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Abstract

We analyze the convergence behavior of stochastic gradient descent with momentum
(SGDM) under dynamic learning-rate and batch-size schedules by introducing a novel and
simpler Lyapunov function. We extend the existing theoretical framework to cover three
practical scheduling strategies commonly used in deep learning: a constant batch size with
a decaying learning rate, an increasing batch size with a decaying learning rate, and an
increasing batch size with an increasing learning rate. Our results reveal a clear hierar-
chy in convergence: a constant batch size does not guarantee convergence of the expected
gradient norm, whereas an increasing batch size does, and simultaneously increasing both
the batch size and learning rate achieves a provably faster decay. Empirical results validate
our theory, showing that dynamically scheduled SGDM significantly outperforms its fixed-
hyperparameter counterpart in convergence speed. We also evaluated a warm-up schedule
in experiments, which empirically outperformed all other strategies in convergence behavior.

1 Introduction

Stochastic gradient descent (SGD) (Robbins & Monro, [1951)) and its variants are fundamental methods for
training deep neural networks (DNNs) as they enable efficient optimization of empirical risk minimization
problems. This paper focuses on a representative variant, SGD with Momentum (SGDM) (Polyak) 1964;
Nesterov,, [1983; [Sutskever et al., [2013).

Typical SGDM algorithms include the Stochastic Heavy-Ball method (SHB) (Polyak, 1964)) and its normal-
ized variant (NSHB) (Gupal & Bazhenov, [1972), defined as follows:

SHB: my; = pfmy_1+ Vg (0;),
NSHB: my; = fmy_1 + (1 - B)V g, (0:),

011 =0, — \m,

where )\, denotes the learning rate, § € [0,1) is the momentum coefficient, and V fg,(6;) is the stochastic
gradient computed on the mini-batch B;.

SGDM, including SHB and NSHB, generalizes the standard SGD. By leveraging historical gradient informa-
tion, SGDM can accelerate convergence and stabilize the optimization process, as demonstrated in previous
studies (Kidambi et al 2018; |Gitman et al.| [2019; [Yan et al., |2018|).

The performance of SGD-based methods critically depends on hyperparameters such as the learning rate
and batch size. Dynamic learning-rate scheduling is widely adopted to improve training. For example, the
cosine annealing schedule (Loshchilov & Hutter, 2017)) smoothly reduces the learning rate, enhancing both
convergence speed and generalization. Additionally, increasing the batch size has been reported to improve
the efficiency of mini-batch SGD (Shallue et all [2019; [Smith et al.l [2018; [Balles et al., |2016; |Goyal et al.|
2018; De et al.l 2017)). Recent theoretical studies, such as [Umeda & lidukal (2025 and [Kamo & Iiduka
(2025), further demonstrate that increasing the batch size can accelerate improvements in generalization
performance and reductions in full gradient norms.
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While [Umeda & liduka| (2025) analyzes the convergence of vanilla SGD with scheduled learning rates and
batch sizes without addressing momentum-based methods, Kamo & liduka; (2025) studies the convergence
of SGDM under a constant learning rate and increasing batch size but does not consider dynamic learning
rate scheduling.

To the best of our knowledge, the theoretical analyses of SGDM with dynamic learning rates are extremely
limited. The existing theoretical studies primarily rely on constructing appropriate Lyapunov functions and
leveraging their monotonic decrease to establish convergence (Gadat et al., |2018}; [Mai & Johansson) [2020;
Wilson et al., 2021} |Defazio), 2021)). In particular, |Liu et al.| (2020) is a pioneering and influential work that,
in the context of NSHB, derives a quantitative upper bound on the expected gradient norm of the objective
function f under a fixed learning rate, assuming only that f is non-convex and L-smooth. However, extending
such results to dynamic learning rate schedules remains challenging.

In this work, we aim to fill this gap by analyzing the convergence of SGDM under dynamic learning rate
scheduling.

Our main contributions are summarized as follows:

e We introduce a novel Lyapunov function for SGDM, enabling rigorous convergence analysis that
adapts to dynamic learning rate schedules.

e We develop a unified theoretical framework covering both SHB and NSHB and derive convergence
rates of the expected gradient norm under various scheduling strategies.

o We extend the analysis of Kamo & liduka| (2025)) from constant learning rates to decaying learning
rates. Furthermore, we examine settings in which both the learning rate and batch size are increased
and demonstrate that this leads to improved convergence. This setting has been studied by [Umeda.
& Tidukal (2025) only for vanilla SGD.

o We validate our theoretical findings through experiments under four scheduling strategies, which
align with theoretical predictions. The full gradient norm improves in the following order: (i)
constant batch size with a decaying learning rate, (ii) increasing batch size with a decaying learning
rate, (iii) increasing batch size with an increasing learning rate, and (iv) increasing batch size with
a warm-up learning rate.

2 Preliminaries

Let N denote the set of natural numbers. For any n € N, define [n] := {1,2,...,n} and [0: n] := {0,1,...,n}.
Let R? be a d-dimensional Euclidean space with inner product (6,0) := 6] 85 and norm ||@| := /{8, 0).
Let RT :={@ € R? | ¢; > 0 foralli € [d]} and RL, := {0 € R? | ¢, > 0 for all i € [d]}. For scalars, define
Ry:={z€eR|z>0}and Ry :={z €eR |z >0}

Let (z;) and (y:) be sequences in Ry. We write y; = O(x;) if there exist constants ¢ € Ry and o € N such
that y; < cxy for all ¢ > t.

2.1 Empirical Risk Minimization

Let @ € R? denote the parameters of a DNN. Let S = (x1,¥1),...,(Zn, ys) be a training dataset, where
each x; is associated with a label y;, and n € N denotes the number of training samples. For each (x;, y;),
let the corresponding loss function be f;(:) := f(-; (x;,4i)): R — Ry. The empirical loss is defined as
f(8) = %Eie[n] fi(0). Empirical risk minimization (ERM) aims to minimize this empirical loss. Note
that this work focuses on finding a stationary point of the empirical loss, i.e., a point 8* € R? such that
Vf(6*)=0.

