these models have been proven
to be difficult to optimize [1, 9, 10]. Other works have
demonstrated that looped architectures can also be partic-
ularly prone to overfitting [4], making it clear that despite
the demonstrable success, looped architectures also inherit
the complications associated with training deep neural net-
works.
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Figure 2. The blessing and the curse of depth in Universal
Transformers. (a) Trainability of Universal Transformers with
post-norm and pre-norm on A5, (b) the norm of the final activa-
tions in Universal Transformers at initialization as a function of
depth. While the pre-norm model without residual scaling (see Sec-
tion 2.1) diverges in activation norm, only the pre-norm model with
residual scaling can fully utilize the effective depth. Thus, a large
effective depth, if achieved when needed, unlocks expressivity –
the blessing, but at the same time poses a challenge to stabilize (in
a case of pre-norm) or utilize the signal (in a case of post-norm) –
the curse.

Motivated by these challenges, the core insight of this paper
is the following: The ability to reason in a latent space with

long traces, requires effective signal propagation through the
network, which is confounded with the fact that looped ar-
chitectures are notoriously difficult to optimize [12, 27, 19].
Addressing the signal propagation issues in these networks
is essential for enabling long-horizon reasoning. To this end,
we adapt architectural techniques originally developed to
optimize traditional transformers at large effective depths,
carefully modifying them for the looped transformer setting.
Our philosophy is that looped transformers are, in part, very
deep transformers.

One of the striking differences between looped and fixed-
depth transformers is the common use of a post-norm in
looped transformers [7, 12, 32, 16], which is considered
to cause unstable training in deep non-looped architectures
compared to prenorm [34, 24]. However, in a looped model,
post-norm blocks ensure that the magnitude of the activa-
tions stay bounded, which looped architectures rely on to
ensure the hidden states do not diverge as the model iterates
[19]. This begs the question: can we switch the post-norm
to pre-norm, while ensuring the activations stay bounded
in a different way? If so, this could make the training of
looped models stable at large depths.

We give an affirmative answer to this question; we do so by
introducing scaling parameters on the skip connections and
residuals. With an additional set of modifications, we are
able to train an adaptive reasoning model that loops until it
converges to a fixed point. For literature review, please refer
to Section A. We summarize our contributions as follows:

1. We modify a transformer block such that it is trainable
over larger depths by switching post-norm to pre-norm
and adding residual scaling parameters. To the best
of our knowledge, we are the first to train a looped
transformer with pre-norm.

2. To further enable stable training, we propose two novel
and theoretically grounded modifications that are spe-
cific to the fixed-point halting mechanism: First, an
algorithm to ensure that the model halts and does not
get stuck in a limit cycle. Second, we show that un-
rolling the backward pass k times at the fixed-point
enables an estimation of the gradients that is exponen-
tially accurate with k.

3. Combining these changes, we propose FPRM: Fixed-
Point Reasoning Model. We show that we outper-
form TRM and HRM on Sudoku, Maze and the state-
tracking A5 benchmark. To the best of our knowledge,
we are the first to show out-of-distribution generaliza-
tion on state tracking with a transformer-based archi-
tecture. Notably, we achieve our results without the
hierarchical structure of HRM and TRM.
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2. Method
As looped architectures need bounded activations across
iterations, current methods mostly employ post-norm to
satisfy the boundedness condition [16]. However, post-
norm introduces serious signal propagation issues, often
associated with unstable training and low effective depth [8,
24, 30]. Consequently, we resolve this issue by decoupling
the two requirements: we switch to pre-norm to recover
trainability at depth, and recover boundedness through a
small set of additional architectural changes which together
yield a block that is both stable under looping and trainable
at large depth. On top of this block, we introduce a fixed-
point halting mechanism that decides the iteration count
adaptively per input.

2.1. Improving signal propagation with pre-norm

We start by introducing pre-norm and post-norm in our
architecture. A transformer block consists of two resid-
ual sub-layers — multi-head attention (MHA) and a feed-
forward network (FFN) — interleaved with layer normaliza-
tion (LN). Two canonical placements of the normalization
define two variants of the block. The original post-norm
formulation [31] applies LN after the residual addition,

h = LN(x+MHA(x)) , y = LN(h+ FFN(h)) ,

while the pre-norm variant [34] applies LN to the input of
each sub-layer and leaves the residual stream untouched,

h = x+MHA(LN(x)) , y = h+ FFN(LN(h)) .

The two are not interchangeable. Post-norm bounds activa-
tion magnitudes at every layer, but attenuates the residual
signal with depth and is well known to be unstable to train
in deep networks [24]. Pre-norm preserves a clean residual
path, yielding well-behaved gradient flow at depth, at the
cost of activations that can grow without bound.

In Figure 2a, we observe that increasing the iteration count
of a post-norm Universal Transformer [7] does not translate
into improved accuracy, while a pre-norm variant continues
to improve with depth. Motivated by this, our first change
is to switch to pre-norm in our reasoning architecture.

2.2. Recovering boundedness via residual scaling

While pre-norm mitigates trainability problems in looped
architectures, it removes the necessary boundedness condi-
tion that motivated the use of post-norm in them. This effect
can be observed in Figure 2b, where the activations of the
pre-norm model grow with more iterations. Consequently,
we propose to restore boundedness by introducing scaling
parameters applied at two different scales: one within each
layer of the network, and one over the looping.

