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Abstract

The Gradient Descent-Ascent (GDA) algorithm,
designed to solve minimax optimization prob-
lems, takes the descent and ascent steps either
simultaneously (Sim-GDA) or alternately (Alt-
GDA). While Alt-GDA is commonly observed
to converge faster, the performance gap between
the two is not yet well understood theoretically,
especially in terms of global convergence rates.
To address this theory-practice gap, we present
fine-grained convergence analyses of both al-
gorithms for strongly-convex-strongly-concave
and Lipschitz-gradient objectives. Our new it-
eration complexity upper bound of Alt-GDA is
strictly smaller than the lower bound of Sim-GDA;
i.e., Alt-GDA is provably faster. Moreover, we
propose Alternating-Extrapolation GDA (Alex-
GDA), a general algorithmic framework that sub-
sumes Sim-GDA and Alt-GDA, for which the
main idea is to alternately take gradients from
extrapolations of the iterates. We show that
Alex-GDA satisfies a smaller iteration complex-
ity bound, identical to that of the Extra-gradient
method, while requiring less gradient computa-
tions. We also prove that Alex-GDA enjoys linear
convergence for bilinear problems, for which both
Sim-GDA and Alt-GDA fail to converge at all.

1. Introduction

The minimax problem aims to solve:

min ma; x . 1
welids yondy f(z,y) )

This has been popularized since the work by von Neumann
(1928) and is widely studied in mathematics, economics,
computer science, and machine learning. Particularly, in

modern machine learning, there are many important settings
which fall within problem (1), including but not limited to
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Figure 1. (Top) Comparing the convergence speeds of algorithms:
Sim-GDA, Alt-GDA, EG, and Alex-GDA. (Bottom) Tra-
jectory of the algorithms. (Partial visualization. Originally, the
trajectory is 6-dimensional since d; = dy = 3).

generative adversarial networks (GANs) (Arjovsky et al.,
2017; Goodfellow et al., 2020; Heusel et al., 2017), adver-
sarial training and robust optimization (Latorre et al., 2023;
Madry et al., 2018; Sinha et al., 2018; Yu et al., 2022), rein-
forcement learning (Li et al., 2019), and area-under-curve
(AUC) maximization (Liu et al., 2020; Ying et al., 2016;
Yuan et al., 2021).

The simplest baseline algorithm for solving minimax prob-
lems is gradient descent-ascent (GDA) (Dem’yanov &
Pevnyi, 1972), which naturally generalizes the idea of gradi-
ent descent for minimization problems. The GDA algorithm
updates x in the direction of decreasing the objective func-
tion f while updating y in the direction of increasing f,
either simultaneously (Sim-GDA) or alternately (Alt-GDA).
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Unfortunately, it is not easy for both algorithms to converge
to an optimal point even in a convex-concave minimax prob-
lem: in an unconstrained bilinear problem min, max, zy,
for example, Sim-GDA diverges all the way out while Alt-
GDA generates bounded but non-convergent iterates (Bailey
et al., 2020; Gidel et al., 2019a;b; Zhang et al., 2022).

To tackle the issues of vanilla GDA(s), numerous algo-
rithms have been introduced and analyzed for smooth mini-
max problems, including Extra-gradient (EG) (Korpelevich,
1976), Optimistic Gradient Descent (OGD) (Popov, 1980),
negative momentum (Gidel et al., 2019b), and many more
(Lee & Kim, 2021; Park & Ryu, 2022; Yoon & Ryu, 2021;
2022). Although these algorithms enjoy accelerated con-
vergence rates compared to vanilla GDA, the majority of
these works focus on simultaneous updates of o and y,
mainly because of the simplicity of analysis. However, in
minimax problems applied in practical machine learning,
it is more natural for the training procedure to work in an
alternating sense. In training GANS, for instance, the dis-
criminator should update its weight based on the outcome of
the generator, and vice versa. Moreover, there exist substan-
tial amounts of empirical evidence of Alt-GDA exhibiting
faster convergence (Goodfellow et al., 2020; Mescheder
et al., 2017), as we demonstrate in Figure 1. In contrast, we
still lack a theoretical understanding of why and how much
Alt-GDA is faster, especially compared to Sim-GDA. To
fill this gap between theory and practice, it is a timely and
important subject to study which one is a winner between
simultaneous and alternating updates.

An existing work by Zhang et al. (2022) proposes a theoreti-
cal explanation involving local convergence guarantees for
p-strongly-convex-strongly-concave (SCSC), L-Lipschitz
gradient functions. Their results constructively explain that
Alt-GDA (of iteration complexity O(k)) has a faster con-
vergence rate than Sim-GDA (O(k?)), where k = L/ is
the condition number of the problem. However, their results
are confined to guaranteeing local convergence rates, which
is only valid after enough iterations.

Overall, this raises the following question:

For minimax problems (1), are alternating updates
strictly better than simultaneous updates, 2)

even in terms of global convergence?

1.1. Summary of Contributions

Our contributions are largely twofold. First, we eliminate
the limitations of prior work by providing global conver-
gence guarantees that elucidate the fundamental strength of
Alt-GDA over Sim-GDA. Second, we propose a novel algo-
rithm called Alternating-Extrapolation GDA (Alex-GDA)
that achieves an identical rate to the Extra-gradient (EG)
method with the same number of gradient computations per
iteration as Sim-GDA and Alt-GDA.

For the following results, we assume (fiz, ft,)-strongly-
convex-strongly-concave (SCSC), (L, Ly, Lg,)-Lipschitz
gradient objectives with condition numbers k; = L/,
ty = Ly/ iy, and kgy = Loy /\/Hizfly.' In particular, we
study the upper and lower bounds on the rates of the iteration
complexity K required to achieve ||zx — z,[|? < e.

* In Section 3, we prove that Sim-GDA satisfies an iter-
ation complexity rate of

C] ((,‘iw + Ky + Kliy) . log(l/e))

by showing tightly matching upper and lower bounds.
Our fine-grained convergence rate highlights the fact
that the term niy is the main cause of slow conver-
gence, which previously known results do not capture.

* In Section 4, we prove that Alt-GDA satisfies an itera-
tion complexity rate upper bound of

O ((Ka + Fy + Fay(Viz + /Ry)) - log(1/€)) ,

which, compared to the results in Section 3, concludes
that Alt-GDA is provably faster than Sim-GDA.

¢ In Section 5, we propose a new algorithm, Alternating-
Extrapolation GDA (Alex-GDA), and prove a smaller
iteration complexity rate of

O (Ko + iy + Kay) - log(1/€))

by showing tightly matching upper and lower bounds.
We also show that EG—which requires twice the num-
ber of gradient computations per iteration—yields the
same rate by showing an identical lower bound.

Next, we turn to bilinear objectives f(x,y) = = By, for
which both Sim-GDA and Alt-GDA fail to converge.

* In Section 6, we show that Alex-GDA enjoys linear
convergence with an iteration complexity rate upper
bound of

O ((Lay/tay)” -To(1/))

where fi5y, Ly, are the smallest, largest nonzero sin-
gular values of the coupling matrix B, respectively.

Long story short, our results altogether answer the ground-
setting question (2) in the positive. For the optimization
community—we believe that our fundamental comparison
between simultaneous and alternating updates could provide
fruitful insights for future investigations to unveil new rate-
optimal algorithms by exploiting alternating updates.

"For the definitions of SCSC and Lipschitz-gradient functions,
please refer to Definitions 2.2 and 2.3. For the definition of condi-
tion numbers k., Ky, and K.y, please refer to Definition 2.4.
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2. Preliminaries

Notation. We study unconstrained minimax problems with
objective function f : R% x R% — R, where € R%
and y € R% are the variables. In some cases we use
z = (x,y) € R% x R% for notational simplicity. We
denote by || - || the Euclidean ¢3-norm for vectors and the
spectral norm (i.e., maximum singular value) for matrices.
We denote by (-, -} the usual inner product between vectors
in Euclidean space of the same dimension. The spectral
radius (i.e., maximum absolute eigenvalue) of a matrix M
is denoted by p(M). The letters O, €, w, and © are for the
conventional asymptotic notations, while the tilde notation
(e.g., O and Q) hides polylogarithmic factors.

2.1. Function Class
We first introduce the definitions we need in order to char-
acterize the function class we will mainly focus on.

Definition 2.1 (Strong convexity/concavity). For a given
constant 1 > 0, we say that a differentiable function f :
R? — R is p-strongly convex if

F(2) 2 f(z) + (VH(2),2 = 2) + £l = 21

for all z,z" € R?, and p-strongly concave if —f(2) is u-
strongly convex. If the above inequality holds for f (or —f)
and p = 0, then we say that f is convex (or concave).

Definition 2.2 (Strong-convex-strong-concavity). For given
constants (., 1, > 0, we say that a differentiable function
f i R% x R¥% — Ris (g, Iy )-Strong-convex-strong-
concave (Or (fig, fty)-SCSC) if

* f(-,y) is pz-strongly convex for all y € R,
s f(z,-) is uy-strongly concave for all z € R,

If p1, = py = 0, we say that f is convex-concave.

Definition 2.3 (Lipschitz gradients). For given constants
Ly, L, > 0and L,, > 0, we say that a differentiable
function f : R% x R% — R has (L, Ly, Ly, )-Lipschitz
gradients if

IVaf(x',y) = Vo f(x,y)|| < Lo|la’ — |,
forall ¢, 2’ € R% and y € R%,

IVyf(@,y') = Vyf(@y)l < Lylly" -yl
for all y,y’ € R% and & € R%, and

||me($, y/) - vacf(way)” S Lway/ - yH’
IVyf(a',y) = Vyf(@,y)ll < Lay|l@’ — |

forall ¢, 2’ € R% and y,y’ € R%.

For SCSC and Lipschitz-gradient objective functions, the
convergence rates of algorithms usually depend on the ratio
between the parameters fi., ty and L, Ly, Ly, which we
often refer to as the condition number.

Definition 2.4 (Condition numbers). For given constants
0 < pg < Lz, 0 < py < Ly, and Ly, > 0, we define
the condition numbers as kg, == Ly /g, Ky = Ly /1y, and

Ray = ny/\/ﬂx.uy-

The definitions of k. and k,, are completely analogous to the
definition widely used in convex optimization literature, and
we have Kz, Ky > 1since piz < Ly, p1y < Lyy. The number
Kgy = 0 additionally takes into account how the coupling
between the two variables can affect the convergence speed.

Definition 2.5 (Function class). For 0 < p, < L., 0 <
ty < Ly, and Ly, > 0, we define F(ptq, fby, Ly, Ly, Lyy)
as the function class containing all f : R% x R% — R that
are (i) twice-differentiable, (ii) (g, tty)-SCSC, and (iii) has
(Lg, Ly, Lyy)-Lipschitz gradients.

Considering the minimax problem as in (1), the optimal
solution is often characterized as in Definition 2.6.

Definition 2.6. A Nash equilibrium of a function f : R% x
R% — R is defined as a point (z,y,) € R% x R% which
satisfies for all z € R% and y € R%:

f(@s,y) < flze,yx) < f(7,90).

It is well known that if f € F (s, tby, La, Ly, Lgy), then
the Nash equilibrium (2, y.) of f uniquely exists (see
Zhang et al. (2022)).

2.2. Algorithms

We focus on GDA algorithms with constant step sizes
a, 8 > 0. In Sections 3 and 4, we provide convergence anal-
yses for Sim-GDA and Alt-GDA, shown in Algorithm 1.
In Sections 5 and 6, we construct a new algorithm called
Alternating-Extrapolation GDA (Alex-GDA), shown in Al-
gorithm 2, which we formally define later.

Algorithm 1 Sim-GDA and Alt-GDA
Input: Number of epochs K, step sizes o, 8 > 0
Initialize: (¢, yo) € R% x R
fork=0,...,K —1do

Tht1 = T — Vg f(Tk, Yr)
if Sim-GDA then
Ye+1 = Yk + BVy f(Tr, Yr)
else if Alt-GDA then
Yur1 = Yk + BVyf(Tri1, yr)
end if
end for
Output: (xx,yx) € R x R
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2.3. Lyapunov Function

Originally designed for stability analysis of dynamical sys-
tems (Kalman & Bertram, 1960), the Lyapunov function
defined as in Definition 2.7 (sometimes referred to as the
potential function) is widely used as a strategy to obtain
convergence guarantees in optimization studies (Bansal &
Gupta, 2019; Taylor et al., 2018).

Definition 2.7 (Lyapunov function). Suppose that we have
a function f with optimal point z,, an initialization point
zo, and an algorithm that outputs zj at the k-th iterate.
A Lyapunov function is defined as a continuous function
U : R? — R such that:

e U(z) > 0and ¥(z) = 0if and only if z = z,,
* U(z) — o0 as ||z]| = oo,

hd \I/(Zk+1) < \Il(zk) for all k£ > 0.

For an algorithm that outputs {zx}r>0 and a Lyapunov
function ¥, we define the sequence {U}i>o as ¥y :=
U(zy), which we will refer to as, with a bit of an abuse of
notation, just the Lyapunov function throughout the paper.

Definition 2.8. We say that a Lyapunov function {Uy, } x>0
is valid if it satisfies W), > Al|z), — 2,||? for all k£ and for
some constant A > 0.

If we find a valid Lyapunov function with contraction factor
r € (0,1)— that is, for all k > 0, we have U1 < 7y,

then we can deduce that
1 Wy
K = . log 2
01 s 5t ®

iterations are sufficient to ensure ||zx — 2, ||? < . We refer
to K as the iteration complexity, and the rate in the right-
hand side of (3) as the iteration complexity upper bound.

3. Convergence Analysis of Sim-GDA

Given an objective function f € F(uy, pty, Ly, Ly, Lay),
for which the Nash equilibrium is unique, we define the
scaled distance to the Nash equilibrium V (z, y) as

1 1
Viz,y) = —[le -z + Blly — .

For Sim-GDA, we focus on the convergence rate in terms of
the Lyapunov function W™ = V (x, yi). Note that U™
is always nonnegative, and is valid since we have AS™||z;, —

z||? < UM for ASm = min{é,%}. This potential
function is a popular choice in minimax optimization or
variance reduction problems with step sizes of different

scales (Palaniappan & Bach, 2016).

3.1. Convergence Upper Bound

Theorem 3.1 yields a contraction result for Sim-GDA.

Theorem 3.1. Suppose that f € F(pz, ty, Lz, Ly, Lay).
Then, there exists a pair of step sizes «, 3 with

1
Tz = =0| ———5 ’
af ﬁﬂy (K$+Ky+ﬁgy>

such that Sim-GDA satisfies \Ilzljfl < r\Ilzim with

2

2
(Iixy + \/maX{lﬂx,fiy} + K2, ) -1

2
(szy + \/max{/imny} + K2, ) +1

T =

“

While we defer the proof of Theorem 3.1 to Appendix B.1,
by (3) we can restate the convergence rate upper bound in
terms of the iteration complexity as follows.

Corollary 3.2. For the step sizes given as in Theorem 3.1,
Sim-GDA linearly converges with iteration complexity

O ((K/m + Ry + K’m’y) . log M) s

where AS™ = min {l, l}.
a’ B

We defer the proof of Corollary 3.2 to Appendix B.2.

Comparison with Previous Work. The previously known
iteration complexity upper bound of Sim-GDA was O(x?)
(Mescheder et al., 2017; Azizian et al., 2020; Zhang et al.,
2022), where the condition number is defined as k =
% However, using a single condition number
might oversﬁmplify the problem and lead to loose results; for
instance, if the condition numbers follow £, k, = O(t?)
and k4, = O(t) for some ¢, then previous results can only
guarantee up to @(t4), while Corollary 3.2 suggests a bet-
ter rate of @(tz). This shows that separating the condition
numbers helps capture how k., or the interaction between
x and y, affects convergence speed.

Meanwhile, a recent work by Zamani et al. (2022) pro-
poses an iteration complexity upper bound for Sim-GDA
of O(F + K2,) for & = %, but the proof heavily
relies on a computer-assisted method known as the Perfor-
mance Estimation Problem (PEP) (Drori & Teboulle, 2014).
Our fine-grained analysis subsumes all of these previous
results, and—to the best of our knowledge—is the first to
clarify the exact convergence rate of Sim-GDA in terms of
individual condition numbers x, Ky, and Kzy.

3.2. Convergence Lower Bound

Theorem 3.3 provides a convergence lower bound of the iter-
ation complexity of Sim-GDA which holds for all possible
step sizes «, 8 > 0.
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Theorem 3.3. There exists a 6-dimensional function f €
F(pa, oy, Ly, Ly, Lyy) with dy = dyy = 3 such that for any
constant step sizes «, B > 0, the convergence of Sim-GDA
requires an iteration complexity of rate at least

1
Q ((/{m + ky + K2,) - log e)

in order to have ||z — z.||* < e

The iteration complexity lower bound in Theorem 3.3 ex-
actly matches the upper bound in Corollary 3.2, ensuring
that our analysis on Sim-GDA is tight (ignoring log factors).
We defer the proof of Theorem 3.3 to Appendix B.3.
Remark. Unlike typical lower bounds for which the initial-
ization is specifically chosen along with the function, our
results in Theorem 3.3 works for any initialization, while
the dependency on initialization is hidden in the numerator
in the log(1/€) part similarly as in the upper bound results.
All we need is an initialization point with O(1) distance
from the optimum, and the same applies to the lower bound
results we present in Theorem 5.3.

4. Convergence Analysis of Alt-GDA

For Alt-GDA, the half-step iterates alternating between x
and y updates make theoretical analysis much harder than
when dealing with simultaneous updates. We address this by
focusing on the convergence rate in terms of the following
Lyapunov function (instead of just V(xx, yx)):

Ut = VA (@, yi) + VA (@kr1, yn)
—a(l — aLy)|| Ve f (@, yr) |,

where VAl (z, y) is defined as

1 2 1 2
(2 ne) b=l (5 ) by = el

Note that we capture the two-step-alternating nature of the
algorithm by considering two adjacent iterates at a time,
which turns out to be the key idea in the proofs.

4.1. Convergence Upper Bound

Theorem 4.1 yields a contraction result for Alt-GDA.

Theorem 4.1. Suppose that f € F(piz, fly, Lz, Ly, Lyy)
and we run Alt-GDA with step sizes «, 8 > 0 that satisfy

1 iy
‘mind — VP L
L, LyyvLg
I B S/
-ming —, ——— ;.

\
N~ N

Then \Iﬂlzlt is valid, and satisfies \Il;ght_l < T’\I"zlt with

1
é_,ux 3~ Hy i

— M
r = max , ,
{ 19por,12,) 102,12, L } ’

where we have 0 < r < 1.

While we defer the proof of Theorem 4.1 to Appendix C.1,
by (3) we can restate the convergence rate upper bound in
terms of the iteration complexity as follows.

Corollary 4.2. For step sizes given by the maximum possi-
ble values in Theorem 4.1, Alt-GDA linearly converges with
iteration complexity

\I/Alt
0] ((Klm + iy + Kay (Ve + V/Fy)) - log A/Slte) ’

where AA' = min {% — g, 2 (% - uy)} > 0.

We defer the proof of Corollary 4.2 to Appendix C.2.

Recall that for Sim-GDA we have an upper bound of
0O (mx + Ky + niy) and a lower bound which shows that
this rate cannot be improved. Comparing this with Corol-
lary 4.2, we can conclude that the convergence rate of Alt-
GDA is faster than Sim-GDA.

Comparison with Sim-GDA. Our fine-grained analysis
clarifies how the dependence of the convergence speed of
Sim-GDA and Alt-GDA on x,,, corresponding to the in-
teraction between x and vy, are different from each other.
If ey = O(\/Rz + /Ry), then the diagonal blocks of
the Hessian dominate, for which both Sim-GDA and Alt-
GDA exhibit similar convergence dynamics to plain GD. If
Kay = W(y/Kz + /Ry), i.e., the off-diagonal block domi-
nates, then the relatively large interaction between x and y
slows down convergence. Our results show that Alt-GDA
is capable of faster convergence essentially because its de-
pendency on k., is of smaller order.

Comparison with Local Analysis. Zhang et al. (2022)
show that the local convergence rates of Sim-GDA and
Alt-GDA are O(r?) and O(r), respectively, where £ =
% Such kinds of local convergence rates
of operafér;, including GDA iterates, rely on (the spectral
radius of) the Jacobian matrix of the operator at the opti-
mum (Bertsekas, 1999) and require that the iterates are in a
small neighborhood around the optimum, or—for gradient
methods—that the objective function is quadratic, so that
the Jacobian is constant and the same spectral arguments
hold everywhere in the domain. In contrast, Corollaries 3.2
and 4.2 both show global convergence rates for all initial-
ization and SCSC objectives without such assumptions.
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While we can see that Corollary 3.2 naturally subsumes
the local convergence rate (7)(/12), it turns out that Corol-
lary 4.2 is analogous to O(k3/2), which is has a gap of
#1/2 with the local convergence rate of O (k) by Zhang et al.
(2022). Viewing the local convergence result as a global
convergence bound for the smaller class of quadratic SCSC
functions, we believe that there may exist a non-quadratic
function for which Alt-GDA requires an iteration complex-
ity of @(k), which we discuss in detail in Conjecture 8.1.

5. Alternating-Extrapolation GDA

A natural way of unifying the baseline algorithms Sim-GDA
and Alt-GDA is to think of taking a linear combination
between the two. That is, we can write:

Tpy1 = Ty — Vo f(xr, Yi),
Tpr1 = (1 —y)zp + YThiy1, (5)
Y1 = Yk + BVy f(Zri1,Yk)-

Note that this formulation provides an interpolation between
Sim-GDA (v = 0) and Alt-GDA (v = 1). In the previous
sections, we demonstrated a provable gap in the iteration
complexity between the two endpoints v = 0 and 1; this
motivates us to consider an extrapolation to v > 1 and see
if we can achieve a further speed-up.

However, if we extrapolate the x side alone, the update
equations for  and y will no longer be of the same form.
By symmetrizing the = and y sides, we now obtain the
following general framework:

i1 = Tk — aVa f(Tk, i),
Zpr1 = (1 —v)Tk + 7Tht1,
Y1 = Yr + BVy f(Zri1, Yr),
Yrt1 = (1 = 0)yp + dYr1,

where &1 and gy are the points where we compute the
gradients, and v, > 0 are hyperparameters. Notice that
choosing (v, d) = (0, 1) recovers Sim-GDA and (v, §) =
(1,1) corresponds to Alt-GDA.

We can rewrite our updates in terms of gradient updates (Al-
gorithm 2). We name our algorithm framework Alternating-
Extrapolation GDA (Alex-GDA), after the fact that our
analysis mainly focuses on the case v, > 1 in which we
compute gradients using extrapolated iterates, and we make
alternating updates between x and y.

Initialization. Some careful readers might notice that the
first step of Alex-GDA is a bit different from the rest of
the iterations; for £k = 0 we set yg = yo, whereas we use
Y = Y+ (0—1)BVy f(Zk, yr—1) for all subsequent steps
(k > 1). This requires a bit more careful analysis, just as in

Algorithm 2 Alternating-Extrapolation GDA (Alex-GDA)
Input: Number of epochs K, step sizes o, § > 0,
hyperparameters v, > 0
Initialize: (z¢,vyo) € R% x R% and gy = yo € R%
fork=0,...,K —1do

Tpp1 = xp — Ve f(Tr, Ur)
Zpt1 = Tp — YV f(Tk, Ur)
Yet1 =Yk + BVy f(Tri1,Yr)
U1 = Y + 0BV y f(Tr1 1, Yr)
end for
Output: (xx,yx) € R x R

how we define the Lyapunov function for Alex-GDA:
U = V(g yr) + V(Tri1, yr)
= a|| Ve f(@e, gn)lI* + (6 = 1)BI Ve f @k, yr-1)|*

-6 -1 Y
(v 1)( )ap Ly, By IV f (@1, Gr—1)|?

for k > 1, and
U =V (20, y0) + V(@1,90) — |V f (@0, 90)||*

— o —
Tl gy Lo IS P

for k = 0.

+

5.1. Convergence Upper Bound

Theorem 5.1 yields a contraction result for Alex-GDA.

Theorem 5.1. Suppose that f € F (g, fty; Lz, Ly, Lay)
and we run Alex-GDA withy,§ > 1 and step sizes o, 3 > 0

that satisfy
o S C - min L, v 7 "Llly ,
1 v/
ﬁSC-min{, ,U:c}
Ly Lay/Ity

for some constant C' > 0 (which only depends on ~y and §).
Then \I/’,zle" is valid, and satisfies \Ilﬁlf’i < T\IIQIC" with

r=max{l — apgy, 1 — Buy}.

While we defer the proof of Theorem 5.1 to Appendix D.1,
by (3) we can restate the convergence rate upper bound in
terms of the iteration complexity as follows.

Corollary 5.2. For step sizes given by the maximum pos-
sible values in Theorem 5.1, Alex-GDA linearly converges
with iteration complexity

\I/élex
o ((“x + Ky + Kay) - l0g AAlexE) ’

where AN = min {i, %} > 0.
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While we defer the proof of Corollary 5.2 to Appendix D.2,
we can observe that Corollary 5.2 provides a stronger itera-
tion complexity upper bound than Corollary 4.2.

5.2. Convergence Lower Bound

Theorem 5.3 provides a convergence lower bound of the iter-
ation complexity of Alex-GDA which holds for all possible
step sizes «, 5 > 0.

Theorem 5.3. There exists a 6-dimensional function f €
F(po, oy, Ly, Ly, Lyy) with dy = dyy = 3 such that for any
constant step sizes «, 3 > 0, the convergence of Alex-GDA
with 7,9 > 1 requires an iteration complexity of

1
Q <(/~@x + Ky + Kgy) - log 6)

in order to have ||z — z,||* < e

The iteration complexity rate in Theorem 5.3 exactly
matches the upper bound in Corollary 5.2, which ensures
that our analysis on Alex-GDA is tight (ignoring log factors).
We defer the proof of Theorem 5.3 to Appendix D.3.

