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Abstract

Zero-shot model size interpolation aims to create
new models of intermediate target sizes by com-
bining existing models without additional train-
ing. Recent work on boomerang distillation (Kan-
gaslahti et al., 2026) shows that a student lan-
guage model distilled from a larger teacher can
be expanded by iteratively parching its layers,
replacing student layers with contiguous blocks
of teacher layers to obtain models whose size
and performance interpolate between the student
and the teacher. Selecting which layers to patch
for a given intermediate model size is a key de-
sign choice of this procedure, yet it has remained
largely underexplored. In this work, we provide
the first systematic study of student-layer selec-
tion for model size interpolation. We cast finding
the optimal layer subset for each model size as an
optimization problem and prove it can be viewed
as a shortest-path problem in a certain acyclic
graph. In experiments, we show that patching
strongly shapes interpolation behavior, with ef-
fects that vary substantially across model fami-
lies. We find that simple sequential strategies—
patching either from the first layer to the last or
from the last to the first—often achieve surpris-
ingly strong performance in practice. We fur-
ther introduce KLPatch, a greedy patching al-
gorithm based on KL divergence, which often
improves over last-to-first patching and approxi-
mately solves the optimization problem. Together,
our results provide a principled understanding of
how layer patching affects model size interpola-
tion and offer practical guidance for constructing
near-optimal interpolated models.
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1. Introduction

Creating LLM families with different model sizes is one of
the most practical ways to adapt to users’ varying compute
constraints (Huyen, 2022; Khandelwal et al., 2025; Team
et al., 2026). However, pre-training LLMs of different sizes
requires separate training runs, which often results in the
release of only a small number of coarse-grained, fixed-size
LLMs (Grattafiori et al., 2024; Yang et al., 2025; Team,
2026). Recent work on boomerang distillation (Kangaslahti
et al., 2026) has explored zero-shot model-size interpolation,
enabling the creation of LLM families with fine-grained
sizes. Boomerang distillation is a procedure in knowledge
distillation in which layers of a student LLM can be
patched with contiguous blocks of teacher layers to create
intermediate-size models whose performance smoothly
interpolates between that of the student and the teacher
LLM, without requiring additional training. Boomerang
distillation involves several critical choices, such as the
student initialization, training token budget, alignment
losses, and student patching. Among these, the role
of student patching, a key user-facing decision with a
combinatorial design space, remains poorly understood.

Prior work on boomerang distillation provides limited guid-
ance on how to patch student models for optimal interpola-
tion performance. Kangaslahti et al. (2026) consider only
two strategies: patching from the first layer to the last and
patching from the last layer to the first. Although they show
that some LLMs prefer one order over the other, the broader
design space of patching remains largely unexplored. More-
over, in Section 3, we show that naively increasing the size
of an interpolated model by arbitrarily patching the student
can degrade performance, contradicting the conventional
view that larger models perform better (Sutton, 2019; Ka-
plan et al., 2020; Hoffmann et al., 2022). These observations
motivate a deeper understanding of patching to identify a
generalizable recipe for constructing interpolated models.

In this work, we provide a comprehensive understanding
of student patching for model size interpolation. We define
student patching as an optimization problem over interpola-
tions (Section 2.2), including those that need not correspond
to nested subsets of model layers, moving beyond the setup
of Kangaslahti et al. (2026). As its computational complex-
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Figure 1. Patching order in model size interpolation. We show boomerang distillation with a six-layer teacher and a three-block
distilled student, where each student block corresponds to a contiguous pair of two-layer teacher blocks. A patching order specifies
the sequence in which student layers are replaced by their corresponding teacher blocks, inducing a trajectory of intermediate-size models
from the student to the teacher. Here, the order S2 — S3 — S1 first replaces the middle student block, then the last block, and finally
the first block. Different patching orders induce different interpolation curves, which we summarize using the area under the perplexity

interpolation curve (AUPIC).

ity makes it infeasible to solve, we introduce an alternative
shortest-path problem (Section 2.4) which we empirically
and theoretically show approximates the optimal model
interpolation. In experiments, we exhaustively search over
all possible interpolations in small language models (Devlin
et al., 2019; Radford et al., 2019) such as DistilBERT
and DistilGPT to find the globally optimal model size
interpolation (Section 3.1). Next, we extend our insights
from small language models to larger models such as Qwen
and Pythia (Biderman et al., 2023; Yang et al., 2025), and
run an extensive study over 200 randomly sampled patching
orders for each model (Section 3.2). Finally, we propose
KLPatch (Section 4), a greedy KL divergence-based patch-
ing algorithm that approximately solves the shortest-path
problem, reducing the computational complexity for finding
performant interpolations from O(2V) to O(N?), where
N is the number of layers in the student model.

Our experiments reveal valuable insights into how patch-
ing order drives model size interpolation. Our exhaustive
search over all possible patching orders in DistilBERT and
DistilGPT2 shows that, remarkably, patching from the last
student layer to the first produces the globally optimal in-
terpolation for DistilBERT and a top-5% interpolation for
DistilGPT2. For LLMs, the patching recipe from Kan-
gaslahti et al. (2026) is not always optimal or near-optimal
but remains competitive, and shortest-path solutions tend to
perform similarly to optimal interpolations. Finally, our ex-
periments show that KLPatch often outperforms first-to-last
and last-to-first patching and finds near-optimal interpola-
tions across several language models, making it a compute-
efficient method for creating highly performant model inter-
polations. Overall, our findings establish patching order as
a key design choice for building interpolated models. Our
work makes the following contributions:

* Formalization of model interpolation. We formalize
student patching in boomerang distillation as an optimiza-
tion problem over interpolation curves (Section 2.2), and
derive an alternative shortest-path problem, which we
empirically and theoretically justify (Sections 2.4, 3).

* Phenomenology of patching order. We provide the
first thorough study of student patching. In particular,
we perform exhaustive sweeps over all interpolations in
DistilBERT and DistilGPT (Section 3.1), and 200 random
patching orders on Qwen3 4B, Qwen3 8B, and Pythia
6.9B (Section 3.2), showing that simple last-to-first
patching sometimes remains competitive, while optimal
permutations obtained from solving the shortest-path
problem closely approximate the optimal interpolation.

* Practical patching algorithm. We introduce KLPatch,
an efficient greedy algorithm that approximately solves
the interpolation optimization problem via an interpola-
tion graph (Section 4.1), reducing the computational com-
plexity from O(2%) to O(N?) and empirically yielding
model interpolations close to the optimum (Section 4.2).

2. Layer Patching as a Shortest-Path Problem

Layer patching is an integral part of boomerang distilla-
tion (Kangaslahti et al., 2026), which we revisit in Sec. 2.1.
We then formalize it as an optimization problem—first over
subsets of student layers, then over permutations thereof—
which converge algorithmically under greedy sequential

construction (Sec. 2.2). We then introduce metrics for eval-
uating the resulting interpolations (Sec. 2.3) and recast the
optimization as a shortest-path problem on a KL-weighted
graph (Sec. 2.4), motivating the KLPatch algorithm (Sec. 4).