Layer-wise residual scaling. Within a single applica-
tion of fθ (z,x), the residual stream and sub-layer output
f ℓ
θℓ
(zℓ−1) (an MHA or FFN sub-block with layer normaliza-

tion, as in Section 2.1) are weighted by tied scalars (α1, β1)
shared across all L layers:

zℓ = α1 z
ℓ−1 + β1 f

ℓ
θℓ

(
zℓ−1

)
, ℓ = 1, . . . , L. (2)

Iteration-wise input mixing. Between consecutive appli-
cations of fθ (z,x), we re-inject the input x with tied scalars
(α2, β2) shared across all iterations:

z0i+1 = α2 z
L
i + β2 x. (3)

The two scaling schemes are not independent. With an
appropriate coupling between them, the resulting recurrence
is bounded for any input, resulting in a stable looping. In
the following statement, we formalize this claim:

Theorem 1 (Boundedness of FPRM iterates). Consider
the model defined by Equations 2 and 3, and assume each
layer map satisfies ∥f ℓ

θℓ
(u)∥ ≤ cf for all ℓ and u. Let

0 ≤ α1, α2 < 1, and set

β2 = 1− α2α
L
1 , β1 =

β2 (1− α1)

1− αL
1

.

Then the fixed-point iterates {z0i }i≥0 are bounded, and if
z0i → z0∞, then

∥z0∞∥ ≤ ∥x∥+ α2 cf .

The proof is in Section B.1. Note that the boundedness
condition of the sequence model in Theorem 1 is satisfied
when using pre-norm [18]. However, boundedness still does
not guarantee the looping to converge to a fixed-point, which
is a condition we need to satisfy the adaptivity ingredient.
In the following, we show that there exists a choice of α2

that satisfies this requirement. Consequently, as empirically
shown by [4], the model may become locally contractive
during training.

Theorem 2 (Small α2 implies convergence). Let f̃θ(u) de-
note one full pass through the L layers defined by Equation 2,
and define the iteration map

Tα2(z;x) := f̃θ(α2 z+ β2 x) .

If f̃θ is Lipschitz with constant λf and α2λf < 1, then
Tα2( · ;x) is a contraction, and the fixed-point iteration
zi+1 = Tα2

(zi;x) converges to a unique z⋆ at a linear
rate:

∥Tα2(zi;x)− zi∥ ≤ (α2λf )
i ∥Tα2(z0;x)− z0∥ .

For z0 = 0, the right-hand side specialises to
(α2λf )

i
∥∥f̃θ(β2x)

∥∥. The proof is in Section B.2
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Table 1. Sensitivity of FPRM to residual scaling initialization
on Sudoku Extreme dataset. Each cell reports best test sequence
accuracy (%) for a given pair of initial values.

α2 init

α1 init 0.25 0.50 0.75

0.25 67.04 67.41 67.72
0.50 73.55 70.99 70.88
0.75 74.91 72.51 71.60

As pointed out by previous works [2, 1] such an approach
would severely limit the expressivity of the model, and
is thus undesirable. We avoid this by making α1 and α2

learnable. In practice, we find that initializing the network
to be more contractive by setting α2 to be small yields better
performance (Table 1). Intriguingly, this observation is also
in line with the common solutions to signal-propagation and
rank-collapse problems in deep neural networks [24, 30],
suggesting a connection between rank-collapse and signal
propagation problems in looped architectures. Together,
these modifications yield a pre-norm looped transformer that
maintains performance over longer looping horizons before
saturating, compared to the post-norm variant (see Figure 2).

2.3. Oscillation around the fixed-point

So far, we have been able to guarantee that, given a small
enough α2, the model introduced in Equation (3) becomes
locally contractive and converges to a fixed-point. However,
in practice the contraction factor introduced in Theorem 2
is only as small as the training makes it. For some inputs,
we observe that the model often descends into an oscilla-
tory behavior, causing the iteration to stay in a small region
of latent space without converging. This non-convergent
behavior is not in tension with Theorem 2, as the theorem
gives a sufficient condition for convergence, not a complete
characterisation of the iteration’s behaviour. In fact, oscilla-
tion around the fixed-point can happen when the Jacobian
satisfies certain conditions.

Linearizing the iteration near a fixed point z⋆ gives zi+1 −
z⋆ ≈ J (zi − z⋆), where J = ∂fθ/∂z |z⋆ . Oscillation
around z⋆ arises when J has an eigenvalue with ℜ(λi) < 1
but |λi| ≥ 1, in which case the iteration spirals around z⋆

rather than contracting toward it. The half-plane condition
ℜ(λi) < 1 is exactly what licenses a runtime fix that does
not require modifying fθ:

Theorem 3 (Damping stabilizes oscillatory fixed-point dy-
namics). Suppose fθ( · ;x) is continuously differentiable in
a neighbourhood of a fixed point z⋆, and that every eigen-
value λi of the Jacobian J at z⋆ satisfies ℜ(λi) < 1. Define
the damped iteration map

gη,θ(z;x) := η fθ(z;x) + (1− η) z.

Then there exists η0 ∈ (0, 1) such that, for every η ∈ (0, η0),
the iteration zi+1 = gη,θ(zi;x) converges locally to z⋆.
Moreover, gη,θ( · ;x) and fθ( · ;x) have the same fixed
points.

The proof is in Section C.1.

Theorem 3 shows that a suitable damping factor η eliminates
the oscillations while preserving the fixed points of fθ(z;x).
To choose η adaptively at inference time, we use a patience
mechanism that decreases η whenever the residual stops
improving. We track the smallest relative residual observed
so far,

r⋆ = min
i

∥zi − fθ(zi;x)∥∞
∥fθ(zi;x)∥∞ + ϵ

,

and when it fails to improve for P consecutive iterations, we
apply a geometric decay η ← γ η with γ ∈ (0, 1). The full
procedure is given in Algorithm 1. In Section D, we provide
further details about the optimization of a fixed-point model.