5.3. Comparison with EG
Here we compare Alex-GDA to the Extra-gradient (EG)

method (Korpelevich, 1976), an algorithm based on simul-
taneous updates of the form:

"'vk‘-"-% =T — avw (mkvyk)a

Yrrt =Yk T BVy f(

(

Tpr1 =T —aVaf

exploration steps
Tk, Yk ) )

wk+%7yk+%)7
update steps
Yk+1 = Yr + vaf(wk-i-%ayk-i-%)'

It is known by Mokhtari et al. (2019) that EG converges with
iteration complexity O(k), where r = %L’ML}“}
While EG is famous for its simplicity and fast convé’rglénce,
we can show that EG must satisfy the same lower bound

with Alex-GDA via the following proposition.

Proposition 5.4. There exists a 6-dimensional function f €
F(pog, toys Ly, Ly, Lyyy) with d, = dy, = 3 such that for
any constant step sizes o, 3 > 0, the convergence of EG
requires an iteration complexity of rate at least

1
Q ((nm + Ky + Kgy) - log e)

in order to have ||z — z,||* < e

We defer the proof of Proposition 5.4 to Appendix D.4.

By comparing Proposition 5.4 with the upper (and lower)
bound for Alex-GDA, it is clear that EG cannot be strictly
faster than Alex-GDA in terms of iteration complexity rates.

Moreover, Alex-GDA requires only two gradient values
(one for x, y each) per a single iteration, while EG needs to
perform exactly twice the amount of computations (two for
x, y each). Nevertheless, Alex-GDA is provably as fast as
EG, and in fact, it showcases faster empirical convergence
compared to EG as shown in Figure 1.

In Appendix A, we also compare Alex-GDA with another
well-known baseline algorithm, Optimistic Gradient De-
scent (OGD) (Popov, 1980).

6. Alex-GDA Converges on Bilinear Problems

One drawback shared by Sim-GDA and Alt-GDA is that
both algorithms fail to converge for simple unconstrained bi-
linear problems of the form min, max,, f(z,y) = ' By
(Gidel et al., 2019b), an important special case of a convex-
concave but non-SCSC problem with Lipschitz gradients.

Surprisingly, we show that Alex-GDA, on the other hand,
does converge on bilinear problems. In order to present
the result, we define y,, as the smallest nonzero singular
value of B. Note that it is natural to assume the existence of
nonzero singular values—if not, then B = 0, and the objec-
tive is constantly zero. Analogously to previous definitions,
we choose L, as the largest singular value of B.

We first characterize the exact condition for convergent step
sizes of Alex-GDA on bilinear problems. Interestingly, it
allows a larger range of parameters -y and §: we no longer
require v > 1 and § > 1 here.

Theorem 6.1. With a proper choice of step sizes « and [,
Alex-GDA linearly converges to a Nash equilibrium of a
bilinear problem if and only if v + 6 > 2. In this case, the
exact conditions for convergent step sizes o and [3 are:

4
{0‘5< @ D5 Iz,

+6-2
< oG-I,

if 490 —3(y+6)+2 > 0,
if 490 —3(y+0)+2 < 0.

We defer the proof of Theorem 6.1 to Appendix E.1.

Furthermore, if we properly choose the step size, we can
obtain the iteration complexity of Alex-GDA on bilinear
problems.

Theorem 6.2. For general v > 1 and § > 1 such that

v+ 6 > 2, If we choose the step sizes o and [ so that

aff = ﬁ where Cy s > 0 is a constant that only
v, ey

depends on 7y and §, an iteration complexity upper bound of
Alex-GDA is

Cys Lay )\’ [[woll”
o —=° . y) -1 < ,
<7+6_2 (Mxy % €

where ||wo ||* = |lzo—. | *+2[lyo—y. || and 2. = (., y.)

is a uniquely determined Nash equilibrium if zg is given.
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If § = 1, the optimal rate exponent of Alex-GDA is

L%y - M?:y
;
Ly +uzy

1- ||Zk; _Z*”
1im =
k—o0 sz—l — Z*H

where the optimal choice of parameters are

2 2 2
L2, + 2, 12,

af

While we defer the proof of Theorem 6.2 to Appendix E.2,
we remark that the convergence speed depends on a new
type of condition number, namely L, /5, > 1, which is
distinct from our definition of .

6.1. Comparison with EG

A work by Zhang & Yu (2020) analyzes optimal conver-
gence rates of EG and several other minimax optimization
algorithms on bilinear problems. They prove that the opti-

. L% — L2,
mal rate exponent of EG is -5~ Py

o which boils down to
Zytuz,

the iteration complexity O ((Lmy / sz)2)§ it matches the
iteration complexity of Alex-GDA up to constant factor.

It seems that the optimal rate exponent of EG is quadrati-
cally better than that of Alex-GDA with § = 1. However,
since EG takes twice more gradient computation per iter-
ation than Alex-GDA, the optimal gradient computation
complexity of EG and Alex-GDA with § = 1 are exactly
identical. Still, there is room for further improvement in the
convergence rate of Alex-GDA by choosing § other than 1,
but we leave it as a future work.

We also compare Alex-GDA with OGD in Appendix A.

7. Experiments

The details of the experiments are illustrated in Appendix G.

7.1. SCSC Quadratic Games

An SCSC quadratic game is a minimax problem:

ma}n m&x %wTAw +a' By — %yTCy,

where A and C are positive definite matrices.

(1) Small-scale. We conducted experiments on a (3 + 3)-
dimensional SCSC quadratic game to visually compare the
convergence speed of the algorithms in Figure 1. We choose
appropriate step sizes for each algorithm by applying grid
search, regarding the number of gradient computations to ar-
rive at an e-distant point from the Nash equilibrium, among
convergent step sizes. As shown in the figure and already ob-
served in Zhang et al. (2022), Alt-GDA beats Sim-GDA in

terms of the convergence rate. We additionally observe that
the gradient complexity of Alt-GDA seems comparable to
that of EG and OGD.2 Furthermore, with moderately tuned
parameters -y and ¢, our Alex-GDA achieves a convergence
rate that is even faster than EG and OGD.

(2) Higher Dimension, Extensive Comparisons. We
run further experiments on (100 4 100)-dimensional SCSC
quadratic games to extensively compare GDA, EG, OGD,
and Alex-GDA. We test both simultaneous/alternating ver-
sions and (either positive or negative) momentum variants.
In particular, we investigate five different configurations of
problem parameters (g = fby, flay, Lo = Ly, Lgy), Where
lzy 18 the smallest singular value of the matrix B. The
results are shown in Table 1. We observe Alt-GDA is much
faster than Sim-GDA and even faster than Sim-GDA with
momentum. Among algorithms without momentum, Alex-
GDA exhibits the best gradient complexity. If we include
algorithms with momentum, a variant of Alex-GDA (Al-
gorithm 3 in Appendix G.2) achieves the best performance
among all compared algorithms, while the alternating &
momentum variant of OGD showcases the second-best
performance for most of problem parameters. Lastly, we
verify our theoretical findings by observing an increasing
trend of gradient complexity in terms of condition num-
bers L/p(= Kz = #y) and Ly /\/izfly(= Kzy), but not
in terms of Ly, /iy, (introduced for analysis of bilinear
problems).

7.2. Generative Adversarial Networks

To examine the efficacy of Alex-GDA, we train WGAN-GP
(Arjovsky et al., 2017; Gulrajani et al., 2017) for the im-
age generation task, mostly following the implementation
details in Heusel et al. (2017). We examine the natural com-
binations of Adam (Kingma & Ba, 2015) and (stochastic
variants of) Sim-/Alt-/Alex-GDA, which we call Sim-/Alt-
/Alex-Adam, respectively. We highlight that Alex-GDA
can be easily implemented on top of any existing base opti-
mizers including Adam because all we need to implement
additionally is a couple of extrapolation steps; we provide
a brief PyTorch (Paszke et al., 2019) implementation of
Alex-Adam for GANSs in Listing 1 of Appendix G.3. We
moderately tune the step sizes and the values of v and J. As
a result, we use (v, 0) = (1,4) for MNIST (Deng, 2012),
(7,6) = (1,1.2) for CIFAR-10 (Krizhevsky et al., 2009),
and (v,0) = (1,2) for LSUN Bedroom 64 x 64 dataset
(Yu et al., 2015). The result is shown in Table 2, where
we report Fréchet inception distance (FID) scores (Heusel
et al., 2017). To the best of our knowledge, we achieve

*In all experiments, we allow EG with different step sizes used
at the exploration and update steps, which is of a more general
formulation than the description in Section 5.3. We also use a more
general formulation of OGD than that explained in Appendix A.
See Appendix G.1.
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Table 1. (100+100)-dimensional SCSC quadratic games. We report the number of gradient computations, averaged over 30 runs. Every
algorithm was run until the squared distance from the optimum reached <e. We set p1z = py = i, Ly = L, = L. Note that Sim means
Sim-GDA and Alt means Alt-GDA. Also, +M means momentum (positive or negative), while +A means alternating updates. For each
row, we mark the first, second, and third places as *, {, and I, respectively.

(0.1,0.1,1,1,10 ©) 19742 4210 1059 789 | 1338 1156 1399 1020 | 1328 1053 900 67.67 | 62.71 447"
(0.1,0.05,1,2,10™%) 78650 839.8  149.1 1056 | 2532 210.6 2789 1869 | 2151 1773 1161 936" | 100.6F 69.1%
(0.01,0.001,1,0.5,10™%) | 42762.1 38243 3949 1820 |291.1 2259 3807 2284 |281.1 176.1 1823 12771 | 133.1% 58.3*
(0.01,0.01,1,1,10"%) | 1042205 8539.4 567.6 1572 | 308.8 2239 2999 1757 | 2805 1849 2005 117.3" | 138.8F 732"
(0.01,0.05,1,2,10"%) | 416822.5 167194 7774 1490 | 347.5 2539 363.6 2310 | 337.6 2133 162.0 108.6' | 1354% 83.9*

Table 2. WGAN-GP. We report the mean (and standard deviation)
of FID scores (the lower the better).

MNIST CIFAR-10 LSUN Bedroom
Sim-Adam | 3.97 (1.3) 45.0(1.2) 131.2 (8.4)
Alt-Adam | 1.85(0.3) 24.2(1.7) 9.0(1.2)
Alex-Adam | 1.53(0.3) 23.8(1.5) 6.3 (0.6)

state-of-the-art image generation performance in terms of
FID scores for MNIST and LSUN Bedroom 64 x 64 datasets
with Alex-Adam.

The experiments in Tables 1 and 2 can be reproduced with
our code available at GitHub.?

8. Conclusion

We present global convergence rates of Sim-GDA and Alt-
GDA on SCSC, Lipschitz-gradient objectives in terms of
the condition numbers &, Ky, and k. For Sim-GDA we
prove an iteration complexity of O (k, + ,, + K3,), while
for Alt-GDA we obtain a smaller iteration complexity of
O(kiz + Ky + Ky (VFz + V/Fy)). Comparing the results,
we show that Alt-GDA is provably faster than Sim-GDA in
terms of global convergence.

Moreover, we propose a novel algorithm called Alex-GDA,
inspired by an extension of Sim-GDA and Alt-GDA via
linear extrapolation. Alex-GDA shows a faster iteration
complexity of O (ki + ky + iy ), matching the convergence
rate of EG with less gradient computations per iteration. We
also show that Alex-GDA converges linearly for bilinear
problems, for which Sim-GDA and Alt-GDA diverge.

We believe that our results, altogether, are valuable demon-
strations of the benefit of alternating updates in GDA al-
gorithms for minimax optimization.

Future Work. As an effort to check if it is possible to
obtain O(x) convergence of Alt-GDA, we have tried using
a computer-assisted method called the performance estima-
tion problem (PEP) (Drori & Teboulle, 2014), a powerful
tool originally designed to infer tight worst-case complexi-

3github .com/HanseulJo/Alex—GDA

ties of convex optimization algorithms. Based on the work
by Das Gupta et al. (2023), we devised a PEP-based tool
that automatically finds the worst-case convergence rate of
an algorithm by optimizing the function, step size, and per-
formance measure altogether. While it is known by Ryu
et al. (2020) that the extension of such methods to minimax
optimization can only yield a possibly loose upper bound,
the estimate we obtained for Alt-GDA was approximately
O(k'*). Moreover, the estimated rate for Sim-GDA was
O(k199), which is very close to our theoretical results. You
may refer to Appendix H for more details.

Based on these observations and the discussions about The-
orem 4.1 at the end of Section 4, we leave the following
conjecture on the convergence lower bound of Alt-GDA.

Conjecture 8.1. There exists a non-quadratic function f €
F ez, ty, Ly, Ly, Lyy) such that for any constant step sizes
a, B> 0, the convergence of Alt-GDA requires an iteration
complexity of

1
© ((I—@m + Ky + Koy (ko + Ky)") - log 6)

Sorp € (0, %)

Also, on top of our findings on bilinear functions in Sec-
tion 6, we also leave the following conjecture on Alex-GDA
on general convex-concave objectives for future work.

Conjecture 8.2. Suppose that the objective function f is
convex-concave and has (L, Ly, L, )-Lipschitz gradients.
Then, we conjecture that Alex-GDA exhibits last-iterate
convergence to a Nash equilibrium of f.

Acknowledgements

This work was supported by Institute of Information & com-
munications Technology Planning & evaluation (II'TP) grant
(No. RS-2019-11190075, Artificial Intelligence Graduate
School Program (KAIST)) funded by the Korea govern-
ment (MSIT). The work was also supported by the National
Research Foundation of Korea (NRF) grant (No. RS-2023-
00211352) funded by the Korea government (MSIT). CY
acknowledges support from a grant funded by Samsung
Electronics Co., Ltd.


https://github.com/HanseulJo/Alex-GDA

Fundamental Benefit of Alternating Updates in Minimax Optimization

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.

References

Arjovsky, M., Chintala, S., and Bottou, L. Wasserstein
generative adversarial networks. In International Confer-
ence on Machine Learning (ICML), pp. 214-223. PMLR,
2017.1,7.2

Azizian, W., Scieur, D., Mitliagkas, 1., Lacoste-Julien, S.,
and Gidel, G. Accelerating smooth games by manip-
ulating spectral shapes. In Chiappa, S. and Calandra,
R. (eds.), The 23rd International Conference on Artifi-
cial Intelligence and Statistics, AISTATS 2020, 26-28
August 2020, Online [Palermo, Sicily, Italy], volume 108
of Proceedings of Machine Learning Research, pp. 1705—

1715. PMLR, 2020. URL http://proceedings.

mlr.press/v108/azizian20a.html. 3.1, G.2

Bailey, J. P., Gidel, G., and Piliouras, G. Finite regret and cy-
cles with fixed step-size via alternating gradient descent-
ascent. In Conference on Learning Theory (COLT), pp.
391-407. PMLR, 2020. 1

Bansal, N. and Gupta, A. Potential-function proofs for
gradient methods. Theory of Computing, 15(1):1-32,
2019. 2.3

Bertsekas, D. Nonlinear Programming. Athena Scientific,
1999. 4.1

Das Gupta, S., Van Parys, B. P. G., and Ryu, E. K.
Branch-and-bound performance estimation program-
ming: a unified methodology for constructing opti-
mal optimization methods. Math. Program., 204(1-2):
567-639, jun 2023. ISSN 0025-5610. doi: 10.1007/

s10107-023-01973-1. URL https://doi.org/10.

1007/s10107-023-01973-1. 8§, H

Dem’yanov, V. and Pevnyi, A. Numerical meth-
ods for finding saddle points. USSR Computa-
tional Mathematics and Mathematical Physics,
12(5):11-52, 1972. ISSN 0041-5553. doi:
https://doi.org/10.1016/0041-5553(72)90002-X.

URL https://www.sciencedirect.com/
science/article/pii/004155537290002X.
1

Deng, L. The mnist database of handwritten digit images
for machine learning research. IEEE Signal Processing
Magazine, 29(6):141-142, 2012. 7.2, G.3

10

Drori, Y. and Teboulle, M. Performance of first-order
methods for smooth convex minimization: a novel ap-
proach. Math. Program., 145(1-2):451-482, 2014. doi:
10.1007/s10107-013-0653-0. URL https://doi.
org/10.1007/s10107-013-0653-0. 3.1, 8, H

Gidel, G., Berard, H., Vignoud, G., Vincent, P., and
Lacoste-Julien, S. A variational inequality perspec-
tive on generative adversarial networks. In Interna-
tional Conference on Learning Representations (ICLR),
2019a. URL https://openreview.net/forum?
id=rllaEnA5Ym. 1

Gidel, G., Hemmat, R. A., Pezeshki, M., Le Priol, R., Huang,
G., Lacoste-Julien, S., and Mitliagkas, I. Negative mo-
mentum for improved game dynamics. In International
Conference on Artificial Intelligence and Statistics (AIS-
TATS), pp. 1802-1811. PMLR, 2019b. 1, 6, G.2

Goodfellow, 1., Pouget-Abadie, J., Mirza, M., Xu, B.,
Warde-Farley, D., Ozair, S., Courville, A., and Bengio, Y.
Generative adversarial networks. Communications of the
ACM, 63(11):139-144, 2020. 1

Grove, E. A. and Ladas, G. Periodicities in nonlinear dif-
ference equations, volume 4. CRC Press, 2004. D.3,
F.1

Gulrajani, 1., Ahmed, F., Arjovsky, M., Dumoulin, V.,
and Courville, A. C. Improved training of wasserstein
gans. Advances in Neural Information Processing Sys-
tems (NeurIPS), 30, 2017. 7.2

Haynsworth, E. V. On the schur complement. Basel Mathe-
matical Notes, 20:17, 1968. E.1

Heusel, M., Ramsauer, H., Unterthiner, T., Nessler, B., and
Hochreiter, S. GANs trained by a two time-scale update
rule converge to a local Nash equilibrium. Advances in
Neural Information Processing Systems (NeurlPS), 30,
2017.1,7.2,G.3

Horn, R. A. and Johnson, C. R. Matrix Analysis. Cambridge
University Press, Cambridge, England, 2 edition, October
2012. B.4

Kalman, R. E. and Bertram, J. E. Control System Analy-
sis and Design Via the “Second Method” of Lyapunov:
I—Continuous-Time Systems. Journal of Basic Engi-
neering, 82(2):371-393, 06 1960. ISSN 0021-9223.
doi: 10.1115/1.3662604. URL https://doi.org/
10.1115/1.3662604. 2.3

Kingma, D. P. and Ba, J. Adam: A method for stochastic
optimization. In International Conference on Learning
Representations (ICLR), 2015. 7.2, G.3


http://proceedings.mlr.press/v108/azizian20a.html
http://proceedings.mlr.press/v108/azizian20a.html
https://doi.org/10.1007/s10107-023-01973-1
https://doi.org/10.1007/s10107-023-01973-1
https://www.sciencedirect.com/science/article/pii/004155537290002X
https://www.sciencedirect.com/science/article/pii/004155537290002X
https://doi.org/10.1007/s10107-013-0653-0
https://doi.org/10.1007/s10107-013-0653-0
https://openreview.net/forum?id=r1laEnA5Ym
https://openreview.net/forum?id=r1laEnA5Ym
https://doi.org/10.1115/1.3662604
https://doi.org/10.1115/1.3662604

Fundamental Benefit of Alternating Updates in Minimax Optimization

Korpelevich, G. M. The extragradient method for finding
saddle points and other problems. Matecon, 12:747-756,
1976. 1,5.3

Krizhevsky, A., Hinton, G., et al. Learning multiple layers
of features from tiny images, 2009. 7.2, G.3

Latorre, F., Krawczuk, 1., Dadi, L. T., Pethick, T., and
Cevher, V. Finding actual descent directions for adver-
sarial training. In International Conference on Learn-
ing Representations (ICLR), 2023. URL https://
openreview.net/forum?id=I3HCE7R078H. 1

Lee, S. and Kim, D. Fast extra gradient methods for
smooth structured nonconvex-nonconcave minimax prob-
lems. Advances in Neural Information Processing Sys-
tems (NeurIPS), 34:22588-22600, 2021. 1

Li, S., Wu, Y., Cui, X., Dong, H., Fang, F., and Russell, S.
Robust multi-agent reinforcement learning via minimax
deep deterministic policy gradient. In Conference on
Artificial Intelligence (AAAI), volume 33, pp. 4213-4220,
2019. 1

Liu, M., Yuan, Z., Ying, Y., and Yang, T. Stochastic AUC
maximization with deep neural networks. In Interna-
tional Conference on Learning Representations (ICLR),
2020. URL https://openreview.net/forum?
id=HJepXaVvYDr. 1

Madry, A., Makelov, A., Schmidt, L., Tsipras, D., and
Vladu, A. Towards deep learning models resistant to
adversarial attacks. In International Conference on Learn-
ing Representations (ICLR). OpenReview.net, 2018. 1

Mescheder, L., Nowozin, S., and Geiger, A. The numerics
of gans. Advances in Neural Information Processing
Systems (NeurIPS), 30, 2017. 1, 3.1

Mokhtari, A., Ozdaglar, A. E., and Pattathil, S. A
unified analysis of extra-gradient and optimistic gra-
dient methods for saddle point problems: Proxi-
mal point approach. In International Conference
on Artificial Intelligence and Statistics (AISTATS),
2019. URL https://api.semanticscholar.
org/CorpusID:59222714. 5.3, A

Palaniappan, B. and Bach, F. Stochastic variance reduc-
tion methods for saddle-point problems. In Lee, D.,
Sugiyama, M., Luxburg, U., Guyon, I., and Garnett,
R. (eds.), Advances in Neural Information Processing
Systems (NeurIPS), volume 29. Curran Associates, Inc.,
2016. URL https://proceedings.neurips.
cc/paper_files/paper/2016/file/

12a48fc4880bb0c908a3bf979d3b917e-Paper.

pdf. 3

11

Park, J. and Ryu, E. K. Exact optimal accelerated complex-
ity for fixed-point iterations. In International Conference
on Machine Learning (ICML), pp. 17420-17457. PMLR,
2022. 1

Paszke, A., Gross, S., Massa, F., Lerer, A., Bradbury, J.,
Chanan, G., Killeen, T., Lin, Z., Gimelshein, N., Antiga,
L., et al. Pytorch: An imperative style, high-performance
deep learning library. Advances in neural information
processing systems, 32,2019. 7.2, G.3

Popov, L. D. A modification of the arrow-hurwicz method
for search of saddle points. Mathematical notes of the
Academy of Sciences of the USSR, 28:845-848, 1980. 1,
53,A

Ramirez, J., Sukumaran, R., Bertrand, Q., and Gidel, G.
Omega: Optimistic ema gradients. In International Con-
ference on Machine Learning (ICML), 2023. G.2

Ryu, E. K., Taylor, A. B., Bergeling, C., and Giselsson,
P. Operator splitting performance estimation: Tight con-
traction factors and optimal parameter selection. SIAM
Journal on Optimization, 30(3):2251-2271, 2020. doi:
10.1137/19M1304854. URL https://doi.org/10.
1137/19M1304854. 8, H

Sinha, A., Namkoong, H., and Duchi, J. Certifying some dis-
tributional robustness with principled adversarial training.
In International Conference on Learning Representations
(ICLR), 2018. URL https://openreview.net/
forum?id=Hk6kPgZA-. 1

Taylor, A., Van Scoy, B., and Lessard, L. Lyapunov func-
tions for first-order methods: Tight automated conver-
gence guarantees. In International Conference on Ma-
chine Learning (ICML), 2018. 2.3

von Neumann, J. Zur theorie der gesellschaftsspiele.
Mathematische Annalen, 100(1):295-320, 1928. doi:
10.1007/BF01448847. URL https://doi.org/10.
1007/BF01448847. 1

Ying, Y., Wen, L., and Lyu, S. Stochastic online AUC max-
imization. Advances in Neural Information Processing
Systems (NeurIPS), 29, 2016. 1

Yoon, T. and Ryu, E. K. Accelerated algorithms for smooth
convex-concave minimax problems with o (1/k"2) rate
on squared gradient norm. In International Conference
on Machine Learning (ICML), pp. 12098-12109. PMLR,
2021. 1

Yoon, T. and Ryu, E. K. Accelerated minimax algorithms
flock together. arXiv preprint arXiv:2205.11093, 2022. 1

Yu, F, Zhang, Y., Song, S., Seff, A., and Xiao, J. Lsun:
Construction of a large-scale image dataset using deep


https://openreview.net/forum?id=I3HCE7Ro78H
https://openreview.net/forum?id=I3HCE7Ro78H
https://openreview.net/forum?id=HJepXaVYDr
https://openreview.net/forum?id=HJepXaVYDr
https://api.semanticscholar.org/CorpusID:59222714
https://api.semanticscholar.org/CorpusID:59222714
https://proceedings.neurips.cc/paper_files/paper/2016/file/1aa48fc4880bb0c9b8a3bf979d3b917e-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2016/file/1aa48fc4880bb0c9b8a3bf979d3b917e-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2016/file/1aa48fc4880bb0c9b8a3bf979d3b917e-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2016/file/1aa48fc4880bb0c9b8a3bf979d3b917e-Paper.pdf
https://doi.org/10.1137/19M1304854
https://doi.org/10.1137/19M1304854
https://openreview.net/forum?id=Hk6kPgZA-
https://openreview.net/forum?id=Hk6kPgZA-
https://doi.org/10.1007/BF01448847
https://doi.org/10.1007/BF01448847

Fundamental Benefit of Alternating Updates in Minimax Optimization

learning with humans in the loop. arXiv preprint
arXiv:1506.03365, 2015. 7.2, G.3

Yu, Y., Lin, T., Mazumdar, E. V., and Jordan, M. Fast
distributionally robust learning with variance-reduced
min-max optimization. In International Conference on
Artificial Intelligence and Statistics (AISTATS), pp. 1219—
1250. PMLR, 2022. 1

Yuan, Z., Yan, Y., Sonka, M., and Yang, T. Large-scale
robust deep AUC maximization: A new surrogate loss
and empirical studies on medical image classification.

