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ABSTRACT

The Gromov-Wasserstein (GW) distance has gained increasing interest in
the machine learning community in recent years, as it allows for the com-
parison of measures in different metric spaces. To overcome the limita-
tions imposed by the equal mass requirements of the classical GW prob-
lem, researchers have begun exploring its application in unbalanced set-
tings. However, Unbalanced GW (UGW) can only be regarded as a dis-
crepancy rather than a rigorous metric/distance between two metric mea-
sure spaces (mm-spaces). In this paper, we propose a particular case of
the UGW problem, termed Partial Gromov-Wasserstein (PGW). We es-
tablish that PGW is a well-defined metric between mm-spaces and dis-
cuss its theoretical properties, including the existence of a minimizer for
the PGW problem and the relationship between PGW and GW, among
others. We then propose two variants of the Frank-Wolfe algorithm for
solving the PGW problem and show that they are mathematically and
computationally equivalent. Moreover, based on our PGW metric, we in-
troduce the analogous concept of barycenters for mm-spaces. Finally, we
validate the effectiveness of our PGW metric and related solvers in ap-
plications such as shape matching, shape retrieval, and shape interpola-
tion, comparing them against existing baselines. Our code is available at
https://github.com/mint-vu/PGW_Metric.

1 INTRODUCTION

The classical optimal transport (OT) problem ( , ) seeks to match two probability
measures while minimizing the expected transportation cost. At the heart of classical OT
theory lies the principle of mass conservation, which aims to optimize the transfer between
two probability measures, assuming they have the same total mass and strictly preserv-
ing it. Statistical distances that arise from OT, such as Wasserstein distances, have been
widely applied across various machine learning domains, ranging from generative modeling

, : , ) to domain adaptation ( , )
and representation learning ( , ). Recent advancements have extended the
OT problem to address certain limitations within machine learning applications. These ad-
vancements include: 1) facilitating the comparison of non-negative measures that possess
different total masses via unbalanced ( , ) and partial OT ( , ),
and 2) enabling the comparison of probability measures across distinct metric spaces through
Gromov-Wasserstein distances ( , ), with applications spanning from quantum
chemistry ( , ) to natural language processing ( ,

Regarding the first aspect, many applications in machine learning involve comparing non-
negative measures (often empirical measures) with varying total amounts of mass, e.g.,
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domain adaptation ( , ). Moreover, OT distances (or dissimilarity measures)
are often not robust against outliers and noise, resulting in potentially high transportation
costs for outliers. Many recent publications have focused on variants of the OT problem that
allow for comparing non-negative measures with unequal mass. For instance, the optnnal
partial transport problem ( , ; , ;

, ; , ; , ), Kantorov1ch Rublnsteln
norm ( : , : ), and the Hellinger—
Kantorovich dlstance ( ; , ). Recent works formulating the
metric properties of partial OT w1th total variation constraints include (

, ). These methods fall under the broad category of ¢ unbalanced
optlmal transport.” In this regard, we also highlight ( , ;
, ), which enhance OT’s robustness in the presence of outhers

Regarding the second aspect, comparing probability measures across different metric spaces
is essential in many machine learning applications, ranglng from computer graphics, where
shapes and surfaces are compared ( , ), to graph parti-
tioning and matching problems ( , ). Source and target distributions often
arise from varied conditions, such as different times, contexts, or measurement techniques,
creating substantial differences in intrinsic distances among data points. The conventional
OT framework necessitates a meaningful distance across diverse domains, a requirement
that is not always achievable. To circumvent this issue, the Gromov-Wasserstein (GW)

distances were proposed in ( , ; ) as an adaptation of the Gromov-Hausdorff
distance, Wthh measures the discrepancy between two metric spaces ( , ;
, ). The GW distance ( , ) extends

OT- based d1stances to metric measure spaces (mm-spaces) up to 1s01netr1es Its invariance
across isomorphic mm-spaces makes the GW distance particularly valuable for applications
like shape comparison and matching, where invariance to rigid motion transformations is
crucial.

The main computational challenge of the GW metric is the non-convexity of its formulation
( , ). The conventional computational approach relies on the Frank-Wolfe (FW)
algorithm ( , ; , ). Optimal transport (OT) computatlonal
methods ( : ; : ; : ; ,

; ; ; , ), such as
the Slnkhorn algorlthm can be 1ncorp0rated into FW 1terat10ns Wthh yields the classical
GW solvers ( , : , : , ).

Given that the GW distance is limited to the comparison of probability mm- spaces recent
works have introduced unbalanced and partial variations (

; , ). These variations have been apphed in dlverse
contexts 1nclud1ng partial graph matching for social network analysis ( )
and the ahgnment of brain images ( , ). Although solving these unbalanced
variants of the GW problem yields notions of discrepancies between mm-spaces, their metric
properties remain unclear in the literature.

Motivated by the emerging applications of the GW problem in unbalanced settings, this
paper focuses on developing a metric between general (not necessarily probability) mm-
spaces and providing efficient solvers for its computation. Our proposed metric arises from
formulating a variant of the GW problem for unbalanced contexts, rooted in the frame-
work provided by ( , ), which we named the Partial Gromov-Wasserstein
(PGW) problem. In contrast to ( , ), which introduces a KL-divergence
penalty and a Sinkhorn solver, we employ a total variation penalty, demonstrate the result-
ing metric properties, and provide novel, efficient solvers for this problem. To the best of
our knowledge, this paper presents the first metric for non-probability mm-spaces based on
the GW distance.

Contributions. Our specific contributions to this paper are:

e« GW metric in unbalanced settings. We propose the Partial Gromov-
Wasserstein (PGW) problem and prove that it gives rise to a metric between arbi-
trary mm-spaces.
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« PGW solver. ! Analogous to the technique presented in (

), we show that the PGW problem can be turned into a variant of the GW
problem. Based on this relation, we propose two mathematically equivalent, but
distinct in numerical implementation, Frank-Wolfe solvers for the discrete PGW
problem. Inspired by the results of ( , ), we prove that similar to
the Frank-Wolfe solver presented in ( , ), our proposed solvers for
the PGW problem converge linearly to a stationary point.

e Numerical experiments. We demonstrate the performance of our proposed al-
gorithms in terms of computation time and efficacy on a series of tasks: shape-
matching with outliers between 2D and 3D objects, shape retrieval between 2D
shapes, and shape interpolation using the concept of PGW barycenters. We com-
pare the performance of our proposed algorithms against existing baselines for each
task.

2 BACKGROUND

In this section, we review the basics of OT theory, one of its variants in unbalanced contexts
called Partial OT (POT), and their connection as established in ( ,
). We then introduce the GW distance.

2.1 OPTIMAL TRANSPORT AND PARTIAL OPTIMAL TRANSPORT

Let Q C R4 be, for simplicity, a compact subset of R, and P(2) be the space of probability
measures defined on the Borel o-algebra of .

The Optimal Transport (OT) problem for u,v € P(Q), with transportation cost
c(z,y) : Q x Q — Ry being a lower-semi continuous function is defined as:

OT(uv) = min 2(e) where +(0)i= [ cloy)drfy) 1)
YD (p,v) 02
and where I'(u1,v) denotes the set of all joint probability measures on Q2 := Q x Q with
marginals p,v, ie., y1 = Mgy = W,Y2 = Toxy = Vv, Where m, 7y : 02 — Q are the
canonical projections 7 (x,y) := x, ma(z,y) := y. A minimizer for (1) always exists ( ,
; ) and when ¢(x,y) = ||z — y||P, for p > 1, it defines a metric on P(2), which is
referred to as the “p-Wasserstein distance”:

Welnv)i= min [ o= ylPdye.g). @
YED (1,v) J 2
The Partial Optimal Transport (POT) problem ( ,
; ) ) extends the OT problem to the set of Radon measures M4 (Q )
i.e., non-negative and finite measures. For A > 0 and p,v € M1 (), the POT problem is
defined as:

POT(u,v;\) :=  inf + X =l + v — , 3
(1,5 A) 7@1@(92)7(6) (Ie=ml+ v =2l (3)
where, in general, |o| denotes the total variation norm of a measure o, i.e., |o| := o(£2). The

constraint v € M (Q?) in (3) can be further restricted to v € I'<(u,v):

Pe(p,v) i={y € My (%) : 1 < pyye < v},
denoting v; < p if for any Borel set B C Q, y1(B) < u(B) (respectively, for v2 < v)
( , ). Roughly speaking, the linear penalization indicates that if the classical
transportation cost exceeds 2, it is better to create/destroy’ mass (see ( , )
for further details).

The relationship between POT and OT. By using the techniques in (
, ), the POT problem can be transferred into an OT problem, and thus, OT
solvers (e.g., network simplex) can be employed to solve the POT problem.

'Rigorously speaking, due to the non-convexity of the GW problem and its variants, current
methods achieve only local minima rather than global minima. We use the term “solver” following
the convention of previous related works ( ; , ). However,
it should be emphasized that the proposed methods aim to ﬁnd local minima rather than global
minima, similar to related and classical computational GW works.



Published as a conference paper at ICLR 2025

Proposition 2.1. ( , ; , ) Given p,v € M4 (),
construct the following measures on Q := QU {0}, for an auxiliary point So:

p=p+v|dse and U=v+ |ulds. 4)
Consider the following OT problem

OT('a’ ﬁ) = min ’?(é)a where é((E,y) = {C(l'7y) —2A foa Yy € Q;
yeT'(fu,0) 0

()

elsewhere.
Then, there exists a bijection F : T'<(u,v) — I'(f1, D) given by
F(y) =7+ (1—m) ®dx + % ® (v —2) + 10s,%- (6)

such that v is optimal for the POT problem (3) if and only if F(v) is optimal for the OT
problem (5).

It is worth noting that instead of considering the same underlying space 2 for both measures
w and v, the OT and POT problems can be formulated in the scenario where p and v are
defined on different metric spaces X and Y, respectively. In this setting, one needs a cost
function ¢ : X x Y — R, to formulate the OT and POT problems. However, in practice,
it is usually difficult to define reasonable ‘distance’ or ground cost c(-,-) between the two
spaces X and Y. In particular, the p-Wasserstein distance cannot be adopted if u,v are
defined on different spaces. To relax this requirement, in the next section, we will review
the fundamentals of the Gromouv- Wasserstein problem ( , ).

2.2 THE GROMOV-WASSERSTEIN (GW) PROBLEM

A metric measure space (mm-space) consists of a set X endowed with a metric structure,
that is, a notion of distance dx between its elements, and equipped with a Borel measure .
Asin ( , Ch. 5), we will assume that X is compact and that supp(p) = X. Given
two probability mm-spaces X = (X, dx,u), Y = (Y,dy,v), with p € P(X) and v € P(Y),
and a non-negative lower semi-continuous cost function L : R? — R, (e.g., the Euclidean
distance or the KL-loss), the Gromov-Wasserstein (GW) matching problem is defined as:

GWL(Xa Y) = inf ’7®2(L(dX('7')adY('a')))7 (7)
Y€ (k,v)

where, for brevity, we employ the notation ~®2 for the product measure
dy®2((z,y), (2',y")) = dy(x,y)dy(2',y'). If L(a,b) = |a — bJP, for 1 < p < oo, we de-
note GWE(.,-) simply by GWP(-,-). In this case, the expression (7) defines an equivalence
relation ~ among probability mm-spaces, i.e., X ~ Y if and only if GWP(X,Y) = 02. A
minimizer of the GW problem (7) always exists, and thus, we can replace inf by min. More-
over, similar to OT, the above GW problem defines a distance for probability mm-spaces
after taking the quotient under ~. For details, we refer to ( , Ch. 5 and 10).

3 THE PARTIAL GROMOV-WASSERSTEIN (PGW) PROBLEM

The Unbalanced Gromov-Wasserstein (UGW) problem for general (compact) mm-spaces
X =(X,dx,n),Y = (Y,dy,v), with g € M4 (X),v € M (Y), studied in ( ,
; , ) is defined as:

UGWX(X,Y):= inf  y®*(L(dx,dy)) + MDp(1 || 1%%) + Dy(5 | v#%)), (8)
’YEM+ (X X Y)
where A > 0 is a fixed linear penalization parameter, and Dy is a Csiszar or ¢-divergence.
The above formulation extends the classical GW problem (7) into the unbalanced setting
(1 and v are no longer necessarily probability measures but general Radon measures).

We underline two points: First, as discussed in ( , ), while the above
quantity allows us to ‘compare’ the mm-spaces X and Y, its metric property is unclear.

2Moreover, given two probability mm-spaces X and Y, GW (X, Y) = 0 if and only if there exists
a bijective isometry ¢ : X — Y such that ¢xpu = v. In particular, the GW distance is invariant
under rigid transformations (translations and rotations) of a given probability mm-space.



Published as a conference paper at ICLR 2025

Secondly, when Dy is the KL divergence, a Sinkhorn solver has been proposed in (
, ). However, a solver for general ¢-divergences has not yet been proposed.

In this paper, we will analyze the case when Dy is the total variation norm. Specifically,
for ¢ > 1, we consider the following problem, which we refer to as the Partial Gromov-
Wasserstein (PGW) problem:

PGWE (X)Y) := inf ®2(L(d% , d? (| pu®2 — 42 ®2 _ @2y (g
Na(X) o= ik 7T e d)) A AT = P =T (9)

Remark 3.1. If v €T < (u,v), the above cost functional can be rewritten as
YE(L(d%, ) + A% = P2+ [V®2 —a52)) =12 (L(d%, dY) —20) + A (lul® + |vf?)
—_———

does not depend on ~y

Proposition 3.2. Given mm-spaces X = (X,dx,u),Y = (Y, dy,v), the minimization prob-
lem (9) can be restricted to the set T<(u,v) ={y € My(X xY): v1 < p,v2 <v}. That
18,
PGWE,(EY) = il o (L df) ~2N + AP+ (10)
’ veT < (p,v

For the proof inspired by ( , ), we direct the reader to Appendix B.

We notice that a similar Partial Gromov-Wasserstein problem (and its solver) has been
studied ( , ). Indeed, in ( , ), the A-penalization in the
optimization problem (10) is avoided, but the constraint set is replaced by the subset of all
v € I'<(u, v) such that |y| = p for a fixed p € [0, min{|u/, |v|}]. We will call this formulation
the Mass-Constrained Partial Gromov-Wasserstein (MPGW) problem. In Appendix L, we
explore the relations between PGW and MPGW, and in Section 5 and Appendices O, Q,
we analyze the performance of the different solvers through different experiments.

Proposition 3.3. If L(r1,72) = [r1 — 2P, for p € [1,00), we use PGWY  to denote
PGW)eq. In this case, (9) and (10) admit a minimizer.

The proof is given in Appendix C: Its idea extends results from ( , ) from prob-
ability mm-spaces to arbitrary mm-spaces.

Next, we state one of our main results: The PGW problem gives rise to a metric between
mm-spaces. The rigorous statement, as well as its proof, is given in Appendix D: The formal
statement is based on the definition of equivalence classes among mm-spaces (see Remark
D.1). The most difficult part of the proof is the triangle inequality, and the main technique
used relies on the relation between PGW and GW (see Appendix D.3).

Proposition 3.4. Let A\ > 0, 1 < ¢,p < oo and L(ri,r2) = |r1 — ra|P.  Then
(PGWY ,(, NP defines a metric between mm-spaces.

Finally, for consistency, we provide the following result when the penalization tends to
infinity. Its proof is given in Appendix E.

Proposition 3.5. Consider probability mm-spaces X = (X,dx, pn), Y = (Y,dy,v), that is,
lu| = [v| = 1. Assume that L is a continuous function. Then limy_ s PGWiq(X,Y) =
GWE(X,Y).

4 COMPUTATION OF THE PARTIAL GW DISTANCE

In the discrete setting, consider mm-spaces X = (X,dx,> ., pXog,), Y =
(Y, dy727”:1 qféy].), where X = {z1,...,2,}, Y = {y1,...,ym}, the weights p, q}/
are non-negative numbers, and the distances dx, dy are determined by the matrices
CX e R CY € R™*™ defined by

CYi=d% (s xy) Vi,i' €[l:n] and C)j :=dl(y;,y;) Vi.j' €[l:m] (11)
Let p:=[g5%,...,¢X]" and q := [¢),...,q5]" denote the weight vectors corresponding to
the given discrete measures. We view the sets of transportation plans I'(p,q) and I'<(p, q)
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for the GW and PGW problems, respectively, as the subsets of n x m matrices
I(p,q) = {y ERT™: Yl =p,y 1, =q}, if |p|= sz =1= qu lal;  (12)

T<(p,q) = {y e RY™: 41, <p,y "1, < q}, (13)
for any pair of non-negative vectors p € R}, q € R, where 1, is the vector with all ones
in R™ (resp. 1,,), and v1,, < p means that component-wise the < relation holds.

Given by a non-negative function L : R"*" x R™*™ — R, | the transportation cost M and
the ‘partial’ transportation cost M are represented by the n X m x n x m tensors:

Moy =L(CY,CY)  and  M:=M-2\:=M—2\lpmunm,  (14)
where 1, n,m is the tensor with ones in all its entries. For each n x m x n x m tensor M
and each n X m matrix v, we define tensor-matrix multiplication M o~ € R"*™ by

(M ov)ij = > (Mg i)y -

i/,j/
Then, the Partial GW problem in (10) can be written as
PGW{(X,Y)= min Lz(y)+M|p*>+]a?), where (15)
v€l'<(p,q)

Ly(v) = M7®2 = Z Mi,j,i/,j’%,j%‘/,j/ = Z(MOW)U%‘J‘ = <MO'77'Y>F7 (16)
i g7 ij
and (-,-)r stands for the Frobenius dot product. The constant term A(|p|? + |q|?) will be
ignored in the rest of this paper since it does not depend on ~.

