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ABSTRACT

Bilevel optimization recently has attracted increased interest in machine learn-
ing due to its many applications such as hyper-parameter optimization and meta
learning. Although many bilevel optimization methods recently have been pro-
posed, these methods do not consider using adaptive learning rates. It is well
known that adaptive learning rates can accelerate many optimization algorithms
including (stochastic) gradient-based algorithms. To fill this gap, in the paper, we
propose a novel fast adaptive bilevel framework for solving bilevel optimization
problems that the outer problem is possibly nonconvex and the inner problem is
strongly convex. Our framework uses unified adaptive matrices including many
types of adaptive learning rates, and can flexibly use the momentum and vari-
ance reduced techniques. In particular, we provide a useful convergence analysis
framework for the bilevel optimization. Specifically, we propose a fast single-
loop adaptive bilevel optimization (BiAdam) algorithm based on the basic mo-
mentum technique, which achieves a sample complexity of 0(6_4) for finding
an e-stationary point. Meanwhile, we propose an accelerated version of BiAdam
algorithm (VR-BiAdam) by using variance reduced technique, which reaches the
best known sample complexity of 0(6’3 ) without relying on large batch-size.
To the best of our knowledge, we first study the adaptive bilevel optimization
methods with adaptive learning rates. Some experimental results on data hyper-
cleaning and hyper-representation learning tasks demonstrate the efficiency of the
proposed algorithms.

1 INTRODUCTION

Bilevel optimization is known as a class of popular hierarchical optimization, which has been applied
to a wide range of machine learning problems such as hyperparameter optimization [Shaban et al.
(2019), meta-learning Ji et al.| (2021); [Liu et al.|(2021a) and policy optimization Hong et al.| (2020).
In the paper, we consider solving the following stochastic bilevel optimization problem, defined as

min F(2) = Eep | f (2.4 (2): ) (Outer) (1)
s.t. y*(z) € argmin E¢pq [g(a:, Y; C)} , (Inner) ()
yey

where F(z) = f(z,y*(x)) = E¢[f(z,y*(x); €)] is a differentiable and possibly nonconvex func-
tion, and g(z, y) = E¢[g(z, y; ¢)] is a differentiable and strongly convex function in variable y, and
¢ and ¢ are random variables follow unknown distributions D and M, respectively. Here X C R?
and Y C IRP are convex closed sets. Problem () involves many machine learning problems with a
hierarchical structure, which include hyper-parameter optimization Franceschi et al| (2018), meta-
learning |[Franceschi et al.[ (2018), policy optimization |Hong et al.| (2020) and neural network archi-
tecture search|Liu et al.|(2018)).

Since bilevel optimization has been widely applied in machine learning, some works recently have
been begun to study the bilevel optimization. For example, Ghadimi & Wang| (2018);Ji et al.{(2021)
proposed a class of double-loop methods to solve the problem (IJ). However, to obtain an accurate
estimate, the BSA in |Ghadimi & Wang| (2018)) needs to solve the inner problem to a high accu-
racy, and the stocBiO in Ji et al.|(2021)) requires large batch-sizes in solving the inner problem.
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Table 1: Sample complexity of the representative bilevel optimization methods for finding an e-
stationary point of the bilevel problem (1)), i.e., E[[VF(z)| < € or its equivalent variants. BSize
denotes mini-batch size; ALR denotes adaptive learning rate. C'(z,y) denotes the constraint sets in
z and y, where Y denotes the fact that there exists a convex constraint on variable, otherwise is N.
DD denotes dimension dependence in the gradient estimators, and p denotes the dimension of vari-
able y. 1 denotes Lipschitz continuous of V. f(x, y; €), Vy f(x,y;€), Vyg(x,y;¢), V2,9(x,y;C)
and V7, g(x,y; ) for all £, (; 2 denotes Lipschitz continuous of V. f(x,y), Vy f(z,y), Vyg(z,y),
V2,9(x,y) and V3 g(z,y); 3 denotes bounded stochastic partial derivatives V,, f(z,y; &) and
Viy (z,y;¢); 4 denotes bounded stochastic partial derivatives V. f(x,y; &), and VZyg(x ¥;C);
5 denotes the bounded true partial derivatives V, f(z,y) and V2 2,9(x,y); 6 denotes Lipschitz con-
tinuous of function f(x,y;&); 7 denotes g(x,y; () is Lg-smooth and p-strongly convex function
w.r.t. y for all (; 8 denotes g(z,y) is L4-smooth and p-strongly convex function w.r.t. y.

Algorithm Reference Complexity | BSize Loop C(z,y) | DD | ALR | Conditions
BSA [[Ghadimi & Wang|(2018) | O(c") O(1) | Double | Y,N | p? 2,57
TTSA |  |Hong et al.|(2020) O(e7®) O(1) Single Y,N p? 1,3,7
stocBiO Ji et al. (2021 ) O(e %) O(¢7?) | Double N, N P> 1,6,7

STABLE | |Chen et al.[(2022) O(e™) 0(1) Single N, N p? 1,3,4,8

SMB | |Guo et al.[(2021b) O(e ) O(1) | Single N, Y P’ 2,5,7
SUSTAIN Khandurl et al.|(2021) O(e7?) O(1) | Single N, N p? 1,3,7
SVRB | |Guo & Yang (2021} O(e7?) 0(1) Single N,N p? 1,58
MRBO |  |Yanget al./(2021) O(e?) O(1) Single N,N p? 1,6,7
VRBO | |Yangetal|(2021) O(e™?) O(e~?) | Double N, N p? 1,6,7
BiAdam Ours O(e™) O(1) | Single | Y/N,Y/N | p? N 2,5,7
VR-BiAdam Ours O(e™?) O(1) | Single | Y/N,Y/N | p? v 1,5,7

Hong et al.| (2020) proposed a class of single-loop methods to solve the bilevel problems. Subse-
quently, Khanduri et al.[(2021));|Guo & Yang|(2021);|Yang et al.|(2021));/Chen et al.|(2022) presented
some accelerated single-loop methods by using the momentum-based variance reduced technique of
STORM |Cutkosky & Orabonal (2019). More recently, Dagréou et al.| (2022)) developed a novel
framework for bilevel optimization based on the linear system, and proposed a fast SABA algorithm
for finite-sum bilevel problems based on the varaince reduced technique of SAGA (Defazio et al.,
2014])). Although these methods can effectively solve the bilevel problems, they do not consider us-
ing the adaptive learning rates and only consider the bilevel problems under unconstrained setting.
Since using generally different learning rates for the inner and outer problems to ensure the conver-
gence of bilevel optimization problems, we will consider using different adaptive learning rates for
the inner and outer problems with convergence guarantee. Clearly, this can not follow the exiting
adaptive methods for single-level problems. Thus, there exists a natural question:

How to design the effective optimization methods with adaptive learning rates for the
bilevel problems ?

In the paper, we provide an affirmative answer to this question and propose a class of fast single-
loop adaptive bilevel optimization methods based on unified adaptive matrices, which including
many types of adaptive learning rates. Moreover, our framework can flexibly use the momentum
and variance reduced techniques. Our main contributions are summarized as follows:

1) We propose a fast single-loop adaptive bilevel optimization algorithm (BiAdam) based on
the basic momentum technique, which achieves a sample complexity of 0(6_4) for finding
an e-stationary point.

2) Meanwhile, we propose a single-loop accelerated version of BiAdam algorithm (VR-
BiAdam) by using the momentum-based variance reduced technique, which reaches the
best known sample complexity of O(e3).

3) Moreover, we provide a useful convergence analysis framework for both the constrained
and unconstrained bilevel programming under some mild conditions (Please see Table/I)).

4) The experimental results on hyper-parameter learning demonstrate the efficiency of the
proposed algorithms.
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2 PRELIMINARIES

2.1 NOTATIONS

U{1,2,--- , K} denotes a uniform distribution over a discrete set {1,2,--- ,K}. || - || denotes
the /5 norm for vectors and spectral norm for matrices. (z,y) denotes the inner product of two
vectors x and y. For vectors « and y, ” (r > 0) denotes the element-wise power operation, x/y
denotes the element-wise division and max(z, y) denotes the element-wise maximum. /5 denotes a
d-dimensional identity matrix. A > 0 denotes that the matrix A is positive definite. Given function
f(z,y), f(x,-) denotes function w.rz. the second variable with fixing x, and f(-, ) denotes function
w.r.t. the first variable with fixing y. a = O(b) denotes that a < Cb for some constant C' > 0. The
notation O(-) hides logarithmic terms. Given a convex closed set X', we define a projection operation
to X as Px(z) = argmingex 1|z — [/

2.2  SOME MILD ASSUMPTIONS

In this subsection, we give some mild assumptions on the problem (T).

Assumption 1. For any = and ¢, g(x,y;() is Lg-smooth and p-strongly convex function, i.e.,

Assumption 2. For functions f(x,y) and g(x,y) forall x € X and y € ), we assume the following
conditions hold: V. f(x,y) and V, f(x,y) are Ly-Lipschitz continuous, V ,g(x,y) is L,-Lipschitz
continuous, Viyg(:zz, y) is Lgay-Lipschitz continuous, Viyg(x, y) is Lgyy-Lipschitz continuous. For

example, for all x,x1,x9 € X and y,y1,y2 € YV, we have

IVaf(z1,y) = Vaf (22, y)|| < Lylley — wall, [Vaf(2,91) = Ve f (@ 92) | < Lyllyr — |-

Assumption 3. For functions f(x,y;€) and g(z,y;C) forall x € X, y € Y, £ and (, we as-
sume the following conditions hold: ¥V f(x,y;§) and V, f(x,y;§) are Lg-Lipschitz continuous,
Vy9(x,y; C) is Ly-Lipschitz continuous, Viyg(x, Y; Q) is Lgay-Lipschitz continuous, szg(x, y; C)

is Lgyy-Lipschitz continuous. For example, for all x,x1,x2 € X and y,y1,y2 € Y, we have

IVef(x1,y;6) = Vaf(z2,y; I < Lyllzy — z2l, [Vof(z,y158) — Vaf (2,926 < Lyllyr — w2l

Assumption 4. The partial derivatives V., f(z,y) and V3, g(x,y) are bounded, i.e.,
IVyf(z,y)|* < CF, and |V 9(z,y)|I* < CF

gy
Assumption 5. Stochastic functions f(x,y;€) and g(x,y;() have unbiased stochastic partial
derivatives with bounded variance, e.g.,

ElVof(@,4:6)] = Vaf(2,y), E|Vaf(z,5:€) = Vo f(z,9)]* < 0.

The same assumptions hold for V., f (x,y; ), Vyg9(z,y; (), V%yg(x, y; ) and szg(az, y; €)-

Assumptions [TH5] are commonly used in stochastic bilevel optimization problems (Ghadimi & Wang
(2018)); Hong et al.| (2020); J1 et al.[ (2021); (Chen et al.| (2022); |[Khanduri et al.| (2021). Note
that Assumption [3] is clearly stricter than Assumption 2] For example, given Assumption [3| we
have |V f(21,y) = Vi f(z2, )| = |E[Vaf(21,4:8) — Vaf (22, 4: 9] < E[|Vaf(z1,956) —
Vo f(@a,y; )| < Lf|lzr — a2|||| for any z,y,&. At the same time, based on Assumptions
we also have ||V, f(z, y:§)|1> = [Vyf(z,5:8) = V, f(z,y) — Vy f(z )| < 2|V, f(a,y:6) —
Vyf @y I*+2Vyf(z,9)|? < 20°4+2C3, and |VZ, g(z,y; ()||* < 20°42C7,,,. Thus we argue
that under Assumption [} the bounded V,, f(x, y) and V3, g(z, y) are not milder than the bounded

Vyf(2,y;€) and V3 g(z,y; () forall § and C.