In IEEE International Conference on Computer Vision
(ICCV(, pp. 3040-3049, 2021. 1

Zamani, M., Abbaszadehpeivasti, H., and de Klerk, E. Con-
vergence rate analysis of the gradient descent-ascent
method for convex-concave saddle-point problems, 2022.
3.1

Zhang, F. The Schur complement and its applications, vol-
ume 4. Springer Science & Business Media, 2006. E.1

Zhang, G. and Yu, Y. Convergence of gradient methods on
bilinear zero-sum games. In International Conference
on Learning Representations, 2020. URL https://
openreview.net/forum?id=SJ1VY04FwH. 6.1,
A,G2,G2

Zhang, G., Wang, Y., Lessard, L., and Grosse, R. B. Near-
optimal local convergence of alternating gradient descent-
ascent for minimax optimization. In International Confer-
ence on Artificial Intelligence and Statistics (AISTATS),
2022. 1,2.1,3.1,4.1,7.1,G.1

12


https://openreview.net/forum?id=SJlVY04FwH
https://openreview.net/forum?id=SJlVY04FwH

Fundamental Benefit of Alternating Updates in Minimax Optimization

Supplementary Material

A. Comparison with OGD

Here we compare Alex-GDA to the Optimistic Gradient Descent (OGD) method (Popov, 1980), an algorithm based on
simultaneous updates of the form:

Tiy1 = T — 2oV f(r, Yi) + oV f(Tr_1, Yp_1),

6
Yr +28Vy f(xr, yr) — BVy f(Tr—1,Yr—1)- ©

Yi+1

We remark that OGD takes the same amount of gradient computation as Sim-GDA, Alt-GDA, and Alex-GDA. One may
observe that Alex-GDA stores the previous iterates x; and yj, to compute £ and Y1, whereas the implementation of
OGD requires storing the previous gradients Vg f(€i—1,Yx—1) and V, f(xx—_1, yr—1) instead. As a result, while these
two algorithms exploit different types of information, the memory consumption of Alex-GDA and OGD are identical.

As EG, it is also known that OGD converges with iteration complexity @(Ii), where K = % (Mokhtari et al.,

2019). We show that the iteration complexity cannot be strictly better than Alex-GDA through the following proposition.

Proposition A.1. There exists a 6-dimensional function f € F (g, foy, Ly, Ly, Lyy) with d, = dy, = 3 such that for any
constant step sizes o, 3 > 0, the convergence of OGD requires an iteration complexity of rate at least

1
Q <(/€m + Ky + Kgy) - log e)

in order to have ||z — z.||* < e

We prove Proposition A.1 in Appendix F.

We also compare Alex-GDA with OGD in terms of bilinear problem, based upon the analysis of Zhang & Yu (2020). From
their results, the iteration complexity of OGD is translated to O ((Lzy / umy)g) ; it matches to the iteration complexity of
Alex-GDA up to constant factor. In more detail, the authors proved that optimal convergence rate exponent of OGD of the

2
Hay
6L§y ’

proved in Theorem 6.2. On the other hand, Zhang & Yu (2020) also proved that the alternating variant of OGD, i.e.,

form in Equation (6) is approximately 1—

which is 6 times slower than our optimal rate exponent

Liy—H3y
L2 +piy

zy

Gauss-Siedel OGD (GS-OGD), has an optimal convergence rate exponent . It exactly matches our optimal

rate of Alex-GDA with § = 1. These facts again buttress our claim that alternating updates are beneficial in minimax
optimization.

13
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B. Proofs used in Section 3

Here we prove all theorems related to Sim-GDA presented in Section 3.

* In Appendix B.1 we prove Theorem 3.1 which yields a contraction inequality for Sim-GDA.
* In Appendix B.2 we prove Corollary 3.2 which derives the corresponding iteration complexity upper bound.
* In Appendix B.3 we prove Theorem 3.3 which yields a matching lower bound for Sim-GDA.

* In Appendix B.4 we prove technical propositions and lemmas used throughout the proofs in Appendix B.

B.1. Proof of Theorem 3.1

Here we prove Theorem 3.1 of Section 3, restated below for the sake of readability.

Theorem 3.1. Suppose that f € F (g, tty, Ly, Ly, Ly, ). Then, there exists a pair of step sizes c, 3 with

Ko + Ky + K2,

such that Sim-GDA satisfies ‘I’i‘_’fl < r\Iliim with

2

2
(/@wy—l— \/max{f-@m,/-@y}—kmgy) -1
- ) 4

2
(nmy + \/max{/im/iy} + K2, ) +1

Proof. Recall that we define the Lyapunov function as

\Iliim _ 1

- 2
| I~

1
2
T — To||” + S| Yk — Yx

Now we will show that \IJ?‘“ < 'y\Ilgim for any choice of initialization points &g and yq (i.e., set £ = 0 W.L.O.G.), which
Sim

directly implies W', < WM for all k. Proposition B.1 yields a one-step contraction inequality that applies to Sim-GDA
with @ < 7~ and 3 < --, i.e., when the step sizes are small enough.

Proposition B.1. For f € F(x, jty, Lz, Ly, Lay), Sim-GDA with step sizes o < 7— and B < - satisfies
z y

1

1 1
S = < (Sl = el + Sl - 9.l )

\

To find the right step sizes, we search among «, 5 which satisfies o/ 3 = p,,/ 11,,. This allows us to reduce the problem to
optimizing the choice of {, which can be defined as

1
~f@y — . +
o

where the contraction factor is given by

el 2

? H |:1 — Oy _mLa:y:|
mey 1 — By ’

mLzy 1-— ﬁLy

We prove Proposition B.1 in Appendix B.4.1.

C=aps = Puy.

Then the contraction factor can be rewritten as
1—-(k —(K
r = max Ch Chiay
C’imy 1- C

14
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For x > 1, let us define the function f, : (0, 00) — (0, 00) as:
K—1 K+1 2

r= max{(fnz(o)2 ) (f,{y(C))2} '

oLt
Cﬂry q

Then we can simplify as follows:

Proposition B.2 characterizes the optimal choice of ¢ and the optimal function value of f,;(¢) defined as in (7).

Proposition B.2. For f, : (0,00) — (0, 00) defined as in (7), the minimizer (* is equal to

1 Q(ny—i—,/m—&—n%y)
/ 2 / 2
H—"_’%wy 1+<Hmy+ I<L+ligy)

and the minimum value of f,; attained at C* is equal to
2
(ﬁw—l—,/ﬁ—&—n%y) -1
5 .
(/@my+,/n+n%y) +1

Moreover, we have f,(C) > fr,(C) forall ¢ € (0,00) if and only if ky > K.

=

fn(g*) =

We prove Proposition B.2 in Appendix B.4.2.

If k5 > Ky, we choose a, B such that

1 2 (/@xy 4+ 2Ky + n%y)
. 5
\/’iw“"f%y 1+(/$xy+,//<;x+n§y)

Note that (¥ = © ( —L— ). Then, since fx > fu. (C), we have
xT fsx+nzy g Y

g = Py = (7 =

2 2
(nmer nr+n§y) -1

szaX{(fm(Cz)) 7(f”y(gx)> } - (fﬁw(cw)) ) ("fxy‘i‘ /fm+li%y)2+1

which is identical to (4) when k; > K.

Similarly, if k. < x,, we choose «, 3 such that

1 Q(ny—l—,/ny—‘—n%y)
. 5.
\/KQ+H92£y 1+(f<cxy+,//<;y—|—/i§y)

Note that (; = © (*) Then, since f,(¢) < fx, (¢), we have

2
Ky+RZ,

e = By = ¢ =

2
{5 G () (= [ T )

2
(/%y—l— /iy-i-l'i%y) +1

15
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which is identical to (4) when x, < x,. Note that for either case, we have that

1 1
op By (max{/ix, Ky} + /-cl.y> (/ﬁx + Ky + /ﬁzy>

which concludes the proof.* O

B.2. Proof of Corollary 3.2

Here we prove Corollary 3.2 of Section 3, restated below for the sake of readability.

Corollary 3.2. For the step sizes given as in Theorem 3.1, Sim-GDA linearly converges with iteration complexity

) g B
9] ((Kx + Ky + K2, - log ASim€> ;

?

Q=

where AS™ = min {

@I

3

2
Proof. Let us define £ := K,y + \/max {ke, ky} + K2, so that 7 = (;ﬁ) by Theorem 3.1. By definition we have
£ = O (kg + Ky + K2,) and € > 1, which gives us

1 1 B (&2 4+1)° 1 1\ ,
1—r_1(2211)2_(£2+1)2—(52—1)2_4<£+£> = Ol ¥ i)

Therefore it is sufficient to run

\I/gim
K=0 <(H, + Ky + Hiy) -log ASime>

iterations to ensure that ||zx — z,||? < €, where AS'™ = min {é, %} 0

Remark. Here we present a simpler proof of Corollary 3.2 we discovered afterwards. The proof can achieve the same
iteration complexity upper bound with a similar yet slightly different choice of step sizes «, 5. Compared to the one using
Theorem 3.1, this proof does not require complicated matrix analyses and better extends to algorithms with alternating
updates, such as Alt-GDA (as in Proposition C.2) or Alex-GDA (as in Proposition D.2).

STEP 1. CONTRACTION INEQUALITY

We first prove the following proposition.

Proposition B.3. For f € F(pia, fty, Ls, Ly, Lyy) and Sim-GDA with step sizes o < % and B < % we have
x y

1 1 1 1
Sl = ol Gl = wnlP < (5 = o202, ) oo = P+ (5 =+ 2022, ) oo -l ®)

for all zy € R%, y, € R,

Proof. Recall that Sim-GDA takes updates of the form:

T = To — avwf(wOa y0)7
Y1 = Yo + BVy f(xo, yo)-

*Note that for a, b > 0, we have max{a,b} = ©(a + b) since “t* < max{a,b} < a+b.

16
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From this, we can deduce that

1 1 2 1
—|lz1 — zu|]* = = |lwo — w||* + = (1 — @0, @0 — @) + — |71 — 0|
Q [0 Q Q

1
EHfBO —z,|? = 2(Vaf(zo,90), To — T4) + || Va f(zo, yo) |,

1 , 1 , 2 1 )
WY1 — Y|l = 511Yo — Yxll” + 5 (Y1 — Y0, Y0 — Yx) + 5|¥Y1 — Yo
ﬂll [ B” | ﬁ< ) ﬂll |

1
= B”yo — yul® + 2(Vy f (@0, 90), Yo — Ys) + BIIVy S (@0, y0)[I”
Note that p,,-strong convexity of f(-,yo) yields
-2 <vwf(w05 y0)7 o — $*> S _,U/a:Hwo - :B*||2 - 2(f(w0a yO) - f(w*a yO))a (9)
and (1, -strong concavity of f(xo, -) yields
2(Vy f(®0,Y0): Y0 — Yx) < —tiyllyo — uslI> = 2(f (0, yx) — (0, y0))- (10)
Moreover, since f is convex-concave and has Lipschitz gradients®, we have
1
—Q(f(wmy*) - f(Ilf*, y*)) < _f||vmf(w0’y*)||27 (11)
1
—2(f(33*, y*) - f(wmyo)) < _f”vyf(x*vyO)HQ' (12)
Yy

Applying (9)—(12), we have

1 2 1 2
olmr = @™+ Sllyr = vl

1 1
< (5= ) lao— el + (5 - s ) oo - wel?
1 1
+ allVa @0, g0 + 8173 @o,u0) P~ - IVl @0y = [V s o)l
T Y

Ifa < g7-and < i, we can use the triangle inequality and the Lipschitz gradient condition for L, to obtain

Ve (@0, w0 = -1V @0, ) P < |V f (@0, wo)| — 20| Ve (..
< 2a||Vaf(xo.Yo) — Vaf(zo, ys)|?
< 2aL%, llyo — y.ll,

BIIVy f(z0,30)|* — Llywyf(whym? < BIIVa f (20,90 — 28]V f (0, 90)|I
< 28|V f(xo,y0) — Vyf(:c*,yo)HQ
< 2812, w0 — .1,

which boils down to (8). O]

STEP 2. ITERATION COMPLEXITY

Now let us show that Proposition B.3 can guarantee the same iteration complexity as in Corollary 3.2 when

1. { 1 gy } 5 1 { 1 e }
o= —-min{ — = —-minq — .
2 L.’ 2L92£y ’ 2 Ly’ 2L%y
’Note that the Lipschitz gradient conditions for L, and L, are equivalent to the widely used notion of smoothness in convex
optimization literature.

17
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Proof. If o < 4Z§’ and § < 4g§ , Proposition B.3 implies
Ty Yy

Hence we have U§m < rW3M for r = max {1 — ap, /2,1 — Bu,/2}, and

O‘.uz’ By
:@(/@w—l—m_y—&—/@iy).

Therefore it is sufficient to take

\IJSim
K=0 ((mz + Ky + K3,) - log As?me>

3

™|~

)

Q=

iterations to ensure that ||zx — z,||? < €, where AS'™ = min {

B.3. Proof of Theorem 3.3

1 2 1 2 1 2 2 1
- — Lk Y - Ix < - 7 Mz 2 L Lk
ol — . +B||y1 y|” < (a pa + 28L5, | [0 — . [1” + 3

Here we prove Theorem 3.3 of Section 3, restated below for the sake of readability.

y + 2aLiy) o — al?

L e 2 L py 2
<(=-£ —x, = -2 — ||
_(a 2)nwo w||+(5 2 ) llyo — el

1 1 1
1T§max{ }ZIH&X{@(KI-FK;?W),@(Iiy—l—liiy)}

Theorem 3.3. There exists a 6-dimensional function f € F(ug, fty, Lz, Ly, Lyy) with dy = dyy = 3 such that for any

constant step sizes «, 3 > 0, the convergence of Sim-GDA requires an iteration complexity of rate at least

1
Q ((/{m + ky + K2,) - log e)
in order to have ||z — z,||* < e

Proof. We construct the worst-case function as follows:

T

T e 0 0 Lgy 0

s 0 pz O 0 0

1]¢ 0 0 L, O 0

flz,y) = 2 |y Ly 0 0 —p, O
U 0 0 O 0 —py

v 0 0 0 0 0

~Nooooo

SRR +w»w 8

where = (z, s,t) and y = (y, u, v). We can easily check that f is a quadratic function (i.e., the Hessian is constant) such

that f € F (s, pty, Lyy Ly, Lyy) and T, = y, = 0 € R3.

As a first step, we will find a set of necessary conditions on step sizes for convergence, and then compute (at least) how large
the number of iterations K of Sim-GDA we need to accomplish ||z ||* + ||y || < €. To this end, we first observe that the

k-th step of Sim-GDA satisfies

|:xk+1:| B {1 — Qg —aLmy} {xk]
Uks1| | BLay 1= PBpy]| [yx]’
£p
sk = (1 — apg)sk,
thyr = (1 — aLly)ts,
upy1 = (1 — Bpy)u,
Vg1 = (1 = BLy)vy.

18
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To assure the convergence of iterations (15) and (17), the step sizes o and 3 are required to be

2 2
a < fm and ,B < fy (18)

Also, to guarantee ||z ||° + ||yx ||* < e, we need from (14) and (16) that 52, < O(e) and u% < O(e), respectively. These
two necessary conditions require an iteration number of at least:

1 1 1
K:Q(( —|—)~log). (19)
oz By €
Note that (18) automatically yields
L ok k) (20)
— = Q(kg + Ky).
ape  Phy ! v

From now on, we deal with the remaining proof case by case with respect to the step sizes « and .

2
Case 1. Suppose that o and (3 satisfies (a“’f_ﬁ“”) < aﬁLiy, which is equivalent to the eigenvalues of the matrix P

defined in Equation (13) being complex. We can check that, for ¢ = /—1, the eigenvalues of P can be expressed as

2
Aleﬂ:i\/aﬁLQ (OW/> )

2 2y 2
We recall a well-known convergence theory of matrix iteration in Proposition B.4.
Proposition B.4 (Horn & Johnson (2012), Theorem 5.6.12, Corollary 5.6.13). For a square matrix A € R™*™ and a
sequence of m-dimensional vectors (vy,), the matrix iteration vy = Awvy, converges as vy, — 0 with arbitrarily chosen

initialization vy if and only if the spectral radius p(A) of A is less than 1. In this case, the convergence rate is written as
O((p(A) + €)*), where € is an any given positive number.

Noting that

2 2
afig + B oty — P
p(P)? = (1 BT y) +afL?, - (2 L) =1 — (e + Buy) + B (papy + L3,)
in order to assure convergence of iteration (13), we need

Ma:"’_r//fy a < %Nw“‘ﬂy

p(P)? <1 <= fp< ,
Hoa fy + L%y Ha fy + L%y

where r = g is the ratio of step sizes. Combined with (18), we have

1 L, rL, Moy + L2

> max oy el T o @1
Qfly 20 2 pE A+ fa by
1 L, L + L2
> max{ o S Bl T e 22)
By 20 fhy 24ty oy + TH

Ifr > Be thenby (21), ﬁ = Q (kg + Ky + K2,). Onthe other hand, if r < b= then by (22), ﬁ = Q (ke + Ky +K2,).
Therefore, we have a desired lower bound of iteration complexity for the first case, deduced from (19).
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2
Case 2. Suppose that o and 3 satisfies (%) > afLZ,. Note that this is equivalent to

s | By
By Cfllg

Ifr > be je., Qe < Bl thep it implies 242 > 412, . Thus, combined with (20), we have
Hy By Qfly Qfly ry

11 11 1(15uy

+ == —
apy — Buy 2 apr  Buy \2 oy

> iy (23)

+1> :Q(nx+ny(niy+1)) :Q(Iiac+lﬁy+liiy).

B> 4x2,,. Thus, combined with (20), we have

On the other hand, if r < ﬁ—z, ie., S > Bl then it implies
v

? By Qg
1 1 1 1 apy, > 1 1 9 9
+——=—(1+=- + - — =Q (ke (1 + Kyy) T Ky) =Q(ke + Ky +KS,) -
Therefore, from (19) we can obtain the desired lower bound for the second case as well, which concludes the proof. O

B.4. Proofs used in Appendix B

Here we prove some technical propositions and lemmas used throughout Appendix B.

B.4.1. PROOF OF PROPOSITION B.1

Here we prove Proposition B.1, restated below for the sake of readability.

Proposition B.1. For f € F(px, jty, Lz, Ly, Lay), Sim-GDA with step sizes o < 7— and 8 < - satisfies
. ( N N

1

1 1
T e R e R AR

\

1
~f@y — . +
o

where the contraction factor is given by

(e

? H |:1 — Qg _\/@Lmy}
mny 1- Bﬂy ’

\/OTBLwy 1- ﬂLy

Proof. Recall that Sim-GDA takes updates of the form:

L1 = Ty — avwf(wOa y0)7

24
Y1 = Yo + BVy f(xo, yo)- 9

For simplicity, let us denote z = [z 3| T € Ri=+dy | and define
Vaf(2) }
z) = .
V( ) [_vyf(z)

T

For instance, zo = [z y(ﬂ—r and z, = [x*' y*T]T~

Let us define matrices A € R%*d= B ¢ R% X4y _and C € R% > as
1 1 1
A= /0 V2, ftzo+ (1= t)z)dt, B = /O V2, f(tzo+ (1 - H)z)dt, C = — /O V2, fltzo + (1 - £)z,)dt.

Since f € F(fta, fy, Lzs Ly, Lay), we have p, I <= A < LI, i, I < C =< LI, and | B| < Lg,,.

Also, by chain rule, we have the following identities:

Ve f(®o,y0) = Alxo — @) + B(yo — Yu),
vyf(w()vyo) = BT(:L'O - 33*) - C(yO - y*)'

20
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For simplicity, we assume W.L.O.G. z, = 0 (€ R%) and y, = 0 (€ R%). Then we have

ﬁwl _ ﬁwo _ {\/avmf(mo,yo)} _ ﬁwo _[ Va(Azy + Byo) ]
ﬁyl ﬁyo —V/BVy f(x0,y0) ﬁyo —V/B(BTxzy — Cyo)

Vamol - { aA mB} [1&%] _ [IaA \/@B} [j&wo_ .

ﬂ

Tl 5w|  |-vaBBT  8C | |Lue| T [VaBBT I-5C| | Ly,
This means that it is enough to show that
H [1 —aA _Wﬁ]ﬂ P H {1 ~alL, —\ﬁaﬂLzy] : [1 — ot —\/aﬁny} ’ 05)
VagBT I-p3C - VofLgy 1 — By "Il |VaBLlyy, 1-—pBL, ’

since if this is true, then we automatically have

1 1 =1y —=xg
Sl Sl = H [(y ] lfy
VB VB0
To prove Equation (25), the matrix norm can be bounded via Lemma B.5.

Lemma B.5. Suppose that X € R%*d Y € R%*dy W ¢ R%*% sqtisfy
tod = X <s.I, t, 1 Y <s,I, |[W| <!

2 2

_ 1 2 1 2
= (Lol + Sl )

<r

for some constants t;,t,, 55,5, > 0and € > 0. Then the block matrix M € R(de+dy)x(detdy) of the form

v

w' Y
te —4
¢ sy

.

|

satisfies the matrix norm inequality

Sy —4
ot < s {773

We prove Lemma B.5 in Appendix B.4.3.

2

By observing that 1 — aL, > 0,1 — 3L, > 0 and
(1—aL )T <T—aA=<(1—au)I, 1-BL)<T—-BC=1-PBu)I, |\/abB| <\/aBLyy,
we can use LemmaB.5with X =T —aA,Y =1 — 8C, W = /afB, and
ty=1—0aly, ty,=1—-0FLy, sz =1—0apy, sy =1—pFuy, = \/@Lzy
which immediately proves Equation (25), and therefore Proposition B.1. O
B.4.2. PROOF OF PROPOSITION B.2

Here we prove Proposition B.2, restated below for the sake of readability.
Proposition B.2. For f, : (0,00) — (0, 00) defined as in (7), the minimizer * is equal to

1 2(/{1,y+1//€+/€§.y>
/ > / 2
"q‘—*_"{’a;y 1+(Hmy+ K-’-H%y)
and the minimum value of f,; attained at (* is equal to
2
(Hw—l—,/ﬁ—&—n%y) -1
5 .
(nmy+,/n+n%y) +1

Moreover, we have fy.(C) > fx,(C) forall { € (0,00) if and only if ky > k.

=

fn(g*) =
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Proof. Recall that we define

2
fn<<>—”;1~<+\/(1—“;1-<) + (262,

Then the first two results of the proposition are direct consequences of Lemma B.6.

Lemma B.6. Suppose that A, B,C > 0 and A < B. Then for the function f : (0,00) — (0,00) of the following form:

f(z) = Az + /(1 — Bx)2 + C%a2,

the minimizer is equal to

1 2(C+D)B- A4
T D (C+D2+(B- A2

and the minimum value attained at x, is equal to

(C+D)?>—(B-A)?
(C+ D)2+ (B - A)%

f(x) =
where D = /B2 4+ C? — A2,

We prove Lemma B.6 in Appendix B.4.4.

We can use ¢ as  and plug in the following values into Lemma B.6:

-1 1
A:f‘& ’Bzi, C = Kays, D=+vVB24+(02— A2 = /H-Fﬁ%y,

2 2

which yields

B—-A=1, C+D=kyy+/k+K2,.

Then, for the choice

¢ L. 2ACHD(B-A) 1 Q(ffxyﬂ/ﬁﬂiy)

D CHDPR BN 2, 1y (e k for g, )

we can obtain the optimal value

L Cepr g (e )

)

- D 2 — Az 2 :
The last result of the proposition is a direct consequence of the following lemma.

Lemma B.7. Suppose that A1, Ay, B1, Ba, C > 0 satisfies Ay < By, Ay < By, and Ay — A1 = By — By > 0. Then for
the functions f1, f2 : (0,00) — (0, 00) of the following form:

fi(x) = Ajz 4+ /(1 — B1x)2 + C222, fo(z) = Asx + /(1 — Bax)? + C2a2,
we have f1(x) < fao(x) for all z > 0.
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We prove Lemma B.7 in Appendix B.4.5.

If Kz > Ky, we can plug in the following values:

Ky — 1 Ke — 1 Ky +1 Ke +1
A1: 92 ) A2: D) ) Blz y2 ) BQZ D) ) C:"{ij
so that Ay — Ay = By — By = k; — ky > 0 and Lemma B.7 implies f,, (¢) > fx, (¢).
If k, < Ky, we can change orders as:
Ke — 1 Ky — 1 Ke +1 Ky +1
A == Ay = 2 B =2 " B,=-2% =
1 2 ) 2 2 ) 1 2 ) 2 2 ) c Ry,
sothat Ay — Ay = By — By = ky — k; > 0 and Lemma B.7 implies f,, (¢) < fx, (¢).
Therefore we can conclude that f;, (¢) > fx, (¢) forall ¢ € (0,00) if and only if K, > k. O

B.4.3. PROOF OF LEMMA B.5
Here we prove Lemma B.5, restated below for the sake of readability.
Lemma B.5. Suppose that X € R%*d Y ¢ R&v>dy W ¢ R% ¥ satisfy
tod X X < s, I, t,I Y <s,I, |W| </
for some constants t,t,, 55,5, > 0and € > 0. Then the block matrix M € R(datdy)x(datdy) of the form

i

M{WT Y

satisfies the matrix norm inequality

S —4
||M||Smax{H[£ .

Proof. We first observe that the following matrix norms are equal:

e = S0

—————
AM7

py
S8
» |
<~

b

’ / . . . . . . . . .
Let \M_and AM  be the maximum and minimum eigenvalues of M’, respectively. Since M’ is a symmetric matrix, the

matrix norm of M’ is equal to
max min

M| = max{\AM’ , M } (26)

Since X = 0 and —Y < 0, we can observe that M’ is neither positive definite nor negative definite®, i.e., )\%/X >0> )\fx{;
Hence we can rewrite:

|M’|| = max {AM’ M } . 27)

max’ min

Given a symmetric matrix S € S?, we have the following identities:

Moo= sup 2'8z, N, = 3nf z' Sz, (28)
z€R, | z||=1 z€RY, | z]|=1
where A3 and \S, are the maximum and minimum eigenvalues of S, respectively. Moreover, the sup for A3 and inf
S . . . . . . . . S S
for A3, 1s attained when the unit vector z is aligned with the eigenvectors corresponding to A3} .. and A7, .
Now we will show that
M’ S —L M’ t —L
o | T i @

81t is easy if we think of the contrapositive— any block partition of a PD matrix must have PD block diagonals.
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Maximum Eigenvalue. The maximum eigenvalue of M’ is equal to

M sup 2" M'z
zeRT 0y |2]|=1
S O o 2
= T
p,a€l01] weris o= L9Y] W —Y] ey

PP +a*=1 yeR% ||y||=1

= sup sup (p2$TX:c + 2pqx Wy — quTYy) ,
p,q€[0,1] zeR¥= ||z||=1
PPHa*=1yer™ |ly|=1

where we reparameterize z = [px qu}T such that z € R%, y € R% satisfies ||z|| = ||y| = 1, and p* + ¢® = 1.

