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ABSTRACT

This paper considers two-player zero-sum finite-horizon Markov games with si-
multaneous moves. The study focuses on the challenging settings where the value
function or the model is parameterized by general function classes. Provably effi-
cient algorithms for both decoupled and coordinated settings are developed. In the
decoupled setting where the agent controls a single player and plays against an ar-
bitrary opponent, we propose a new model-free algorithm. The sample complexity
is governed by the Minimax Eluder dimension—a new dimension of the function
class in Markov games. As a special case, this method improves the state-of-the-art
algorithm by a v/d factor in the regret when the reward function and transition
kernel are parameterized with d-dimensional linear features. In the coordinated
setting where both players are controlled by the agent, we propose a model-based
algorithm and a model-free algorithm. In the model-based algorithm, we prove that
sample complexity can be bounded by a generalization of Witness rank to Markov
games. The model-free algorithm enjoys a /K -regret upper bound where K is the
number of episodes.

1 INTRODUCTION

In competitive reinforcement learning, there are two agents competing against each other by taking
actions. Their actions together determine the state evolutions and rewards. Function approximation,
especially deep neural networks (LeCun et al., [2015), contributes to the success of RL in many real
world applications, such as Atari (Mnih et al.,[2013), Go (Silver et al.| [2015)), autonomous driving
(Shalev-Shwartz et al.| 2016), Texas holdem poker (Sandholm), [2017), and Dota (Berner et al.| 2019)).

The goal of competitive reinforcement learning aims to learn the Nash Equilibrium (NE) policy in a
trial-and-error fashion. In a NE, no agent can be better off by unilaterally deviating from her policy.
Most of the existing sample efficient competitive RL algorithms focus on the tabular or linear function
approximation cases (Pérolat et al., 2017; Bai & Jin.,2020; |Bai et al., 202152020 |Xie et al.| [2020;
Zhang et al.;|2020). The huge empirical success of neural network based RL methods has remained
largely unexplained. Thus, there exists a wide gap between theory and practice in competitive RL
with general function approximation. One demanding question to ask is:

Can we establish provably efficient competitive RL algorithms with general function approximation?
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In this paper, we make a step towards answering this question by providing structural conditions
and complexity measures of Markov Games and function classes that allow for efficient learning.
We focus on episodic zero-sum Markov Game (MG) with simultaneous move, where each episode
consists of H time steps and two players act simultaneously at each time step. The state space is
arbitrarily large and can be infinite. We consider two function approximation settings: 1) use a
general function class F' to approximate the action-value function (Q function); 2) use a general
function class M to approximate the environment.

To this end, we introduce algorithms based on optimistic principles. Due to subtle game-theoretic
issues, naive optimism is no longer working in Markov games where minimax optimization is per-
formed. To deal with this issue, we use the algorithmic idea called ‘alternate optimism’. Specifically,
we develop algorithms for both coordinated and decoupled setting. In the decoupled setting, the agent
controls one player and plays against an arbitrary and potentially adversarial opponent. The sample
efficiency is measured by the gap between the learned value and value of the Nash Equilibrium. In
the coordinated setting, the agent controls both players and the goal is to find the approximate Nash
Equilibrium, i.e. with small duality gap. We identify key complexity measures of function classes to
examine the effectiveness of elimination. By doing so, we prove upper bounds on sample complexity
and regrets of the presented procedures that are independent of the number of states.

Our contributions are summarized into the following two folds:

* In the decoupled setting, we introduce Minimax Eluder dimension—-a new complexity
measure for competitive RL problems. We propose an algorithm that incurs at most
O(H+/dgKlog NF) regret in K episodes where dr denotes the Minimax Eluder di-
mension A= denotes the covering number of function class, with probability at least 1 — p.
As a special case, this result improves Xie et al.| (2020) by a v/d multiplicative factor in their
setting when the reward function and transition kernel are linearly parameterized and d is
the dimension of feature mapping.

* In coordinated settings, we propose both model-based and model free algorithms. In the
model-based setting, we generalize the witness rank (Sun et al., |2019a) to competitive
RL. We prove that O(H3W?/e?) samples are enough to learn a policy e-close to the
Nash Equilibrium, where W is witness rank. In the model-free setting, we develop algo-
rithm for agnostic learning with a candidate policy class II. The algorithm incurs at most
O(H +/dK log(NxNm)) regret. Here d is a variant of Minimax Eluder dimension and Ny
denotes the covering number of policy class.

1.1 RELATED WORKS

There is a rich literature studying the learning and decision-making of Markov Games (Littman &
Szepesvari, [1996; (Greenwald et al., 2003 |Grau-Moya et al., 2018}; |Pérolat et al., [2018}; [Srinivasan
et al., 2018 [Sidford et al., [2020; Wei et al., [2017; [Pérolat et al., 2017;Bai & Jin., [2020; [Bai et al.|
20215 2020; |[Zhang et al., 20205 |Zhao et al., 2021). The most related to us are perhaps (Xie et al.,
20205 (Chen et al.; 2021} Jin et al., 2021b)), where the authors address the challenge of exploration-
exploitation tradeoff in large state spaces. Due to space constraint, a detailed literature discussion is
deferred to Appendix

2 PRELIMINARIES

We consider two-player zero-sum simultaneous-moves episodic Markov game, defined by the tuple
(S, A1, Az, r, P, H), where S is the state space, A; is a finite set of actions that player ¢ € {1,2} can
take, r is the reward function, P is the transition kernel and H is the number of time steps. At each
time step h € [H|, player P1 and P2 take actions a € A; and b € A respectively upon observing
the state € S, and then both receive the reward rp,(z, a, b). The system then transitions to a new
state &' ~ Py (+|z, a, b) according to the transition kernel P. Throughout this paper, we assume for
simplicity that A; = Ay = A and that the rewards rj, (x, a, b) are deterministic functions of the tuple
(z, a,b) taking values in [—1, 1]. Turn-based games are special cases of simultaneous games in the

'We use O to hide logarithmic terms in H, 1/p and K.
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sense that at each state the reward and transition are independent of one player’s action (Xie et al.,
2020). Generalizations to A; # As and stochastic reward are also straightforward.

Denote by A := A(.A) the probability simplex over the action space .A. A stochastic policy of P1 is
a length- I sequence of functions 7 := {m, : S = A} ¢cp). Ateach step h € [H] and state x € S,
P1 takes an action sampled from the distribution 7, (z) over .A. Similarly, a stochastic policy of P2
is given by the sequence v := {v}, : S — A}¢cq). The learning happens in K episodes. In each

episode k, each player P1 and P2 proposes a policy 7* and v/* respectively based on history up to the
end of episode k£ — 1 and then executes the policy to observe the trajectories {5’:27 a;‘;, bﬁ}thl.

For a fixed policy pair (7, v/), the value function and Q functions for zero-sum game is defined by

H
Z Th(irhaahvbh)‘xho = SC] )

h=hg

Vot (z) = E

ho

e (x,a,0) ;= E

H
> ra(@n, an, by)len, =z, an, = a, by, = b] ,
h=hyg

where the expectation is over aj, ~ 7 (xp), by, ~ vi(zy) and zp1 ~ Py(-|zn, ap, by). Vi7" and
Q7" are often abbreviated to V™" and Q™". In zero-sum games, P aims to maximize V™" (x1)
and P2 aims to minimize V™ (z1). Given policy 7 of P1, the best response policy of P2 is defined
by v} := argmin, V™" (x1). Similarly given policy v of P2, the best response policy of P1 is defined
by 7} := argmax_ V™" (z1). Then from definitions,

‘/'Tr,l/fr (xl) < Vﬂ'*,u* (1'1) < Vﬂ',’j,l/(xl)

and the equality holds for the Nash Equilibrium (NE) of the game (7*, v*). We abbreviate V™ " (1)
as V*and Q™ " (x1) as Q*. V* is often referred to as the value of the game. As common in Markov
games literature (Pérolat et al.l 2015)), we will use the following Bellman operator
77LQh+1(x7a7b) = r(m,a,b) + P ]F“ b)[maXmiHEﬂ",V'Qthl(x/v'7')]1 (1)
z/ ~Pp (|z,a, ’ v’
and the following Bellman operator for fixed P1’s policy
EﬂQhﬁ-l(mva’ab) = T(xaa/ab) + E [minEﬂ,V'Qh+1($/7'7')]- 2

' ~Pp (|z,a,b) vV

Notations For a integer H, [H] denotes the set {1,2,..., H}. For a finite set S, |S| denotes its
cardinality. For a matrix A € R¢, A; . and A, ; denote the i-th row and j-th column of A respectively.
For a function f : S — R, || f|| denotes sup,cs |f(s)|. We use N (F, ) to denote the e-covering
number of F under metric d(f, g) = maxp, || fn — grlloo-

3 DECOUPLED SETTING

In decoupled setting, the algorithm controls P1 to play against P2. In k-th episode, P1 chooses a
policy 7% and P2 chooses a policy v/* based on 7. Then P1 and P2 interact in the Markov Game by
playing 7% and v* respectively, and observe the rewards and states in this episode. Notice that P2
can be adversarial and its policy is never revealed, meaning that P1 can only maximize its reward by
playing 7*. The goal is to thus minimize the following ‘value regret’
K
k k
Reg(K) = [V (1) = Vi (a)]. 3)

k=1

A small value regret indicates that we learn the value of MG. If an algorithm obtains an upper bound
on value regret that scales sublinearly with K for all /¥, then it can not be exploited by opponents.

3.1 FUNCTION APPROXIMATION

We consider function class F = F7 X - - - X Fg where F, C {f : S x Ay X Ay — [0, 1]} to provide
function approximations for Q* — the Q-function of Nash Equilibrium. For a policy pair (r, v) and
function f we abuse the notations and use f(x, 7, ) = Equr pn [f (2, a, D)] to denote the expected
reward of executing (7, v) in function f. We make the following assumptions about F.
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Assumption 3.1 (Realizability). We assume Qj, € Fy, for all h € [H].
Assumption 3.2 (Completeness). We assume for all h € [H] and f € Fpi1, Tnf € Fh.

Realizability means the function class contains the target Q function. Completeness says the function
class is closed under the Bellman operator. These assumptions are common in value function
approximation literature (e.g. Jin et al.|(2020); Wang et al.| (2020b); [Jin et al.|(2021a)). Note that they
are weaker than [Xie et al.| (2020), as their setting satisfies T, f € F}, for any action-value function f.

For a function f € F, we denote the max-min policy of P1 by 7. Specifically,
(mf)n(x) == argmax, min f;(z,7,v),Vh € [H].

Similarly we denote the min-max policy of P2 by v/;. Given policy 7 of P1, the best response policy
of P2 in terms of function f is defined by

(vf)n(x) = argmin,, fy (z, 74, ), Vh € [H].

s

Similarly given policy v of P2, the best response policy of P1 in terms of function f is denoted by 7.
When there is no confusion, we will drop the subscript A for simplicity.

