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Abstract

We investigate abstractions in causal and strategic models of multi-agent systems, exploiting the
relationship between these models. The paper contains two main results. The first one demonstrates
that abstraction in causal models is a faithful correspondent of abstraction in strategic models, i.e.,
for a given causal model, if we generate a corresponding strategic model and abstract this model,
we will obtain the same model as when we abstract the causal model first and then generate its
corresponding strategic model. The second result is that a causal dependency in an abstract (high-
level) model entails a causal dependency in the original (low-level) model. This allows us to reason
about causes in a simpler abstract model and derive conclusions about causality in the much larger
low-level model. These results set the stage for studying and using abstractions of causal models
in multi-agent settings.

Keywords: causality, abstraction, multi-agent systems, concurrent game structures

1. Introduction

Causality plays an important role in multi-agent settings. In such settings, agents’ decisions may
depend on each other and those decisions may initiate a causal chain of effects in their environment.
Multi-agent settings are complex, they consist of a large number of agents, agent decisions and
environment attributes. This makes reasoning in these settings complicated, especially if causal
relations are taken into account. Besides, while causal models could depict multi-agent settings,
they are not designed to reason about strategic abilities (Kerkhove et al. (2025)). There are hence
two challenges in such causally driven multi-agent settings. First, how to deal with the complexity;
and second, how to deal with strategic reasoning.

In recent years, there has been some work studying this first issue by developing abstraction
techniques for causal models. For example, Chalupka et al. (2017) propose an approach to deal
with the complexity by automatically learning an abstraction from low-level data, and Zennaro
(2022) provides an overview of other approaches that deal with the complexity issue. However, in
this paper we will focus on the work by Beckers and Halpern (2019) that builds on the work by
Rubenstein et al. (2017). In their work, abstraction is defined as a surjective map from low-level
variable assignments to assignments of high-level variables. This approach seems most promising
to generate abstractions that can be used to compare reasoning about causality in both higher- and
lower-level models.

The second issue, how to deal with strategic reasoning, is addressed in Kerkhove et al. (2025).
They propose a systematic way to generate a concurrent game structure (CGS) from a given causal
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model describing a multi-agent system. In the resulting causal CGS, agent actions correspond to
interventions on variables in the causal model.

In this paper, we deal with these two challenges in one unified framework, where we start
with a structural causal model with its associated causally informed multi-agent setting for strategic
reasoning of involved agents (depicted by arrow (2) in Figure 1). This paper contains two main
results. The first one demonstrates that abstraction in causal models is a faithful correspondent of
abstraction in concurrent game structures. More precisely, we show that the existing abstracting
technique introduced by Beckers and Halpern (2019) (arrow (1) in Figure 1) is equivalent to the
abstraction technique for CGS that we propose in this paper (arrow (3) in Figure 1), in the sense
that the abstracted causal CGS is identical to the causal CGS that is associated with the causal model
obtained from abstracting the original causal model using the technique from Beckers and Halpern
(2019). This equivalence is illustrated in Figure 1 by the two paths starting from a low-level causal
model My, and ending at the high-level concurrent game structure C'G.Sy (the paths 1 — 4 and
2 — 3). In other words, Figure 1 shows that if we start with a causal model My, it does not matter
whether we first abstract (arrow (1)) and then generate a causal CGS (arrow (4)), or if we first
generate a causal CGS (arrow (2)) and then abstract the CGS (arrow (3)), we will always end up
with the same causal CGS, CGSy.

@ CGSH

Figure 1: A visual representation of the equivalence between causal CGS that are first generated
and then abstracted, and causal CGS that are generated from an abstracted causal model.

The second result shows that a causal relationship in a high-level model entails a causal rela-
tionship in the low-level model. More precisely, we prove that if in a high-level abstract model,
some high-level variables having certain values is an actual cause (as defined in Halpern (2016))
of some formula ¢ being true, then in the low-level causal model the corresponding low-level vari-
ables and their values are the cause of a low-level translation of ¢. This makes it possible to reason
about causes in a smaller abstract model and derive conclusions about causality in much larger low-
level model. Actual causality may be used to determine responsibility and explanations of events in
multi-agent settings (Halpern (2016)).

In the following section, we will first discuss the necessary definitions of causal models and
abstraction that we will be using. In Section 3, we will prove the equivalence of the abstraction
technique from Beckers and Halpern (2019) to the one that we introduce for causal CGS. In Section
4, we will show how actual causality is preserved in abstractions. Finally, we will discuss limitations
and future work in Section 5.
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2. Background

In this section, we will define the causal models and abstraction techniques that we will be using in
the rest of this paper. We will also give the definition of the causal concurrent game structure from
Kerkhove et al. (2025).

2.1. Causal Models

We consider deterministic structural causal models as used in Halpern (2016). In such models, the
world is modelled through a set of variables, and the causal dependencies are depicted by (structural)
equations relating the variables.