2.1. Layer Patching

Our work builds on boomerang distillation (Kangaslahti
et al., 2026), a recent technique for model size interpolation.
Starting from a teacher LLM and a smaller student
distilled from it, boomerang distillation produces a chain
of intermediate-size models that smoothly interpolate
from the student to the teacher without any additional
training (Figure 1). An integral design choice in boomerang
distillation is layer patching, the process of choosing which
student layers to keep and which to patch, using blocks of
teacher layers. See Appendix F for more details.
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2.2. A Combinatorial Optimization Perspective
Boomerang distillation requires choosing which student lay-
ers to patch with teacher blocks at each interpolated size,
and we observe in Section 3 that this choice strongly de-
termines downstream performance. We make this choice
precise as a combinatorial optimization problem.

The choice of which layers to patch decomposes by inter-
polated size: for each cardinality k¥ € {1, ..., N'}, there are
(1;7 ) candidate subsets A C {1, ..., N}, each inducing a par-
tially patched model M 4, and the best one depends on the
chosen quality metric. Formally, fix an evaluation function
fsT: 2{1--N} _, R that scores each subset A by the qual-
ity of M 4, with higher meaning better.! The best k-subset
then maximizes fg 7(A) subject to |A| = k.

Problem 1 (Optimal Interpolation). Given a student
S, a teacher T, and an objective function fg 1
21N} R, the optimal interpolation between S
and T with respect to fg r is the sequence of models

S = MAQ)MA17"'7MAN717MAN = Tdeﬁnedby
A = arg max fso(A).
AC{1,...,N},|Al|=k

As () subsets exist for each k, finding the optimal interpo-
lation requires evaluating all > 5" (V) = 2V — 2 proper
subsets of {1, ..., N}, which is infeasible in practice since
each evaluation of fg 1 requires evaluating an interpolated
model. An alternative formulation searches over permuta-
tions of layers rather than subsets, replacing the question
“which k layers do we patch, for all £?” with “in what order
do we patch all N layers?” A permutation of layers natu-
rally gives rise to an interpolation of models by patching
layers sequentially according to the permutation.

Problem 2 (Optimal Permutation). With S, T', and fg r
as before, the optimal permutation 7 € & y of layers of S
with respect to fg r is

N

= argmafoST AR,
TESN k=0

(i) < k}.

The permutation search space is in fact larger (|G x| =

versus 2V — 2), so Problem 2 is no easier a priori than
Problem 1. But we will see in Section 2.4 that it admits
a clean shortest-path interpretation with theoretical guar-
antees. More immediately, both formulations admit a nat-
ural greedy attack: grow the patched set one layer at a
time, a strategy that underlies many tractable heuristics
in combinatorial optimization, in some cases with formal
approximation guarantees, e.g., for submodular maximiza-
tion (Nemhauser et al., 1978). Applied to either Problem 1

where AT £ {i :

'If lower is better, as in the case of perplexity, fs, r is negated
to recover a maximization problem.

or Problem 2, greedy addition produces the same object—a
nested chain of subsets, equivalently a permutation—so the
two formulations collapse algorithmically under this lens,
though they differ in scoring: Problem 1 evaluates each Ay
separately while Problem 2 aggregates across k. We instan-
tiate this strategy in Section 4 (KLPatch). Empirically, we
observe that solutions to Problem 2 closely track solutions
to Problem 1 in terms of perplexity and accuracy (App. J.2).

2.3. Evaluating Model Size Interpolation Trajectories
Different patching orders trace out very different inter-
polation curves of model performance versus model size
(e.g., Figure 2); to compare orders we need a single number
summarizing how well an interpolated family fills the gap
between S and T'. We use the area under the interpolation
curve (over model size): a discrete sum of the evaluation
function fg 7 over the N+1 interpolation points along a
patching order 7 (Fig. 1). Two variants follow from the
natural sign of the underlying metric: the area under
the interpolation curve (AUIC) for higher-is-better
metrics (e.g., accuracy) and the area under the perplexity
interpolation curve (AUPIC) for lower-is-better metrics
(perplexity). For a permutation m € & 5 with intermediate
models M 47 and model size |MAg l,

AT £ IMAWI | M 47

k1|

Gdata MA’T) + gdmta(MAZr 1)

ZAw 2 ’

N PPLdata MA") + PP]--ldaLta(‘1\4'.»47r

AUIC(m

)

AUPIC(r) & Z 5

where gqata denotes any higher-is-better task metric
(e.g., accuracy). A log analogue AUPIC'°8(7) which
replaces a sum over perplexities PPLg,, with a sum over
log-perplexities log PPLg,, Will be useful in Section 2.4.
Replacing data-perplexity with perplexity against samples
drawn from T yields teacher-relative variants AUPIC ()
and AUPIClI?g (m); these underpin the shortest-path
characterization of Section 2.4 (Proposition 1).

2.4. Patching Orders as Shortest Paths

Layer patching is typically done incrementally: each step
adds one previously unpatched layer to the current patched
set. The reachable configurations therefore form a Boolean
lattice on {1,..., N}, and patching orders correspond to
directed paths through it from S (no layers patched) to T’
(all layers patched). AUPIC and its log/teacher variants
are themselves sums of a per-state evaluation along such a
path, so Problem 2 reduces to a shortest-path problem on
a suitably weighted version of the lattice. The remainder
of this subsection formalizes this view and identifies the
objective for which the reduction is exact.



Understanding Layer Patching in Model Size Interpolation

Definition 1 (Interpolation Graph). Let G be the Boolean
lattice on {1, ..., N}, viewed as a directed acyclic graph:
vertices are subsets A C {1,..., N}, identified with the
partially-patched models M 4; an edge connects M 4 to
M 4uqiy whenever i ¢ A. The graph has (}) vertices
at depth k, with root My = S and sink My, ny = T.

Given a calibration dataset D, assign each edge the weight
wa,i 2 Bonp  KL(pT (- | 2) || PMac gy (1)) -

Each patching order 7 € G corresponds to a directed path
~5 of length IV from S to T in G, traversing the intermediate
models { M7 }i_. Its total weight is

N

E(m) £ Y w(e) = Y Euonp,, KL(pr(- | 2)||p( | 2))

eEYn k=0

where p7 denotes the distribution induced by M 4~. When
interpolation sizes are equidistant, shortest paths in G are
precisely the optimal permutations from Problem 2.

Proposition 1 (Shortest KL Paths are optimal). Assume
that for any permutation 7, consecutive model interpolation
sizes are equidistant. Then the shortest paths in G are
exactly the optimal permutations w. r. t. AUPIC?‘g(’/’T)
(to be understood as a set-equality if there are multiple
minimizers):

arg min AUPICLE (7).

arg min FE(r) =
TESCN

TESN

Proposition 1 thus reduces an N!-way combinatorial search
to a shortest-path problem on G. Two assumptions distin-
guishing the proposition’s setting from the metrics reported
in our experiments—perplexity referenced to T rather than
to data, and on the log scale rather than the raw scale—are
discussed in Appendix G: Proposition 2 bounds the data-vs-
teacher gap, and Proposition 3 the log-vs-raw gap. We also
discuss the assumption that model sizes are equidistant in
Remark 2. We note that in our experiments in Sections 3
and 4, we report a normalized version of the AUPIC; this
amounts to rescaling by a constant factor and does not affect
the optimality guarantee in Proposition 1. Empirically, on
the models we study, path length in G strongly correlates
with data-AUPIC (Appendix J.1, Figures 7 and 9). Sec-
tion 4 exploits this characterization with a tractable greedy
algorithm which finds paths in G that are often near-optimal.