2.4. Fixed-point reasoning model

An overview of the algorithm is available in Algorithm 2.
Since we observed no improvements in our experiments
by using the hierarchical structure introduced in [32], we
opt for a classic looped architecture [7] instead. The model
performs looping in windows of K iterations, which deter-
mines the truncated BPTT value. At each forward pass, the
fixed-point optimizer introduced in Algorithm 1 is called
to dampen the fixed-point iteration steps. Then, we get a
prediction from the current state z of the model and per-
form a deep supervision step, following [32, 16]. Finally,
we detach the state z, and stop when the optimizer detects
fixed-points. This happens when the residual falls below the
tolerance, or the patience budget is exhausted.

3. Experiments
3.1. Results

Sudoku and maze navigation. We first evaluate FPRM
on the Sudoku-Extreme and Maze-Hard benchmarks intro-
duced by HRM [32]. Sudoku-Extreme consists of challeng-
ing 9× 9 Sudoku puzzles in a small-sample learning setting,
while Maze-Hard evaluates optimal path finding in hard
30 × 30 mazes. These benchmarks were designed to test
whether latent recurrent reasoning models can solve sym-
bolic search problems from limited supervision. Table 2
shows that FPRM achieves the highest accuracy on both
tasks, with the largest improvement on Sudoku-Extreme.

State tracking. We evaluate FPRM on state tracking,
where a model must compose a sequence of updates to
recover a latent state. This task is a useful proxy for stateful
reasoning problems such as entity tracking, code execution,
and game-state tracking [20]. It is also a diagnostic for

4



220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274

Fixed-Point Reasoning: Stable and Adaptive Deep Looped Models

Table 2. Test accuracy on Sudoku-Extreme and Maze-Hard. FPRM
outperforms the baselines across the tasks.

Model Sudoku-Extreme Maze-Hard

HRM 55.0% 74.5%
TRM 74.7% 85.3%
FPRM 81.3% 86.4%

TRM TRM + ACT FPRM (ours)
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Figure 3. State-tracking generalization as a function of sequence
length on A5. Models are trained on sequence length k = 32; the
region with k > 32 marks out-of-distribution evaluation. FPRM
maintains high test accuracy substantially beyond the training
regime while using far fewer iterations than the fixed-depth TRM
baseline over much of the evaluation range.

our setting: prior work shows that longer state-tracking in-
stances require greater effective depth [20, 22], and length
generalization requires learning a composable update rule
rather than memorizing training-length computations. We
train sequences of lenght k = 32 and test up to k = 128.
We compare to TRM [16], which by default disables its
ACT head at test time and runs 16 outer (deep supervision)
iterations, and to TRM+ACT, which leaves the ACT head
enabled for adaptive halting. For fairness, FPRM is capped
at 256 iterations, matching TRM’s maximum possible num-
ber of iterations. As shown in Figure 3, FPRM maintains
high accuracy beyond the training regime, while both TRM
variants degrade with length. Moreover, FPRM uses few
iterations on short sequences and increases its iterations
smoothly as sequence length grows, showing that it allo-
cates more effective depth to harder inputs. In contrast,
TRM’s halting mechanism does not show the same length-
sensitive behavior, as its iteration count does not increase
monotonically with sequence length.

3.2. Analyzing depth-induced signal propagation issues
in looped transformers

Pre-norm looped models quickly diverge. As introduced
in Section 2.1, recurrent-in-depth models often achieve large
effective depth, at the cost of more unstable signal propa-
gation. To isolate and analyze this instability, we adopt
the Universal Transformer framework with a fixed num-

ber of iterations, controlling for the confounding effects
of dynamic halting mechanisms of looping. Similarly to
very deep networks without weight-sharing, looped models
also suffer from instabilities coming from inadequate signal
propagation handling, which are observable both at initial-
ization and during training. In Figure 2b we show the norm
of the final activations of the residual branch of Universal
Transformer at initialization. As expected, pre-norm model
diverges due to unbounded activations. Conversely, having
post-norm architecture or pre-norm with residual scaling
ensures boundedness of the activations. Thus, models with
post-norm or pre-norm with residual scaling can achieve
much bigger effective depths without diverging compared
to pre-norm-only models.

Residual scaling enables trainability at large effective
depth; post-norm collapses; pre-norm without scaling
explodes. However, the boundedness-at-initialization con-
dition from the previous section is not sufficient to ensure
feature learning at large depth. We demonstrate this in Fig-
ure 2a using a state-tracking task, where increasing diffi-
culty, corresponding to longer sequences, requires training
at greater depths. To evaluate trainability, we plot the maxi-
mum sequence length solved with > 90% accuracy against
the number of loops. Only the pre-norm UT variant with
residual scaling is capable of solving the same task length
the model was trained on, in the regime where the itera-
tion budget is matched to the task length. It is the only
architecture whose maximum solvable length grows mono-
tonically with the trained iteration count. Post-norm trains
at small sequence lengths but collapses on higher ones. Pre-
norm without residual scaling fails immediately at all se-
quence lengths except the smallest. We interpret Figure 2a
as direct evidence that norm-controlled, non-attenuating
residual propagation is a necessary condition for a looped
transformer to perform sequential composition that requires
larger effective depth.