2.3 BILEVEL OPTIMIZATION

In this subsection, we review the basic first-order method for solving the problem (I)). Naturally, we
give the following iteration to update the variables x, y: at the ¢-th step

Yir1 = Py (Z/t - )\Vyg(l“t,yt)), Tir1 = Px (mt — YV f(ay, Z/*(mt))>,
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where A > 0 and v > 0 denote the step sizes. Clearly, if there does not exist a closed form solution
of the inner problem in the problem , i.e., Y11 # y*(x¢), we can not easily obtain the gradient
VF(zt) = Vf(ze,y*(x)). Thus, one of key points in solving the problem (1)) is to estimate the
gradient VF'(xy).

Lemma 1. (Lemma 2.1 in|Ghadimi & Wang| (2018)) Under the above Assumption |2} we have, for
anyr € X

* * * -1 *
VF(x) = Vaof(z,y"(z) — Vi,9(x,y* (@) [Vi,9(z,y"(2)] Vyf(z,y* ().
From the above Lemma it is natural to use the following form to estimate V F'(z), defined as,

= ~1
Vi,y) = Vaf(e,y) = Va,0(x,9)(Vy9(z.y) Vyflzy), Vee X yey

Note that although the inner problem of the problem (IJ) is a constrained optimization, we assume
that the optimal condition of the inner problem still is V, g(z, y*(z)) = 0 and y*(z) € ).
Lemma 2. (Lemma 2.2 in|Ghadimi & Wang|(2018)) Under the above Assumptions (1} 2} H), for all
x,21,T2 € X andy € Y, we have

IV f(@,y) = VE(@)|| < Lylly*(z) = yll, [ly*(z1) = y*(@2)|| < sz — 2],

IVF(21) = VF(22)|| < L2y — a2,

where Ly = L+ LyCoay/pi+Cpy (ngy/ﬂ‘f' Lgyychy/ﬂ2>’ k= Cyuy/p,and L = Ly + (L +
Ly)Cquy/p+ Cty (Lgmy/ﬂ + Lgyycgwy/ﬂz)'

For the stochastic bilevel optimization, Yang et al.[|(2021); Hong et al.| (2020) provided a stochastic
estimator VF'(z) as follows:

Q-1 Q
Vi@ y;8) = Vol (e,y:6) = Va9 5:00 Y ] (Ip — V5, 9(x,y; Ci)) Vo f(,y;6),
qg=—1i=Q—q

3)

where ¥ > 0 and Q > 1. Here S = {¢,(, (Y, -+ (9}, where ¢ is drawn from distribution D, and
{¢,¢Y, - - - (@} are drawn from distribution M.

3 ADAPTIVE BILEVEL OPTIMIZATION METHODS

In this section, we propose a class of fast single-loop adaptive bilevel optimization methods to solve
the problem equation [I| Specifically, our methods adopt the universal adaptive learning rates as in
Huang et al.|(2021)). Moreover, our methods can be flexibly incorporate the momentum and variance
reduced techniques.

3.1 BIADAM ALGORITHM

In this subsection, we propose a fast single-loop adaptive bilevel optimization method (BiAdam)
based on the basic momentum technique. Algorithm [I] shows the algorithmic framework of our
BiAdam algorithm.

At the line 4 of Algorithm [T} we generate the adaptive matrices A; and B, for updating variables x
and y, respectively. Specifically, we use the general adaptive matrix A; = pl; (p > 0) for variable
x, and the global adaptive matrix B, = b;I,, (b, > 0). For example, we can generate the matrix A4;
as the Adam |[Kingma & Ba|(2014)), and generate the matrix B; as a novel version of AdaGrad-Norm
Ward et al.| (2019), defined as

W = a1 + (1= a)Vaf (2, y1:6)°, wo = 0, Ay = diag(V/br + p), t > 1 (4)
by = Bbi—1 + (1 = B)|Vyg(@e, y; G)ls bo >0, By = (by +e)Ip, t > 1, )
where a, 8 € (0,1) and p > 0, € > 0.

At the lines 5-6 of Algorithm[I] we use the generalized projection gradient iteration with Bregman
distance |Censor & Zenios|(1992); Huang et al. (2021) to update the variables x and y, respectively.
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Algorithm 1 BiAdam Algorithm

1: Input: T, K € N, parameters {~, A, ¢, oy, 8¢} and initial input 27 € X and y; € J;
2: initialize: Draw K + 2 independent samples & = {&,¢0, ¢4, - ,ClK 1} and (7, and then
compute v1 = Vyg(x1,y1;¢1), and wy = V f(x1,y1; &) generated from
fort=1,2,...,Tdo
Generate adaptive matrices A; € Rxd B, € RP*P;
Tyr1 = arg minge y {(wt, x)+ %(m —x)T Ay (z — xt)}, and x441 =z + e (Tip1 — x4)3
i1 = argmingey { (v, y) + 55 (¥ — ¥) T Be(y — ye) }. and o1 =y + 0 (Ge1 — i)
Draw K + 2 independent samples &1 = {&11, (P, ,Cﬁ]l} and (41q:
Vt+1 = Oét+1v_yg($t+1,yt+1;§t+1) + (1 — argr)ves

wir1 = Bea V(@1 Yer1; §e1) + (1= Berr)wes
end for
Output: Chosen uniformly random from {z;, y; } ;.

TeY e kW

—_

When X = R? and ) = RP, i.e., unconstrained optimization problem , we have 2411 = z; —
A7 fwy and yopr =y — By g

At the line 7 of Algorithm|[I} we draw K + 1 independent samples £ = {&,¢°,¢%, -+, (%1} from
distributions D and M, then we define a stochastic gradient estimator as in|Khanduri et al.|(2021):

k
_ _ K 1 i
9 ;=1 g
(6)
where K > 1and k ~ U{0,1,--- , K — 1} is a uniform random variable independent on . In fact,

the estimator () is a specrﬁc case of the above estimator (3). In practice, thus, we can use a tuning
parameter 9 € (0, I ] instead of in the estimator @) as in|Yang et al.[(2021). Here we use the

term 7- K118 (1,— 19 Viyg(x,y,g“ )) to approximate the Hessian inverse, i.e., (V2,g(z,y; ())71

Clearly, the above V f(x,y,£) is a biased estimator in estimating V f (x,y), i.e. E¢g[V f(z, ;)] #
Vf(z,y). In the following, we give Lemma [3| which shows that the bias R(z,y) = Vf(z,y) —
Eg [V flz,y; € )l in the gradient estimator @ decays exponentially fast with number K.

Lemma 3. (Lemma 2.1 in|Khanduri et al.|(2021) and Lemma 11 in|Hong et al.|(2020)) Under the
about Assumptions ([I| H)), for any K > 1, the gradient estimator in equation 0] satisfies

CouuC
IRz, )|l < %”(1 - By (7)

K
r,)

where R(x,y) = V f(x,y) — Eg[?f(x,y;g)l.

From Lemma , choose K = % log(CyzyCryT /) in Algorithm we have ||R(z,y)|| < # forall
t > 1. Thus, this result guarantees convergence of our algorithms only requiring a small mini-batch
samples. For notational simplicity, let R; = R(xy,y;) forall t > 1.

Lemma 4. (Lemma 3.1 in|Khanduri et al|(2021))) Under the above Assumptions (I} Bl H)), stochastic
gradient estimate N f (., y; €) is Lipschitz continuous, such that for v, v,z € X and y,y1,y2 € Y,

Ee|[Vf(w1,y:6) = V (w2, 3:)* < Lillzr — 22,
EellV£(2,y1:6) = Vf (2,525 €)II* < Licllyr — 21,

2
stir + 603, L2, 5 +6C2,, L KoL,

2 _ o912 2
where Ly, = 2L% + 6Cg,, L ty gzyQ#L X g Gy e B

] f Q;LL

3.2 VR-BIADAM ALGORITHM

In this subsection, we propose an accelerated version of BiAdam method (VR-BiAdam) by using
the momentum-based variance reduced technique. Algorithm[2]demonstrates the algorithmic frame-
work of our VR-BiAdam algorithm.
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Algorithm 2 VR-BiAdam Algorithm

1: Input: T, K € N, parameters {~, A, ¢, oy, 8¢} and initial input 27 € X and y; € J;

2: initialize: Draw K + 2 independent samples & = {&, ¢, (1, - ,ClK_l} and (7, and then
compute v1 = Vyg(x1,y1;¢1), and wi = V f(x1,y1; &) generated from (6);
fort=1,2,...,Tdo

Generate adaptive matrices A; € Rxd B, € RP*P;

Tpp1 = argmingex {(we, z) + %(fﬂ —2)TAy(z — m¢) }, and w1 = @ 4 0 (Feg1 — 240);
i1 = argmingey { (ve,y) + %(Zfl —y) "By —yo) b and yor = ye + e (Geg1 — i)
Draw K + 2 independent samples &1 = {&41,(fq, -+ ,Cﬁ]l} and (441;

Vi1 = Vg (@it Yer1; Gerr) + (1 — ougr) [vr — Vyg(@e, v Ger) s

wip1 = V(@1 Y §en) + (1= Bern) [we — V(2,96 €1)]5
end for
Output: Chosen uniformly random from {x, y; }1_;.

—_—
TP e kAW

At the lines 8-9 of Algorithm [2] we use the momentum-based variance reduced technique to esti-
mate the stochastic partial derivatives v; and w;. For example, the estimator of partial derivative
V f(xs1,y1+1) is defined as

Wiy = V(@1 Yo &) + (1= Besr) [we — V(2 y156041)],

= Bea1Vf (@eg1, Y1 1) + (1= Begr) [we + VI (@eg1, Yer1: Ee41) — Vi (e, v §e41)] -

Compared with the estimator w;1; in Algorithm [T, w;;; in Algorithm [2] adds the term
Vi(@ir1, Y15 E41) — Vf (2, ye; 1) to control the variances of estimator.

4 THEORETICAL ANALYSIS

In this section, we study the convergence properties of our algorithms (BiAdam and VR-BiAdam)
under some mild conditions. All proofs are provided in the Appendix A.

4.1 ADDITIONAL MILD ASSUMPTIONS

Assumption 6. The estimated stochastic partial derivative ¥V f(x,y; ) satisfies
Ee[Vf(z,y:8)] = Vi(x,y) + R(z,y), Ee|Vf(z,5:€) — VF(z,y) — R(z,y)|* < o?.
The stochastic partial derivative V ,g(x,y; () satisfies

E[Vy9(z,y: )] = Vyg(z,y),  E[Vyg(z,y:¢) = Vyg(z,y)lI* < o*.
Assumption 7. In our algorithms, the adaptive matrices Ay and By for all t > 1 satisfy A; =
plq (p > 0) and B, = bl, (b, > b > b, > 0), respectively, where p, b, and b, are appropriate
positive numbers.