4.1 FRANK-WOLFE FOR THE PGW PROBLEM — SOLVER 1

In this section, we discuss the Frank-Wolfe (FW) algorithm for the PGW problem (15). A
second variant of the FW solver is provided in the Appendix G.

As a summary, in our proposed method, we address the discrete PGW problem (15), high-
lighting that the direction-finding subproblem in the Frank-Wolfe (FW) algorithm is a POT
problem for (15). Specifically, (15) is treated as a discrete POT problem in our Solver 1,
where we apply Proposition 2.1 to solve a discrete OT problem.

For each iteration k, the procedure is summarized in three steps detailed below.

The convergence analysis, detailed in Appendix K, applies the results from (
) to our context, showing that the FW algorlthm achieves a stationary point at a rate

of O(1/v/k) for non-convex objectives with a Lipschitz continuous gradient in a convex and
compact domain.

STEP 1. COMPUTATION OF GRADIENT AND OPTIMAL DIRECTION.
It is straightforward to verify that the gradient of the objective function (16) in (15) is given
by

VL (y) =2Mon. (17)
The classical method to compute M o ~ is the following: First, convert M into an (n X
m) X (n X m) matrix, denoted as v(M), and convert v into an (n x m) x 1 vector v(7).
Then, the computation of M o+ is equivalent to the matrix multiplication v(M)v(y). The
computational cost and the required storage space are O(n?m?). In certain conditions, the

above computation can be reduced to O(n? + m?). We refer to Appendices F and H for
details.

Next, we aim to solve the following problem:
YW —arg min (VL (v*)),4)p,
v€l<(p,q)
which is a discrete POT problem since it is equivalent to
min  (2M o™ 4) g + Ay ®|(Ip] + [a] — 2/7]).
vel<(p,a)

The solver can be obtained by firstly converting the POT problem into an OT problem via
Proposition 2.1 and then solving the proposed OT problem.

6
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Algorithm 1: Frank-Wolfe Algorithm for PGW, ver 1

Input Hn = Z,L 1p o;HV:Z;n1q 63/‘)”}/
Output: ~(fnad)
Compute CX,CY
for k =1,2,... do
G(k), < 2M o~®) // Compute gradient
7*) « arg milser_ (p,q) (G®) AV // Solve the POT problem.
Compute a*) € [0,1] via (18) // Line Search
f}/(k"f‘l) — (1 — a(k))ry(k) + a(k)ry(k)/// Update 0
if convergence, break

end for
,y(fznal) — ,y(k)

STEP 2: LINE SEARCH METHOD.

In this step, at the k-th iteration, we need to determine the optimal step size:

a® = arg min {£5 (1 — a)y®) + ay ™)},
ac

The optimal a®) takes the following values (see Appendix I for details):

0 if a <0,a+b>0, Sy k) = (B _ (k)
Let a®) = {1 ifa<0,a+b<0, where { a= (M ody® 6y®)p
clip(;—;, [0,1]) ifa >0, b= 2<M o~®) 5yF))

(18)
and clip(52, [0,1]) = min{max{—2,0},1}.

STEP 3: UPDATE 11 «+— (1 — a®)y(*) 4 ok ()

4.2 NUMERICAL IMPLEMENTATION DETAILS

The initial guess, v(!). In the GW problem, if there is no prior knowledge, the initial
guess is set to vV =pq’.

In PGW, however, as p1, v may not necessarily be probability measures (i.e., >, pi, > j q}/ #*

It is straightforward to verify that () € I'<(p,q) as

1 in general), we set v(1) = ﬁw.

7(1)1m _ lalp ) <p, 7(1)T1n _ Ipla

R
max(|pl, g max(|pl, |ql)

Column/Row-Reduction. According to the interpretation of the penalty weight param-
eter in the Partial OT problem (e.g. see Lemma 3.2 in ( , )), during the POT
solving step, for each i € [1 : n] (or j € [1: m]/z', if the i"" row (j*" column) of M o ()
contains a non-negative entry, all the mass of p;* (q; ¥) will be destroyed (created). Thus,
we can remove the corresponding row (column) to 1mprove the computational efficiency.

5 EXPERIMENTS
5.1 Toy EXAMPLE: SHAPE MATCHING WITH OUTLIERS

We use the moon dataset and synthetic 2D/3D spherical data in this experiment. Let
{xi}le, {y;}j=1 denote the source and target point clouds. In addition, we add nn (where
= 20%) outliers to the target point cloud. See Figure 1 for visualization.

We visualize the transportation plans given by the GW ( ), MPGW (

, ), UGW ( , ), and our proposed PGW problems. For MPGW|
UGW, and PGW, we set the mass to be 1 for each point in the source and target point
clouds. For GW, we normalize the mass of these points so that the source and target have


https://scikit-learn.org/stable/modules/generated/sklearn.datasets.make_moons.html
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the same total mass. From Figure 1, we observe that PGW and MPGW induce a one-
by-one relation in both cases, and no outlier points are matched to the source point cloud.
Meanwhile, GW matches all of the outliers. For UGW, as it applies the Sinkhorn algorithm,
we observe mass-splitting transportation plans in both cases. Moreover, we observe that
some mass from the outliers has been matched, which is not desired.

data GW MPGW uGw PGW
c_ﬁ.:p‘%‘.".{o;é‘_ ) ,:':',.:g\ie’ gy ) - f,;z\k:"!fe,-'é‘, ) ::.f'.ﬂ‘{""’ ‘i{o;,;.‘_ ) ,:':';.:g\'*-'.’ ey )
vat e Loy e e e s e s e
PN F PX i PR it P P X bk
AR k2 2. & e @ 2 . b A

Figure 1: The set of red points comprises the source point cloud. The union of the dark
blue (outliers) and light blue points comprises the target point cloud. For UGW, MPGW,
and PGW, we set the mass for each point to be the same. For GW, we normalize the mass
for the balanced mass constraint setting.

5.2 SHAPE RETRIEVAL

Experiment setup. We now employ the PGW distance to distinguish between 2D shapes,
as done in (Beier et al., 2022), and use GW, MPGW, and UGW as baselines for comparison.
Given a series of 2D shapes, we represent the shapes as mm-spaces X' = (R, ]| - [l2, ),

where pf = 22:1 aiém;ﬁ . For the GW method, we normalize the mass for the balanced mass

constraint setting (i.e., o’ = -7), and for the remaining methods, we let o/ = a for all the
shapes, where o > 0 is a fixed constant. In this manner, we compute the pairwise distances
between the shapes.

We then use the computed distances for nearest neighbor classification. We do this by
choosing a representative at random from each class in the dataset and then classifying each
shape according to its nearest representative. This is repeated over 10,000 iterations, and
we generate a confusion matrix for each distance used. Finally, using the approach given
by (Beier et al., 2022; Titouan et al., 2019b), we combine each distance with a support
vector machine (SVM), applying stratified 10-fold cross-validation. In each iteration of
cross-validation, we train an SVM using exp(—o D) as the kernel, where D is the matrix of
pairwise distances (w.r.t. one of the considered distances) restricted to 9 folds, and compute
the accuracy of the model on the remaining fold. We report the accuracy averaged over all
10 folds for each model.

Dataset setup. We test two datasets in this experiment, which we refer to as Dataset I and
Dataset I1. We construct Dataset T by adapting the 2D shape dataset given in (Beier et al.,
2022), consisting of 20 shapes in each of the classes: bone, goblet, star, and horseshoe. For
each class, we augment the dataset with an additional class by selecting either a subset of
points from each shape of that class (rectangle/bone, trapezoid/goblet, disk/star) or adding
additional points to each shape of that class (annulus/horseshoe). Hence, the final dataset
consists of 160 shapes across 8 total classes. This dataset is visualized in Figure 9a.

For Dataset I1, we generate 20 shapes for each of the classes: rectangle, house, arrow, double
arrow, semicircle, and circle. These shapes were generated in pairs, such that each shape
of class rectangle is a subset of the corresponding shape of class house, and similarly for
arrow/double arrow and semicircle/circle. This dataset is visualized in Figure 9b.
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trapezoid {i-

star

disk

horseshoe {

annulus:

rectangle arrow semicircle

PGW (ours)

double arrow

Figure 2: In each row, the first figure visualizes an example shape from each class, and the
second figure visualizes the resulting pairwise distance matrices. The first row corresponds
to Dataset I, and the second corresponds to Dataset II.

Distance Dataset I Dataset II Distance Dataset I Dataset 11

GW 0.9813 0.8083 GW 49.02s 137.12s

MPGW 0.2375 0.2500 MPGW 49.10s 93.90s

UGW 0.89375 0.9000 UGW 1484.49s 519.91s

PGW (ours)  0.9625 1.0000 PGW (ours) 35.92s 79.27s
(a) Mean accuracy of SVM using each (b) Wall-clock time comparison.

distance in the kernel.

Table 1: Accuracy and wall-clock time comparison for shape retrieval experiment.

Performance analysis. We refer to Appendix O for full numerical details, parameter
settings, and the visualization of the resulting confusion matrices. We visualize the two
considered datasets and the resulting pairwise distance matrices in Figure 2. For the SVM
experiments, GW achieves the highest accuracy on Dataset I, 98.13%, while the second best
method is PGW, 96.25%. For Dataset II, PGW achieves the highest accuracy, correctly
classifying 100% of the samples. The complete set of accuracies for all considered distances
on each dataset is reported in Table 1a.

In addition, we report the wall-clock time required to compute all pairwise distances for each
distance in Table 1b. We observe that GW, MPGW, and PGW have similar wall-clock times
across both experiments (30-50 seconds for Dataset I, 80-140 seconds for Dataset IT), with
PGW admitting a slightly faster runtime in both cases. Meanwhile, UGW requires almost
1500 seconds on the experiment with Dataset I and over 500 seconds on the experiment
with Dataset II.

5.3 PARTIAL GROMOV-WASSERSTEIN BARYCENTER AND SHAPE INTERPOLATION

By (Peyré et al., 2016), Gromov-Wasserstein can be applied to interpolate two shapes via the
concept of Gromov-Wasserstein Barycenters. In this paper, we introduce Partial Gromov-
Wasserstein Barycenters by extending the GW Barycenter to the setting of PGW as follows.

Consider the discrete mm-spaces X!, ..., X% where XF = (X*_|| - [|gay, Y0, pFd,x), with
XF = {aF}7 c R%. We denote C* = [||z¥ — 2% |?];»» and p* = [p},....pk ]. Given
positive constants Aq,...,Ax > 0, the PGW Barycenter is defined by:
min Y & (M(C,C*) o v¥,7¥) — 22 [y*|? (19)
Cvk &

where each v* € I'<(p, p*). We refer to Appendix M for the solver of (19) and details.
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Experiment setup. We apply the PGW barycenter to the following problem: Given
two shapes X = {z;}%, C R% and Y = {y;}™, C R?%, modeled as mm-spaces X =
(X, [ Nlgars Doy 0z;) and Y = (Y, || - [|gaa s iy Oy; ), We wish to find interpolations between
them. In addition, we assume Y is corrupted by noise, i.e., Y is redefined as Y = (Y, || -
lRdzs D orey Oys + > i 8,) with Y = Y U{g;}1™,, where n € [0, 1] is the noise level and each

7; is randomly selected from a particular region R C R%z.

GW,10%

PGW,10%

data t=0/7 t=177 t=211 t=3/7 t=477 t=5/7 t=6/7

Figure 3: In the first column, the first and second figures are the source and target point
clouds in the first experiment (n = 5%); the third and fourth figures are the source and
target point clouds in the second experiment (n = 10%).

Dataset setup. We adapt the dataset given in (Peyré et al., 2016). See Appendix M.1 for
further details on the dataset. In this experiment, we test n = 5%, 10%. We visualize the
barycenter interpolation from ¢t = 0/7 to t = 7/7, where (1—t), ¢ are the weight of the source
X and the target Y, respectively, in the barycenter (19). The visualization given in Figure
3 is obtained by applying SMACOF MDS (multidimensional scaling) of the minimizer C.

Performance analysis. From Figure 3, we observe that in these two scenarios, the inter-
polation derived from GW is clearly disturbed by the noise data points. For example, in
rows 1,3, columns t = 1/7,2/7,3/7, we see that the point clouds reconstructed by MDS have
significantly different width-height ratios from those of the source and target point clouds.
In contrast, PGW is significantly less disturbed, and the interpolation is more natural. The
width-height ratio of the point clouds generated by the PGW barycenter is consistent with
that of the source/target point clouds.

6 SUMMARY

In this paper, we propose the Partial Gromov-Wasserstein (PGW) problem and introduce
two Frank-Wolfe solvers for it. As a byproduct, we provide pertinent theoretical results,
including the relation between PGW and GW, the metric property of PGW, and the PGW
barycenter formulation. Furthermore, we demonstrate the efficacy of the PGW solver in
solving shape matching, shape retrieval, and shape interpolation tasks. For the shape re-
trieval experiment, we observe that due to their metric property, PGW and GW have similar
accuracy and outperform the other methods evaluated. In the shape matching and shape
interpolation experiments, we demonstrate that PGW admits a more robust result when
the data are corrupted by outliers/noisy data.
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A  NOTATION AND ABBREVIATIONS

e OT: Optimal Transport.

e POT: Partial Optimal Transport.

o« GW: Gromov-Wasserstein.

o« PGW: Partial Gromov-Wasserstein.

e« FW: Frank-Wolfe.

e MPGW: Mass-Constrained Partial Gromov-Wasserstein.

o ||+ |I: Euclidean norm.

e X?=XxX.

o M (X): set of all positive (non-negative) Randon (finite) measures defined on X.
o Py(X): set of all probability measures defined on X, whose second moment is finite.
e R,: set of all non-negative real numbers.

o R™ ™ get of all n X m matrices with real coefficients.

. Rixm.(resp. R ): set of all n x m matrices (resp., n-vectors) with non-negative
coeflicients.

o RXMXnXM. got of all n X m X n X m tensors with real coefficients.
o 1o, Luwm, luxmxnxm: vector, matrix, and tensor of all ones.

e 1g: characteristic function of a measurable set F

1 ifzek
1 = ’
£(2) {0 otherwise.

o X,Y: metric measure spaces (mm-spaces): X = (X,dx, pu), Y = (Y,dy,v).

o CX: given a discrete mm-space X = (X,dx,u), where X = {zy,...,7,}, the
symmetric matrix CX € R"*" is defined as Ci)fi/ = d%(z;,x}).

o u®2: product measure p ® p.

o Tyo: T : X =Y is a measurable function and o is a measure on X. Tyo is the
push-forward measure of o, i.e., its is the measure on Y such that for all Borel set
ACY,Tyuo(A) =a(T7H(A)).

e 7,71, 72" v is a joint measure defined in a product space having 1,72 as its first and
second marginals, respectively. In the discrete setting, they are viewed as matrices
and vectors, i.e., v € R}™*™, and y; = 71, € R}, 2 = 471, € R7.

e m : X XY — X, canonical projection mapping, with (z,y) — x. Similarly,
o : X XY — Y is canonical projection mapping, with (z,y) — y.

e m2:8 XX XY — X xY, canonical projection mapping, with (s,z,y) — (z,y).
Similarly, mo 1 maps (s, z,y) to (s,z); mo,2 maps (s,z,y) to (s,y).

o I'(p,v), where u € Pa(X),v € P2(Y) (where X,Y may not necessarily be the same
set): it is the set of all the couplings (transportation plans) between p and v, i.e.,
L(p,v) i ={y €PoAX XY): 71 =p, 2 =v}

o T'(p,q): set of all the couplings between the discrete probability measures u =
>y POy, and v = 3" | Y6, with weight vectors

X

p= 1,”.’p§}—|—

and q= [q}/,...,q%]T. (20)

That is, T'(p, q) coincides with T'(u, v), but it is viewed as a subset of n X m matrices
defined in (12).

e p,q: real numbers 1 < p, g < oc.
e D, q: vectors of weights as in (20).

e p=[p1,...,pn] <D =[P1,--.,py) if pj <pjforall 1 <j<n.
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o [pl=>" piforp=p1,...,pnl
e ¢(z,y) : X XY — R, denotes the cost function used for classical and partial optimal
transport problems. lower-semi continuous function.

o OT(p,v): it is the classical optimal transport (OT) problem between the probability
measures p and v defined in (1).

o Wy,(p,v): it is the p-Wasserstein distance between the probability measures p and
v defined in (2), for 1 < p < co.

o POT(u,v;\): the Partial Optimal Transport (OPT) problem defined in (3).

o |u|: total variation norm of the positive Randon (finite) measure p defined on a
measurable space X, i.e., |u] = p(X).

e < o: denotes that for all Borel set B C X we have that the measures p,o €
M, (X)) satisty u(B) < o(B).
o I'<(p,v), where pp € M4 (X), v € My (Y): set of all “partial transportation plans”
Pc(p,v) ={y e M (X xY): 1 < p,72 <vi.

o I'<(p,q): set of all the “partial transportation plans” between the discrete prob-

n m Y

ability measures u = Y. pXd,, and v = > j=14; Oy, with weight vectors

p=[p¥,...,pX] and q = [¢),...,q}]. That is, T<(p,q) coincides with I'<(u,v),
but it is viewed as a subset of n x m matrices defined in (13).

e A\ > 0: positive real number.
e 0: auxiliary point.
e X =X U{c}.

