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Abstract

We study a distributed stochastic multi-armed
bandit where a client supplies the learner with
communication-constrained feedback based on
the rewards for the corresponding arm pulls. In
our setup, the client must encode the rewards
such that the second moment of the encoded re-
wards is no more than P, and this encoded re-
ward is further corrupted by additive Gaussian
noise of variance o2; the learner only has ac-
cess to this corrupted reward. For this setting,
we derive an information-theoretic lower bound

of © (\/ sﬁfl)

scheme, where SNR = U—i, and K and T are the
number of arms and time horizon, respectively.
Furthermore, we propose a multi-phase bandit
algorithm, UE-UCB++, which matches this lower
bound to a minor additive factor. UE-UCB++ per-
forms uniform exploration in its initial phases
and then utilizes the upper confidence bound
(UCB) bandit algorithm in its final phase. An in-
teresting feature of UE-UCB++ is that the coarser
estimates of the mean rewards formed during a
uniform exploration phase help to refine the en-
coding protocol in the next phase, leading to
more accurate mean estimates of the rewards in
the subsequent phase. This positive reinforce-
ment cycle is critical to reducing the number of
uniform exploration rounds and closely matching
our lower bound.

on the minimax regret of any

1. Introduction

The stochastic multi-armed bandit (SMAB) is a classic se-
quential decision-making problem with decades of research
(see Lattimore & Szepesvari (2020) for a recent survey).
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The SMAB problem crucially captures the trade-off be-
tween exploring actions to find the optimal one or exploit-
ing the action believed to be the best, but possibly sub op-
timal action, lying at the heart of many practical sequential
decision-making problems. In its simplest form, the SMAB
problem is a sequential game between the learner and the
environment. The game is played over a finite number of
rounds. In each round, the learner plays an arm from a
given set of arms, and then the environment reveals a re-
ward corresponding to the played arm. The reward for a
particular arm is ¢¢d across rounds, with the reward dis-
tribution unknown to the learner. The learner’s goal is to
maximize the expected cumulative reward over the entirety
of the game.

In another direction, in modern distributed optimization
frameworks such as Federated Learning (Kone¢ny et al.,
2016), a central learner trains a global machine learning
model by leveraging updates from remote clients (typically,
stochastic gradients computed on local data). However, a
major bottleneck in such settings is the uplink communica-
tion cost — the cost of sending remote client’s updates to the
learner. This has spurred a recent line of work that seeks to
minimize the amount of communication by a remote client
while still maintaining the accuracy of the global model
(see Kairouz et al. (2021) for a recent survey).

An emerging abstraction to understand the trade-off be-
tween communication and accuracy in distributed opti-
mization is to understand the one-client setting, where one
remote client supplies the learner with gradient updates
over a rate-limited channel (see, for instance, Acharya et al.
(2021); Gandikota et al. (2019); Lin et al. (2021); Mayekar
& Tyagi (2020)). A similar abstraction has been studied
for distributed SMAB problems in two interesting recent
works: Hanna et al. (2022); Mitra et al. (2022). Our work
is inspired by these two studies.

In particular, Hanna et al. (2022) studies the distributed
SMAB problem where a client supplies the learner with re-
ward feedback corresponding to its arm pull. To account
for the uplink cost from the client to the learner, at the
tth round, the client must quantize the reward feedback to
r¢-bits, and only the quantized reward feedback is avail-
able to the learner for further decision-making. Mitra et al.
(2022) study a linear distributed SMAB problem where at
each round, the remote client supplies the learner with a r-
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bit quantized version of its estimate of the d-dimensional
linear model parameter. These studies investigate similar
questions:

Qla Hanna et al. (2022): What is the minimum average
bits % Zthl r¢ needed to attain the regret of the central-
ized setting in the distributed bandit game?

Q1b Mitra et al. (2022): What is the minimum r needed to
attain the regret of the centralized setting in the distributed
bandit game?

Hanna et al. (2022) shows that O(1) bits of average com-
munication is sufficient to attain the regret of centralized
setting, and Mitra et al. (2022) shows that r = O(d) is
sufficient! to attain the regret of the centralized setting.

In many practical distributed learning scenarios, the up-
dates from the client to the learner are sent over a noisy
wireless network. To model this, recent works on dis-
tributed optimization have considered communication over
noisy channels; see, for instance, Amiri & Giindiiz (2020);
Jha et al. (2022) and the references therein. Unfortunately,
the results for distributed optimization over noisy chan-
nels do not apply to the distributed SMAB problem over
noisy channels. Moreover, the model for communication
constraints in the recent works on distributed SMAB does
not accurately capture communication over noisy channels.
To bridge this gap, we study a distributed SMAB problem
where the remote client codes the reward feedback to en-
sure that the encoded reward has a second moment less than
P, and then the client transmits the encoded reward over an
(AWGN) channel with noise variance o2 (this is equivalent
to corrupting the encoded reward with an additive Gaus-
sian noise of mean zero and variance ¢2); only the chan-
nel’s output is available to the learner for pulling the arm at
the next round. We define the signal-to-noise ratio in our
problem as

P
SNR = —.
o

We remark that the restriction of the second moment of the
encoded messages to P and transmission over an AWGN
channel is a ubiquitous communication model in informa-
tion theory and communication and dates back to Shan-
non’s seminal work; see, for instance, Shannon (1948),
Cover & Thomas (2006, Chapter 9), and Tse & Viswanath
(2005, Chapter 8). The second moment constraint is used
to model that most edge devices are restricted to transmit-
ting up to a particular transmission power due to physical
constraints. The AWGN channel is often used as a first ap-
proximation for various communication settings.

Coming back to comparisons with Hanna et al. (2022) and

!The discrepancy between results is because of different set-
ting: In Hanna et al. (2022), the scaler reward feedback needs to
be compressed, whereas in Mitra et al. (2022) the d-dimensional
linear model parameter needs to be compressed.

Mitra et al. (2021), the counterpart of Q1 in our setting is
the following question:

Q2: What is the minimum SNR needed to attain the regret of
the centralized setting in the distributed bandit game over
an AWGN channel?