First, suppose that £ > 0, i.e., W # 0. Let W = UXV T be the singular value decomposition of W, where U =
[ug,...,u,] € R%*"and V = [vy,...,v,] € R%*" are matrices with orthonormal columns and ¥ = diag(o7y,...,0,) €
R™*" is a diagonal matrix with (strictly) positive entries. (Note that 1 < r < min{d,, dy}.) Assume 01 > -+ > 0,

W.L.O.G., so that ||W|| < ¢is equivalent to o < ¢. Then we have

T
p’e’ Xa + 2pqx " Wy — ¢®y Yy = p’x" X + 2pg Z kaBTUkU;—y -’y Yy
k=1

-
=p’z" Xx + 2pq Z Jku;my—rvg - ¢y'Yy. (30)
k=1

Since we aim to show an upper bound of (30), we now consider another optimization problem over a “bigger” search space
and try to characterize its optimum value; this value will give us an upper bound of AM. . Namely, we now additionally

max*

treat uy, ..., u, and vy, . .., v, in (30) as optimization variables. With this addition, from now we treat the following items
as optimization variables:

1. Choice of unit vectors g, ..., u, € R% of U and vy,...,v, € R% of V
2. Choice of unit vectors & € R, Yy € Ry

3. Choice of values p, g € [0, 1] such that p? + ¢° = 1
Our problem boils down to finding the maximum value of (30) over all possible choices of these variables. (Note that the

subsequent arguments and the resulting upper bound are true for all cases of r < min{d,, d,}.)

First, note that our choices of uy,...,u, and vy, ..., v, only affect the middle term, which is bounded by

.
2pq » _ opulwy v < 2pgon,
k=1

for which, for any given x, y and p, ¢, the maximum is attained when we choose u; = x, v1 = y. (Note that the terms for
k > 2 all disappear by orthogonality.)

Now we can observe that over possible choices of « and y, we have
p’x’ X+ 2pgor — ¢*y Yy < pPAE. + 2pgor — P Ay

where equality holds if the unit vector x (or y) is aligned with the eigenvector corresponding to the maximum (or minimum)
eigenvalue of X (or Y'). We can use the given conditions to obtain

.
P*Aax + 20901 — @* N < P70 + 2pal — ¢ty = m bx g } ﬂ
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S —4
Lt

Finally, if we take the maximum over p, q € [0, 1] with p? + ¢ = 1, we have that

T
L S-Sl

sup = =

p,q€[0,1] |:q:| |:£ 7ty q ¢ 7ty

pPP+g°=1
Se —4
£ty ||

For the degenerate case ¢ = 0, we can just apply » = 1 and o7 = 0, which does not hurt the validity of the proof.

and hence we can conclude that

max —

AM <‘

Minimum Eigenvalue. Similarly, the minimum eigenvalue of M’ is equal to

AM inf 2" M'z

min
zeRIaty |z =1

T
. . w v } {pw}

= inf inf

p,a€[0,1] weR, || =1 [qy] [WT -Y| |ay

P*+¢*=1yeR% ||y|=1

= inf inf (pP’z" Xz +2pgx Wy — ¢’y ' Yy)
p,q€[0,1] zeR ||z||=1
P +a*=1 yeRr% |y||=1

= — sup sup (—pzazTXsr: — 2pq:vTWy + quTYy) ,
p,q€[0,1] zcR% ||z|=1
PPHa*=1 yer ||y|=1

and therefore

“Anin= sup  sup  (—p’z Xz —2pgz Wy + ¢’y Yy),
p,q€[0,1] gzeR%= ||z||=1
PPHa"=1 yer™ |ly[=1
where we use the same reparameterization: z = [pz ' qu]T with z € Ré%, y € R% with ||z| = ||y|| = 1, and

PP+q =1
As in the maximum case, we first assume that £ > 0 and define the singular value decomposition of W as W = UXV T,
Then we can write
T
—p?zx" Xx — 2pqacTWy + q2yTYy = plx' Xa — 2pqz akuga:yT'v,;r + quTYy. 3
k=1
to observe that
T
—2pg Y orulzy v) < 2pgo,
k=1
for which the maximum is attained when we choose u; = @ and v; = —y. Then we have

—p*x" Xz + 2pg01 + ¢*y Yy < —p*NE + 2001 + PN

where equality holds if the unit vector x (or y) is aligned with the eigenvector corresponding to the minimum (or maximum)
eigenvalue of X (or Y'). We can use the given conditions to obtain

.
t, ¢
—P* A + 20q01 + AN < —DPta + 20l — ¢Psyy = [ﬂ {6 } ﬂ '
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Finally, if we take the maximum over p, q € [0, 1] with p? + ¢ = 1, we have that

-
o 1 e A e |
pacfo1] L4 ¢ —sy| |q ¢ —sy {5y

pP+g’=1

and hence we can conclude that

N M’ tm —E
G | |

Combining the results with (26), we have

||M/H = Inax{)\mMa;U 7)‘111\1{1,1} _ maX{H |:S;v —q 7
{ oty

ty —4
l sy '
For the degenerate case ¢ = 0, we can just apply » = 1 and o1 = 0, which does not hurt the validity of the proof.

Therefore we have shown (29), which completes the proof of Lemma B.5. O

Remark. An anonymous reviewer has found a much simpler proof of Lemma B.5. By definition we have

T T T
e = B
lyll] 1= —sy) Llyll] ~ [y y| ~ Llwll] L =t Llwll]”
for all z € R% and y € R%. Then we immediately obtain the desired inequality as the matrix norm is invariant with
respect to multiplication by —1 on rows and columns. |

B.4.4. PROOF OF LEMMA B.6

Here we prove Lemma B.6, restated below for the sake of readability.
Lemma B.6. Suppose that A, B,C > 0 and A < B. Then for the function f : (0,00) — (0, 00) of the following form:

f(z) = Az + /(1 — Bx)? + C%a2,

the minimizer is equal to

1 2(C+D)(B-A)
T D (C+D2+(B-A)2

and the minimum value attained at x, is equal to

(C+D)?—(B—A)?
(C+ D)2+ (B— A%

flzy) =
where D = /B2 + C? — A2.

Proof. Observing that A2 + D? = B? + (2 by definition, we start by substituting

A B
R= \/BerCQ: \/A2+D2, sing¢ = o siny = )
for ¢ € [0, %) and ¥ € (0, §]. Note that we have ¢ < 1) from A < B, and
C

cos ¢ = 7 cosyY = I

We can compute

Az + /(1 — Bz)2 4+ C222 = Rasin¢ + /(1 — Rxsint))? + R2x2 cos2 1)
= Rasiné + /1 — 2Rz siny + R2a2.
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By using change of variables as

1

y =tany — Rrsecy & x:E(

siny) — ycosv))
we have y € [—oo, tan 1], and
1 —2zRsiny + R*z? = (14 3?) cos® 1.

Plugging in, we can obtain the following reparameterization:

Rzsing + /1 — 2Rz sint + R2z2 = sin ¢ sin ) — ysin ¢ cos i + mcosw.
We can easily observe that if we again reparameterize as y = sinh 0, we can write as
sin ¢ siny — sin ¢ cos v - sinh 6 4 cos v - cosh § = sin ¢ sinp + cos 1 (cosh § — sin ¢ - sinh 6) . (32)
The derivative of (32) with respect to € is equal to
cos ) (sinh @ — sin ¢ - cosh §) . (33)

As the second derivative of (32) satisfies cos ¢ (cosh § — sin ¢ - sinh ) > cos ) - (— sinh 6 + cosh 8) > 0, we have that
(33) is an increasing function. Therefore, the minimizer of (32) must be equal to the point where (33) is zero, which is’

Je = sinh 0, — sin ¢ _ sing

1_sinZ¢ COos¢

tan ¢.

Note that we have cos ¢ > 0 since ¢ € [0, 2), and using the square root expression above, we can compute

s

1 sin? ¢
cosh 0, —sin¢ - sinh 0, = — = /1 —sin?¢ = cos¢. (34)
\/1—sin2¢ \/1—sin2¢

The range of y contains y,, since ¢ < v implies tan ¢ € [—oo, tan /). We can substitute back as

1 1 1
Te=p (siney — tan ¢ costp) = Reosd (cos ¢sinyy — sin ¢ cos ) = Reosd sin(¢) — @).
By using the trigonometric identity:
Y40\ iy [ ¥=2
sin 1) — sin ¢ QCOS( 2 )sm (T) . ) 35)
= = tan | ——

cosP +CosP 9 og (%cb) cos (%) 9 5

we can compute
b—¢
2tan (T 2(cos 1) + cos ¢)(sinyp — sin ¢)

sinfy -~ ¢) = 1+ tan? <¢T_¢> "~ (cos¢ + cos §)2 + (sing) —sing)?’

and combined with D = R cos ¢ we can conclude that

1 2(C+D)(B- A
T D CLDRL(B A

Also, by (34), the minimum value can also be computed as

frx =sin@siney + cos ) (cosh O, — sin ¢ - sinh 0, ) = sin ¢psin ) + cos ¢ cos 1p = cos(¢) — ¢).

b

v/ a2 —bo ’

"To clarify, we are just using the fact that a sinh ¢ — bcosht = 0 if sinh ¢ =
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By using the trigonometric identity in (35), we can compute

1 - tan? (@) _ (costp + cos ¢)? — (sin¢) — sin @)?
1+ tan? (@)  (cost +cos¢)? + (sin ¢ — sin )2’

cos(t) — 6) =

and we can conclude that

(cost + cos§)? — (siny) —sing)?  (C'+ D)? — (B — A)?

Jo = (costp + cos @)2 + (sinth —sing)2  (C+ D)2+ (B — A)?

as desired. O

B.4.5. PROOF OF LEMMA B.7

Here we prove Lemma B.7, restated below for the sake of readability.

Lemma B.7. Suppose that A1, As, B, Bo, C > 0 satisfies Ay < By, Ay < By, and Ay — A1 = By — By > 0. Then for
the functions f1, f2 : (0,00) — (0, 00) of the following form:

fi(z) = Ayz 4+ /(1 — Biz)? + C222, fo(z) = Agz 4+ /(1 — Byx)? + C222,

we have f1(x) < fao(x) for all z > 0.

Proof. We must show that for all z > 0 we have f;(z) < fa(z), i.e.,

Az + \/(1 — Biz)® + C%12 < Ayz + \/(1 — Byz)® + 22,

which is equivalent to

1 2 1 2
<x_Bl> +C? - (x—Bg) +C?2 < Ay — Ay

1 B B
D=A,— A =By — By, S:*—%;
x

Let us substitute as follows:

where D > 0 and s > —% by assumption. We are left to show that

2 2
\/<s+§) +C2—\/<s—l2)) +C2<D. (36)

If D = 0, then we can observe that both sides become 0 and hence (36) is indeed true.

If D > 0, the LHS of (36) as a function of s is a (monotonically) increasing function. Moreover, since

2 2
lim \/<5+D> +C2—\/<S—D) +C2=-D,
§——00 2 2

2 2
lim \/(8+D) +C2—\/(5—D) +C2% =D,
5—»00 2 2

the range of the LHS is equal to (— D, D), including when C' = 0, which completes the proof. O
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C. Proofs used in Section 4

Here we prove all theorems related to Alt-GDA presented in Section 4.

* In Appendix C.1 we prove Theorem 4.1 which yields a contraction inequality for Alt-GDA.
* In Appendix C.2 we prove Corollary 4.2 which derives the corresponding iteration complexity upper bound.

* In Appendix C.3 we prove the two main propositions introduced in Appendix C.
Notations. For notational simplicity, in Appendix B we define and use the following notations for gradients:
gi; = Vaf(xi,y)), g = Vyf(®i,y;).
In particular, we will use indices ¢, j € {0, 1, x} throughout the proof.

C.1. Proof of Theorem 4.1

Here we prove Theorem 4.1 of Section 4, restated below for the sake of readability.

Theorem 4.1. Suppose that f € F (g, fty, Ly, Ly, Lyyy) and we run Alt-GDA with step sizes o, 8 > 0 that satisfy

1 1 Vi
“= 5 min { L Lwyr}
L \/um

Then U is valid, and satisfies \Il’gil < rUpt with

1
l_Ma: B_,U’y é_,u/w
T = Imax y y s
,_QBQL L2 l—aQL L2 1
B a

where we have 0 < r < 1.

Proof. Note that the Lyapunov function U2! for Alt-GDA can be written as

1 1
\Il‘gh = (a — Mx) ||$k — ZL’*H2 +2 (ﬁ - My) ||yk - y*“Q

1 37)
# (5 = e ) lzwes = 2.l = a1 = L)V flon, )P

The proof consists of two steps; in STEP 1 we prove that \Pi‘h is a valid Lyapunov function, and in STEP 2 we show that
\I/;:‘Ltrl < rW2It holds for the contraction rate r given as in Theorem 4.1. For notational simplicity, W.L.O.G. we equivalently
show that the statement holds for £ = 0 and any choice of initialization (x, yo). (This is indeed safe because we can apply
the results to each of the iterates of the whole sequence {(x, i) }r>0 generated by Alt-GDA..)

STEP 1. VALIDITY OF LYAPUNOV FUNCTION

Here we show that there exists some constant AA!" such that we have Ut > AM ([lwg — @, [|2 + [|yo — y.||?) for any
choice of initialization (g, yo), which is equivalent to showing that \IJAh is a valid Lyapunov function. Proposition C.1
yields a lower bound inequality from which we can derive such a constant AA!,

Proposition C.1. For f € F(ug, fty, Ly, Ly, Lyyy) and Alt-GDA with step sizes given as in Theorem 4.1, we have

1 1
w2 (5 =) oo =@l 42 (5 =) oo = il + (5 = o) o = 38)

for any choice of initialization (xo, Yo ).
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While we defer the proof of Proposition C.1 to Appendix C.3.1, here we see that

1 1
(55—t oo = a2 (5 =y ) o =l + (5 =) o =l 2 A% (fo = P + o = 92])

shows the validity of \116‘“ for AAY — min {i — fg, 2 (& — ;@)} > 0.

(Note

QM <7i- 1mphes AAt > 0)

STEP 2. CONTRACTION INEQUALITY

Here we show that W41t < rWA! for any choice of initialization (g, yo), which is equivalent to showing that WA! § r\IIA“

k+1
for all k. Proposition C.2 yields a one-step contraction inequality that applies to Alt-GDA with o < 57— and B8 <

when the step sizes are small enough.

2L’

Proposition C.2. For f € F(ug, pty, Ly, Ly, Lyyy) and Alt-GDA with step sizes o < 2L and 8 < we have

2L’

1 1 1 N
(5 - 202022, ) o = a2 42 (5 = Lty )l = el + o = ] = a1 - aLo)gti P

1 (39

1 1 -
< ( —uz) o — .2 + 2 ( —uy> o — w2 + ( —m) e — 2. — a(l — aL) g 1
« 153 «
for all zo € R%, y, € R,

We prove Proposition C.2 in Appendix C.3.2.

Note that the choices of step sizes in Theorem 4.1 indeed satisfy o < ﬁ and g < % Assume W.L.O.G. that x, = 0
T y
(€ R%) and y, = 0 (€ R%). Observing that the RHS of (39) is exactly ¥4, it is enough to show that

1 1 1 N
W= (3 o) o =P+ 2 (G = )l = el (5 = e ) low = 2 a1 — oLt

1 1 r @
<r(5-2nd ) le - el 2 (5 - 0L, ) Ion - al? + Zlon - @l - a1 - aLo)lgti P
(40)
after which we can combine the results as 7 - (39) + (40) to obtain W4t < r@Alt,

1 _
Since r > +—25—"——, we have

BZL L2 ’
1 2 1 2 2 2
— =g ) e — P < (- =282, 12, ) o - a2

we have

1 1
2 (4 ) bl <2 (5 0Lt Yo - el

Since r > —2 -2
= %7042L$L§y ’

Since r > , we have

1
o _Ha
1

ey

1 r
( um) oz — 2. < "l — @]
@] [0

1 1 e 1 5 i
Also, we can observe that v < 5 and 8 < 51/ o To implies

1 @ 1 L
0[62 < Ha - a H
a 2ﬂ2LyL§’y

< o <
2L, AL,L2,  2L,L2,

A 28°LyL2, <AB°L,L2, <, = € (0,1),
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and that o < £, /2% L 57 implies
1 1 1 5w
2 < 1V < A 0PL L%, < 40?L, 12, <p, = —2— " €(0,1).
aﬂ_ﬁleLiy 2L L(EL%y o zy o zy = Hy %—oﬂLngye(’ )
Since it is obvious that =54 € (0,1), we can observe that
1 1 1
o Mz B Hy o Mz
r = ma , R a € (0,1
X{—ZﬁQLLQ %—OJQL L2 i } ( )
and therefore
—a(l = aL,)|lgh|* < —ra(l — aLs)|gh 1%,
which shows r € (0,1) and (40), and-altogether with Proposition C.2—proves the given statement. O

C.2. Proof of Corollary 4.2

Here we prove Corollary 4.2 of Section 4, restated below for the sake of readability.

Corollary 4.2. For step sizes given by the maximum possible values in Theorem 4.1, Alt-GDA linearly converges with
iteration complexity

\I/Alt
o ((HI +tiy + Koy (VEe + V/y)) - log Alflte) ’

where AN = mm{ — Lz, 2 (% - Mu)} > 0.

Proof. From Theorem 4.1, we have

1 2 2 1,2 2

1—r pro = 282Ly L2 py —a?L, L2, «
From 3 < % Be . % we have
Y Ty
e A T T
Pz — 262LyL§y - Mz — %/ffz - Olly
From o < - (/%% - 71—, we have
e Lay
% - O‘QLwLiy % - i/‘y 4
fy — 2L, L2 v — Sy T 3By

‘We can deduce that

1 2 4
T = max{%’ 35%} = max {O (Ky + Foy/Re) , © (my + Ky /Fy) }
Z@(Hx‘F’iy‘F“wy(\/E‘F\/@))'

Therefore it is sufficient to take

\IjAlt
K=0 <(/€m + hy + Kay(VEe + v”y)) -log AAOItE)

iterations to ensure that ||z — z, ||2 <e.

Finally, we can check that « <5 - < g and B <

< i~ 1mphes AAt >, O

2Ly 2#,/
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C.3. Proofs used in Appendix C

Here we prove the propositions introduced in Appendix C.

C.3.1. PROOF OF PROPOSITION C.1

Here we prove Proposition C.1, restated below for the sake of readability.

Proposition C.1. For f € F(uy, fty, Ly, Ly, Lyyy) and Alt-GDA with step sizes given as in Theorem 4.1, we have

1 1
\Pélt > (2 - Nz) ||iL’0 - 33*”2 +2 <4B Ny) ”yO - y*||2 + (a - MZL’> le - w*HQ‘ (38)

for any choice of initialization (xo, Yo ).

Proof. For simplicity let us assume W.L.O.G. that ¢, = 0 (€ R%) and y, = 0 (€ R%).
By triangle inequality and Lipschitz gradients, we have
lg6oll® < 2llggo — g¥oll® + 2llgsol* < 2L3J2ol|* + 2L, lyolI*.

Therefore, we can obtain

1 1 1 N
(5 =) ol 2 (5 =) BolP + (5 = o) leal? = a1 = Lol
1 1 1
> (3= w2000 - aL) 22 ) lmol? +2 (5 =y - alt - oLz, ) lwolP + (5 - ) .

Sinceagi,wehave
1 , 1 , 1 11
a_ﬂw_Qa(l_aLw)LwZa_ﬂw_zasza_ﬂm_%:%_Mm-
Since o < %Liy %M’L‘—?L—iy,wehave

1 1 [ [y / 1 1 3
B — ,uy — O[(l — OzLx)Liy Z B OzLiy = 'uy 46 J B ,Ufy — @ = @ — #y

Therefore we have
L S0 — L)L 2o (L a1 —ar,)r2 2y (1o 2
o~ Ha = 20(1 —aLs) L | @oll” + 5 M a(l —aLs)Lyy | yoll” + (= = s ) 21
> (ol e Yol 2 (2 — iy ) ol + (& = e )l 2
~ \ 2a 46 Y ey ’
which proves that (38) is indeed true. L]

C.3.2. PROOF OF PROPOSITION C.2

Here we prove Proposition C.2, restated below for the sake of readability.

Proposition C.2. For f € F(ug, pty, Ly, Ly, Lyyy) and Alt-GDA with step sizes o < L and B < we have

2L ’
l_2 2L L2 _ 2 ) l_ 2L L2 _ 2 l _ 2 _ 1—al x |12
220,12, ) s~ +2 (5~ 0?Let2, ) s — 9l + Sl — 2.l - a(1 -~ aL)lgi|

< l_ _ 2 2 1_ _ 2 l_ _ 2 1—al x |12

< {5 e ) lmo —2” + 5 1o =yl + { = = pa ) 21 = 2| = a1 — aLa) | gio

forall xg € R% yy € R,

(39)
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Proof. Recall that Alt-GDA takes updates of the form:

T = Tg — Olva:f(wmyo) =Ty — 049807
Y1 = Yo + BVy f(z1,90) = yo + Bgy-

From this, we can deduce that
1 1 2 1
—|lz1 — > = =llzo — z|]* + = (21 — @0, @1 — @) — —|lT1 — 20|
a (07 a (e
1 xT xr
= EHSUO —z.|I” — 2 (g5, w1 — x.) — gl
2 , 2
= BHyO —yll” + 3 (Y1 — Yo, (Yo — Yx) + (Y1 — 9s))
2
= BHyO - y*||2 +2 <911]07y0 —Yu) +2 <gz1!oay1 - y*> )
1 1 2 1
—loy =z, |? = =l — z|* + = (22 — @1, w1 — @) + —[|@2 — 1|
Q (07 Q 01

1
= e —a.|” - 2{gf1, @1 — 2.) + allgh*,

which sums up to
1 2 1
~llar — .|+ Zllyr =yl P+l — 2
«@ 153 «

1 2 1
=~z —@.|* + Bllyo ~ Ul + e — 2 = allggo|* + el |
= 2(gg0: 1 — ) + 2(910 Yo — Yx) +2(g10, Y1 — Yx) — 2(g1, T1 — =) -
Then p,.-strong convexity and L,-Lipschitz gradients® of f(-,yo) yields:

2(g60, T+ — @0) = 2(Va f(@0, Y0), T — To) < —pzl|To — &[> = 2(f (@0, y0) — f(@+: ).
2(gfy, xo — @1) = =2 (Va f (0, Y0), 1 — o) < Lall@1 — 20| + 2(f (@0, yo) — f (@1, y0))-
Similarly, f1,-strong concavity and L,-Lipschitz gradients of f(x1,-) yields:
2(g%0, Y0 — yx) = =2 (Vy f(21,90), Y — Yo) < —iyllvo — usl? = 2(f (@1, 92) — f(=1,90)),
2910, y1 —y0) = 2(Vy f(1,90), y1 — y0) < Lyllyr — yol* + 2(f(z1,91) — f(®1,90)).
Finally, p,-strong convexity of f(-,y1) yields:
2(gty, @, — 1) = 2 (Vo f(®1,41), 20 — 1) < —pof@r — @] = 2(f (21, 91) — (@0, 91))-
From now, for simplicity we assume W.L.O.G. z, = 0 (€ R%) and y, = 0 (€ R%).
From (42) 4 (43) we have
—2(g6o> 1) = 2(gG0: T+« — To) + 2 (gG0: To — 1)
< —pellaol? + Loller — 2o + 2(f (@4, yo) — f(®1,90))
= —pa||zol” + @®Lalgioll* + 2(f(@+. yo) — f(@1,0))-
From 2 x (44) 4 (45) we have

2(g%0,yo) +2(g70,y1) = 4(9¥0, yo — yx) +2(970, y1 — o)

IN

=2y lyoll* + B2Lyllgholl® — 2(2f (1, 9.) = f(@1,90) = f(a1, 1))

—2pyllyoll® + Lyllyr — yoll* — 2(2f (w1, 9.) — f(®1,90) — f(®1,91))

(41)

(42)
(43)

(44)
(45)

(46)

8Note that the Lipschitz gradient conditions for L, and L, are equivalent to the widely used notion of smoothness in convex

optimization literature.
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Finally, (46) translates into

—2(gf1,21) = 2{gf1, 2« — 1) < —p|| @1 [” = 2(f (21, 91) — fl2s, 90))-
We can properly plug in the above equations to Equation (41) to obtain

1 2 2 2 1 2 1 2 1 2 1 2
Sl Sl Sl < (5 = e ) ol +2 (5 =y ) ol + 5 = s ) el

—a(l—aLy)llgill” + algiil* + B2Ly gt 1
- 2(2f($15 y*) - f(w*vyo) - f(w*?yl))'

Since f is convex-concave and has Lipschitz gradients, we have
1 2 1 T |12
2/ @1.y.) ~ f(@er9.) <~ Vo @) |2 =~ lgf. %
-9 _ <_i \V4 2__i Yy 12
(f(@e ) = S (@ory0)) < =V @) = = gl
Yy Yy

1 1
([ @ay) — S y) <~ [Vl @)l = g
Yy Yy
Therefore we have
1 2 1 1 1 1
Slleal? + ShnlP + el < (5 = o) hool? +2 (5 = ) holP + (5 = s ) P
xT xr 2 xT
—a(l - aLy)|gill” + allghl” - f||91*||2

1 1
+B2Lyllgtoll” — —llgloll® — —llghll®
Yy Ly * Ly *

1 2 1 2 1 2
= _— 2 -_— _—
(2 - ma) bl +2 (5 =) ool + (5 = e ) il

€ 2 x 1 1 1
+ o’ La|lgh I? — —llgt.)1? + 8°Ly llgtol> — —llglol?
L, L,

x x 1
—a(l = aLy)llggll* + a(l — aLs)gh I — 7 llghll*.
Y
By triangle inequality and the Lipschitz gradient condition for L, we have the following inequalities:
lgtoll” = 2llgtoll” < 2llgly — gloll® < 2L3, [l 1%,
lgtill* = 2llgf,]1* < 2llgty — g7l < 2L3, llya >

1 1 1 1
Ifa<s-< JaLo and 8 < 5T, < \/ﬂy,then we have

0‘2L1H911||2 I ||g1*||2 + 52Ly||9?1’/o”2 I ||Qfo||2 < a2Lx (||£:711H2 - 2”91*”2) + 52Ly (”9%0”2 - 2”930”2)
x y

<20°L, L2, ||y ||* + 28° Ly, L7, || |7,

and hence
1 2 2 2 1 2 1 2 1 2 1 2
Sl Sl el < (o= ) ol +2 (5 = ) ool + (5 = o )
+20° Lo Ly, s |I* + 287 Ly L3, |1 ||
: : 1, . 1
— ol — aLy)llgiol® + a(l — aLa)llghi * — —llgtull* — —llghl*
L, L,
1 1 1
< (5 taol? +2 (5 =) ol + (5 = ) e 2
+20° Lo L [ly1|* + 287 Ly L3, |l21 | — a1 — aLa)lggoll* + (1 — aLs)lgf|I*.
Rearranging terms, we immediately have (39). O
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D. Proofs used in Section 5

Here we prove all theorems related to Alex-GDA on SCSC Lipschitz gradient problems presented in Section 5.

e In Appendix D.1 we prove Theorem 5.1 which yields a contraction inequality for Alex-GDA.