, U given in (4).

.
=

§: given in (53).

.
Lo}l

: given in (6).

() : X x Y = R,: cost as in (5).

e L:R xR — R: cost function for the GW problems.

e D:R xR — R: generic distance on R used for GW problems.
o GWE(.,-): GW optimization problem given in (7).

.
2>

.
o

o GWP(-,-): GW optimization problem given in (7) when L(a,b) = |a — b".

« GWZ[(.,-): general GW optimization problem for g > 1 given in (33).

o GWP(.,-): general GW optimization problem for ¢ > 1 and L(a,b) = |a — b|? given
in (34).

o GWY (-): generalized GW problem given in (39).

« GW: GW-variant problem given in (51) for the general case, and in (55) for the
discrete setting.

e L: cost given in (16) for the GW-variant problem.

e d:X x X = Ry U{oo}: “generalized” metric given in (50) for X.

e X ~ Y: equivalence relation in for mm-spaces, X ~ Y if and only if they have the
same total mass and GWP(X,Y) = 0.

. PGW>\L7 () partial GW optimization problem given in (9) or, equivalently, in
(10).

« PGWY (-,-): partial GW optimization problem given in (10) when L(a,b) = |a—b|".

o PGW,y(+,-): is is the PGW problem PC?VV;‘\”q(-7 -) for the case when p =2 = q.

o pu(¢): given a measure p and a function ¢,

u(g) = / o) dpu(z).
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o C(v; A, p,v): the transportation cost induced by transportation plan v € I'« (u, v)
in the Partial GW problem 10,

Oy Ay v) o= P2 (L(d%, d3) + M|pl? + [v]* = 2]y ]?).
o L: functional for the optimization problem PGW,(,-).
« M, M, and M: see (14), and (54). Notice that, (M — 2)\); i ;v := M j o — 2\
o (-,-)p: TFrobenius inner product for matrices, i.e., (4,B)r = trace(A'B) =
o AijBij for all A, B € R™™.
e M o~: product between the tensor M and the matrix ~.
o V: gradient.
o [1:n]={1,...,n}.
e «: step size based on the line search method.
o ~W: initialization of the algorithm.
o R, 'y(k)': previous and new transportation plans before and after step 1 in the

k—th iteration of version 1 of our proposed FW algorithm.

o 4R, ‘y(k),: previous and new transportation plans before and after step 1 in the
k—th iteration of version 2 of our proposed FW algorithm.

o G=2Mon~, G= QMO&: Gradient of the objective function in version 1 and version
2, respectively, of our proposed FW algorithm for solving the discrete version of
partial GW problem.

e (87,a,b) and (69, a,b): given in (18) and (56) for versions 1 and 2 of the algorithm,
respectively.

o C!-function: continuous and with continuous derivatives.
o MPGW,(-,-): Mass-Constrained Partial Gromov-Wasserstein defined in (77).

o I (u,v): set transportation plans defined in (78) for the Mass-Constrained Partial
Gromov-Wasserstein problem.

B PROOF OF PROPOSITION 3.2

The idea of the proof is inspired by the proof of Proposition 1 in ( , ).
The goal is to verify that
PGW (X, Y)

= inf qu m,xl’dq ,/d®2+)\ 2 ®2+l/®2— ®2
7€M+(X’Y)/(X><Y)2 (d( ), dy (v y))dy (|H nol+ V2 |)

mass penalty
transport GW cost

— i / L(d% (w,2"),d3 (y,4)dr®? + A (|02 =272 + [v92 = 72%)). (21)
Yel< () J(x xv)2

Consider v € M (X xY) such that v1 < p does not hold. Then we can write the Lebesgue
decomposition of «; with respect to u:

= fu+pt

where f > 0 is the Radon-Nikodym derivative of «; with respect to u, and p, 1 are mutually
singular, that is, there exist measurable sets A, B such that AN B =0, X = AU B and
ut(A) = 0,u(B) = 0. Without loss of generality, we can assume that the support of f lies
on A, since

v (E) = f(x)du(z) + p*(E N B) VE C X measurable.
ENA

18



Published as a conference paper at ICLR 2025

Define Ay ={zx € A: f(z) >1},As ={x € A: f(x) <1} (both are measurable, since f is
measurable), and define i = min{f, 1}px. Then,
i<p and  p<fu< futpt =

There exists a 7 € M (X x Y) such that 53 = 1,57 < v, and 72 < 5. Indeed, we can
construct 7 in the following way: First, let {y*},cx be the set of conditional measures
(disintegration) such that for every measurable (test) function ¢ : X x Y — R we have

/¢xydwsy //¢myd7 y) dy(z).

)= /X/Y]ly(:c,y) dv* (y) dia(z) YU C X x Y Borel.

Then, define ¥ as

Then, 4 verifies that 43 = [, and since i < 71, we also have that 4 < -, which implies
Y2 < V2.
Since [v1| = [12| and [71| = |72/, then we have |’71 ~N 2| = |72 _’Yz |
We claim that ) ) ) )
e e e I o e (22)
o Left-hand side of (22): Since {A, B} is a partition of X, we first split the left-hand
side of (22) as
122 = AP = (12 = P2)(A x A) + (%% = 47)(A x B) + (122 = 77)(B x A)
(I) (I1)
+(u®? —7*)(B x B).

(I11)

Then we have
(1) = (u®* =27*)(B x B) = p+ @ p= (B x B) = |+,
(I1) = (u®* =17 (A x B) + (u®* = 17%)(B x A) = 2|u™| (1 — 11)(A).
Since y1 = fu in A, then 43 = 1 in As and 41 = p in Aq, so we have
(1t =71)(A4) = (= 71) (A1) + (g —71)(A2) = (11 = 71)(A1) + (1 — 71)(A2)
= (1 —7)(A4) + (1 —7)(A4).
Thus,
(IT) = 2| |((v — ) (A) + (1 — 71)(A)),
and we also get that
(I) = (1®* =P (A x A)
= (2 =P (A1 x A1) + (%% = 27%) (A2 x Ag) + (1% —71%) (A1 x A)
+ (1% = P?) (A2 x Ay)
= (1?2 = A7) (A1 x Ay) + (2 = 37%) (A2 x Ag)+
M @u =7 @%|(A1 x A2) + [k @Y1 — 1 @ n[(A2 x Aj)
= (77 = A0 (A1 x Ay + (192 = 37%) (A2 x A2) +2(71 — 7) (A1) (1 — 71)(A2)
= (57 = W)A x A) + (12 = 7 (A x A) + 2030 = 71) (A1) (1 = 71)(A2).

>0

o Right-hand side of (22): First notice that

(m =M)(B) = (1 = 7)(B) < n(B) = |u*],
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and since 4 < p and p(B) = 0, we have

(1 —7)(B) = 0.
Then,
u®% — 22 + /82 — 38%| =
(1 - A (A x A) + (1P~ (A x A) + (452 — 752 (B x B)
+ (72 = 37)(B x B) + (u®* = 37%)(A x B) + (71? = 47%)(A x B)
+(1®2 = AP%)(B x A) + (07 = 37%)(B x A)
< (1®? = AP (A x A) + (7 7®2)(A><A)+|itlj+2|u [(m1 = 7)(4).

<(n) =(I1T) =(IT)

Thus, (22) holds.
We finish the proof of the proposition by noting that

W% = A%+ 2 = 52 < [u® = 2] = P AT+ - A5

= 19 =% = 18 =350+ P2 = 357
< 2 = A2+ [ =g

where the first inequality follows from (22), and the second inequality holds from the fact
the total variation norm |- | satisfies triangular inequality. Therefore, 4 induces a smaller
transport GW cost than v (since ¥ < ), and also 7y decreases the mass penalty in comparison
that corresponding to . Thus, 7 is a better GW transportation plan, which satisfies 31 < pu.
Similarly, we can further construct 4’ based on 4 such that 4 < u,7¥4 < v. Therefore, we
can restrict the minimization in (9) from M4 (X xY) to I'<(u,v). Thus, the equality (21)
is satisfied.

Proof of Remark 3.1. Given v € T'<(u,v), since 1 < p, v2 < v, and v1(X) = || = |y =
|v2] = 72(Y), we have

122 = AP2| + [1®? = 422 = u®2(X2) = 1P2(X?) +vE2(Y?) =252 (V)

= [ul? + [v]* = 271,
and so the transportation cost in partial GW problem (10) becomes
Clvi A 1, v)
= o ) B ) e ) 0 (157 =32 0 )
XxXY

- /(X (2,6 0 ) r o))+ 0wl + o =20
X 2

=/ (L(d% (2, 2),d% (y,y') — 2X) dy(z,y)dy(a’,y )+ A+ v)?) . (23)
(XxY)2 —_———

does not depend on 7y

O

C PROOF OF PROPOSITION 3.3

In this section, we discuss the minimizer of the Partial GW problem (9). Trivially,
I<(p,v) € M4i(X xY) and by using Proposition 3.2 it is enough to show that a min-
imizer for problem (10) exists.

We refer the reader to ( , Chapters 5 and 10) for similar ideas.
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C.1 FORMAL STATEMENT OF PROPOSITION 3.3

Suppose X, Y are compact sets, then exists compact set [0, 8] C R, such that
d(z,2"), d(y,y') € [0, 8], Ve, ' € X,y,y €Y

Let A = [0,39. Let Ly> denote the restriction of L on A%, ie. Ls» : A2 — R with
L2(r1,r9) = L(ry,ra), Vri,ro € A. Suppose L satisfies the following: there exists 0 < K <
oo such that for every ri,ry,ro,1h € A,

[Laz(r1,72) = Laz(ry,m2)| < Klry — 4], |Laz(r1,m2) — Laz(ry,rh)| < Klra —r5| - (24)
(i.e., La2 is Lipschitz on each variable). Then PGW(-,-) admits a minimizer.

Note, the condition (24) contains the case L(r1,73) = |r; — r2|P as a special case:
Lemma C.1. If L(ry,re) = |r1 — r2|P, for 1 < p < oo, then L satisfies the condition (24).
Proof. Assume that L is defined on an interval of the form [0, M], for some M > 0. Consider
ri, 71,2, € [0, M]. If p = 1, by triangle inequality, we have
|L(ry,m2) = L(r}, r2)| = |lr1 — r2| = |r} — 2] < [r1 — 7]
and similarly,
|L(r1,m2) — L(r1, )| < |r2 — 7).

From ( , page 473), since for 1 < p < oo, the function ¢ — 7, for t € [0, M], is
Lipschitz with constant bounded by pM?~!, we have

|[L(r1,m2) — L(ry,mo)| < pMP~Hry — 7.
and similarly,
|L(r1,r9) — L(r1,75)| < pMP~ ry — 7).
O
Lemma C.2. Given q > 1, consider B > 0. Then [0,8] > ¢ — ¢? € [0,89] is a Lipschitz
function.
Proof. Given ¢y, ¢y € [0, 8], we have
lef = c3l < BT er — e (25)

Thus, ¢ — ¢? is a Lipschitz function. O

C.2 CONVERGENCE AUXILIARY RESULT

If a sequence {7} converges weakly to 7, we write v = 7. In this setting, if y* = 1, it

does not imply that (y")®? A ~4®2 Thus, the technique used in classical OT for proving the
existence of a minimizer for the optimal transport optimization problem as a consequence of
the Stone-Weierstrass theorem does not apply directly in the Gromov-Wasserstein context.

Inspired by ( , ), we introduce the following lemma.

Lemma C.3. Given metric space (Z,dz), suppose ¢ : Z?> — R is a Lipschitz continuous
function with respect to (Z2,d};), where

dJZr((ZlﬂZ2)7 (Zi=zé>) = dz(Zl,Zi) + dZ(Z%Zé)» V(Z1722)7 (21725) €z

Given v € M4 (Z), and a sequence {y"}n>1 € M4 (Z) such that converges weakly to -,
A" Ry (n — 00).

Finally, consider the mapping
2320 9(0(2)) = [ o)) € R
z

Then we have the following results:
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(1) v (¢(z,-)) = ¥(é(2,-)) uniformly (when n — co).
(2) (Y")22((-, ) = v#2(¢(,-)) (when n — o0).
(3) If M C My (Z) is compact for the weak convergence, then inf,ea v®2(o(-,-))

admits a minimizer.

Proof. The main idea of the proof is similar to ( , Lemma 10.3): we extend it
from Py(Z) to M, (Z).

(1)

Since 4" 2 «, and Z is compact, we have |y*| — |y|. Then, given ¢ > 0, for n
sufficiently large we have [y"| < |y| + e.

Let us denote by ||¢||Lip the Lipschitz constant of ¢. For any 21, z2 € Z, we have:

(o1 ) — " (B )] < / 16(z1,2) — D22, 2™ (2)
gglea;wzl, 2 = ¢ 2] + 0

< (Wl +OldllLip dz(z1, 22) = Kdz (21, 22),
where K = (|| + €)||¢||Lip is a finite positive value. Note that the above inequality
also holds if we replace 4™ with ~.

Since (Z,dz) is compact, Z = Ufil B(z;,¢/K) for some z1,...,z2y € Z, where
B(z,¢/3K) ={z € Z : dz(z,2z;) < ¢/3K} is the closed ball centered at z;, with
radius /K. By definition of weak convergence, when n is sufficiently large,

Y (@(zi,)) — y(D(2:,7))| < €/3, for each i € [1: NJ.
Given z € Z, then z € B(z;) for some z;. For sufficiently large n, we have:

|’7n(¢('z> )) - ’Y((b(z, )>|
< IY(@(z,0) =" (0(zi, N+ 17" ((2i, 1)) — ¥(d(zi, )| + [v(S(2i, ) — v(d(z, )]
< Kd(z,2z;) +€/3+ Kd(z,2)) =€¢/3+¢€/3+¢€¢/3=¢. (26)

Thus, we prove the first statement.

We recall that we do not have (y)®2 2 2,
Consider an arbitrary € > 0. We have,
0 < limsup [(v")**(¢) — (7)**(9)] (27)
n—oo
<limsup (7" ©9")(¢) — (v ©7")(¢)| +limsup |(v" ©7)(¢) — (v ®7)(¢)] -
n—oo n—oo
An B,

For the first term, when n is sufficiently large, by statement (1), we have:

A, = [ 0M(0(0) = 9(6() "2
< max |[7"(6(z,-)) = v(d(2, ) [[7"]
< eyl +€) (28)
Thus, limsup,, A = lim,, A = 0.
Similarly, for the second term, when n is sufficiently large, we have
Bui= [(070(2) =160 D)t (e) < el (29)
Thus, limsup, By, = lim, B, = 0.
Therefore, from (27), (28) and (29), we obtain
limsup |(v")72(9) — (1)*(8)] = lim [(v)%(6) — (1)°*()| = 0. (30)

n—0o0
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(3) Let v € M be a sequence such that (y")®?(¢) (weakly) converges to

inf,epm v®2(4). Since M is compact, there exists a sub-sequence ™ 2y for
some v € M. Then, by statement (2), we have:

7¥2() = lim(y™)®*(g) = inf, 72%(¢),

and we complete the proof.

C.3 PROOF OF THE FORMAL STATEMENT FOR PROPOSITION 3.3

The proof follows the ideas of ( , Corollary 10.1).
Define (Z,dz) as Z := X x Y, with dz((z,y), (¢',¢)) := dx(z,2") + dy (y, ).
We claim that the following mapping
(X xY) =22 >R
((@,9), (@) = 6((@,9), (2, 1)) = L(d (w,2”), d2 (3, ) — 27
is a Lipschitz function with respect to d}, where L satisfies (24). Indeed, given
((z1,91), (@1, 91)), (22, 2), (25, 93)) € Z2, we have:
6((z1, 1), (27,91)) — ¢((z2,y2), (25, 5))]
= |L(dx (w1, 21), dy (y1,91)) — L(dx (w2, 23), dy (y2,¥3))|
< |L(dx (z1,21), dy (y1,91)) — L(dx (22, 25), dy (y1, 91))|
+ [L(dx (w2, 25), dy (y1, 1)) — L(dx (w2, 25), dy (y2,43))|
< Kld (x1, 7)) — di (w2, 25)| + K|y (y1, 1) — dy- (y2,15)]
< K'ldx (1, 27) — dx (22, 25)| + K'|dy (y1, 1) — dy (32, 3)]| (31)
< K'(dx (z1,%3) + dx (¢, 75)) + K’ (dy (y1,92) + dy (y1,72)) (32)
= K'[((dx (w1, 22) + dy (y1,92)) + ((dx (2}, 23) + dy (1, 43))]
= K'[dz((z1,31), (x2,92)) + dz (2, 91), (22, ¥2))]
= K'dZ(((z1,91), (22, 2)), (21,51, (22,72)))

where in (31), K’ = 391 K; the inequality holds by lemma C.2; The inequality (32) follows
from the triangle inequality:

dX(xl,SC/l) — dx(.’lﬁg,l‘/z) < dx(.’lfl, 3?2) + dx(l'g,xl?) + dX(m’Q,xll) — dx(.’EQ, 37/2)
=dx(z1,12) + dx (27, 2%),
and similarly,
dx(z2,75) — dx(z1,2]) < dx(x1,22) + dx (2, 25).
Let M = I'<(p,v). From ( , Proposition B.1), we have that I'<(u,v) is a
compact set with respect to the weak convergence topology.