In this work, we resolve the following more general ques-
tion upto multiplicative log and minor additive factors:

Q3: How does the minimax regret scale as a function of
SNR?

1.1. Our Contributions

‘We show that any bandit algorithm employed by the learner
and any encoding strategy employed by the client must in-
cur a worst-case expected cumulative regret of at least

0 ( _ET_, KB) ,
SNR A1

where K is the number of bandit arms, 71" is time hori-
zon, and B is upper bound on the Lo-norm? of rewards.
A technical difficulty in deriving this lower bound is to ac-
count for the loss of information due to transmission over
the AWGN channel. We overcome this difficulty by lever-
aging classic information-theoretic results for transmission
over an AWGN channel and combining these techniques
with the standard minimax lower bound proof for SMAB.
An interesting consequence of our proof technique is that,
up to constant factors, we can recover the lower bound in
Hanna et al. (2022) with an arguably simpler proof; see
Appendix for details.

Unlike Hanna et al. (2022) and Mitra et al. (2022), we don’t
quantize our updates. In our setup, quantization and trans-
mitting over an AWGN channel would lead to decoding
errors at every round, which can pile up and result in linear
regret unless SNR grows with the time horizon 7'; such a
scheme would not allow us to resolve Q3. Instead, we use
a center and scale encoding protocol CAS, where the cen-
tering and scaling factors are learned over time. We also
design a new bandit algorithm UE-UCB++ which, along with
the encoding protocol CAS, bounds the worst-case expected
cumulative regret by a factor of*

1 KBlog B
— 4+ 1| - KTInT+ ———].
O(\/(SNR+ > M e )
Thus, we resolve Q3 up to a multiplicative factor of vInT'

e KBlogB
and an additive factor of =5="5=.

UE-UCB++ performs uniform exploration for multiple ini-
tial sub-phases and then employs the classic upper con-

24 A'b := min{a, b}; a V b := max{a, b}.
3The L norm of a random variable X is 1/E [X2].

*log(-) refers to the logarithm to the base 2; In refers to the
logarithm to the base e.
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fidence bound UCB bandit algorithm. The multiple initial
uniform exploration sub-phases allow us to learn CAS’s op-
timal centering and scaling factors. An interesting fea-
ture of UE-UCB++ is that we start with coarser mean re-
ward estimates for all arms in a given sub-phase, which
helps us refine the communication scheme for the subse-
quent sub-phases. The refined communication scheme, in
turn, leads to better mean rewards estimates in the subse-
quent sub-phase. Due to this positive reinforcement cycle,
the variance of the mean reward estimates decays exponen-
tially with respect to the number of uniform exploration
sub-phases. As a result, we can learn an almost optimal
encoding protocol after relatively few rounds of uniform
exploration.

We also design a private’ scheme where the learner does
not send any information to the client. We show that for
such a scheme, the worst-case expected cumulative regret
can be bounded by

BQ

This simple scheme nearly matches our lower bound when
B =0(1).

2. Setup and Preliminaries

We now proceed to describe our setup; see Figure 1 for a
pictorial description.

The Distributed SMAB Problem over an AWGN chan-
nel:

1. Atround t € [T],% the learner asks a client to pull an
arm A;. The learner also sends some side information
S based on the history of the game until time ¢ — 1 to
aid the communication at the client.

2. Upon receiving this information, the client pulls arm
A; and gets a reward X 4, corresponding to the
arm A;. The client then encodes this reward us-
ing an encoding function C;: R x § — R to form
Cy(Xy,a4,,St), where S is the domain of the infor-
mation .S; sent by the learner. The encoding function
must satisfy the power constraint

E [Ct(Xt,A”St>2] <P (1)

for some P > 0.

5 As opposed to the popular privacy notion of differential pri-
vacy Dwork et al. (2014), we emphasize that here we refer to a
much more rudimentary privacy notion, where the learner does
not send information to the remote clients at any of the rounds.

®For an integer n, [n] = {1,...,n}.

3. The client sends the encoded reward over the AWGN
channel. The output of the channel Y; is received by
the learner, where

Y: = Cy(Xt,a,,5) + Z4 )

and {Z;}$°, is sequence of i.i.d. Gaussian random
variables with mean 0 and variance 2.

4. The learner decodes Y; using a decoding function
D;: RxS — Rto form areward estimate Dy (Y, Sy).
The learner then uses a bandit algorithm 7 to decide
on arm A, 1, the side information Sy 1, and decoding
function D, using history of the game up to round
t, Ht = (Al, Yl, ey At,Y;g).

Remark 1. In most distributed learning settings, the com-
munication from the learner to client (downlink communi-
cation) is not expensive. Therefore, we allow for schemes
where the learner can, in principle, send entire history of
the game up to a particular round as side information for
the next round. However, our proposed scheme will send
only a single real number as side information at each round,
which is more desirable in practical settings.

Remark 2. The client is ‘memoryless’ in our setup; the
client cannot use rewards from previous arm pulls to en-
code the current reward. This is motivated by the fact that,
as observed in Hanna et al. (2022), in a typical distributed
sequential decision-making problem, the client observing
the reward is a low memory sensor. Additionally, in some
applications, the client at any given round may differ from
those at the previous rounds.

Denote by I be the set of all possible 7-round bandit al-
gorithms as described above and denote by C the set of all
possible encoding strategies satisfying (1). We note that
117 contains randomized algorithms, so our lower bounds
hold for such algorithms, too. However, we will use a de-
terministic algorithm for our upper bounds.

Reward Distributions: We make the following standard
assumptions on the reward distributions. We assume that
the reward sequence { X, ;}¢>1 is i.i.d. for all arms 7 in [K]
and the rewards for different arms are independent of each
other. Denote by p; the mean reward of arm i. We assume
that X ; — u; is subgaussian with variance factor 1,7 where
a subgaussian random variable with a variance factor o is
as defined below.