* In Appendix D.2 we prove Corollary 5.2 which derives the corresponding iteration complexity upper bound.
* In Appendix D.3 we prove Theorem 5.3 which yields a matching lower bound for Alex-GDA.

* In Appendix D.4 we prove Proposition 5.4 which shows that the same lower bound holds for EG.

* In Appendix D.5 we prove technical propositions and lemmas used throughout the proofs in Appendix D.

D.1. Proof of Theorem 5.1

Here we prove Theorem 5.1 of Section 5, restated below for the sake of readability.

Theorem 5.1. Suppose that f € F (g, tty, Ly, Ly, Lyy) and we run Alex-GDA with vy, > 1 and step sizes «, 8 > 0 that
satisfy

1 1
"o i)

8 < C-min{l, B "um}
Ly’ Lay\/Ity

for some constant C > 0 (which only depends on v and §). Then \I/‘,y"'x is valid, and satisfies \Il‘glj’i < T\I!‘,?lex with
r=max{l — oz, 1 — By }.

Proof. Before starting the main proof, we characterize the step size condition as follows.

Finer Step Size Condition. We assume that the step sizes «, 5 > 0 satisfy

C C Cs3 | Cy [pe
04§717 Béia agis &7 BS : L (47)
L, L, Lyy \ po Loy \ iy

for constants C, Cs, C5, Cy > 0 satisfying

v—1 6—1
C1§W7 2 S S5
. 1 51 1 48
S sy T22—s 2 -G 1) [ (48)
. 1 v—1 1
< .
04—mm{36—2’27(6—1)’2(7—1)(6—1>}

(By choosing C' = min{C1, Cs, C3, C4}, we can obtain the simpler form given in the theorem statement.)

We show a few inequalities involving C1, Cs, Cs, Cy > 0 for future purposes.’

First, we have

0—1
262

v—1

Ci <
1f272

< —<5 (<

<<l (49)

N~

x
26

N

1
2y
Note that all arguments in the upper bounds of the constants given in (48) are all strictly positive whenever v > 1 and § > 1.
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SinceC’lg%< g#‘_ll)ng 1),Wehave
VL +7(6 —1)Cy <2(y - 1). (50)
Since C7 < ';T_Zl < 'y+1 and Cy < 35172, we have
(v+1)Cy + (36 —2)Cy < 2. (51

Therefore, by (50) + (v — 1) x (51) we have

(272 = 1)Cy + (490 — 3y — 30 +2) Oy < 4(y — 1). (52)
Since Cs < 52321 and C5 < ﬁ, we have
820y + (v —1)6C5 < 6 — 1. (53)
Since Cs g 1 < % and C3 < 51, we have
6+ 1)Co + (37— 2)Cs < 2. (54)

Since C; < £ and C3 < m, we have

Ci+(y-1DE-1C3 <1, (55)
and as Cy < m, we similarly have
Cr+(y—-1)@E-1)Ci < 1. (56)
We also note that since C3 < ﬁ and Cy < W_jl), we have
C3Cy < ! (57)
sd = 45y
which, along with v, § > 1, directly implies the followings:
4C5Cy < 1, (58)
4(6 — 1)C3Cy < 1. (59)

Now we proceed to the main proof of Theorem 5.1.

For k > 1, the Lyapunov function \I/‘,?“’" can be written as

wpe ? &

1 -
+ a||913k+1 —a.|]* — al|Va f(zr, gi)

- 1)(0 -1 7]
(v : )( JoB Ly [PV f @, )2,

| 12+ 2
= — || —_ — —
o E— Ty 3 Yr — Yx

+ (0= DBIVyS (@e ye)II” +

and for kK = 0 as

\IJ/OXIex | | 2

1 2 1 )
= —lleo —@|* + *Hyo ~ Ul + e — 2 = al[ Ve f(@o, 50) 1

(- 16 - 1)t
s e R I R LN C I

Similarly as in the proof of Theorem 4.1, the proof consists of two steps— in STEP 1 we prove that ¥4" is a valid Lyapunov
function, and in STEP 2 we show that U2l | < W2 holds for the contraction rate  given as in Theorem 5.1.
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STEP 1. VALIDITY OF LYAPUNOV FUNCTION

Here we show that there exists some constant A*®* such that we have W' > AA (|lx, — &, |12 + lye — y?), ie.,
W2eX i a valid Lyapunov function. Proposition D.1 yields a lower bound inequality from which we can derive such a
constant AAIX,

Proposition D.1. Suppose that we run Alex-GDA with v, > 0 and step sizes «, (3 satisfying (47), and (48). Then we have
T > el + o el + P (60)
k= 9a 25 ol
Sor all (xk,yy), both when k > 1 and k = 0.
While we defer the proof of Proposition D.1 to Appendix D.5.1, here we see that this implies
ol + Sl 4+ sl > A () + el?)
2a 153 « -

}>o.

STEP 2. CONTRACTION INEQUALITY

@[

for AAX = min { =,
«

Note that this time we can’t simply take k£ = 0 as in the proof of Theorem 4.1, since for Alex-GDA there exists a slight
difference between the first iterate and the rest, as we have briefly explained in Section 5.

To deal with this subtlety, here we allow ourselves to set £k = 0 W.L.O.G. by focusing on a set of iterates given by

1 =z — YoV f(To,Yo),

x1 =y — aVaf(xo, Yo),
&0 =m0 — (v — V)aVef(T_1,9-1), Y1 = yo +BVy f(Z1,90),
Po = Yo + £(0 — 1)V f (&0, Y1), Y1 = Yo + BV f(Z1,90),

Ty =z —yaVef(T1,91),

Ty = T1 — Otvmf(ml,gl)7

(61)

where we can have either £ = 0 or 1.

If £ = 0, then we simply have &y = & and yy = Yo, just as in the case of k = 0 of Alex-GDA. If £ = 1, then we can bring
the iterates & and gy, from the previous step, which corresponds to the case of k£ > 1 of Alex-GDA. Therefore it is safe to
set K = 0 W.L.O.G,, and it suffices to show a contraction inequality that holds for any iterates given by (61) (including both
cases of £ = 0 and 1), which we can apply to all iterates of the algorithm including both £ > 1 and k = 0.

Proposition D.2 gives us the main inequality which leads to the desired contraction inequality.

Proposition D.2. For f € F (g, by, Ly, Ly, Lyy) and iterates given by (61) with v, 0 > 0 and step sizes o, (3 satisfying
(47), and (48), we have the contraction inequality

1 2 1
a”fcl —z. |’ + E”yl —y+ a||932 — x|
—al|Vaf(@1, 91)|I> + (6 — 1)BIVy f (@1, 90)|I> + (v — 1) (6 — 1)aﬂLzy\/Z7~ Ve f (0, 9o)|I?

1 1 1
< (5w ) oo =42 (5= ) oo = el + (5 o) o =

— |V f(@o, G) 17 + €y — 1)(5 — 1>amxy\/? Ve F @t o)l

(62)

where £ = 0 or 1.
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We prove Proposition D.2 in Appendix D.5.2. Note that we can simplify the step size conditions as given in the theorem
statement by choosing C' as the minimum of the upper bounds of the constants given in (48).

First, let us assume that & = 1. Note that by Proposition D.2 we have

1 2 1
w1 — @ + gl - I+ = llwo — a.®

—a|[Va f(x1, 1) + (6 = DBIVy f(@1, y0)[I” + (v = 1)(6 — 1)aBLay % [IVa f (20, 9o)

x

1 1 1
< ( —um> o — 2] +2 ( —uy> o — wall? + ( —ux) T
Q I} «@

— o[V f(zo,50)|* + (v = 1)(6 — 1)aBLay % NVaf (1, g-1)]

=gz - (V= 1) (8 = 1)a®BLay/liatiy ||V f (0, o) || to both sides so that we have

1 _
I” + ez = z.|* — al| Ve f (@1, 91)|?

0= DBV @+ DO B9 . ol

1 1 1
< (5o tao a2 (5 - ) oo -l + (5 - o) o = a2

_a(l—(’y‘”(‘s Da meﬂv F (o, o)lI? + (—1><6—1>a5Lmy\/5>i'llvwf<w1,@1>||2.

1H H2+2||
e — - _
o 1 * Byl

1 —apy
(63)
Now let us define r as
r=max {1l — apgy,1— Buy,}.
Since r > 1 — ot and r > 1 — B, we have
1 1
(5 e ) llzo = el < 7 Lo — ],
«@ «
1 2 2 2
2 B—Hy llyo — vl ST'BH’!/o—y*H ) (64)
1 1
(5 1e) lor =l < - Sl = P
« «
Since r > 1 — o, we have
—1)(6 — 1)aBL Ve 2 < (y=D0O Ve
(v =D = DapfLay/ = [Vaf(@_1,9-1)|" <7 l—au Loy /=2 Ve f(x 1,90
Now we will show that the following holds for the negative gradient terms:
(y—1(@ —1)ap . _
-« (1 - T—apn Lay/fiztty ) Ve f (2o, 90)* < —ral|Vaf (2o, 90) 1. (65)
Observe that
1 1 1
(66)

< < .
l—au, ~ 1—al, — 1-C;
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Recalling inequality (56), we have
Cit(y—1)(6 - 10y <1,

which, combined with (66), gives

1 1
— (=1 -1)C, < -6 —-1)Cs < 1.
(= DB =10 € T (= 16— D <
The condition 8 < % Z—z then yields
1—oapy 1—apy 1

(7= D0~ DaBLey ety — (7~ 16— DCaarms — aps’

Similarly, recalling inequality (55), we have
Cl + (’Y — 1)((5 — 1)03 S 1,

which, combined with (66), gives

The conditions o < =, /% then yields
Ty T

1 —apy > 1—apy > L
(v =1 = DaBLay/Bafiy — (v =10 = 1)C3Bpuy ~ By

Therefore we have

1— apy < 1 { 1 1 }
> =maxq —,—>— ¢,
(y=1( - 1)aﬁLwy\/Nwﬂy 1—r Qplz By
or equivalently

(=D -1

of
1- 1 — Uy Lzy\/ /"LCL‘/"Ly 2 r,

from which (65) immediately follows. Finally, we can just add:
0< (6 —1)BIVyf (o, y-1)]* (67)

Aggregating (63), (64), (65), and (67), we can obtain

1 2 1
~ller =z |? + Zlyr — P + =2 -z ?
«@ I6] @

— 0l @301 + (= D3Iy S wo) P+ T L B9, o)

1 2 1
< 4 —m |24 2 —ul?+ = — |
(20— 224 2y~ P + 2o - )

= V. o)+ (8= D8IV, o,y +r T B 9wy )

which — as £ = 1 corresponds to iterates of Alex-GDA for k > 1 — concludes that ' < ¥ for k > 1.
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Now suppose that £ = 0. Then by Proposition D.2 we have
1 2 2 2 1 2 ~ (12 ~ 2
Sz =™+ B”yl =Y+ Sl — 2T = al Ve f@n,y)l7 + (6 = 1DBIVyf (@1, o)
< l _ . 249 l _ _ 2 l _ _ 2 oIV N
< (5 =) oo =@l +2 (5 =) v =9l + (5 = 0 ) llos = 2 = 0l V(0. 50) -
Then, since 1 — B, < r < 1 and (64) holds for this case as well, we have

1 2 1
—[l&1 — @[ + S Y1 — vl + = [lzo — 2 ]?
« 153 «

15 —
— ol s )| + 6= 119y )+ R [0, g

1 1 1
< (3w ) oo =42 (5= ) oo =l + (5 ) o =

. - 10 -1« .
~ ol Vastan g+ SO B e

1 2 1
<r (nmo P+ 2o — gl + S — m)
« 154 «@

_ ~ 112 r .(7_1)(5_1)045_ Py = N2
oV (@0, B0 4 = R Ly [ V.50

which — as € = 0 corresponds to the iterate of Alex-GDA for k = 0 — concludes that W < p@jlex, O

D.2. Proof of Corollary 5.2

Here we prove Corollary 5.2 of Section 5, restated below for the sake of readability.

Corollary 5.2. For step sizes given by the maximum possible values in Theorem 5.1, Alex-GDA linearly converges with
iteration complexity

OAlex
O <(K/I + K/y + Kzzy) . log 14A16X6> s

Alex _ oo 11
where A e"—mln{ﬁ,g}>0.

Proof. In Theorem 5.1 we have shown that W{!% < r¥ple* for all k > 0 with r = max {1 — oz, 1 — By}

Since we choose o = @(min{ L }) and 8 = @(min{ L/ }) we have

Tw’ Lmy Ha Ty’ LT/y My

1 { 1 1 }
=maxq{ —,—
L—r iy By
L, L L,
:e(max{,y,y}):@mﬁf@ymw).
Ha Py /Py

Therefore it is sufficient to run

Alex
K=0 ((nm + Ky + Kgy) - log A/Slexe)

3 O

iterations to ensure that || zx — 2z, |2 < ¢, where AA* = min{

@l

1
20
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D.3. Proof of Theorem 5.3

Here we prove Theorem 5.3 of Section 5, restated below for the sake of readability.

Theorem 5.3. There exists a 6-dimensional function f € F(jig, fty, Ly, Ly, Lyy) with dy = dy = 3 such that for any
constant step sizes «, 3 > 0, the convergence of Alex-GDA with v, > 1 requires an iteration complexity of

1
Q <(/~@x + Ky + Kgy) - log 6)
in order to have ||z — z,||* < e

Proof. We use the same worst-case function as in Theorem 3.3:
T

x e 0 0 Ly 0 0 x

S 0 puy O 0 0 0 S

Flmy) = 1t 0 0 L, O 0 0 t
’ 2 |y Ly 0 0 —py, O 0 y|’

U 0 0 0 0 —py O U

v 0 0 O 0 0 -L v

where x = (z, s,t) and y = (y, u, v). It can be easily checked that f is a quadratic function (i.e., Hessian is constant) such
that f € F (s, pys L, Ly, Lyy) and T, = y, = 0 € R3.

We first observe that if we let

e 0 0 Lyy 00 ty 0 0
A=|0 pu, 0|, B=|[0 0 0f, C=|0 py, 0],
0 0 L, 0 0 O 0 0 Ly
then the k-th step of Alex-GDA satisfies
Thi1 (1 0 0 Ol [I-aA 0 0 —aB] [z
Tp+1| |0 I 0 0| [I—vaA 0 0 —yaB| |z
yre1| |0 BBT I —-pBC 0 0 oI 0 Yk
Ykt1 0 3BT I —-6B8C 0 0 00 I Yk
i I—-aA 0 0 —aB BT
_ I—~aA 0 0 —~yaB T
T | BBTI-aA) 0 I-BC —~yaSB'B| |y
_5ﬁBT(I —~yaA) 0 I-5BC —~5aBB'B | Uk
Therefore we have the following coordinate-wise updates:
Th41 1— Ay 0 0 70[Lmy i Tk
Try1| _ 1 —yau, 0 0 —yaLgy Ty 68)
Y1 BLyy(1 —yape) 0 1—PBu, —afLZ, | |ye]|’
ngrl 66[/901/(1 - 'Yaliac) 0 1- 55/1@1 _’YéaﬁLiy_ Yk
Ap
skr1 = (1 — apig)sk, Spp1 = (1 —yopg)sk, (69)
tea1 = (1 — aLg)ty, trer = (1 —yaLy)tr, (70)
upr1 = (1 = Buy)ug, Grr1 = (1 — 0B8uy)ur, (71)
V41 = (1 - [‘3Ly)1}k, ﬁk,-&-l = (1 - 5BLy)’0k. (72)
To assure the convergence of iterations (70) and (72), the step sizes « and 3 are required to be
2 2
a < I, and (< L—U (73)
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Also, to guarantee ||z ||” + ||yx||” < €, we need from (69) and (71) that s2, < O(e) and u% < O(e), respectively. These
two necessary conditions require an iteration number of at least:

KQ(( ! Jr1>'log1), (74)
apz By €
and aL,, fL, = O(1) from (74) yields
1 1
+ — = Q(kp + Ky). (75)
Cfly B,uy (ks y)

Now, in order to ensure convergence of iteration (68), we need the following matrix

1—apy 0 0 —aLgy
p_ 1 —yauy, 0 0 —yaLy,
6[/:83/(1 —yopz) 01— By _VaﬁLiy

5ﬂLzy(1 - 'yauz) 0 1- 5B,u'y *75045[/37;
to have a spectral radius smaller than one. Hence it suffices to show that p(P) < 1 implies that ﬁ + ﬁ = Q(Kgy).

Suppose that A is an eigenvalue of P. Then we must have

(1=X) — apy 0 0 —aLygy
I =~yap, -A 0 —yaL,
det(A\ — P) = y
et )= 8Ly (1 —yaps) 0 (1—A)— Bu, —yaBLE,
8BLyy(1 —yap,) 0 1 — 6By —A—~6apL?,
(1 - )‘) — Qg 0 704Lzy
= -\ | BLyy(1 —yopz) (1—X)—Buy —yafL?, |=0.
6ﬂLwy(1 - 'Yaﬂw) 1-— 66#1} —)\ — ’Y(SO(ﬁLiy
We can compute
(1=X) —apy 0 —aLgy,
ﬁLzy(l - ’Ya/‘z) (1 - >‘) - ﬁﬂy _WaﬁLiy
66Lwy(1 - 7aﬂw) 1-— (Sﬁﬂy —)\ — ’yéaﬁLiy.

= (1= 2) = apra) (L= N) = Biay) (~X = 100BL2,) — aBIL2, (1 ~ v ) (1 — 55m,)
+0aBL2, (1 = yope) (1= A) = Bpy) +vaBL2, (1 = 6Buy) (1= A) — apry) -

Substituting A =1 —t and ¢ = aﬁLZy, we can obtain a simpler expression:

(t — apg) (t = Buy) (t =1 —v5¢) — ¢(1 — yap, ) (1 — 6Bpuy)
+00(1 — yaps) (t = Buy) + 791 — 6Buy) (t — apg)
= (t—apg) (t = Buy) (t = 1) =76 (¢t — apg) (t = Buy) — (1 — youa ) (1 — 0Bpuy)
+0¢(1 — yapus) (t — Buy) + 701 — 6Buy) (¢t — apg)
= (t —aps) (t = Buy) (t—1) = ¢ (1 — yopa) — v (t — apz)) (1 — 6Buy) — 0 (t — Buy))
= (t — aps) (t = Buy) (= 1) — ¢(1 — 1) (1 — 6t).

Therefore the eigenvalue A must be 0 or take the form of 1 — ¢*, where t* is a root of the following cubic equation:

(t — apg) (t = Buy) (t — 1) — ¢(1 —~t)(1 = dt) = 0.

We can expand as

3 — (1 + apg + By + 130t + (apy + Biy + aBpapty + (v + 8) @)t — (aBzpy + @) = 0.
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Hence we have a cubic equation of the form t3 — pt? + gt — r = 0 with coefficients given by

p=1+aps + By + 769,
q = ape + Bpy + aPpiapy + (v + 6)9, (76)
r = aBaity + 6.

Note that we obviously have p, ¢, > 0.

There exists a well-known characterization of cubic polynomials having roots with absolute values less than one.

Proposition D.3 (Grove & Ladas (2004), Theorem 1.4). Consider a cubic polynomial x> + asx® + a12 + ag, where ag, a1,
and ay are real numbers. Then a necessary and sufficient condition that all roots of the polynomial are contained in the
open disk |x| < 1is

|a2+a0\<1+a1, |a2—3a0\<37a1, ao(a07a2)+(1171<0. amn

Also, the following corollary suggests that the coefficients are all bounded (by constants) for such cases.

Corollary D.4. For coefficients ag, a1, as satisfying (77), we have |az| < 3, |a1| < 3, and |ag| < 1.

Proof. Ttis easy to see that —1 < a1 < 3 from the first two conditions.
Also, the first and the last condition together imply that
lag + ao] — 1 < a1 < ag(az —ag) + 1.
This is a subset of the region
las +aol <4 A |az+ao] < aplaz —ap) + 2.

The range of such (asg, ap) is equal to a parallelogram with endpoints (—3,—1), (1, —1), (—1,1), (3, 1), which implies
|a2| <3and|a0| < 1. O

Plugging back in t = 1 — ), we can write the cubic polynomial in terms of p, ¢, r, and A as
(1=X? —p(1=N?+q1—=A\)—7=0
& N+ (34N +B-2p+ A+ (-1+p—g+71)=0.
By Corollary D.4, we can observe that a necessary condition for p(P) < 1 is that
3—p| <3, 3—2p+¢q|<3, 1—p+qg—r|<]l1.
We can simply deduce that p < 6, which implies ¢ < 12 and finally r < 14.

Therefore we can conclude that all of the coefficients in (76) are of order O(1). In particular, this implies ¢ = a3L2, = O(1)
in order to assure convergence, which concludes that

1 1 2 2Ky

PRI _ = Qay). (78)
e Pity = JaBpapy  faBL2, !

Combining (75) and (78), we have

1 1

+ — = Qke + Ky + Kay)
iy By ! Y
and therefore from (74) we can show a lower bound of
1
Q ((Iﬁ:m + Ky + Kgy) - log e) .
O
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D.4. Proof of Proposition 5.4

Here we prove Proposition 5.4 of Section 5, restated below for the sake of readability.

Proposition 5.4. There exists a 6-dimensional function f € F(uy, pty, Ly, Ly, Lyy) with d,, = dyy = 3 such that for any
constant step sizes o, 3 > 0, the convergence of EG requires an iteration complexity of rate at least

1
Q <(/@L + Ky + Kgy) - log 6)
in order to have ||z — z,||? < e

Proof. Recall that EG takes updates of the form:

Typ1 =@k — Ve f(Tr, Yr),
Yrrt = Yk + BVy f(@k, Yi),
Tpy1 =Tk — Ve f(@py1, Ypy1),

Yk+1 =Yk + vaf(ivméyymé)-

‘We use the same worst-case function as in Theorem 3.3:

T

T Ly 0 0 Ly 0 0 T

S 0 py O 0 0 0 S

f(@,y) = 1t 0 0 L, O 0 0 t
’ 2 |y Ly, 0 0 —p, O 0 y|’

u 0 0 0 0 —p, O u

v 0 0 0 0 0 —L v

where = (z, s,t) and y = (y, u, v). It can be easily checked that f is a quadratic function (i.e., Hessian is constant) such
that f € F (s, pbys Ly, Ly, Lyy) and T, = y, = 0 € R3.

Let us define

e 0 0 Ly 0 0 m 0 0
A=|0 pu, O|, B=|0 00|, C=|0 pu, 0
0 0 L, 0 0 0 0 0 L,

We first observe that the k-th step of EG satisfies

1] [I-aA —aB | [z

o= s e )

£ Msim

il A R e ]

Yi+1 | Yk BBT —BC Yrtl

_ mk} n {—aA —aB} [I—aA —aB } {wk}
| Yk BBT —pC|| BT I-BC| |yk

T x
(I + (Msim — I)Ms;m) [y:] = (I — Mgy, + MZ,,) [y:] .

a

Hence we have that Ag;y, is an eigenvalue of M;y, if and only if A\gg = 1 — Agim + )\gim is an eigenvalue of MfEg. Note that
the matrix Ms;y, is identical to the updates made by Sim-GDA on the same lower bound function f, which allows us to
utilize some results from Appendix B.3.
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Let us define

pa [1 — Qg —aLg;y]
BLyy 1= Buy|”
Then the k-th step of EG satisfies
{xk“} =(I-P+P? [“ﬂ , (79)
Yk+1 Yk
spa1 = (1 — oy + a2p2) sy, (80)
the1 = (1 — aLly, + o*L3)ty, 81)
uppr = (1= By + Bpg ur, (82)
vk = (1= BLy + 2L} )vg. (83)

We can see that the eigenvalues of Mgg must be either Agg = 1 — Ap + )\%, where Ap is an eigenvalue of P, which can be
explicitly computed as

2

or among the following values:
1—ap,, 1—aly, 1—Buy, and 1 —3L,. (85)
For the (real) eigenvalues in (85), we can deduce that the corresponding eigenvalues of Mg are

1—apy +a’p2, 1—aly +o°L, 1—Bu, + %42, and 1— L, + L

Y
all being strictly larger than the corresponding values in (85). Hence, for the convergence of iterations (81) and (83), the
step sizes « and 3 are required to satisfy
O<aLy(1-aL;)<2 and 0<pL,(1-p5L,) <2,
which (as a, 8 > 0) is simply equivalent to
1

1

Also, to guarantee ||z k||> + ||y ||* < e, we need from (80) and (82) that s% < O(e) and u% < O(e), respectively. These
two necessary conditions require an iteration number of at least:

1 1 1 1 1 1
k=0 (<aﬂz(1 — Qply) * By (1 — 6/‘?;)) ‘o 6) =9 ((O‘Nz * ﬂ:“y) o 6) . ®7)

Note that (86) automatically yields

1 N 1
apz By

= Q(kg + ). (88)

Now we focus on the z,y coordinates to complete the proof. We do a similar case-by-case analysis as in our proof of
Theorem 3.3 in Appendix B.3, based on whether the eigenvalues in (84) are real or complex.