By Lemma (C.3) part (3), we have the PGW problem, which can be written as

inf  v#%(¢) + A(lul* + [v]?)
vl < (1,v)

admits a solution, i.e., a minimizer v € I'<(u, ). Therefore, we end the proof of Proposition
3.3.

D PROOF OF PROPOSITION 3.4: METRIC PROPERTY OF PARTIAL GW

Let L(rq,72) = DP(r1,r2) for a metric D on R, and since all the metrics in R are equivalent,
for simplicity, consider D(r1,79) = |r; — ro|. (Notice that this satisfies the hypothesis of
Proposition H.1 used in the experiments).
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Consider the GW problem, for g > 1,

GW/(X,Y):= inf / L(d% (z,2"),d} (y,y)) dy®?, (33)
YEL (1) J(X xY)2
or, in particular,
GWP(X,Y):= inf / |d% (2, 2") = df, (y, ¥ )P dy®2. (34)
Vel () J(X xY)2

For probability mm-spaces we have the equivalence relation X ~ Y if and only if
GWP(X,Y) =0.

By ( , Chapter 5), X ~ Y is equivalent to the following: there exists a bijective
isometry mapping ¢ : X — Y, such that

dx (x’ .Z‘/) - dY(¢(x)’ ¢(xl>) =0, N’®2 - a.s.

Pppr = v.
Remark D.1. In the literature, the case where ¢ = 1 is the most frequently considered
problem. In particular, in ( , ) it is stated the equivalence relation X ~ Y if and

only if there exists ¢ : X — Y such that gpp = v and dx (z,2') = dy (¢(z), p(a’)) p®?% —a.s.
if and only if GWT(X,Y) = 0. Thus, X ~Y is also equivalent to have ¢ : X —'Y such that
dup =v and dx(x, ') = dy (y,y') 7®% —a.s. where v is a minimizer for GW¥(X,Y). So, in
this situation we also have d% (z,z') = d¥.(y,y') v*? — a.s. for any given q > 1. Therefore,
X~ Y if and only if GWP(X,Y) = 0.

D.1 FORMAL STATEMENT OF PROPOSITION 3.4

We first introduce the formal statement of Proposition 3.4. To do so, we extend the equiv-
alence relation ~ to all mm-spaces (not only probability mm-spaces): Given arbitrary
mm-spaces X = (X,dx,pu), Y = (Y,dy,v), where X,Y are compact and y € My (X),
v € My(Y), we write X ~ Y if and only if they have the same total mass (i.e.,
1l = u(X) = v(Y) = |v]) and GW(X, ¥) = 0.

Formal statement of Proposition 38.4: Given A\ > 0, 1 < p,gq < oo, then
(PGWfq(~,~))1/p defines a metric among mm-spaces under taking quotient with respect
to the equivalence relation ~.

Next, we discuss its proof.

D.2 NON-NEGATIVITY AND SYMMETRY PROPERTIES

It is straightforward to verify PGWY (X,Y) > 0, and that PGWY (X,Y) = PGWY (Y,X).
In what follows, we will concentrate on proving PGW{ q(X, Y) = 0 if and only if X ~ Y:
If X ~Y, then |u| = |v|, and we have

0 < PGWY (X,Y) <GWP(X,Y) =0,
where the inequality follows from the fact T'(y, ) C T'<(p,v). Thus, PGWY (X,Y) = 0.
For the other direction, suppose that PGWY (X,Y) = 0. We claim that |u| = |v| and that

there exist an optimal plan v for PGWY (X,Y) such that |u| = |y| = |v|. Let us prove

this by contradiction. Assume |u| < |v|. For convenience, suppose |u|*> < |v|? — ¢, for some
€ > 0. Then, for each v € I'<(p,v), we have [y®?| < |u|? < |v|*> — ¢, and so

PGWR (X, Y) 2 A(lul* + |v[* = 217*) =2 A(v?| = ") = Ae > 0.

Thus, PGWY (X, Y) > 0, which is a contradiction. So, |u| = |v|. In addition, if v € T'<(, v)
is optimal for PGWY (X,Y), we have |y| = |u| = |v], thus v € ['(u,v). Therefore, since
PGWY (X,Y) =0, and for such optimal v we have |v| = |u| = |v|, we obtain

/(X Y)? |dg{ ({E, I,) - dg/(ya y/)‘pd,y®2 =0.
X
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As a result, d% (z,2') = di(y,y') v** — a.s., which implies that GWZ(X,Y) = 0, and so
X~Y.

D.3 TRIANGLE INEQUALITY — STRATEGY: CONVERT THE PGW PROBLEM INTO A
GW PROBLEM

Consider three arbitrary mm-spaces S = (95,dg,0), X = (X,dx,pn), Y = (Y,dy,v). We
define S = (5,dg,6), X = (X,dg, 1), Y = (Y,dy, D) in a similar way to that of Proposition
G.1 but now aiming to have new spaces with equal total mass:

First, introduce auxiliary points cog, 501, 502 and set

S :SU{Ob07Obl,C§02},

X =X U{0p,0c01,x0},
Y :YU{OAO(),OAOhOAOQ}.

Define &, i, v as follows:

o :O—+|:u‘6501 +‘V|50232a
fio=ptolds, + [V]0s,, (35)
vo=v+ |U‘50b0 + |:U’|5C901'

Note that ¢ is not supported on point cog, similarly, fi is not supported on o1, ¥ is not
supported on cos. In addition, we have || = || = |6| = |u| + |v| + |o]. (For a similar idea
in classical unbalanced optimal transport, see, for example, ( ,

Finally, define dg : 52 5 RU {oo} as follows:

ds(s,s’) if (s,s') € 92,

00 elsewhere. (36)

dg(s,s') = {

Note, dg(-,-) is not a rigorous metric in S since we allow dg = oo. Similarly, define d¢,dy .
As a result, we have constructed new spaces

§=(8.d5,0), X=(X.dg.p), ¥=(V.dy.0) (37)
We define the following mapping Dy : (RU {oco}) x (RU {c0}) — Ry

|r1 —ralP  if 71,7 < 00,
DY (ri,ra) = ¢ A if 1 = 00,79 < 00 or vice versa, (38)
0 if 1 =T = OQ.

Note that D, is not a rigorous metric since it may sometimes violate triangle inequality.
See the following lemma for a detailed and precise explanation.

Lemma D.2. Let Dy (-,-) denote the function defined in (38). For anyro,ri,7m9 € RU{o0},
we have the following:

o Dy(r1,72) > 0. Dx(r1,72) = 0 if and only if 1 = ro, where 11 = 19 denotes that
rn=ry €ER orr; =re=o0.

o FExcept the case 11,79 € R, = 00, for all other cases, we have

Dy (r1,7r2) < Dx(r1,70) + Da(r2, r0).

Proof of Lemma D.2. Tt is straightforward to verify Dy(-,-) > 0.

Now, consider rg, 71,72 € RU{oo}. If 1 =13 € R or r; = 19 = 00, we have Dy (r1,73) = 0.
Otherwise, Dy(r1,72) > 0. So, Dx(r1,72) = 0 if and only if r1 = ra.

For the second item, we have the following cases:
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Case 1: r,r9,79 € R,
Dy(r1,12) = |r1 — 2]

< —ro| + |ro — 70|

= Dx(ro,71) + Dx(r0,72)
Case 2: r1,1792 € R, 19 = 00. We do not need to verify the inequality in this case.
Case 3: r1 € R, 19,79 = 00, or 11 = 00,73 € R, 79 = 00. In this case, we have

Dx(r1,72) = Dx(r1,70) = VA, Dx(r2,70) =0
and it is straightforward to verify the inequality.
Case 4: 71,79 = 00,73 € R. In this case, we have Dy(r1,72) = 0 < Dyx(ro,r1) + Dx(r0,72).
Case 5: r1,19,79 = 00. In this case, we have
Dy(r1,72) = Dx(r1,70) = Dx(12,70) =0

and it is straightforward to verify the inequality. O

We construct the following generalized GW problem:

GW?P (X,Y):= inf / D?(d% (z,2"),d% (y,y')) dy®2. 39
g (XY) N Md% (2, 2"), d3 (y,y')) dy (39)

C(HAAP)
Similarly, we define GWf\:q(X, S), and GWY, (S, Y).
The mapping (6) is modified as:

P (0,1) 37% 5 3% € T(6, ),
A =" 4 (0 = W) @ G + 050y @ (1= 72") + [10501,500 + V100,500
T<(o,v) 39" = 3% €T(6,0),
792 := 9 4 (0 = W) @ 8s + 050, @ (V = 757) + 100,000 + 1110501 501
D (,v) 392 412 € D(j1,9),
A=y 4 (1= 717 ® sy 00, @ (V = 13°) + [10505,500 + [1lds0,00-  (40)
Remark D.3. It is straightforward to verify the above mappings are well-defined. In
addition, we can observe that, for each v°' € T'<(o, n),7*? € T'<(o,v),¥'? € T<(u,v),
A ({02} x X) = 4% (S x {Sa}) =0, (41)
A2 ({1} x Y) = 4%(S x {so1}) = 0, (42)
A2 ({00} x V) = 4"(X x {S00}) = 0.
Proposition D.4. If y'2 € T'<(u,v) is optimal in PGW problem PGWf,q(X, Y), then
412 defined in (40) is optimal in generalized GW problem GWf’q(X, Y).  Furthermore,
CA'(&U; A i, 0) = C(v'2; M\, w, v), and thus,

PGWY (X,Y)=GW} (X,Y).

Proof of Proposition D.4. For each v € I'<(u,v), define 4 by (40).

Note that if we merge the points coq, cog, 03 as co, i.e.
So = Soy = 6oy = 3,

the value C'(9; \, fi, ) will not change. Thus, we merge these three auxiliary points.
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We have:

G ) = / D2 (A% (2, 2'), d° (2, ) )d4 >
(Xx¥)? X Y

— [t - - At [ A§5?
(XxY)? ({x}xY)? (X x{%})?
+2 / NdA®? + / AdA®? + / D¥ (00, 00)d4®?
({®IxY)x (X xY) (X x{®}x(XxY) ({}x{x})?
+2/ D¥ (oo, oo)d’y®2+2/ DX (00, 00)d4®?
({S}xY)x (X x{%}) ({}x{®}x(XxY)

+ 2/ DY (00, 00)dy®? + 2/ DY (00, 00)dy®?
({S}x{Y}) x{50}? (X x{c0}) x{0}?
[k - )P
(XxY)?
+2X(Jvl = DI+ A = D2+ 22(sl = DI+ A(el = )2

B /<x Y) A% (2, y") = a3 (. y)IP dy®?) + A(P2] + [pl* = 27%) = Clys A ).
X 2

As we merged the points o1, 309, 303, by ( , Proposition B.1.), the mapping
v — 4 defined in (40) is a bijection. Then, if v € I'<(y,v) is optimal for the PGW
problem PGWY (X, Y) (defined in (10)), 4 € I'(j2, ) is optimal for generalized GW problem

GWffq(X, Y) (defined in (39)). Therefore,
GWY (X, ¥) = PGWY (X, V).
O

Proposition D.5 (Triangle inequality for GWY (-,-)). Consider the generalized GW prob-
lem (39). Then, for any p € [1,00), we have

GW? (X, Y) < GWY (S, X) + GWE (S,Y).
Proof of Proposition D.5. We prove the case p = 2. For general p > 1, it can be proved
similarly.
Choose an optimal y'? € T'<(u,v) for PGW/\%Q(X, Y), an optimal %' € T'<(o,p) for
PGW3 (8,X), and an optimal v € T'<(a, ) for PGW3, (S,Y). Construct 5'%,4%1,4%% by
(40).
By Proposition D.4, we have that 412, 491, 492 are optimal for CT'I/I//\27(1(§§7 Y), GWf,q(S, X),
GWf,q (S, Y), respectively.
Define canonical projection mapping
mo1:(8 x X xY) = (S x X)
(s,2,9) = (s, 7).

Similarly, we define g 2,71 2.

By gluing lemma (see Lemma 5.5 ( , )), there exists 4 € /\/l+(5' x X x Y),

such that (mo1)#9 = 4, (mo.2)4Y = Y. Thus, (m12)x% is a coupling between [, 7. We

have

W) = [ DR a0 a0 G )
xV)2

/ D3(d (, ), % (3, /)32 (43)
xXxV)?
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The inequality holds since (1 2)x%,%'? € (1, »), and 4'? is optimal.

Next, we will show that

/ D3(d2 (w,2"), % (y, ")) A4

(Sx X x¥)? X Y

= / (D(d%(s, s"),d% (z,2")) + Dx(d%(s, s), d% (y,9/)))2dy 2.
PO S X S Y
(SxXxY)2

Let ((s,z,y), (s, 2',y)) € (5, X,Y)2, and assume that

Da(d% (z,2), d% (y,y')) > Da(d%(s, s"), d% (z, ")) + Dx(d%(s, s"), d% (v, 9/)). (44)

By Lemma D.2, (44) implies d¢(z,2"),dy (y,y") € R,dg(s,s") = oo. Thus, by definition
(36), it also implies

(z,2') € X2, (y,9/) € Y, (s,5) € 5%\ §°. (45)
Define the following sets:

Ay =8 x X xY,
Ag = {o00} x X x Y,
Ay ={co1} x X xY,
A2 = {Obg} x X xY.
Notice that, (44) = (45) is equivalent to
2 2
(44) = ((s,2,p), (s,2",y)) € A= J(Ai x Aa) U | (4o x 4)). (46)

i=0 i=0

Next, we will show 4%2(A4) = 0. Indeed,

5(Ao) < A({oop} x X xY) =6({o0g}) =0 by definition (35) of & ,
H(A1) < A({oer} x X xY) =42 ({cor x Y}) =0 by (42),
(A2) < A({ooz} x X x V) =4"({So2 x X}) =0 by (41).

Thus, 4¥2(A) = 0. By considering B = (S x X x Y)2\ 4, we obtain
/ D3 (2,2'), 2 (3, ') )™
SxXxV)2 X v
— [ DR (o)L () since 17() =0
B
2
< [ (DAl ). (o) + DAl (5.5, i (/) 1™ by (46)

2
< q / q / q / q / ®2.
< /( o (D@L, d% (2, 2') + Da(d(s, ), d% (0. 0')) d (47)
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Following (43) and (47), we have

1/2
GWf,q<X\ff>S< [ D§<d§<x,x%d@(y,y/))da@?)
(SxXxY)?

IN

1/2
2
Dy (d%(s,s"),d% (z,2")) + Dx(d%(s,s),dL (y,y dy®?
(/(Mxy)z( A (5,). % (@) + Da(d (s, ), 3.5)))

1/2
< / D3 (dS (s, '), d (w,2/))dy™?
(Sx X xV)? X

1/2
+</ o Di(d‘g(s,S’),d%(y,y’))dv®2> (48)
(Sx X x¥)2
1/2
-/ D3(d (5, 8), d (2, ') d(r")®?
(§x X xY)2 X

1/2
+ (/ Di(d‘g(s,S’),dé(%y'))d(wm)@z)
(SxXxY)?
=GW,(5,X) +GW3,(S,Y),

where in the third inequality (48) we used the Minkowski inequality in L2((Sx X xY)2,4®2).
O

Now, we can complete the proof of Proposition 3.4: By the Propositions D.4, we have
PGWY (X, Y) = GWY (X, V)

and similarly for PGnyq and (S, X),PGW;\’,(](S, Y). By the Proposition D.5, GWfiq(-, )
satisfies the triangle inequality, thus We complete the proof:

PGWY (X,Y) = GWY (X,Y)
< GWE (8, X) + GWE (S, Y)
= PGWY (S,X) + PGWY (S,Y).

E PROOF OF PROPOSITION 3.5: PGW CONVERGES TO GW AS A\ — oo.

In the main text, we set A € R. In this section, we discuss the limit case when A — oco.
Lemma E.1. Suppose |u| < |v|, for each v € T'<(u,v), there exists v' € T'<(p,v) such that
v <" and (m1)gy = p.
Proof. Let v € T'<(u,v).
If |y| = |p|, then we have (m1)gy = p.
If || < |p|, let " = p — (m1)wy, V" = v — (m2)xy. We have that u",v" are non-negative
measures, with |u"| = |p| — |y] > 0. If we define
1 . .
Y=yt e e,
v =l
we obtain v < «'. In addition, we have:
V"]

(m)zy = (m)py + 1" =Pl () + 1" = p,

vl
v =yl
Thus, 7' € T'<(p,v) and (m1)gy = p. 0

e ] r
()47 = (ma)gey 40" iy < (m)gy v
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Lemma E.2. Given general mm-spaces X = (X,dx,u), Y = (Y,dy,v), where p,v are
supported on bounded sets (in general, it is assumed that X and Y are compact, and that
supp(p) = X, supp(v) =Y ), consider the problem the problem PGW)eq (X)Y) with L(ry,72)

a continuous functions. If X is sufficiently large, in particular:
A> max  Ldx(z,2),dy(y,y')),
z,z’ €supp ()
Y.y’ €supp(v)
then there exists optimal v for PGWx(X,Y) such that |y| = min(|y/|, |v]).

Furthermore, when

A> max L(dX(ac,x/),dy(y,y/)),
z,z’ €supp(p)
v,y Esupp(v)

the for all optimal v € T'<(p,v), we have |y| = min(|u|, |v]).