Definition 2.1. (Boucheron et al., 2013) We say a random
variable X is subgaussian with a variance factor o, if for
all A € R, we have

A2a?

Infexp(AX)] < —

"The variance factor 1 is without loss of generality; all our
regret bounds scale linearly with this factor.
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Figure 1. The Distributed Bandit Game over an AWGN channel

Furthermore, for a subgaussian random variable with vari-
ance factor o, we have E[X] = 0 and E [Xﬂ < a?.

Finally, for B > 1,% we assume for all i € [K], that
E[X?,] < B 3)

Denote by P the set of all subgaussian distributions with
variance factor 1 whose second moment satisfies (3). Then,
& = PX describes the set of all possible bandit instances
considered in our setup.

Regret: We define the regret for a bandit instance v € &,
when a bandit algorithm 7 € II and encoding strategies
CT = (Cy)ser) € CT are employed, as

T
Z Xt,At] ;

t=1

Ry (v,m,CT) = Tu» —E

where +* is the arm with the largest mean for the bandit
instance v. We are interested in characterizing the minimax
regret

R:(SNR) := inf inf supRy(v,w,CT 4
7(SNR) nf f sup r(v,m Cy) (4

as function of SNR, K, B, and T.

UCB bandit algorithm: We now describe the classical
Upper Confidence Bound (UCB) bandit algorithm (Auer
etal.,2002). We will build on the UCB algorithm to come up
with our algorithm. Recall that at each round UCB plays the
arm with the largest upper confidence bound. For subgaus-
sian rewards with variance factor o, the upper confidence
bound for an arm k € [K] after ¢ rounds is defined as

0o if Np(t)=0

~ AnInT
fur(t) + ]Gk(t)

otherwise,

UCBy(t;n) = {

8Since X1,i — pi is subgaussian with variance factor 1, its
second moment is bounded by 1, so we may assume that B > 1.

where Ni(t) is the number of times the arm & has been
played up to round ¢, and fi(t) is the empirical mean es-
timate of arm k. It is not difficult to prove the following
regret guarantees for the UCB algorithm (see, for instance,
Lattimore & Szepesvéri (2020, Theorem 7.2)).

Lemma 2.2. Suppose we have a classical bandit game
over T rounds and K arms with the following reward feed-
back: (i), the reward feedback corresponding to all arms
is subgaussian with a variance factor of o; (ii), the sec-
ond moment of the reward feedback is at most B. Then, the
regret of the UCB algorithm with parameter ) = o? satisfies

Ry <8Va?KTInT +6KB.

3. Information-Theoretic Lower Bound

Our lower bound is stated as follows.

Theorem 3.1. For universal constants c¢1 and co, where
0 <c1 <1landcy > 0,we have

1

A CQT
\/$log(1+SNR) A 1

R (SNR) >¢; (\/ﬁ

—l—KB)

forall T > Tj{mm

The proof of this lower bound adopts a similar high-level
approach to the lower bound proofs in the standard setting
(see, for instance, Lattimore & Szepesvari (2020, Chap-
ter 15)). However, a crucial difference from the standard
proofs is that we now have to account for the loss in in-
formation due to the rewards being sent over the Gaussian
channel. We defer the proof to the Appendix.

Remark 3. In information theory, the term 3 log(1+4-SNR) is
the capacity of the Gaussian channel. It refers to the max-
imum rate at which information can be transmitted with
arbitrarily small probability of error; see Cover & Thomas
(2006) for details.
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The following corollary of Theorem 3.1 will be useful to
derive matching upper bounds.

Corollary 3.2. For universal constants ci1 and co, where
0<c1 <landcy > 0,we have

1
RE(SNR) > ¢y (VKT - ——— 4 KB)
7(SNR) 2 &1 ( VENR AL

_ eeK
forall T > Tlog(1+SNR)AL"

Proof. The proof simply follows by combining Theorem
3.1 with the fact that In(1 + z) < 2 forz > 0. O

We note while SNR A 1 and 1 log(1 4 SNR) A 1 may appear
quite different at first glance, they are, in fact, the same up
to constant factors, since % log(1 + SNR) is both upper and
lower bounded by a constant times SNR for SNR € [0, 3],
whereas for SNR > 3 both terms take the value 1.

4. Bandit Algorithms over an AWGN Channel
4.1. Our Encoding Algorithm: CAS

A crucial component of all our schemes is an encoding
strategy we refer to as centered amplitude scaling (CAS).
CAS simply centers the input X around side information S
and multiplies it by 6 to get

CCAs(X,S;Q) = G(X - S)7

which is transmitted over the AWGN channel. If the input

and side information are such that E [(X — 5)%] < £,
then C(X, S) satisfies the power constraint (1).

We now build up to our main algorithm in the following
two subsections.

4.2. Warm-up: UCBO bandit algorithm

We begin by describing a simple warm-up which uses CAS
with parameter 6 = g as the encoding algorithm at each

round, and the UCBO bandit algorithm described below.

The UCBO bandit algorithm is a standard bandit algorithm
that sends no side information at all rounds (equivalent to
sending zero as the side information at all rounds). Addi-

tionally, UCBO simply scales channel output Y; by the in-
- B

verse of the scaling parameter used by CAS, % = Jpto
get

> B

Xt,A(t) = ﬁyh

which it uses as the reward estimate for round ¢. UCBO along
with its interaction with CAS is described in Algorithm 1.

Parameters: 1 = % +1,60= g

1: for t € [T] do

2: At Learner

3 Ay = arg I/?GHRXUCB’“ (t—1;m) and S; =0

4 Send A;, S; to Client

5: At Client

6 Play arm A; and observe X; 4,

7: Send Ceps(X¢ 4,,0;0) over the AWGN channel
8: At Learner

9 Observe AWGN Output Y; = Ceas(X¢,4,,0) + Z;
0 Use X A, = % as the tth round reward

1 Update UCB index for all arms

—_ —

Figure 1. UCBO bandit algorithm along with CAS encoding algo-
rithm

Theorem 4.1. For all bandit instances v € &, the UCBO al-
gorithm along with CAS encoding satisfies the power con-
straint (1) at all rounds and has the following regret guar-
antee:

B2
Ry (v,UCBO,CAS) < 8 SNR +1-vVKTInT +6KB.