Assumption|[6]is commonly used in the stochastic bilevel optimization methodsJi et al.| (2021);[Yang
et al.[ (2021)); Khanduri et al.| (2021). In the paper, we consider the general adaptive learning rates
(including the coordinate-wise and global learning rates) for variable x and the global learning rate
for variable y. Assumption [7]ensures that the adaptive matrices A, for all ¢ > 1 are positive definite
as in |Huang et al.| (2021). Assumption |/| also guarantees the global adaptive matrices B, for all
t > 1 are positive definite and bounded. In fact, Assumption[7]is mild. For example, in the problem
mingere E[f(x; )], [Ward et al.| (2019) apply a global adaptive learning rate to the update form

Ty = Ty1— Uvﬂ“giw, b2 =b2_, + ||V f(xi—1;&-1)|1%, bo > 0, > 0 forall t > 1, which
is equivalent to the form x; = z;_1 —nBt_IVf(xt_l; &—1) with By = b I, and by > --- > by > 0.
L1 & Orabona (2019); |Cutkosky & Orabonal (2019) use a global adaptive learning rate to the update
form x441 = 2 — 19; /by, where g, is stochastic gradient and b, = (w + Z§=1 IV f (s fl-)||2)a/k,
k> 0,w > 0and a € (0,1), which is equivalent to z;y; = x; — nBt_lgt with By = b;I, and
by > - >by = % > 0. At the same time, the problem min,cgr» f(x) = E[f(z;)] approaches
the stationary points, i.e., Vf(x) = 0 or even Vf(x;£) = 0 for all {&. Thus, these global adaptive
learning rates are generally bounded, i.e., b, > b > b; > 0 forall ¢ > 1.
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4.2 USEFUL CONVERGENCE METRIC

In the subsection, we define a useful convergence metric for our algorithms and some useful lemmas.
Lemma 5. Given gradient estimator w; is generated from Algorithms[I|or[2) for all t > 1, we have
lwe = VE(@o)||* < Lglly™ (xe) = yell* + 2llwe — V (e, 90)|1%,

2 ~2
LJyyCnyny + Ly CgLy)
e .

where L} = 8(L?c + “ycf” +
For our Algorithms I 1]and |2 l based on Lemma we provide a convergence metric E[G;], defined as
G, = v — il + 5 (V2w = V)l + Lol ) = ).

where the first two terms of G; measure the convergence of the iteration solutions {xt}thl, and the
last term measures the convergence of the iteration solutions {y; }7_; .

Let ¢+ (x) = %xTAtx, we define a prox-function (a.k.a., Bregman distance) Censor & Lent|(1981);
Censor & Zenios|(1992);|Ghadimi et al.| (2016) associated with ¢;(x) as follows:

1
Vi(z,2) = ¢y(x) — [¢t(1't) + (Vi (), — $t>] = 5(35 - xt)TAt(x — Ty). ®)
The line 5 of Algorithm [I]or[2is equivalent to the following generalized projection problem:
- . 1
Fur = min { (v, 2) + Vil ) | ©

e

As in (Ghadimi et al.| (2016), we define a generalized projected gradient Gx (zy, we,y) =
Z¢11). At the same time, we define a gradient mapping G (x¢, VF (21),7) = %(xt — ) with

. 1
viy = orgmin {(VF(w0), ) + Vi, 20 | (10)

According to the Proposition 1 of |Ghadimi et al| (2016), we have ||Gx(xs, we,y) —
G (e, VF (), < S|IVE(2:) — wi[l. Since [[Gx (e, VE(0), M| < (|G (e, w0, 7)]] +
||gx($t,w1t,'7) - gX(-Tt,VF(-Tt),'Y)H’ we have

1
192 (@2, VE(@e) NI < |G (@, we, I + 2V F (o) = i (11)

I A

~less =il + (f lw = ¥ fwe,yll + Lolly* (@) = ) = Ge,

where the last inequality holds by the above Lemma Thus, our new convergence measure E[G;] is
tighter than the standard gradient mapping E||Gx (z:, VF (), v)|| used inHong et al.{(2020). When
G: — 0, we have |Gy (z¢, VF(x¢),7)|| = 0, where x; is a stationary point or local minimum of
the bilevel problem equationm Ghadimi et al.| (2016); [Hong et al.| (2020).

4.3 CONVERGENCE ANALYSIS OF BIADAM ALGORITHM

In this subsection, we study the convergence properties of our BiAdam algorithm. The detailed
proofs are provided in the Appendix [A.3]

Theorem 1 Under the above Assumptions (l l l @ @ in the Algorithm I given X C R¢,

n = 7(m+t)1/2 forall t > 0, agp1 = 1y Bey1r = Camp, M > max (k (c1k)?, (cok) )

B> 0 20 <o < B8 < <m0 < A < min (BB ), 0 < o <
min (\/6L%A2\:§i‘1‘55b%%’127 WZL/Z”) and K = %log(ngnyyT/u), we have
T T
7 2B VF 0. ]| € 7 D2 ElG < LR VECR )
(12)
where G = £ ,ZF*—FSZEi(i’\ﬁO ng+2mo’ 1H(m+T)+t(;;k+TT2)+p827kT and Ao = [ly1 —y*(x1)[1%,
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Remark 1. Without loss of generality, let k = O(1) and m = O(1), we have G = O(In(m +
T)) = O(1). Thus our BiAdam algorithm has a convergence rate of O(T1/4) Let E[G¢] =
T Zthl E[G:] = O(T1/4) < ¢, we have T = O(e~*). Since our BiAdam algorithm only requires
K+2= % 10g(CyuyCpy T/ 1) + 2 = O(1) samples to estimate stochastic partial derivatives in
each iteration, and needs T' iterations. Thus our BiAdam algorithm requires sample complexity of

(K+2)T = 0(6*4) for finding an e-stationary point of the problem . Note that the conver-
gence properties of our BiAdam algorithm for unconstrained bilevel optimization are provided in

the Appendix[A.3]

4.4 CONVERGENCE ANALYSIS OF VR-BIADAM ALGORITHM

In this subsection, we study convergence properties of our VR-BiAdam algorithm. The detailed
proofs are provided in the Appendix [A.6]

Theorem 2. Under the above Assumpttons | I I @ @ in the Algorlthm EL given /Y C Rd

n = Wfor allt > 0, aur1 = c1nf, P41 = 0217?, m > max clk , (c2k) )
L? . b L2

k>0 0 > i+ 250 0> Fh+50 <A Smm(%,ﬁ%g) 0 <y <

min ( VGup m L) and K = glog(ngnyyT/u), we have

24/24L302 2 +125b2 L3k2 7 4Lk

2v/3 2vV3M ~, 1
)| < 72 :IE G < M V2 = O(
T1/2 T1/3 T T1/3

),
(13)

= ZIEHQX (24, VF(20),y

t 1

_ F(z)—F* | 5b1L3A0 | 2m}/3452 | 2K*(5+c3)o’ In(m+T) | 6k(m+T)'/3 _
where M = o t man T Tt o + 2T Ao =y —

y*(21)||” and L3 = L2 + L¥%.

Remark 2. Wirhout loss of generality, let k = O(1) and m = O(1), we have M = O(In(m +
T)) = O(1). Thus our VR-BiAdam algorithm has a convergence rate of O(Tl/g) Let E[G.] =

T ZtT:1 E[G:] = O(Tl/a) < ¢, we have T = O(e™3). Since our VR-BiAdam algorithm requires

K+2= % 10g(CywyCry T/ 1) + 2 = O(1) samples to estimate stochastic partial derivatives in

each iteration, and needs T iterations. Thus our VR-BiAdam algorithm requires sample complexity

of (K +2)T = 0(6’3) for finding an e-stationary point of the problem (|1). Note that the conver-
gence properties of our VR-BiAdam algorithm for unconstrained bilevel optimization are provided

in the Appendix[A.3]
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Figure 1: Validation Loss vs. Running Time. We test three values of p: 0.8, 0.6, 0.2 from left to
right. Larger value of p represents a more noisy setting.

5 NUMERICAL EXPERIMENTS

In this section, we perform two hyper-parameter optimization tasks to demonstrate the efficiency
of our algorithms: 1) data hyper-cleaning task over the MNIST dataset; 2) hyper-representation
learning task over the Omniglot dataset. In all experiments, we use a server with AMD EPYC 7763
64-Core CPU and 1 NVIDIA RTX A5000.
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5.1 DATA HYPER-CLEANING

In the hyper-cleaning task, we clean a noisy dataset through a bilevel formulation. The precise for-
mulation of the problem is included in the Appendix [A-T.1] In particular, we use a training set and
a validation set, where each contains 5000 images in our experiments. A portion of the training data
are corrupted by randomly changing their labels, and we denote the portion of corrupted images
as p. We compare our algorithms (i.e., BiAdam and VR-BiAdam) with various baselines. See the
Appendix [AT] for a brief introduction of the baselines. For all methods, we perform grid search
over hyper-parameters and choose the best setting. The detailed experimental setup is described in
the Appendix [A.1.1] The experimental results are summarized in Figure[I] As shown by the fig-
ure, our BiAdam algorithm outperforms its non-adaptive counterparts such as stocBiO, MRBO and
SUSTAIN, furthermore, our VR-BiAdam gets the best performance, where it outperforms VRBO,
which requires using large batch-sizes every a few iterations.

5.2 HYPER-REPRESENTATION LEARNING

In the hyper-representation learning task, we learn a hyper-representation of the data such that a
linear classifier can be learned quickly with a small number of data samples. The precise formulation
of the problem is included in Appendix [A.1.2] We compare our algorithms (i.e., BiAdam and VR-
BiAdam) with various baselines. See Appendix [AT|for a brief introduction of the baselines. For all
methods, we perform grid search over hyper-parameters and choose the best setting. The detailed
experimental setup is described in the Appendix [A.1.2] The experimental results are summarized in
Figure[2] As shown by the figure, both our BiAdam and VR-BiAdam algorithms outperform other
baselines.
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Figure 2: Test Accuracy vs. Running Time. The plots corresponds to 5-way-1-shot, 5-way-5-shot,
20-way-1-shot and 20-way-5-shots from left to right.

6 CONCLUSIONS

In this paper, we proposed a class of novel adaptive bilevel optimization methods for nonconvex-
strongly-convex bilevel optimization problems. Our methods use unified adaptive matrices including
many types of adaptive learning rates, and can flexibly use the momentum and variance reduced tech-
niques. Moreover, we provided a useful convergence analysis framework for both the constrained
and unconstrained bilevel optimization. Our VR-BiAdam algorithm reaches the best known sample

complexity of O(e~3) for finding an e-stationary point.
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A APPENDIX

In this section, we provide the additional experiment results, related works and additional theoretical
results. We also provide the detailed convergence analysis.

A.1 ADDITIONAL EXPERIMENTAL DETAILS AND RESULTS

In this subsection, we introduce more details of our experiments. We compare our BiAdam and
VR-BiAdam algorithms with the following bilevel optimization algorithms: reverse Franceschi et al.
(2018)), AID-CG|Grazzi et al.|(2020), AID-FP|Grazzi et al.[(2020), stocBioJ1 et al.|(2021)), MRBOJ1
& Liang|(2021), VRBOJi & Liang|(2021), FSLALi et al.|(2021), MSTSA/SUSTAIN Khanduri et al.
(2021)), SMB |Guo et al.|(2021b), SVRB |Guo & Yang|(2021)).

A.1.1 DATA HYPER-CLEANING

In this task, we perform data hyper-cleaning over the MNIST dataset |LeCun et al.| (1998). The
formulation of this problem is as follows:

min fua (0’ (7) = == Y falur (7). y)

~ 1Dy
| V| (zi,y:)€Dv
1
s.t. w*(7) = argmin f;, (7, w) = Dy Z o(7i) f (@] w, y;) + Cllw|]?,
w T

(zi,y:)€EDT

where f(-) denotes the cross entropy loss, D7 and Dy, are training and validation dataset, respec-
tively. Here 7 = {7;};cp, are hyper-parameters and C' > 0 is a tuning parameter, o(-) denotes the
sigmoid function. In the experiment, we set C' = 0.001.