Learnability requires the function class to have bounded complexity. We introduce Minimax Eluder
dimension to capture the structural complexity of function classes in zero-sum games. To define,
we use e-independence of distributions and Distributional Eluder dimension (DE) from Russo &
Van Roy|(2013); Jin et al.| (2021a).

Definition 3.3 (e-independence of distributions). Let G be a function class defined on X, and
U, 41, - - - , i, be probability measures over X. We say that v is e-independent of {11, . . . , i } wWith

n

respect to G if there exists g € G such that \/y ", (E,,[g])? < e but |E,[g]| > €.

Definition 3.4 (Distributional Eluder dimension (DE)). Let G be a function class defined on X, and
D be a family of probability measures over X. The distributional Eluder dimension dimpg (G, D, €)
is the length of the longest sequence {p1,...,pn} C D such that there exists € > € where p; is
€’-independent of {p1,. .., pi—1} forall i € [n].

Now we introduce Minimax Eluder dimension. Recall the minimax Bellman operator from Eq (I):

th+1($,a,b) = T(x,a,b) + E [maxmin chrl(x/aﬂ—/vV/)]
z'~Pp (|2,a,b) 7V
thus Minimax Eluder dimension is the Eluder dimension on the Bellman residues with respect to the
above minimax Bellman operator.

Definition 3.5 (Minimax Eluder dimension). Let (I —T3)F := {frn — Thfn+1 : f € F} be the class
of minimax residuals induced by function class F at level h and Dx = {Da n}ne) where Da p, =
{0(z,a,b) : x € S,a € A1,b € Ay} is the set of Dirac measures on state-action pair (x, a,b). The e-
Minimax Eluder dimension of F is defined by dimyig (F, €) := maxj,¢c(g) dimpg((I —T,)F, Da, €).

3.2 OPTIMISTIC NASH ELIMINATION FOR MARKOV GAMES

Now we introduce Optimistic Nash Elimination for Markov Games (ONEMG), presented in Algo-
rithm This algorithm maintains a confidence set V¥ that always contains the Q*, and sequentially
eliminates inaccurate hypothesis from it. In k-th episode, P1 first optimally chooses a value function
f*¥ in V¥~ that maximizes the value of the game. Intuitively, this step performs optimistic planning
in the pessimistic scenarios, i.e. assuming P2 plays the best response. Next, it plays against P2 and
augments the data from this episode into replay buffer B. The confidence set V¥ is then updated by
keeping the functions f with small minimax Bellman errors fj, — Tp, fa+1, in Line[I2] To estimate
o — Thfnt1, we use Eg, (fn, far1) — infger, Es, (9, frt1), a standard variance reduction trick
to avoid the double-sample issue. It can be shown that when the value function class is complete,
s, (fn, fn1) — infger, €, (9, fas1) is an unbiased estimator of fj — Ty, frq1 (Lemma B.T).

Notice that unlike many previous works that add optimistic bonus on every state-action pairs (Xie
et al., 2020; |Chen et al., |2021)), Algorithmﬂ] only takes optimism in the initial state. Instead, the
constraint set contains every function that has low Bellman residue on all trajectories in the replay
buffer. This ‘global optimism’ technique trades computational efficiency for better sample complexity,
and can be found in many previous work in Markov Decision process (Zanette et al.| 2020; Jin et al.|
2021a). As we will see later, it is also useful in the coordinated setting.
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Algorithm 1 Optimistic Nash Elimination for Markov Games (ONEMG)

1: Input: Function class F

2: Initialize B, = 0,h € [H], V' + F

3: Set 8+ Clog(N(F,1/K) - HK/p) for some large constant C
4: fork=1,2,..., K do

5 Compute f* < argmax ey f1(z1,7f,vp), let mp < 7 g
6 forsteph =1,2,...,H do
7 Interact with environment by playing action a¥ ~ 7¥(zF)
8: Observe reward r}, opponent’s action by and move to next state x
9: end for
10: Update By, < By U {(z}, af, by, vy, a1}, Vh € [H]
11: Forall {,{ € F and h € [H], let
k
_ T T 1T T T 2
gBh (Ehv Ch-i-l) = Z[gh(xh) Qp,; bh) —Th — Ch-‘rl(xh—i-l’ Tt VCh+1)]
=1
12: Set
Vk — {f eF: gBh,(fha fh+1) S gien]'f" gBh(gafh—&-l) + ﬂ7Vh € [H]}
h
13: end for

3.3 THEORETICAL RESULTS

In this section we present the theoretical guarantee for Algorithm The proof is deferred to
Appendix [B]

Theorem 3.6. Under Assumption[3.1land Assumption the regret Eq (@) of Algorithm[l|is upper
bounded by

Reg(K) < O(H\/K SOViR log(HK€)>

with probability at least 1 — p. Here dyig = dimyg(F, \/1/K) and ( = N (F,1/K)/p.

As this theorem suggests, as long as the function class has finite Minimax Eluder dimension and
covering number, P1 can achieve v/ K -regret against P2. Notice that when P2 always plays the best
response of P1’s policies, this regret guarantee indicates that algorithm eventually learns the Nash
Equilibrium. In this case, the algorithm takes O(H2d log(|F|)/€2) samples to learn a policy 7 that is
e-close to .

When the opponent plays dummy actions, the Markov Game can be seen as an MDP and the value
of the Markov Game is the maximum cumulative sum of rewards one can achieve in this MDP. In
this case, our result reduces to O(H - \/K - dgg log(N'(F,1/K))) where dpg is the Bellman eluder
dimension inJin et al.| (2021a).

In particular, when the function class is finite, the regret becomes O(H /K dwug log(HK|F|/p))
that depends logarithmically on the cardinality of /. Moreover, when the reward and transition
kernel have linear structures, i.e. 74 (z,a,b) = é(z,a,b) "), and Py, (-|x,a,b) = ¢(z,a,b) " un(-)
where ¢(z,a,b) € R?, then dyg(F, /1/K) = log N(F,1/K) = O(d) and the regret becomes
O(HdVK)| Thus we improve Xie et al. (2020) by a v/d factor. We also provide a simpler algorithm
tailored for this setting, see Appendix[B.1]for details.

Algorithm I|solves a non-convex optimization problem in Line [5] with highly non-convex constraint
set (Line [12). In general, it is computationally inefficient. Even when reduced to linear MDP,
i.e. the opponent plays dummy actions and the transition matrices and the rewards have low rank
structures, it is not known if the same O(H v/ d?K) regret can be achieved with computationally
efficient algorithms (Zanette et al., [2020). Designing computationally efficient algorithms with
near-optimal sample efficiency is an interesting further direction.

?Here we use O to omit the logarithm factors in K, d, H and 1/p.
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4 COORDINATED SETTING

In the coordinated setting, the agent can control both P1 and P2. The goal is to find the e-approximate
Nash equilibrium (7, ) in the sense that

V”;’”(xl) — Y Tn (1) <e ())

by playing P1 and P2 against each other in the Markov game. In the following sections, we propose
both model-based and model-free methods to deal with this problem.

4.1 MODEL-BASED ALGORITHM

In model-based methods, we make use of a model class M of candidate models to approximate
the true model M*. We are also given a test function class G to track model misfit. Given a
model M € M, we use QM (z, a,b), r(z,a,b) and PM(-|z,a, b) to denote the Q-function, reward
function and transition kernel of executing action a and b at state  in model M. For simplicity, we
use (r,z) ~ M to represent 7 ~ M (z, a,b) and z ~ PM(-|z, a,b). We denote the NE policy in
model M as 7™ and v™ . For policy 7, v and model M, we use M to denote the best response of 7
in model M and 7 is defined similarly.

4.1.1 ALTERNATE OPTIMISTIC MODEL ELIMINATION (AOME)

The model-based method, Alternate Optimistic Model Elimination (AOME), is presented in Algo-
rithm E} It maintains a constraint set M” of candidate models. Throughout K iterations, AOME
makes sure that the true model M * always belongs MP¥ for all k € [K], and sequentially eliminates
incorrect models from MF.

However, the idea of being optimistic only at initial state (Zanette et al., 2020; [Jin et al., 2021a)
is not directly applicable to this scenario. Since the objective to be optimized is the duality gap,
the target policies being considered are thus policies pairs (7, ) and (7, v%). However, 7}, and
vy are not available to the agents. Therefore, the performances of proposed policies are evaluated
on out-of-distribution trajectories, meaning that optimism can not be guaranteed. This causes the
distribution shift issue. In worst cases, low Bellman errors in the collected trajectories provide no
information for the trajectories collected by 7}, v and 7, v/

To address this issue, the algorithm performs global planning by applying the idea of alternate

optimism to model-based methods. In k-th episode, the algorithm first solves the optimization
problem M} = argmaxyreps QM (z1, 7™, M) and let 7% = 7M1, This optimization problem
corresponds to finding the optimistic estimate of the value of the game. Indeed, notice that M* € MF
.k k k . . .

k k) > Qi (zy, 7*, Vﬁl ) > V*(x1), by optimality of M. Next, it solves

N . k My .
the second optimization problem M3 = arg minpre p @M (w1, 71, M) and let % v ,2 . This

. . k
implies Q™1 (z;, 7

k%
corresponds to finding the pessimistic estimate of V™ *“=k (z1). In fact, we see that M* € MP*

implies QM2 (xq, 7% VF) < VT (x1), by optimality of M} . This approach appears in Wei et al.
(2017) to guarantee convergence to Nash equilibrium, where it is referred to as ‘Maximin-EVI’.

In Line [8] the algorithm checks if the values of model MF and M5 are close to the value of the true
model M * when executing policy 7% and v/*. If the condition holds, we have

V*(l‘l) - Vﬂk’l/;k (xl) S QMlk (mlaﬂ-ka Vk) - Q]\/Lf (xlaﬂ-kayk) S €,

which means that AOME finds policy 7* that is e-close the NE. One can also switch the order of
alternate optimism and obtain ©/* that is e-close the NE. We then terminate the process and output 7%
and v*. If the algorithm does not terminate in Line 8} it applies the witnessed model misfit checking
method in|Sun et al.| (2019a). It starts by computing the empirical Bellman error of Markov games
defined as follows

~ o S . . , ,
L(My, My, M, ) = ;I[Q?f (@}, ap, b)) — (rh + QN () q, ™ 0 2 )] (5)

i=1
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As proved in Appendix@ in this case £(MF¥, M}, M ¥, h*¥) must be greater than e/(8H) for some

j € [2] and k¥ € [H]. Then the algorithm samples additional trajectories at level h* and shrinks the
constraint set by eliminating models with large empirical model misfit, which is defined as follow
n
~ 1 o o
E(Mf, My, M. h*) =supy — B [g(x}, ap, by rh,2n) = 9(2h, ah, by, s 2] (6)
geG i3 M (rhszn)~M

We will show that this constraint set maintains more and more accurate models of the environment.
Due to space constraints, the algorithm and theory of our model-based method are deferred to

Appendix [C]
4.2 MODEL FREE ALGORITHM

In this section we propose a model-free algorithm. We consider a more general agnostic learning,
where The algorithm is given a policy class IT = IT; x --- Iy with II, C {7 : S — A}, h €
[H]. Notice by letting II to be the class of NE policies induced by the action-value function
class F, we recover the original setup. The goal is to find policy 7 and v from II to minimize
the duality gap: max,cn Yy min, eqg 74 by playing only policies from II. Since only
policies from II are considered, we overload the notation and define the optimal solution in II as
T = arg max,cr ming ey V™ and v* = arg min, ¢ MaX /¢y V™ When II contains all
possible policies, 7* and v* is then the Nash equilibrium.