While G could be populated with different choices of edge
weights, such as perplexity or downstream accuracy, using
KL to the teacher model provides several advantages: Propo-
sition 1 draws a direct connection to the teacher-relative
log-AUPIC, while computing the KL, unlike computing
AUPICII(Zg, does not require sampling from 7". Unlike
downstream accuracy, KL is task-agnostic and provides
a dense signal over the full predictive distribution. Finally,

KL measures whether a patched model remains aligned
to the teacher, unlike perplexity (however, we do find it
strongly correlates with perplexity; see Appendix J.1, Fig-
ures 6 and 8). In practice, KL performs better than cosine
distance, which correlates poorly with downstream perfor-
mance (Zhang et al., 2024; Hinostroza et al., 2026).

3. Empirical Characterization of Layer
Patching
Section 2 casts the choice of patching order as a combinato-
rial optimization with a shortest-path characterization. We
now characterize this optimization landscape empirically:
Section 3.1 performs a full sweep over all possible inter-
polations on DistilBERT and DistilGPT2, and Section 3.2
samples and evaluates a subset of patching orders for larger
’ LLMs, where full enumeration is infeasible. We also inves-
tigate AUPIC relative to Spearman’s footrule distance on
permutations in Appendix I. Across both regimes, last-to-
first patching is a consistently strong but not always optimal
recipe, and the gap between naive baselines and the empiri-
cal optimum motivates the algorithm of Section 4.

3.1. Full Sweep on DistilBERT and DistilGPT2

We start with DistilBERT and DistilGPT2 because their
small size (N = 6 layers each) makes the entire space of
720 patching orders—and all 26 = 64 partially-patched
models—directly enumerable, allowing us to characterize
interpolation behavior exhaustively.

Setup. We use DistilBERT and DistilGPT2 (Sanh et al.,
2019) as students, with the corresponding teacher check-
points, BERT (Devlin et al., 2019) and GPT2 (Radford et al.,
2019), all from Hugging Face. Both students have N = 6
layers, yielding 6! = 720 patching orders each. For every
order, we iteratively patch one layer at a time, evaluating
pseudo-perplexity (DistilBERT) or perplexity (DistilGPT2)
on Wikitext (Merity et al., 2017) at each of the N +1 interpo-
lation points; aggregating across the trajectory gives AUPIC.

Results. Patching order has a substantial impact on inter-
polation performance (Figure 2, Appendix Figure 14). The
best ordering yields near-linear interpolation between the
student and teacher in pseudo-perplexity (DistilBERT) or
perplexity (DistilGPT2), while the worst ordering produces
only two interpolated models that improve on the student.
The last-to-first ordering of Kangaslahti et al. (2026) attains
optimal AUPIC on DistilBERT and near-optimal AUPIC
on DistilGPT2, whereas first-to-last is less consistent: near-
optimal on DistilGPT2 but above the mean on DistilBERT.
The dotted line envelope in Figure 2 bounds the best and
worst interpolation curves over all 26 = 64 partially-patched
models, including non-nested ones not reachable by any sin-
gle patching order; gaps between this envelope and the best
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Figure 2. All permutations of patching order for DistilBERT and DistilGPT2. Patching order significantly affects interpolation
performance, and the best ordering yields nearly linear interpolation in (pseudo-)perplexity between the students (DistilBERT, DistilGPT2)
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Figure 3. Downstream interpolation curves across patching orders. For each of Qwen3-4B, Qwen3-8B, and Pythia-6.9B, the mean
downstream accuracy is plotted against patched model size, across the 200 sampled orderings together with the first-to-last and last-to-first
baselines. Shaded bands show the (25-75) inter-quartile range for the 200 orderings. First-to-last remains competitive but does not always

match the best sampled ordering.

ordering quantify the headroom available from relaxing the
ordering constraint to general subset-based patching. The
substantial gap between the optimum and the bulk of the
AUPIC distribution, together with the inconsistency of fixed
orderings across models, motivates a principled procedure
for selecting patching orders, which we develop in Section 4.

3.2. Effect of Layer Patching in Large Language Models
We now ask whether the small-model findings of Section 3.1
carry over to larger language models. The full enumeration
used there (N! = 720) is infeasible at this scale (V! >
10'2), so we instead sample 200 random patching orders
per model and study the resulting AUIC distribution.

Setup. We use the distilled student models from Kan-
gaslahti et al. (2026) for Qwen3-4B Base, Qwen3-8B Base,
and Pythia-6.9B. For each of 200 randomly sampled patch-
ing orders, we iteratively patch one student layer at a time
and evaluate downstream accuracy at every interpolation
point, averaging across the task suite of Kangaslahti et al.
(2026) to obtain an AUIC value per ordering (see Appendix
H for details). We additionally include first-to-last and
last-to-first as fixed-order baselines. Wikitext AUPIC
results for the same models are reported in Appendix K.

Results. Across all three models, patching order has a
substantial impact on downstream interpolation quality

(Figure 3, Appendix Figure 15). The small-model regularity,
however, does not transfer cleanly: while last-to-first
attains the lowest Wikitext AUPIC (Appendix K), it leaves
a substantial gap in downstream AUIC relative to the
best-sampled ordering. This is consistent with prior obser-
vations that pretraining perplexity is an imperfect proxy for
downstream performance (Liu et al., 2023). Moreover, the
IQR across the 200 sampled orderings is narrow relative
to this gap, so the lift available from finding a near-optimal
order—rather than averaging over random ones—is large
in practice; Section 4 develops a procedure for doing so.

4. KL-Guided Patching Orders

Section 3 showed that patching has a substantial impact
on interpolation quality, and that first-to-last / last-to-first
strategies leave a large headroom to the empirical optimum.
We now turn this characterization into an algorithm.

4.1. The KLPatch Algorithm

KLPatch (Algorithm 1) is an iterative greedy procedure that,
at each step, patches the student layer whose patched ver-
sion minimizes KL divergence to the teacher on a calibration
set—i.e., it greedily picks the cheapest outgoing edge in the
interpolation graph G of Definition 1. It repeats until all NV
layers are patched. Since iteration k evaluates N — k candi-
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Figure 4. KLPatch interpolation curves on Qwen3-4B, Qwen3-8B, and Pythia-6.9B. For each model, mean downstream accuracy is
plotted against the patched student size, comparing KLPatch (Algorithm 1) against first-to-last and last-to-first baselines. Across all three
models, KLPatch tracks or outperforms last-to-first on both classification and generation tasks.

dates, KLPatch reduces the search from O(N!) to O(N?)
KL evaluations. Reading Problem 2 through Proposition 1,
KLPatch is a greedy approximation to the shortest-path
problem on G. In empirical evaluations (Section 4.2), we
show that it yields permutations close to the optima of both
Problem 1 and Problem 2.