For training/validation batch-size, we use batch-size of 32, while for VRBO, we choose larger batch-
size 5000 and sampling interval is set as 3. For AID-FP, AID-CG and reverse, we use the warm-start
trick as our algorithms, i.e. the inner variable starts from the state of last iteration. We fine tune
the number of inner-loop iterations and set it to be 50 for these algorithms. For MRBO, VRBO,
SUSTAIN and our BiAdam/VR-BiAdam, we set K = 3 to evaluate the hyper-gradient. For FSLA,
K = 1 as the hyper-gradient is evaluated recursively. As for learning rates, we set 1000 as the
outer learning rate for all algorithms except our algorithms which use 0.5 as we change the learning
rate adaptively. As for the inner learning rates, we set the stepsize as 0.05 for reverse, AID-CG,
stocBiO/AID-FP, MRBO/SUSTAIN, FSLA; we set the stepsize as 0.2 for VRBO; we set the stepsize
as 1 for SUSTAIN; we set the stepsize as 0.00025 for BiAdam and 0.0005 for VR-BiAdam.

A.1.2 HYPER-REPRESENTATION LEARNING

In this task, we perform the hyper-representation learning task over the Omniglot dataset|Lake et al.
(2015)). The formulation of this problem is as follows:

Irgnfval (7—7 w*(T)) = E[fval (7—>w*(7—);§>] = ; Z f((wi)Tqb(me)?yz)

D
| Ve (zi,yi)EDy ¢

stow' () = mgmin fi(row) = 5 Y f( o)) +Clul
T (zi,y:)€EDT,€
where f(-) denotes the cross entropy loss, Dy ¢ and Dy ¢ are training and validation dataset for a
randomly sampled meta task. Here 7 = {7;},cp, are hyper-representations and C' > 0 is a tuning
parameter to gaurantee the inner problem to be strongly convex. In experiment, we set C' = 0.01.

In every hyper-iteration, we choose 4 meta tasks, while for VRBO, we choose larger batch-size 16
and sampling interval is set as 3. For stocBiO/AID-FP, AID-CG and reverse, we use the warm-
start trick as our algorithms, i.e. the inner variable starts from the state of last iteration. We fine
tune the number of inner-loop iterations and set it to be 16 for these algorithms. For MRBO, VRBO,
SUSTAIN and our algorithms, we set ' = 5 to evaluate the hyper-gradient. For FSLA, K = 1 as the
hyper-gradient is evaluated recursively. As for learning rates, we set 1000 as the outer learning rate
for all algorithms except our algorithms which use 0.001 as we change the learning rate adaptively.
As for the inner learning rates, we set the stepsize as 0.4 for all algorithms.

12
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A.2 RELATED WORKS

In this subsection, we overview the existing bilevel optimization methods and adaptive methods for
single-level optimization, respectively.

A.2.1 BILEVEL OPTIMIZATION METHODS

Bilevel optimization has shown successes in many machine learning problems with hierarchical
structures such as policy optimization |Hong et al.| (2020), model-agnostic meta-learning [Liu et al.
(2021a); [J1 et al| (2021); [Lu et al.| (2022) and adversarial training Zhang et al.|(2021)). Thus, its
researches have become active in the machine learning community, and some bilevel optimization
methods recently have been proposed. For example, one class of successful methods |Colson et al.
(2007); |[Kunapuli et al.| (2008) are to reformulate the bilevel problem as a single-level problem
by replacing the inner problem by its optimality conditions. Another class of successful methods
Ghadimi & Wang| (2018)); Hong et al.| (2020); J1 et al.| (2021); [Chen et al.| (2022); [Khandur1 et al.
(2021); |Guo & Yang| (2021); Liu et al.,| (2021bj 2022); ILi et al.| (2021) for bilevel optimization
are to iteratively approximate the (stochastic) gradient of the outer problem either in forward or
backward. Specifically, |[Liu et al. (2022) proposed a general gradient-based descent aggregation
framework for bilevel optimization. Moreover, the non-asymptotic analysis of these gradient-based
bilevel optimization methods has been recently studied. For example, |Ghadimi & Wang| (2018))
first studied the sample complexity of O(e~%) of the proposed double-loop algorithm for the bilevel
problem (T) (Please see Table[I)). Subsequently, Ji et al.| (2021) proposed an accelerated double-loop
algorithm that reaches the sample complexity of O(e~*) relying on large batches. At the same time,
Hong et al.| (2020) studied a single-loop algorithm that reaches the sample complexity of O(e~?)
without relying on large batches. Moreover, Khanduri et al.[(2021));|Guo & Yang| (2021)); Yang et al.
(2021)) proposed a class of accelerated single-loop methods for the bilevel problem by using
momentum-based variance reduced technique, which achieve the best known sample complexity of
O(e~?). More recently, |Dagréou et al|(2022) proposed a novel framework for bilevel optimization
based on the linear system. Meanwhile, Lu et al.| (2022); |Li et al.| (2022); Tarzanagh et al.| (2022)
studied the distributed bilevel optimization.

A.2.2 ADAPTIVE GRADIENT METHODS

Adaptive gradient methods recently have been shown great successes in current machine learning
problems such as training Deep Neural Networks (DNNs). Recently, thus many adaptive gradient
methodsDuchi et al.| (201 1)); Kingma & Ba|(2014));[Loshchilov & Hutter| (2018); Zhuang et al.|(2020)
have been developed and studied. For example, Adagrad Duchi et al.| (2011) is the first adaptive
gradient method that shows good performances under the sparse gradient setting. One variant of
Adagrad, i.e., Adam Kingma & Ba (2014) is a very popular adaptive gradient method and basically
is a default method of choice for training DNNs. Subsequently, some variants of Adam algorithm
Reddi et al.| (2019); [Chen et al.| (2019) have been developed and studied, and especially they have
convergence guarantee under the nonconvex setting. At the same time, some adaptive gradient
methods |Loshchilov & Hutter (2018)); /Chen et al.| (2018)); Zhuang et al.| (2020) have been presented
to improve the generalization performance of Adam algorithm. The norm version of AdaGrad (i.e.,
AdaGrad-Norm) [Ward et al.| (2019) has been presented to accelerate AdaGrad without sacrificing
generalization. Moreover, some accelerated adaptive gradient methods such as STORM |Cutkosky
& Orabonal (2019) and SUPER-ADAM Huang et al.| (2021)) have been proposed by using variance-
reduced technique. Meanwhile, [Huang et al.[ (2021); |Guo et al.| (2021a) studied the convergence
analysis framework for adaptive gradient methods.

A.3 ADDITIONAL THEORETICAL RESULTS

In this subsection, we further give the convergence properties of our BiAdam algorithm for uncon-
strained bilevel optimization.

Theorem 3 Under the above Assumptions (l l I @ [71) in the Algorithm |1} given X = R4,
m = Wfor allt > 0, agy1 = iy, 5t+1 = cCoM, M > max (k (c1k)?, (cok) 2)

125L% /2 g 1/ 15b, L2
k>0, %3 < <ml < <nl L0 <X < min (Gt gE), 0 <y <
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. AL m1/2 ’ Lg
min (\/6L%>\2;{§+’1§5b2 T L) and K = “210g(CgayCryT/ 1), we have
T 1T 2
1 7 2= Bl A 12v/6G'm 2607 2v3\ -
T ;EHVF(“)” = P ( T1/2 T1/4 T ) O(T1/4) (14)

* 2
where G' = P(F(f”kl')y’F ) 4 Sbllcﬁ(l’fo + % + 2”};’2 In(m+1T)+ 4(972;9 + 8,

Remark 3. Under the same conditions in Theorem I} based on the metric 7 Zthl E|VF (z)|,
our BiAdam algorithm still has a gradient complexity of 0(6’4) without relying on the large
mini-batches. Interestingly, the right hand side of the above inequality includes a term

T30 ElAd2
P

that can be seen as an upper bound of the expected condition number of adap-

; : , . AT EIA, 2
tive matrices {A;}_,. When A; given in the above , we have T Zt—pl 4. < Gl;' 2
as in the existing adaptive gradient methods assuming the standard bounded stochastic gradient

IV f(z; Ol < G

Next, we further give the convergence properties of our VR-BiAdam algorithm for unconstrained
bilevel optimization.

Theorem 4. Under the above Assumpttons ] l I E] [71) in the Algorithm El given X = RY,
n = Wfor all't > 0, g1 = c1n?, Piy1 = con?, m > max (2 k3, (c1k)3, (cok) 3)

L2 . biL
B> 0 > 55+ 20 0 > 2450 < A < min(P8, ), 0 <y <
min ( VGup m L) and K = Ly ~210g(CgayCryT/ 1), we have

24/24L302 2 +125b2 L3k2 7 4Lk
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t=1 P /2 * TL/3 * T )ZO(Tl/g)a (15)

5b1 L2Ag 2m!/352

z F* o m 1/3
where M' = £ (@)=F") | k}\(L + =+ 2k%(2 4+ c3)o?In(m +T) + Sk(m+T) 77 ;T) .

ky

Remark 4. Clearly, the adaptive matrix A, generated from the above (), we have
Vo i 1EHAtH2 < G1+)‘ as in the existing adaptive gradient methods assuming the standard
bounded stochastzc gradzent |V f(x;€)|| < G1. Under the same conditions in Theorem 2} based on
the metric LS T E|VF ()],
and a sample complexity of O(e~3) without relying on the large mini-batches.

our VR-BiAdam algorithm still has a convergence rate of O( Ti73 )

A.4 DETAILED CONVERGENCE ANALYSIS

In this subsection, we provide the detailed convergence analysis of our algorithms. We first review
and provide some useful lemmas.

Given a p-strongly convex function ¢(z), we define a prox-function (Bregman distance) [(Censor &
Lent (1981); /Censor & Zenios|(1992)) associated with ¢(z) as follows:

V(z,x) = ¢(2) — [o(x) + (Vo(x), 2 — z)]. (16)

Then we define a generalized projection problem as in|/Ghadimi et al.| (2016):
1
= i -V h 17
x arglzxél/l{}{(z,w>+v (z,2) + h(z)}, (17)

where X C RY, w € R? and y > 0. Here h(z) is convex and possibly nonsmooth function. At the
same time, we define a generalized gradient as follows:

1
Gx(z,w,y) = ;(m—x*) (18)
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Lemma 6. (Lemma 1 in|Ghadimi et al (2016)) Let x* be given in (I7). Then, for any x € X,
w € R% and v > 0, we have

Lo,
(w, G (@, w,7)) 2 pllGae(,w, NI + Z[h(a") — h(@)], (19)
where p > 0 depends on p-strongly convex function ¢(zx).