Proof. Using (3), we have that E [ (Y7.X)*| < P. We will

show that the reward estimates )N(t, A, used by the UCB
algorithm are unbiased and subgaussian with a variance

2 . . ~
factor of fﬁ -+ 1. First, notice that X; 4, = B—\}% and

Y, = % + Z;. Combining these, we get

BZ,
VP’
Note that X; 4, and Z; are independent and subgaussian

with variance factors 1 and~02, respectively. Therefore, the
centered reward estimate, X; 4, — 14, , is subgaussian with

Xt,At = X4, +

. B2
variance factor am 1

Hence, this algorithm reduces our problem to playing a
bandit game with subgaussian rewards that have a variance

factor of a? = % + 1. Since the learner uses the UCB
algorithm with parameter = o2, we can bound the regret
by using Lemma 2.2. O

Remark 4. The regret bound of UCBO matches our lower
bound when B = O(1). However, for larger values of
B, the regret bound of UCBO is far from our lower bound.
While this is a significant weakness of UCBO, it is still ap-
pealing in settings where the learner does not want to send
any side information to the client due to privacy concerns.

4.3. UE-UCB bandit algorithm

The regret bound in Theorem 4.1 is off by a multiplicative
factor of (’)(B) from our lower bound. This gap results
from our encoding algorithm, which leads to subgaussian

. . 2
rewards with a variance factor of fﬁ. On the other hand,
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to match the lower bound in Theorem 3.1, one requires
a strategy such that the encoded rewards are subgaussian
with a variance factor of O (g=) . We take the first step
in arriving at such an algorithm in our second scheme, in
which we combine a two-phase bandit algorithm, Uniform
Exploration-Upper Confidence Bound (UE-UCB), with the

CAS encoding algorithm.

In the first phase, UE-UCB performs uniform exploration,
and in the second phase, UE-UCB uses the UCB algorithm to
select the arm. We will now describe in detail the UE-UCB
algorithm and the encoding strategy at the client.

Phase 1: In the first phase, the learner uniformly explores
all arms, and sends no side information to the clients. The
communication strategy in this phase is the same as in the
previous scheme. In particular, we use CAS with parameter
0 = g for encoding at the client. For decoding at the
learner, UE-UCB scales the channel output Y; by 1/6; to get

~ B
X aw) = ﬁYL
We run the phase one of UE-UCB for K7 rounds, where®
B2
T = SNR + 1.

Phase 2: For all k£ € [K], denote by /i the mean es-
timates formed for all arms at the end of the first phase.
Then, in the second phase, the learner runs the classic UCB
algorithm treating X +,A, as the reward to decide on an arm
A;. Tt then informs the client about arm A; and the mean
estimate formed for this arm after phase one, ji4,.

On the client’s side, the reward corresponding to A; is en-

coded by using CAS with parameter §; = 4/ g to get

P N
Ceas(Xt,4,, 11,3 02) ==/ 5(Xt,At — fia,)-

The decoding at the learner is simply done by scaling Y; by
A and adding the mean estimate /14, to get

02
~ 2 R
Xia, = FYt + pa,-

UE-UCB along with its interaction with CAS is described in
Algorithm 2.

Remark 5. We will soon show in the proof of Theorem
4.2 that E {(Xt,At — '&At)z} < 2. Thus our choice of 64

ensures that the power constraint is satisfied. Moreover,
. . 2
°For simplicity of notation, we assume that 2—, - and
log B are integers throughout the paper. If not, the rounding only
slightly impacts the constant factors in our results.

Parameters: 0; = g, T= % +1

Phase 1

1: for k € [K] do

2. for te{(k—1)7+1,...,K7} do

3: At Learner

4: Ay =kand S; =0

5: Send Ay, S; to Client

6: At Client

7: Play arm A, and observe X; 4,

8: Send Ceas(X4,4,,0;601) over the AWGN channel
9: At Learner
10: Observe AWGN Output Y; = Ceas(X¢,4,,05601) + Z¢
1:

—_

Use )k(t,At = elf as the tth round reward

At Learner
Form a mean estimate for arm k as

kT
o1 c
fig = — - > Xk
t=(k—1)r+1

—_—

Parameters: B3 =2, =2 + 1,0, =/%
Phase 2
14: fort € {K7+1,...,T} do
15: At Learner
16: A = arg Ikna%UCBk (t —1;m2) and Sy = fia,
c
17: Send A, S; to Client
18: At Client
19: Play arm A; and observe X; 4,
20: Send Ceas(X¢,4,,St; 02) over the AWGN channel
21: At Learner
22: Observe AWGN Output Y; = Ceas(Xt 4,, St; 02) + Z4
23: Use X; 4, = 0% + S, as the tth round reward
24: Update UCB index for all arms

Figure 2. UE-UCB Algorithm along with the CAS encoding algo-
rithm

for B > 2, 05 is greater than #,, which essentially means
that the client can scale the centered reward in the second
phase by a bigger factor as compared to the scaling factor
used in Algorithm 1. In both algorithms, since the learner
multiplies Y; by the inverse of the scaling factor used at the
client, the greater value of scaling factor results in smaller
variances for the decoded rewards than in Algorithm 1.

Theorem 4.2. For all bandit instances v € &, the UE-UCB
algorithm along with CAS encoding as described in Algo-
rithm (2) satisfies the power constraint (1) at all rounds and
has the following regret guarantee:

Rr (v, UE-UCB, CAS)

2K B3 2
< +8KB+81/%+1\/KT111T.