Algorithm 1 KLPatch

Require: Teacher model T with layer blocks (b, ... b)),
trained student S; calibration set Dca1

U<+ {1,...,N}

1

2: M+ S

3w+ []

4: while U # 0 do

5:  foreacht € U do

6: M® « ParcH(M,i, b)) 4 Patch layer i
7: li = Eonp,y [KL(pr(- [ 2) | pgzo (- | 2))]

8:  end for

9: "+ argminey ¥; # Select lowest KL patch
10: M < PaTcH(M,i*,b("))
11: 7w+« w|[¢*] # Append ¢* to patching order
122 U+ U\{i*}
13: end while
14: return 7w

4.2. KLPatch Finds Near-Optimal Patching Orders

Setup. We compare KLPatch’s patching order against
first-to-last / last-to-first baselines as well as the best
interpolation and permutation obtained from 200 random
orderings on the same models, students, and downstream
task suite as in Section 3.2 (Qwen3-4B, Qwen3-8B,
Pythia-6.9B), and against the distribution of 200 random
orderings from that section. For KLPatch’s calibration set
Decal, we use 64 samples drawn from the Pile (Gao et al.,
2021); the same calibration set is used across all student
layers and all iterations of Algorithm 1. We additionally
evaluate KLPatch on Llama-3.2-3B in Appendix M.

Results. KLPatch yields strong model interpolations
across various families and tasks. On Qwen3-4B, Qwen3-
8B, and Pythia-6.9B, KLPatch outperforms or matches

both first-to-last and last-to-first on classification (Figure 4),
generation (Appendix [.2), and Wikitext perplexity
(Appendix L.3). It also beats all of the 200 random
orderings for Qwen3-4B-Base and Pythia-6.9b and all but
one of the random orderings for Qwen3-8B-Base (Table 4),
yielding near-optimal interpolation trajectories on these
three models. In Appendix M, we also evaluate KLPatch
on Llama models, and show that while it does not work
out-of-the-box, slightly modifying the algorithm by always
patching layer 1 first recovers its strong performance.
Overall, KLPatch provides an efficient approach for reliably
creating high-performing model interpolations.

5. Conclusion

We presented a systematic study of layer patching in
boomerang distillation. An exhaustive sweep over all
interpolations on DistilBERT and DistilGPT2 shows that
last-to-first is globally optimal or near-optimal, and that
good orderings cluster together in permutation space.
On Qwen3-4B, Qwen3-8B, and Pythia-6.9B, last-to-first
remains competitive, but the gap to the empirical optimum
is significant. To close this gap, we cast finding the optimal
patching order as a shortest-path problem on a KL-weighted
lattice (Proposition 1), and propose KLPatch, a greedy
O(N?) algorithm that commits to the cheapest outgoing
edge at each step; KLPatch produces the best or near-best
patching orders and consistently outperforms first-to-last
and last-to-first on Qwen and Pythia.

Yet, several questions remain open. The magnitude
of KLPatch’s gains varies across model families, and
characterizing the conditions under which patching-order
optimization helps most is a natural next step. Other
directions include sub-greedy alternatives that exploit
Proposition 1 more globally, amortized procedures that
avoid recomputing teacher-conditioned KL at every step,
and reinforcement-learning approaches in the spirit of
He et al. (2018), which adaptively select interpolation
trajectories rather than committing greedily.
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A. Related Work

Model Interpolation Model interpolation is a technique where the weights of multiple models are combined to produce
new capabilities without any additional training (Frankle et al., 2020; Singh & Jaggi, 2020; Ainsworth et al., 2023; Yang
et al., 2026). Several works (Entezari et al., 2021; Nagarajan & Kolter, 2019) show that when two neural networks are
initialized identically and share a part of the optimization trajectories, their modes are linearly connected, enabling linear
interpolation between them. However, these explanations are limited to model interpolation of the same size. In contrast,
we aim to understand interpolation between models of different sizes. Recent work has explored zero-shot model size
interpolation, which aims to interpolate between models of different sizes (Cai et al., 2025; Kangaslahti et al., 2026). Cai
et al. (2025) show that explicitly training a Gumbel Softmax-based router allows them to interpolate between models of
different sizes. More recently, Kangaslahti et al. (2026) find that we can achieve zero-shot model size interpolation without
training additional routers via knowledge distillation (Section ??). We extend their work by comprehensively examining the
user-facing choice of patching and its effects on model size interpolation.

Pruning Model pruning aims to compress model parameters by removing redundant parameters to improve inference
efficiency while maintaining the full model performance (LeCun et al., 1989; Han et al., 2015; Sun et al., 2024; Xia et al.,
2024; Sreenivas et al., 2024; Hou et al., 2025). Analogous to student patching order is a model pruning technique called layer
dropping, where the goal is to drop layers based on a computationally efficient criterion, such as activation similarity (Men
et al., 2024; Hinostroza et al., 2026) and statistical distance (Zhang et al., 2024), so that the drop in performance is minimal.
Our greedy KL patching algorithm (see Algorithm 1) closely relates to the iterative layer pruning algorithm in Zhang et al.
(2024). Although both rely on KL divergence (or a variant) between the larger and smaller models’ token distributions to
assess layer importance, Zhang et al. (2024) uses this information to remove layers, whereas we use it to patch layers and
thereby construct interpolated models. Furthermore, in Section 4, we show that the greedy KL divergence algorithm for
patching often recovers a near-optimal patching trajectory.

Knowledge Distillation. Knowledge distillation is a well-known technique to create smaller models that mimic the
behavior of larger models (Hinton et al., 2015; Sanh et al., 2019; Muralidharan et al., 2024; Mansourian et al., 2025). Prior
work has used knowledge distillation to create compact language models such as DistilBERT (Sanh et al., 2019) by training
them on a corpus of text using the knowledge distillation objective (Hinton et al., 2015). Kangaslahti et al. (2026) showed
that these distilled models exhibit zero-shot model size interpolation without any additional training. We build on their
initial experiment by creating interpolated models using DistilBERT and DistilGPT and patching the student in all possible
ways to identify the optimal patching order.

B. Limitations

In this work, we use student models distilled from Kangaslahti et al. (2026). Although this saves a significant amount
of compute, we inherit the limitations of the distilled models, which could potentially influence the patching order. For
example, we observe that KLPatch, out of the box, does not work well for Llama, as it significantly underperforms sequential
patching order baselines. We suspect this may be due to differences in the initialization and training of the distilled student
model relative to the other distilled models. See Appendix M for more details.

C. Reproducibility Statement

We conduct all experiments using PyTorch (Paszke et al., 2019) and the Hugging Face Transformers library (Wolf et al.,
2019). We also use the publicly available codebase and distilled student models from (Kangaslahti et al., 2026) and use
pretrained models from the Hugging Face Hub. The code is available at https://anonymous.4open.science/r/
understanding_patching order-23C6.