When h(z) = 0, in the above lemmalf] we have

(w, Gx (z,w,7)) > pl| G (z,w,7)|]*. (20)

Lemma 7. (Restatement of Lemma 5) When the gradient estimator w; generated from Algorithm|[I]
or2} for all t > 1, we have

we = VE(@)1? < Lally* () — pell” + 2l|lwe — Vf (@, 90) |17, (21
2 2 2 2 2
where L = 8(L% + Lgl’;’f“ + gyyc;ffycfy + L 529”’)

Proof. We first consider the term |V F(z;) — V f (x4, y:)||%. Since V f(xs, y* (1)) = VF(x¢), we
have

IV f (e, y* (20)) = Vo (@, 0) 1
= |Vaf(@y* (20) = V2 g(@ey" (20)) (V2,9(ze v (@) T Vil (@ y*(2)
= Vaf(@e,y) + Va,g(ze, u) (Vo g(ze, yt))_lvyf(l“n y)l?
= IV f @0y (20) = Vo f (@ ye) — V2,0 y* (20)) (V29w v (20))) T Vy f @y (@)
+ V2,900 ) (V2 9(xey (1)) Vyf @y (20) = V2 g(@e ) (V2 9(@ey" (20) T Vo f(ze,y" (@)
+ V2 g(@r, ) (V2,900 90)) Vi f (@ y* (@) — V2000 (V2 9(@nm) Vo f (e, y* (1))
+ V2 g, y) (V2,9(20.50) Vi (@)

402
< A|Vaf e,y (21) = Vaf (we yo)|I* + fy IV2yg(@e y* (@) = Vi g(ze o)l

Cglycfy 2 2 4092069 * 2
+ 7”vyyg(‘rt7y (xt)) - vyyg(xtvyt)” + THV?Jf(xtvy (mt)) - Vyf(xtvyt)”
C? c?.C? L2 Cc?
T f T f T
< 4(Lf + 9;/2 Yy + gyy ;49 Yy 4 g9 y)Hy (xt) yt||2
= AL2(ly* (x1) — el (22)
where the second last inequality is due to Assumptions and EI; the last equality holds by L? =
L2, . c? 02 c? Lic?
L?c + 9152 fy + gyy gly fy + lﬂy«ty .

Then we have

[|lws — VF(ZEt)”2 = [Jw; — ?f(:ct,yt) + ?f(xtayt) - VF(SCt)”2
< 2)lw = V(e y)|I* + 2V f (e, ye) — VF ()]

< 2|lwy =V f (@, y0) I + 8L |ly* (4) — el *. (23)
[
Lemma 8. Under the Assumptions[I| 2| B} we have
IV f(@er1:yer) = Vi@ y) 12 < Lg(Jwe — 2ol + e —vell?), (24)
qT7/C Y q"/"/CqT"/CZ"/ L C(?TU
whereL%=8( + e 4 e )-

15
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Proof.
IVF(@es1,9041) = V(@90 |12
= Vo f (@41, Y1) — viyg(xt+17yt-‘rl)(v;yg(f‘ct-i-l?yt-‘rl))_lvyf(xt—i-l?yt-‘rl)
= Vaf (e, ) + Viyg(xt,yt)(Viyg(xt,yt))_lvyf(xt,yt)HQ
= IVaf(es1,4e41) = Vaf (@ u) — Vayg(@er1, ye1) (Viyg(@esa, yt+1))_lvyf(95t+17 Yet1)
+ Viyg(ﬂftv yt)(viyg(xt-'rl? yt+1))7lvyf(xt+1, Yet1) — Vfcyg(xta Yt) (viyg(xt+lv yt+1))7lvyf($t+1, Yit1)
+ V2,9, u) (Vi g(ze, yt))_lvyf(xtﬂ, Yer1) — V9w, ye) (Vi gz, yt))_lvyf(xt+lv Yit1)
+ V2,9, u) (Vo g(ze, yt))_lvyf(xt, yo)lI?

2 40.?'!/ 2 2 2
<AV f(xit1,ye+1) — Vaf (@, y)ll” + 7\|me9($t+1,yt+1) — Vo g(e, ye) |

40.3%/ CJQ"y 2 2 2 4031?4 2
— IV 9(zit1, ye1) — Vi g(ze, yo)[I” + THVyf(xt—&-la Yir1) — Vyf(@, y)ll
8L2, C?
< 8L (e =@l + llyers = wel®) + =25 (loes = 2el® + s = well?)
8Lz C2. C? 8LAC?
g (s — @l 4 e = wel®) + = (e = 20l + g = well?)
= Ly([lzerr — 2el® + lyerr — well?), (25)

where the first inequality holds by the Assumptions[I]and[4] and the second inequality holds by the
Assumption 2}

O

Lemma 9. Suppose that the sequence {x;,y;}L_, be generated from Algorithm or Let 0 <
m<land0 <~ < ﬁ, then we have

F(zi1) < Fzy) + V() — w2 — %Hm — % (26)

p
Proof. According to Lemmal]2] the function F'(z) is L-smooth. Thus we have
Flaer1) € (@) + (V@) v — a0 + 5 o — ol @
= F(¢) + (VF (1), m(Tr1 — 20)) + §||77t(ft+1 — )|

- - Ln? .
= F(xy) + ne (we, Tpyr — )+ (VF(24) — we, Tep1 — T4) +%th+1 - $t||27

=T =T
where the second equality is due to z1 = @y + M (Ty41 — @4)-

According to Assumption (7} i.e., A; > pl; for any ¢ > 1, the function ¢;(x) = %xTAtx is p-
strongly convex, then we define a prox-function (a.k.a. Bregman distance) associated with ¢;(x) as
in|Censor & Zenios|(1992); (Ghadimi et al.| (2016),

Ve 20) = 6u(@) = [9u(0) + (Voula) o — )] = 50— 2T Aule = z). @9)

By using the above Lemma|6|to the problem Z; 1 = arg mingex { (w¢, ) +% (z—x)T A(z—24) }
at the line 5 of Algorithm T[or 2} we have

1 B 1 -
(w, 5(% — Tq1)) > PH;(% — Zo) | (29)

16
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Then we obtain

T = <wt755t+1 - xt) < —gnjwl - $t||2- (30)

Next, consider the bound of the term 75, we have
T2 = <VF(£L't) — ’wt,fi't+1 — xt>
< VE(xe) — we| - (| Te41 — 24|

< %HVF(xt) —wy? + %nfm — |2, 31)

where the first inequality is due to the Cauchy-Schwarz inequality and the last is due to Young’s
inequality. By combining the above inequalities (27), (30) with (3I), we obtain

- - Ln?, .
F(xi1) < F(xy) + me(VF(20) — we, Tep1 — To) + Wy, Tepr — ) + %”xt-&-l - $t||2

- - Ln?, .
< Pl + UV E () el + 2 e il = 2o =l 5 e )

o 4y
Y 5 Py~ o o Lniy o 2
=F LLIVF () — Syl - (B = -
(z4) + P | (1) — wel % [Ze41 — 24| (47 9 )th+1 oyl
< Fee) + 2NV ) — wil? = S e — w0l (32)
where the last inequality is due to 0 < v < Tpﬁt'

O

Lemma 10. Suppose the sequence {x,y; }1_, be generated from Algorithmor Under the above
assumptions, given 0 < ny <1, By = by, (by, > by > by > 0) forallt > 1, and 0 < A < b e

6L,’
have
x NepA . 30 -
lye+1 —y ($t+1)\|2 <(1- - Mye —y (wt)H2 - =t [Fe+1 — yt||2
4b, 4
25m; A\ o 25KPmby 2
v y) — o R — a2, 33
61y IVyg(@e, ye) — vel= + 6 [ Ze41 — 24| (33)

where k = L,/ .

Proof. According to Assumption i.e., the function g(x, y) is p-strongly convex w.r.t y, we have
9(@e,y) > glae,y) + (Vyg(ae,u).y — ve) + Sy — will?
= 9(@e, yt) + (e, ¥ — Geg1) + (Vyg(@e, ye) — ve,y — Gegr)
(V90 u), G — ) + 5y = (34)

According to the Assumption 2] i.e., the function g(z,y) is L,-smooth, we have
_ _ Ly, .
9@ Ger1) < 9@ ye) + (Vog(@e 90, Geer = v) + G = vl (35)
Combining the about inequalities (34) with (33)), we have
9(Te,y) > 9(@e, Y1) + (0, ¥ — Ger1) + (Vyg(Te, Y1) — 06, Y — Ge1)

1 Ly .
+§”y—ytH2_7g”yt+1_ytHZ' (36)

By the optimality condition of the problem ;11 = argminyey {(vs, y) + 55 (y —y¢) T Be(y — 1) }
at the line 6 of Algorithm[Tjor[2} given B; = bI},, we have

by s
(ve + f(ym — ),y — Gip1) =20, Vy e V. (37)

17
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Then we obtain

. by . .
(v, Y — Jrg1) = Xt<yt+1 — Y, Jer1 — Y)

be - by
= XtHyHl _yt||2+Xt<yt+1 —Yt, Yt — Y)- (38)
By pugging the inequalities (38) into (36), we have
~ be bt \ - 2
9(ze,y) = 9(@t, Y1) + X<yt+1 — Yyt —Y) + XHyt—&-l =yl

- iz Ly, .
+(Vyg(@t,y¢) — v,y — Je1) + §||y — || - 7g||yt+1 —u? (39)

Let y = y*(x¢), then we have

. - be , . X be  Lgy -
9(@e,y" (@) 2 g(@e, Gey1) + X@t“ =Y,y — Yy (2)) + (X - 7g)||yt+1 —ue?
* ~ Ho ok
+ (Vyg(@e, ye) = v y" (@) = Gien) + Slly" (@0) = vel* (40)
Due to the strongly-convexity of ¢(-,y) and y*(z;) = argmingeyg(x,y), we have

g(xe, y*(x1)) < g(x¢, Ye1). Thus, we obtain

by . i} .
0> f(ytﬂ =Y,y — Y (@) + (Vyg(@, y) — ve, y* (@) — Jeg1)
be Ly - T
(= S MFesr = wel® + Slly" (@) — el (41)
By yt+1 = Yt + n:(Ge41 — Yt ), wWe have

I? I

= llye + 0 (Jer1 — ye) — Yy (1)
= llye — y* (@)II* + 20 Geg1 — Yo, ye — y* (@) + 0| Gesr — well®. (42)

lyer1 — y* (z4)

Then we obtain

1 Nt~
2 * 2 2
_— . 43
|| 20 ||yt Y (xt)” ) ||yt+1 - Z/t|| (43)

~ * 1 *
(a1 — Yty — Y (w)) = 27||?Jt+1 —y (@)
Mt
Consider the upper bound of the term (V,g(z¢, y¢) — ve, y*(2¢) — Jet1), We have

<Vyg($t, yt) — U, y*(xt) - ?jt+1>
= <Vy9(f€t7yt) — v,y () — ye) + <Vyg(xt7yt) — U, Yt — Yig1)

1 [ 1 p _
> f;HVyg(xt,yt) - UtHQ - Z”y (z¢) — Z/t||2 - EHVyg(xt,yt) - Ut||2 - Z”yt - yt+1|\2

2 oy s M -
= *;\\Vyg(xtvyt) —ul® - ZHZ/ (ze) — el = Z”yt — G| (44)

By plugging the inequalities (@3] and (#4) into (T, we obtain

bt * 2
sl =Gl

< (222)\ - %)Hyt —y (@) | + (% + % + % - %)Ilﬂm —ul? + %HVyg(:ct,yt) |
(2:)72A - %)Hyt — " (x| + (% = %)Ilﬂm —yel® + %HVyg(xt,yt) — 2

= (2:);)\ - %)Hyt —y*(z)|? - (% %\ - %)HQHI —uell* + %HVyg(:vt,yt) — v)?
(s = e =" @I = Gs =l + = 19y ) = vl @)

18
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where the second inequality holds by Ly > g and 0 < 1, < 1, and the last inequality is due to
0<A< G-

A
20,

47]t
||2 ||Vy9($t,yt) - Ut||

(46)

. . 30t~
lyer1 — y*(z)]* < (1 Wye — v (o) |I” — THyt-s-l — Yt

Next, we decompose the term [|y; 11 — y* (7¢41)||? as follows:

lyer1 — v (@) = [lyes1 — ¥ (ze) + ¥ (20) — y* (mes1) |1

= ||yt+1 - y"(xt)ll2 + 2y — Y (@), 5" (@) — ¥ (we1)) + Y7 (o) = ¥ (@40 |12

<0 2 g =y @l + (4 ol (o) =3 ) P

1A 2 4by
_ 14+ -t

5 e =y @I + (14 )

where the first inequality holds by Cauchy-Schwarz inequality and Young’s inequality, and the sec-

ond inequality is due to Lemma and the last equality holds by z;1 = @y + m(Zy11 — x¢)-