Similar to Section we consider general function class F = JFi X --- X Fpy where F}, C
{f + §x A x Ay — [0,1]}. We overload the notations in Section [3| and use v/ to de-
note the best response of 7 from II, namely v{(z) := argmin, ¢ f (2,7, v). Similarly, we use
7(z) == argmax, cymin, e f(x, 7, v). We also use v (x) := argmin,, .;V™ to denote the best
response of 7 in the true model.

4.2.1 ALTERNATE OPTIMISTIC VALUE ELIMINATION (AOVE)
Notice that the duality gap can be decomposed as follows
gap = Vﬂ;,u _ V‘n’;*,u* + Vﬂ-;* N2 Vﬂ*,V:,* + V‘Il'*,l/jr* _ V‘n’,l/:,
P2 Optimal P1

where the optimal part V™" — V™ == is fixed. Therefore we can consider only the P1 part here
and the P2 follows by symmetry. We are interested in the following policy regret
K
Reg(K) := Y (V7 ¥ — V™ ), (7
k=1

Policy regret measures the extent that P1 can be exploited by policies in II. Our algorithm Alternate
Optimistic Value Elimination (AOVE), presented in Algorithm [2] works on minimizing this regret.
Similar to Algorithm [I] it also uses optimism in the initial state to address exploration and exploitation
trade-off and constructs a series of confidence sets of hypotheses with small Bellman errors. The
differences primarily lie in a different choice of optimism and a different series of confidence sets
constructed with the Bellman operator in Eq[2] Since the policy class II is taken into consideration,
the algorithm maintains a constraint set B C II x F of policy-function pairs. We use the Bellman
operator with regard to fixed P1’s policy, in Eq (2). Thus intuitively, this constraint set maintains
(m, f) pairs such that f, — 7,7 fn41 is small for all h € [H].

We apply the ‘alternate optimistic’ principle, presented in Line[5]and Line[6} Intuitively, the algorithm
finds an optimistic planning of 7 and pessimistic planning of v, together corresponding to a max-min
procedure. As such, we form an upper bound fi(z1, 7, ) — g1 (z1, 7", v?,) of the duality gap.
Note that it is different from the ‘alternate optimistic’ used in model-based settings Wei et al.| (2017)
in that the hypothesis chosen in Line [f]is constrained by the policy chosen in Line[5] This is because
in model-based methods, ‘plausible’ models in the confidence set guarantee small simulation errors
(Lemma|C.6). However, this is not true for ‘plausible’ value functions in the confidence set.

The rest of the algorithm aims at minimizing this upper bound sequentially by eliminating bad
hypothesis in the constraint set. The elimination process occurs in Line [I3] where the algo-
rithm uses history data to eliminate functions with large Bellman error. To estimate Bellman
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error, we use the similar method as in Algorithm [I} i.e. subtracting the variance of 7," f41 by
g =arginf,cr, Ep, (g, fn+1, m). Notice that a smaller value of f;, —7," f,+1 indicates that function
approximation f is not easily exploited by P2 when P1 plays 7.

As shown in Appendix @ (m*,Q*) is always in the constraint set, and the Bellman errors of the
rest hypothesis keep shrinking. Thus in the presented algorithm of AOVE, the regret of P1 part
V™ Vs — V™¥x is controlled. By symmetry, we can perform the same procedures on P2 part and
obtain an upper bound on V¥ — V™=*" Combining these together, we show sublinear regret rate
of V7™u=¥" — V7™ ¥z« By regret to PAC conversion, this means that we find the policies that is the
best achievable in II.

Algorithm 2 Alternate Optimistic Value Elimination (AOVE)

1: Input: Function class JF, policy class II

2: Initialize B® « II x F

3: Set 8+ Clog|N(F,1/K) - N(I1,1/K) - HK /p] for some large constant C

4: fork=1,2,..., K do

5: Find (7%, f*) < argmax ;. f)cyk- 1f1(m1, f)

6:  Letg+« argmin gi(xy, 7", vY,) and set % « 17,
g:(mk,g)eVk—1

7: forsteph =1,2,...,H do

8: P1 takes action af ~ 7% (x}), P2 takes action b¥ ~ vF(zF)

9: Observe reward ) and move to next state . |

10: end for

11: Update By, < By U{(z}, af,bf,rF,af, 1)}, Vh € [H]

12: Forall¢,( € F,m € Iland h € [H], let

k

s, (&, Chy1,m) = Z[fh(d?;;,a;,b;) Ch+1($"+1’ I/C +1)]2

T=1

13: Update
"o {(m, ) e WX F : €, (fn, fns1,7) < gienj_f B, (9; fns1,m) + B,Vh € [H]}
h

14: end for

4.2.2 THEORETICAL RESULTS

This section presents our theoretical guarantees of Algorithm 2} First, we introduce two assumptions
that take the policy class I into consideration. Variants of these assumptions are also common in
batch RL (Jin et al.| 2021c; [Xie et al., [2021)).

Assumption 4.1 (IT-realizability). For all = € I, Q™¥~ € F.
Assumption 4.2 (IT-completeness). Forall h € [H|, 7 € II, and f € Fp11, T;" f € Fi, holds.

Notice that Assumption reduces to QQ* realizability in MDP. Both two assumptions hold for
linear-parameterized Markov games studied in | Xie et al.|(2020). In fact, Xie et al.| (2020)) satisfies a
stronger property: for any policy pair 7, v and any h € [H], there exists a vector w € R? such that

Q7" (,a,0) = w' ¢(z,a,b), V(z,a,b) € S x Ay x As.

Now we present the theory of Algorithm[2] First, we introduce the complexity measure in coordinated
setting, which is a variant of Minimax Eluder dimension by replacing the Bellman operator Eq (T)
with Eq (Z). This Minimax Eluder dimension also allows a distribution family induced by function
class F which is cheap to evaluate in large state space (Jin et al., 2021al).

Definition 4.3 (Minimax Eluder dimension in Coordinated setting). Let (I — ’7;?"“)}' =
{fn — Trfryr ¢+ f € F,m € I 41} be the class of residuals induced by the Bellman
operator T;".  Consider the following distribution families: 1) Dn = {Da n}nem) where
Dap = {6(z,a,b) : x € S,a € A1,b € Ay} is the set of Dirac measures on state—action
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pair (z,a,b); 2) Dr = {Dr n}tneiu) which is generated by executing (7y, V;‘{f) for f,.g € F.
The e-Minimax Eluder dimension (in coordinated setting) of F is defined by dimyg/ (F,€) =
maxye(g] Minpe(p,, by} dimpe((1 — EH]L“ )F,D,e).
Now we present our main theory of Algorithm [2] where we make use of a variant of Minimax Eluder
dimension that depends on policy class IT. We use N (I, €) to denote the covering number of IT under
metric d(m, ') 1= max,e[g Max e 7, zesped | f(2,m,0) — f(o, 7', b)|.
Theorem 4.4. Suppose Assumption .1\ and Assumption 4.2 holds. With probability at least 1 — p we
have the regret (Eq. (7)) of Algorithm 2| upper bounded by

Reg(K) < O (H\/K e - 1og[HKg])

where dyg = dimyg (F, /1/K) and ¢ = N (F,1/K)N(11,1/K) /p.

As shown in this theorem, the regret is sub-linear in number of episodes K and Eluder dimen-
sion dyrgr wWhich match the regret bound in Markov decision process, e.g. in |Jin et al.|(2021a)).
Through regret-to-PAC conversion, with high probability the algorithm can find e-optimal policy
with O (H?K dyg log[NV (F,1/K)N(11,1/K)HK /p]/€*) sample complexity. When the reward
and transition kernel have linear structures, we also recover the O (v d3 K) regret of Xie et al.| (2020).

Although our upper bound depends on the logarithm of covering number of II, there are some cases
when it is small. For example, when the value-function class F is finite and II is the induced policy
class of F as defined by II = {7f,v?, : f,g € F}, then logNri(€) = log|F| and the regret is

O(H \/ Kdyg log? | F|). Similarly, if the model class M is finite and II is induced policy class
of M as defined by 1T = {wM,y%; : M,M'" € M}, then log Ni1(e) = log | M]| and the regret

is O(Hy/Kdyg log? [M|). In agnostic setting which allows II to have arbitrary structure, the

term log N (I1, 1/ K) reflects the difficulty of learning with complex candidate policy sets and we
conjecture that this term is inevitable.

Similar to Algorithm [I] Algorithm [2]solves a non-convex optimization problem in Line [5H6| with
highly non-convex constraint set (Line [T3). This step is particularly difficult when the function
class has complex structures. Algorithm [2is in general computationally inefficient, even in cases of
linear function approximations. Indeed, even when the model is known, solving for the NE is PPAD
complete. Developing decentralized and provably efficient RL algorithm for multi-agent Markov
game seems a challenging but interesting future direction.