SNR

Proof. In the first phase, we incur regret linear regret in the
time horizon. Specifically, since the time horizon for the
first phase is K7 = K(B?/SNR + 1) and the gap between
the mean of the optimal arm and the suboptimal arm can
at most be 2B, we have that the regret incurred in the first
phase is (K B?/SNR + K) - 2B. Moreover, since the en-
coding of rewards on the client’s side and decoding of the
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reward on the learner’s side in the first phase is same as in
Algorithm 1, by the same arguments, the power constraint
is satisfied, and for all t € {(k — 1)7 + 1,...,k7},

2

B
< — 41, 5
<sm ™ &)

B [(X¢n — px)?
For the second phase, we will first show that the power
constraint is satisfied. Towards proving this, we will bound
the variance of the mean estimates formed after the first
phase. We have from the description of Algorithm 2 that
forall k € K,

kT
. 1 o
E [(ix — pme)?] = = ) E [(Xt,k - M)Q} <1
t=(k—1)7+1

where the inequality follows from (5) and the fact that 7 =
32

sm T 1

Now, note that for any round ¢ in phase 2, we have

E I:(Xtht - ﬂAt)Q]
=B [(Xi.a, — )] +E [(f1a, — pa,)’] <2,

where the equality follows from the independence of X 4,
and [14,, and the inequality follows from the fact that both
(Xt,4, — pa,) and (fia, — pa,) are subgaussian with a
variance factor of 1.

VP

Therefore, scaling the centered reward X, ;, — [i;, by o3

satisfies the power constraint.

The reward estimate used by the learner in phase 2 is

. VoY, |
Xia, = \/Tat + fia,

V27,
75

This implies that the centered reward estimate, X £ A, A,
is subgaussian with a variance factor of 2/SNR + 1 in the
second phase. The proof is complete by upper bounding
the regret in the second phase by using Lemma 2.2 and
summing the regret in the two phases. O

= X4, +

4.4. UE-UCB++ bandit algorithm

Algorithm 2 improves over Algorithm 1 in the sense that
the T-dependent term in its regret upper bound does not
have the multiplicative O(B) dependence. This term
matches the lower bound in Theorem 3.1 up to logarith-
mic factors in I'. However, this comes at the cost of an
additional additive term of O(IgT?:) in the regret bound of
Algorithm 2. The strong dependence on B in this addi-
tive term means that for large values of B, Algorithm 2 can
be far from optimal. In this section, we present our main

Parameters: L =2log B, 7 = &, B} = B?

1: for £ € [L] do
=YL

i
B52+1 = ( SNRT+1 + 1)

2: for k € [K]| do fip, =0

Phase 1

3: for £ € [L] do

4: for ke K] do

5: for te {({-1)Kr+(k—-1)7+1,...,(—1)K7+k7}

do
6 At Learner
7: Ay =kand S; = fig—1
8 Ay, Sy to the client
9: At Client
10: Play arm A; and observe X; 4,
11: Send Ceps(Xy,4,, St; 0¢) over the AWGN channel
12: At Learner
13: Observe AWGN Output Y; = Ceps( Xy 4,,St;00) + Z¢
14: Use X}‘Al = 9%‘ + S; as the tth round reward
15: At Learner
16: Form a mean estimate for arm k

(l—1)K1+kT
Kok = 7 Z Xk
t=(l—1)K74+(k—1)7+1

N B

Parameters: 67, = B AL = g

Phase 2

17: for t € {K7+1,...,T} do

18: At Learner

19: Ay :arginealchCBk (t —1;mr41) and Sy = fir, 4,
20: Send A, S; to Client

21: At Client

22: Play arm A, and observe X; 4,

23: Send Ccas(X¢,4,, St;0141) over the AWGN channel
24: At Learner

25: Observe AWGN Output Y; = Ceas(Xy,4,,5t:00+1) + Zt
26: Use Xt,At = Gz/ﬁ + S; as the tth round reward

27: Update UCB index for all arms

Figure 3. UE-UCB++ Algorithm along with the CAS encoding algo-
rithm

scheme, which improves over this shortcoming of Algo-
rithm 2, and is only off by a minor additive term from our
lower bound. Our scheme will combine an improved ver-
sion of the UE-UCB algorithm, UE-UCB++, and the CAS en-
coding algorithm.

Like UE-UCB, UE-UCB++ is also a two-phase bandit algo-
rithm, that performs uniform exploration in the first phase
and runs the UCB algorithm in the second phase. The sec-
ond phase of the algorithm proceeds in the same manner
as that of the UE-UCB algorithm, and the improvement over
UE-UCB is in the phase 1 of the algorithm.

Phase 1: UE-UCB++, like UE-UCB, does uniform explo-
ration in all rounds of phase 1. However, phase 1 is divided
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into L different sub-phases, where the encoding of rewards
is different in each sub-phase. The mean estimates formed
in the previous sub-phase are used as side information in
the current sub-phase and sent to the client for better en-
coding.

In more detail, we have L = 2log B sub-phases in total
and each sub-phase runs for K7 rounds, where

2
= — V2 (§)
T SNR ©
Thus, phase 1 runs for L - K7 < 4KSIT°RgB rounds.
Remark 6. Phase 1 in UE-UCB++ runs for O(%)
KB?

rounds as opposed to O (£E-) rounds used in the phase 1
of UE-UCB. We will show that despite performing uniform
exploration for significantly fewer rounds for all arms, we
will end up with mean estimates with the same variance
as the means estimates formed after phase 1 of UE-UCB be-
cause of a superior encoding protocol in this phase.

The first sub-phase proceeds in exactly the same manner as
phase 1 of Algorithm 2. To describe the algorithm in the
subsequent sub-phases, we set up some notation: For all
k € [K], denote by fis x, the mean estimates formed for all
arms at the end of the /th sub-phase. For a round ¢ in /th
sub-phase, the learner informs the client about the arm A;
it wants to play and the mean estimate formed for this arm
in the (¢ — 1)th sub-phase, ji;—1 4,.

On the client’s side, the reward corresponding to A; is en-
coded by using CAS with parameter 6y = %17 to get

VP X
Cens(Xt,4,5 pa,; 00) := E(Xt,At — fl-1,4,)-
Here By, ¢ € [L], will be shown to be an upper bound on
the Lo-norm of random variable X; 4, — ft¢—1,4, (see the
proof of Theorem 4.3 ) and is described by the recursion

B}
swe T 1

B}, = +1 and B} = B2 (7)

The decoding at the learner is simply done by scaling Y; by

é and adding the mean estimate i 4, to get

B} B A
Xia, = =Y, + fua,.