Proof. We prove it for ¢ = 1. For a general ¢ > 1, it can be proved similarly.
Without loss of generality, suppose |u| < |v|.

Since p,v are supported on bounded sets, there exists A = [0,M] such that
dx(z,2'),dy(y,y") € A for all z,z’ € supp(p),y,y’ € supp(v).

Thus, the restriction of L on A2, denoted as L 42, is continuous on A2, and thus it is bounded.
So, consider

m:= max (L(ri,r2)) > L(dx(z,2"),dy(y,y')), Va,2' €supp(p),y,y € supp(v).

r1,72€A

Suppose 2A > m+1, and assume that there exists a optimal v € I'<(u, v) such that |y| < |pu|.
By Lemma E.1, there exists v/ such that v </, (m1)4%7" = . Thus, we have

CHs M pmv) = Cly A p,v) = /(X ; L(dx (z,2"),dy (y,y)) — 2Xd((v)®? = (1)®?)

<[ me2nd() - ()
(X XY)
= =P =) =~(uf - ) <o,
which is contradiction since + is optimal, and so we have completed the proof. O

Lemma E.3. Consider probability mm-spaces X = (X, dx,p), Y = (Y,dy,v), that is, with
|u| = |v| = 1. Then, for each A > 0, we have

PGWY (X,Y) < GW[I(X,Y).
Proof. In this setting, we have I'(y, v) C I'<(u,v), and thus
PGWY,(X,Y)

= inf / L(d (x,2"), d (y,5)dy®* + M|ul* + v = 217
Pel<(wv) J(x xY)2

AN

= et / L(d% (w,2"),d5 (y, ") + M|l + [V]? = 2]5]*)dy®?
e (p,v) (XxY)2

—  inf / L(d% (z,2"),d% (y, y'))dy®?
(XxY)?

YET (p,v)

L
— GWL(X,Y).

Based on the above properties, we can now prove Proposition 3.5:
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Proposition E.4 (Generalization of Proposition 3.5). Consider general probability mm-
spaces X = (X, dx,p), Y = (Y,dy,v), that is, with |p| = |v| = 1, where X,Y are bounded.
Assume that L is continuous. Then

lim PGW{,(X,Y) = GW[(X,Y).

A—00

Proof. When A is sufficiently large, by Lemma E.2, for each optimal v € I'<(p,v) of the
minimization problem PGW)\L’q(X,Y), we have |vy| = min(|u|,|v]) = 1. That is, vy €
I'(u,v). Plugging vy into C(yx; A, p, ), we obtain:

PG, (1) = /<X ) M (0,0 4 212+ 17 217
X 2

_ /(X | ), )2 > GW L)
X

By Lemma E.3, we also have PGWAL,Q(X7 Y) < GWqL (X,Y) and we complete the proof. [

F TENsOR ProbpucT COMPUTATION

Lemma F.1. Given a tensor M € R"™MX"X" gnd ~ ~' € R" ™ the tensor product
operator M oy satisfies the following:

(i) The mapping v — M o~y is linear with respect to .
(i5) If M is symmetric, in particular, M; ;= My ji;:,¥i,4 € [L:n], 7,5 € [1 : m],
then
(Mov,y)r=(Moy' )F.
Proof.

(i) For the first part, consider v,7" € R"*™ and k € R. For each i,j € [1: n] x [1 : m],
we have we have

(Mo (y+7))ij =Y Mijirgo(y+7 )iy

i/7j/
e PP . e PR . /
= E M; g 5vinyr + E Mz,m’d’%’j’
"y i"g

= (Mo7)ij +(Mov)iy,
(Mo (kv))ij =Y Mijir o (k7)i;
i/’j/
= kz Mi,j,i/,j/’yij
i/7j/

= k(M o7)4;.
Thus, Mo (y+v') = Mo~y+ Mo~ and M o (ky) = kM o~. Therefore, v — M o~y
is linear.

(ii) For the second part, we have
(Mo, ¥ Y=Y MYV
ijij’
> Mgy v (49)
iyj-,i/yjl
= (M~',)
where (49) follows from the fact that M is symmetric.
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G ANOTHER ALGORITHM FOR COMPUTING PGW DISTANCE — SOLVER
2

Our Algorithm 2 for solving the proposed PGW problem is based on a theoretical result
that relates GW and PGW. The details of our computational method, as well as the proof of
Proposition G.1 stated below, are provided in Appendix G.1. Based on such a proposition,
we extend the PGW problem to a discrete GW-variant problem (55), leading to a solution
for the original PGW problem by truncating the GW-variant solution.

Proposition G.1. Let X = (X,dx, p) be a mm-space. Consider an auxiliary point o and
let X = (X,dg, 1), where X = X U{co}, fi is constructed by (4), and considering oo as an

auziliary point to R such that x < oo for every v € R, we extend dx into dy : X2 RU{oc}
and define Ly : RU {0} — R as follows:

dx(x,2") ifx,a’ € X L(ri,re) — 2\ ifry,mm €R

” 4 o —
dg(e, ) {oo otherwise (Larra) : {0 elsewhere (50)
Consider the following GW-variant® problem:

Ly~

GW (X, V)= inf A4®*(L(d%,d%)) (51)

FET (f1,77)

Then, when considering the bijection v — 4 defined in (6), we have that v is optimal for
PGW problem (10) if and only if 4 is optimal for the GW-variant problem (51).

Remark G.2. Intuitively, the above proposition states that, by introducing auziliary points
0, we can build an equivalent relation between PGW and GW problem. This idea is firstly

discussed in ( , ) in a classical optimal partial transport setting. In this
paper, we extend the technique to the partial GW setting. However, this technique cannot be
extended to the MPGW setting; we refer to ( , Appendiz A.3) for details.

Proof. The mapping F defined by (6) well-defined bijection, as shown in(
).

)

Given v € T<(u, ), we have 4 = F(vy) € T'(f1,7). Let C(%; u,v) denote the transportation
cost in the GW-variant problem (51), that is,

C(¥; p,v) ::/A L% (2, 2),dL(y,y) dy(z,y)dy (', y')
(XxY)?
Then, we have
C(y; A pyv)
- / (LA (2 2"), 4 (3,5) — 20 dv®2 + Al + V)
(XxY)? ————

does not depend on

N / L(d% (w,2"),d5 (y,4) = 20) dY®2 + M(|p| +[v])  (since 4lxxy =)
(X

= / z,2'),d5 (y,9) = 20) dY*2 + M|p| + V)  (as dg|xxx = dx, dy|yxy = dy)
(X><Y)2

(2,a"), d% (g, y)) 3% + A(ul + [v])  (since Llrxz(-,-) = (L(--) = 2)))

et
J

o LA(dgz(x,x'),d;{/(y, Mdy®? +  A(Jp|+|v|) . (since L assigns 0 to co)
(a2 d t depend on 3
oes not depend on ¥

— L ~ A
3GW A(X, Y) is not a rigorous GW problem since dy = oo is possible, thus it is not a metric.
Also, X, Y are not necessarily probability mm-spaces
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Combining this with the fact that F' : v — 4 is a bijection, we have that « is optimal for
(10) if and only if 4 is optimal for (51). Under the assumptions of Proposition 3.3, there
exists an optimal v € I'<(p, v) for the PGW problem exists, and so we have:

arg min C(§;p,v) =arg min  C(y; A, 1, v). (52)
Y€ (f1,0) vel<(p,v)

O

Remark G.3. Both algorithms (Algorithm 1 and 2) are mathematically and computationally
equivalent, owing to the equivalence between the POT problem in Solver 1 and the OT problem
in Solver 2.

G.1 FRANK-WOLFE FOR THE PGW PROBLEM — SOLVER 2
Similarly to the discrete PGW problem (15), consider the discrete version of (4):
p=[p;lal] € R"*, 4= [g;[pl] € R™, (53)

and, in a similar fashion, we define M € R(n+Dx(m+D)x(n+1)x(m+1) 44

~ M; 0 i ifii’e[l:n]jj’e[l:m]
Mi iql g = LRCLEY) ’ 2J ? 4
S {0 elsewhere. (54)
Then, the GW-variant problem (51) can be written as
GW(X,Y)= min L) (55)

Y€ (D,4)

Based on Proposition G.1 (which relates PGWE(-, ) with GW (+,+)), we propose two versions

of the Frank-Wolfe algorithm ( , ) that can solve the PGW problem (15).
Apart from Algorithm 1 in ( , ), which solves a different formulation of
partial GW, and Algorithm 1 in ( , ), which applies the Sinkhorn algorithm

to solve an entropic regularized version of (8), to the best of our knowledge, a precise
computational method for the discrete PGW problem (15) has not been studied.

Here, we discuss another version of the FW Algorithm for solving the PGW problem (15).
The main idea relies on solving first the GW-variant problem (51), and, at the end of the
iterations, by using Proposition G.1, convert the solution of the GW-variant problem to a
solution for the original partial GW problem (15).

First, construct p, q, M as described in Proposition G.1. Then, for each iteration k, perform
the following three steps.

Step 1: Computation of gradient and optimal direction. Solve the OT problem:
4 arg_min (£;,(3"),9)r.
Y€ (H,a)

The gradient £, (7®)) can be computed in a similar way as described in Lemma H.2. We
refer to Section H for details.

Step 2: Line search method. Find optimal step size o%):

o) = arg min {L((1-a)3™ + ay ™)},

Similar to Solver 1, let
64k = 5k _ 3(k)
a = (Modsy®, 64®)p, (56)
b=2(M o 65®) AR L.

Then the optimal a(*) is given by formula (18). See Appendix J for a detailed discussion.

/

Step 3. Update 45+ « (1 — a))3F) 4 oF)5(F)
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Algorithm 2: Frank-Wolfe Algorithm for partial GW, ver 2

Input: p = ZZL:l sz(SwwV = Z?Ll q}/(syj,’y(l)
Output: ~(fnad)
Compute CX, 0¥, p, 4,7
forAk =12,... do
G(k), —2M o4 // Compute gradient
A" arg mingerp.q) (G, 4)p // Solve the OT problem
Compute a*) € [0,1] via (56), (18) // Line Search
FED e (1 - a®)30" + aq®) // Update 5
if convergence, break

end for
y(Final) ?y(k)[l in,1:m]

H GRADIENT COMPUTATION IN ALGORITHMS 1 AND 2

In this section, we discuss the computation of Gradient VL () in Algorithm 1 and VL (%)
in Algorithm 2.

Proposition H.1 (Proposition 1 ( , ). If the cost function can be written
as
L(ry,r2) = fi(r1) + fa(r2) — ha(r1)ha(r2) (57)
then
Mo Y= U(CXa CY7 ’Y) - hl(CX)’th(CY)Ta (58)

where u(CX,CY | 7) := fi(CX)y11] + 1,79 fo(CY).

Additionally, the following lemma builds the connection between M o~ and M o 7.

Lemma H.2. For any v € R™"*™ we have:

Mo~y= Mo~ —2\7|1,m. (59)

Proof. For any v € R"*"™ we have

Mo Y= (Mln,n,mmb —2)\) oy
= (M - 2A1n,n,m,'rn) o7y
= M oy — 2A1n,m,n,m oy

=Mo 1 2(<1n7m7'7>F>1n,m
= Moy —2A7|Llnm

where the second equality follows from Lemma F.1. O

Next, in the setting of Algorithm 2, for any 4 € R+ x(m+1) e have

VL, (3) =2Mo% (60)
and M o 4 can be computed by the following lemma.
Lemma H.3. For each 4 € ROTDX(m+1) e hape Mody € RFDX(m+D) it the following:

(N 04);; = {(()Mo?y[l in,1:m]); Z;’eih[ir:en],j €l:m] . (61)
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Proof. Recall the definition of M is given by (54), choose i € [1:n],j € [1 : m], we have

n m m

n
(Mo7)i; = Z Z M; jir 1A o + Z M; jnt1,59+1,57 + Z M; j it m+1%im+1

i=15'=1 =1 =1
+ M jnt1,m+1Yn+1,m+1

n m R n m ~
=2 D> Mgy +0+0+0=2 "> M iy

ir=1j'=1 ir=1j'=1
= (M o(A[1:n,1:m]))s;

If i =n+ 1, we have

n+1m+1
(MoA)nt1; =Y Y My jdiny =0
ir=1j'=1
Similarly, (M 0 4)i,m+1 = 0. Thus, we complete the proof. O

I LINE SEARCH IN ALGORITHM 1

In this section, we discuss the derivation of the line search algorithm.

We observe that in the partial GW setting, for each v € I'<(u, v), the marginals of y are not
fixed. Thus, we can not directly apply the classical algorithm (e.g., ( , ).

In iteration k, let 'y(k),fy(k)/ be the previous and new transportation plans from step 1 of
the algorithm. For convenience, we denote them as v and 4/, respectively.

The goal is to solve the following problem:

min L(M, (1 — o)y + o) (62)
a€el0,1]

where L£(M,~) = (M o~,7)r. By denoting dy = 4" — 7, we have
£(M, (1-—a)y+ay)= E(M, v+ ady).

Then,
(Mo (v + adv), (v +ady))r
= (M 0 5,7)r + o ({01 07,69} + (T 0 67,9 ) + a* (N © 57,69}
Let
a =(M 0 6v,07)F,
b=(M o~,6v)r + (Mo by,7)r =2(M ov,57)F, (63)
c=(Mov,)r,

where the second identity in (63) follows from Lemma F.1 and the fact that M =
M]-n,n,m,m - 2)\1n,m,n,m is Symmetric.

Therefore, the above problem (62) becomes

min ac? + ba + c.
a€l0,1]

The solution is the following:

1 ifa<0,a+b<0,
a* =40 ifa<0,a+b>0, (64)
clip(52,[0,1]) ifa>0,
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where
b b 2 if 32 e0,1]
chp(2 ,[0,1]) = min{l,max{o, 2(1}} =<0 if ;Tf <0,
1 if2>1

We can further discuss the difference in computation of @ and b in the PGW setting and
the classical GW setting. If the assumption in Proposition H.1 holds, by (58) and (59), we
have

= (M 0 6v,67)F
= ((M o 6y = 2A69|Ln,m), 07) F
= (M 007,67)r — 2\|67y[? (65)
= (u(CX,CY,67) = ha(C¥)ovha(CY) T, 7)), — 2A[691%,
b=2(Mo~,69)r
=2(M o~y = 2\|y| L. m, 07)
=2((M o7,67)F — 2\[67][7]) (66)

Note that in the classical GW setting ( , ), the term u(CX,CY,6vy) =
Onxm and |0y] = 0. Therefore, in such line search algorithm (Algorithm 2 in ( ,

), the terms u(C*X,CY,§v),2)|07|1,,xm are not required. In addition, in equation
(66), M o~,2\|v| have been computed in the gradient computation step. Thus, these two
terms can be directly applied in this step.

J LINE SEARCH IN ALGORITHM 2

Similar to the previous section, in iteration k, let 4(¥) '“y(k)/ denote the previous transporta-
tion plan and the updated transportation plan. For convenience, we denote them as 4,4/,
respectively.

Let 69 =4 — 4.
The goal is to find the following optimal «:

o =arg min L(M,(1—a)y,ad’) = arg min L'(M ady +7), (67)
a€l0,1] ael0,1]

where M e RO HDX(m+D)x(nt1)x(m+1) " with M1

2>\1n><m><n><m~

nl:m,l:n,l:m]:M:M—

9

Similar to the previous section, let
a = (Mody.59)r,
b= (M od%,4)r + (Mo%,09)r = 2(M 007, 9)r, (68)
c=(Mo4,4)r,

where (68) holds since M is symmetric. Then, the optimal « is given by (64).

It remains to discuss the computation. By Lemma F.1, we set v = 4[1 : n,1 : m],dy =
d4[1 : n,1: m]. Then,

= (Mo 63)[1:n,1:m],67)r = (M 0 6v,67)r,
b= ((Mod¥)[l:n,1:m],y)p=((Mody,")r.
Thus, we can apply (65), (66) to compute a, b in this setting by plugging in v = 4[1 : n, 1 : m|
and 6y = 69[1 : n,1:m)].
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K CONVERGENCE

As in ( ) ), we will use the results from ( , ) on the
convergence of the Frank-Wolfe algorithm for non-convex objective functions.

Consider the minimization problems

min L and min L, (H 69
veT < (p,a) 12(7) €T (.4) i1(3) (69)

that corresponds to the discrete partial GW problem and the discrete GW-variant problem
(used in version 2), respectively.

Consider the objective functions v +— Ly (y) = M4®2? and 4 — L (5) = M 49?2, where
M = M — 2\ 1p,m for a fixed matrix M € R™ ™ with A > 0, and M is given by (54).
Although M and M are symmetric for A > 0, they are not positive semi-definite, so these
objective functions are generally non-convex.

However, the constraint sets I'<(p,q) and I'(p,q) are convex and compact in R™*™ (see
Proposition B.2 in ( , )) and in ROHDX0m+1) “yegpectively.

From now on, we will concentrate on the first minimization problem in (69), and the con-
vergence analysis for the second one will be analogous.

Consider the Frank-Wolfe gap of L;; at the approximation ~) of the optimal plan ~:

gr = min (VEM(V(k)),’y(k) -V F. (70)
v€l<(p,a)

It provided a good criterion to measure the distance to a stationary point at iteration k.
Indeed, a plan v*) is a stationary transportation plan for the corresponding constrained
optimization problem in (69) if and only if g = 0. Moreover, g, is always non-negative

(gr. > 0).