5 DISCUSSION

In this paper we study function approximations in zero-sum simultaneous move Markov games. We
design sample efficient algorithms for both decoupled and coordinated learning settings and propose
Minimax Eluder dimension to characterize the complexity of decision making with value function
approximation. The analysis shows /T regret bounds and half-order dependence on the Minimax
Eluder dimension, matching the results in MDPs and improving the linear function approximations.
Our algorithms for coordinated setting are based on the idea of the ‘alternate optimism’, which also
shows applicability in model-based methods.
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A ADDITIONAL RELATED WORKS

There is a rich literature on sample complexity for single agent RL, mostly focusing on the tabular
cases (Strehl et al.l 2006; Jaksch et al.l 2010; |Azar et al., 2017 Jin et al., 2018; Russo), [2019;
Zanette & Brunskill, 2019) and the linear function approximations (Yang & Wang, 2020; Wang et al.,
2021} |Abbasi-Yadkori et al.,[2019; Jin et al., [2020; [Du et al., 2019b)). For neural network function
approximations, |Agarwal et al.|(2020); Liu et al.|(2019);|Wang et al.| (2020a)); | Yang et al.|(2020) builds
provably efficient algorithms on over-parameterized models. The issue is complicated for general
function approximation, as the Q function is hard to learn due to the double-sample issue (Baird,
1995)). In recent years, a line of work studies the structural properties and corresponding complexity
measures that allow generalization in RL. These work can be roughly grouped with two catagories.
One studies structures with low information gain. Jiang et al.[(2017) proposes Bellman rank and
designs a sample efficient algorithm for a large family of MDPs. Later, |Sun et al.|(2019b) proposes
Witness rank and uses this notion to provide a provably efficient model-based RL algorithm. Recently,
Du et al.|(2021) proposes Bilinear family and the corresponding Bilinear rank that encapsulates
a wide variety of structural properties, spanning from both model-based to model-free function
approximations. The other studies structures with low Eluder dimension (Russo & Van Roy, 2013)).
Osband & Van Roy|(2014)) extends Eluder dimension to reinforcement learning and provides a unified
analysis of model based methods where the regret is controlled by the Kolmogorov dimension and
Eluder dimension of model function class. Wang et al.| (2020b) designs a model-free algorithm and
shows that regret can be controlled by the Eluder dimension of the value function class. Recently, Jin
et al.| (2021a)) proposes Bellman Eluder dimension and builds a new framework to capture a large
amount of structures. It is noted that although lots of structures, such as linear MDP (Jin et al., [2020)),
fit in both two viewpoints, they are not equivalent. Among the above work, Jin et al.[(2021a)); Zanette
et al.|(2020) are more related. The method of placing uncertainty quantification on only initial states,
previously appeared in Zanette et al.| (2020); Jin et al.| (2021a)), greatly simplifies the argument and
improves sample complexity. The Minimax Eluder dimension is inspired by the Bellman Eluder
dimension in Jin et al.| (2021a).

In competitive RL, the setting with access to a sampling oracle or well explored policies is well
studied (Littman & Szepesvari, |1996; |Greenwald et al., 2003} Grau-Moya et al.,[2018; |Pérolat et al.,
2018} [Srinivasan et al.| 2018; Sidford et al., [2020). Under these assumptions, many works consider
function approximations (Lagoudakis & Parr, |2002; [Pérolat et al., 2015} [Fan et al., |2020; Jia et al.|
2019} Zhao et al.l 2021). However, without strong sampling model or a well explored policy, the issue
of exploration-exploitation tradeoff must be addressed. Most of these work focus on tabular setting
(Wei et al., 2017} Pérolat et al., 2017; Bai & Jin.,|2020; Bai et al., 2021} 2020; Zhang et al., 2020; Zhao
et al.,2021) or linear function approximation settings (Xie et al.| 2020;|Chen et al.,2021). Among
them, (Wei et al.,|2017; Xie et al.,[2020) are more related. The regret-decomposition method used in
the decoupled setting is inspired by Xie et al.| (2020). The ‘alternate optimism’ used in Algorithm 4]
was previously used as ‘Maximin-EVI” in[Wei et al.| (2017), although the ‘alternate optimism’ used
in Algorithmis different. Moreover, the concurrent work of Jin et al.|(2021b) studies competitive
RL with general function approximation. They reach a sublinear O(v/K) regret for MGs with low
minimax Eluder dimensions in the decoupled setting. Their results in the coordinated setting are
based on different assumptions and complexity measures. Specifically, they assume finite function
class and an additional class of exploiters. It is noted that by letting the policy class be the class of
optimal policies induced by the value function class, we have |ITI| = |F| and our algorithm achieves
on-par guarantee in their setup in terms of the covering numbers of function classes. In addition, we
propose a first provably sample efficient and model-based algorithm for the coordinated setting with
general function approximation.

A.1 TECHNICAL CHALLENGES

Previous work (Xie et al.,|2020) imposes optimistic bonus on the action-value functions in every state-
action pairs and performs planning by the Coarse Correlated Equilibrium (CCE) on the optimistic
value functions. To achieve improved rates, we leverage the idea of ‘global optimism’ (Zanette et al.}
2020; J1in et al.,2021a;|Du et al., [2021)), which maintains a constraint set of candidate functions that
do not deviate much from the empirical estimates and performs optimistic planning on the initial
state. However, going beyond MDPs towards MGs, two problems arise. First, the concentration
property of functions in constraint set is hard to characterize due to multi-agent interplay. For this,
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we use the concentration methods in|Jin et al.| (2021a) and extend it from MDPs to MGs. The second
and more prominent issue is the exploration and exploitation tradeoff. Since ‘global optimism’ only
obtains optimism along the trajectories of behaviour policies, it may not guarantee optimism on the
trajectories of target policies (i.e. NE). As a result, directly using CCE to plan will cause the duality
gaps to diverge. To deal with this problem, we apply ‘alternate optimism’ to guide explorations,
which was previously used in|Wei et al.| (2017) for model-based methods. The ‘alternate optimism’
used in this work is slightly different for value-based methods. We prove two regret decomposition
lemmata to support this optimism principle.

B PROOF OF THEOREM

We prove the Theorem [3.6]in the following five steps. In the first step, we show that Bellman error is
small for function in the constraint set. In the second step, we show that (Q* stays in the constraint set
throughout the algorithm. In the third step, we decompose the regret into a summation of Bellman
error and Martingale difference. We can then bound the summation of Bellman error using Minimax
Eluder dimension in step 4. Finally we combine the aforementioned steps and complete the proof of
Theorem

We define ‘optimistic’ value function in step h and episode k as follows

Vi (xh) = i (xh, 705, O)
where DF is the best response of 7} in value function f*, i.e., U} := argmin,, f¥(zF, 75, v). We use
vk = {V’,j}thl to denote the policy adopted by P2 in the k-th episode. Notice that the agent obtains
knowledge from v only through its actions b%, h € [H].

Step 1: Low Bellman error in the constraint set We first use a standard concentration procedure
(Agarwal et al.| 2012} Jin et al.} 2021a)) to bound the Bellman error in constraint sets.

Lemma B.1 (Concentration on Bellman error). Let p > 0 be an arbitrary fixed number. With
probability at least 1 — p for all (k,h) € [K] x [H]| we have
k-1
. B . . . ~ 2
> (@b, a,bh) =i, — E Frea (@, V)" < O(B).

P a~P( |z}, af, ,bj,)
Proof. Consider a fixed (k, h, f) sample, let
. 2
Ut(ha f) = (fh(x;w a];u b;z) - r;z - H;l,nnlra;xfh-&-l (xfh—kl? 7T/7 V/))

s 2
- (ﬂthJrl(x];w a%, bﬁz) - rltz - H;I,n H;Z?,X fh+1(x)}£z+17 7T/> V/))

and 7, 1, be the filtration induced by {a},ad, b}, v}, .. ol ot Ut el ot e ad b
Recall the minimax Bellman operator
77th+1(xvavb) = T(:Evaa b) + E [Ininmaxchrl(w/?ﬂ—/v’/)}'
z' ~Pp (+|x,a,b) v T

We have
E[Ut(h, f)|F,n]
= [(fh - 77th+1>($€w afw bZ)]

CE[fn (2t ab, L) + Thfrea(xh, ab bh) — 2rh — QHBHHE}X frsr(@hgy, 7 V)| Fe )

= [(fn = Tufns1) (2, af,, b))
and
Var[Uy(h, £)|F:,n] < E[(Us(h, )| Fin]
=[(fn — Tntns1)(xh, aj,, b},
E{(fu (e} 0 BE) + T o (o, 1) — 2k — 2mimma s (e, 7)) Fi]

< 36[(fn — Tnfns1)(2h, ah, b},)]1* = 36 E[Uy(h, f)].F 1)
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By Freedman’s inequality, we have with probability at least 1 — p,

k
> Uil f

Let A (F, p) be a p-cover of F. Taking a union bound for all (k, h, g) € [K]| x [H] x A (F, p),
then with probability at least 1 — p for all (k h,g) € [K] x [H] x A (F,p)

k
< o( log(1/p) Y _E[U|.Fi ] + log(l/p)>~

t=1

k
)= > _E[U(h, )| 1]
t=1

k
> Ui(h,g) Z 9n = Thgn+1)(@h, ah, 03]
= t=1

k
< O< LZ[(Qh — Thgn+1)(xh,, al,, b))% + L) )

=1
where ¢ = log(HK|.A4 (F, p)|/p). Let g* = argminge 4 (r. ) MaXpe[H) ¥ — g¥l 0o We immedi-
ately have

k

k
Z k) - Z[(QZ - IThQ}’iJrl)(xgw a§17 bZ)]Q

t=1

k
=0 ( 0> Mgk = Tagh 1) (@ ahs b))% + L>. ©)
t=1
For all (h k) € K], by the definition of V* and f* € V* we have

k

. 2
ZUf (h, f*) = Z (F (hs ah b1) — vy — minmax foia (a0, 7', 1)

t=1

k

. 2
Z 77lfh whvahvbt) Z nllll/nr%gxfh+1(xz+lv7r/vy/))
t=1

M=

< 3 (ks afs b)) — v, — minmax fip (2f,0, 7, 0)°
t=1 .
~ inf 2 (g (h ah ) = rhy — minmax i (@) 40,7, 0))°
< O(v+ kp). (10)

It thus follows that,
k
S I = Ttfg) @h, ap, i) <
t=1 t=1
k
<O _Ui(h, g") + t+ kp)
t=1
k
<O Ui(h, f*) + 1+ kp)
t=1
<O(t+kp)

where the first step 1s due to g is an p- appr0x1mat10n to f¥, the second step comes from Eq (9), the
third step is due to g* is an p-approximation to f*, and the ﬁnal step comes from Eq (T0).

-
=
S

= Tngh 1) (@h, ap, b,)° + O(c + kp)

By definition of 7 k and D%, we have
ﬁf;f_'_l(l‘, a, b) = 7“(33‘, a, b) + ' I(E| b)[fh+1(x/’ 77}1?-',—17 ﬁlfi-ﬂ)]
z/ ~P (¢|x,a,
thus we conclude the proof. O
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Step 2: Q* is always in constraint set.
Lemma B.2. With probability at least 1 — p, we have Q* € V¥ for all k € [K].