VP

Phase 2: Phase 2 proceeds in the same manner as the
phase 2 of Algorithm 2, with 61,1 used for encoding at
CAS and the parameter 7,4 of the UCB algorithm set to

Bj
+1
SNR + L.

Remark 7. Equation (7) sheds some light on the reasons be-
hind UE-UCB++ requiring fewer uniform exploration rounds

relative to UE-UCB to come up with mean estimates of sim-
ilar variances. Essentially, the centered reward in the (th
sub-phase has a much smaller Ls-norm than the centered
reward in the (¢ — 1)th sub-phase. This smaller second
moment allows the client to scale the centered reward by a
larger factor, leading to smaller variances for the decoded
reward. This, in turn, leads to mean estimates formed in
that sub-phase to have smaller variances or, in other words,
are more accurate. Then, in the (¢ + 1)th sub-phase, since
we center the rewards around these more accurate mean es-
timates, the centered rewards have even smaller Lo norms.
This positive reinforcement cycle leads to the variance of
the mean estimates decreasing exponentially with respect
to sub-phases, which, in turn, leads to much fewer uniform
exploration rounds to come up with mean estimates with
the same variance as those after phase 1 of UE-UCB.

UE-UCB++, along with its interaction with CAS, is described
in Algorithm 3.

Theorem 4.3. For all bandit instances v € &, the
UE-UCB++ bandit algorithm along with CAS encoding al-
gorithm as described in Algorithm (3) satisfies the power
constraint (1) at all rounds and has the following regret
guarantee:

Ry (v, UE-UCB++, CAS)

8K Blog B [( 4
<27 L6KB+8/(=——+1)-VKTInT.
S TSl * (SNR+> "

The key to the proof of Theorem 4.3 is to show that the
second moment of the centered rewards X; 4, — fle—1,4,
is less than By, ¢ € [L], when round ¢ belongs to the (th
sub-phase of phase 1, and when round ¢ belongs to phase
2, it is less than By ;. Similar arguments as in the proof
of Theorem 4.2 can show this. We defer the details to the
Appendix.

Remark 8. The In T factor in the third term of Theorem 4.3
can be removed by using MOSS (Audibert & Bubeck, 2009)
instead of the UCB algorithm. Our work focuses on under-
standing how the regret grows as a function of SNR; we are
not as concerned with logarithmic factors in 7. Hence, we
chose the more popular UCB algorithm.

5. Concluding Remarks

The near-optimal Algorithm 3 use a highly adaptive encod-
ing protocol, where the history of the game was used to
refine the encoding in a particular round. On the other
hand, Acharya et al. (2021) showed for distributed con-
vex, Lipschitz optimization under information constraints,
a fixed, non-adaptive encoding protocol gives optimal per-
formance. This suggests an interesting distinction between
encoding for distributed sequential decision-making prob-
lems and distributed optimization problems.
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An interesting open problem is closing the additive
% gap between our upper and lower bound. Fur-
thermore, the refinement to our model where the learner-
to-client communication is also over an AWGN channel
and the multi-client setting are interesting future research
directions.
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A. Proof of Theorem 4.3 (Regret bound of UE-UCB++)

We will first show that the centered rewards transmitted by the client satisfy the power constraint. Note that the centered
reward coded by the client at any round in the ¢th sub-phase of phase 1 is X; 4, — fi¢—1,4,. Furthermore, the client scales

the reward by a factor of g. Thus, we need to show that £ [(Xt,At — [M_LAt)Q] < Bg. Towards proving this, we write

E [(Xt,a, — fie—1,4,)7]
=E [(X¢,a, — 14,)?] + E [(Be-1,4, — pa,)?]
<1+ E[(fe-1,4, — pa,)?] -

From the description of Algorithm 3, for k € [K], we have
(6—2)K1+kT

N 1 By
1= — E X Z .
fhe—1,k - ( tk T P t)

t=(L—-2)K1+(k—1)T+1

Therefore, we have

Dt 11
E [(fie,a, — pa,)?] < SN%.

Using the preceding inequalities and definition of B, in (7), we get

E [(Xt,At — ,Uzé—l,At)Q] <1+ _SNR -~ Bg

To prove that the power constraint is satisfied in the second phase, note that the centered reward transmitted by the client
in the second phase is X; 4, — [ir, 4,. Furthermore, client scales the reward by a factor of %1:1. By precisely the same
arguments as above, we can deduce that E [(Xt,At - ﬂL_,At)Q] < BJQL+1'

To bound the regret, first note that we incur linear regret in phase 1 of UE-UCB++. Specifically, since the time horizon for

ase 1is and each round’s regret is at the mos , we incur a total regret of === in the first phase.
phase 1 is “51°25 and each round’s regret is at the most 23 total regret of 2551085 in the first ph

To bound the regret in the second phase, note that the centered reward estimate )N(t A, — pa, 1n the second phase is
Bl
SNR

subgaussian with a variance factor of + 1. Substituting the value of 7 from (6) in (7), we obtain

S
Bt%Jrl _ SNRT _|_1
B} SNRA1
< —=

-2 2

+ 1.

Rearranging the terms, we have

SNR A 1 B2 — 2 (SWAL 4
Bl?+1—2( 5 +1>< d (22 ).

Recursively applying the above identity, it follows that

IN

SNR/\1+1) B2—2(%+1)'

2
BL+1 -2 ( oL

Substituting L = 2log B, we get B , | less than 4.

The proof is then completed by using Lemma 2.2 to bound the regret in the second phase and adding the regret from the
first phase.

10
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B. Proof of Theorem 3.1 (Lower Bound)

We will first show that for ' > ¢2 K and a universal constant ¢; € (0, 1), we have

R(SNR) > ¢, K B.