<(1+ K2|lwy — 2o |, 47)

By combining the above inequalities (#6) and (7)), we have

Mg A Tlth 2 NepA | 31
1— — (1
) y )l = (4 TS

lyes1 — ¥ (@) IIP < (1 + )Hyt Ge41 — el

NP 47775)\ 4b,;

T+ H%g(sct,yt) —ul?+ 1+ mMWth — o
Since0<nt§1,0<x\§6bT"g§6L and L, >u,wehave/\< gé’—Landmglgﬁi’T‘/\.
Then we have

A A A A 22 \? A
(1+mu )(1_mu):1_nm +77tM _77tﬂ2 Sl_ﬁtﬂ7
4by 2by 2by 4b, 8b3 4b,
NP | 31 31
-1 o T
(14 20T <,
N A, Ang A 1. 4dmA  25mA
( ) <(+57) = ;
4by * pby bt i
4b by k> 4byk?  25byk?
(14 22 ¢ 2Ry DR 200
MU 6 mpA OmpA
where the second last inequality is due to 7’"‘)‘ < % and the last inequality holds by 6ub>t\m > 1. By
using x; 11 = x4 + N¢ (L1 — 1), then we have
* ’r]t/J’ 37715 ~
ye+1 = y* (w1 < (1 - )Hyt y* (x| — = gt = yel?
25 25k20:by
+ TV ) il + P s el (9)

O

A.5 CONVERGENCE ANALYSIS OF BIADAM ALGORITHM

In the subsection, we provide the detail convergence analysis of BiAdam algorithm. For notational
simplicity, let R, = R(xy,y;) forallt > 1.

Lemma 11. Assume that the stochastic partial derivatives v, 1, and w1 be generated from Algo-
rithm[l] we have

Ellwirr = V@1, ye41) = Rega | < (1= By 1)Ellwy — V(e 1) — Re|l* + 87107 (49)

3L2
+ 07715

(1Ees1 — 2 + [ Gesr — well?)

ﬂt—‘rl
3
+ ——(IRe)I® + | Res1 1),
ﬁt+1

19
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Ellvisr — Vyg(@est, yer) 1P < (1 — arp1)Ellve — Vyg(ze, yo) I + a7y 10° (50
+ 20207 [ i1 (Bl Zg1 — 2l” + Bl Gesr — well?),
02 c? c? L3c? — _ _
where L(Q) = S(L? qru fy + qm/ ;TU fy + uqru) and Rt Vf(l‘t,yt) _EE[Vf(xt7yt’§)]

forallt > 1.

Proof. Without loss of generality, we only prove the term E|wiy1 — V f(2i41,ye41) — Reva|*
The other term is similar for this term. Since wiy1 = Bep1Vf(@eg1, Yer1;Ee+1) + (1 — Bry1)wy,
we have

Ellwis1 — VI (@41, Ye1) — Rega | (51)
=E|Bi41V f (@151, Yes 15 E41) + (1= Big)wr — Vf (i1, yeg1) — Rega||?

=E[|(1 = Bes1)(we — Vf(x1,9:) — Re) + Bea (vf($t+layt+1;gt+1) — Vi (@1, y41) — Rt+1)

+(1— ﬁt+1)(vf(xt7yt) + Ry — (Vf(@e41, ye41) + Rt+1))”2
= BEAE|V (@1, yer1: E1) — VI (@1, Y1) — Rega ||?
+E[[(1 = Beg1) (we — VF(e,ye) — Re + V (e, 9¢) + Re — (VF(Teg1, Yer1) + Regr)) |1

< BBV F(mit1, Yer1: Ee1) — VF(@eg1, e11) — Rega |2+ (1= Bep1)? (L + B ) Ellwe — Vf (e, 3¢) —

+ (1= Bey1)?(1 + B%H)E”vf(ﬂ?t, ye) + Ry — (vf($t+1,yt+1) + Rip1)|?

< (1= Bip1)E|lwy — V(e y1) — RtH2 + ﬁt+1U + —
< (1= Ber1)E|wy — V (e, y¢) — Re|® + Bip10°
3 - — 3
+ ——IIVF (@1, ve41) — VI @,y 1? + =— (1R + | Res1)]?)

B

/Bt—‘rl Bt—‘rl
— 3
< (1= Bir1)Ellwe — V(@ ye) — Rell® + Bri0” + m(HRtHz + [|Req1 1)
3LZn? , . _
4 (141 — el + G2 — well?), (52)
ﬁt-‘rl

where the third equality is due to B¢, [V f(2i11,9041;&41)] = VF(@er1,91) + Riqrs the
second last inequality holds by 0 < ;1 < 1such that (1 — 3;41)?(1+ B¢41) = 1— /Bt+1 ,8t+1 +
Bl 1= PBrrand (1= B1)* (1 + 55) S (1= Ber) (L + 55) = B + 5 < Btlﬂ
and the last inequality holds by the above Lemma [§| and z;11 = xt + 9e(Te41 — @t), Y41 =
Ye + 0e(Jer1 — yt)-

Theorem 5. (Restatement of Theorem 1) Under the above Assumptwns @ 2B @G [7 in the
Algonthm given X C R% N = Wﬁ)r allt > 0, ayr1 = a1y, Ber1 = Camy,

1/2

mZmaX(k’Q(k)(ch))k>0125LSclgmk,%<02<m 0 < A<
min (15blL ) GL ), 0 <~ < min ( V/6App ml/zp) and K = 7" log(CyzyCryT/ 1),

ALip V6L2N2 2112502 L22 ALK
we have
3GmM*  2v3G V2
—;Eugx 1, VF(24),7)|| < —ZEQt < mton Tt 3
* 2
where G = F(zpl]z;F + 5b12€£\ﬁ0 + ng + 2’”" In(m+1T)+ t(;Z,qu;) QT, Ao = |lyr —y* (1) |2
2 12022 212
and L] = 125ng + =52
Proof. Since n; = W on t is decreasing and m > k2, we have n, < g = # < 1 and
v < ”ﬂ;p < 25}0 < 2L - forany ¢ > 0. Dueto 0 < 7 < landm > (c1k)?, we have

20

||vf($tayt) + Ry — (Vf(@e41,Ye41) + Ris)|)?

Ry||?
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Qg1 = c1mp < ni}’/“? < 1. Similarly, due to m > (c2k)?, we have ;41 < 1. At the same time, we

1/2 .
have ¢q, ¢y < mT According to Lemma we have

EHUt+1 - Vyg(l‘t+17yt+1)||2 - EHUt - yg(ilft’il/t)HQ (54
< —emB(|Vyg(@e, ye) — vl|* + 2L277t/01(||%+1 — 2i|® + |Fe41 — well?) + cinfo?

125 L2 1212 ,u L. - mn 252
< ——LE(Vyg(zr, v) — vill> + —S275— (1B — el® + [1Ger1 — wel®) + ktg )

e 12512

. . S 2 1/2
where the above equality holds by a1 = 174, and the last inequality is due to 12‘:’;“ <ep <P

Similarly, we have

Ellwit1 — VI (@41, ye41) — Rega || — Ellwe — Vf (e, ) — Re? (55)
= 2 3L%77t2 ~ 2 ~ 2
< =B Ellwy — V(24 y:) — Re|” + X (141 — @ell® + [|Ge41 — well?)
3
+ Bi(HRtH2 + [|Res1 1) + 87107
9 _ 2L2 N -
<~ Ellwy = Vi (we o) = Rill? + =2 (1@err = 2ol + [err = wil1?)
2 2
2 (IR, 12 R 2 munyo
+377t(” ell* (| Res | )+ TR

where the last inequality holds by ;11 = can and % <y < %/2
According to Lemmas[7]and[0] we have

F(.’L‘t+1) — F((Et) (56)

2ny - Liney P -
< pt lwe — V f (@, y0)[|> + OTtHZ/ () — well” — T;H%H — z)?

Ay - 4777 Liney Pl -
< —lwy = V(@ y) = Rl + —— | Rall> + =2y (20) — el = 5 F 41 — 2.
p p 2y
According to Lemma [0} we have
[ye+1 =y (@er)I” = llge — y" (@) |1? (57)
ﬁtﬂ)\ 2521y

|2 577t

3N, -
< - Hyt y* ()| — THyt+1 — Yl 610y

2 ~
||Vy9(37t,yt - Ut|| WHJ%H -

Next, we define a Lyapunov function (i.e., potential function), for any ¢ > 1,

5th0"}/
ALp

T, =E[F(x) +

21

$t||2.

lye — v (o) II” + %(Hvt — Vyg(@e, yo) I + llwr = Vf(ze,ye) — Rel?)].
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. T 1212
For notational simplicity, let L? = o5 L‘; + 2L° . Then we have

F15+1 - Ft

5b, Ly . . ¥
= F(ziy1) — F(xe) + ;M; (lye+1 = y* @er)1* = llye — y* (@)]1?) + ;(||Ut+1 = Vy9(@eg1, ye) I?

— e = Vyg(@e, ye) |I* + lwesr — Vi @eg1, Yer1) — Rewa||* — lwe — VF(ze,9¢) — Re|?)

Ly Ay
< OTHZ/*(%) —ul® +

_ 4
[we =V f (2, 90) — Rl|> + ’”HRtn? ’”ﬁ |Z 641 — ]|

# B8 (R = s — il + 265”; 19,10 = ol + 2 g — )
(9, 0) -~ + g (s =l + s — ) + "
gnfE”wt V(e ye) — Rell* + 2L§m (IZe1 = @ell® + 1Ge+r — well?) + %(”Rtnz + 1R ?) + m75202>
= =20 (Ll =y @l + 2B — Vo)~ Ral?) — (£ - 2 B
= Sl ol 2 IR+ URel) + P
<1 (Lam — g @)II? + 2E|fwy — (w0, ) — Rtn?) s — el + 2”,33; n?
+ (IR + | Real?) + 222 o 2, (38

where the first inequality holds by the above inequalities (34), (33)), (56) and (57); the last 1nequahty

A V6Aup 15b, L2 15b; L2
isdueto 0 < v < VGAup < 0< A< 0 < 0 for all
7= V/6L2N2p2 112562 L2r? — /6L2A2p2+125b2L2k2° 4Lip — ALip

t>1.

Let ®;, = L3|ly: — y*(z4)||? + 2||we — Vf (21, y¢) — Ri||*, we have

Vg, | pnt

ip ||37t+1 —zy|* < Ty —Te1 +

2y 4vyn
(IRl + | Resall?) + —= || Re ]l
un 4 (59)

Taking average over t = 1,2, --- ;T on both sides of @), we have

d 01 a p(T Ft+1 1 <~ 2mo? 9
Z T2 ||$t+1 — x| Z T2 T
t=1 4y t=1 t=1

1 Z ( (IR? + |Rea|?) +4nt||Rt||2).

Givenz; € X and y; € Y, let Ag = [|y1 — y*(z1)

, we have
_ 5b1 L5y 2 7 2 = 2
[y = E[F(x;) + Nip lyr —y* (z1)|I” + p(||U1 — Vyg(@n,y)I? + lwr = Vf(z1,51) — Ril?)]

501L3vAg  2v0?
+
App p

SF($1)+

) (60)

22
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where the last inequality holds by Assumption [2| Since 7); is decreasing on t, i.e., np L> ! for
any 0 <t < T, we have

T
1 D, P’
72 E( G+ gl —w?)