Proof. Consider a fixed (k, h, f) sample, let
Ut(hv f) = (fh(x;u a;w bi;L) - TZ - Hll/l,n ngx QZ-&-I(J:Z-H? 71'/, V/))z
* . % 2

_ (Qh(xz, ah,bh) —rh — min max Qh+1($z+17 7, y/))
and .Z; , be the filtration induced by {24, a}, b, r%, ... 2 Yot U {ah, ab, b, vk, ..o 2t al, b )
We have

E[U(h, )| 0] = [(fn — Q5 (, af, 0}))
and

Var[Uy(h, )| Fen] < 36[(fy — Tnfura)(@h, ah, b,)]* = 36 E[Ux(h, £)|.Fen]-

Let A (F, p) be a p-cover of F. By Freedman’s inequality, for all (k, h, f) € [K]| x [H] x A (F, p)
we have with probability at least 1 — p,

k
ZUthf > 1 — Qi) (ah, af, b7))
=1 =1

k
<0 ( log(1/p) Z (fn — Q;)(2t, al, bh))? —l—O(L))
=1

where ¢ = log(HK |4 (F, p)|/p). Since [(frn — Q) (%, at, bE)]? > 0, this implies
k

=Y Ui(h,g9) < O().

t=1
Therefore for all (k, h, g) € [K] x [H] x A (F,p)

M=

. 2
(QZ@% al}tw bl;z) - 7‘2 - Illljl/n H‘lﬁx Q2+1(x%+1ﬂ 77,7 V/))

t=1

M=

S (fh(xZa a;m bZ) - T;}, - Hllll,n nlg’x QZ+1(I§L+17 7T'/, V/)>2 + O(L + kp)

t
Thus we have proven that Q* € V¥ Vk € [K] with probability at least 1 — p

1

Remark B.3. This step implies that
V' < Vi (ah) (an

which ensures optimism from the beginning state (‘global optimism’).

Step 3: Regret decomposition The following result is key to our analysis. It decomposes the
deviation from the value of the game into Bellman errors across time steps and a martingale difference
sequence.

Lemma B.4. Define
of = Vi) — v ()

}]f = E[5lﬁ+1|$§aa’ﬁabﬁ] - 6]h€+1
’7}13 = IE:( R [ff’f(x’,i,mbﬁ)] - f}lf(x§7aﬁ7b2)
aNTrh Cl)h
Trk Vk 7rk V
7}13 = E [ h (CE;CL,CL?I))]— h (x;%ah?bk)

armh (zh) brvk (ah)
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Then we have
k k k k_ ok k
Op < O0pp1 —Ch +7h —Tn T €
where eﬁ is the bellman error defined by
k. pk( k k 1k k k ko ok
en == fr (@, an, by) — 5 — [ Srip (@, 1, V).
z~P(-|z),af ,by)
Proof. By definition of ¥ = argmin,, f¥ (2}, 7%, v), we have
k k 5k ki k .k pk
fh (‘rhv’”h? l/h) < fh (‘rhv’”h? bh)
ki ok k 1k k
= fr (xn, ar, by) + V5
It thus follows that

k kiok k pk FuR ok ko ok E o~k
Op < fu(xh,ap,bp) — Q" (wh, ap, by) + v, —
k k ko ook k
=7, + E Thp1 (T Th 1, Vhgr) + 6

z~P(- |J,h ap 7b’“)

[ ﬂkV

—(rp + E Vit (2 )|y, ar, bE]) + v — An

'LN]P( 7127ah7bk)
ki k Eo- kuk
= fh (xh—i-lv 7Th+15 Vh-i—l) - V]Z:Lly (xh-i-l) Ch + €h + th

=0pi1 —Ch+ % — Ak e
Therefore we complete the proof.

Step 4: Bounding cumulative Bellman error using Minimax Eluder dimension.
Lemma [B.T] gives:
k-1 )
k(i i 70 i k E ok
Z (fh (@ aj,, b)) — 1), — E . fh+1(9577Th+1»Vh+1)) < 0(B).
i=1 x~P(-|x} ,a},,bY)

Combining this and Lemma [F.1] with

gk = f}]f('» we) = TZ - zNPﬁ ) f}]f+1(17»7"§+1a17}§+1)
and p, = 6(x%, af, bF), we have come to the following result.
Lemma B.5. For any (k,h) € [K] x [H] we have
K

Z\f{f(xi,aﬁ,bﬁ)frﬁf E fi]f+1(xv7r}]:+1aﬁilf+l)|

p a~B(|ak al b))

< O(\/K - dimpg(F, /1/K)log(HKN (F, 1/K)/p)).

Thus

K
Z <0 <\/ K - dimyg(F, V1/K)log(HKN (F,1/K) /p)) .
k=1

Step 5: Putting everything together By Eq (TI) and Eq (I2)
K K

S V() = Vi (@) < Zm’%xl) — VT (@)

k=1

(=Ch+7% = +€r)

Mx?
[Vj m

B
Il
—_
>
Il
—_

H K
(=Ch+h—AR+ DD eh

h=1k=1

[
M=
M=

>
Il
-
B
Il
-

12)

O

Recall that

13)
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Notice that S5 ST%  (=¢F + 4F — 7%) is a martingale difference sequence and can be bounded
by O(H+/K H log(H K /p)) with probability at least 1 — p.

By Eq (T3) the term 31 S°% ¢k can be bounded by

O(H\/K - dimpg (F, /1/K) log(HKN (F, 1/K)/p>>

with probability at least 1 — p.

It thus follows that regret can be bounded by

Reg(K) < O <H\/ K - dimy(F, \/1/K) log(HEN (F,1/K) /p)) .

B.1 LINEAR FUNCTION APPROXIMATION

In the linear function approximation setting of Xie et al.[(2020),
(e, a,b) = ¢(x,a,0) " 0h, Pr(-|z,a,b) = ¢z, a,b)" p(-)
where ¢(-,-,-) € R is known feature vector and 0, € R? and yy,(-) € R? are unknown with

101l < Vd, |lvn()|l2 < Vdand ||¢(-,-)||2 < 1. In this case Algorithmreduces to the following
Algorithm 3] Notice that this algorithm can also be seen as a generalization of Zanette et al.| (2020) to
Markov games.

Algorithm 3 ONEMG for linear function approximation.

1: Input: Function class F

2: Set 3 + Cv/dlog(HK /p) for some large constant C

3: for episode k =1,2,..., K do

4:  Receive initial state z¥

5 Setwh; , =0%., =0

6:  Find max, g pe iz Vi (2}) such that forall h € [H]:

k—1
(1) wiy = (AR) ™D é(ah, af, bp) [k + Vil (2741)]

=1
(2) 116} —whllne < C-HB
(3) Qi) = (O5)T6(,-, )
(4) (v}, Bo) = NE(Q})
(5) Vi) = E [Qk(,a,b)

awﬂ;”;,bNBo

7: forsteph =1,2,..., H do

8: P1 plays action af ~ 7 (zF)

9: P2 takes action b}’
10: Observe reward r} and move to next state z |
11: end for
12: end for

We will prove the following theoretical result of Algorithm [3] Notice the dependency on d of
Algorithm is d while the dependency on d of Xie et al.|(2020) is d*/2, thus this result improves
theirs by v/d factor.

Theorem B.6. Regret (Eq (3)) in Algorithm is bounded by O(d\/HQK log(dH K /p)) with proba-
bility at least 1 — p.

B.1.1 PROOF OF THEOREM [B.6]

We prove Theorem [B.6]in the following five steps similar to the previous section.
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Step 1: Low Bellman error in the constraint set We use some standard results from previous
work. Notice that the N'(F, ¢) = O(dlog(1/¢)) and our inherent Bellman error is zero, thus these
lemmata can be directly adapted into our setting.

Lemma B.7 (Concentration, adapted from Lemma 1 of [Zanette et al.|(2020)). With probability at
least 1 — p, the following holds for all (k,h) € [K] x [H],

E O Vier (Thsr) — E V(o) < HpB
a~P(- |z} af,bT)
T€[k—1] (Ak)—1

where 3 = Q(\/dlog(dK H/p)).

Lemma B.8 (Least square error bound, adapted from Lemma 3 of Xie et al.[(2020)). On the event of
Lemma@ the following holds for all (x,a,b,h, k) € S x A x A x [H] x [K] and any policy pair
(m,v)

‘<¢(x, a,b),0r) — Qn" (x,a,b) — e b)(v}f;1 —ViiD(@)| < Bllo(z, a,b) || (axy-1

Step 2: Q* always stays in the constraint set

Lemma B.9 (Optimism). Let Q;(-,-,") = ¢(-,-,-) 05, then on the event of Lemma @ and
LemmalB.7\there exists w},, h € [H] such that w};, 05, h € [H] satisfies the constraints of Linel6|in
Algorithm

Proof. We prove by backward induction on &. The claim trivially holds for h = H + 1. Now assume
the inductive hypothesis holds at h 4 1. Let

k—1
wh, = (AR 6(af, af, Bl + Vil (700)]
T=1
k—1 k—1
= @ADL B V@) )
=1 =1 hITRY TR

where ¢, = ¢(x}, aj, b)) and n, = V¥, (a7 1) — Eynp(-|27 a7 ,07) ViF. 1 (x). Notice that inductive
hypothesis implies 77, + EmNP(-\x;,a;,b;) V}fﬂ(z) = ¢(z],a}, b;)TG}*L, therefore

E

k—1 -1
wi, = (Y dh(en) "+ DY oh((97) T05 + 17)
=1

T=1

k-1
=6, — (A}) 165 + (AR) 1 ) dhnp
T=1
It thus suffices to bound the following

k—1 k—1
1D 105+ (A il ay < 1030y + 1S @rmillas) -+
T=1 T=1

<Vd+HpB
<C-Hp
where the penultimate step comes from [|6} || < v/d and Lemrna O
Remark B.10. This fact implies that
V¥ (ah) < V(). (14)
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Step 3: Recursive decomposition of regret
Lemma B.11 (Regret decomposition). Define

4 Trk,uk
8h = Vir(zy) = Vi " (ah)

Ili = E[55+1|$ﬁaaﬁablﬁ] - 52—0—1
k k(. k k ki k _k 1k
Y= Eo [Qn(xh, a,by)] — Qp(xy, ar,, by)
awwh(zh)
~k PRk Fuk ok ko gk
Y = E [ Z " (@, a,0)] = Z " (wh, ap, by)

armh (zh) bk (ak)
Then we have
8 < Ohs1 = Ci T —Th T eh (15)

where 62 is the width defined by
eh = 26/ (#}) T (AF) ' 6.