D. Broader Impacts

We use the distilled student models from Kangaslahti et al. (2026) and may therefore inherit biases or limitations present
in these models. Before deployment, we recommend carefully evaluating the models on the intended target tasks and
conducting appropriate post-training and safety evaluations.
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E. Statement on Use of Large Language Models

We utilized generative Al tools for code completion, debugging, and minor grammatical corrections in the manuscript. The
authors carried out all the substantive research contributions, analyses, and interpretations.

F. Boomerang Distillation

Here we provide more details on boomerang distillation (Kangaslahti et al., 2026).

Notation. Let the teacher T" have M transformer layers and the student S from the same family have N < M layers.
Both models consist of an embedding layer, a sequence of transformer blocks, and an LM head, and all blocks produce
hidden states of the same dimension.

Step 1: Student Initialization. The student is initialized by partitioning the teacher’s M transformer layers into N
contiguous blocks; each student block is then initialized from the first teacher layer in the corresponding block (Kangaslahti
et al., 2026). The student’s embedding layer and LM head are copied from the teacher.

Step 2: Knowledge Distillation and Alignment. The initialized student is trained on a corpus such as the Pile (Gao
et al., 2021) using a combination of knowledge distillation (Hinton et al., 2015) and a block-level alignment loss such as the
cosine distance loss (Sanh et al., 2019), which encourages each student block to mimic the hidden state at the boundary of
its corresponding teacher block. Concretely, given a token sequence = = (1, ..., ) and a position 7, let pr (- | z<;) and
ps(- | <;) denote the teacher’s and student’s next-token distributions. The per-token loss is

N
Log(x;) = CE(x; | 125;05) + AL KL(pr (- | 2<;) [ ps(- | <)) + Aeos »_ LI (23 01, 05).

=1

where CE is the cross-entropy loss against the ground-truth next token, ﬁg?s is the cosine distance between the student’s
hidden state at the boundary of block ¢ and the corresponding teacher hidden state, and Ak, Acos > 0 weigh the distillation
and alignment terms.

Step 3: Student Patching. After training, intermediate-size models are constructed by patching—replacing student
blocks with the corresponding teacher blocks. For each subset A C {1,..., N}, we write M 4 for the model obtained
by patching in the teacher blocks aligned with the indices in A, leaving the remaining N — | A| student blocks intact. The
endpoints recover the student and teacher, S = My and T' = My, . ny, and growing A one block at a time produces
a chain of intermediate models linking the two without any additional training (Figure 1). The order in which student blocks
are patched determines the trajectory through this chain, and is the central object of study in the remainder of the paper.

G. Proofs

Proposition 1 (Shortest KL Paths are optimal). Assume that for any permutation m, consecutive model interpolation sizes
are equidistant, that is, there is a constant ¢ € N such that

|MT| = |Mj_, | = ¢

foranym € &Gy andk =1,...,N, where | M| denotes the number of parameters of M. Then the shortest paths in G are
exactly the optimal permutations with respect to AUPICl_,(ig(W) (to be understood as a set-equality if there are multiple
minimizers):

in BE(r) = in AUPICL8 (7).
arg min (m) = arg nin ()

Proof. For any intermediate model M, the cross-entropy decomposition gives

H(pr(- | z),pm (- | 2)) = H(pr(- | 2)) + KL (pr(- | ) | pam (- [ 7))
Averaging over x ~ D.,) and rearranging, we obtain

Eonp oKL (pr(- | 2) | pr(- | 7)) = log PPLy (M) — log PPLr(T).
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Applying this identity to each intermediate model M|’ and summing over k£ =0, ..., N,

N
= ZEINDC&]KL (pr(- | @) || paaz (- | 2))
k=0
N
= logPPLy(MJ) — (N + 1)log PPLy(T)
k=0

= %AUPICITOg(w) + % (log PPLz(S) + log PPL7(T)) — (N + 1) log PPLy(T),

using the fact that MJ = S and M, = T. The final two terms are independent of 7, so E(7) and AUPIC;?g (7) have the
same minimizers. O
Proposition 2 (Reference Distribution). If

|log PPLqata (M) — log PPLr(M[T)| < n
for all evaluated k =0, ..., N, then

AUPICRE (1) — AUPIC™8(7)| < (N + 1)n,

and
e "TAUPICr(7) < AUPIC(7) < e"AUPICr (7).

Equality holds in all three inequalities when pr = Pgata 0 Deal.

Proof. For each k, define
ay = log PPLgata (M), b, := log PPLy(M]).

By assumption, |a;, — bx| < nforall k =0, ..., N. Therefore, by the triangle inequality,

k=0

AUPIC8 (1) — AUPIC (n ‘

N
Zak—bk\< (N +1)n.
k=0

For the raw-scale statement, the same assumption implies
by —n < ap < b + .

Exponentiating gives
e Nebk < e < eMelk,

Since
€™ = PPLgata (M), e = PPLy (M),
summing over k = 0, ..., N yields
e Z PPLy (M) < Z PPLgata (M) < €" Z PPLy(MJ).
k=0 k=0 k=0
Equivalently,

e "TAUPICr(7) < AUPIC(7) < e"AUPICr (7).

If p7 = paata 0N Deal, then
log PPLgata (M} ) = log PPLr (M)

for every k, so the above bounds hold with n = 0, giving equality. O
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Proposition 3 (Log Scale versus raw Scale). We have
1
(N + 1) exp (MAUPICIOg(W)) < AUPIC(n),

with equality if and only if 10g PPLqaga (M) is constant in k. The same statement is true for AUPICII(:g and AUPICr in
place of AUPIC!®® and AUPIC.

Proof. Let
21 := log PPLgata (M), k=0,...,N.
Then
N N
AUPIC%(m) =) "z,  AUPIC(m) = » €.
k=0 k=0

Since the exponential function is convex, Jensen’s inequality gives
R 1 O
— < — &

Multiplying both sides by N + 1, we obtain
1 log
- < .
(N +1)exp ( n 1AUPIC (w)) < AUPIC(n)

By strict convexity of the exponential function, equality holds if and only if
20 =21 == 2N,

that is, if and only if log PPLgats (M) is constant in k.

The same Jensen inequality and equality condition also hold with AUPICIZ,‘?g and AUPICr in place of AUPIC'®® and
AUPIC. O

Remark 1 (Log vs raw AUPIC). Log and raw AUPIC have the same monotone direction but generally distinct argmins,
and can disagree when one ordering has a single anomalously bad intermediate model whose raw perplexity dominates the
sum. The map z — €7 is strictly increasing, so if one ordering has no larger log-perplexity than another ordering at every
interpolation point, then it also has no larger raw perplexity at every interpolation point. In this pointwise sense, the log and
raw objectives have the same monotone direction.

However, the two summed objectives need not have the same minimizer. The log objective sums the z, while the raw
objective sums e**, so the raw objective penalizes isolated large values much more heavily. For example, consider two
candidate interpolation curves with the same endpoints and intermediate log-perplexities

(20, 21, 22, 23) = (0,0,6,0), (20, 21, 25, 25) = (0,3.1,3.1,0).