3.3. Loop-utilization

In the previous section, we showed that post-norm and pre-
norm transformer architectures suffer from training insta-
bility as the model reaches greater effective depth, which
translates into an inability to solve tasks that require scaling
effective depth. In this section, we switch to a class of mod-
els that can adapt their compute budget at inference time.
Specifically, we train FPRM with pre-norm and residual
scaling, and FPRM with post-norm, both on the Sudoku
task until their fixed-point halting mechanisms stop them.
In Figure 4a, we demonstrate that test-time compute scal-
ing improves performance for both types of normalization.
However, once the fixed point is reached, additional com-
pute no longer improves performance. We further show that
the gap between the pre-norm model with residual scaling
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and the post-norm model in Figure 4a could arise from un-
derutilization of effective depth in the post-norm FPRM.
This manifests as faster performance saturation at a lower
value. The results in Figure 4 further support our hypothesis
about signal-propagation problems, justifying the modifica-
tions introduced in this paper.

FPRM + pre-norm + res. scaling FPRM + post-norm
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Figure 4. Loop-utilization of FPRM on Sudoku. (a) test accuracy
of FPRM with pre-norm with residual scales vs. post-norm. (b)
median residue. The pre-norm model is better at loop utilization,
while both have similar residues. This indicates similar latent-
space convergence, with more meaningful updates in the pre-norm
variant, resulting in improved performance.

4. Discussion
Looped fixed-point models are adaptive. In contrast to
the ACT mechanism of TRM, FPRM adapts to the diffi-
culty of the problem, even outside of the training distribu-
tion (Figure 3). To the best of our knowledge, FPRM is
the first purely transformer-based architecture that length-
generalizes on state-tracking, which is noteworthy given
that previous successful attempts to do so were done with
architectures with an inductive bias for this task, such as
state-space models or RNNs [23, 20].

The role of hierarchy in HRM and TRM. HRM [32]
motivates the use of the hierarchy by analogy to the brain,
while TRM [16] suggests that the fast module fL provides
a scratch pad to refine the solution that fH encodes. In
light of the fact that by improving signal propagation FPRM
improves upon these models in Sudoku, Maze, and state
tracking, we hypothesize that there might be a simpler expla-
nation: the hierarchy facilitates optimization. We identify
the theoretical explanation of the role of hierarchy from the
lens of optimization as an interesting direction for future
work.

Scaling behavior of the loops. Previous theoretical re-
search found that looped models can express algorithms
with better scaling behavior than CoT [22, 36]. For solv-
ing A5, CoT would require a superlogarithmic number of
iterations [21], while an optimal algorithm could solve it in
O(log(n)). This suboptimal scaling has also been observed
in recurrent-in-depth state-space models [23]. We propose it

as an open challenge to find a latent reasoning architecture
that achieves an O(log(n)) solution to A5 while remaining
Turing-complete [7].

Limitations. In a similar spirit to previous literature on
end-to-end reasoning [37, 11, 32, 16, 9, 10], we test our
model only on algorithmic tasks and not on natural language.
It is an open challenge to demonstrate that the compositional
reasoning behavior that latent models exhibit on algorithmic
tasks translates to other domains. In addition, even though
the base architecture of FPRM could adopt any model (e.g.
CNN, MLP, state-space models), we limit our experiments
to transformers.

5. Conclusion
We present architectural modifications for looped fixed-
point transformers that enable the use of pre-norm, improv-
ing the model’s ability to exploit the larger effective depth
provided by looping. These modifications allow FPRM to
outperform its closest baselines, HRM and TRM, on com-
mon symbolic reasoning benchmarks. We show that on
state tracking it generalizes beyond its training distribution,
which is to our knowledge, the first transformer-based ar-
chitecture to length-generalize on this task. This capability
stems from dynamically scaling depth through fixed-point
iterations and improving signal propagation. We hope these
architectural modifications and the accompanying insights
will support further progress on latent reasoning models.
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A. Background and Related Works
Looped models. Looped architectures address the flexibility ingredient of reasoning models by decoupling effective depth
from parameter count, providing variable computation per input without scaling the number of parameters. This makes
looping a natural inductive bias for tasks that can be solved by repeatedly applying local or compositional subroutines. Early
examples include Neural GPUs [37] and Universal Transformers [7]; more recent work shows that looped transformers
can improve length generalization, learn algorithmic structure, and approximate much deeper untied models on reasoning
tasks [35, 11, 28, 17, 12]. Recent recursive reasoning models such as HRM [32] and TRM [16] instantiate this principle in
compact architectures. However, they leave open a central design question: how should a looped model decide how many
iterations to run on each input at test-time? FPRM addresses this through fixed-point halting.

Adaptive computation. Classical ACT methods answer the adaptivity question by learning an explicit halting rule, such as
halting probabilities, per-token stopping decisions, or learned distributions over computation depth [7, 3]. Such mechanisms
can allocate more computation to harder instances, but they introduce an additional learned decision process on top of the
recurrent computation itself, with an inherently non-differentiable objective.

Deep equilibrium and fixed-point models. An alternative is to use the convergence of the latent dynamics as the
halting criterion. In this view, computation stops when consecutive iterates become sufficiently close ∥zi+1 − zi∥ ≤ ϵ,
which corresponds to convergence toward a fixed point z⋆ = fθ(z

⋆;x). This view is most extensively developed in Deep
Equilibrium Models [2], which replace a finite stack of layers by the equilibrium point of a weight-tied transformation. It
has been shown that the same fixed-point view extends to looped recurrent architectures. This provides an input-dependent
notion of computation: easy instances may reach a stable representation after few iterations, while harder instances can
continue refining their state until convergence [23]. Therefore, for looped reasoning models fixed-point convergence is not
only a representation-learning device; it is also the mechanism that determines how much computation is performed. FPRM
exploits this view to obtain a parameter-free halting criterion that inherits the convergence guarantees of the iteration map.