1
t=1
P T 1 T 1 T
< ry—-r — ([|[Re]|* + || R 4 || Ry ||
< o O Te) + S 4 Z( (IR + R ) +
p ( 5b1L3vAg  2v0? *> 1 2mo?
< rF _F -
— Tynr (1) + ALLp + +T77Tt - k2 nt 3T3Z T2 ;nt
o p(FE(x1) = F) 501 L3020 N o2mo? [T k2 dt l (m—i—t)l/?dt
- Tynr Tnr p — Tnr  Tnrk? J; m+t 373 k

+4/det
), (m+t)72

p(F(z1) — F*)  5b1L3A¢  20°  2mo? 4 32 , 8k 172
< 1 T T Hm+T
- Ty Torrn | Ty | Tor n(m +T) + e (m + 1) + 7 (m +T)
p(F(z1) — F*)  5biL3Ag 202  2mo? 4m+T)  8k\ (m+T)'/?
= - 1 T A _ )
( ey L v i e UL i T R T

where the second inequality holds by the above inequality and ||Ry|| < & forallt > 1 by
2
choosing K = %log(CgryC’fyT/u) in Algonthm Let G = @) —F" | 5hilgBo | % +

pky P2k
2 4(m+T
2;’;2 In(m+T) + 9(/)722}2) + QT, we have

(m +T)"Y2, (61)

’ﬂ \

T
Z 4 2|| Trpr — | ]

H\Q

According to the Jensen’s inequality, we have

1 1 ~ 1 * W
- ZE[ |Ze 11 — el + 5= (Lollye — v (@) || + V2llwe — V f (e, ye) — Rt||)}
T P 2y 2p
T 1/2
3 1 =~ 2 Lg * 2 2 Vv 2
< (T ; Wﬂl‘tﬂ —xf]”+ 472”2% =y (@)lI”+ TPQEHU& = Vf(@e,ye) — Rell?)
T 1/2
3 o 1 ,
= (73 G + gyt =)
V3G L4 3Gm'* V3G
< g (m+ TV < =+ (62)

where the last inequality is due to (a + b)'/* < a'/* + b'/* for all a, b > 0. Thus we have

T
1 . _
T Z *||33t+1 — x| + p(LOHyt —y* ()| + V2||lwe — V (24, y:) — Rel)]

2v/3Gm! 2v3G
— T1/2 Jr T1/4 ° (63)

23



Under review as a conference paper at ICLR 2023

Since |[w; — V f (x4, y¢) — Re|| > |lwe — V f (e, y¢)|| — || Re|, by the above inequality (63), we can
obtain

1

[M]=

E[G:] = Z]E *||$t+1 -z + - (L0||yt v @)l + V2)lwe = V(@ u)l)]
t=1

2v/3Gm!/ 2\/3G
=< T1/2 Jr T1/4 Z]E”Rt”

2V/3Gm'%  2V/3G V2

= iz T i T (64)

where the last inequality is due to || R;|| < 7 forall ¢ > 1 by choosing K = Ly log(CyazyCryT/ 1)
in Algorithm[I] According to the above 1nequa11ty (TT), we have

3GmYt 233G V2
—ZEHQX zt, VF (21), \<—2Egt < st a g (69
O

Theorem 6. (Restatement of Theorem 3) Under the above Assumptwns @ 2 B G [ in the
Algorlthm given X = R4, n, = Wfor all t > 0, app1 = cimy, 6t+1 = cony,

m > max(k2 (c1k)?, (c2k)?), k > 0, 125L < e < m;/z, $ < < m ,0 < A<
. 15b L2 f>\ ml/2, _

min ( :LI%O’ oL, ) 0 <7 < min (\/6L2A2# +‘f§5b2L2 >, i) and K = TQIOg(Cga:nyyT/N)’

we have

)”Sv;ziﬂwmw(m@am 2/6G7 %@»

1 T
T ZE||VF(1’f

(66)
po p T1/2 T1/4 T
2
where G' = p(F(mkl,)y )4 Sb"}j\(LAO + % + 2771202 In(m+T)+ 4(972;?) + %.
Proof. According to Lemmal[7] we have
Gt = ;Hﬂct — Tyl + = (L0||Z/ (@) = yell + V2V f (e, 50) — wl|)
1 N
> —|lze = Zppall + *||VF($t) — w|
Yy P
@ A—l 1 F
= || 4, wt||+;||V (1) — wyll
L AAT el + IV F () —
TA T T ' '
1
> [[wel| + = HVF(J%) — wy|
Al
(@——ﬂ\H+ IV F () — wil
> w x) —w
||A T A ' '
> |V E (x)]], (67)
||A |

where the equality (¢) holds by Z;41 = a¢ — yA; L, that can be easily obtained from the step 5
of Algorithm [l when X = R?, and the inequality (i) holds by ||As|| > p for all t > 1 due to
Assumption /| Then we have

IVE (@) || < [|A¢]| G- (68)
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According to Cauchy-Schwarz inequality, we have

1 ) 1 T 1 T 1 T
T;EHVF(JM)HST;E[%HAHHS T;E[gg] f;EHAt||2~ (69)

Then we have

T T —
3L3llye — y* (x)ll? | 6llwe — Vf (2, y0)|?
S s < LS U

3, .
+ ?Hztﬂ - 17t||2]

T t=1 p2
_;imﬁawﬁmww+uwrv%?m—&w+m?w+%mm_%m
< 2L;G(mjLT)Uz = ; 12||;;3t||2
<2 mr )+ % (70)

where the third inequality holds by the above inequality (61)), and the last inequality holds by || R;|| <
7 forall t > 1 by choosing K = % log(CyayCryT/10).

By combining the inequalities (69) and (70}, we have

1 T
= S EIVF(@)| <

t=1 t

T
T 21 Bl 42 (2\/6G’m L 2/6G \f)
T1/2 T1/4 T )’

E[G?] TZM&W

A
N
HMH

(71)

where G’ = p*G.

A.6 CONVERGENCE ANALYSIS OF VR-BIADAM ALGORITHM

In the subsection, we detail convergence analysis of VR-BiAdam algorithm.

Lemma 12. Under the above Assumptions ([I| B} H)), assume the stochastic gradient estimators v,
and wy be generated from Algorithm[2} we have

E|\Vy9($t+1,yt+1) - ’Ut+1H (1- at+1)E||Vyg($t,yt) Ut||2 + 20‘%4-102

+ AL (B[ 41 — 2e||* + El|Fes1 — vell?), (72)

Ellwis1 — VI (@41, Yer1) — Reg || < (1= Bes1)Ellwy — V f (@, ye) — Rel|* + 267107
+4L5n7 (g1 — 2e|l® + | Tesr — wel?), (73)

KL,

2 2 2 2
where LK = 2L + 6ngy fQML —2 + 6ny gzy QHL MQ + 6ngy f (Tq— DE (Q,ULg )"

Proof. Without loss of generality, we only prove the term E|w; 1 — V f(2i1,yer1) — Ret1l?.
The other term is similar for this term. Since w11 = Vf(Ti11, Y413 G41) + (1 — Bear) (wy —
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Vf(@e, ys;€41)), we have
Elwir1 — V(@11 ye41) — R |)? (74)
= E|Wf($t+1,yt+1;§_t+1) +(1— 5t+1)(wt - vf(xt,yt;f_tﬂ)) - ?f(xt+1ayt+1> - Rt+1H2
=E[(1 = Beg1)(we — V f (e, 5¢) — Re) + Beor (Vf (o1, Y415 §e41) — VI (Be41, ye41) — Regr)
+ (1= By ) (VI (@er1, yerr; €1) = VI (@i1,9041) — R — (Vi (@, 91560)) — VI (@6, 90) — Re)) |12
= (1= Be31)°Ellwe — VI (@, y¢) — Rell® + EllBesr (Vf (@1, Yes15641) — VI (Teg1, Yes1) — Reg)
+ (1 - 5t+1)(?f(33t+1ayt+1§§7t+1) - ?f(xt-i-layt-&-l) — Ry — (?f(l‘t, Yt; ft) - Vf(mt,yt) - Rt)) ||2
< (1= Ber1)’Ellwe — V(e ) — Rel|® + 2801 BV f (e1, Ye15 Eev1) — VI (@eg1, Yes1) — Rega|?
+2(1 - ﬂt+1)2”?f(xt+17yt+1§gt+1) - vf(ﬂUt+173/t+1) = Ryy1 — (@f(xt, Yi; gt)) - vf(fﬂhyt) - Rt)”2
< (1= Bi1)’Ellwe = Vf (@, 1) — Rell> + 282107 +2(1 = By 1)* IV F (@41, yer1; &1)) — VI (0,90 €0)|12
< (1= Big1)’Ellwe — Vf (@, ye) — Rell® +267110° + 4(1 = Bs1)’ L (w1 — zel® + lyerr — well?)
< (1= Bip1)Bllwe = Vf (@, 90) — Rell® + 262107 + 4L%n7 (|41 — 2l + 1Gesr — wel?),

where the third equality holds by E¢ [V f(2i41,%141;641)] = V/f(@441,Ye41) + Regq and
Ee[Vf(ze,y:&))] = VF(2e,y¢) + Ry the third last inequality holds by the inequality E[|¢ —
E[¢]|* < EJ|[¢||? the second last inequality is due to Lemma {4} the last inequality holds by
0 < Bey1 < land @1 = @ + 0T — o), Yerr = Yo + m(Jes1 — Ye)-

O

Theorem 7. (Restatement of Theorem 2) Under the above Assumptions (1} 3| B [6] [7), ln the Al-
gorithm given X C R, n, = Wr%for allt > 0, ayp1 = cinz, Bry1 = can?, m >

max (2, k%, (c1k)?, (c2k)?), k > 0, c1 > 335 + 12% L2 355+ 2,0< A <min (11562;7 GZZQ)’
. V6 ml/
0 <~ <min (2\/2“2)\2 2ff25b2 T ALk £) and K = Ly 2 10g(CyayCryT/ 1), we have
2v/3Mm! 2V3M V2
—ZEHQX xt, VF(x1), |<—ZIEQt < T1/2 + st 9
r1)— ml/352 ci+cs5)o” In(m m 1/3
where M = £ /j,zWF + 51;)12@&?0 + 2 7Rzt 2K (it 22,2 In(m+T) y Sk( ,;f) Do = lyr —

y*(x1)|1? and L3 = L? + L.

Proof. Since 1y = W on t is decreasing and m > k3, we have n; < ng = # < 1and
1/3
v < T S ah S 2L77 forany t > 0. Dueto 0 < 7y < 1 and m > (c1k)3, we have

Qpy1 = clnf <cn < m1/3 < 1. Similarly, due to m > (CQk) , we have 841 < 1. According to
Lemma[12] we have

1 1
;Ellvyg(ml, Yir1) — Ut+1H2 - ﬁEllvyg(xt,yt) - Ut||2 (76)
t —
1— a1 1 B 5 202, 02
< (5 = —)EIVyg(@e,ye) — vell? + AL20 (|| Ee1 — 2l + Fer — wel?) + ——
Mt Ne—1 ue
1 1
= (a T ) EIVyg(@e, ye) — vell® +4Lome (131 — 2l” + G40 — well?) + 263070,
where the second equality is due to a1 = ¢1n?. Similarly, we have
1 _ 1 _
;EHle - Vf($t+17yt+1) - Rt+1H2 - TE”wt - Vf(wuyt) - Rt||2 (77)
t -1
1-— 5 1 _ 5 - 282, 0%
< (= — —)E|lwe — Vi (@, ye) — Rell® + 4L%me (1Be41 — 2ol + o1 — well?) + 2 —
Mt Nt—1 Nt
1 1 — - -
= (a T come)Ellwy — V f (e, 41) = Rel|® + 4L5me ([ Er01 — 2l + |Ges1 — wel®) + 263n70°.
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By n: = W, we have

= : 1)2/3 = : 2/3
3k(m +1t—1) 3k(m/2 +t)
22/3 22/3 k2 22/3 )

1 1 1 1 1
—— —=—((m+)3 —(m+t-1)3
M -1 k(( ) ( )=

(78)

< - = =
= 3k(m+ 023 3k (m+ )23 3k3 3 < gt

where the first inequality holds by the concavity of function f(z) = z'/3, ie., (z + y)'/3 <

xt/3 4 39735 the second inequality is due to m > 2, and the last inequality is due to 0 < 7; < 1.