We assume that the loss functions f; (¢ € [n]) satisfy the conditions in the following assumption.

Assumption 1. Let n € N denote the number of training samples,
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(A1) f : R? — R is differentiable and L-smooth; i.c., there exists L > 0 such that, for all 61,0y € R?,
IVf(61) — Vf(02)| < L||01 — 62|. The minimum value of f is denoted by f* := infgcpa f(6).

(A2) Let £ be a random variable independent of 6. The stochastic gradient V f¢(0) satisfies:
(i) E¢[Vfe(0)] = V£(0) for all @ € R,
(ii) there exists o > 0 such that for all @ € RY, V[V f¢(0)] = E¢ [|[Vfe(8) — Vf(0)[]*] < o

(A3) Let b € N be a batch size with b < n, and let &€ = (&1,...,&) " be a vector of b i.i.d. random variables,
independent of 6. The mini-batch stochastic gradient is defined by V fg(0) := %Zi’:l V fe.(0), which is an
unbiased estimator of the full gradient V f(6).

2.2 Mini-batch SHB and NSHB Optimizers

Momentum-based stochastic methods are widely used to accelerate convergence and enhance stability. In
this work, we focus on two such methods:

o Mini-batch Stochastic Heavy Ball (SHB) (Polyak, [1964)

o Mini-batch Normalized SHB (NSHB) (Gupal & Bazhenovl, [1972))

At each iteration ¢, given the current parameter 6, € R?, a mini-batch & = (&.1,...,&.p,) is sampled i.i.d.
from [n], and the mini-batch gradient is computed as V fp,(6;) := % ?;1 V fe,.(0¢).

Algorithm 1 Mini-batch NSHB

Input: Initial parameter 8¢

Parameter: Momentum coefficient 3 € [0, 1), learning rates {n;}._, batch sizes {b;}1', total steps T
Output: Final parameter O

1: Initialize m_1 + O

2: fort=0toT —1do

3 Vi (0) « =30 Ve, . (6))
4 my <+ fmy_1+ (1 - B)V B, (6:)
5: 0t+1 “— 0t — MMy

6: end for

7: return O

Algorithm 2 Mini-batch SHB

Input: Initial parameter 6y

Parameter: Momentum coefficient 8 € [0, 1), learning rates {ay}._, batch sizes {b;}1_', total steps T
Output: Final parameter 61

1: Initialize m_1 + O

2: fort=0toT —1do

3 Vi (00) « =30 Ve, (01)
40 my < Pmy_ + Vg, (0;)

5: 0t+1 — 9t — QTN

6: end for

7: return O

Both algorithms can be equivalently rewritten in the following forms:

NSHB:

001 =0, —n.(1—-5)Vfp(0,)+ 5nnt1 (6, —6,_1),
i
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SHB:
Qg

01 =0, — V[ (0:)+ 0

Notably, NSHB reduces to SHB when 7, = 1"1—‘5

(Bt — 0t,1).

Q1

3 Convergence Analysis of Mini-batch SGDM

To unify the notation of the NSHB and SHB algorithms, we collectively denote the learning rates n; and oy
as \;. However, when specifically referring to the learning rates of NSHB and SHB respectively, we continue
to use n; and ay as before.

3.1 A Novel Lyapunov Function

In this section, we introduce the following Lyapunov function £; to analyze the convergence of SGDM:

R f(et)7 t = 0’
o {f(et) + Apa ||, >0, (1)

where A; > 0 is a deterministic scalar depending only on ¢. In particular, for the NSHB method, A; is

defined as )
e L= )i
t = T A
2(1-5)
A sketch explaining the appropriateness of this choice is provided later, and a detailed proof is deferred to
Appendix B2

To contextualize our proposed Lyapunov function , we compare it with those introduced in prior studies.
As summarized in Table[I] our formulation is significantly simpler. Moreover, our approach is highly versatile,
by being able to naturally accommodate dynamic learning rate schedules.

Table 1: Comparison of Lyapunov Functions for SGDM Convergence Analysis.

For the original definitions and derivations of newly introduced variables and auxiliary functions or variables
(such as z;, F),, ¢), the reader is referred to the respective original work.

(i): [Liu et al.| (2020), (ii): Mai & Johansson| (2020)), (iii): |Gadat et al.| (2018])

Work  Lyapunov Function £; Function Properties Learning Rate A;
Ours L; = f(0;) + Ay_1||my_1]|? — Dynamic
t—1
(i) Li=f(z)— f+ Zci||0t+1_i —6;_4))? — Constant
i=1
. B - v(? D Y& 5 1-8)¢ ¢ Non-Smooth,
(i)  Le=Fu(6:) + @HPtH + ﬁ”dtﬂ + (QMZ + I weakly convex Constant
(i) Lo =2f(0:)+ V% + gndt\\? - Constant
a fec?,
(iii) Ly=(a+bri_1)f(0:) + 27||m,5\|2 —b(Vf(0;),m;)  bounded Hessian, Ao = A\/tP
" IVFI? <ef

3.2 General Convergence Bound

Technical condition on learning rates: To ensure the theoretical validity of the convergence analysis,
we impose the following mild constraint on the variation of the learning rates:

At+1
K 2
)\t — c7 ( )
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for some constant ¢ satisfying 1 < ¢ < % This condition accommodates both decaying and increasing
learning rate schedules:

o If the schedule is non-increasing, taking ¢ = 1 implies A\py1 < Aq.

o If the schedule is non-decreasing, the learning rates may increase within the range satistying \; <
At+1 < e

The following theorem serves as the foundation for all subsequent theoretical results.