Proof. By definition of By = argmin,, ff(zf, 7¥, v), we have

Vh (xh) =Q

zy, af, b)) + 5.
It thus follows that
7\"C I/k _~

52 S QZ(xlicmalfL?bZ) - Qh ’ (xl}c”al}c”bécl) + ’Y}Ii - ’Yl]:
k k

< E VE | (x E V7V (x)] 4+ € 44k -7k

< B V@)= B @) -

=V (@) — fo+1y ($h+1) Ch + ek + v —

k k
=0p11 —Cp t VW —AF + €

where the second step comes from Lemma by letting (z,a,b) = (zf,ak,b¥) (notice that
<¢($h7ahabk) 9}I§> = Qﬁ(zhaahabh)) O

Step 4: Bounding width by Elliptical Potential Lemma This step directly makes use of the
following standard result.
Lemma B.12 (Elliptical Potential Lemma, Lemma 10 of |Xie et al.| (2020)). Suppose {¢;}>0 is

a sequence in R? satisfying ||¢:|| < 1,Vt. Let Ag € R¥? be a positive definite matrix, and
Ay = Ao+ Zz‘e[t] ¢i¢; . If the smallest eigenvalue of Ny is lower bounded by 1, then

det At detAt

1 TAT 6 <21 .
Og(detA()) %;] ¢ j— 1¢)l = Og(detA())
Step 5: Putting everything together By Eq (14) and Eq (I3)
K K
* wk,uk k wk,uk
D oWV (@) =V ()] < Z[Vl (z1) =V 7 (21)]
k=1

(=Ch+7% = +€r)

H K
(=Ch+h—AR+ DD eh-

h=1k=1

Mx ?
M::

B
Il
—_
>
Il
—_

[
M=
M=

>
Il
-
B
Il
-
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Notice that S5 ST%  (=¢F + 4F — 7%) is a martingale difference sequence and can be bounded

by H+/K H log(H K /p) with probability at least 1 — p.
By Lemma the term 317, 57K €¥ can be bounded as follows

H K H K
SN e =" 28\ (¢ T(AS) 1k

h=1 k=1 h=1 k=1
H K
<D VKD 28(6F)T(Af) ek
h=1 k=1
H
detAk
<9 K- (/21 h
<203 V- [21os()

H

<293 VK. ¢2 g O K e [64IPY"
h=1

< O(dH+/K log(dHK/p)).

with probability at least 1 — p.
It thus follows that with probability at least 1 — p regret can be upper bounded by
O(d\/H?K log(dHK /p)).

C MODEL-BASED METHOD FOR THE COORDINATED SETTING

C.1 ALTERNATE OPTIMISTIC MODEL ELIMINATION (AOME)

Algorithm 4 Alternate Optimistic Model Elimination (AOME)
1: Input: Model class M, test function class G, precision ¢, failure probability p
2: Initialize M° «+ M
3: fork=1,2,..., K do
: Find M} «+ argmax ;¢\ QM (z1, 7, M), let 7% «+ M
k

4
"
5 Find M% + argmin ;¢ v QM (z1, 7%, v2), let % er\il
6: Execute 7%, v* and collect n; rewards {T]i—t}he[H],iE[nl]
Py [
7 Let V¥ « n% St Ooh=r )
= k 5 k )

8 if max{|V* — QM1 (zy, 7%, vF)|, [VF — QM2 (21, 7%, 1F)|} < ¢/2 then

9: Terminate and output 7%, /.
10: else R
11: Find A" such that max;e o) |[L(MF, M5, MF,h*)| > €/(4H) by Eq (3).
12: Collect n trajectories { (%, al, bt ,ri)HE_ 1" | by executing a, by, ~ 7F, v¥,Vh € [H]
13: Update constraint set, where Eis given by Eq (6)

MF (M e MFTV L E(MF, MY, M, 1F) < ¢}

14: end if
15: end for

C.2 THEORY FOR ALTERNATE OPTIMISTIC MODEL ELIMINATION (AOME)

In this section we prove that Algorithm 4 terminates in finite rounds. The technique bulk is then
showing that in Step [I3]the constraint set can only shrink for finite times. This is dependent on the
complexity of model class M and discriminator function class G. We first generalize Witness rank
(Sun et al.,|2019b) to Markov games.
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Definition C.1 (Witnessed model misfit in Markov games). For discriminator class G : S x A; X
Ay xR xS — R, models My, Ma, M € M and level h € [H), the witnessed model misfit of Markov
game at level h is defined as follow

E(My, My, M, h) := sup E y E [g(@n,an,ba, 7 x) — g(xn, an, by, s 2pg1)]. (16)
9€G (z,a,b)~P),? (rz)~M

where (z,a,b) ~ Pﬁff denotes x, 11 ~ P(-|z,,a,,b;), a; ~ ™1 and b, ~ Vﬁil forall T € [h).
]\/[1 , VMZ

Using g(zp, ap, by, 1, x) = r(xh, an, by) + Qu (z, 7 v ), we can also give a generalization of
Bellman error (Jiang et al.}[2016) in Markov games by the following

L:(MlvM27Ma h) = E E [g(l’h,ah,bh,’f’,x))] - E [g(l'haahabharax)]

z.a.b N’pM? (r,x)~M (ryx)~M*
Qs M

A7)

The final components in our theory are two assumptions from Sun et al.|(2019b). Define rank(A, )
to be the smallest integer k such that A = UV T with U,V € R"* and [[U; .||z - ||V «|l2 < 8 for
any pair of rows U; ., V; ..

Assumption C.2 (Realizability). Assume M* € M.

Assumption C.3 (Witness misfit domination). Assume G is finite, ||g|lcc < 2,Yg € G and
VM, My, M € M : 5(]\417 Moy, M, h) > ﬁ(]\fl,]\427 M, h)

Now we introduce the Witness rank for Markov games.
Definition C.4 (Witness rank for Markov games). Given a model class M, a test function class
G and k € (0,1]. For h € [H], we define N, C RIMIXIMI g the set of matrices such that any
matrix A € N, j, satisfies
K| L(Mq, Mo, M, h)| < A((My, Ma), M) < E(M1, Mo, M, h), VM1, Mo, M € M.
The Witness rank for Markov games is defined by
W(k,B8, M,G,h) := Amin rank(A4, ).

ENK,h

We are in the position to state the main theorem of this section.

Theorem C.5. Under Assumption and Assumption set ¢ = W where W,, =

maxpe) Wik, 8, M, G, h), let T = HW, log(3/2¢), set ny = C - H*log(HT /p)/e* and n =
C-H*W,|A|log(T|M||G|/p)/(rke)? for large enough constant C. Then for all €, p, r € (0, 1], with
probability at least 1 — p Algorithmoutputs a policy  such that V*(z,) — V™= (1) < € within
3 2

at most O(%@'A‘ log(T'|G||M|/p)) trajectories.

As seen in the above theorem, Algorithm 4] has sample complexity that scales quadratic with Witness
rank and logarithmically with cardinality of model class. This matches the sample complexity results
in the Markov decision process setting (Sun et al., 2019b). When the test function is Q-function,
the Witnessed model misfit reduced to Bellman error as seen in Eq and witness rank reduce to
Bellman rank.

C.3 PROOFS

We prove Theorem [C.3]in the following steps. In the first step, we show a simulation lemma that
generalize Jiang et al.|(2017) to Markov games. In the second step we show concentration of empirical
estimates of Bellman error, model misfit and value functions. In the third step we show that M*
always stays in the constraint set. We examine the conditions when Algorithm [4]terminates or not in
the fourth step. Using these conditions, we bound the number of rounds in the fifth step. Finally we
combine everything and complete the proof of Theorem|[C.5}

From Definition we know that there exists Aj, € N, 5, such that

K|L(My, Ma, M, h)| < Ap(My, M3), M) < E(My, My, M, h), VM1, My, M € M.
and we can factorize A, ((My,Ms), M) = (Cn (M, M), xn(M))  where
Cn (M7, Ma)|l2, [|xn(M)]]2 < B.
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Step 1: Simulation Lemma The analysis begins with a useful Lemma that decouples the value
difference into a sum of Bellman errors across time steps.

Lemma C.6 (Simulation Lemma). Fix model My, My, M € M. Let 7 = 7M1 v = 1/7%31. Under
Assumption|[C.3| we have

H
Qui(wr,m,v) = Vi (1) = Y L(M1, My, M, h)
h=1

Proof. Let (z,a,b) ~ Pyf? denote zr41 ~ P(|zr,ar,br), ar ~ 7™ and by ~ v for all
7 € [h]. Using definition of Bellman error in Eq (I7), we have

Qu(wy,mv) = V" (1)

= E E r1+ To, T, V)| — E r1+ «(xo, T,V
(2,0,0)~ P2 |:(7.1,;c2)~M[ 1+ Qur (22 )] (7'1,1‘2)NM*[ 1+ Q- (22 )]]
= E E r1+ To, T, V)] — E r1+ To, M,V
($7a7b)N7’ﬁf Lrl’wl’)NM[ 1+ Qulez ) (T1,$2)~M*[ 1+ Qu(ez )]}
+ E E r1+ To, T, V)| — E r1+ «(xo,m, v
(x,a,b)wPﬁf |:(7”1-,562)~M*[ 1+ Qulee )] (lemQ)NM*[ 1+ Qs (2 )]:|

:E(M17M27M71)+ E [Q]\/[(IQ,W,V) - VQWW(IQ)]

M.
(xvavb)N’P]uf

H
> L(My, M, M, h).
h=1
We thus complete the proof. O

Step 2: Concentrations In this part we show some standard concentration results.
Lemma C.7. With probability at least 1 — p, we have the following event

1. ‘5(Mf,M§,M, h) — E(MF, ME, M, h)‘ < ¢ forall M € Mand h € [H],
2. ‘E(Mlk,MQk,Mik,h) - LZ(M{“,M%“,M{“,h)’ < & forall h € [H] andi € 2],
3, ‘V”k’”k - f/k’ <¢/8

holds for all k < T rounds.

Proof. Fix one iteration. By Hoeffding’s inequality, with probability at least 1 — p/3,

~ log(2H
2t 0, vt ) — (ot a0t )| < [ BCEI) (8)
n
Thus (2) follows from n; = C - H? log(HT/p)/€? and union bound on all T iterations. Similarly
we can verify (3). For (1), fix model M € M and g € G, by Hoeftding’s inequality, with probability
atleast 1 — p/3,

M E [g(xh,a/h,bh7’l"7.’£) _g<xh5ahabhaTh7xh+l)] (19)
(30,0,,b)~73Ml2 (ryz)~M
— _ E 7 7 bz N 2 2 bz 1 1 20
; n (T’I)NM[Q(JJmam W1 x') — gy, ap, by, )] (20)
_ [osein) N
n
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Thus (1) follows from n = C - H*W, | A|log(T|M||G|/p)/(ke)? and union bound on all k € [T,
M € M and g € G. We complete the proof. O

Step 3: M * stays in the constraint set while it shrinks In this step, we show that the constraint
set always contains the true environment. The result is displayed in the following.

Lemma C.8. Suppose for each round k, the event in Lemma holds. Then M* € MF for all
k. Furthermore, let M* = {M € ME-1 s Apk (MF, MY M) g 20} with M® = M. We have
ME c M for all k.

Proof. Since &(MF, M}, M*.h) = 0Yh € [H], we have E(MF,ME M* 1¥F) <
E(ME, MY, M* h¥) + ¢ < ¢, Thus M* is not eliminated. We prove the second result by
induction. Firstly M® = MO Assume M1 c M*1. For all M € MF, we have
A (ME, ME, M) < E(MF, ME, M, W*) < E(MF, ME, M, h*) + ¢ < 26 by Line [13] of Al-
gorlthm Therefore M € ./\/lk we complete the proof. O

Step 4: Terminate or rank increase The following Lemma is key to the ‘alternate pessimism
principle’. Intuitively, it indicates that the algorithm either terminates and outputs a pair of policies
with small duality gap, or detects a time step that provides useful information (large Bellman error).
Lemma C.9. Suppose for round k, the event in Lemma|C.7 holds and M* is not eliminated. Then if

the algorithm terminate, it outputs a policy pair 7% such that V*(z1) — VT (z1) < € otherwise
Apr (MF, MF), MF) > £ for some i € [2).