From the definition of R%(SNR) in (4), it is enough to prove a lower bound on the average regret when the problem
instances are uniformly chosen from a subset of £. We choose that finite subset to be the instances where a single arm has
deterministic reward B, and the others deterministic —B. Therefore, we have K different instances with the probability of
each instance occurring being 1/ K. Now, observe that regardless of the algorithm, the probability of finding the B-reward
arm is at the most 3 in the first | K/2] arm pulls. Hence the regret in the first | K/2] arm pulls when averaged over the K
instances must be at least 5 - | K/2| - 2B = ¢1 K B.

co K

1 log(1+SNR)AL’ we have

In the rest of proof we will show that for 7" >

1

Then, noting that both the bounds hold for T > %log(?igNR)Al and using the fact that a V b > ‘%b completes the proof.

Consider the bandit instance v where rewards for each arm pull are either —1 or 1 and the arms have the following means:
1 = A, and p; = 0foralli € {2,..., K}, where A is some parameter in (0, 1/4) whose precise value we will set later.
Using the fact that rewards for all arms lie in [—1, 1] and by Hoeffding’s lemma (Boucheron et al., 2013, Lemma 2.2), it
is easy to see that the centered rewards for all arms are subgaussian with a variance factor of 1. Therefore, it follows that
v € £. Now, fix a bandit algorithm 7 € II7 and an encoding scheme C” € CT'. Denote by P” the probability distribution
of the sequence (A1, Y1, As,Ys, ..., Ap, Y7) induced by the algorithm 7 and encoding strategy C'7' on the instance v.

Denote by N;(T) the number of times arm ¢ has been played up to and including round 7. Let

j =argmin Epr [N;(T)].
i>1

That is, j is the arm pulled least amount of times from the arms {2, ..., K'}. Trivially,

T
K—-1

Epr [N:i(T)] < ©)

Now consider another bandit instance v’ where again the rewards are either —1 or 1 with the following means: p; = A,
i = 2A, p; = 0 forali € {2,...,K}\ {j}. Let QT be the the probability distribution of the sequence
(A1,Y1,A9,Ys, ..., Ay, Y7) induced by the algorithm 7 and encoding strategy C' on the instance v/'.

By a simple calculation, we have
TA TA
Rr(v,m,C) > —PT(Nl( )< T/2) and Ry(V,mC)> —QT(Nl( ) >1T/2).

Combining the two inequalities, using the variational formula for total variation distance, and applying Pinsker’s inequality,
we get

Ry(v,7,C) + Re(V/, 7, C) TA (PT(Ny(T) < T/2) + QT(N:(T) > T/2))
= T2 (1= (PTN(D) > T/2) - QTN (T) > 7/2)
> TA (1—drv(PT,Q"))
> T2 (1[50 PTIQT)> (10

11
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Note that P7 and Q7 differ only when arm j is played. Recall that the dependence of Y on an encoding strategy C' and
reward X is given by (2). For encoding scheme C, used in a round ¢, denote by C'(- | x) the conditional distribution of
Y given that the reward is X = z. Let p; o C and ¢; o C denote the distribution of ¥ when arm j is played at round ¢.
Recalling the reward distribution for arm j, it follows that,

_ Gl  Clyl-D)

(pjoC)Y =1y) 5 5 and
(40 0)(v =y) = DL UL 4 Aoy 1) - 0w | -,

Moreover, using similar arguments as in Lattimore & Szepesvari (2020, Lemma 15.1), we can prove the following lemma.

Lemma B.1.

D(PT || Q") < Epr [N;(T)] gulzD(pj °CllgjoC)
S

We defer the proof the Lemma to Appendix C and proceed with proving the lower bound. Combining Lemma B.1 with
(9), we have

T
sup D(p; o C || gj o C).

(P 11Q") < 1 s

We will now use the following fact.

Fact 1. Recall that d,2(p, q) := Ik de denotes the 2 distance between probability measures p and ¢ when they
are absolutely continuous with respect to the Lebesgue measure dz. Then, it holds that

D(p || q) < dy2(p,q)-

Fact 1 is well known (see, for instance Csiszar et al. (2004)]), but we provide a short proof in Appendix C for completeness.
Using this fact, D(p; o C' || g; o C) can be bounded as follows:
D(p;ioC || gioC) <dy2(pioC,q;0C)
, o 2
By JULLEV LT Y
gioC
:AQ/ Clyl)-Clyl-1)°
YD 4+ S 4 ACy |1) - Cly | -D)

dy
Now note that for A < 1/4, we have %‘1) + % +ACy|1)-C(y|-1) > %‘1) + W. Using this fact,
we get

Clyl1)-Clyl 1))
CGl | Cl-1)
2 2

D(piocnqiomsw/ dy
=24 (édxzwc [1).C(¢ [ 1)/2+ 0| ~1)/2)

H 5 (O | =1),C( [ 1)/24 O | 1)/2))
<4n? (;D«Jc (1)1 CC[1)/2+C( | ~1)/2)

#3DCC =D | CC 1 1)/2+CC 1 -1/2))

where the equality is easily verified by substituting the definition d,- and the last inequality uses the following fact.

To proceed further, we will use the following fact.

12
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Fact 2. If g—g(a:) <c VzcR,then
dy2(P,Q) < ¢D(P [[ Q).

Fact 2 is also known (Dragomir, 2000), but we provide a proof in Appendix C for completeness.
Denote by V' a hypothetical reward that takes values —1 and 1 with equal probability, and by Y the output of the AWGN
channel when V is further coded to C' (V') to satisfy (1) and transmitted over the AWGN channel. Then,

1 1

SDCCIDICCI1)/2+CC[=1)/2)+ 5DCC [ =D C([1)/2+C(- | -1)/2)
is mutual information between V' and Y, denoted by I(V;Y"). To see this, note that I(W1; W3) = D(Pw,.w, || Pw, X
PWz) = Epwl [D(PWleVl H PWz)] .