Case 1. If the eigenvalues Ap in (84) are real, then we have
[ape [ Bhy
Bty Cefly

as in (23) of Appendix B.3. By the same logic as in Case 2 of Appendix B.3, we have

1 1
+ — =Q(ky + K +/<;i =Q(kg + Ky + Kay)- (89)
o g = Oty ) = Oty )

> 2Ky
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Case 2. Suppose that the eigenvalues in (84) are complex. If we substitute as

:Mv p:\/mv K:”?cy’

then (84) can be written as:

Ap=1—stiy/(K+1)p?— s
As we consider the case when the eigenvalues are complex, here we must have

52 < (K +1)p?
We can explicitly compute
AiG = Ap + (1= Ap)?
=1l-s+iy/(K+1)p?—s2+ (s:Fi (K+1)p2—52>2

:1—s+s2—((K+1)p2—32)j:i((1—2s) (K+1)p2—s2)

Therefore |Agg|? can be expressed as

(1= s+s2— (K +1p? = 7)) + (1 - 25)*((K + 1)p? — 5?)
:(175+52272(175+5)((K+1)p fs) ((K+1)p )2 +(1 - )2((K+1)p2752)
=(1—5+5")" = (21 —s+5%) = (1 -25)*)((K + 1)p* — 5*) + (K + 1)p* — 5°)?

- )

1—s+s° K +1)2%p* —s* — (25 + 1)((K + 1)p* — 5?)
l—s+s (25 +1)s? — s* — (K + 1)p?(2s + 1) + (K + 1)%p*
25 4 4s5% — (K + 1)p?(2s + 1) + (K + 1)%*p*.

)

)7 = (

1—s5+5%)2— (1425 —253)((K +1)p* — %) + (K +1)p* — s2)?
)7+ (

)7+ (

2y2

(

(

(1—s5+s)24+ (K4 1)p* + 5% =25 — 1)((K + 1)p* — 5%)
( ? +

( +

1-—

Note that |Agg| < 1 is equivalent to

—(K +1)p*(2s + 1) + (K + 1)%p* < 25 — 45%

If this is true, then substituting ¢ = (K + 1)p? we obtain the following region:
2 —t(2s+1)+4s* - 25 <0, s* <t

which is the upper region of the interior of an ellipse cut by a parabola. This region is bounded, and we can compute the
range of t as 0 < t < 1 + 2/+/3. Therefore we have ¢ = O(1), and since we can substitute back as

t=(K+1)p* = (K2, + 1)aBapy,

we can observe that (k2, + 1)aBp.p, = O(1), and therefore

2,/(K2,+1)
1 1 2 Ty
o T 2 - = Qkiay)-
Qfly Hy \/aﬁﬂz/‘y \/(ngy + 1)af iz iy
Aggregating with (88), we can observe that
1 1
+ — = UKy + Ky + Kay),
ape By (e vy )
and hence the lower bound iteration complexity holds for all possible cases of convergence. O
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D.5. Proofs used in Appendix D

Here we prove some technical propositions and lemmas used throughout Appendix D.

D.5.1. PROOF OF PROPOSITION D.1

Here we prove Proposition D.1, restated below for the sake of readability.
Proposition D.1. Suppose that we run Alex-GDA with v, > 0 and step sizes «, (3 satisfying (47), and (48). Then we have

1 1 1
\I/Alex > 2 - 2 - 2
o ol + glluel + el (60)
Sor all (xk,yr), both when k > 1 and k = 0.

Proof. For simplicity let us assume W.L.O.G. that ¢, = 0 (€ R% ) and y, = 0 (€ R%).

For k > 1, we have

w1 2 1 . N
U > —la]” + BII?Jkll2 + ~l@ell” = @l Vo f (@, 5o)l* + (0 = DBIVy f (@x, ye) .

By triangle inequality and Lipschitz gradients, we have

IVaf @k, 91) 1 < 20IVaf @k, 91) = Vaf (@ 9i)I” + 20| Va f (., g0) |2
< 2L |k ||* + 2L, 191
< 2L ||z ||* + ALZ, lywl|® + 4L3, [l9x — yil?
< 2L |k |* + AL, [lywl* + 40 = 1)*B°LE, I Vy f (k. yi—1) ||

Therefore, we can obtain
1 2 1 5 -
a”i’%”2 + BH?JI@H2 + aHkaHHQ —al|Vaf(@r, ge)* + (0 — )BIVy f (&k, yr—1) |
> l _ L2 2 l _ L2 2 l 2
> 2Ly ) [Jok|” + 2 2Ly, | lyell” + =@kl
« 153 «

+ (6= 1B (1 =46 = DaBL2,) IVy f(@k, yr—1)|*-
Since o < % and C; < 1 (by (49)), we have

l—20¢L§.21 201>i
« « « 2
Since a < 72, /7, B < C‘* /Z—z, and 4C3C, < 1 (by (58)), we have
1 2aL2 l _ 20304 ,U;y i l 20304 > i
B o Ve oy BT 28

Finally, since 4(§ — 1)C5Cy < 1 (by (59)), we have
46 —1)apLi, <46 —1)C3Cy <1
and therefore we can cancel out the last term by

(6 —1)B (1= 4(0 = DapL,) [Vyf(@r yr—)||* 2 0.

Therefore we have

1 2 1 - .

allwkll2 + Bllykll2 + aHmkHII2 — al|Vaf(@r, 91) > + (6 = VBIVy f (@ yr—1)|?
1 1 1

> 5 2, 4 2, + 2

2 oollewl” + Bllyk\l + ol
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which implies that (60) is indeed true for k = 1.

For k = 0, we have
\I,OAlex > leon + E||y0||2 + l||:1:1H2 — oz||me(-’B07y0)||27
e" B «

where we note that yy = yo. By triangle inequality and Lipschitz gradients, we have

IV f (@0, yo)lI* < 2[Vaf (@0, y0) = Vaf (e, yo)I* + 2/ Ve f (@, yo) I < 2L% [laol* + 2LZ, 5ol I*.

Therefore, we can obtain

1 2 1 1 1
Lizol? + Zyoll? + Ll = allVaf(zo, wo)l? = ( - 2aLi) loll? +2 ( -
Q 8 e Q

1
12 2, 1 2
5 - at, ) Il + Sl

Since « < and C1 <3 (by (49)), we have

2
l—2aLi21—&Zi.
« « « 2
Since a < 72+ ZZ B < :y /Z—z, and C5Cy < 1 (by (58)), we have
1 a2 l B 20304 /My Ha _ 1 2050, S i
B o = Ly B 28
Therefore we have
~[l&oll* + Z llyoll* + *||m1\|2 — || Va f(zo0,y0)|I” > iIIwoll2 *HyoHQ + l||w1||2
o B ’ 200 Q ’
which implies that (60) is indeed true for k = 0. O

D.5.2. PROOF OF PROPOSITION D.2

Here we prove Proposition D.2, restated below for the sake of readability.

Proposition D.2. For f € F (i, by, Ly, Ly, Lyy) and iterates given by (61) with vy, 0 > 0 and step sizes o, (3 satisfying
(47), and (48), we have the contraction inequality

1 2 1
Sl = w4 Sl = g 4 s -

—a|[Vef(@,g)l* + (6 = DBIVyf (@1 y0) | + (v = 1)(6 — l)aﬂLmy\/l/Ty' Ve f (20, 9o)|I”

1 1 1
< (5w ) oo =242 (5= ) oo =l + (5 ) o =

— |V f(@o, G) 17 + €y — 1)(5 — l)aﬂny\/? Ve f @t o)l

(62)

where £ = 0 or 1.

Proof. While the proof of the proposition is quite technical and complicated, we can largely divide the proof into three
large steps. In STEP 1, we use the basic notions of strong convexity (and/or strong concavity) and the Lipschitz gradient
conditions involving L, and L, (i.e., smoothness in convex optimization literature) to obtain an inequality between terms
from the previous and next iterates. In STEP 2, we use the L, -Lipschitz gradient conditions to cope with the intermediate
inner product terms. In STEP 3, we use the given step size conditions to cancel out the gradient norm terms as much as
possible, which leaves us with the inequality given in the proposition statement.
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STEP 1. BASIC TRANSFORMATIONS

We start with
1 1 2 1
—|lz1 — . ||* = = |lwo — . ||* + = (1 — @0, @0 — @) + — |71 — 0|
Q [0 Q Q

1 - N
= E”CCO —x,||* = 2(Vaf(mo,¥o), o — T+) + ||V f(xo, Yo ) ||%

2 2 4 2
=y — y*Hz = —llyo — y*||2 + = (Y1 — Yo, Yo — Yu) + Sy — y0||2
B B B B (90)
2 - -
= Zlyo — yull® + 4 (Vy F(@1,90), Yo — Ys) + 28| Vy f(Z1, 90|,

B

1 1 2 1
~s =@l = ~flwy — @ |® + = (22— @y, @1 - @)+ [l — 2
o o o o

1 - N
= a”fﬂl —x||? = 2(Vaf(x1,91), 1 — o) + || Ve f(z1, 51)|*

By strong convexity (concavity), we have

-2 <wa(:co, go)a o — 213*> S _,quHmO - w*HZ - 2(.](‘(:1:0’ '!;70) - f(m*ago))v
A(Vy f(#1,90), Y0 — Yx) < =211y [|lyo — yull® + 4(f (@1, 90) — f(Z1,9x)), C29)
2 (Ve f(T1,91), 21 — ) < —pal|T1 — 2o ||> = 2(F (21, 51) — f(Tr, T1))-

Since f has Lipschitz gradients, we have

2(Vaf(20,90), @0 — &1) < Lall@o — &1[* + 2(f (@0, Yo) — f (%1, 90)),
—2(Vy f(Z1,%0), %0 — Yo) < Lyllyo — olI* — 2((Z1,90) — f(Z1,90)), ©2)
—2(Vy f(®1,90), 90 — §1) < Lyllyo — 911> — 2(f (@1, 90) — f(&1,91)),
2(Vaf(@1,91), @1 — &1) < Ly|lz1 — @1 | + 2(f (21, 91) — f(&1,91)).
Rearranging the above conditions, we have
—2(f (20, 90) — f(Z1,90)) < —y(2 = yaLy)||Vaf (o, 90)l*,
2(f(:i:17y0) - f(d:la gO)) S _25(5 - 1)5 <Vyf(:i317y0)a vyf(:i:()v y*1)> + 52(6 - 1)252Ly”vyf(i’0a y71)||23 (93)
2(f(®1,90) — f(®1,91)) < —0B(2 = 6BLy) | Vy f(Z1,90)1%,
=2(f(z1,91) = [(@1,91)) < =2(y = D)a (Vo f(21,91), Ve f (@0, o)) + (v = 1)*a* L[| Va f (20, o) 1.
Since f is convex, we have
2(f(@x,90) = f(@a, ) 0, —4(f(@1,42) — f(@s,y0)) <0, 2(f (@i, 91) — f(24,94)) < 0. (94)

Summing up (90), (91), (93), and (94), we have

1 2 1
Eﬂml — x|+ B”yl —y+ a||m2 — x|

< (5 tao a2 (5 - ) oo - al? + (5 o) o =
+a|| Ve f (o, 50) 12 + 28 Vy f(#1,30) |1 + ol Va f (1, 91)|> ©3)
—va(2 = yaLy) Ve f (o, Go)|* + £2(5 — 1)°B°Ly||Vy f (&0, y—1)||”
— 88(2 — 6BL,) [V f (@1, 90)I” + (7 — 1)20* Lo |V f (o, i) |
—2(y = Da(Vaf(x1,91), Vaf(xo,90)) — 250 — 1)B(Vy f(Z1,Y0), Vy f(Zo,y-1)) -
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STEP 2. USING THE L, CONDITIONS

By definition, the Lipschitz gradient condition for L, and L, yields the following inequalities:
IVaf(2o.90) = Vaf (1, 90)ll < Lallzo — 21|,
IVyf(@o,y-1) = Vyf(@o,yo)ll < Lylly—1 — yoll,
which implies
(Vaf(®0,90) = Vaf(21,90), o — ®1) < Ly|lzo — 217,
—(Vyf(®0,y-1) — Vyf(®0,Y0),y-1 — Y0) < Lylly—1 — yoll*,

or equivalently,

(]- - O‘Lm)vaf(wOu QO)”2 < <vmf(w07,g0)v vmf(wh g0)> )
(1= BLIIVyf (@0, y-1)[1* < E(Vyf(Z0.90), Vi f(Zo,y-1)) -
Note that since £2 = ¢ for both ¢ = 0 or 1, the inequality for the y side is equivalent to

§(1 = BLyY)IVy f(Zo, y-1)II> < E(Vyf(E0,%0), Vyf (Zo,y-1)) -

Therefore we can obtain the below inequalities:

—2(y = 1)a (Ve f(xo,90), Va f(x1,90))
—28(6 = 1)B(Vyf(Z0,¥Y0), Vy f(Zo,y—1))

—2(y = Da(l — aLy)||Vaf (2o, 90) ||,

<
< —26(6 — )AL = BLy)IVy f(Z0, y—1)||*-

Now we can use the Lipschitz gradient condition for L, to obtain

= 2(Vaf(x1,91) — Ve f(21,90), Va f(x0,Y0))

<2\ Ve f(z1,91) — Vaf (@1, 90)| - Ve f (2o, go)ll

< 2Lgyll91 — Yol - [V f(xo, Go)ll

= 2L,y |[(91 — yo) — (Fo — yo)|l - [V f (20, Yo) ||

=2Lyy|l6BVy f(Z1,90) — (0 = 1)BVy f(Z0, y-1)| - [V f (20, Yo) |

<208 Lay|Vy f(®1,90) - [Vaf (@0, go)ll +26(0 — 1)BLay[|Vy f (20, y-1)[| - [Va f (20, Go) |

< 68La, ( B | a0+ [ vyf<:e1,yo>||2)
T Yy

+E(8 —1)BLay ( % Vet (o, Go)|1* + % : ||vyf<ozo,y1>||2) :

Y
where we use AM-GM for the last inequality.

Similarly, we can obtain

—28(Vy f(Z1,90) — Vyf(Z0:Y0), Vy [(Zo,y-1))

< 28||Vyf(Z1,90) — Vyf(@o, yo)|l - |V f(Zo, y-1)]

< 26 Layl|T1 — Zol| - [[Vy f (o, y—1)|

=28 Lyy[[(21 — ®0) — (Zo — o) || - [Vy f(Z0, Y- 1)||

=28 Loy [[vaVa f(xo,90) — (v — DaVaf(@-1,9-1)| - [[Vy f(Zo, y-1)l
= 26 Lyy [|[vaVaf(zo,¥o) — (v — DaVa f(x—1,9-1)[ - [Vyf(@o, y—1)|l

< 28yl [|Va f (2o, go)ll - ||Vyf(:i0,y,1)\| +26(y = DaLay[Vaf(@—1,9-20)] - [Vyf (@0, y-1)

<7£aLzy( ERAECE N FIC >|2)

(v~ 1)éaLa, (\f IV f (o1, G) 2 + 2 1V @0,y 1>||2),
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where the third equality is true for both & = 1 and £ = 0 (where everything just becomes zero).

From this, we can deduce that

—2(y = Da(Vaf(z1,91), Vaf(zo,90)) — 26(6 — 1)B(Vy [(Z1,90), Vy f(Z0,y-1))
= —=2(y = D)a (Vg f(z1,90), Vaf(To,Yo)) — 2§(6 — 1)B(Vyf(Zo,Y0), Vy [(Z0,y-1))
—2(y = Da(Vaf(x1,91) — Vaf(x1,90), Ve f(xo, Y0))
=260 = 1)B(Vy f(Z1,90) — Vy f(Zo,Y0), Vy f(Zo,Y-1))
< —2(y = Da(l — aLy)|[Vaf (@0, o) > = 26(6 — 1)B(1 — L)V f (&0, y—1)|I?

T (7~ 1)50BLay ( B a0 0+ 22 |vyf<a~c1,yo>||2)
T Y

+&(y = 1)(6 = 1)aBLy, ( % Ve f (o, 50)|1* + ’:7 : ||vyf<:zo,y_1>||2)
x Yy

T 69(5 - 1)apLa, ( |9, a0 + [ vyf<a~:o,y_1>||2)
T Yy

L6y~ 1)(5 — DapLay (ﬁ Vaf(oson)l?+ /2 ||vyf<seo,y_1>||2) |

Y

Applying this to (95), we have

1 2 1
Ele — x| + B”yl —y”+ a”wz — x|

< (5= ) oo =42 (5= m) oo =l (5 =) o =
+a|Va f (o, 90)|1* + 28| Vy f (@1, 90) |1 + | Va f(21,90) I
0 (2~ 0L [ Ve (o, G0 + €20~ 1)28°Ly |V, (@0, 1)
382~ OBL IV @1 y0) I + (7~ 10 Le | Ve (0, 50)]
~ 27~ Dol — aL) Va0, Go)| 266 — 1501~ BL,) IV, (@0, 1)

(96)
+ (= V08 Le, (|2 (9@ )7+ 2 19, 5@ o) P
T Yy
+€(r = D6 ~ apLa ( Ve o go)lP 72 ||vyf<5co,y1>||2)
x Yy
#6160 - Da8Lay (22 19 slen g0l + B 19,50y
T Y

+E(v = 1)(6 = DaBLyy ( % Ve flz—1,9-0)|” + % ' ||Vyf(fio7y1)||2> :

Y

STEP 3. SIMPLIFY USING STEP S1ZE CONDITIONS

Let us gather all V,, terms in (96), and define the sum of all such terms as

Sz = al|Vaf(zo, go)|I” + | Vaf (@1, 91)|* = 72 = ya L) ||V f (0, 90) ||
+ (v = D?a?La|[Va f (@0, 90)I” = 2(y = Da(l — aLe) || Va f (2o, 5o) I

+ (v = 1)6aBLy, % Ve f (o, G0)lI2 + £ — 1)(6 — 1)aBLayy % | Va (20, 90)|

+69(6 = DL 22 - |V (e0,0)| + €6 — D5 - 1)aﬁny\/? Ve f @t o)l
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Rearranging terms, we have

Sz = a|[Va f(x1,51)* = al[Va f (x0, 50)
— €0 =)0 = afLayy [\ L Vo (@0, )P + 601 = 1) = DabLuyy [ 1L - Vel (@-1,5-1)|
+ (200 — ya(2 —vaLy) + (v — 1)%a’Ly — 2(y — Da(l — aL,)) | Ve f (2o, 90) |
+ (v = 1)8 +£(37 = 2)(6 — 1)) aBLay jj— NV f (0, 5o) I
= o[ Va /(@1 9| — o[ Vaf (2o, G0) I

—&(v =D = DafLay % Ve f(@o, Go)lI* +E(v = 1)(8 — 1)aBLay % Ve f (1, 5-1)]

X

-« (4(7 - 1) - (2’72 - 1)0&[@ - ((’Y - 1)5 + 5(37 - 2)(5 - 1)) ﬁLzy Zy) : vaf(wOa :’30)”2
< || Vaf (@ §0)* — | Vaf (o o)
—&(y = 1)(6 — 1)aBLy, % VS (o, Go)|* + £(v — 1)(5 — 1)Ly, Z* NV f @1, 9-1)|

—a(d4(y=1) = (29" =101~ ((y = DI+ EBy = 2)(8 = 1)) Cu) [V f (20, 90) 1%,

where we use v < €1 and < 1 Jhe,
L, Ly Hy

Since we have from (52):
(292 —1)Cy + (490 — 3y — 30 +2) Cy

>
= (27 = 1O+ ((v = 1)8 + (37 = 2)(6 — 1)) Cs
> (29° =101+ (v = 13+ E(By = 2)(0 = 1)) O,

4(y—-1)

we can deduce that
—a(4y=1) = (2 =11 — (v =15 +£By —2)(6 — 1)) Ca) [[Va f (@0, o) |I> < 0
and therefore

Se < a||Vef(@1,91)|I° — al|Vaf(@o, §o)|?

97
0= 15— DBLayy 2 [V o0, a0 + 6~ 16~ DadLay 22 [V flams. g oD

Similarly, Let us gather all V, terms in (96), and define the sum all such terms as

Sy = 28|Vy S (@1, 90)lI” +€2(6 — 1)°B°Ly |V f (Z0, y—1)I|?
—8B(2 = 0BLy)[Vy f(@1,90)[I* — 26(6 = D)B(L — BLy)||Vy f (2o, y-1)II

+ (v = 1)0aBLy, ’;i IV f @1, o) |2 + €y — 1)(6 — 1aBLyy Zi Vg f(@0 y1)|?
Yy Yy

+87(0 = 1)afLay Zi NVyf (@0, y-1)|I” +&(y = 1)(6 — 1)aBLay Zi Vg f (@0, y-1)|%-
Y Y
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Rearranging terms, we have

=(2ﬁ—5ﬁ(2—56Ly) (v —DéaﬁLzy\/fT ) IV, (@1 0)2
+(62(5—1)2ﬂ2Ly—2€(5—l)ﬁ(l—ﬂLy)Jr&(?w—?)( —l)aﬁLly\/jT ) IV 7 Fory—1)|?

((6 )~ 88L, — (1 ‘”‘SQLW\/Z»:) 19/, 90)]1?

5(2 1+%5Ly(3Y%@LWVG7>|Vyﬂimy—ﬁw
Yy
( 206 —1) — 6%Cy — (v — 1)503) ||Vyf(w17y0)||

£ - 1B (2~ (600 —1) +2)C2 — (37 = 2)C5) [Vy f(Zo, y-1) 1%,

Ky
Pa

where we use 8 < 72

Since we have from (53) and (54):

o0—1> (5202 + (’y - 1)(503,
2>2(0+1)C2+ (37 —2)C3 = (§(6 — 1) +2)C2 + (37 — 2)C5,

we can deduce that
Sy < —(6 = 1)B[Vy f(Z1,90)|*. (98)

By (97) and (98), we can observe that (96) boils down to

1 2 1
—llz1 — 2> + Sy — yal? + = ez — x|
« I} «@

1 1
< (5w lmo el +2 (5 =) oo =l (5 = o) o = a4 52 45,
1 2 1 2 1 2
< (g ) lwo =@l 42 5=y ) lyo = el + (5 = o ) oy — .
+ o||Va f(@1,91)]1* — af| Ve f(xo, o) |
—&(y = 1)(8 — 1)aBLy, Z— Ve (2o, G0)|12 + €(y = 1)(8 — 1)aBLay, | z— NVaf(@ 1, d1)]
- (5 - 1)6“Vyf(i1,y0)”2,
or equivalently
I?

I?

1 2 1 9
e~ @l + 2y~ gl + s — 2
« I} «

= a||Va f(21,90) 7+ — DIV f (@1, 90) > + E(v = 1)(8 — 1)aBLay, / % IV f (20, 90) 1
1 1 1
< (2o tao el +2 (5 - ) oo -l + (£ o) o =
— al|Vaf(zo,9o)lI” +&(v = 1)(6 = DB Ly, [ % Ve f(@-1,9-1)
which is identical to (62) and therefore concludes the proof. O
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E. Proofs used in Section 6

Here we prove all theorems related to Alex-GDA on bilinear problems presented in Section 6.

* In Appendix E.1 we prove Theorem 6.1 which shows the exact condition for linear convergence of Alex-GDA on
bilinear problems.

* In Appendix E.2 we prove Theorem 6.2 which obtains iteration complexity of Alex-GDA for bilinear problems.

* In Appendix E.3 we prove technical propositions and lemmas used throughout the proofs in Appendix E.

E.1. Proof of Theorem 6.1

Here we prove Theorem 6.1 of Section 6, restated below for the sake of readability.

Theorem 6.1. With a proper choice of step sizes o and 3, Alex-GDA linearly converges to a Nash equilibrium of a bilinear
problem if and only if v 4+ 0 > 2. In this case, the exact conditions for convergent step sizes « and 3 are:

{aﬁ<(271)(2451)L§y7 if4v6—=3(y+9)+2 > 0,
+6-2 .
B< e o, F4r9-3(y+9)+2 <0.