Signal propagation in looped models. As unrolled looped architectures can be viewed as deep networks, they are exposed
to the same signal-propagation difficulties that arise in very deep transformers. In deep sequence models, increasing depth
can make optimization harder and can prevent later layers from being effectively used, a phenomenon often discussed as the
curse of depth [8, 24, 30]. Pre-norm is the standard remedy for these issues, but in a looped setting it removes a property
the architecture relies on: bounded activations. Bounded activations, important for stable training, are typically enforced
through post-norm [12, 32, 16]. FPRM combines pre-norm with residual scaling to recover bounded and stable dynamics
while still allowing gradients and representations to propagate through many iterations.

B. Proofs
B.1. Fixed-point iterations bound

Proof. We start by unrolling the computation across the L layers within a single fixed-point iteration. By recursively
applying the layer update, we obtain

zLi = α1 · zL−1
i + β1 · fL

θL

(
zL−1
i

)
(4)

= α2
1 · zL−2

i + α1β1 · fL−1
θL−1

(
zL−2
i

)
+ β1 · fL

θL

(
zL−1
i

)
(5)

= α3
1 · zL−3

i + α2
1β1 · fL−2

θL−2

(
zL−3
i

)
+ α1β1 · fL−1

θL−1

(
zL−2
i

)
+ β1 · fL

θL

(
zL−1
i

)
(6)

... (7)

= αL
1 · z0i + β1 ·

L−1∑
j=0

αj
1 · f

L−j
θL−j

(
zL−j−1
i

) . (8)
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Now, substituting this expression into the fixed-point update gives

z0i+1 = α2 · zLi + β2 · x (9)

= α2 ·

αL
1 · z0i + β1 ·

L−1∑
j=0

αj
1 · f

L−j
θL−j

(
zL−j−1
i

)+ β2 · x (10)

= α2α
L
1 · z0i + α2β1 ·

L−1∑
j=0

αj
1 · f

L−j
θL−j

(
zL−j−1
i

)+ β2 · x. (11)

For compactness, define ρ = α2α
L
1 and si =

∑L−1
j=0 αj

1 · f
L−j
θL−j

(
zL−j−1
i

)
. Then the fixed-point iteration can be written as

z0i+1 = ρ · z0i + α2β1 · si + β2 · x. Unrolling this recursion over fixed-point iterations gives

z0i+1 = ρi+1 · z00 + β2

(
i∑

k=0

ρk

)
· x+ α2β1

(
i∑

k=0

ρk · si−k

)
. (12)

Since 0 ≤ α1, α2 < 1, we have 0 ≤ ρ < 1. Therefore, the geometric series is convergent. Taking norms and using the
boundedness of each layer map, we get

∥∥z0i+1

∥∥ ≤ ρi+1
∥∥z00∥∥+ β2

(
i∑

k=0

ρk

)
∥x∥+ α2β1

(
i∑

k=0

ρk

)L−1∑
j=0

αj
1

 cf . (13)

Letting i→∞, the first term vanishes and the two geometric sums converge, which gives

lim sup
i→∞

∥∥z0i∥∥ ≤ β2

1− ρ
∥x∥+ α2β1

1− ρ

(
1− αL

1

1− α1

)
cf . (14)

Substituting back ρ = α2α
L
1 , we obtain

lim sup
i→∞

∥∥z0i∥∥ ≤ β2

1− α2αL
1

∥x∥+
α2β1

(
1− αL

1

)(
1− α2αL

1

)
(1− α1)

cf . (15)

We now set β2 = 1− α2α
L
1 . This makes the coefficient of ∥x∥ equal to 1. Furthermore, setting β1 = β2(1−α1)

(1−αL
1 )

makes the

coefficient of cf equal to α2. Therefore,

lim sup
i→∞

∥∥z0i∥∥ ≤ ∥x∥+ α2 · cf . (16)

In particular, if the fixed-point iteration converges to z0∞, then∥∥z0∞∥∥ ≤ ∥x∥+ α2 · cf . (17)

This completes the proof.

B.2. Contractive mapping

Proof. We first show that Tα2
(.;x) is a contraction with respect to z. For any z, z′, using the Lipschitzness of f̃θ(.), we have

∥Tα2
(z;x)− Tα2

(z′;x)∥ =
∥∥∥f̃θ (α2 · z+ β2 · x)− f̃θ (α2 · z′ + β2 · x)

∥∥∥
≤ λf ∥α2 · z+ β2 · x− α2 · z′ − β2 · x∥
= α2λf ∥z− z′∥ .

Therefore, if 0 ≤ α2λf < 1, the map Tα2(.;x) is strictly contractive. By the Banach fixed-point theorem, it has a unique
fixed point z⋆, and the iteration zi+1 = Tα2(zi;x) converges to z⋆.
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We now prove the residual bound. Since zi+1 = Tα2
(zi;x), the residual at iteration i can be written as

∥Tα2
(zi;x)− zi∥ = ∥zi+1 − zi∥ .

Using the contraction property of Tα2
(.;x), we get

∥zi+1 − zi∥ = ∥Tα2(zi;x)− Tα2(zi−1;x)∥
≤ α2λf ∥zi − zi−1∥ .