125L2
Letc; > 3% + 672”,sz have

1 1
E]E||vyg(xt+17yt+1) - Ut+1||2 - EEHva(ftvyt) - UtH2 (79)

125L2n,
62

E\|Vy9($t7yt) - 'Ut||2 + 4L277t(”95t+1 - xtH + ||yt+1 - yt” ) + 20%77? %,

2 9
Letcy > 575 + 5, we have

1 _ 1 _
n*E”’UJtH — Vi (@41, yes1) — Reg ||* — = IEH’wt — Vf(ze, ) — Re|? (80)
¢ -

< ——Ellwt V(e ye) — Rell> + 4L%n: (|41 — zell® + [ Ges1 — well®) + 23mi0”.

According to Lemmas[7]and[0] we have

F({Et+1) - F(xt) (81)

20,y - Ly, . P -
< pt Jwe — V f (24, y2) 1> + OTtHy (ze) —wel|® — T;Hmtﬂ — z?

Anyy - 4777 Liney . P -
< L lwy = V(e ye) — Rell? + = Rel|® + =25y (2e) — well? — S 101 — 2.
p p 2y
According to Lemma[I0] we have
lyer1 — v @ee) 1P = [lye — v* ()12 (82)
Ut# 3N, - 2577t 25/1277tbt -
< - Hyt (ﬂft)HQ - THytH - Z/t||2 ||Vy9(33t’yt) Ut||2 + WH%H - ’It||2-

Next, we define a Lyapunov function, for any ¢ > 1

5b. L2 § _
0Ty — g ()12 + —— (o = Vyg(@e y)|2 + we — VF @ m) — Re|?)].

O, =E|F(x;) +
' [ () App PNt—1
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For notational simplicity, let L3 = L? + L. Then we have

O¢11 — Oy

_ 5th(2)”Y * 2 * 2 v(1 2
= F(ziy1) — F(xe) + Nip (lyes1 = v* @er)1? = llye — y* (z0)]1?) + P EE”UHI = Vyg(@t41, Yer1) |

1 — 1 _
EHUt - Vyg(ﬂct,yt)n2 + ;E||wt+1 - Vf($t+17yt+1) - Rt+1||2 - rEHwt - Vf(xtayt) - Rt||2>
t t—1

-1

Limy

X dny
< THZJ (z¢) — ytHQ

4 -
Y \wy =V f (20, 90) — Re® + ””HR 17 = S @1 — el
2y

5b, Ly mu/\ 2 3~ 2, 2577t 2 4 25k% by | - 2
_ — v , — - - —
+ Ny lye — ™ (@) 1 [Ft4+1 — yell” + 6ubr IVyg(@e,ye) — ve||” + G |41 — 24|
¥ 125L2n; - -
p ( ; GMS “E||Vyg(ze, ye) — ve|)* + 4Lfﬂ7t(H$t+1 — 2| + |G — well?) + 2¢Enfo”

Iy . N
Oy~  Fw ) — Bul + AL (Vs — w0l + s — wel?) + 2nfo )

Ve (2 . 2 = 2 p  4AL%y 12507 L3k%y
= L2y, - IR ||lwy — Vf (e, ye) — Re||>) — (= — -
4p( Sl =" )P + 2Bl — Vo) — Ral?) - (4 - 27 - 2R
(15th%'y 413~y
4App

4y 2(c2 + c2)yo?
2 4+ 27 g2 4 2T ENT
P
e = PNt | ~
(28l — " @I + 2l — 9 ) = RelP ) = 52 s — P

t
< -2
4 2c? + ¢2)vo?
+ 2R + <p”n (83)

el Feqr — me|?

)0el|Ge1 — ye

where the first inequality holds by the above inequalities (79), (80), (8T) and (82); the last 1nequahty

A\ V6Aup 15b, L2 15b; L2
isdueto 0 < V6App < 0<A< 0 < o for
7S 2¢/24L2X2p2 412502 L2k = 24/24L2ZN2p2+125b2L2k2° 16L3p — 16L3u

allt > 1.

Let ®; = L3|lys — v*(z4)||? + 2||we — Vf (w4, y¢) — R¢||%, then we have

4 2(c? + c2)yo?
nt’7||Rt||2_|_ (1 2)7 3

gl . (84

EE ¢, + 7”1}-&-1 — x| } <O =061+

Taking average over t = 1,2, --- ,T on both sides of (84), we have

T

T 2, .2).2
pn p(© @ 1 i +cs)o
B[%0,+ £ % o - 2] < 30 A0y 2 LS ir g+ 2AER S,

t:l t=1 t 1 t=1

M:

Givenz; € X and y; € YV, let Ag = |ly1 — y*(z1)]|?, we have

5b, L2 _
01 =E[F(z1) + ;ﬂ T gy — y* (1) + ﬁ(llm Vyg(@,y)? + lwr — Vf(z1,51) — Ral?)]

501L3vAg  2v0?
+
App P1o
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where the last inequality holds by Assumption {2l Since 7 is decreasing, i.e., np, > 5! for any
0 <t <T,wehave

1 & P p?
¢ - 2
T ;ELL + W”xi%l — 4| } (86)

T
p 2(ci +c3)0” JFCz
Toyr Z: (O = Ors1) + ZTH T anHRfH

<

P ( 50 L3vAg  2vo? *) cl—i-c2
< F(x) + + -F
Ty (1) Ap P10 Z K T2Zm
- p(F(x1) — F*) N 5b1 L3Ny 202 2(3 +62)0 T k3 it % T ko
Tynr AT nonrT Ty p m+t T (m+t)1/3
F(xy) —F*)  5biL2A 202 2k3(E 4 A)o? 6k
< p(F(z1) ) 14580 a (cf+c3)0 1n(m+T)+—2(m+T)2/3
Tynr AT nonrT Tnr T
p(F(z1) — F*)  5b1L3A,  2m'/3q52 9 o o o 6k(m +T)/3\ (m +T)/3
= ( " + g + 2 +2k*(ci +c5)o" In(m+T) + T T ,

where the second inequality holds by the above inequality . Let M = Fleo=F" 5b1LoA +

pky p2kAp
2m /342 2k2 (2 +c2)o? In(m+T) 6k(m+T)/3
e p: + 2T e have
T
M
?Z |: 4 2||It+1*1't|| :| S ?(erT)l/?’ (87)

According to Jensen’s inequality, we have

T

1 1 1 . _

- ZE[T\\M =il + o (Lollye = " ()| + V2w, = V(e )~ Rill) |
t=1

~

IN
Nl o

72 X 9 B 1/2
( Z Pl [Zo41 = x4]|* + po2 s — y* (@) |I” + TPQEHU& = Vi@, yt) - Rt|2))
t=1

T 1/2
3 <I>t
= (T; 2 4 2||$t+1 — x| ))
V3M 1/6 V3Mm!/ vV3M
< i (m+ DY < ==m - T (88)

where the last inequality is due to (a + b)'/% < a'/6 + b'/6 for all a,b > 0. Thus we have

*ZE *||33t+1 — el + = (L0||yt y* (@)l + V2| we — V (e, 1) — Rell)]

2\/ 2v3M
< 2 Mm' P2 : (89)
T /2 T1/3

Since ||lwy — Vf (x4, y:) — Rel| > |we — V.f (24, y2)|| — || Re]|, by the above inequality (89), we can
obtain

T

Z *||’If+1 — x| + ;(Loﬂyt —y (@)l + V2||lwe — V(e m:) — Riel))]

2v/3Mm?/6 2\/7 f

< T1/2 + T1/3 Z 1 Re |
2V/3Mm'®  2/3M /2
Tiz T i oo (90)
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where the last inequality is due to || R;|| < 7 forall ¢ > 1 by choosing K = Ly log(ngnyyT/p)
in Algorithm 2]

According to the above inequality (TT), we have

T 1/6
L S ElGalan, V). )| < = S ElG) < MR 2T V2 )
t=1

Theorem 8. (Restatement of Theorem 4 ) Under the above Assumptwns Bl H 6 [7), in the Al-
gorzthm given X = R4, m = mfor allt > 0, aup1 = g, Pry1 = 027]?, m >
max (2, k%, (c1k)?, (c2k)?), k > 0, ¢1 > 525 + 1255 02> 355 + 5,0 < A< min (15b1L‘2’ l)

16L2p* 6Ly /)’
0 <~ <min V6Aup ™m0 and K = Lo log(CyuyCryT/ 1), we have
= 24/24L2N2 2 +125b2 L22 “IE I gy~ fy ’

T 1 T_ EllA, 112 S S
lZEIIVF(xt)\K\/TZt*l [| Al (2\/6Mm 2V/6M 2\/3)7 ©2)

_|_
- 1/2 1/3
s P TV TV T

_p 2 /:
where M' = p(F(xkln)Y ) 4 5bl/gL,\ZAO + 2m2/2302 +2k%2(2 +c2)o?In(m +T) + 76k(m;T)l .

Proof. According to Lemma([7} we have

1 ) o i}
Gr = ;Hfﬂt — T + ;(LOHZJ (20) = yell + V2IV f (e, 92) — wil])
1 B 1
> *Ith = Tl + *||VF(33t) — wy|
= HA Vg + f||VF<xt> w

1Al Ay wt\|+*HVF(wt) wi|

||A |
> ||A i [Jwell + = HVF(CUt) — w|
(ii)
> ||A i [[we]| + A, H||VF($t) we|
> ||A i IVE ()]l (93)

where the equality (i) holds by Z;,1 = x; — vA; "w, that can be easily obtained from the step 5
of Algorithm |2l when X = R<, and the inequality (i) holds by ||A¢|| > p for all ¢ > 1 due to
Assumption |/l Then we have

IVE(z)| < || A¢||Ge- (94)

According to Cauchy-Schwarz inequality, we have

1 L T 1 T 1 T
?;EHVF(SQ <5 2:: [GellAdll] < T;E[gf] ?;EHAtH?, 95)
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Then we have

T T =
L g < L g[348l =y @)1 | 6llwe = Vi@om)l? | 3 .
T;E[Qt]sTZE[ p + ; + gl — ]

p
3L o) 12||wy — Vf(ze,y:) — Re||*> 12| Ry ||?
S*Z [ o||yt (t)|| n [[we f(2t ye) — Ryl n ||2t||
P P

24M 12| Ry||?
< 2007 T1/3
< (m+T) T; P

24 M s 12
ST(m-i-T)/ +p2T2’

SEe - @?]

(96)

where the third inequality holds by the above inequality (87), and the last inequality holds by || R,|| <

# forall t > 1 by choosing K = % 10g(CyuyCry T/ ).
By combining the above inequalities (95) and (96), we have

T T

1 1

= S EIVF@)| < TZ 71y 7 S ElAe
t=1 t=1 t=1

T
L BIAR o60m 2V 2V3
P ( iz s tr ):

where M’ = p?M.
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