From Theorem 1 in ( , ), after K iterations, we have the following upper
bound for the minimal Frank-Wolf gap:
. max{2Lq, Lip - (diam(I'<(p, 2
gk = min g < {2L1, Lip - (diam(T'< (p, 4)))"}
1<k<K \/R

(71)

where
Lii=Lo(v")Y = min £,
! M(’y ) v€r<(p,q) M(V)

is the initial global sub-optimal bound for the initialization 4" of the algorithm; Lip is the
Lipschitz constant of function v — V.L,;; and

diam(T'<(p,q)) =  sup [y —[lr
7' €L < (1,v)

is the || - || 7 diameter of I'<(p, q) in R"*™.

The important thing to notice is that the constant max{2L;, Dy} does not depend on the
iteration step k. Thus, according to Theorem 1 in ( , ), the rate in i is

O(1/VK). That is, the algorithm takes at most O(1/?) iterations to find an approximate
stationary point with a gap smaller than e.

Lemma K.1. In the discrete PGW problem, we have
diam(I'<(p, q)) < 2s := 2min(|p|, |q|) (72)

Proof. Choose 7,7 € T'<(p,q), we apply the property
(a —b)? < 24 4 2b* Va,b € R (73)
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and obtain

n,m
Iy =A% = g — v,

4]

< 20y + 21

O v+ Oy
i i

=2(*+ 1P (74)
< 2min(|p, |q[)* + 2 min(|p|, |¢|)?
= 4min(|p|, |¢])*
and thus, we complete the proof. O
Lemma K.2. For the Lip term in (71) can be bounded as following
Lip < nm LI??)J(( (CYN)P + 2(0;,/]-,)2, 2X) (75)

Proof. Pick v,7" € T'<(p,q) we have
IV L5 (v) = VL ()l
= Moy~ Moy
= |[M =2Xo (v =%

= Z( (M —2X)0 (7‘7’)]1‘,;’)2

2
=Y DMy =22 (g =i )
5,5 \t,J’
2
<Y A D IMi = 20y — Vi
5,5 \,J’
2
2 nm [nm
< (o O =200 ) 2 (St
’ ’ i,j i,
A
B
For the first term, we have:
A < max{2(C*)? +2(CY)% 2)}?
where

max{2(C*)? +2(CY)?,2)\} := max{ max 2(CX)7 +2(C);)?,2A}

04,35’
For the second term, we have:

2

Z Z |’71 37 72’ ]’

5,5 \t.J’

n,m n,m
2
/!
< E nm E |%-/,j/ — Vit 7
(] i’,g’

<n*m?lly =%
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Thus we obtain
max(2(CX)2 +2(CY)2, 2\)nm|ly — /|| r

Lip < ;
v —=~'llF

= nmmax(2(C%)2 +2(CY)2,2))

and we complete the proof. O

Combined the above two lemmas, we derive the convergence rate of the Frank-Wolf gap
(70):

Proposition K.3. When L(r1,72) = |r1 — ra|? in the PGW problem, the Frank-Wolfe gap
of algorithm 1, defined in (70) at iteration k satisfies the following:

max {2L1, 4min(|p|, [a])? - nm(max{2(CX)? 4+ 2(CY)?, 2/\})}

Vk

gk < (76)

Proof. The proof directly follows from the upper bounds (72),(75) and the inequality (71).
O

Remark K.4. Note, if the cost function in PGW is defined by |r1 — r2|P for some p # 2,
it is straightforward to verify that the upper bound of gi is obtained by replacing the term
max((CX)2 + (CY)?2,2)) should be replaced by

max [2P71((CF)P + (CY)P),2A].

1/7‘7’1/’]/
Remark K.5. It is straightforward to verify that the Frank-Wolf gap for algorithm 2 is also
upper bounded by (76).

Remark K.6. From the proposition (K.3), to achieve an e—accurate solution, the required
number of iterations is

max {2L1, 2min(|pl, [q]) - n?m? max({2(C¥)? 4 2(CY)2, 2)\})}

€2

In practice, by lemma E.2, when X is large, it is equivalent to set A = max((CX)? — (CY)?)
and thus, the value \ will not affect the number of iterations.

Remark K.7. In this remark, we compare the upper (40) and the upper bounds in previous
works, including ( , ) and cang2024supervised. We observe that:

If we ignore the term X (or equivalently, set A = max; ; ; j+(2(CX)% +2(CY)?)), the upper
bound (76) aligns with the upper bound for the Frank-Wolfe Gap in Mass-constraint PGW
(see ( , Eq. (10))) and balanced GW (see ( , p- 18).

However, there exist several differences in details between our result and the result in (

) )'

o First, in ( , ), the term nm is omitted. We suspect this omission
is a typo, as the nm term is contained in ( , ).

o In ( , ), “s” plays the role of min(|p|,|q|) in our result. The
assumption in ( , Lemma 1) is
I =l1=1

If we normalize p,q such that max(|pl,|q|) < 1, we will obtain

2min(|pl, [a])* < 2min(|p], lq]),

and our result will induce the upper bound in ( , Lemma 1).
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L RELATED WORK: MASS-CONSTRAINED PARTIAL
GROMOV-WASSERSTEIN

Partial Gromov-Wasserstein is first introduced in ( , ). To distinguish the
PGW problem in ( , ) and the PGW problem in this paper, we call the
former one the Mass-Constrained Gromov-Wasserstein problem (MPGW):

MPGW,(X,Y) = inf ®*(L(d%,d%)), (77)
YETL (1,v)

where p € [0, min{]|u|, |v|}], and
IPZ(p,v) ={y e ML(X xY):m < p, 2 < v, |7l = p}. (78)

Unlike the relationship between Partial OT and OT, it is not rigorous to claim that PGW
and MPGW are equivalent. The objective function

v = L(d (z,2), d3(y,9)) dv®? (79)
(X xY)2

is non-convex, even if the map (ry,rs) — L(ry,ra) itself is convex ( , ). If
the problem were convex, then MPGW, viewed as the ‘Lagrangian formulation’ of PGW
(adding the partial constraint into the functional via Lagrange multipliers), would coincide
with PGW. However, since these problems are not convex, we cannot assert their equivalence
in principle.

We can still investigate their relationship by the following lemma, based on which we design
the wall-clock time experiment in Section Q.

Proposition L.1. For each A > 0, there exists p € [0, min(|ul|,|v|)] such that, for each
v € T<(p,v) with |y| = p, v is optimal in PGWx(X,Y) iff v is optimal in MPGW,(X,Y).
Furthermore,

PGW(n,v) = MPGW, (11, v) + A(|u|* + [v[* = 2p%).

Proof. Pick v € TZ (u,v) C T'<(u,v), since 7 is optimal in PGW)(u,v), we have
0<CysApv)—CO5A p,v)

- / L(& (2,2, d2 (9, ) d(y®* — 1/®2)
(X xY)2

Thus, ~ is optimal in T'Z (4, v) for MPGW,(X,Y) and we complete the proof. O

Remark L.2. The above proposition clarifies a connection between PGW and M PGW .
Specifically, it implies that an optimal transportation plan for PGW can be derived from
MPGW by appropriately setting p. Howewver, it is important to note that MPGW
and PGW admit distinct transportation costs. MPGW does not define a metric,
whereas PGW does. Therefore, in experiments that require transportation costs, such as
the shape retrieval experiment described in the main text, the results produced by the two
methods will differ significantly.

Example L.3. Consider the following three mm-spaces

1000 800 400
Xl = <R37 || : Ha Z 056:61) ) XQ = <Rda || : ,ZQ5T7> 5 X3 = (Rsv H : ||7ZO[5T@> 5
1=1 =1 =1

where a > 0 is the mass of each point. For numerical stability reasons, we set aw = 1/1000.
On the one hand, if we compute MPGW, the mass is fized to be a value p € [0,0.4], since
the total mass in X3 is 0.4. For our experiment, we set p = 0.4, and we observe:

MPGW,(Xy,Xg; p = 0.4) = MPGW,(Xg,X3; p = 0.4) = MPGW,(X;,X3; p = 0.4) = 0
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On the other hand, if we compute our PGW, considering any A > 0 (in particular, we set
A =10), we obtain

PGW(X1,X9; A =10) = 3.6

PGW)\(XQ’X?,; A= 10) =4.8

PGW(Xy,X3;A=10) =84

In particular, one can verify the triangular inequality.

As a conclusion, in this example, MPGW can not describe the dissimilarity of any two
datasets taken from {X1,Xo,X3}. They are three distinct datasets, but MPGW returns zero
for each pair. On the contrary, our PGW can measure dissimilarity.

In addition, the discrepancy provided by our PGW formulation is consistent with the fol-
lowing intuitive observation: One expects the dissimilarity between X1 and X3 to be larger
than the difference X1 and Xy and than the difference between Xy and Xy. This is because
we are considering discrete measures, with the same mass at each point concentrated on the
sets {1’1, ce ,x400} C {1’1, ey, T400y - - - 735800} C {:L'l, ey L400y - - - 5 LROO0S - - - 7551000} for the
datasets X3, Xq, X1, respectively.

Remark L.4. Moreover, there may, in fact, exist instances of the two problems for which
the solution sets are not equal for any value of the hyperparameters A and p; we illustrate
this in the following example:

Consider the mm-spaces given by

Xy = (Rdlﬁ'H’Z&wi) and Xy = Rd2"|'||’zéyj
i=1 =1

If we let A = 0, then PGWo(X1,X2) has (4, ;) as a solution for all (i,j), as well as the
zero measure.

Now, we observe that for p =0, 6z, ;) is not a solution of MPGW,(X1,Xs); meanwhile,
for any p > 0, the zero measure is not a solution of MPGW ,(X1,X3).

Hence, we see that the set of solutions between PGWy(X1,Xs) and MPGW,(X1,Xs) are
distinct for all p.

Remark L.5. The other direction of the “equivalence relation” between PGW and MPGW
given by Proposition L.1 may not hold. In particular, there exists a problem M PGW,(X;,Xz)
for some p > 0, such that for all A > 0, each solution to M PGW ,(X1,Xs) is not a solution to
PGW(X1,X3), and each solution to PGW(X1,Xs) is not a solution to MPGW,(X,Xz).

As an example, consider X1 = (Rd, -1l Zjﬂﬁ 5:@) and Xy = (Rd, II - ||,Zfi? 53“), where

x1,...T200 are distinct. Then for each p € (0,100], any solution to MPGW ,(X1,Xs) is not
a solution for PGW(X1,Xzs) and vice versa.

M PARTIAL GROMOV-WASSERSTEIN BARYCENTER

We first introduce the classical Gromov-Wasserstein problem ( , ): Consider
finite discrete probability measures p', ..., u, where p* = Z?:kl pké, . and each z¥ € R
for some dj, € N. Let C* = [||zF — 2% ||?]; i7ep1:n,) and p* = [pf, ..., pk |7, Given p € R}

with |p| = 1 for some n € N and &,...,£x > 0 with fo:l & = 1, the GW barycenter
problem is defined by:

£k<L(Ca Ck) O’yka'yk>v (80)

QE.
E o]
M=

where the minimization is over all matrices C' € R"*" ~¥ € I'(p,p*),Vk € [1 : K].
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Similarly, we can extend the above definition into the PGW setting. In particular, we relax
the assumptions |p| = 1 and |p¥| = 1 for each k € [1 : K]. Given Ay,..., g > 0, the PGW
barycenter is the follow problem:

mmZ&c ) o y*, k) — 20k ]yF? (81)

Civk

where each v* € T'<(p, p*).
The problem (81) can be solved iterative by two steps:
Minimization with respect to C: For each k, we solve the PGW problem

min  (M(C,C*) o y*,7*) — 2Xk 7"
ykel < (p,p*)

via solver 1 or 2.

Minimization with respect to {y*}:
man&€ (C,C*) o F 4F) (82)

Note, we can ignore the —2\z|v¥|? terms as 7" is fixed in this case.

It has closed form solution due to the following lemma and proposition:
Lemma M.1. Given matrices A € R»™ B c R™! C € R™, [et

L= (AB,C),
then 9% = CBT.

Proof. For any i € [1:n],j € [1: m], we have

dr d
= i’ .47 AB i’ 4!
dAij ~ dA” C 5] ( ) 5J
_ (2 Ak Br.j)
ZO’”’T

)

frng Z Ci,j/Bk?,j’ = (CBT)”
j/
O
Proposition M.2. If L satisfies (57), and f1/h} is invertible, then (82) can be solved by

C— (f) (Zk smh2<ck><w> | (53

h k& ()T
where A A 0
5= [BZLJ , with convention 0= 0.
Special case: if |p| < |p¥|,Vk, when X is sufficiently large, (83) and ( ,

Proposition 3) coincide.

Proof. From Proposition H.1, the objective in (82) becomes

L= GO, +1a(35) T f2(CF) = ha(C)y*ha(CF) T, 7%
k

= GO, + D &(la(15) T £2(CF),7") =D & (C)r*ha(CH) T, 4%)
k k k

constant
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We set % = 0. From Lemma M.1, we have:

ac
0:

ac
=Y & S(C) OV L ()T = D &b (C) ©4Fha(CF) ()T
k k

= 1(C) O &7 1n, () T = B(C) © Y &rFha(CF) ()T
k k

= H(O) 0 Y et ()T -m(0) 0 3 6rha(CF) (M) (84)
k k

B A
We claim % is well-defined, i.e., if B;; = 0, then A;; = 0.
For each 4,5 € [1: n], if B;; = 0, we have two cases:
Case 1: Vk € [1: K], we have v¥[i] = 0.
Thus, v*[i,:] = O,T”c. So Ali,:] = (v*ho(CF)Y(v®) i, ] = OTTLk_.
Case 2: Vk € [1: K], we have v¥[j] = 0.
It implies (v%)1[:, 7] = 0y, thus A[:, j] = (v*h2(C*))(v*) [, 4] = 0y, . Therefore, A;; = 0.

Thus % is well-defined.

In addition, in these two cases, if we change the value C¥

i7» £ will not change.
From (84), we have:

(f{(c)) _ (Zeantha (M)
hy ij (Zk §k7f(7{€)T)ij
if B;; > 0. In addition, if B;; = 0, there is no constraint for Cj;.
Combining it with the fact that if B; ; = 0, then C} ; does not affect £. Thus,
we have the following is a solution:
o <f{) - (Zk fk'Ykh2<Ck)('7k)T) _
hi k&t ()T

In particular case: |p| < |p¥|,Vk, suppose A > max{c?: ¢ € |J, C* U C}, by lemma E.1, we
have for each k, |v*| = min(|p|, |p|*) = |p|, that is 4} = p.

Thus,
DG =) &) =Y &pp' =pp’
k k k
Thus, € — (}{7)*1 (kakhzgc’“x%f) . -
1 pPp

Remark M.3. In 1% loss case, i.e. L(r1,r9) = |r1 —r2|?, (83) becomes

C = Ek: fk'Yka(’Yk)T .
SR & ()T

Since in this case, we can set
fl(x) = x27f2(y) = y2,h1($) = 2x,h2(y) =Y.

! ’ _1
Thus }%(x) =2 =z and (}{—}1) (x) = x. Therefore, (83) becomes (85).
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Algorithm 3: Partial Gromov-Wasserstein Barycenter

Input: {C* p* A}, p

Output: C

Initialize C.

fori=1,2,...do
compute v* <= argmin, cp_ , i) (£(C, CF) = 2X4,7),Vk € [1: K.
Update C by (83).
if convergence, break

end for

Algorithm 4: Mass-Constrained Partial Gromov-Wasserstein Barycenter

InPUt: {Ck7 pk7 Ak}szlv p

Output: C

Initialize C.

fori=1,2,...do
compute y* + arg min, ¢ pex (o.p") (L(C C*),v),Vk € [1: K].
Update C by (83).
if convergence, break

end for

Similarly, we can also extend the above PGW Barycenter into the MPGW setting:

K

: k k .k
mlgl;ik(L(C,C ) o7*,7%),

where, for each k € [1: K], px € [0, min(|p|, |p¥[)], and the optimization is over C' € R™ and
Vi € F%’“(p,pk) for k€ [1: K].

It can be solved by the following algorithm 4.

M.1 DETAILS OF SHAPE INTERPOLATION EXPERIMENT

Dataset and data processing. We apply the dataset in ( , ) with download
link. The original data are images, which we convert into a point cloud using the k-mean
algorithm, where k& = 1024 (see the second row of Figure 4).

Suppose D C R? is a region that contains these point clouds. Let R C R? denote another
region. In R, we randomly select and add nn noise points to these point clouds. In particular,
we consider noise corruption in the following three cases:

Case 1: R is a rectangle region which is disjoint to D. See the third row in Figure 4.

Case 2: R = R1 UR2, where R1, Rs are rectangles which are disjoint to D. See the fourth
row in Figure 4.

Case 3: R contains D. See the fifth row in Figure 4.

GW Barycenter and PGW Barycenter methods. We select t1,...,tx with 0 =11 <
ty <...<tg =1. Foreacht € {t;,...,tx}, we compute the GW Barycenter

arg min (1 —t)(L(C,C") 0! 9h) + H(L(C, C%) 0%,77), (86)
ek
where v, € T'(p,p!),72 € I'(p,p?). Apply Smacof-MDS to the minimizer C, the resulting
embedding, denoted as X; € R"*? (where n = 1024) is the GW-based interpolation.
Replacing the GW Barycenter with the PGW Barycenter
arg min (1—)((L(C,CT) 07", 7") + My [?) +4(L(C, C%) 0%, 7%) + X)), (87)
Aty
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Figure 4: We visualize the dataset in shape interpolation. The first row is the original
images in Link. The second row is the point clouds obtained by the k-mean method, where
k = 1024.

where A1, A2 > 0,7' € I'<(p,p'),7? € I'<(p,p?). Then, we obtain PGW-based interpola-
tion.