Applying this inequality recursively gives

∥zi+1 − zi∥ ≤ (α2λf )
i ∥z1 − z0∥ .

Since z1 = Tα2
(z0;x), we obtain

∥Tα2
(zi;x)− zi∥ ≤ (α2λf )

i ∥Tα2
(z0;x)− z0∥ .

Finally, if z0 = 0, then Tα2(z0;x) = f̃θ (β2 · x) , and therefore

∥Tα2
(zi;x)− zi∥ ≤ (α2λf )

i
∥∥∥f̃θ (β2 · x)

∥∥∥ .
This completes the proof.

C. Proof of Proposition 1
Proof. Since ∥J∥2 = σ < 1, the Neumann series is convergent, and we have (I− J)

−1
=
∑∞

j=0 J
j . Therefore, the error

of the k-term truncated approximation is ∥∥∥∥∥∥(I− J)
−1 −

k−1∑
j=0

Jj

∥∥∥∥∥∥
F

=

∥∥∥∥∥∥
∞∑
j=k

Jj

∥∥∥∥∥∥
F

≤
∞∑
j=k

∥∥Jj
∥∥
F
.

Using the relation ∥A∥F ≤
√
D∥A∥2 for A ∈ RD×D, together with submultiplicativity of the spectral norm, we get∥∥Jj

∥∥
F
≤
√
D
∥∥Jj
∥∥
2

≤
√
D ∥J∥j2

=
√
D · σj .

Substituting this into the previous inequality gives∥∥∥∥∥∥(I− J)
−1 −

k−1∑
j=0

Jj

∥∥∥∥∥∥
F

≤
√
D

∞∑
j=k

σj

=
√
D · σk

1− σ
.

Thus, the approximation error decays as O(σk).

To make the corresponding gradient statement explicit, let P = ∂fθ
∂θ (z⋆;x) and δ = ∂L

∂z⋆ . The exact implicit gradient is

12
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∇θL = P⊤ (I− J)
−⊤

δ, whereas the k-step truncated BPTT gradient is ∇̂(k)
θ L = P⊤

(∑k−1
j=0

(
J⊤)j) δ. Therefore,

∥∥∥∇θL − ∇̂(k)
θ L

∥∥∥
2
≤ ∥P∥2

∥∥∥∥∥∥(I− J)
−⊤ −

k−1∑
j=0

(
J⊤)j∥∥∥∥∥∥

2

∥δ∥2

≤ ∥P∥2

 ∞∑
j=k

∥J∥j2

 ∥δ∥2
= ∥P∥2

σk

1− σ
∥δ∥2 .

Hence, the truncated BPTT gradient error also decays exponentially with the number of backward passes k. This completes
the proof.

C.1. Damping of fixed-point iterations

Proof. We first show that the fixed points of gη,θ( · ;x) and fθ( · ;x) coincide. Since

gη,θ(z;x)− z = η
(
fθ(z;x)− z

)
,

and η > 0, we have gη,θ(z;x) = z if and only if fθ(z;x) = z.

We now study the local stability of the damped iteration around z⋆. The Jacobian of gη,θ( · ;x) at z⋆ is

∂gη,θ
∂z

(z⋆;x) = (1− η)I+ ηJ,

so for every eigenvalue λi of J, the corresponding eigenvalue of the damped Jacobian is

µi(η) = 1− η + ηλi = 1 + η(λi − 1).

Local asymptotic stability is implied by |µi(η)| < 1 for all i. Writing λi = ai + i bi with ai = ℜ(λi),

|µi(η)|2 = 1 + 2η(ai − 1) + η2|λi − 1|2.

Hence |µi(η)| < 1 if and only if η|λi − 1|2 < 2(1− ai), i.e.,

0 < η <
2(1−ℜ(λi))

|λi − 1|2
.

By assumption ℜ(λi) < 1 for every i, so each upper bound is strictly positive. Setting

η0 = min

{
1, min

i

2(1−ℜ(λi))

|λi − 1|2

}
> 0,

we obtain |µi(η)| < 1 for every i and every η ∈ (0, η0). Therefore z⋆ is locally asymptotically stable under the damped
iteration zt+1 = gη,θ(zt;x), and the iterates converge to z⋆ from any sufficiently close initialization.

C.2. A toy failure mode for recurrent PostLN

Figure 5 gives a minimal version of the normalization tradeoff discussed in the main text. We take random x,y ∈ R100×2,
set z0 = x, and tie the same rank-one map for L = 20 iterations,

W (w) = w1⊤, w = (w1, w2)
⊤.

This choice allows 2d visualization while making the normalization operation non-trivial. Here N is row-wise ℓ2 normaliza-
tion,

N(z)i,: =
zi,:

∥zi,:∥2 + ε
.

13
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The post-norm recurrence is
zℓ+1
post = N

(
zℓpost + zℓpostW (w)

)
,

while the scaled pre-norm recurrence is

zℓ+1
pre = (1− β)zℓpre + β N

(
zℓpreW (w)

)
, β =

1

2
.

For both models we sweep a 200× 200 grid over [−5, 5]2 and plot

∆L(w) = L(w)−min
v∈G
L(v), L(w) =

1

nd

∥∥zL(w)− y
∥∥2
F
.