Proof. For abilinear problem f(x,y) = « " By, each iteration (k > 0) of Alex-GDA is written as 9y = yo and
Tp+1 = T — aByy,
Tp41 = xp — YaByy,
Y1 = Y + BB &4 = BB x), + yr — BB By,
Ukt1 = Yp + 08B &1 = 0BB @i + y, — 720 BB By

This can be represented in the following matrix iteration:

Tht1 I 0 —aB Ty
wis1 = |Ypi | = | BBT I —4aBBTB | |y | = Mwy. (99)
Yr+1 §fBT I —~yadBBTB] |k

Consider a reduced form of singular value decomposition (SVD) of B =UXV ": U € R%*5 V ¢ R%w*Xs ¥ € R$*®
where s = rank(B). Note that U'U = I, V'V = I, and ¥ = diag(oy,...,0,) is a diagonal matrix with non-zero
diagonal entries (0 < figy < 03 < Lgy foralli =1,..., ). Then the power of the matrix M defined in Equation (99) can
be decomposed as follows for k£ > 1.

k

U 0 0 I o —aX u' o 0 I-UU" 0 0
MF=10 V 0| |82 I —apx? 0o VvVl o |+ 0 I-vv’T o
0 0 V| |68 I —yadpx? o o VT’ 0 I-vv’T o

=W —. Mk

From this matrix decomposition, a decomposition of the ambient space R%*%*dv naturally arises: a space N' =
null(B) x null(BT) x null(BT") and its orthogonal complement N+ = row(B) x row(B') x row(BT). The N-
component of the iterate wy, is always fixed as

(I — UUT)(BQ
(I-VV Ty
(I-VV Ty

and does not move at all, while the A'*--component of wy, belong to A/ even after each iteration. Since null(B) xnull(BT)
is the space of all Nash equilibria of the bilinear problem, now it is enough to show that the A/’*-component converges to
the origin; as a result, the iterates (x, yx ) converge to a Nash equilibrium

z, = (I —UUNao, (I - VV y). (100)
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To this end, we may assume that the initial iterate w belongs to A/ from now on. Then, by reasoning above, every iterate
wy, belongs to N+ and satisfies

wy = WM*W T, (101)

We first claim that it suffices to show p(M) < 1 to obtain (the necessary and sufficient condition for) the convergence
wy, — 0. To prove the claim, let wy, := W Twy,. Then we have w, = M k4. By applying the theory of matrix iteration
(Proposition B.4), p(M) < 1if and only if w; — 0. Moreover, since wy, € N+, Ww, = WW Tw,, = wy, and thus
wy, — 0if and only if wy — 0. Therefore, the rest of the proof is dedicated to finding the condition for p(M ) < L

Note that the matrix M € R35%35 does not have 1 as an eigenvalue. If it does, there exist vectors a, b, ¢ € R® such that
~ T T o
Mla" b" ¢"] =[a" b" c"] .Itimplies that

a— adc=a,
f¥a+b—vyafXS?c = b,
§B¥a +b—yadfX?c = ¢,

which implies that @ = b = ¢ = 0 because X is nonsingular. Thus, 1 cannot have an associated nonzero eigenvector of M.

To inspect the eigenvalues of M, we now apply the theory of Schur complement (Haynsworth, 1968; Zhang, 2006): namely,
det < [A B} ) = det(A) det(D — CA~'B). Writing the characteristic polynomial of M,

C D
N A-DI o0 ax
det(A — M) = det - (A=-D1I ya B2
—0p% -1 A + yad X2

= det ({()‘__BQI n _Ol)ID det ()\I+'ya5522 + % [68% I [élz ﬂ h LEXZD

S N I o[ =
= (A — 1) det (AI+va5ﬂ22+)\_1 L {Aﬁ_lz I} {vﬁzzb

=det (AA—1)’T+aB(y(A—1)+1)(§(A—1)+1)E*) =0.
Hence, for each eigenvalue o2 of 32, the roots \ of a cubic polynomial

Pi(A) = XA =12 +aBo? (y(A = 1)+ 1) (6(A—1) + 1) (102)
=N = (2= 9N+ {1 - (290 =7 =)} A+ di(y —1)(6 - 1)

are eigenvalues of M, where ¢i := aBo? > 0. To obtain a necessary and sufficient condition of |A| < 1, we apply
Proposition D.3:

$iv6 =24 ¢i(y —1)(6 = 1) <2 — (270 — v — ), (103)

$iv0 =2+ di(y —1)(6 —1) > =2+ ¢i(270 — v — 9), (104)

¢iv0 =2 =3¢i(y = 1)(6 = 1) <24 ¢i(290 — v = ), (105)

$iv6 —2=3¢i(y —1)(6 — 1) > =2 — ¢§(276 — v — 9), (106)

Gi(y =10 = 1)(di(y = 1)(6 = 1) = diyd +2) + 1 — ¢5(276 — v —0) < 1, (107)
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which are equivalent to

(104) o
¢; > 0, (whichis already true,)
(106) 3
+0 > =
v+ 9’
(103)
¢i(2y —1)(26 — 1) < 4,
(105)

bi(1—4(y —1)(6 - 1)) 4,
_(7_1)(6_1)('Y+5_1>¢i PR )

(108)
(109)
(110)
(111)

(112)

To make these conditions more concise and interpretable, we conduct a case analysis on y and ¢ to know which condition
among them is essential for having |A| < 1 (in fact, v + 0 > % is not enough yet!) and to identify what condition on ¢;

should suffice for each case.

Casel. (y—1)(6—1) > 0and v+ > 2. Note that Equation (112) is true. Also, (2y—1)(26—1) > 1—4(y—-1)(6 — 1)

since

2y —1)(20 —1) = 14+4(y—=1)(d — 1) = 2(47y6 — 3(y + ) + 2)
=8(y-1)(—-1)+2(y+6—-2)>0.

Thus, Equation (110) implies Equation (111). It means that Equation (110) alone is enough: |\| < 1 if

4

Y ey nEe -1

Case2. (y—1)(0—1)>0and 3 <~y +6 <2 For this case, it is impossible to satisfy all four conditions (109)—(112)

at the same time. We prove it by contradiction. Note that 0 < (2y — 1)(26 — 1) < 1 —4(y — 1)(6 — 1) since
2y-—1)2—-1)=4(y—-1D(0—-1)+2(y+90)—3>0,
2y =120 -1) =14+4(y—=1)(0 —1) = 2(476 = 3(v +6) + 2)
<2((y+8)? = 3(y+0)+2)
=2(y+d6—-1)(v+d5—-2) <0.
From Equation (111) and Equation (112), it must hold that

2—v—96 4

GRS [ G ) B A Ry Ty oy

However, it implies that

Ay -DE-Dy+0-1)—-2=v-0)(1—-4(y— 1) —1))
=495 —3(y+ ) +2 >0,

which is a contradiction.

Case3.(y—1)(0—1) <Oand 3 <+ 6 <2. This case is also impossible since it contradicts Equation (112).

Cased. (v —1)(0 —1) < 0,7+ >2,and 476 — 3(y + ) +2 > 0. In this case, it holds that

—( =D =Dy +d-1D) _1-4( -1 -1 _ 2y -DE5-1)
= 4

0<
vy+90—2 4 -

since

(2y—1)(26 —1) —14+4(y = 1)(6 — 1) = 2(4v6 — 3(v+ 0) +2) > 0
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and

Ay -DE-Dy+0o-D+(y+0-2)1—-4(y—- 1) —1))
=470 —3(y+46)+2>0.

Thus, Equation (110) implies Equation (111) and Equation (112). Since the rightmost term is positive, we have |A| < 1 if

4

Yo nEe -1

CaseS5. (v —1)(6 —1) < 0,7+ > 2,and 476 — 3(y + ) + 2 < 0. In this case, it holds that

2y -1@-1) 1-40-1(-1) -(-)E-Hlr+5-1)
4 4 v+ —2

Thus, Equation (112) implies Equation (110) and Equation (111). Since the rightmost term is positive, we have || < 1 if

y+6—-2
~(y=DE-D(y+s-1)

@i <

Combining all these five cases,

1. (Case 2 + Case 3) If v + ¢ < 2, the polynomial P;(\) must have a root outside of the open unit disk; hence, the matrix
iteration in Equation (101) diverges.

2. (Case1+ Cased)Ify+ 6 > 2and 40 — 3(y+0) + 2 > 0 (which includes the case of v+ > 2,y > 1,and § > 1),
all the roots of the polynomial P;(\) lie on the open unit disk |A| < 1 if

4

P on@ o

Hence if we choose step sizes « and 3 such that

4

e D@ -z,

then all the eigenvalues of M lie on the open unit disk; the matrix iteration in Equation (101) does converge.

3. (Case 5)If v+ > 2 and 4y — 3(y + 0) + 2 < 0, all the roots of the polynomial P;(\) lie on the open unit disk
A < 1if
v+I—-2
~(r=DE-Dy+d-1)

Hence if we choose step sizes « and /3 such that

@i <

v+0—-2

af < ~(y=-D@-D(y+o-1)L2’

then all the eigenvalues of M lie on the open unit disk; the matrix iteration in Equation (101) does converge.

This proves the theorem.
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E.2. Proof of Theorem 6.2

Here we prove Theorem 6.2 of Section 6, restated below for the sake of readability.
Theorem 6.2. For general v > 1 and § > 1 such that v + § > 2, If we choose the step sizes « and ( so that o = ﬁ

2
0 Hry

where C., 5 > 0 is a constant that only depends on vy and 6, an iteration complexity upper bound of Alex-GDA is

Cs Loy’ IIwoll2>
O —x2 (2] .] = )
<7+5—2 (m;) Og( €

where ||wq||? = ||To — x4 || +2||yo — s ||? and z, = (x., ) is a uniquely determined Nash equilibrium if zq is given.

If 0 = 1, the optimal rate exponent of Alex-GDA is

lim |26 — 24|l _ L?cy - '“:%y
k—oo szfl - z*” L%y + M%y
where the optimal choice of parameters are
2 /72 2
L2 + 12 2

Proof. Recall that the Nash equilibrium that the iterates converges to is already characterized in Equation (100). So, as in
the proof in Appendix E.2, we again assume that wy (defined in Equation (99)) belongs to N'* = row(B) x row(BT) x
row(BT) and we inspect the convergence (to 0) of the sequence (101). For this reason, we analyze the spectral radius
of the matrix M (defined in Equation (99)). This will directly give us a convergence rate as well as iteration complexity

© (lfpl(l\A/f)))'

We divide the proof into two parts: the case of general parameters v > 1 and § > 1, and the case of § = 1. Throughout the
proof, we keep the notation consistent with the proof of Theorem 6.1 in Appendix E.1.

E.2.1. THE CASE OF GENERAL 7 > 1 ANDJ > 1

We have to find an upper bound of || which is strictly smaller than 1, whose difference with 1 is not negligible. Hence, we
use a slightly smaller bound ¢; < m_ﬁw than that in Theorem 6.1.
With some substitutions
1 1
Vi = afydol =40p; >0, T:=1—-=¢€[0,1), A:=1- 5€ [0,1),
v
we can rewrite the polynomial P;()) as
PN =AA =1+ oA -T)(A = A) (113)
=A% — (2= )N+ {1 — (T + A} A+, TA.

1 9 1 1
P2t D) (s ) <o

Since P;(0) = ¢;,I'A > 0 and

holds because

0 < 2 B 276 B 9v§
TITHDA+L) 2y-1)(20-1)  2(3y—3) (36— 3)
9v0 9

< .
23v-2)(30-2) 8(L+1)(A+1)
Thus, there exists a non-positive real root —r € (—1,0].

We can show that there is no positive real root if 1); is small enough.
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Proposition E.1. The polynomial P;()\) defined in Equation (113) has no positive real root if

¢i|T — Al <min {(1 =) (1 - A)*}.

The proof of this proposition can be found in Appendix E.3.1. From the root coefficient relationship, we know that the sum
of three roots of P;(\) equals 2 — t); > 0, which holds because v; < m < 2. Hence, P;(\) must have a single

real root —r < 0 and two complex conjugate roots ¢ and &, where R[c] > 0.

Note that we have another bound for the unique real root. Plugging in A = —r to P;(\) = 0, we have

{1 =0+ A} (=) + 0T A =12+ (2—¢;)r® >0,
) P 'A
TS TR A a1

Again from the root coefficient relationship, we know that

—r 4 2R[c] =2 — 9,
—2rR[e] + |c]* = 1 — (T + A).

Plugging one into another, we have an expression of the squared absolute value of a complex root in terms of r as

le> =1 = 4i(C + A) +7(2 = i +7)
(114) ;LA

< 1=yl +A)+

A
) (115)

1_¢AF+A)(2_¢V%1—wAF+A)
T'A

=1—1; e U1y S
—1 wz{F—&-A 1wi(F+A)<2 wl+1¢,;(r+A))}

To show that |c|? is strictly smaller than 1, we want to show that

rA BT A
F+A_1—MW+A)@_wr%LﬂMF+M)>O

In fact, this is shown in the following proposition.
Proposition E.2.

A

P T T A)

;T A 1
(2_¢i+1_wi(r+A)) > 7T +A-2TA) >0

. T+A—2TA
if; < W-
The proof of this proposition can be found in Appendix E.3.2. Therefore, gathering the fact that | — r|? < i, Equation (115),
and Proposition E.2, for every root A of the polynomial P;(\),
2 1 ¥i
Al <maxq-,1——('+A—-2I'A)

4 4
(116)

_ 1 1 2
max{4,14aﬂai(’y+52)},

where

2 min {(1 —T)2, (1 — A)2} F+A—2FA}

¢i§min{(r+1)(A+1)’ TN AT A2
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or equivalently,
1
afo? < ——,
Cys

(27— 1)(25 - 1)
(&=

where C, 5 := max

A 52
2 2(296 — vy 5)} (117)

7|7*5|H1&X{"}/,5} ) ’y+6—2

Hence, if we choose step sizes « and 3 such that af = ﬁ, the bound in Equation (116) holds for all+ = 1, ..., s,
s Ty

thereby we obtain a strict upper bound of spectral radius of the matrix M as follows:

~ 1
p(M)? < max {4,

L 46 —2p2,
=max{q—,1l — ——= ).
L iC,, L2

zy

1
1- 4a5uiy(v+5—2)},

In conclusion, the matrix iteration in Equation (101) can satisfy |Jwy||* < € with
C L3 2
k=0 |max{1,—2% . -4 b log <||w0|| >

Remark E.3. One may notice that the constant C,, 5 defined in Equation (117) may grow as v or §, which can make the
range of step size with certified convergence rate shrink and degrade the iteration complexity. However, when § = 1, our
analysis gets simpler and we can choose an optimal set of parameters «, 3, and y to “optimize” the spectral radius (and thus
the convergence rate).

iterations.

E.2.2. THECASEOF 0 =1 (y > 1)
Let us go back to the polynomial P;(\) (Equation (102)). If § = 1 (and thus we choose vy > 1), the polynomial becomes
5=
POTI0) = A {(A=1)? + aBof(vA - (- 1))}

So, we know one root exactly: A = 0. Since we want a small absolute value of eigenvalues but O is a trivial lower bound of
||, we only have to care about the other two roots: (A — 1)% + aBo?(y\A — (y — 1)) = 0, or

A im 1 — 1080 = /(2 = aBoi)? —4(1 - (y ~ apo})
= . ,
) —

2

 vafof +/(2 - yaBo?)? — A(1 - (y — 1)afboy)

)\1 =1

The maximum absolute value of eigenvalues can be calculated as

max {|Ao[, [A1]}
1 (v = Dapo? if (2 —yafof)? <A1 = (v = Dapo}),
- ‘1 _ ’7045%2 + \/<2 —yafa;)? _;Kl — (v =1)apa}) if (2 — fyaﬂaf)z > 4(1— (y — 1)04502_2)'
1—(y-1)aBa? if y2aBo? < 4,
- ‘1 _ ’7045%2 + \/(’YQaﬁUi—‘l)aﬁaf if’yQaﬁUf S 4. (11%)
=:1(a, 8,7,07)
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Thus, if we want to optimize the spectral radius p(ﬁ ) (which directly gives the convergence rate exponent) by choosing
parameters «, (3, and y, we have to solve the following minimax problem:

min max 7(a, 8,7, 07).
R s

Suppose Ly = 01 > -+- > 05 = [igy. We consider 3 cases:

Case 1. 'y?aﬁLiy < 4. In this case, v2aB02 < 4 holds for all i = 1,...,s, and then 7(«,f,v,0%) =
/1 — (v —1)aBc? is a decreasing function of 7. Hence, it suffices to minimize \/1 — (v = 1L)apu2, over a, 3, and .

2 CEE 4(’771)1142
2y < 4,50 we minimize (/1 — —z

The optimal choice of af is #Tiy which comes from the condition v2c3L

2
v. The optimal ~y is 2, so the optimal spectral radius is /1 — Z‘;y , which can be obtained with a5 = L% and v = 2.
\/ Zy 2y

Case 2. v?afpu2, > 4. Note that

L eBat| | V(Papol — 4)apo}
- +
2 2
is an increasing function in terms of o2 > 72‘; 3 This can be shown by proving that
| 1eBat | (PaBa? —4)apo?
— +
2 2
and
aBo? 2ap0? — 4)aBo?
4 20B0? | /GPaBo? ~ 4japo!

2 2

are both increasing functions in terms of of. The latter case is easy, so we show for the former one: using the derivative in
2
o

7

d

g (r00? +fir2aio? —Baio?) = a4 0P 20

V2a2B20t — dafo?

do? >0,

K2

So it suffices to minimize

N \/(?aBL2, — 4)aBL2,
2

2
| YeBLy,
2

over «, 3, and ~. In fact, this is also an increasing function in terms of a3 > ﬁ and the optimal choice of o3 is ﬁ
Ty ry

which comes from the condition v2aBu2, > 4). So it is left to minimize
Y M:M/

2
- Pay) 2Ly Ly _ 1
VU2, | Yhay \| 12,

. .. u2 212 . .. u2 . . .
over . This has a minimum 4 /1 — 5% aty = /ﬂw' Hence, the optimal spectral radius is y /1 — 755 which is achieved
zy Ty

T2
Lz,

2L2 uZ
MQ“‘ and aff = 73%.
Ty

zy

with v =
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Case 3. vy aﬁuw <4 <~2aBL?,. Maximizing r(a,3,7,02) overi = 1,..., s, we only need to obtain

zy*

vab’L?Ey
2

N \/(?aBL2, — 4)aBL2,

mm max \/1 — (v = 1DaBuz,, |1 5

For a fixed +, the optimal X := «f is uniquely attained when

Ji- =Dz, x =1 - —= 5 , (119)

because the left hand side decreases in X but the right hand side increases in X, as well as
L ()2, > _akd, 4 ] (120)

L PO R R S
and
\/ 274 4 2 2 4
L= (= )2 4 <l VL%, 4 7 Ly (W%y) —Alay (W%y) (121)
W2uz, 2 22, 2 '

Equation (120) can be shown as

4 2\> 4(y-1) (2
2 x
(1 (v 1):“’22,/_2[32@) (1 ) = 2 1- [%Z > 0.

In addition, Equation (121) can be shown as the following case analysis: if v < < ” + 1 then

2
4y —1 4 L? L?
(1“2 )) 2 Wil-q) >0,
¥ 2\ 12, 3y

212,
Y2,

if ’”‘J+1<’y< ”’ then

2L, [L2, 2L§y 2\ _ 2 [ Loy L2 Lz,
Y e —1 1-2)>= —1- |2 -1]) >0,

. 2L2
and if y > #2“’

zy

2Ly, L3 212 2 2 | Ly, [L2 L?
o1+ (1= — —<1—> . o —1-| 5 —1] 20
V#xy .U’xy Y2y Y Y ,U:ry Hay Py
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Solving Equation (119),
) , VLA, LA X?—4I2 X N2, X \/WQL‘;Z/X2 -4z X
1—(y—-1 X=1-7L3 X+ —2X z z 21—
(v = Dty Loy X+ — + 1 + 5 :
274 2
7L VLay X
(D2, — (-, b X = 22 = i 2| JPLEX? 412X,
2 212 y2 2 T TR o
274 Y2
4L, X
= <1 — L3, X + 4y> (v*L3,X* — 4L X)
,Y4L8
= —AL3, X + (v +47) L3, X — (v° +97) L3, X7 + — 24X,
L%, — ((2y = DLgy +20v* = DLgypz, — (v = 1)pg,) X + (47 = 7*) Loy pz, X* = 0. (122)
=:B(7)
The discriminant equals
= (L3, — (v - l)uxy) ((27 —1)°Lg, —2L3,p2,(27° =7 = 1) + (v = 1)?ug,) (123)

2
= (12, - (=12, {(@y + VL2, - (v = 12, - (V27 L2,
where the last inequality is due to

2 2 / 2

e

Solving the quadratic equation in Equation (122), there are two possible optimal choices of X.

2(’7 =7 )L4’L//’[’:E’L/

Nevertheless, we take only the minus sign to maximize the value of \/ 1 — (v — 1)pu2,X among possible X’s. This is

because, if we took the plus sign, the X would be a solution of

2
Ly X

\/72L§yX2 — 412, X

\/1—(7—1)u%yX=—

2 ‘ 2

)

but would not be a solution of Equation (119). In other words, the optimal choice of X given a fixed v is

Xe(y):

Putting this into the left hand side of Equation (119), now we need to minimize

7) = /BO)? = 16(r* = 1)L, 122,
2L4 .

Here we utilize the following fact.
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Proposition E.4. Recall that B(y) = (2v — 1)L§y +2(v* = 1) L2, 5, — (v — 1)2uiy. Then,

oo).

The proof can be found in Appendix E.3.3. Thus, the optimal value of  is

h(7)

2

is increasing for vy € {1, 1+ i;y} and decreasing for v € [
zy

2
_ Ty
Y =14+ 5 -
zy

212 L?
B(v) = ( 2 4 +1> Ly, +2 (u Y +2> Ly, — Ly,
zy zy

L2
=42 +1) L,
Hzy

In this case,

from which we can check

Therefore, the optimal X in Equation (124) becomes much simpler:

_ B('V*)
Xulw) = 2(v3 —2) L, 2,

Liy 4
K (/— T 1) L,
- o
2 (14 2 L8,
_ 22,
Lz,(L2, + p2,)

and the corresponding spectral radius is

22
\/1_ e 1) X () g2, = 41—
YT L2,

L%y - H’%y
L3y + 13y

which is an even better (i.e., smaller) spectral radius than those in Case 1 and Case 2. This concludes the proof.

E.3. Proofs used in Appendix E

Here we prove some technical propositions and lemmas used throughout Appendix E.

E.3.1. PROOF OF PROPOSITION E.1

Here we prove Proposition E.1, restated below for the sake of readability.

Proposition E.1. The polynomial P;()\) defined in Equation (113) has no positive real root if
;T — Al <min {(1 =) (1 - A)*}.
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Proof. Without loss of generality, suppose 0 < I' < A < 1. Let p(A) = A(A — 1)? and ¢(A\) = —¢;(A — T)(A — A);
simply P;(A\) = p(A) — g(A). Since p(A) > 0 for A > 0and g(A) > Oonlyif A € [I', A] C [0, 1], P;(\) can have a positive
root only in the interval [T, A]. So it suffices to show that P;(A) > 0 for A € [I', A] for proving the proposition.

Note that, for A € [[, A], P;(A) > A1 — A)2 + ;(A —T)(XA — A) =: Q(\). Now it suffices to show Q(\) > 0 for
AeLA]

Note that () is a quadratic polynomial and

+ o, TA.

Uil +A) = (1 - A)2>2 @+ 4) - (1- 42

Q) = v <A - " 0

Since 0 < Q(T') =T'(1 — A)2 < Q(A) = A(1 — A)?, we can ensure Q(\) > 0 on [[', A if %ﬂ <T.Ttis
equivalent to 1;(A — T') < (1 — A)?2, which proves the proposition. O

E.3.2. PROOF OF PROPOSITION E.2
Here we prove Proposition E.2, restated below for the sake of readability.

Proposition E.2.

A

AT T8

>i(F+A—2FA)>0

(2 _yg A )

1 — (' + A)

o D+A—2T'A
éf?/hS 2(T+A)2 -

Proof. Since 1 — ¢;(T + A) € (0, 1], the left hand side can be lower bounded as

rA W TA
F+A_1—m@+A)@_¢“*mer+AQ
(T4 A)(1 — (T + A)? — TA (2 — )(1 — (T + A)) + TA) (125)

(1— (T +A))?
> (0 + A) 1 = 9i(T + A))* = TA((2 = vi)(1 = (I + A)) + 4 TA),

Which is a quadratic polynomial of ;. Let

R(z) = T+ A)(1—2(T+A))> —TA((2—2)(1 — 2(T + A)) + 2T'A)
={T+A)(IMP+TA+A*)}2?> = {T+A-TAP?+TI?+TA+ A’} o+ {T + A - 2I'A}.

=a>0 =b>0 =c>0

The discriminant of R(z) is

D =b* — dac
— {(T+A-TAP?+T>+TA+A%}° 4T +A) (T> + TA + A%) {T + A — 2TA}
=T2A? {8+ A)? + (-1 +TA)? — 4+ A)(1+TA)}
=T2A%{T?*(A* —4A +8) — 2I'(2A% — TA + 2) + 8A* —4A + 1}
2A2 — 7A+2)2 (A2 — 4A + 8)(8A% — 4A + 1) — (2A2 — 7A+2)2}

=T2A2{ (A% —4A -
{( +8)( AT 1A 8 AZ_4A+8

oo ) 2A2 —7TA +2\7  4(A2 +1)(A - 1)? + 16A2
_ _ _ >
ma {((A 27 +4) (F AT _4A 18 (A—272+4 20,
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so R(x) must have two (possibly identical) positive real roots. This means that if we find a lower bound Z > 0 for the roots,
we can confirm that R(z) > R(z) for all 2 € [0, z]. Using the fact /1 —x <1 — § forall z < 1, we have

_ 2 _
b—+Vb 4ac b (1_1+ ac)

2a 2 b2
_C
b
_ I'+A—2I'A
 (T+A—-TA)2+T2+TA+ A2
I+A-2TA
2(T + A)2

Continuing from Equation (125), since we assumed ¢; < Z,

R(v;) > R(2)
I+A—2TA\? '+ A—2IA I'+A—2IA\ T+A-2IA

= (e (e ) (- war ) errar )

—(F+A+2FA)2—FA(< _F+A—2FA)F+A+2FA F+A—2FAFA>

1T 14) 2T+A2Z ) 20+4) | 2T 1Ay
(T +A+2TA)? (F+A+2FA+F+A—2FAFA>
AT+ A) T+ A 5T+ A)?
_(T+A+TA)T+A-TA) T+A-2TA
AT+ A) (T + A)2
T+A-2rA

AT+ A)? {(T+A+2TA)T + A) —2I2A%}

2%(F+A—2PA)>O

which concludes the proof of the proposition. O

E.3.3. PROOF OF PROPOSITION E.4

Here we prove Proposition E.4, restated below for the sake of readability.
.y _ 4 2 2 2,4
Proposition E.4. Recall that B(y) = (2y — 1)L3, + 2(v* — 1)L3, p2, — (v — 1)z, Then,

72

h(7)

2

2
is increasing for vy € {1 1+ L”] and decreasing for vy € [1 + Loy , oo).