Proof. Consider the situation that the algorithm does not terminate. Then with out loss of generality
we can assume |VF — QM (zy, 7%, UF)| > ¢/2. By Lemma and Lemma we have

H

Zﬁ(Mf7M2]€aM{€7h) = |Q1\/[("E1,7T71/) - Vvlmy(xl)l
h=1
k

> [VE = QM (o, b, b)) = |V
>3¢/8.

_vk‘

By pigeonhole principle, these exists h € [H ] such that |C(M{, M5, M{, h)| > 2<. For this h we

have |Z(MF, M¥, M}, h)| > 3¢ — & = (& thus the h¥ in Lmels well deﬁned and we have

\L(MFE, M, MF hF)| > ¢/(4H). Using Lemmaagam, we have

Ahk((MuMz) Mk) > K- |£(M17M27M1»hk)| > o 8H

If the algorithm terminates, we have
QMf(xl,wk v )>QMk(x1,7rk v )> V*(x1)
and QM2 (z1, 7%, U¥) < V™ V2 (x1). Therefore
Vi (x)—=V" ”’:k( )<QM (z1, 7", V%) — QM (z1, 7", V%)

< |QM1 (:L’1,7Tk,1/ ) N V7r ok |Jr |V7T kol QMéc(l‘lﬂTk,l/k”
<e.

We thus complete the proof. O

Step 5: Bounding the number of iterations. This step uses the technique of Jiang et al.|(2017);
Sun et al.| (2019a)), which uses the volume of minimum volume enclosing ellipsoid as a potential
function to bound the number of iterations. The key result is presented in Lemma

Lemma C.10. Suppose for every mund k, the event in Lemma|C.7|holds, then the number of iterations
()fAlgorlthmzs at most HW,, log( 5)/10g(5/3) for certain i € [2].
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Proof. If the algorithm does not terminate at round k, then by Lemma [C.9
(o (ME, ME), X (MF)) = Apr(MF, M5),MF) > £ = 6y/W.¢. Let O} denote the
origin-centered minimum volume enclosing ellipsoid of {x,(M) : M € M }. Let O’,z_l’+ denote

the origin-centered minimum volume enclosing ellipsoid of {v € OF ™" : (Cr (MF, MJ), v) < 2¢}.
By Lemma|[F.2] we have

k [(OF—1+
VOI(Okh,kl) < Vo (th,l ) <3/5.
vol(O; ) vol(O;: )

Define ® = supyy, a,ennerm) 1€ (M, M2)|l2 and ¥ = sup e g neqm [Xn(M)|l2. Then we
have vol(O)) < Viy, (1) - ¥W= where Viy, (R) is the volume of Euclidean ball in R"* with radius
R. On the other hand, we have

vol(OF) > vol({g € R"" : [lq]l2 < 26/®}) > Vay, (1) - (26/®)"~.

It thus follows that the number of iterations for each h is at most W, log(%) /log(5/3). Using
£ > ®U, this completes the proof. O

Step 6: Putting everything together. From Lemmal|C.7, with high probability the events holds.
Therefore for the first 7' rounds, we can apply Lemma [C.10] and know that the algorithm indeed
terminates in at most 7" rounds. The number of trajectories is thus upper bounded by (ny +n)T =

O WAl og (TG || M| /p)).

K2e2
D THEORY FOR ALTERNATE OPTIMISTIC VALUE ELIMINATION (AOVE)

We prove Theorem [4.4]in the following five steps. In the first step we show that the functions in
the constraint set has low Bellman error. Notice that different from Lemma[B.T} here we consider a
different Bellman operator in Eq (2) and consider all policies in policy class II. In the second step
we show that Q™¥~ belongs to the constraint set for all 7 € IT and in particular Q* belongs to the
constraint set. In the third step we perform a regret decomposition. Notice that here we consider
two Bellman errors. We then bound the summation of these Bellman errors by Minimax Eluder
dimension in step 4 and complete the proof in step 5.

Step 1: Low Bellman errors in the constraint set.

Lemma D.1 (Concentration on Bellman error). Let p > 0 be an arbitrary fixed number. With
probability at least 1 — p for all (k,h) € [K] x [H]| we have

k—1
AT i K 2
@ > (@habi) =i E S, ) <06)
=1 LTy a0
k-1 . . . . k 2
) Y (gh@hab, b)) —rh— B gh (i, (00n)” < O(8)

wNP(»\wZ’,ag,b%)

Proof. For simplicity we only proof (a), and (b) follows similarly.
Consider a fixed (k, h, f, 7) tuple, let

2
Ut(ha fa 77) = (fh(‘rgma’?mbz) - T;L - fh+1(x7}t7,+177rﬂ V;))

2
- (T;L"" E fh+1(x77T7V7J:)_r;z_chrl(szrlﬂT»VT{))
z~P(|zt al b))

and .7, j, be the filtration induced by {24, a}, b}, 7%, ... 2 Hot U {ah, al, b, rh, ..o 2t al, b )
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We have
E[U(h, f, 7T)|9t,h]
= [(fh(fvgwal}swb%) - 711;1 - xNIP%EI- ) ')fh+1($a7771/7]:))(9€2»a2»b2)]
E[fn(x},, ah, b)) + 1 + . ‘x@ y bt)fh+1(x,7n’/7{) = 2rf, = 21 (@0, T ) [ F )
~ECITR A 50
:[fh(xzvazabZ)_rz_ E fh+1($77T,V7J:)]2
z~P(-|zt al bl)
and
Var[Ut(h’fv ’/T)lyt,h] < E[(Ut(hva 7T))2|<9\t,h}
= [(fh —Th — meE- ) fh+1 (ZL’,ﬂ', V;))(mfw a];/u bZ)]Q
2
E[(fn(z},, af,, b)) + 1, + - I bt)fh+1(93 mvl) = 2rf = 2fnia (@ g ) [ Fn]
o~P(:|a} af,,
< 36[fn (2}, aj, bf,) — 1, — E frsr (@, m,v))]? = 36 E[U(h, f,m)F1,n]-

z~P(-|zt ,al b))

By Freedman’s inequality, we have with probability at least 1 — p,

k

k
Z (h, f.m0) =Y E[Us(h, f.7)| Fen]| <
t=1

k
( log(1/p) ZE U 1] —|—10g(1/p)>

Let .4, x %, be a p-cover of F x II. The covering of II is in-terms of the distance of two policies
defined as

"= b) — " b)|.
dm,m) = max  [f(@mb) = f(z, 7, 0)]
Taking a union bound for all (k, h,f,p) € [K]| x [H]| x A4, x %], we have that with probability at
least 1 — p for all (k, h,f,p) € [K] x [H] x A, X ¥,
k k
ZUt(hvf p Z fh zhvahvbh TZ - E fh-i-l(zapv’/;)]Q
=1 =1 Q:N]P‘(-\zh,ah bt)
k
<o(\[ Xl th) == E st ) )
= x~P(:|l ,al ,bl)

where ¢ = log(HK|.4,||%,|/p). For an arbitrary (h, k) € [H] x [K] pair, by the definition of V*
and (7%, f¥) € V* we have

Uy(h, f*, 7

k ko f* t k t E o fF\\2
- fh+1($»7r 7V7{k)_rh_fh+1(xh+17ﬂ- 7’4&))
xNIP’( |xh,a ,b1)

kN2
(ff]f(xzvazv b)}sz) - T;z - filf-&-l(x);-i-l’ﬂk’ erck))

M=

k
k

. 2
~ inf (g5 (xh, ab, bh) —rh — froy(ahoy, 7% 0l0))
t=1

<O(t+kp) (23)

where in the first step we use Assumption[3.2]
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Define f* = argmin;e o maxyeim) [ f§ — fi lloo, p¥ = argmin,, ey d(7*, p). Since .4 is a p-cover
of F,

k k
> Uilh f*, 7 Z (h,§*,9")| < O(kp). (24)
t=1 t=1
Therefore combining Eq (23)) and Eq (249)
k
> U, 7*,6%) < O+ kp). (25)
t=1
Recall Eq (22) indicates
k
k
(", p") th s afy, O)) — 1, — E fﬁ+1($,l3k’l/;k)]2
= IN]P’(-\:ch,ah,bh)
k k
SO( LZ[f’ﬁ(xiaaﬁybi)—rﬁ— B f§+1(x7pk,V;k)]2+L> (26)
=1 z~P(- |zt al bt)
Combining Eq (23) and Eq (26) we have
k
> i (@h, ah, b)) =7 — s B T @, VDI <O+ kp).
t=1 L a'h’a’h’

Since f* is an p-approximation to f* and p* is an p-approximation to ¥, we can conclude the proof
of (a) with
-1
k

(fE@h,a, b)) —rh— B fEo (b, (o)’ < 08).

wNIP’Hw}L,a;,b}l)

E

i=1

Step 2: (m, Q™"=),Vr € Il is always in constraint set.

Lemma D.2. Wirh probability at least 1 — p, we have (7*,Q*) and (w, Q™*),Vr € 11 all belong to
VE for all k € [K].

Proof. Consider a fixed (k, h, f, 7) tuple, let

Urlh, f,m) = (fu(ah, b, b1) = v, = QR (@hyn m,v2)”
- (QZ’V; (xfu ap,, bz) - Th - QZ:T ($2+17 T, V*)Q
and ., j, be the filtration induced by {24, a}, b, r%, ... 2% Yot U {ah, b, b, vt ..o 2t b, bt )
We have
E[Us(h, f,m)|Zun) = [(fn — Q) (h,, af b))
and

Var[Uy(h, f,m)| Fen] < 36[(fn — Q") (), ai, b))* = 36 E[Us (D, f,7)|.F0.].
By Freedman’s inequality, we have with probability at least 1 — p,

k

Z hf7 Z fh_Qh77r xhva}mbt)]
t=1

k
< ( tog(1/p) 3 [(fn — Q1 h,az,bmmog(l/p)).
t=1
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Let A, x %, be a p-cover of F x II. Taking a union bound for al (k, h,f,p) € [K] x [H]| x A, X ¥,
we have that with probability at least 1 — p for all (k, h, f,p) € [K] x [H] x A, x ¥,

k
=3 Uihf.p) < O0)

t=1
where « = log(HK|.4,|/p). This implies for all (k, h,f,p) € [K] x [H] x A, x ¥,
k
povy 2
Z (Qh ' (x)}fu az;” bt ) Th Qh+1 (xh—i-hpv p))
t=1
a 2
< Z (fh(xzva%ﬂbZ) Qh+1(xh+17p7 p)) +O(L+kp)'
t=1

Since A4, x %, be a p-cover of F x II, for all p* € Y,

Py PV 2
( h ' (xiwajwl);z) - TZ - Qh+§ (xh+17p7 p))

M=

#
Il
_

k
2

Z g, ap,, by,) — Qh+1($h+17pa p)) +O( + kp).

t:l

LQ»—-

Again using .4, x %, be a p-cover of F x II, we have for all m € II
k * * 2
> QR (wh, ah b)) — 7 — QT (@ mw2))
i 2
inf Y (gn(xh, af. bh) —rh — Qi (ahyr,m,v2)) + O + kp).
Therefore we have (7, Q™ ),Vr € II all belong to V* for all k € [K] with probability at least
1—p. O
Remark D.3. An important implication of this fact is the following

ko * k
V* — V7T ek < f{c(gc’fﬂrkyj:k) — gF(ah, 7 k)

which gives an upper bound of the one-side duality gap.