The figure illustrates that boundedness does not imply trainability. Post-norm keeps the recurrent state bounded by
construction: after every step, each row is projected back to the unit sphere. However, the same projection also removes
radial information at every iteration. In this two-parameter slice, the resulting loss is organized into thin angular sectors
with sharp ridges and narrow low-loss regions. Thus a random initialization of w is likely to start in a bounded but poorly
conditioned part of the landscape, where the gradient does not point into a useful basin. This is the toy analogue of the
optimization difficulty of recurrent post-norm blocks.

The right panel is not bare pre-norm; it is pre-norm with residual scaling. This matters because naive pre-norm removes the
projection that controls the recurrent state and can lead to activation growth, as discussed above. With the scaled update,
each row satisfies

∥zℓ+1
pre,i∥2 ≤ (1− β)∥zℓpre,i∥2 + β,

so the toy dynamics remain bounded while preserving a live residual stream. The broader low-loss region in Figure 5 is
therefore consistent with the architecture we use in Theorem 1: pre-normalization improves signal propagation, while
residual scaling replaces the boundedness mechanism that post-normalization provided.

D. Further Details About the Architecture
Optimization of fixed-point models. One advantage of contractive fixed-point models is that they can be trained using
truncated back-propagation through time (BPTT) [13]. Specifically, following the implicit function theorem we can write
the gradient w.r.t. the parameters of the model as [2]:

∂z⋆

∂θ
=

(
I− ∂fθ

∂z
(z⋆;x)

)−1
∂fθ
∂θ

(z⋆;x). (18)

As the contractiveness entails a contractive Jacobian, the Neumann series corresponding to the first term on the RHS
of Equation (18) is converging, allowing us to estimate the gradient as:

dz⋆

dθ
≈

k−1∑
j=0

J j ∂fθ
∂θ

(z⋆;x), (19)

which in our setting translates into doing k backward passes after we reach the fixed-point. The following proposition shows
that truncated BPTT becomes exponentially accurate as an estimation of the gradient of fixed-point models:
Let z⋆ = fθ(z

⋆;x) and J = ∂fθ
∂z (z⋆;x) ∈ RD×D. If J is contractive in spectral norm, ∥J∥2 = σ < 1, then for every k ≥ 0,∥∥∥∥∥∥(I− J)−1 −

k−1∑
j=0

J j

∥∥∥∥∥∥
F

≤
√
D

σk

1− σ
.

The proof is in Section C. An essentially equivalent result appears in the proof of Theorem 2 of [13].

Proposition 1 allows for a fixed memory footprint during training, essentially decoupling the number of loops from the
memory complexity of the model. In the same spirit, HRM [32] and TRM [16] approximate the gradient with a small
number of backward passes at the fixed-point, although TRM argues that the fixed-point condition is unnecessary in practice.
However, we note that reaching fixed-points in this paper is not strictly done for the purpose of optimization, but rather as a
halting mechanism to replace ACT. In the following, we provide a full description of the proposed method.

14
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Figure 5. Landscape visualization for the setup proposed in Section C.2
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Algorithm 1 Fixed-point optimiser FPOPT: one damped step with patience-based decay
Proposition 1 (Exponential decay of truncated-BPTT error). Require: initial damping η0; decay γ ∈ (0, 1); patience P

1: Internal state: η ← η0, p← P , r⋆ ←∞

2: procedure STEP(z, z̃)
3: r ← ∥z− z̃∥∞/(∥z̃∥∞ + ϵ) ▷ residual
4: z← η z̃+ (1− η) z ▷ damped update
5: if r < r⋆ then
6: r⋆ ← r, p← P ▷ progress: reset
7: else
8: p← p− 1
9: if p = 0 then

10: η ← γ η, p← P ▷ decay η
11: end if
12: end if
13: return z, r
14: end procedure

Algorithm 2 FPRM training loop with truncated BPTT and deep supervision

Require: Model fθ; prediction head hϕ; fixed-point optimiser FPOPT; model optimiser MODELOPT; input x; target y;
BPTT depth K; initial state z0

1: z← z0
2: while FPOPT.CONT() do ▷ outer loop
3: for k = 1, . . . ,K do ▷ BPTT window
4: yk ← fθ(z; x)
5: z← FPOPT.STEP(z, yk)
6: end for
7: ŷ← hϕ(z) ▷ deep supervision
8: L ← CROSSENTROPY(ŷ, y)
9: MODELOPT.BACKWARD(L)

10: z← detach(z)
11: end while

Fixed-point solver. Let z(k) ∈ RB×T×d denote the iterate at step k of the solver (with B batch, T sequence, d hidden),
and z(k+1) the proposed update. Convergence is measured per sample z

(k)
b by the relative ℓ∞ residual,

r
(k)
b =

∣∣∣∣z(k+1)
b − z

(k)
b

∣∣∣∣∞∣∣∣∣z(k+1)
b

∣∣∣∣∞+ ϵ
, r

(k)
b ∈ R.

A sample is declared converged when r
(k)
b < τ . In practice, we set τ to 0.1. During training, the solver terminates as soon

as the fraction of converged samples falls below a tolerated quantile p,

B∑
b=1

1
[
r
(k)
b ≥ τ

]
< p ·B.

Two safeguards bound the loop: a hard cap k ≤ Kmax on iterations, and early termination if the adaptive step size collapses
below a minimum. At evaluation we set p = 0, requiring every sample to satisfy r

(k)
b < τ .