2
Ky Ky

Proof. From the calculation in Equation (123),

v) = |L2, — (v = Dy, \/(27 —1)2L%, = 2L2 12, (292 — v — 1) + (v — 1)%ud,

= min {F(7),G()}
where
B(y) = (L2, = (v = Di,) /(27— 1PLA, = 2L2,12, (2% — 7 = D) + (v - 1)?ud,
F(vy) = 72 ’
B 0 e s ) @y =1L, — 202,02, (297 -y = 1) + (v - 1)%ud,
v) = 5 .
Y
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We want to show that F'(+y) is increasing and G(7) is decreasing for v € [1,00). Let

B(y 2y — 1 1 1\°

~2
2 2
42
M(7) := (2y = 1)°Ly, — 203, 12, (29> =y — 1) + (v — 1)°u3,,

K(v):=

so that
F(y)=J(v) = K(v)vVM(v),
G(v)=J()+ K@) VM)
Then,
70) = =2 (L5 ) (B k) + gL
K'(y) = 2y +7(Z — Q)M”’,
M'(y) = 4(2y — 1)Ly, — 2(4y — 1)L, p2, 4 2(y — 1) st
So,
vy 20" (V)M () = 2K (7)M(y) = K(v)M'(v)
F'(y) = 7
2/ M(v)
oy 2/ (V)M () + 2K (y) M () + K(v)M'(v)
G'(v) = :
2/ M(y)

We proceed the calculation with x := % > 1.

ry

3 3
s P OWITG) = o (570G = SR (M) - TKM )
= (—(r = D'+ 1) +26%) V(27 = 1)261 = 2(292 =7 = D)r2 + (y — 1)?

- % (=262 + (v = 2)) ((2y — 1)%k* —2(29* —y = D&* + (y — 1)?)

— 2 (= (1= 1) (47 = 2)r" = (47 = Dw* + (7 - 1))

= (—(&* + D)y + (k2 + 1)) V(262 — 1)292 — (451 — 262 + 2)y + (K2 + 1)2
+ (2x8 + K =262 + 1% — (K2 4+ 1)(BK* — K2 +2)y + (K% + 1)3.

We show that this is indeed nonnegative for v > 1 and x > 1. To this end, note that,
(26°% 4+ k* — 262 + 1) — (K2 + 1) (BK* = K2 +2)y + (K2 +1)3
=292+ (k2 + 1) {(26* — K% — 1) — 3K" — k2 +2)y + (k% + 1)?}
>2 {(2/{4 — k)2 — Bk — K2+ 2y + (K2 + 1)%}

4 _ 2 2 K4 2 2 (k2 2(9p4 _ 2
:2{(2ﬁ4_ﬁ2><7_3m +2> 3 +2)2 —4(k2+1)2(2 )}

4kt — 2K2 4(2k* — K2)

DY PR 7_3,%4—/{24-2 © kS —18k0 413k +4
4kt — 2K2 4(2k* — K2) '
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Note that 2k* — k2 > 0. Also, (i) if 1 < k < 4 then
K8 —18k% + 135 +4 = (k — 1)(k + 1)(k® — 5x% + 4K — 2)(k® + 5K + 4k + 2)
=(k=1D)(r+1)((k=4)(k—1)r —2) (k> +5r% +4r +2) < 0;
(ii) if 5 > 4 then 357542 < | and

4k*—2K2

(26% — k%) 12 =Bk = K24+ 2) 14+ (K2H+1)2 =2k 1) +1>0.

By (i) and (i),
(265 + k* — 2% + 1)y? — (K2 + 1)(3K* — K2+ 2)y + (k2 +1)3
3kt — k2 +2\° K8 —18x° + 13k + 4 (127)
> 24 (25™ — — — .
{( W= ) (V 4kt — 2K2 ) 4(2k* — K?) >0

Soifl1 <~ < (r 411) R ( (/<;4 + 1)y + (I<J2 +1 ) > 0, which proves the non-negativity of Equation (126). In addition,

observe that the following inequality holds for all v > 1

{(2r° + k% — 267 + 1)9* — (K2 + 1)(3k* — K% + 2)y + (K% + 1)3}2

- ((/{4 + 1)y — (k2 +1) ) {(@2r* —1)* - (4% — 262 + 2)y + (K% + 1%}
=8x5(k% —1)2(7* = %) > 0. (128)
This also proves the non-negativity of Equation (126) in the case of v > % As aresult, we just showed that F/(y) > 0

for v > 1 and k > 1. We now turn to prove G'(~y) < 0.

Lt o)/ = - (3 0)VATGT + 3K/ 0)ME) + TE )M ) )
248, 1y 4
= (—( =D+ 1) +26°) V(27 1261 =222 -7 — DR+ (7 - 1)?
+ % (=267 + (v =2)) ((2v — 1)%k* —2(29° —y = DK* + (v — 1)?)
+ 2 (2 = (= 1) (=26t — (4y = D + (7 = 1))
(

= (—(k* + 1)y + (5% + 1)?) /(262 — 1)292 — (4Kt — 262 + 2)y + (K2 + 1)2
— {2k + k" = 2% + 1)9* — (K* + 1)(3c" — K> +2)y + (k> + 1)}

We show that this is nonpositive for v > 1 and x > 1. To this end, note that again from Equation (127),

2+ kY =262+ 1) — (R2+D)BR* — 2+ 2)y + (k2 +1)3 > 0.

Also, if 1 <~ < (fg_llf , Equation (128) still holds. On the other hand, if v > (fall)?’ (—(/{4 + 1)y + (k2 + 1)2) <0.

These indeed prove that G'(y) < 0 fory > 1and x > 1.

Now we conclude the proof by remarking that h(y) = F(v) if v € {1 14+ “’} and h(v) = G(v)ify € [1 + i;/ , oo).

ry

O
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F. Proof of Proposition A.1

Here we prove Proposition A.1 of Appendix A, restated below for the sake of readability.

Proposition A.1. There exists a 6-dimensional function f € F (g, foy, Ly, Ly, Lyy) with d, = dy, = 3 such that for any
constant step sizes o, 3 > 0, the convergence of OGD requires an iteration complexity of rate at least

1
Q <(H, + Ky + Kgy) - log 6)
in order to have ||z — z.||* < e

Proof. Recall that OGD takes updates of the form:

Tiy1 = T — 2oV f(Tk, Yi) + oV f(Tr—1, Y1),
Yrr1 = Yk +28Vy f(Tr, yr) — BVy f(Tr—1,Yr—1).

‘We use the same worst-case function as in Theorem 3.3:

—

T Ly 0 0  Lgy 0 0 T

s 0 pg O 0 0 0 s

Flmy) = 1t 0 0 L, O 0 0 t
’ 2 |y Lyy 0 0 —p, O 0 y|’

U 0 0 0 0 —py 0 U

v 0 0 0 0 0 —Ly| |v

where x = (z, s,t) and y = (y, u, v). It can be easily checked that f is a quadratic function (i.e., Hessian is constant) such
that f € F (s, pys Ly, Ly, Lyy) and T, = y, = 0 € R3.

Let us define

ty 0 0 Ly 0 0 ty 0 0
A=|0 pu, 0|, B=|[0 0 0|, C=|0 py 0
0 0 L, 0 0 0 0 0 L,
We first observe that the k-th step of OGD satisfies
Thi1 I—-20A —2aB aA aB T
Yk+1| _ | 26BT  I-23C —BBT BC| | y
Ty I 0 0 0 Tr—1
Yk 0 I 0 0 | [Yr—1
Then the coordinate-wise updates on the k-th step of OGD must be
Thtl 1—-2ap, —2aly, Qg Ly, Tk
Yk+1 _ 25Lmy 1- 25/@ *BLzy /B/“’Ly Yk (129)
Tk 1 0 0 0 T—1
Yk 0 1 0 0 Yk—1
£p
Sp+1 = (1 — 2apy) sk + oz Sk—1, (130)
tgr1 = (1 — 2aLl, )ty + algti—1, (131)
upt1 = (1 = 2Buy)up + Bpyur—1, (132)
Vi1 = (1 — 25[@,)’1)}6 + 5Ly’l)k,1. (133)
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First, observing that the quadratic w? — (1 — 2¢)w — ¢ = 0 has (real) roots given by

(1 —=2¢)£+/(1—2¢)%2+4c
w =
2 )

a recurrence relation of the form wy41 = (1 — 2¢)wy, + cwy—1 converges if and only if

1—-2 (1 —2¢)2+4
7":' C|+ (2 C)—i_c<17

which is again equivalent to 0 < ¢ < 2.

Moreover, if 0 < ¢ < 7, then we have

1 1
1—r 1—2c+4/(1—2¢)2+4c
1— 2
B 2 _ L2+ vItde? 1_9(1>
14 2c— 1+ 4c? 2c ~ 2 c)’
while if 3 < ¢ < 2, then we have
1 1
1—r | _ 2em14y/(-20) e

2
2

1\ 1 1
— >24v2>(1+—)-2=0f=
3—2 —1+4c2 JM[( +\/§> c <C)

. . 2 . . . . . l 2
which is because ;——"—= JITio 1S anincreasing function in [3, £).

For the convergence of iterations (131) and (133), the step sizes « and [ are required to satisfy

2 2
0<al, < 3 and 0< L, < 3’ (134)
by setting ¢ = oL, and/or ¢ = SL,,.
Also, to guarantee ||z ||* + ||lyx|® < €, we need from (130) and (132) that 5%, < O(e) and u2 < O(€), respectively.

The two necessary conditions s% < O(¢) and u3, < O(e) require an iteration number of at least:

K:Q(( ! +1>~log1), (135)
oz | By ¢
by setting ¢ = a1, and/or ¢ = Bu,,.
Note that (134) automatically yields
! -l-L = Q(ky + Ky)- (136)
apz By

Now, in order to ensure convergence of iteration (129), we need the matrix P to have a spectral radius smaller than one.
Hence it suffices to show that p(P) < 1 implies —— + ﬁ = Q(Kgy).
Y

Ofly

Suppose that A is an eigenvalue of P. Then we must have

(1 - )‘) - 20#96 —20[ny Qfly any
det(\ — P) = 251Lwy (1- /\)0* 281y *6_1“;5@, ﬂgy o
0 1 0 —A
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First, we observe that A # 0, since if we plug in A = 0 we have
det(A — P) = det(P) = aB(papy + L3,) > 0.

Therefore we can compute

(1 =X) — 2au, —20L gy aply Ly,
1 0 - 0
0 1 0 A
A1 =) = 2 ap, —2AaLyy aply Ly,
A2 A 0 -A 0
0 A 0 -A
A1 =X = 2A = Dap, —(2Xx = 1)Ly aply  aLg,
_ 1 (2A = 1)BLay AL =A) = @A =1)Buy —BLzy  Bhy
A2 0 0 -2 0
0 0 0 -2
AT =) = 2A = Dapy —(2X = 1DaLg,
S @A -DBL, AG-N - @A- Dan,

— (1= A) — (2~ Dape) (1= ) — (20— 1)) + (2 — D2aBI2,.
If we substitute @ = i, and b = S, then det(AI — P) = 0 is equivalent to
(=N + (1 =2a)A+a) (=A*+ (1 = 2b)A + b) + (2A — 1)%abk2, = 0,
where we note that aﬁLiy = abliiy.
Hence we have a quartic equation of the form A* — pA3 + ¢\? — r\ + ¢ with coefficients given by

p= 2 — 2(a + b)7
q=1-3a—3b+4ab(x3, + 1),
r=-—a—b+ 4ab(f£iy +1),

= ab(miy +1).

Note that we obviously have p, g, 7, ¢ > 0.

There exists a well-known characterization of quartic polynomials having roots with absolute values less than one.

(137)

(138)

Proposition F.1 (Grove & Ladas (2004), Theorem 1.5). Consider a quartic polynomial x* + asx> + asx? + a1x + ag, where
ao, a1, ag, as are real numbers. Then a necessary and sufficient condition that all roots of the polynomial are contained in

the open disk |x| < 1 is
|a1+a3\<1+a0—|—a2, ICL1—CL3|<2(1—CLQ)7 as — 3ag < 3,

2 2 2 2 3
ao + az +ag +ai + ajaz + apaz < 1+ 2apaz + aras + agaias + ag.

Also, the following corollary suggests that the coefficients are all bounded (by constants) for such cases.

Corollary F.2. For coefficients ag, a1, az, as satisfying (139), we have |az| < 6,

a2| < 6, \al\ < 6,

a0| <1

Proof. From the first three conditions, we can observe that

0<1+4+ag—+ae, 0<2(17(l0), as — 3ag < 3.

Hence (ag, a2) must be inside a triangle with endpoints (—1,0), (1, —2), (1, 6), which implies |az| < 6, |ag| < 1.
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Using this, we can also observe from the first two conditions that
|a1+a3|<1+a0—|—a2<8, |a1—a3|<2(1—a0)<4.
Hence (a1, ag) must be inside a rectangle with endpoints (2, 6), (6, 2),(—2, —6),(—6, —2), implying |as| < 6, |a;| < 6. O

By Corollary F.2, we can observe that a necessary condition for p(P) < 1 is that all coefficients in (138) are of order O(1).
In particular, this implies abﬁiy = aﬁLiy = O(1) in order to assure convergence, which concludes that

1 1 2 2Ky

11 - = Q). (140)
Combining (136) and (140), we have
! + kg + Ky + Kay)
- = T K x
Qpe By o
and therefore from (135) we can show a lower bound of
1
Q ((Kch + Ky + Kgy) - log 6) .
O
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G. Details of Experiments
G.1. SCSC Quadratic Game (1): Small-scale

We run experiments on the following SCSC quadratic problem:

) e 0 0 Lyy 0 0 ) m 0 0
flx,y) = 5mTUT 0 L, 0|Ux+2'U"| 0 Ly O |Vy+ inVT 0 L, 0]|Vy,
0 0 L, 0 0 fiay 0 0 L,

where U € R3**3 and V' € R®**3 are random orthogonal matrices (generated with QR-decompositions of random

Gaussian matrices). For a clear demonstration of optimization trajectories in Figure 1, we set U = V' = I343. For the

problem parameters, we use L, = L, = L,, = 1 and p, = py, = pizy = 0.2. We run each algorithm until it reaches
2 —50

|zk]|* < e=10""°.

Implementation of EG. We use a general form of EG as follows:

Lrpyl = Tk — Ve f(Tr, Yr), Y+l = Yk + 50Vyf($k»yk:)v

Tep1 =Tk — Ve f (B 1, Ykt 1)y Yes1 = Ye + 51V f(@hy 1, Ypp1),

where the step sizes at explorations step (k — k + 1/2) and at update step (k + 1/2 — k + 1) can differ.

Implementation of OGD. Also, we use a general form of OGD as follows:

Ty1 = T — ooV f(Tr, Yr) + 1 Ve f(Tr_1,Yr—1),
Ykr1 = Yk + BoVyf(Tr, yr) — B1Vyf(@r—1,Yr—1),

Parameter tuning. We tuned step sizes and other parameters (like v and  of Alex-GDA) by grid search. Since this is a
quadratic problem (where the local convergence analysis directly applies), following the analysis by Zhang et al. (2022),
we choose 1/ L?-scale step size for Sim-GDA and 1/ L-scale step size for the other algorithms (L = max {L, Ly, Ly},
p = min { iz, fby, ftay }). To be more specific,

L]

Sim-GDA: (step size) = clz2 , where C € {0.5,0.51,0.52, - -- ,2.99, 3}. (If we apply %-scale step size, it diverges.)

Alt-GDA: (step size) = & where C € {1,1.01,1.02,---,3.99,4}.

* EG, OGD: o = fiy = gy and ay = 1 = &p. where Co, Cy € {0.5,0.51,0.52, - ,3.99, 4}

Alex-GDA:: (step size) = &, where C' € {1,1.1,1.2,--- ,1.9,2},and v,6 € {1.1,1.2,1.3,--- ,3.9,4}
G.2. SCSC Quadratic Game (2): Higher Dimension, Extensive Comparisons
We generate the SCSC quadratic problems f : R% x R% — R as
flx,y) = %a:TUTAUw +2'U ' BVy+ %yTVTCVy,
where we randomly sample the matrices A € R%*% B ¢ R%*% C ¢ RWw>*d U € R%*% and V € R%*d:

A = diag(aq,...,aq,), a1 =z, ao =Lz, a; ~ Uniform(u,,L;), (=3,...,d;)
B = diag(blv SRR bmin{dm,dy})? by = My by = Lacya bi ~ Uniform(:uxzn La:y)a (7’ = 37 s 7min{d$7 dy})
C = diag(ci,...,¢cq,), c1=py, co=Ly, ¢~ Uniform(p,,L,), (i=3,...,dy)
while U € R% >4 and V' € R%*% are random orthogonal matrices.
For each combination of i (= py = fiy), ftay, L (= Ly = L), and L, we test 3 random initialization points (x¢, yo) and

10 random instances of f(x,y).
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Algorithms. We follow a standard implementation of heavy-ball momentum as PyTorch’s implementation. We adopt
Azizian et al. (2020) for EG with Momentum, Ramirez et al. (2023) for OGD with Momentum (so-called OmegaM), and
Zhang & Yu (2020) for the alternating counterparts of EG and OGD (Alt-EG and Alt-OG, respectively).

Our implementation of Alex-GDA with momentum (Alex+M) is as in Algorithm 3.

Algorithm 3 Alex-GDA with Momentum
Input: Number of epochs K, step sizes «, 8 > 0, hyperparameters v, 6 > 0, momentum parameters m,, m, € R
Initialize: (z(,yo) € R% x R% and g = yo € R%
fork=0,..., K—1do
'Uz_H = mx’U;f + wa(wka gl«‘)
Tl = Ty — QUL
jk-&-l = Tk — 'yom,fﬂ
Vi1 = My + Vo f (11, Yr)
Yer1 = Yr + o),
Yht1 = Yr + 00V,
end for
Output: (xx,yx) € R% x R

Computing gradient complexity. For most algorithms, the number of gradient computations equals the number of
iterations. However, EG and its alternating counterpart (Alt-EG) take multiple gradient computations per iteration. For EG
(with simultaneous updates), it takes two gradient computations per iteration. For Alt-EG, according to the implementation
by Zhang & Yu (2020), it takes three gradient computations per iteration. Hence, we computed the gradient complexity by
multiplying the number of iterations and the amount of gradient computation per iteration.

Parameter Tuning. Likewise in Appendix G.1, we choose }-scale step size for Sim-GDA and

p S S
max{LQ,Liy max{L,Lgy}

scale step size for the other algorithms. To be specific,

* Sim-GDA : (step size)= where C' € {0.1,0.2,...,1.5},

Cup
max{L?,L2 }

* The other algorithms (including Sim-GDA with momentum): (step size)= where C' € {0.1,0.2,...,1.5}.

¢
max{L,Lzy}
We tune the momentum parameters m,, m, € {—0.99,—0.95,—0.9,—-0.8,—-0.7,...,0.9,0.95,0.99}. Note that we
allow the negative momentum as per the work by Gidel et al. (2019b). We tune v and 0 for Alex-GDA as v,§ €
{0.5,0.6,0.7,...,3.0}. For the momentum variant of Alex-GDA (Algorithm 3), we slightly reduced the range of search as
v,6 € {1.0,1.1,1.2,...,3.0}.

G.3. Generative Adversarial Networks: WGAN-GP

We name the combination of Adam (Kingma & Ba, 2015) and (the stochastic version of) Sim-/Alt-/Alex-GDA as Sim-/Alt-
/Alex-Adam, respectively. In Listing 1, we provide a brief Python code based on PyTorch (Paszke et al., 2019) for GAN train-
ing with Alex-Adam. The full code base can be found at github.com/HanseulJo/Alex-GDA/tree/main/gan.
In the code, we use the main models netD and netG (for which the weights correspond to x and y, respectively) and the
auxiliary models netD__and net G_. The auxiliary models are for describing the ‘tilde’ variables & and y, i.e., the results
of the inter-/extrapolation steps.

Learning Rates. For MNIST (Deng, 2012), we tuned the step sizes for Alex-Adam ({10=%,3 x 10~*} for both generator
and discriminator) and applied the best step size (3 x 10~ for generator, 10~* for discriminator) for the other algorithms.

For CIFAR-10 (Krizhevsky et al., 2009), we tuned the step sizes for algorithms ({1074, 3 x 10~} for both generator and
discriminator). The best step sizes were (10~* for both generator and discriminator) for Sim-Adam and (3 x 10~* for both
generator and discriminator) for Alt-Adam and Alex-Adam.

For LSUN-Bedroom 64 x 64 dataset (Yu et al., 2015), we fixed the step size as (10~ for generator, 3 x 10~ for discriminator)
following Heusel et al. (2017).
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Listing 1. PyTorch-based Python code for GAN Training with Alex-GDA + Adam optimizer (i.e., Alex-Adam)
from copy import deepcopy
import torch
from models import Discriminator, Generator # Custom library for modeling

# Create a Discriminator (x) and a Generator (y)

netD = Discriminator(...) # Sx_0$
netG = Generator(...) # Sy_0$
netG_ = deepcopy (netG) # S\tilde{y}_08S

# Define the optimizers
optimizerD = torch.optim.Adam(netD.parameters(), ...)
optimizerG = torch.optim.Adam(netG.parameters(), ...)

dataloader = # set of real images

num_epochs = # number of epochs

criterion = # loss function

label_real = # label for real image e.g. all ones
label_ fake = ... # label for fake image e.g. all zeros
gamma = ... # Alex—GDA parameter

delta = ... # Alex—GDA parameter

for epoch in range(l, num_epochs+l) :
for data in dataloader:
# Generate latent vectors
noise = torch.randn(...)

# Save $x_k$ to ‘netD_
netD_ = deepcopy (netD)

# Compute Discriminator error: S$f(x_k, \tilde{y}_k)S$

errD_real = criterion(netD (data), label_real)
errD_fake = criterion (netD (netG_(noise)), label_fake) # ‘netG_‘' == $\tilde{y}_k$
errD = errD_real + errD_fake

# Update Discriminator: $x_{k+1}$
optimizerD.zero_grad/ ()
errD.backward ()

optimizerD.step ()

# Interpolation/Extrapolation step for x:
# Compute $\tilde{x}_{k+1} = \gamma *» x_{k+1} + (l-\gamma) * x_k$ and save to ‘netD_"‘
for online, target in zip(netD.parameters(), netD_.parameters()):

target.data = gamma * online.data + (1 - gamma) * target.data

# Save $Sy_kS$ to ‘netG_‘
netG_ = deepcopy (netG)

# Compute Generator error: $f(\tilde{x}_{k+1}, y_k)S$
errG = criterion (netD_ (netG(noise)), label_real) # ‘netD_' == S\tilde{x}_{k+1}$

# Update Generator: Sy_{k+1}$
optimizerG.zero_grad()
errG.backward ()
optimizerG.step ()

# Interpolation/Extrapolation step for y:
# Compute $\tilde{y}_{k+1} = \delta » y_{k+1} + (1-\delta) * y_k$ and save to ‘netG_‘
for online, target in zip(netG.parameters (), netG_.parameters()):

target.data = delta » online.data + (1 - delta) x target.data
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H. Guessing the Complexity Bound of Alt-GDA

We have found numerical evidence based on the performance estimation program (PEP) (Drori & Teboulle, 2014) that the
upper complexity bound can be strictly smaller than O(x!-?) for Alt-GDA, which we formally state in Conjecture 8.1.

Reproducing the work by Das Gupta et al. (2023), we devised a PEP-based tool that automatically optimizes the convergence
rate of Sim-/Alt-GDA under SCSC and Lipschitz gradient assumptions. While the original PEP is a tool for finding the
worst-case convergence rate of a given algorithm (with fixed and known parameters like step sizes) by solving a semidefinite
programming problem, our tool tries to minimize this worst-case rate by finding optimal step sizes and optimal coefficients of
the performance measure. Here, the performance measure is a linear combination of (1) the squared distance from the current
iterate to the optimum, (2) the gradient norm at the current iterate, and (3) their interaction term (inner product between an
iterate-optimum gap and a gradient norm), where the coefficients of the linear combination are part of optimization variables.

Using this tool, we can obtain an optimized convergence rate r of Sim-/Alt-GDA for each set of problem parameters
(ta, ty, La, Ly, Ly ). (For convenience of exhibition, we set u = py = ptyand L = L, = L, = Ly, and define k = L/.)
Recall from Equation (3) that the complexity can be expressed as ﬁ except for the logarithmic factor. Hence, if we

find how 1%7« can be expressed as a function of x, we will be able to guess the actual complexity in terms of x. We draw

log-log plots between ﬁ and « and observe its slope, which would be the exponent of « in the complexity. Here we tune

k € {10%,10%2,10%4,...,10%}, and we compute the median slope of line segments, each of them connecting a pair of
adjacent points.

As shown in Figure 2, the graphs for both algorithms appear close to a straight line. For Sim-GDA, we observe the optimal

complexity is ~ x999: it is tight up to numerical error. On the other hand, for Alt-GDA, the observed lowest possible

complexity is ~ 1387 (if we utilize a pair of consecutive iterates z, — zj1): See Figure 2.
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Figure 2. Guessing the complexity bound of Sim-/Alt-GDA. Left: log-log plot between x = L/u and the near-optimal worst-case
complexity. Right: Slope of the log-log plot. Each point corresponds to the slope of a line segment connecting a pair of adjacent points in
the left plot.

Nevertheless, we cannot assure that this proves that the tight complexity of Alt-GDA of rate O(x'3%%) is tight. This is
mainly because, in fact, our tool is not perfect in terms of the function class. Although our tool implements every condition
of SCSC and Lipschitz gradients as constraints of an optimization problem, it is not well understood (especially for minimax
problems) whether such an implementation can properly simulate the class of SCSC functions with Lipschitz gradients;
rather, it can only simulate a slightly larger function class including SCSC and Lipschitz-gradient functions (this is similar
to the case of monotone and Lipschitz operators (Ryu et al., 2020)). Thus, the numerical value 1.385 is not tight and the true
exponent can be smaller for the actual SCSC Lipschitz-gradient functions. In other words, the complexity can be smaller
than O(k!-38%). Nonetheless, our results altogether corroborate that the upper complexity bound of Alt-GDA must be
strictly smaller than O(x!-?).
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