Then
3 3
Y m=6<62=> z,
k=0 k=0

so the first curve is preferred on the log scale. But

3

3
Zez"‘ =3+e%>242e%" = Zezl’e,
k=0 k=0

so the second curve is preferred on the raw scale. Thus log-scale and raw-scale AUPIC can have distinct argmins.
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DistilBERT DistilGPT2
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Figure 5. AUPIC vs. Spearman footrule distance from the minimum-AUPIC permutation. On both DistilBERT and DistilGPT2,
mean AUPIC rises with distance from the optimum and then flattens, indicating a cluster of near-optimal orderings around the empirical
minimum.

Remark 2 (Equidistant Model Sizes Assumption). Proposition 1 hinges on the assumption that for any permutation,
consecutive model sizes are equidistant. This assumption holds in settings where all teacher blocks have the same size,
which can be achieved by initializing the student from every kth teacher layer. This is almost exactly what (Kangaslahti
et al., 2026) do in practice; however, as is standard practice since models such as DistilBERT and DistilGPT, they also
ensure the first and last layer are kept, which results in one additional layer over the simple "every other layer" approach.’

H. Experimental Details

Models. We use the openly available distilled models released by Kangaslahti et al. (2026) for Qwen, Pythia, and Llama,
and the DistilIBERT and DistilGPT models released by Sanh et al. (2019) on Hugging Face. All the interpolated models are
created without any additional training.

Evaluation Datasets. We use the same evaluation datasets as Kangaslahti et al. (2026) throughout the paper. We report
the classification accuracy on these ten tasks: ARC-easy and ARC-challenge (Clark et al., 2018), BoolQ (Clark et al., 2019),
HellaSwag (Zellers et al., 2019), OpenBookQA (Mihaylov et al., 2018), PIQA (Bisk et al., 2020), WinoGrande (Sakaguchi
et al., 2020), RACE (Lai et al., 2017), MMLU (Hendrycks et al., 2021a), and RTE (Wang et al., 2019). For generation tasks,
we report the exact match on the following datasets: GSM8K (Cobbe et al., 2021), IFEval (Zhou et al., 2023), and MATH
(Hendrycks et al., 2021b). We report perplexity and pseudo-perplexity on the Wikitext dataset (Merity et al., 2017). We use
1m- evaluation-harness (Gao et al., 2023) to evaluate all of the models used in our experiments.

Hardware and Walltime. For the DistilBERT and DistilGPT interpolation experiments, we use a single NVIDIA A100
40GB GPU, whereas for the LLM interpolation experiments, we use a single NVIDIA H100 80GB GPU to create and
evaluate the intermediate models. Evaluating a single intermediate model in a trajectory is completed in under an hour.

I. Good Patching Orders Cluster Around the Optimum

Section 3.1 characterized the spread of AUPIC across all orderings. Here we ask a finer question: are good orderings near
the optimum in permutation space, or are they scattered? A clean structural answer would say that small perturbations of the
optimum remain near-optimal, suggesting a smooth landscape amenable to local search.

Setup. We use the 720 trajectories from Section 3.1 for both DistilBERT and DistilGPT2 and measure each ordering’s
Spearman footrule distance to the empirical optimum. For permutations 7, 7’ € &y, the footrule distance is computed as
d(m, ') = Zfil |7 (i) — «'(i)], i.e., the 1 distance between the position vectors. We then bin orderings by their distance to
the optimum and report the mean AUPIC per bin.

Results. Mean AUPIC increases with footrule distance from the optimum and then plateaus (Figure 5). Orderings within
small footrule distance to the optimum form a cluster of near-optimal AUPIC, while at larger distances the relationship
becomes noisy and AUPIC saturates. In the language of Section 2.4, near-optimal patching orders correspond to short paths
in G close to the shortest path; this local structure is what makes greedy approaches such as KLPatch (Section 4) viable:
small, locally-informed deviations from the shortest-path skeleton tend not to leave the near-optimal basin.

*Which additional layer is kept varies by model family; for Qwen and Pythia, they keep layers 1,3, 5, ..., N — 1, N, while for Llama,
they keep 1, 2,4, 6, ..., N; for every model used, the number of layers NV is even.
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J. Empirically Validating Theoretical Assumptions

In this section, we empirically validate the assumptions made in Section 2 and Appendix G.

J.1. KL Divergence Strongly Correlates with Perplexity

In Proposition 1, we optimize for the perplexity with respect to the teacher distribution rather than the data distribution.
In this section, we show that optimizing w.r.t. the teacher distribution is reasonable by demonstrating a strong correlation
between the KL divergence to the teacher model and downstream perplexity.

Setup. We use the exhaustive set of DistilBERT and DistilGPT2 patching orders from Section 3.1 to study the relationship
between KL divergence and data perplexity. We evaluate KL divergence on the Wikitext test set (Merity et al., 2017) and on
a calibration set of 64 samples from the Pile (Gao et al., 2021), and evaluate perplexity on the Wikitext test set.

Results. When KL divergence and perplexity are evaluated on the same dataset (Wikitext), there is a strong correlation
(Pearson r =0.981 for DistilBERT and Pearson r=0.955 for DistilGPT2) between KL divergence and perplexity (Figure 6).
This indicates that distributions of interpolated models that are similar to the distribution of the teacher are also similar
to the data distribution. Figure 7 further shows that KL path length is strongly correlated to AUPIC (Pearson r=0.958 for
DistilBERT and Pearson r=0.903 for DistilGPT2), so shorter interpolation paths in G tend to have better performance in
terms of AUPIC. These results also hold when the KL divergence is computed on a different dataset than the perplexity.
Figure 8 demonstrates that KL divergence on the Pile calibration set correlates with Wikitext perplexity, and Figure 9 shows
that KL path length computed on the Pile calibration set is correlated with AUPIC.

DistilBERT DistilGPT2
. Pearson r=0.981 e et 801 Pearson r=0.955 .. .
35 P 701 -
[<% R - : Qe
5 A = N
D.' oo'... ¢ _Q_60 . : ° ®
O ° P S, o o
T6 v Y ot
tqn:J ) o... ° . 50‘ ° s *
o 0o ’ ¥ R )
. 101 ’
0.0 0.5 1.0 1.5 0.0 0.2 0.4 0.6
KL Divergence KL Divergence

Figure 6. KL divergence on Wikitext versus Wikitext perplexity. When KL divergence is computed on Wikitext, there is a strong
correlation between the KL divergence between interpolated models and the teacher and Wikitext perplexity for DistilBERT and
DistilGPT2 models.
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Figure 7. KL Path Length on Wikitext versus Wikitext AUPIC. For all possible patching orders, when KL divergence and perplexity
are both computed on Wikitext, the KL path length in the interpolation graph correlates strongly with AUPIC.
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Figure 8. KL divergence on the Pile versus Wikitext perplexity. When KL divergence is computed on a 64 example calibration set from
the Pile, there is a strong correlation between the KL divergence between interpolated models and the teacher and Wikitext perplexity for

DistilBERT and DistilGPT2 models.
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Figure 9. KL Path Length on the Pile versus Wikitext AUPIC. For all possible patching orders, when KL divergence is computed on a
64 example calibration set of the Pile and perplexity is computed on Wikitext, the KL path length in the interpolation graph correlates

strongly with AUPIC.
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J.2. Optimal Patching Order Closely Approximates Optimal Interpolation

In Section 2.2, we introduce the optimal interpolation problem (Problem 1) and the optimal permutation problem (Problem
2) for subset selection and argue that greedy algorithms naturally solve both formulations. In this section, we empirically
validate that the optimal solution to Problem 2 is close in performance to the optimal solution to Problem 1. Thus, restricting
the search space to the set of permutations does not impose a significant cap on performance as compared to the optimal
interpolation problem.