‘We have therefore shown that
2

T T 4A
D(PT1Q") <

T
sup I(V;Y). (11)
L cec
Note that I(V;Y) < H(V) < In2. Since V — C(V) — Y forms a Markov chain in this order, by the data processing
inequality (Cover & Thomas, 2006, Chapter 2), we have that
I(V;Y) < I(C(V);Y).

Then, using the fact that I(C(V'); Y') can be further upper bounded by the capacity of an AWGN channel (Cover & Thomas,
2006, Chapter 9), we have

I(C(V);Y) < —In(1 + SNR) = %1og(1 + SNR) - In 2.

N |

Thus, we have shown that

41In2 - AT (1
D(PT || QT) < 1}7_1 (210g(1 + SNR) A 1) .

Substituting this into (10), we get

. A2
Rrtim )+ 1rtm ) 12 (1 A (Lo o ).

: 2 _ K—1 1
Setting A® = 527 (L log(1TsM) A1) completes the proof. (Note that we can only set such a A and ensure that A < 7, if

T > - K-1 , which is the reason we need this condition in the statement of our lower bound.)
In 2( 4 log(1+SNR)AL)

‘We will now show that for 7" > 0 K1 > K and for a universal constant ¢, we have
In2( 4 log(1+SNR)AL)

R (SNR) > cKB.

In fact, we show the stronger bound
R} (SNR) > cK B.

Then, using the fact that a V b > ‘%b completes the proof.

We now choose our instance v where rewards for each arm pull are Gaussian with variance 1 and the following means:
w1 =1, u; =0foralli € {2,..., K}. Once again, let j be the arm pulled least amount of times. Then define the alternate
instance »' where rewards for each arm pull are Gaussian with variance 1 and the following means: p1 = B/2,u; =
B—1,u; =0foralli € {2,...,K}/j. All the arm rewards have Gaussian distribution with the variance 1 and means
stated above. Proceeding as earlier, we have

Rr(v,7,C)+ Rp(V',m,C) > %

(]- - dTV(PTa QT))

13
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Using the fact that T > — € IOZIiSNR)M) > ¢(K — 1) and the fact that for our chosen distributions 1 — drv(PT, Q™)

is a constant completes the proof.

Remark 9. (Communication-constrained setting of Hanna et al. (2022)) We now remark on possibility of recovering the
lower bound in Hanna et al. (2022) with our proof technique, albeit with weaker constants. Note that (10) also holds for the
setting considered in Hanna et al. (2022), where the output Y is restricted to r bits. Therefore, I(V;Y) < H(Y)ANH(V) =
(In2)(r A 1) Proceeding, in the rest of the proof, mutatis mutandis, we get that the regret in this setting is bounded by
Q(\/ﬁ ) Such a lower bound suggests that even when using code of length 1 to encode our rewards, it might be
possible to achleve the regret of the centralized setting. This is indeed shown to be possible by the scheme in Hanna et al.
(2022).

C. Proofs of Intermediary Results in the Proof of Theorem 3.1
Proof of Lemma B.1
We prove the inequality by similar arguments as in Lattimore & Szepesvari (2020, Lemma 15.1).

Recall that H; = {A41,Y1,..., A, Y; } denotes the history of the game till time ¢. Also recall that the hint S; is a function
of history of the game till time ¢ — 1. Therefore the encoding scheme at time ¢ depends on H;_1, so we write it as Cpy,_, .
We additionally denote by p4, and g4, the distribution of reward X, 4, under instances v and v/, respectively. Therefore,
pa, © Cp,_, and g4, o Cp,_, denote distribution of Y; for an arm pull A; and history H;_; under instances v and v/,
respectively.

Using the definition of KL divergence, we have

PT(A,Y1,...,Ap,YT)
D(PT Y = Epr [l ( v )}
(PEIIQT) =Eer [loe | Gra, v, Arve)

T T
=3 " Epr [1 gL (AnY:] Ht‘“] . (12)
t=1

(0]
QT (AY, | Hen)

By the definition of the bandit algorithm 7, the distribution over all actions to be played remains the same for different
problem instances as long as the history is the same. Therefore,

PT(Ay Yy | Hia)  PT(A | Hiy) PT(Yi| Ay, Hio)
QT(AnY: [ Hi—1)  QT(Ai| Heo1) QT(Yi| Ay, Hiov)

Substituting the above identity in (12), we have

PT(Y, | Ay, Hy_y)
D(PT || QT ET{IO (Y2 | A, He 1]
H Q Z P g T(i/t | At,Ht-l)

PT(Y, | Ay Ho_y)
N ZEPT {EPT {bg QT(Y: | Ay, Hy 1)

Ata Ht—l:|:|

t=1
T

= ZEPT [D(pAt o CHf,—l || ga, © CH{,—])] ’
t=1

where the second last inequality uses the law of iterated expectations and the final one uses the definition of KL divergence.

Since p4, and g4, differ only when arm A; = j, we have

D(PT | Q") ZEPT 14,=iD(pj o Cu, , || 4j © Ch, )]

14
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] =

EPT I:lAt—j sup D(pj oC || q; OC)
cec

H
l

1

< Epr[N;(T)] - sup D(p;j o C || g; 0 C)
cecC

<L p D eC| g 00)

S K—Toeo 7T NEEES

O
C.1. Proof of Fact 1
Using the fact that lnz < 2 — 1 and [ (p(z) — ¢(z))dz = 0, we have
= X n@ xr — xXr)— X X
D@10 = [ o) E e = [ (o) - @) a
M - T — z) —q(z))dx
< [o) (55 - 1) s [ wlo) - atea
[,
q()
= dx2 (p; q)-
O
C.2. Proof of Fact 2
We have
) — @),
e lpa) = / @
= X @ — xr — xXr)— X x
= [s0) (85 1) as - [ o) - ata)a
p(@) . p(z)
g/p(m)~q—x'lnq x)dx
< [peym 20 —epp 1 a)

where the fist inequality follows by using the fact that =1 < Inz Va > 0and [ (p(z) — q(x)) dz = 0 and the second

inequality follows from the fact that g—g(as) <c VzeR

O
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