Theorem 1 (General and unified convergence bound for NSHB and SHB). Suppose Assumption [1| holds.
Let {60,} be the sequence generated by either Algorithm[1] (NSHB) or Algorithm |3 (SHB) with learning rates
At and batch sizes by. Assume

[07 1—¢B?

)\t S [)\mina )\max] C |:O f(—lc_ﬂg)

7 ) ,  (SHB),

) , (NSHB),

and ZtT:_Ol A+ # 0. Define
T

1
1 1 Z At

BT = —T—1. VT = o — T
=0 At t—0 At 120 by

and
C o (1_6)713 (NSHB)7
“E ), (SHB).

Then, for any T € N, the following bound holds:

omin E[IVF(0)I] < 2Cus(f(80) = /) Br +0*Vi,

where E denotes the expectation over all randomness up to iteration T.

Remark 1 (Translation from squared gradient bound to gradient norm). The convergence bound in The-
orem controls the squared gradient norm E[||V £(6;)||?]. If one wishes to report the bound in terms of the
gradient norm K[|V £(0:)||], it can be obtained directly via Jensen’s inequality:

0<t<T—1 0<t<T

min E[||Vf<ot>|1s¢ in E[IV/(6,)]2]

This remark clarifies that any statements or plots referring to the gradient norm (rather than squared norm)
are consistent with Theorem [1.

Proof Sketch of Theorem [1| (The full proof is provided in Appendix )
To simplify the exposition, we focus on the case of NSHB with Ay = n;.
The main technical challenge in our analysis arises from the cross term,
E[(Vf(0:), mi_1)],
which appears when applying the L-smoothness of f to the upper bound f(60:41), but is difficult to evaluate
directly.

To resolve this issue, we introduce the Lyapunov function (for simplicity, in this sketch we consider only the
case t > 0 in (T)))
Ly = f(6;) + A1,
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and evaluate its expected difference:

E[Lit1 — Li] = E[f(8i41) — f(0:)] + AE[[|my ] — A1 E[||lm 1 ||].

To cancel out the cross terms appearing in the upper bounds of both E[f(6;41) — f(6;)] and AE[||m|?],
we define the coefficient A; as
P | R ol 2 X
2(1-7)
This definition yields a tractable upper bound on E[L¢11 — L4].

Excluding the influence of stochastic noise, the expected Lyapunov function decreases monotonically. Sum-
ming over ¢ and rearranging terms leads to the convergence bound stated in Theorem [T}

3.3 Constant Batch Size and Decaying Learning Rate Scheduler

First, we will consider the setting where the batch size remains fixed throughout training, while the learning
rate follows a non-increasing schedule:

bt = b, >\t+1 S )\t (t S N) (3)
Let p>0and T, F € N, with 0 < Apin < Amax. Commonly used decaying-learning-rate schedules include:
[Constant LR

/\t = )\maxv (4)
[Diminishing LR]

[Cosine Annealing LR]

[Polynomial Decay LR]

t p

>\t = ()\max - Amin) (1 - ) + )\miny (7)
T

where K = [n/b]| is the number of iterations per epoch, E is the total number of epochs, and T'= KF in

the cosine annealing schedule.

Applying Theorem [1| to the case of a constant batch size and the learning rate schedules in , we obtain
the following explicit convergence bounds. The proof is provided in Appendix [B-3]

Corollary 1 (Convergence rates under schedule ) Under the assumptions of Theorem suppose Algo-
rithm [1] (NSHB) or Algorithm[9 (SHB) is run with a constant batch size by = b and a learning rate schedule
{A\:t} satisfying (3). Then, the quantities By and Vi defined in Theorem satisfy

1
N T [Constant LR ()]
1

,  [Diminishing LR (5

VT | 9 LE @) 1
Br < 9 ) Vr = 7
—_ Cosine LR
()\min F )\max)T7 / osine @/
p+1 .
Pol I LR (7

(p)‘min + )\maX)T7 / orynomia /
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As a result, the expected gradient norm under both NSHB and SHB satisfies

Constant LR
@) 1.1 Cosine LR @ ,
: T b Polynomial LR @
,Juin E[[VF(6)]] =
== 1 1 Diminishing LR (5))]
O — 4 = iminishin .

Accordingly, increasing the batch size b reduces the variance term O(1/b), thereby tightening the convergence
bound. However, since the variance term remains strictly positive for any fixed b, the gradient norm does
not necessarily vanish as T" — oo under a constant batch size.

3.4 Increasing Batch Size and Decaying Learning Rate Scheduler
Next, we consider the setting where the batch size increases over time while the learning rate decreases, i.e.,

by < b1, M1 <A (teN). (8)

We introduce the total number of phases M € N (also referred to as the number of batch-size updates) up
front and index the phases by m =0, ..., M —1. For each phase m, let E,, € N denote the number of epochs
in phase m, and let K, € N denote the number of steps per epoch in that phase. Therefore, the m-th phase
contains K,, F,, iterations. For convenience, we define the phase-indexed step sets

m—1 m
Zwaw<ZKw&,

k=0 k=0

Sm::{tGN

with the convention 2;210() = 0. The total number of iterations is

For any m and t € S,,,, the batch size b; may be specified in a phase-wise manner.

[Exponentially Growing Batch Size]

b =0 {Zlo KW bo. (10)

where § > 1 is the growth factor and by > 0 is the initial batch size. For example, setting § = 2 corresponds
to doubling the batch size at each phase. Specifically, the sequence of batch sizes can be represented as

bo(so,...7b0(50,b0517...,botsl,...,b05m,...,bo(sm,...,bo(SM_l,...,bo’yM_l.

KoEq K1E; KmEnm Ky-1Enm—1

T=) 00 KB

This phase-based schedule follows [Smith et al.| (2018)); Umeda & Iidukal (2025); [Kamo & Tidukal (2025)).
Applying Theorem [I| to the setting of increasing batch sizes and decaying learning rates in , we derive
the following convergence bounds. The proof is given in Appendix [B4]

Corollary 2 (Convergence rates under schedule ) Under the assumptions of Theorem |1}, suppose Al-
gorithm[1| (NSHB) or Algorithm [3 (SHB) runs with batch sizes {b;} and learning rates {\;} following ().