Setup. We evaluate the perplexity of the exhaustive set of DistilBERT and DistilGPT2 patching orders from Section
3.1 and evaluate the classification accuracy of the set of 200 patching orders for Qwen3-4B-Base, Qwen3-8B-Base, and
Pythia-6.9b from Section 3.2.

Results. Figure 10 shows that for DistilBERT models, the optimal permutation (lower dotted blue line) is exactly equal to
the optimal interpolation (lower dotted gray line) for each model size. As a result, the minimum AUPIC for the optimal
interpolation and patching order are identical (Table 1). For DistilGPT2, the optimal permutation is slightly higher in
perplexity than the optimal interpolation for small model sizes (Figure 10), but is very close in AUPIC to the optimal
interpolation (Table 1).

For larger models, while it is computationally infeasible to compute the exact optimal permutation and interpolation, Figure
11 demonstrates that on the subset of 200 patching orders that we evaluated, the maximum AUIC permutation (higher blue
dotted line) has a classification accuracy close to that of the maximum interpolation of corresponding size (higher gray
dotted line). We observe analogous results for perplexity and AUPIC in Figure 12. Similarly, the maximum AUIC across
permutations is close to the maximum AUIC interpolation (Table 2). Overall, these results indicate that across models and
tasks, the optimal permutation (Problem 2) is close in performance to the optimal interpolation (Problem 1).

Model Interpolation AUPIC ({)
Mean AUPIC 0.909

DistilBERT ~ Minimum AUPIC Interpolation 0.397
Minimum AUPIC Permutation 0.397
Mean AUPIC 1.072

DistilGPT2  Minimum AUPIC Interpolation 0.657
Minimum AUPIC Permutation 0.713

Table 1. AUPIC results for best performing interpolations vs permutations. The minimum AUPIC permutation has AUPIC equal to or
close to that of the minimum AUPIC interpolation.

DistilBERT Pseudo-Perplexity () DistilGPT2 Perplexity ({)
801 T
23 . Permutation mean
= Y ) , % 2 Min/Max perplexity
d_'l’ ‘ ) ",’ 12_60' P4 S . permutation
Bl e b AR S A s Min/Max perplexity
3 it *, Fag interpolation
a L 3
""" Mg ° e
80 100 80 100 120
Parameter Count (Millions) Parameter Count (Millions)
Model type

% Pretrained models A Distilled models @ Interpolated models

Figure 10. Comparison of minimum AUPIC permutation vs interpolation for DistilBERT and DistilGPT2. The minimum
permutation produces the same perplexity as the minimum interpolation for DistiIBERT and perplexity close to the minimum interpolation
for DistilGPT2. Shaded bands show the (25-75) inter-quartile range over all 720 orderings.
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Model Interpolation AUIC (1)
Mean AUIC 0.409
Qwen3-4B-Base  Maximum AUIC Interpolation 0.571
Maximum AUIC Permutation 0.522
Mean AUIC 0.447
Qwen3-8B-Base  Maximum AUIC Interpolation 0.634
Maximum AUIC Permutation 0.585
Mean AUIC 0.209
Pythia-6.9b Maximum AUIC Interpolation 0.459
Maximum AUIC Permutation 0.409

Table 2. AUIC results for best performing interpolations vs permutations. The maximum AUIC permutation has AUIC close to that
of the maximum AUIC interpolation.

= Qwen3-4B-Base = Qwen3-8B-Base = Pythia-6.9b
& ~al P Al :
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3 ° 3 3
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. s 205 e £ 0.40 Interpolation
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Parameter Count (Billions) Parameter Count (Billions) Parameter Count (Billions)

Model Type
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Figure 11. Comparison of maximum AUIC permutation vs interpolation for Qwen3-4B-Base, Qwen3-8B-Base, and Pythia-6.9b
over 200 random orderings. Across models, the maximum AUIC permutation has classification accuracy very close to that of the
maximum interpolation. Shaded bands show the (25-75) inter-quartile range over all 200 orderings.
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Figure 12. Comparison of minimum AUPIC permutation vs interpolation for Qwen3-4B-Base, Qwen3-8B-Base, and Pythia-6.9b
over 200 random orderings. Across models, the minimum AUPIC permutation has perplexity very close to that of the minimum
interpolation. Shaded bands show the (25-75) inter-quartile range over all 200 orderings.

J.3. KLPatch Path is Close to Global Shortest Path

We prove in Proposition 1 that shortest paths in G are optimal permutations and introduce KLPatch in Section 4 to find the
approximate shortest path in a greedy manner. Here, we demonstrate that KLPatch produces paths that are close to the
global shortest path in terms of AUPIC.

Setup. We use the set of exhaustive patching orders for DistilBERT and DistilGPT2 models from Section 3.1. We compute
the KL divergence for every path using a calibration set of 64 examples from the Pile and report AUPIC for the global
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shortest path and the path found using our KLPatch algorithm. We provide the first to last and last to first patching orders as
baselines. For each patching order, we report the AUPIC and the AUPIC Percentile, or the percent of total patching orders
that have AUPIC greater than or equal to that of the patching order being tested:

AUPIC Percentile(r) = Z 1{AUPIC(r;) > AUPIC(7)}

16n]

Results. Table 3 shows that KL.Patch produces paths with interpolation performance equal to or very close to that of the
global shortest KL path. Furthermore, last to first patching provides a very strong baseline for DistilBERT and DistilGPT2
models, but KLPatch recovers an AUPIC equal to (DistilBERT) or very close to (DistilGPT?2) that of the last-to-first patching.
These results validate that KLPatch finds a path equal to or close in performance to that of the global shortest KL path.

Model Path Patching Order 7 AUPIC (}) AUPIC Percentile (1)
Minimum AUPIC Path  [5,4,3,2,1,0] 0.397 100%
First to Last Patching [0,1,2,3,4,5] 0.968 38.75%

DistilBERT  Last to First Patching [5,4,3,2,1,0] 0.397 100%
Global Shortest Path [5,4,3,2,1,0] 0.397 100%
KLPatch Path [5,4,3,2,1,0] 0.397 100%
Minimum AUPIC Path ~ [4,5,3,2,0, 1] 0.713 100%
First to Last Patching [0,1,2,3,4,5] 0.824 95.56%

DistilGPT2  Last to First Patching [5,4,3,2,1,0] 0.815 96.39%
Global Shortest KL Path [0, 1,2, 3,4, 5] 0.824 95.56%
KLPatch Path 2,3,0,1,4,5] 0.831 95.28%

Table 3. AUPIC results for different patching paths. The KLPatch path has an AUPIC close to that of the global shortest KL path.