Step 3: Bounding the regret by Bellman error and martingale.
Lemma D.4. Define

k ki k _k ¥ k(phk ok K
oy = fr(ay, 7y, (I/j:k)h) = g (@h, T, Vi)

ilf = ]E[52+1|xﬁ,a’,§,bk] - 511'3—0—1
’W]f = ]Eb [fh (th,a b)] - fi]f(wﬁva27blf€z)
a~7rh, ~uh
= E o [gi(ah,a,b)] — gp(ah, an, 0F)

arvh brouk

Then we have
0h < Ohir +Ch + el — e + % —h
where e’fb, ’e\ﬁ are the bellman error defined by

k

eh = i (zh, ah, by) — 1), — E (@, mh o, )
xNP("xhaah 7bk)

. ke k _k ik k k k k
€h = gn(Th, ap, b) — T — B 9n (T Ty 15 Vi)
T~P(-|zk ak bR
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.
Proof. By definition of (Vj:k ) = argmin, ¢y, fr(zf, 7F, v), we have

k
f}]f(xfa ﬂ—ﬁv (Vj-:k)h) < f}]f(xﬁa ﬂ-ﬁa V}]f)
= filzc(xﬁa a;cm bfz) =+ 7;‘;
It thus follows that

k
52 = fllf(mfwﬂlliv (fork)h) - gZ(mZ’W27VI§)

< fh(ak o, 0}) - gh(af. af bh) + % =3}

_ (k . . e .
= (ry + E 7. (v te
( " ’CNP(laJI:JLI};vbﬁ) fh( TRt ( wk)h-‘rl) h)

k k(.. ko k ~ k_ ok
= (rn + E  gh(@ Ty Vi) T &) v — T
eP(- |y ap,b5)

E fﬁ(xaﬂngh(VT{:)thl) - E 92(1’77"'}’?+17V§+1)
wNP(~|xﬁ,afL,bﬁ) me(-\zﬁ,aﬁ,b;‘;)

+ e =€+ — T
= Ohy1 + G+l — €+ — -
Thus we complete the proof. O
Step 4: Bounding cumulative Bellman error using Minimax Eluder dimension.

Lemma D.5 (Bounding Bellman error). For any (k,h) € [K| x [H| we have

k

Sl <0 W k- dimae (F, /1/K) logIN (F, 1/K) - N(IL 1/K) - HK/pJ)

k

8Jg<9(¢k-mnWm4fywq/K)bgmmfyuA3.Aan/K)-HAVM).

t=1
Proof. Let
lt(.7 . ) — f}tl(7 . ) _ Th(', . ) _ IN]P’]]% . f}tL+1(m77rt7V7{t>

and p; = 6(x},,al,b},). Similarly, we can also let p; be generated by (7", ). Then LemmaD.1]
indicates

k
> li(p) < 0(B).
t=1
Based on this, we can apply Lemma[F T]to obtain the first inequality. The second follows similarly. [J

Step 5: Putting them all together. We can upper bound the regret as follows:

K K
* ok v* k
MV —vTre ] < S [k 7k vl — gf (e, 7600
k=1 k=1
K H
<Y G+ = +E—A8)
k=1h=1
H K H K
=N A=A DD (- @7
h=1k=1 h=1k=1

where the first step comes from Lemma|[D.2] the second step comes from Lemma[D.4]and the last
step comes from Fubini’s theorem. Notice that the first term in Eq is a martingale difference
sequence and can be bounded by O(H /K H log(H K /p)) with probability at least 1 — p and the
second term can be bounded by Lemma|D.5] We thus complete the proof.
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E EXAMPLES

In this section we give several examples of Markov games that possess low Minimax Eluder dimension,
including tabular Markov Games, linear function approximation, reproducing kernel Hilbert space
(RKHS) function approximation, overparameterized neural networks, and generalized linear models.
We first consider reproducing kernel Hilbert space (RKHS) function approximation, which captures
many existing models.

Reproducing kernel Hilbert space (RKHS) function approximation. In this setting, the function
class of interest is given by

Fn = {{én(z,a,b),0p) :0,6(-,-,-) € Br(H)}.

Here ¢(-,-,-) : S x A x A+ H is a feature map to H, 6 € H, and Br(#H) is the ball centered at
zero with radius R in a Hilbert space . The effective dimension of a set D C H is characterized

by the critical information gain d(~y, D). Specifically, for v > 0 and D C H, we define d,,(v, D) =
maxg,. ., eplogdet(l + % S az; ). The critical information gain (Du et al., 2021} is thus

defined by d(vy, D) = mingen:k>d, (v,p) k- The main result is given in the following theorem.

Theorem E.1. In kernel function approximation, the Minimax Eluder dimensions dimyig(F, €) and
dimnig (F, €) are upper bounded by maxp (i) V(5% , Pn), where @y = {pn(x,a,b) : x € S,a,b €
A}.

Proof. We only show dimyg/ (F,€) < maxpeig) V(5%, Pr), and the other part is totally sim-
ilar. Fix an h € [H]. Due to completeness, for any 7 € II and f € F we have (f}, —
T 1) (2, a,0) = (on(z,a,b),0, — T,70hy1) Where T,765,11 is the unique feature in #H such
that 7, fr+1 = (¢n(x,a,b), T, 0p41). Consider the longest sequence v, ..., v, € Da such that
each one item is e-independent of its precedents, distinguished by a sequence of features 0}(3), cee lek).

To simplify notations, we define ¢; = E,, [¢n(x,a,b)] and 6; = (‘)g) - 771”9,(721 for all i € [k]. Let
62

A =" 6,0 + g5 1. Then Deﬁnition gives
1 1
Iilla;2 = < - llgilla-r - 116l -

where the first step comes from 6; € Bg(H) and Z;;ll (¢;,04)* < ¢, the second step comes from
Holder’s inequality and the final step comes from |{¢;, 6;)| > €. Thus we have

k 9R2 k
k<) log(1+ ||illy—1) =logdet(I + =5 > ig]).
=1 =1

By the definition of critical information gain, & must be less or equal than 5(5%, ®r). O

This result implies several important cases in general function approximation.

 Linear function approximation. In this setting rj,(x,a,b) = ¢(x,a,b)0), and
Py (-|x,a,b) = ¢(z,a,b) " un(-) where ¢(z,a,b) € R?. We have shown that this set-
ting satisfies all the realizability and completeness assumptions in the previous sections. By
standard Ellipsoid potential arguments, the critical information gain is upper bounded by
O(d - log(R/€)). Therefore, this setting also has low Minimax Eluder dimensions.

» Tabular Markov Games. This setting can be seen as a special case of linear function
approximation where the feature vectors are chosen to be one-hot representations of state-
actions pairs. In this case, d = |S| - |A|? and thus Minimax Eluder dimensions is upper
bounded by O(|S| - |A|?).

* Overparameterized neural networks. In overparameterized neural network function
approximations, the functions are given by h(¢(z, a,b)) where h is the Neural Tangent
Random Feature space defined in [Cao & Gul (2019). We rewrite the information gain
dn (7, D) as maxy, .. q,ep logdet( + iKn) where (K,); ; = K(z;,x;) and K is the
Neural Tangent Kernel. It has been shown (Jacot et al., 2018}, |Du et al., [2019cia; |Allen-Zhu
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et al.}2019) that with proper initialization and learning rates, the function approximations
approximately lie in the Reproducing kernel Hilbert space given by the neural tangent
feature as above. Therefore the Minimax Eluder dimensions are bounded by 7(5%, ®5) + A,
where 7 is the critical information gain defined by the d,, (-, D) rewritten above and A is a
term that vanishes as width tends to infinity.

Generalized linear models. Finally, we consider generalized linear model as an extension of the
linear function approximations.

Theorem E.2. Suppose (fi, — T," fui1)(z,a,b) = g(¢(z,a,b)"6,) for any 7 € Wand f € F,
where g is a differentiable and strictly increasing function and ¢, 0;, € R%. Assume g' € (c1,c2) and
llpll2, [16nll2 < Rforci,ca, R > 0. Then dimyg (F,€) < O(d(ca/c1)? log(2E)).

Cl€

Proof. The proof mirrors those in Theorem [E.I] For the longest sequence v1, ..., € Da such
that each one item is e-independent of its precedents, distinguished by a sequence of features

9,(11),.. G(k), we deﬁne ¢i = Ey,[¢n(z,a,b)] and 0; = GS) - 7;1”0,(121 for all ¢ € [k]. Let
A= ol + SRS 21 Then Deﬁnmongwes
C1
[@ill o > N @illa-r - 10ila; > (g0, 0] > 2

C2

d
Combining these two 1nequahtles gives k < O(d(ca/c1)? log(cczllj)). O

This means det(A) > (1 + Cl )’C L. But by Elliptic potential lemma, det(Ay) < (ng + %)d.
1

F TECHNICAL CLAIMS

This section lists the facts we use from the previous work.

Lemma F.1 (Cumulative error control, Lemma 26 of Jin et al.|(2021a)). Given a function class G
defined on X with |g(x)| < C forall (g,z) € G x X and a family of probability measures D over X.

Suppose sequence {gi}5_, C G and {p.}1L_, C D such that for all k € [K], 71;—11 (E,, gx])? < 8.
Then for all k € [K] and w > 0,

Z\ [g:]] < O<\/d1mDE G,D,e)Bk + min{k, dimpg(g, D 6)}C+kw>

=

Lemma F.2 (Lemma 11 of Jiang et al.| (2017)). Consider a closed and bounded set V. C R
and a vector p € R Let B be any origin-centered enclosing ellipsoid of V. Suppose there
exists v € V such that p" v > k and define B, as the minimum volume enclosing ellipsoid of
{veB:|pTv| < ﬁ} With vol(-) denoting the (Lebesgue) volume, we have:

vol(By)

<3
vol(B) — 5
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