For M € N, let T = Zfrvfzo KnEr, Emax = sup,, Em, and Knax = sup,, K. Then, Br and Vr from
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Theorem [1] satisfy the bounds below, where the bound for Br is defined in Corollary[1, and Vr is bounded
by:

5KmaxEmax
G —1)beT [Constant LR ]7
6KmaxEmax L
,  [Diminishing LR (5))],
2(6 — 1)b T +1—1
v g
B =) 0w 1 dmeybor [Cosine LR @)
D+ 1)0Amax Kmax Emax .
(<(5 - 1)()A T PrumboT L olymomial LR @/

As a result, the expected gradient norm under both NSHB and SHB satisfies
min  E[[|Vf(6:)[]

0<t<T—

o <1) 7 {Constant LR , Cosine LR @,

VT Polynomial LR @ ’
1 L
T ) [Diminishing LR (5))].
Since the batch size b, increases over time, the variance term Vi = —mr— tT:_Ol 2—; vanishes as T — o0,

Zt:o At

unlike in the constant batch size case. Consequently, we have

in E[|Vf(@ =0 asT — oo,
,min E[[/(8,)]] ST — o
showing that using growing batch sizes during training can remove the variance floor and guarantee conver-
gence under suitable learning rates.

Next, we consider the case where the batch size is updated M times. In this case, the total number of
iterations is given by @ as T = an\f:() K, Ep,. Here, the number of iterations per phase satisfies K,, > 1,
and we define Ep, := inf,, F,, > 0. Then, the following inequality holds

M-—1 M-—1
T = Z K Em > Z E,p > MEpin.
m=0 m=0

Therefore, the convergence rate with respect to the number of updates M is

uin_ E[[VS(©0)]] =0 (;T) 0 (jﬂ) | )

3.5 Increasing Batch Size and Increasing Learning Rate Scheduler

Next, we consider the setting in which both the batch size and the learning rate increase over time:

by < bt+1, A < )\t+1 (t S N) (12)

For any m and t € S,,,, the batch sizes and learning rates are, for example, given by:

[Exponential Growth of Batch Size and Learning Rate]

b, =6 {ZMKWJ bo, A=7 { k=0 KkEJ o, (13)
where 6,7 > 1 with v < §. Here, by > 0 and Ag > 0 denote the initial batch size and learning rate,

respectively.

Applying Theorem [1| to the setting defined by and the learning rate growth condition , we obtain
the following convergence bounds. The proof is given in Appendix
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Corollary 3 (Convergence under schedule (12))). Under the assumptions of Theorem suppose Algorithm
(NSHB) or Algorithm|[g (SHB) is run with batch sizes {b;} and learning rates {\;} satisfying and ([2)).
For all M € N, here, T, Enax, and Kyax are as defined in Corollary @ Let Exin = infpren infcp0.0r) B <
400, Kmin = infaren infme[O:M] K, < 400, and 4 = % < 1.

Then, the quantities By and Vi in Theorem[1] satisfy the bounds:

52 [(ma)(EIma)(>\052
Br< —mMm— Vr < .
= )\OKminEmin'yM’ = ‘KrminEminbO(1 - ’?)’YM

As a result, the expected gradient norm under both NSHB and SHB satisfies
in B[V, =0 ——
min EIVF0)1]=0 (=7 )

This result shows that using exponentially increasing batch sizes and learning rates yields an exponentially
fast decay in the expected gradient norm.

In contrast, under the schedule with increasing batch sizes and a decaying learning rate in , the convergence
rate remains polynomial, as shown in , and scales as O(1/ VM ) with respect to the number of updates
M. The exponential schedule , however, achieves a much faster convergence of O(v’M/ 2), which is
asymptotically superior.

4 Experiments

We evaluated two momentum-based optimization algorithms—Stochastic Heavy Ball (SHB) and its nor-
malized variant (NSHB)—on CIFAR-100 using ResNet-18. Unless stated otherwise, we set the momentum
coefficient to f = 0.9 and trained all models for 300 epochs. The experiments were conducted on a sys-
tem equipped with dual Intel Xeon Silver 4316 CPUs and NVIDIA Tesla A100 80GB GPUs. The software
environment consisted of Python 3.8.2, CUDA 12.2, and PyTorch 2.4.1.

We considered the following four training schedules:

(i) Constant batch size with decaying learning rate,

)
(ii) Increasing batch size with decaying learning rate,
(iii) Increasing batch size with increasing learning rate,
)

(iv) Increasing batch size with warm-up learning rate schedule.

The solid lines in figures show the mean over three runs; shaded areas indicate the range between maximum
and minimum values. We report training loss, test accuracy, and full gradient norm ||V f(0.)|| versus epochs,
where 0; denotes the model parameters at the end of each epoch. The full gradient norm was computed at
the end of each epoch by averaging the gradients over all mini-batches to reconstruct the gradient over the
entire training set and subsequently taking its L2 norm.

Figure summarize representative training dynamics under the four schedules considered in this work;
detailed settings and additional runs are provided in Appendix [C] With respect to the gradient norm, both
methods show the same ordering across schedules: (i) worst, (ii) intermediate, (iii) better intermediate,
and (iv) best; this corroborates our theoretical predictions. The convergence of schedule (iv) is further
analyzed in Appendix [A} however, its experimental settings do not strictly satisfy the assumptions required
for convergence analysis. For test accuracy, largely orthogonal to convergence guarantees, both methods
show similar trends: increasing the batch size generally improves generalization, and schedule (iv) attains
the best accuracy. Additionally, for SHB, a trade-off is observed between learning-rate regimes: the high
learning rate reduces the gradient norm faster, whereas the low learning rate yields better test accuracy.
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Figure 1: Results of NSHB: representative training
dynamics. Each panel shows (top) training loss,
(middle) test accuracy, and (bottom) gradient norm.
For clarity, one representative instance is shown for
each of the four schedules (i)—(iv); schedule (i) uses
the Cosine LR (), and schedule (ii) uses the Constant
. Full results for all schedules and additional
runs are provided in Appendix [C.1}

Full gradient norm

Figure 2: Results of SHB: representative training dy-
namics. Solid lines indicate the high learning-rate set-
ting (same LR as NSHB), and dashed lines indicate
the low learning-rate setting (one-tenth of the NSHB
LR), in consideration of the theoretical constraints in
Theorem[I] See Appendix [C-2]for full results and ad-
ditional settings.