In Figure 13, we provide a visual representation of different patching orders, including the one found by KLPatch, to
illustrate that KLPatch finds a permutation close to the optimal one.
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Figure 13. KLPatch finds patching orders that are close to optimal: Visual representation of the optimal patching order between the
student S and teacher T along the KL divergence to the teacher model, compared to the KLPatch order, front-to-back and back-to-front,
and random permutations.
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K. Additional Permutation Results

We present extended results from Sections 3.1 and 3.2 on permutations of patching orders for model size interpolation.
Figures 14-17 show that first to last and last to first patching orders often achieve the best interpolation trajectories compared
to the random patching orders. These results show that simple sequential patching orders are a reliable recipe for achieving
smooth model size interpolation.
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Figure 14. AUPIC distribution across patching order permutations for DistilBERT and DistilGPT2. Across the 720 orderings,
last-to-first patching is at or near the optimum on both models, suggesting it is a simple and reliable default recipe for model size
interpolation.
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Figure 15. Distribution of AUIC for different patching orders. Across 200 orderings, first to last and last to first patching have relatively
high AUIC, but last-to-first patching does not have the highest AUIC for Qwen models despite having the lowest AUPIC.
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Figure 16. Distribution of AUPIC for different patching orders. Across the 200 orderings, either last to first or first to last patching
often yields the highest AUPIC, suggesting it is a simple and reliable default recipe for model size interpolation.
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Figure 17. Wikitext perplexity for different patching orders. Across 200 orderings, either last to first patching and first to last patching
achieve smooth interpolation performance, suggesting that they are generalizable recipes that work well across models. On the other
hand, we observe that a naive patching order can sometimes result in poor interpolation performance. Shaded bands show the (25-75)
inter-quartile range over all 200 orderings.

L. Additional KLPatch Results

We present additional results for KLPatch compared to baselines and on generation tasks and Wikitext.

L.1. KLPatch Trajectories are Best- or Near-Best-Performing

Setup. We compute the AUIC and AUPIC for the 200 random orderings from Section 3.2, as well as first to last, last to
first, and KLPatch patching orders. We report the AUIC percentile, or the percent of total patching orders in the subset
S C &y of orderings tested that have AUIC less than or equal to that of a given patching order 7:

1
AUIC Percentile(r) = S Z 1{AUIC(m;) < AUIC(n)}
N T ESN

We also compute the AUPIC percentile (defined in Section J.3) over S for each of the trajectories 7 being considered. We
note that the percentile is with respect to 203 patching total patching orders (the set of 200 random orderings, first to last,
last to first, and KLPatch).

Results. KLPatch produces the best or near-best trajectories in terms of AUIC and AUPIC across models (Tables 4-5).
This shows that KLPatch is a reliable method for finding patching orders with high downstream performance.

Model Interpolation AUIC (1) AUIC Percentile (1)
Maximum AUIC Interpolation 0.580 100%
Maximum AUIC Permutation 0.533 100%
Qwen3-4B-Base  First to Last Patching 0.441 69.46%
Last to First Patching 0.462 89.16%
KLPatch Path 0.533 100%
Maximum AUIC Interpolation 0.637 100%
Maximum AUIC Permutation 0.585 100%
Qwen3-8B-Base  First to Last Patching 0.464 63.55%
Last to First Patching 0.495 85.71%
KLPatch Path 0.571 99.51%
Maximum AUIC Interpolation 0.459 100%
Maximum AUIC Permutation 0.410 100%
Pythia-6.9b First to Last Patching 0.410 100%
Last to First Patching 0.261 82.27%
KLPatch Path 0.379 99.51%

Table 4. AUIC results for different interpolations. KLPatch recovers a patching order with best (Qwen3-4B-Base) or near-best
(Qwen3-8B-Base, Pythia-6.9b) performance in terms of AUIC.
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Model Interpolation AUPIC () AUPIC Percentile (1)
Minimum AUPIC Interpolation 0.481 100%
Minimum AUPIC Permutation 0.493 100%
Qwen3-4B-Base  First to Last Patching 0.637 69.46%
Last to First Patching 0.493 100%
KLPatch Path 0.539 99.51%
Minimum AUPIC Interpolation 0.277 100%
Minimum AUPIC Permutation 0.318 100%
Qwen3-8B-Base  First to Last Patching 1.084 41.38%
Last to First Patching 0.318 100%
KLPatch Path 0.357 99.51%
Minimum AUPIC Interpolation 0.545 100%
Minimum AUPIC Permutation 0.567 100%
Pythia-6.9b First to Last Patching 0.623 99.51%
Last to First Patching 0.839 83.74%
KLPatch Path 0.567 100%

Table 5. AUPIC results for different interpolations. KL Patch recovers a patching order with the best (Pythia-6.9b) or near-best
(Qwen3-4B-Base, Qwen3-8B-Base) performance out of the permutations tested in terms of AUPIC.

L.2. Generation Tasks

Figure 18 shows that KLPatch achieves better model size interpolation compared to last to first and first to last patching when
we patch fewer student layers, but eventually converges to the best performing patching order trajectory on the generation
tasks.
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Figure 18. KLPatch for Qwen3-4B-Base, Qwen3-8B-Base, and Pythia-6.9b Across models, KLPatch often outperforms or tracks the
last to first patching on generation tasks.
L.3. Wikitext Perplexity

Figure 19 shows that KLPatch often tracks closely to the best performing patching order among last to first and first to last
patching orders on Wikitext.
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Figure 19. KLPatch for Qwen3-4B-Base, Qwen3-8B-Base, and Pythia-6.9b Across models, KLPatch tracks the last to first patching on
perplexity.
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M. Llama-3.2-3B KLPatch Results

In this section, we discuss the KLPatch of Llama 3.2 3B, which requires rather special considerations to achieve smooth

interpolation.

Figure 20 shows that KLPatch severely underperforms first to last patching, suggesting that KLPatch might not universally
improve over naive patching orders. However, after enforcing a heuristic constraint that the first student layer (layer 1) be
patched first, then the KLPatch algorithm recovers the first to last patching.

One possible reason for this discrepancy could be the initialization of the student model. Kangaslahti et al. (2026) initialize
the student model by keeping the first two layers from the teacher model. In contrast, when distilling other student models,
namely Qwen 4B Base, Qwen 8B Base, and Pythia 6.9b, the student is initialized by keeping the last two layers. We suspect
these differences also contribute to the differences in patching order. In fact, this difference in student model initialization
also led Kangaslahti et al. (2026) to adopt the first to last patching strategy rather than the last to first patching strategy to
achieve smooth interpolation. While these results show that Llama models require special treatment of KLPatch to achieve
good model size interpolation performance, they also highlight that the effect of patching order is strongly influenced by the
student model initialization.
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Figure 20. Standard KLPatch for Llama-3.2-3B. The standard KLPatch algorithm does not recover the optimal patching order.
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Figure 21. KLPatch for Llama-3.2-3B by first patching Layer 0. Enforcing layer O as the first patched layer allows KLPatch to recover
the optimal patching order and improves performance by avoiding an initially suboptimal patching choice.