Problem setup. We select one point cloud from the clean dataset denoted as X = {z;},
(source point cloud), n = 1024.

Next, we select one noise-corrupted point cloud, as described in Case 1, Case 2, and Case
3, respectively. In these three scenarios, we test n = 0.5% and = 10% where 7 is the noise
level. Therefore, we test 3 x 2 = 6 different interpolation tasks for these two methods. The
size of the target point cloud is then m = n + n7n. See Figure 5 for details.

Numerical details. In the GW-barycenter method, because of the balanced mass setting,

we set L 1 1
pl = *1n7p2 = —1p,p=—1,.
n m n

In PGW-barycenter, we set

1 1 1
pl = *1n7p2 = 71map = 71n
n n n

In addition, we set A;, A2 such that 2\;,2)\s > max(max(C;)?, max(Cs)?). We compute
GW/PGW barycenter for t =0/7,1/7,...,7/7.

In both GW and PGW barycenter algorithms, we set the largest number of iterations to
100. The threshold for convergence is set to be le-5.

Performance analysis. Each interpolation task is essentially unbalanced: the source point
cloud contains clean data, while the target point cloud contains clean and noise points. We
observe that in the first two scenarios, the interpolation derived from GW is clearly disturbed
by the noise data points. For example, in rows 1,3,5,7, columns t = 1/7,2/7,3/7, we see
that the point clouds reconstructed by MDS have significantly different width-height ratios
from those of the source and target point clouds.

In contrast, PGW is significantly less disturbed, and the interpolation is more natural. The
width-height ratio of the point clouds generated by the PGW barycenter is consistent with
that of the source/target point clouds.
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GW, 5%

PGW, 5%

GW, 10%

PGW, 10%

GW, 5%

PGW, 5%

GW, 10%

PGW, 10%

GW, 5%

PGW, 5%

GW, 10%

PGW, 10%

data

Figure 5: We test interpolation tasks in 3 scenarios: source data is clean, target data is
selected from three cases as described in section dataset and data processing. In each
scenario, we test n = 5%, 10% respectively. In the first column, we present the source
and target point cloud visualization in each task. In columns 2-9, we present GW, PGW
barycenter for t =0/7,1/7,...,7/7.
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In the third scenario, the noise data is uniformly selected from a large region that contains
the domain of all clean point clouds. In this case, we observe that the GW and PGW
barycenters perform similarly. However, at ¢t = 1/7,2/7,4/7, GW-barycenters present more
noise points than PGW-barycenters in the same truncated region.

Limitations and future work. The main issue of the above GW/PGW techniques arises
from the MDS method:

Given minimizer C' € R™*" of GW/PGW barycenter problem (86) (or (87)), MDS studies
the following problem:

n 2
min 3 ‘0-1/2—HX¢—X1-/|| (88)
.,,zl

;!
X ecRnxd 52
1,1

Let O(n) denote the set of all n x n orthonormal matrices. Suppose X* is a minimizer, then
RX* is also a minimizer for the above problem for all R € O(n).

In practice, this means manually setting suitable rotation and flipping matrices for each
method at each step, especially for the GW method.

However, we understand that this issue stems from the inherent properties of the GW/PGW
method. GW can be seen as a tool that describes the similarity between two graphs,
which are rotation-invariant and flipping-invariant. Therefore, the GW/PGW barycenter
essentially describes the interpolation between two graphs rather than two point clouds.

M.2 MULTI-SHAPE INTERPOLATION

In this section, we present the interpolation between 4 different shapes. In addition, let n
be the percentage of outliers; we test n = 0 and 5%.

Experiment setup. We select 4 shapes (bird, cat, human, and rooster) from the 2D clouds
dataset. Two of them, i.e., cat and rooster, are embedded into 4D space and are randomly
rotated. The goal is to find the interpolation between them.

Baselines. We select 4 baselines, optimal transport barycenter ( ,
partial optimal transport barycenter ( , ), GW barycenter (
, ) and our PGW barycenter.

);

Note that OT and partial OT barycenter can not be directly applied to this setting. We
first embed the 2D shapes into 4D space via mapping

R? 5 2+ [2;0;0] € R,

and then compute the OT/POT barycenter. Finally, we apply PCA to project the result
back to 2D space for visualization.

Result analysis. We present the results in Figures 6 and 7. When n = 0, from Figure
6, we observe that OT/POT admits good interpolation results between 2D shapes (bird
and human). However, the OT/POT interpolation between 2D and 4D is not as good
as GW/PGW. The main reason is that the OT/POT barycenter incorporates the absolute
coordinates of these shapes for interpolation, which is affected by random rotation. However,
GW/PGW is not affected by the absolute coordinates of the shapes.

In the second figure, we demonstrate the result for n = 5%. Two shapes are corrupted by
the noise points (cat and rooster). We observe that GW’s interpolation is affected by the
outliers (see, e.g.,a from bird to human or from cat to rooster), while PGW is less affected
by these outlier points and admits much better/smoother interpolation.

N DETAILS OF SHAPE MATCHING

Dataset setup. In the Moon dataset (see link), we apply n = 200 and set Gaussian
variance to be 0.2. The outliers are sampled from region [[—2, —1.5] x [-3.5, —3]].
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(a) OT barycenter (b) Partial OT barycenter

(c) GW barycenter (d) Partial GW barycenter

Figure 6: We visualize multi-shapes interpolation, where the proposition of noise 7 is 0.
“bird” and “human” shapes are distributed in 2D space, “cat” and “rooster” are distributed
in 4D space.

In the second experiment, the circle data is uniformly sampled from a 2D circle
St={seR?: s> =1}
and spherical data is uniformly sampled from 3D sphere
S? = {s+0,0,4] € R? : [|s]|* = 1},
where the shift [0, 0,4] is applied for visualization.
We set sample size n = 200 for both 2D and 3D samples.
In both experiments, the number of outliers is nn = 0.2n = 40.

Numerical details. In GW, we normalize the two-point clouds as

n 1 n—+nn 1
X = (X’dX’Zﬁém")’Y: (Y dy, Z n+n776yj)'
i=1 j=1

In PGW, MPGW, and UGW, we define the point clouds as

n n+nn
1 1
X_(X’dsz 533i)7Y_(KdY7 Z _5313)
i=1 =1
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Figure 7: We visulize of multi-shapes interporlation. “bird”,“human” shapes are distributed
in 2D space, “cat”, “rooster” are distributed in 4D space. The noise level, 7, is 5%.

In PGW, we choose ) such that A > max(max((C¥)?), max((CY)?)), in particular, A = 10.0.
In addition, we tested A = 0.01,0.1, 1.0, 10.0.

In MPGW, we tested p = 0.3,0.5,0.8,1.0 and selected p = 1.0
In UGW, we tested [le — 10,1e — 1, 1.0, 10] and selected p; = p2 = 1.0, ¢ = 0.05.

We refer to Figure 8 for the visualization of all tested parameters.
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ugw, p=10.0
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(b) 2D and 3D matching
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Figure 8: We visualize the shape-matching result for all tested parameters.
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O DETAILS OF SHAPE RETRIEVAL EXPERIMENT

bone goblet star horseshoe rectangle arrow semicircle

rectangle trapezoid disk annulus double arrow

(a) Dataset I (b) Dataset 11

Figure 9: Visualization of a representative shape from each class of the two datasets.

Dataset details. We test two datasets in this experiment, which we refer to as Dataset
I and Dataset II. We visualize Dataset I in Figure 9a and Dataset II in Figure 9b. The
complete datasets can be accessed from the supplementary materials.

Numerical details. We represent the shapes in each dataset as mm-spaces X =
(R27 I eyt =02, aiémi‘). We use a’ = X to compute the GW distances for the bal-

anced mass constraint setting. For the remaining distances, we set o = %, where N is the
median number of points across all shapes in the dataset. For the SVM experiments, we
use exp(—oD) as the kernel for the SVM model. Here, we normalize the matrix D and
choose the best ¢ € {0.001,0.01,0.1,1, 10, 100, 1000, 10000} for each method used in order
to facilitate a fair comparison of the resulting performances. We note that the resulting
kernel matrix is not necessarily positive semidefinite.

In computing the pairwise distances, for the PGW method, we set A such that A < Az =
max; (|C%?). In particular, we compute M4, for each dataset and use A\ = %/\mm for each
experiment. For UGW, we use ¢ = 107! and p; = ps = 1 for both experiments. Finally,
for MPGW, we set the mass-constrained term to be p = min(|x‘|, |x’|) when computing the
similarity between shape X’ and X7.

Performance analysis. The pairwise distance matrices are visualized for each dataset
in Figure 10, and the confusion matrices computed with each dataset are given in Figure
11. Finally, the classification accuracy with the SVM experiments is reported in Table 1a.
The results indicate that the PGW distance is able to obtain high performance across both
datasets consistently.

In addition, from Figure 10, we observe that PGW qualitatively admits a more reasonable
similarity measure compared to other methods. For example, in Dataset I, class “bone” and
“rectangle” should have relatively smaller distances than “bone” and “annulus”. Ideally, a
reasonable distance should satisfy the following:

0 < d(bone, rectangle) < d(bone, anulus).

However, we do not observe this relation in GW and UGW*, and for the MPGW method,
M PGW (bone, rectangle) =~ 0, which is also undesirable. For PGW, however, we do observe
this relation. Additionally, we report the wall-clock time comparison in Table 1b.

0.1 ADDITIONAL EXPERIMENT WITH OT/UT BASELINES

In this subsection, we incorporate optimal transport distance ( , ) and unbalanced
optimal transport distance ( , ) into the shape retrieval experiment.

4For UGW, this is due to the Sinkhorn regularization term.
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Figure 10: Pairwise distance matrices computed for each dataset.
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(b) Dataset II

Figure 11: Confusion matrices computed from nearest neighbor classification experiments.

Dataset setup. We perform shape retrieval experiments in two scenarios: the original 2D
dataset and a 4D dataset. For the 4D scenario, we embed the shapes into 4D space and
then apply a random rotation to each shape.

Baselines. We evaluate the performance of the following methods: Optimal Transport

distance (OT) ( , ), Unbalanced Optimal Transport (UOT) distance ( ,
), Gromov-Wasserstein distance (GW) ( ) ), Mass-constrained Gromov-
Wasserstein discrepancy (MPGW) ( , ), Unbalanced Gromov-Wasserstein
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Method Dataset I Dataset I1
OT (d=2) 95.6% 55.8%
OT (d=4) 79.3% 50.8%
UOT (d = 2) 73.5% 73.3%
UOT (d =4) 56.9% 63.3%
GW (d =2,4) 98.1% 80.8%
MPGW (d = 2,4) 23.7% 25.0%
UGW (d =2, ) 89.4% 90.0%
PGW (ours, d= 2,4)  96.2% 100%

Table 2: Performance comparison across different methods and datasets.

discrepancy (UGW) ( , ), and our Partial Gromov-Wasserstein (PGW)
distance.

The parameter settings for GW, MPGW, UGW, and PGW are described in the previous
section. For the UOT method, we set the weight of Sinkhorn regularization to 0.1 and the
weight of the marginal penalty to 0.2.

Result. In Dataset 1, when data is in the 2D space, OT achieves an accuracy of 95.6%,
while UOT achieves 73.5%. OT’s accuracy is slightly lower than GW/PGW, but it remains
a strong classifier in this setting. In Dataset 2, UOT outperforms OT with an accuracy of
73.3% compared to 55.8%.

When the shapes are embedded into 4D space, the accuracy of OT and UOT drops signif-
icantly, ranging from 56.9% to 79.3%, far below the performance of GW and PGW. This
decline highlights the reliance of OT/UOT on absolute coordinates, which becomes more
problematic in higher dimensions. In contrast, GW-based methods (GW, MPGW, UGW,
PGW) remain unaffected, as they are invariant to absolute locations. Overall, regardless of
whether the data is in 2D or 4D space, OT and UOT consistently perform worse than GW
and its variants. The gap in performance becomes even more pronounced in 4D space.

P OTHER NUMERICAL IMPLEMENTATIONS

P.1 INITIAL METHODS

In this experiment, we discuss several different methods to define the initial guess in the
Frank-Wolfe algorithm proposed in this paper. Note some of these methods have been
applied in FW algorithms/Sinkhorn solvers in classical GW ( , ), Mass-constraint
GW ( , ) and Unbalanced GW ( ,

Given two mm-spaces X = (X,dx, p),X = (Y,dy,v), we consider the two cases:

Case 1: Dimensions of X and Y are the same. Note, in this case, we can define classical
OT/partial OT /unbalanced OT between p and v. Thus, ( , ) proposed the
following “POT initilization” method:

A —arg  min  (L(X,Y),)r, (89)
Y€l < = (P;q)

where L(X,Y) € R™*™, (L(X,Y));; = ||x; — y;||” for some fixed p > 1 and

Tcr(p,q) i={y €RY™: (v'1,); € {q) ,0},Yj; vlm < p, |7 = 7}. (90)

The above problem can be solved by a Lasso (L! norm) regularized OT solver.

Case 2: Dimensions of X and Y are different. The above technique can not be applied since
the problem (89) (in particular L(X,Y")) is not well-defined.
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In this case, ( , ) introduced the “FLB-UOT?” method:

7« arg  min / sx,p(2) = syp(W)[Pdy(z,y) + M Dk (71,P) + Drr(72,q)),
vel<(p,a) J X xY
(91)

where sx ,(z) = [y |# — 2'[Pdu(z) and sy, is defined similarly. The problem (91) is called
Hellinger Kantorovich, which is a classical unbalanced optimal transport problem. The
Sinkhorn solver can solve it ( , ).

Analog to the above method, we propose the third method, called “FLB-POT” (first lower
bound-partial optimal transport)

/™ ¢ arg  min / l5x.p(2) — sy (9) 2dr(z,y) £ A(p — ]+ la— ). (92)
vel<(p,a) Jx xY

The above problem is a partial OT problem and can be solved by classical linear program-
ming ( ,

P.2 PARAMETER SETTING FOR PGW

Setting parameter A in PGW is important in the numerical implementation. There are two
scenarios to consider:

e Both source and target measures contain outliers:
The parameter A acts as an upper bound for the transported distance. Specifically,
if

ldx (z, ") = dy (y,4")|* = 22,

then either (z,y) or (z/,y’) will not be transported. - When the distance between
outliers and clean data is large, and the pairwise distances within the clean data
are relatively small, A should be set to lie between these two scales.

e Only one measure contains outliers:
As stated in Lemma E.2, A can be set sufficiently large to satisfy:

2\ > d N _d "I[2.
> dmax fdx(z,2) —dy (g,

In the interpolation and shape retrieval experiments, we fall under the second sce-
nario, which does not require significant parameter tuning.
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Q WALL-CLocK TIME COMPARISON FOR PARTIAL GW SOLVERS

In this section, we present the wall-clock time comparison between our method Algorithms
1, 2, the Frank Wolf algorithm proposed in ( , ), and its Sinkhorn version

, ). Note that these two baselines solve a mass constraint
version of the PGW problem, which we refer to as the “MPGW?” problem. The proposed
PGW formulation in this paper can be regarded as a “Lagrangian formulation” of MPGW?
formulation to the PGW problem defined in (10). In this paper, we call these two baselines
the “MPGW algorithm” and the “Sinkhorn PGW algorithm”.

Numerical details. The data is generated as follows: let p = Unif([0,2]?) and v =
Unif([0,2]3), we select i.i.d. samples {wi ~ piy,{y; ~ v}jL,, where n is selected from
[10, 50, 100, 150, ...,10000] and m = n + 100, p = 1,/m,q = 1,,/m. For each n, we set
A=0. 2 1. 0 10. 0 The mass constraint parameter for the algorithm in (

and Slnkhorn is computed by the mass of the transportation plan obtained by Algorlthm 1
or 2. The runtime results are shown in Figure 12.

Regarding the acceleration technique, for the POT problem in step 1, our algorithms and
the MPGW algorithm apply the linear programming solver provided by Python OT package

, ), which is written in C++. The Sinkhorn algorithm from Python OT
does not have an acceleration technique. Thus, we only test its wall-clock time for n < 2000.
The data type is a 64-bit float number.

From Figure 12, we can observe the Algorithms 1, 2, and MPGW algorithm have a simi-
lar order of time complexity. However, using the column/row-reduction technique for the
POT computation discussed in previous sections and the fact the convergence behaviors
of Algorithms 1 and 2 are similar to the MPGW algorithm, we observe that the proposed
algorithms 1, 2 admits a slightly faster speed than MPGW solver.