Figure [3| compares NSHB and SHB with commonly used optimizers (SGD, RMSProp, Adam, and AdamW)
under the increasing batch-size schedule from (ii). In terms of optimization dynamics, SGD, NSHB, and
SHB exhibit a rapid decrease in gradient norms during the early stages. However, in the later stages, Adam

10
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achieves smaller gradient norms. This tendency has also been reported by Kamo & Iidukal (2025)), and we
anticipate further theoretical analyses of Adam under increased batch sizes.

— sGD

NSHB
—— SHB_high 70
—— SHB_low

Training Loss
Test Accuracy

0 50 100 150 200 250 300 0 50 100 150 200 250 300
Epoch Epoch

Training loss Test accuracy

— SGD
NSHB
—— SHB_high
—— SHB_low
— RMSProp
— Adam
AdamW

Full Gradient Norm

0 50 100 150 200 250 300
Epoch

Full gradient norm

Figure 3: Comparison of NSHB and SHB with common optimizers under the increasing batch-size sched-
ule from (ii). SGD uses the warm-up schedule from (iv); RMSProp uses LR=0.01; Adam and AdamW
use LR=0.001. Optimizer hyperparameters are as follows: RMSProp (82 = 0.99), Adam/AdamW
(81 =10.9, B2 =0.999); AdamW additionally uses a weight decay of 0.01.

5 Conclusion

In this paper, we extended existing theoretical analyses of the learning rate and batch size scheduling for
mini-batch SGD to the SGDM framework. By introducing a newly constructed Lyapunov function, we
provided a unified analysis of widely used momentum-based optimization training methods. Consequently,
we established convergence guarantees on the expected full gradient norm of the empirical loss. Theoretically,
we showed that combining an increasing batch size and learning rate decay ensures convergence of SGDM,
and that simultaneously increasing both the batch size and the learning rate can accelerate convergence.

Moreover, it is well known that SGDM’s performance strongly depends not only on the learning rate but
also on the momentum coefficient . The analytical approach proposed in this work naturally
extends to the dynamic scheduling of the momentum coefficient. Several recent studies (Chen et al., 2022;
have demonstrated the effectiveness of such momentum scheduling. Therefore, the theoretical
elucidation of momentum coefficient scheduling remains an important open problem in this field, and further
research is expected in this direction.

11
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A Increasing Batch Size with Warm-Up Learning Rate Scheduler

In the main experiments, the batch size increases every 30 epochs, while the learning rate follows a more
frequent warm-up schedule. This setting does not satisfy the scheduler defined in equation , which
updates both the batch size and the learning rate in the same epoch and forms the basis of our theoretical
analysis. Here, we provide an extended theoretical analysis under the stricter assumption of synchronized
updates to ensure clarity and completeness. Although the experiments deviate from these assumptions, the
theoretical results offer valuable insight.

Let the warm-up period last for T;, = Z%ﬁo K, E,, > 0 iterations, corresponding to M,, phases of increasing

learning rate. The schedule satisfies:

by <by1 (tEN),

14
M <A1 E<Tw), Mg1 <A (E2>Ty,). (14)

The increase in the learning rate during the warm-up period must satisfy the growth condition in .

The batch sizes {b;} follow the exponential growth schedule in (10, and the learning rates {\;} follow
warm-up variants of the constant and cosine decay schedules, for all m € [0 : M] and all t € S,,, as follows:

[Constant LR with Warm-Up]

A = ﬂzmﬂ X (me0: M), (15)
'YMwAO (m S [Mw : M])v

[Cosine LR with Warm-Up]

N [Zkzof%%ho (m € [0: My)),
Amax_)\min
A = )\min+f (16)
m—1  m-l M, : M]).
t _o KipEy T (m € [My
1 E Z Luk=0 TTRTR L E,| ———

where E,, is the number of warm-up epochs, Apax := Y™ \g, and v > 1 is the learning rate growth factor
during warm-up.

By applying Theorem (1| to the combined schedule in with exponentially increasing batch sizes , we

obtain the following convergence bounds. The proof is given in Appendix B.6.

Corollary 4 (Convergence under schedule (14))). Under the assumptions of Theorem suppose Algom'thm
(NSHB) or Algorithm |9 (SHB) is run with batch sizes {b;} and learning rates {\;} defined by the warm-up
schedule , Let 6,v > 1 with 4 = % < 1. Here, T, Enax, Enin, Kmax, and Kpyin are as defined in
Corollaries [2H3

Then, the quantities By and Vi in Theorem[]] satisfy the following bounds:
[Constant LR (15)]

Br < o + 1
= )\OKminEmin'yMw )\max(T - Tw) ’
VT < [(ma,xl?ma,xAO(S2 6KmaxEmax

- }(minE‘minbO(1 - &)WMw ((5 - ].)bo(T — Tw) ’

14
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[Cosine LR (16)]

Br < o + 2
= AOKminEmin’yMw ()\min + )\max)(T - Tw) ’
VT < I(maxE‘max>\052 25>\maxKrnaxEmax

Py + .
o KminEminb()(l - 7)’7Mw (5 - ]-)()\min + )\max)bO (T - Tw)

As a result, the expected gradient norm under both NSHB and SHB satisfies

. B 1
ey VIO =0 (7).