Deep supervision. We adopt a similar deep supervision mechanism to HRM [32] and TRM [16]. Let Tsup denote the deep
supervision interval. Every Tsup iterations the intermediate activations of the model are decoded through the output head, the
task loss is computed, and backpropagation is performed through the most recent step only. Then, the activations and the
solver state are detached, implementing truncated backpropagation through time (TBPTT). After the outer solver converges,
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Table 3. Effect of adding FPRM’s architectural modifications to TRM: pre-norm, residual scaling (α1, α2), and a final post-activation
output norm, individually and in combination. Values are the change in test sequence accuracy on Sudoku Extreme (%) relative to the
TRM baseline of 74.32%.

Configuration ∆ Seq. Acc. (%)

Original TRM (post-norm, no scale) —
+ output norm −0.47
+ residual scaling (α1 only) −13.96
+ residual scaling (α1, α2) −6.16
+ pre-norm & residual scaling (α1, α2) −54.55
+ pre-norm, residual scaling, final norm (full FPRM stack) −9.45

a final iteration is performed with gradients enabled and its output is supervised as well. The number of backward passes
per forward pass is therefore ⌈K/Tsup⌉+ 1, where K is the number of iterations actually taken by the solver on that batch.
Setting Tsup = 1 supervises every intermediate-step, which is the typical configuration.

E. Additional Experiments
Introducing residual scaling to TRM. Since TRM could potentially benefit from FPRM’s architectural changes, we add
them to TRM individually and in combination, measuring test sequence accuracy on Sudoku Extreme. Results are shown
in Table 3, reported as the change relative to the TRM baseline (74.32%). No configuration matches the baseline, and the
effects are not additive. The optimal configuration for FPRM turned out to be the most detrimental for TRM.

F. Additional Experimental Details
Weight initialization. It seems like initializing the weights using a truncated normal distribution (LeCun initialization) is
common practice in looped architectures. In our experiments, it accelerates the convergence but there’s very little material
difference in sequence accuracy after convergence.

Grokking. There is some evidence for grokking in looped architectures, but in maze we observe convergence on the train
data. And training the models for a longer period (up to 7 days) did not yield better performance.

Hyperparameters, device specification and estimated GPU hours Based on our approximation, around 1k GPU-hours
produced the numbers in the paper, out of 14k GPU-hours burned overall in the project. Next, we provide the values for
some of the most important hyperparameters in the paper, per each model and dataset.
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Table 4. Hyperparameters for Sudoku-Extreme experiments (Table 1 of the paper). Shared across all models: 1×A100-40GB, batch
768, 60 000 epochs, ADAM ATAN2 optimizer, lr= 10−4 (constant after 2 000-step warm-up), weight-decay 1.0, EMA enabled, puzzle-
embedding length 16.

HRM TRM FPRM

Looping structure
H-cycles 2 3 3
L-cycles 2 6 6
H-layers 4 0 0
L-layers 4 2 2
nback,L – = L-cycles 4

Halting
mechanism ACT ACT fixed-point
halt max steps 16 16 –
max iter – – 1000
iter. distribution – – exponential (s=16)

Block / signal-prop modifications
norm type post-norm post-norm pre-norm
norm placement – – output
residual scaling – – input-independent
α1, α2 init – – 0.5, 0.5
conv branch – none conv2d (k=3)

Table 5. Hyperparameters for Maze-Hard experiments (Table 1 of the paper). HRM uses the published configuration; TRM and FPRM
both train on maze-30x30-hard-1k with 4×A100-80GB, 60 000 epochs, lr= 10−4 constant, weight-decay 1.0, EMA enabled,
puzzle-embedding length 16.

HRM TRM FPRM

optimizer ADAM ATAN2 ADAM ATAN2 ADAM ATAN2
batch size 768 512 768
lr warm-up steps 2000 0 2000

Looping structure
H-cycles 2 3 3
L-cycles 2 4 6
H-layers 4 0 0
L-layers 4 2 2
nback,L – = L-cycles 4

Halting
mechanism ACT ACT fixed-point
halt max steps 16 16 –
max iter – – 1000
iter. distribution – – exponential (s=16)

Block / signal-prop modifications
norm type post-norm post-norm pre-norm
norm placement – – output
residual scaling – – input-independent
α1, α2 init – – 0.75, 0.5
conv branch – none conv2d (k=3)
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Table 6. Hyperparameters for state-tracking experiments on A5 (Figure 3 of the paper) and for the Universal Transformer signal-
propagation analysis (Figure 2). All runs use 1×A100-80GB, global batch 1024, ADAM ATAN2, lr-warm-up 0, weight-decay 10−2, EMA
disabled, no puzzle embedding (puzzle emb len=0). Trained at ktrain=32, evaluated for k ∈ [2, 128].

TRM TRM + ACT FPRM UT (Fig. 2)

epochs 50 50 20 30
learning rate 10−4 10−4 10−3 10−4

Looping structure
H-cycles 2 2 3 3
L-cycles 4 4 6 6
L-layers 4 4 2 2
nback,L = L-cycles = L-cycles 4 4

Halting
mechanism fixed iters ACT fixed-point fixed iters
halt max steps 16 16 – –
max iter – – 128 = ktrain
iter. distribution – – deterministic deterministic

Block / signal-prop modifications
norm type post-norm post-norm pre-norm sweep†

norm placement – – none none
residual scaling – – input-indep. sweep†

α1, α2 init – – 0.5, 0.5 sweep†

spec.-norm linear – – yes no
conv branch none none conv1d (k=4) none

† UT row sweeps the {post-norm, pre-norm, pre-norm + residual-scaling} variants from Figure 2a; the residual-scaling variant uses
α1=0.75, α2=0.5 and ktrain ∈ {8, 16, 32, 64}.
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