102 4
w 101<
£
o 100 v1iA=02
fg V1A=10.0
C 1o ] v2A=02
= v2,A=10.0
c —— mA=02
= 1072 4 m,A=10.0
sA=0.2
1o ] sA=10.0
6 20‘00 40b0 60‘00 BObU 10600
n: size of p
Figure 12: We test the wall-clock time of our Algorithm 1 and Algorithm 2, the MPGW
solver (Algorithm 1 in ( , )) , and the Sinkhorn algorithm ( ,
). We denote these methods as “v1”, “v2” “m” and “s”, respectively. The linear pro-
gramming solver applied in the first three methods is from POT ( ),

which is written in C++. The maximum number of iterations for all the methods i 1S set to
be 1000. The maximum iteration for OT/OPT solvers is set to be 300n. The maximum
Sinkhorn iteration is set to be 1000. The convergence tolerance for the Frank-Wolfe algo-
rithm and the Sinkhorn algorithm are set to be le — 5. To achieve the best performance,
we set the number of dummy points to 1 for both MPGW and PGW.

5Due to the non-convexity of GW, we do not have a strong duality in some of the GW repre-
sentations. Thus, the Lagrangian form is not a rigorous description.
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R PosiTivE UNLABELED PROBLEM

R.1 PROBLEM SETUP

Positive unlabeled (PU) learning ( ; ;

) is a semi-supervised binary classification problem for which the trammg set only
contains positive samples. In particular, suppose there exists a fixed unknown overall dis-
tribution over triples (z,0,1), where z is data, [ € {0,1} is the label of x, 0 € {0,1} where
o =1, o = 0 denote that [ is observed or not, respectively. In the PU task, the assump-
tion is that only positive samples’ labels can be observed, i.e., Prob(o = 1|z,l = 0) = 0.
Consider training labeled data XP* = {( PEDY, C {x : 0o = 1} and testing data

= {zy"}7, C{x: 0= 0}, Where T pX Rdl,x] € R%. In the classical PU learning
settlng, dy = d1 However, in ( , ), this assumption is relaxed. The goal
is to leverage X? to design a classifier [ : 2% — {O, 1} to predict I(z*) for all z* € X©.5
Following ( ; ), in this experiment,
we assume that the select Completely at random (SCAR) assumptlon holds: Prob(o =
llz,l = 1) = Prob(o = 1|l = 1). In addition, we use m = Prob(l = 1) € [0, 1] to denote the
ratio of positive samples in testing set”. Followmg the PU learning setting in ( ,

, ), we assume 7 is known.
In all the PU learmng experlments, we fix m=0.2.

R.2 METHODOLOGY

Similar to ( , ) our method is designed as follows: We set p € R"* q € R™
as sz - %72 € [1 : n]’ qu = %7‘7 € [1 : m] Let XP = (XP’H : ||d1aZ?:1p7:'X6$z)7Xu =
(XN Mz 2251 4 Y'6,,). We solve the partial GW problem PGW,(X?,X*) and suppose 7
is a solution. Let v9 =~ 1,,. The classifier [ is defined by the indicator function

l’y(mu) = ]l{a:“':'yg(mu)unantile}7 (93)
where quantile is the quantile value of v, according to 1 — .
Regarding the initial guess (), ( , ) proposed a POT-based approach

when X and Y are sampled from the same domain, i.e., d; = dz, which we refer to as “POT
initialization.”

When X,Y are sampled from different spaces that is, di # da, the above technique (89) is
not well- deﬁned Inspired by ( , ), we propose the following
“first lower bound-partial OT” (FLB- POT) initialization:

+® — arg  min / Isx2(2) — sy.a(y)Pdy(@y) + Allp — 11| + ld — 2),
XxXY

ve€l<(p,a)
where sx 2(x) = [y [¢ —2/|*du(z) and sy, is defined similarly. The above formula is analog
to Eq. (7) in ( , ), which is designed for the unbalanced GW setting. To
distinguish them, in this paper, we call Eq. (7) in ( , ) as “FLB-UOT
initialization”.

R.3 DATASETS

The datasets include MINIST, EMNIST, and the following three domains of Caltech Office:
Amazon (A), Webcam (W), and DSLR (D) ( ). For each domain, we
select the SURF features ( ) ) and DECAF features (

For MNIST and EMNIST, we train an auto-encoder, respectively, and the embeddmg space
dimension is 4 and 6, respectlvely See Figure 13 for the TSNE visualization of these
datasets.

5Tn the classical setting, the goal is to learn a classifier for all z. In this experiment, we follow
the setting in ( ,

"In the classical setting, the prior dlstrlbutlon 7 is the ratio of positive samples of the original
dataset. For convenience, we ignore the difference between this ratio in the original dataset and
the test dataset.
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Figure 13: TSNE visulization for datasets MINIST EMNIST,Caltech Office.

57


https://pytorch.org/vision/stable/generated/torchvision.datasets.MNIST.html
https://pytorch.org/vision/main/generated/torchvision.datasets.EMNIST.html
https://faculty.cc.gatech.edu/~judy/domainadapt/#datasets_code

Published as a conference paper at ICLR 2025

R.4 NUMERICAL DETAILS AND PERFORMANCE

Accuracy Comparison. In Table 3 and Table 5, we present the accuracy results for the
MPGW, UGW, and the proposed PGW methods when using three different initialization
methods: POT, FLB-UOT, and FLB-POT.

Following ( , ), in the MPGW and PGW methods, we incorporate the prior
knowledge 7 into the definition of p and ¢. Thus, it is sufficient to set mass = = for MPGW
and choose a sufficiently large value for A in the PGW method. This configuration ensures
that the mass matched in the target domain ) is exactly equal to 7. However, in the UGW
method ( , ), the setting is p = 11,, and ¢ = L 1,,.

Overall, all methods show improved performance in MNIST and EMNIST datasets. One
possible reason for this could be the better separability of the embeddings in MNIST and
EMNIST, as illustrated in Figure 13. Additionally, since MPGW and PGW incorporate
information from r into their formulations, they exhibit slightly better accuracy in many
experiments.

Numerical details. In this experiment, to prevent unexpected convergence to local minima
in the Frank-Wolf algorithms, we manually set & = 1 during the line search step for both
MPGW and PGW methods.

For the convergence criteria, we set the tolerance term for Frank-Wolfe convergence and the
main loop in the UGW algorithm to be le — 5. Additionally, the tolerance for Sinkhorn
convergence in UGW was set to le — 6. The maximum number of iterations for the POT
solver in PGW and MPGW was set to 500n. In addition, for MPGW, we set mass = 0.2
and for PGW method, based on lemma E.2, we set A to be constant such that 2\ >
(max(]CX])?2 + max(|CY[)?). For UGW, as we directly apply the numerical method in

, ), where the prior knowledge m = 0.2 is not Incorporated in the setting
of p and ¢. Thus, in each experiment, we test different parameters (p, p2, €) and select the
ones that result in transported mass close to .

Regarding data types, we used 64-bit floating-point numbers for MPGW and PGW and
32-bit floating-point numbers for UGW.

For the MNIST and EMNIST datasets, we set n = 1000 and m = 5000. In the Surf(A) and
Decaf(A) datasets, each class contained an average of 100 samples. To ensure the SCAR
assumption, we set n = 1/2%100 = 50 and m = 250. Similarly, for the Surf(D) and Decaf(D)
datasets, we set n = 15 and m = 75. Finally, for Surf(W) and Decaf(W), we used n = 20
and m = 100.

Wall-clock time In Table 4, we provide a comparison of wall-clock times for the MNIST
and EMNIST datasets.

DATASET INiT METHOD  INIT AcCURACY MPGW  UGW  PGW (OURS)

M- M POT 100% 100% 95% 100%
M — M FLB-U 75% 96% 95% 96%
M —- M FLB-P 75% 99% 95% 99%
M — EM FLB-U 78% 94% 95% 94%
M — EM FLB-P 78% 94% 95% 94%
EM — M FLB-U 75% 97% 96% 97%
EM — M FLB-P 75% 97% 96% 97%
EM — EM POT 100% 100% 95% 100%
EM — EM FLB-U 78% 94% 95% 94%
EM — EM FLB-P 78% 95% 95% 95%

Table 3: Accuracy comparison of the MPGW, UGW, and the proposed PGW method on
PU learning. Here, ‘M’ denotes MNIST, and ‘EM’ denotes EMNIST.
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SOURCE TARGET InrT METHOD  INIT TIME  MPGW  UGW  PGW (OURS)
M(1000)  M(5000) POT 0.5 7.2 152.0 7.4
M(1000) M(5000) FLB-U 0.02 30.5 152.6 27.8
M(1000)  M(5000) FLB-P 0.5 27.8  144.9 26.9
EM(1000) EM(5000) POT 0.5 7.3 157.3 7.5
EM(1000)  EM(5000) FLB-U 0.02 30.0  181.8 29.9
EM(1000) EM(5000) FLB-P 0.5 22.2  155.1 22.3
M(1000)  EM(5000) FLB-U 0.02 34.0  157.9 34.4
M(1000) EM(5000) FLB-P 0.5 34.9 155.5 35.0
EM(1000)  M(5000) FLB-U 0.02 243  139.3 22.2
EM(1000)  M(5000) FLB-P 0.5 32.0  162.7 29.9
M(2000)  M(10000) POT 1.7 31.1  1384.8 32.1
M(2000)  M(10000) FLB-U 0.1 209.0  1525.8 192.5
M(2000)  M(10000) FLB-P 1.7 208.0  1418.4 192.1
M(2000)  EM/(10000) FLB-U 0.1 165.1  1606.1 164.2
M(2000)  EM(10000) FLB-P 1.7 224.1  1420.7 223.7
EM(2000)  M(10000) FLB-U 0.1 149.1  1426.5 138.1
EM(2000)  M(10000) FLB-P 1.7 113.9  1407.6 103.9
EM(2000) EM/(10000) POT 1.6 32.4  1445.9 33.4
EM(2000) EM(10000) FLB-U 0.1 233.0 1586.3 233.9
EM(2000) EM/(10000) FLB-P 1.8 142.1  1620.6 142.1

Table 4: In this table, we present the wall-clock time for the MPGW, UGW, and the
proposed PGW method, as well as three different initialization methods (POT, FLB-UOT,
FLB-POT). In the “Source” (or “Target”) column, M (or EM) denotes the MNIST (or
EMNIST) dataset, and the value 1000 (or 5000) denotes the sample size of X (or Y'). The
units of all reported wall-clock times are seconds.

S CoMPUTE RESOURCES

All experiments presented in this paper are conducted on a computational machine with an
AMD EPYC 7713 64-Core Processor, 8 x 32GB DIMM DDR4, 3200 MHz, and an NVIDIA
RTX A6000 GPU.
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DATASET IniT METHOD — INIT AccurRacY MPGW  UGW  PGW (OURS)
SURF(A) — SURF(A) POT 81.2% 74.7%  66.5% 74.7%
SURF(A) — SURF(A) FLB-U 64.9% 65.7%  66.5% 65.7%
SURF(A) — SURF(A) FLB-P 63.3% 66.5%  66.5% 66.5%
DECAF(A) — DECAF(A) POT 95.1% 95.1%  60.8% 95.1%
DECAF(A) — DECAF(A) FLB-U 78.0% 67.4%  83.7% 67.4%
DECAF(A) — DECAF(A) FLB-P 78.0% 74.7%  88.6% 74.7%
SURF(D) — suRF(D) POT 100% 100%  89.3% 100%
SURF(D) — surr(D) FLB-U 62.7% 73.3%  84.0% 73.3%
surr(D) — surr(D) FLB-P 60.0% 60.0%  78.7% 60.0%
DECAF(D) — DECAF(D) POT 100% 100% 100% 100%
DECAF(D) — DECAF(D) FLB-U 76.0% 68.0%  70.7% 68.0%
DECAF(D) — DECAF(D) FLB-P 73.3% 73.3%  86.7% 73.3%
SURF(W) — SURF(W) POT 100.0% 100.0% 81.3% 100.0%
SURF(W) — SURF(W) FLB-U 76.0% 70.7%  81.3% 70.7%
SURF(W) — SURF(W) FLB-P 73.3% 68.0%  78.7% 68.0%
DECAF(W) — DECAF(W POT 100% 100% 100% 100%
DECAF(W) — DECAF(W FLB-U 73.3% 68.0%  62.7% 68.0%
DECAF(W) — DECAF(W FLB-P 70.7% 70.7%  73.3% 70.7%
SURF(A) — DECAF(A) FLB-U 73.9% 83.7%  91.8% 83.7%
SURF(A) — DECAF(A) FLB-P 73.9% 83.7%  87.8% 83.7%
DECAF(A) — SURF(A) FLB-U 67.3% 67.3%  69.0% 67.3%
DECAF(A) — SURF(A) FLB-P 67.3% 68.2%  71.4% 68.2%
SURF(D) — DECAF(D) FLB-U 76.0% 76.0%  65.3% 76.0%
SURF(D) — DECAF(D) FLB-P 76.0% 76.0%  65.3% 76.0%
DECAF(D) — surr(D) FLB-U 73.3% 62.7%  73.3% 62.7%
DECAF(D) — surr(D) FLB-P 73.3% 73.3%  73.3% 73.3%
SURF(W) — DECAF(W) FLB-U 70.7% 70.7%  76.0% 70.7%
SURF(W) — DECAF(W) FLB-P 70.7% 70.7%  76.0% 70.7%
DECAF(W) — SURF(W) FLB-U 68.0% 68.0%  65.3% 68.0%
DECAF(W) — SURF(W) FLB-P 68.0% 68.0%  70.7% 68.0%

Table 5: In this table, we present the accuracy comparison of the MPGW, UGW, and the
proposed PGW method. We first describe the initialization method and report its accuracy,
followed by the accuracy of MPGW, UGW, and PGW. The prior distribution 7 = p(l = 1)
is set to be 0.2 in all experiments. To guarantee the SCAR assumption, for Surf(A) and
Decaf(A), we set n = 50, which is half of the total number of data in one single class. m is
set to be 250. Similarly, we set suitable n,m for Surf(D), Decaf(D), Surf(W), Decaf(W).
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DATASET IniTt METHOD  INIT TIME MPGW  UGW PGW (OURS)
SURF(A) — SURF(A) POT 1.4E-3 1.9g-2 3.8 2.0E-2
SURF(A) — SURF(A) FLB-U 2.2E-3 1.8E-2 3.6 1.9e-2
SURF(A) — SURF(A) FLB-P 1.7E-3 1.8E-2 3.8 1.5E-2
DECAF(A) — DECAF(A) POT 1.7E-3 1.98-2 7.3 1.98-2
DECAF(A) — DECAF(A) FLB-U 9.6E-3 1.8E-2 6.8 1.5E-2
DECAF(A) — DECAF(A) FLB-P 2.0E-3 1.8E-2 6.7 1.6E-2
SURF(D) — surr(D) POT 2.9e-4 5.8E-4 3.1 3.8e-4
SURF(D) — surr(D) FLB-U 1.48-3 3.0E-3 5.4 2.2E-3
SURF(D) — surr(D) FLB-P 3.1e-4 2.9e-3 5.4 2.1E-3
DECAF(D) — DECAF(D) POT 3.1e-4 6.0E-4 3.3 3.6E-4
DECAF(D) — DECAF(D) FLB-U 1.48-3 2.9E-3 5.8 2.1E-3
DECAF(D) — DECAF(D) FLB-P 3.4e-4 2.8e-3 5.3 2.0E-3
SURF(W) — SURF(W) POT 3.0e-4 6.0E-4 5.2 3.6E-4
SURF(W) — SURF(W) FLB-U 1.38-3 2.9E-3 5.1 2.1E-3
SURF(W) — SURF(W) FLB-P 3.36-4 2.9e-3 5.1 2.1E-3
DECAF(W) — DECAF(W) POT 3.3e-4 6.2E-4 3.3 3.4-4
DECAF(W) — DECAF(W) FLB-U 1.28-3 2.9E-3 5.8 2.1E-3
DECAF(W) — DECAF(W) FLB-P 3.3e-4 2.8e-3 5.4 2.0E-3
SURF(A) — DECAF(A) FLB-U 1.1e-1 2.8E-2 6.7 2.6E-2
SURF(A) — DECAF(A) FLB-P 1.9e-3 2.2E-2 0.2 2.1E-2
DECAF(A) — SURF(A) FLB-U 0.1 5E-2 6.7 4E-2
DECAF(A) — SURF(A) FLB-P 2E-3 1.8 6.8 1.5
SURF(D) — DECAF(D) FLB-U 1.8e-3 5.3E-3 6.0 2.3e-3
SURF(D) — DECAF(D) FLB-P 3.5E-4 3.9e-4 5.9 3.8E-4
DECAF(D) — surr(D) FLB-U 1.8e-3 0.296 5.6 0.165
DECAF(D) — Surr(D) FLB-P 3.3e-4 0.218 5.6 0.170
SURF(W) — DECAF(W) FLB-U 1.8e-3 5.3E-3 5.0 2.3e-3
SURF(W) — DECAF(W) FLB-P 3.4e-4 4.18-4 5.0 3.98-4
DECAF(W) — SURF(W) FLB-U 1.8e-3 5.1E-3 5.8 2.1E-3
DECAF(W) — SURF(W) FLB-P 3.4e-4 2.9e-3 5.6 2.2E-3

Table 6: In this table, we present the wall-clock time comparison of the MPGW, UGW, and
the proposed PGW method. We report the initialization method and its wall-clock time,
followed by the wall-clock time of each of the methods MPGW, UGW, and PGW. The units
of all reported wall-clock times are seconds. The prior distribution 7 = p(I = 1) is set to be
0.2 in all experiments. To guarantee the SCAR assumption, for Surf(A) and Decaf(A), we
set m = 50, which is half of the total number of data in one single class. m is set to be 250.
Similarly, we set suitable n,m for Surf(D), Decaf(D), Surf(W), Decaf(W).
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