In the phase t > T, both algorithms use increasing batch sizes and decaying learning rates, yielding
convergence rates comparable to those under the decaying schedule (8)) (see Corollary .

Importantly, the warm-up phase for ¢ < T, accelerates early-stage convergence by preventing premature
decay of the learning rate. Thus, combining increasing batch sizes with warm-up and decaying learning rate
schedules allows Algorithms [I] and [2| to reduce early-stage bias and later-stage variance, achieving faster
overall convergence than decaying schedules alone.

B Proof

B.1 Proposition

The following proposition holds for the mini-batch gradient.

Proposition 1. Lett € N, & be a random variable independent of &5 (j € [0:t—1]), 6; € R? be independent
of &, and V f, (0;) be the mini-batch gradient, where fe, , (i € [bs]) is the stochastic gradient (see Assumption
[{(A2)). Then, the following hold:

2

g
by’

Ee, |Vf5,(0:)

€| = V10, Ve, [Vin(0)

£t71:| <

where Eg, [€—1] and Ve, [|€,_1] are respectively the expectation and variance with respect to & conditioned
on &1 =&-1.

Proof. Assumption A3) and the independence of b; and &; ensure that

e, [va:(gt)‘ét—l} = Ee, [bltivf&,i(@t)
=1

ét—l] = l;ltiEft,i [vfft,i(et)‘ét—l} ;
i=1

which, together with Assumption A2)(i) and the independence of & and &;_1, implies that

Ee, |V f5,(0:)

bt

A 1

€] = 2 V(00 =V (0). (17)
i=1

Assumption A3), the independence of b; and &;, and imply that

Ve, [v £5,(6,)

€] =B, [IV45,(60) - V£(0))

ét—1:|

2

by
=g, |5, Vs 00 - V@) |6
1 X ’
= B, |3 (Ve (00 = V10) |
i=1

15
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From the independence of & ; and &.; (i # j) and Assumption [[(A2)(i), for all i,j € [b¢] such that i # j,

Ee, . [(Vfe,,(0:) — Vf(6:),V fe, ,(8) — V f(8))|€—1]

= (B¢, ,[Vfe, (00)|€—1] — Ee, [V f(8:)[€—1], V fe, ,(8:) — V f(8:))
=0.

Hence, Assumption [[[A2)(ii) guarantees that

Ve, |V/5,(0)

~ b R 2y 2
£t71:| = %ZE§f7 |:va§f7(0t) - vf(et)HQ étfl} < ? 2 =2
i=1

which completes the proof. O

B.2 Proof of Theorem 1l

In this section, we prove Theorem [I] for the case of the NSHB algorithm, where the learning rate is denoted
by n¢. The proof for the SHB algorithm, which uses the learning rate «y, follows an analogous argument. In
particular, if we define 7, = ﬁ—‘ﬂ, then the SHB update rule becomes equivalent to that of NSHB. Therefore,
it is sufficient to prove the result for NSHB only.

Proof. By the L-smoothness of the function f, the descent lemma (Beck, 2017, Lemma 5.7) holds. That is,

f(O141) < f(0:) +(Vf(6:), 0011 — ;) + g”aﬂrl — 04,

Applying the update rule ;11 = 8, — np:m; gives

F(802) < 80— m(VF(80),ma) + oo (18)
By expanding m; = fmy;_1 + (1 — B)V f5,(6:), we obtain
(Vf(6:),ms) = BV f(0r), mi1) + (1= B)(Vf(0:),V[B,(01))

and

lmel|* = [|Bme—1 + (1 = B)V f5,(0)]°
= Blme1|® + 28(1 = B)(Vf5,(60:), me—1) + (1 = B)*|IV f5.(6:)>.

By Proposition [I]
Be, V75,801 [é1] = Ee, [IV 5,(60) = V£(8) + V £(60)|* |11
—Ee, [[V/5,(80) ~ VS (00)| év-1] + 2Be, [(V/5,(8) = V(6), V £(60)
+Ee, V(8 |€i-1]

ét71:|

0'2 2
<5 HIVIGII™

Hence, taking the expectation conditioned on &;_; = ét_l, we have

Ee,[(V£(8:),m4)&i—1] = BVF(0,),me—1) + (1= B)||Vf(6,)]

and

A 0_2
Eg, [lmee|?|€e-1] < B2[lme—s|* +28(1 = B)(V f(8y), mu—1) + (1 - B)? (bt + IIVf(et)|2> :

16
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Taking the total expectation , we get
E[(V f(0:),m¢)] = BE[(Vf(6:), ms—1)] + (1 - 5)E[||Vf(0t)”2]

and

02
E[[lm¢]?] < B°El[lme—1]%] + 28(1 = BE[Vf(8e), me—1)] + (1 — §)* <bt + IE[IIVf(t9t)||2]> - (19)

Therefore, taking the total expectation on both sides of ,
L
E[f(6u+1) = f(00)] = —mE[(V £ (1), mu)] + SB[ ma ]

<- {(1 - L 5)277?} E(V(6,)]?]

2
2 L oo 9 2 (20)
~{ B - 260~ o0 BT 00 m ) + 5 PRl
L o?
L8222
+ 2( 6) un bt
From the Lyapunov function £; defined as
L f(et)v t=0,
L= )
f(0y) + Ag_q|lmy 1|7, t>0,
We will first consider the case t > 0. Here, the following equality holds:
E[Li41 = Le] = E[f(8r41) — [(80)] + AE[|mi|*] — Ac1E[[|me]*]. (21)

From ,
AE[[m|?] = A Ellma [P] < A1 = B)°E[|VF(6,)][|°]
+24,8(1 = B)E[V f(8:), my—1)] — (Ar—1 — B2 A)E[[[mr—1|1?] (22)

20°
+ A (1= 5) .
by
Therefore, by combining (20) and (22)), we obtain the following expression for (21)):

Bl — 0] < |- {1 - pm - 50— 0% | + 1 - 52| BT 601

n [ {m L8 — B2\ 424,801 ﬂ)]mw(et),mt_m

. (23
{50~ (s = 240 | Bllme )
L o?
+95 0= + A= B) o
2 bt
In order to eliminate the term E[(V f(0;), m:_1)], we choose A; such that
g — L(1— B)n?
Pk S A
2(1-5)
To ensure that A; > 0, we require 7; < ﬁ Under this choice, simplifies to
1 1 e 1 o?
ElLo — £ < —5 (1~ OmEITFO)P) — 3 (P20 p Y Eflme )2+ 50— B
2 2 1-8 2 by
1 1(1—cp? 1 o?
< _5(1 - B)WtE[va(gt)HQ] D) ( 1 7? - L??t1) 77t71EH|mt71||2] + 5(1 - 5)7]1&1; (24)
1 9 1 o?
< —5(1 = BInE[[IV f(6,)[I] + 5(1 - B)thft-
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The first inequality follows from the choice of the Lyapunov coefficient A;. The second inequality uses the
technical condition , ie., n”ﬁ

1 —¢p?
" TA- )

which ensures that the coefficient of E[||m;_1]|?] is non-positive and therefore removable from the upper
bound.

Furthermore, since 1 < ¢ < %, it follows that n, < Ll(%fg) < ﬁ, which guarantees that the Lyapunov
coefficient satisfies A; > 0.

Next, in the case t = 0, using m_; = 0 together with and , we obtain
E[L1 — Lo] = E[f(61) — £(60)] + AoE[[mol|]
L
< |-{a-mm - fa- 2} + o - 02| BNV
o2 (25)

+ {5(1 = B)"ng + Ao(1 - 5)2} o

2

o
( 5)770%

Applying tot =0 and to1<t<T —1, and then summing over t =0,...,T — 1, we obtain

L\DM—*

= (1 BmE(IV(60) ) +

T-1 T-1
1 1 Mt
—(1- E I <E[Ly - ~(1-8)0c*» . 2
5= ) 2 mB{IVS@OI] < BiLo - £r] + 301 = 5o 3 (26)
From the definition of £;, we have
E[Lo — Lr] = E[f(80) — f(87)] — Ar1E[||mr_1 ]
< E[f(60) — f(07)]
< f(6o) — f~.
The final inequality follows from the existence of the lower bound f* of f. Therefore, implies
(0 T—1
Zm IV F(8,)]%] < M_H,? e
1-0 by
t=0
Finally, since ZZ:OI ne > 0, it follows that
fB0)—f) 1 (il
i (VS|P < 2L S
Zt =0 "t Zt o M 1o b

B.3 Proof of Corollary [1]

Proof. We begin with the variance term Vp. Since the batch size b is constant, we have:

v Rt VR |
T = ST—-1 .+ 7 T 7
t=0 At t=0 b b

We now proceed to analyze the term Bp for different learning rate schedules. The proof for the constant
learning rate case closely follows Theorem 3.1 in|Umeda & Iidukal (2025). Let A\pnax = A denote the constant
(maximum) learning rate.

18
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[Constant LR ({))]

Under a constant learning rate A; = A\, we have:

Br= —— = —

[Diminishing LR (5)]

Using the lower bound on a sum via integral approximation:

= T gt
> =2(VT+1-1),
;x/t—kl/o VEi+1 ( )

we obtain the following upper bound:

1 1
Br=—77—5< .
Do A T 2T -

[Cosine LR (6)]
We analyze the learning rate schedule with a cosine decay:

KE-1

2 2
t=0

It can be shown that

KE-1 .
Z cos LJ — =K —-1—-cosm =K,
g E

so the total learning rate sum becomes:

KE-1

D A= AanKE + Amae — Amin o) Amin ey 4 Amax ~ Ain o) Amin 7
t=0
1

= 5 {()\min + )\max)KE + (>\max - )\min)K}

> ()\min + Amax)KE )

- 2

Finally, we obtain the upper bound:
1 2
B
g {(:Eo‘il )\t ()\min + )\max)KE

[Polynomial LR (7)]

Since (1 — )P is decreasing on z € [0, 1), we use the inequality:

/Ol(l—x)Pda:<;7§(1—;>p,

t=0

which implies:

KE—-1
/\max - )\min )\max - )\min t
> A= Ak E + KE + > cos {J z
t=0

(27)
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Therefore, the total learning rate sum satisfies:

T-1 ¢

T-1 p
At = (Amax — Amin) Z <1 - T) + AminT’
t=0

)\max - )\min )\max >\min
> ( + )\min) T = Zmax F Amink
p+1 p+1

t=0

Therefore, the bound for B becomes:

1 p+1
tT:_Ol )\t - ()\max + /\minp)T.

Br =

B.4 Proof of Corollary 2]

Proof. We follow the approach outlined in the proof of Theorem A.l in [Umeda & Iiduka) (2025). Let
M € N and define T := Z%ZOK,”Em, where Enmax = SUDPpenSUDo<m<n Bm < +00, Kpax =

SUP psen SUPg<m< s Km < +00, So :=NN[0, KoEp), and Sy, := NN [ ;cn:_ol KB,y 1oy K;cEk> (m € [M]).

Consider the learning rate sequence {b;} defined by the exponential growth schedule with maximum
parameter A\p.x = A. By definition,

b5 {zr_owhm

where 6 > 1 and by > 0.

For each m, we have

S a Y < Y < Tl
teSm b tESm m{*-‘ €Sy~ 0 0 0
) Zk:o KBl b
t
where we used [Z:LO KkEk—‘ > 1 and |Sy,| < KnaxEmax-
Summing over m = 0,..., M, yields
M M
1 Kma.XEmaX 1 5KmaxElnax
> X T T s e (28)
m=0teS,, bt bo m=0 Y (6 o 1)b0

[Constant LR (4))]
For the constant learning rate Ay = A, it holds that

T-1 T-1
1 A 1 1
o N bt Timh
Using inequality (28)), we obtain

6KmaxEmax

< — =
VT S T

20
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[Diminishing LR (5)]

For the diminishing learning rate A\, = \/tA+71’ we have
T— - 1 -1
KA o S g ; YERURS v iy 1D
Since Zt 0 \/ﬁ 2(v/T + 1 — 1), it follows that
O K max Prmax
S G bW H I 1)
[Cosine LR (6)]

Suppose the learning rates satisty Amin < At < Amax. Then,
T-1
1 >\t max
Vr = 7= Z = Z
t=0 At 10 bt f 0 )‘t = b
Applying bounds on Zzﬂ:_ol At 2 ((Amin + Amax) K E)/2 under the cosine schedule yields

26)\maxl(maxE1max
(6 - 1)(>\min + Amax)bOT.

Vr <

[Polynomial LR (7)]
For polynomially decaying learning rates with parameter p > 0 and Apin < A\t < Apax, we similarly have

(p + 1)5)\mameaxEmax

Vr <
= (6 — 1)(p/\min + Amax)bOT’

This completes the proof. O

B.5 Proof of Corollary 3]

We follow the approach outlined in the proof of Theorem A.2 in|[Umeda & Iiduka|(2025)). Let M € N and de-
fine T := Zf\y/{:o Ky By where Epax = SUp ey SUPo<m<m Em < 400, Kmax = SUDpen SUP<m< v Km <
00, S = NN [0, KoEo), and Sy, := NN {221;01 Ky B, S0 KkEk) (m € [M)).

Proof. We have that

Z Z At = Z Z v Zk:o kB )\O 2 )\OKminEmin Z ’Ym
m=0teS,, m=0teS,, m=0
M 1 A KminEmin )\ KmlnEmln
= >\OI<1'nin-Emm,y > 0 2 2 0 2
v—1 v 02
and
o R ~ v [ZZL OK’“EJ A Ao xm "
Z s Z < KmaxEmax o
be bo 5m
m=0tES,, m=0teS,, m W =0
5 k=0 kE~k b()
M
A m A 1
S -Kvmaux-Emaxi0 (1) S KmaxEmaxioiA7
bg ) bg 1-— Yy

m=0
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where 4 = 7 < 1. Hence,

B 1 < 52
T — >
?:Ol /\t )\OKminEmin’yM
and
T-1
1 A KmaxEmax)\ 52
Vr > 3 < .

B 32_01 At t—0 bt KminEminbO<1 - /y)’yM .

B.6 Proof of Corollary [4]

Corollary [4is directly obtained by applying the results established in Corollaries [2]and [3] and thus the proof
is omitted.

C Additional Experiments

The code used for the experiments is publicly available at https://anonymous.4open.science/r/sgdm_
1r_bs_schedule-492B/

The details of the learning schedules (i)—(iv) used in the experiments are as follows.

(i) Figure [4] The batch size is constant at 128, and the learning rate follows one of the schedules: Constant
(4), Diminishing , Cosine @, Polynomial with p = 2, or Linear @ with p = 1.

(ii) Figure [5| The batch size doubles every 30 epochs, ranging from 22 to 2!2. The learning rate follows
the same schedules as in (i). However, when the batch size is small, the number of steps per epoch
becomes large, which causes the Polynomial and Linear schedules to decay rapidly in the initial
phase.

(iii) Figure |§| The batch size is the same as in (ii). The learning rate increases every 30 epochs by factors
of 1.080, 1.196, and 1.292, starting from 0.1 and reaching 0.2, 0.5, and 1.0, respectively. To satisfy
the condition in , we set § = 0.87 when nyax = 1.0.

(iv) Figure [7] The batch size is the same as in (ii). The learning rate increases every 3 epochs, from 0.1 up
to 30 epochs, using the same multiplicative factors as in (iii). After this initial increase, it follows
either the constant schedule ([15)) or the cosine schedule .

Figure 4: (i) Constant BS Figure 5: (ii) Increasing Figure 6: (iii) Increasing Figure 7: (iv) Increasing
+ decay LR BS + decay LR BS + increasing LR BS 4+ warm-up LR

C.1 Experimental Results for Normalized Stochastic Heavy Ball (NSHB)

We evaluate NSHB under the four schedule types illustrated in Figures[dH{7] The detailed per-schedule plots
are provided in Figures
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Figure 8: Results of NSHB under (i): constant batch size and decaying learning rate.
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Figure 9: Results of NSHB under (ii): increasing batch size and decaying learning rate.
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Figure 10: Results of NSHB under (iii): increasing batch size and increasing learning rate.
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Figure 11: Results of NSHB under (iv): increasing batch size and warm-up learning rate.
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C.2 Experimental Results for Stochastic Heavy Ball (SHB)

This section presents the experimental results of SHB under the four schedules (Figures Ié-_lHZD The SHB
experiments include two learning-rate settings, referred to as “high” and “low,” which correspond approxi-
mately to the nominal learning rate of NSHB and one-tenth of that rate, respectively.

The use of a smaller learning rate for SHB is motivated by the allowable learning rates for NSHB and SHB,
as specified in Theorem [T}

1 —¢p?
L(1-p)

from which it follows that SHB requires a smaller learning rate than NSHB.

me[o, ) (NSHB), ate{o,l_LcﬂQ) (SHB),

Training loss Test accuracy Gradient norm

Figure 12: Results of SHB under (i): constant batch size and decaying learning rate. Top row: learning rate
= high (same as NSHB); bottom row: learning rate = low (one-tenth of NSHB).
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Figure 13: Results of SHB under (ii): increasing batch size and decaying learning rate.
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Figure 14: Results of SHB under (iii): increasing batch size and increasing learning rate.
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Figure 15: Results of SHB with (iv): increasing batch size and warm-up learning rate.
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