Definition 1 (Causal Model, Causal Setting (Halpern (2016))) A causal model M is a pair (S, F),
where S is a signature and F defines a set of structural equations, relating the values of the vari-
ables. A signature S is a tuple (U,V,R), where U is a set of exogenous variables, V is a set of
endogenous variables and R associates with every variable X € U UV a nonempty set R(X) of
possible values for X.

A causal setting is a tuple (M, n), where M is a causal model and u a setting for the exogenous
variables in U, called the context.

Exogenous variables are variables that are not of interest to the modeller, i.e. the way they get
assigned their value is not modelled. The values of endogenous variables are determined by the
model, these are the variables that the modeller is explicitly interested in. A formula of the form
X =ux,for X € Vand x € R(X), is called a primitive event (Halpern (2016)).

If there are no cyclic dependencies in the causal model, we say that it is recursive. In such
models, the value of the context determines the values of all endogenous variables. This works in a
recursive manner. First there are endogenous variables that purely depend on exogenous variables,
these are called level-1 variables and get assigned a value first. Then there are level-2 variables that
depend on exogenous variables and level-1 variables. This continues until all variables have been
assigned a value (Halpern (2016)).

In a causal model it is possible to reason about what would happen if a variable Y would be
set to a value y. This is an intervention and it is written as Y < y. If variable X has value
x after the intervention Y < vy, this is written as (M, u) = [Y « y]X = =z, or equivalently
(MY<Y u) = X = x. Itis also possible to do interventions on sets of variables, written Y < y.
In general, interventions are possible on every variable. It is however possible to define a set of
allowed interventions, Z, which restricts the variables on which we are allowed to intervene, as
was done in Beckers and Halpern (2019). It might after all not be physically possible to directly
intervene on all variable sets.

Let us now look at an example of a causal model.

Example 1 Consider a grid world with two agents who want to bake a cake. In order to do
that, agent 1 needs to pick up eggs and agent 2 needs to pick up flour before they come to the
kitchen with the oven to bake the cake. This is schematically shown in Figure 2. For simplicity,
agents can only move north or east. We can describe this with the following causal model: My, =
(Ur, Vi, R, Fr), where Uy, = {Upgp b peqi o) Vi = {M}, P}, PF, Eggs', Flour?, Cake}y, 1e 1.2,
because agents can make multiple moves, M is the move made by agent k at time t, we set t .4, =
2, so agents get to take 2 steps. Ptk is the position of agent k at time t, Flour? is whether agent 2 has
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picked up the flour, and Eggs" is whether agent 1 has picked up the eggs, Cake is whether the agents
succeed in baking the cake. Ry (MF) = {North, East}, Rr(PF) = {(0,0),(0,1), (1,0, (1,1)},
and Ry (Flour®) = Ry (Eggs*) = Ry (Cake) = {T, L}. The structural equations are:

© Mf :=Uyp: Py = (0,0);

Pk +(1,0), if M} = Eastand  PF,=(0,y)
e PF:=¢ PF,+(0,1), if Mf = Northand P, = (z,0)
Pt]il, else;

e Eggs' := 3t : Pt1 = (0,1); Flour? := 3t : Pt2 = (1,0); Cake = (Vk : Pt’fnax =
(1,1)) A (Eggs' A Flour?).

The set of allowed interventions Iy, is given by the logical closure of {(\;"* MF < m), Cake «
C}req1,2}, for some values m € Rr(MF),c € Rp(Cake).

Following notation in Beckers and Halpern (2019), we might write M(u) to denote vector
v € R(V) such that (M, u) =V = v. This is naturally extended to models that are intervened on:
M(u,Y <« y) denotes v € V such that (M, u) = [Y < y]V = .

Given a causal model we can reason about actual causes. An actual cause is explaining a specific
event (Halpern (2016)). For example, in the specific event that the light turns on, the flicking of the
switch was the actual cause. There are contending definitions for actual causes (see Halpern (2016);
Beckers and Vennekens (2018); Gladyshev et al. (2023) for some). In this paper we will consider
the modified Halpern-Pearl definition.

Definition 2 (modified HP Definition (Halpern (2016))) Let © be a Boolean combination of prim-
itive events. X = x is an actual cause of ¢ in the causal setting (M, u) if the following 3 conditions
hold:

ACl. M,u) = X =xand (M,u) = ¢;

AC2. There is a set W of variables in V and a setting x' of variables in X s.t. if (M,u) W =
w*, then (M,u) E [X + o', W + w*]|-¢.

AC3. X is minimal; there is no strict subset X' of X s.t. X' = x' satisfies AC1 and AC2, where
x' is the restriction of X to the variables in X'.

If W = (), we call X = « a but-for cause of .

Eggs Oven
0,1 1,1

Figure 2: An example of the 2 by 2 baking grid world with 2 agents.
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Example 2 In the baking grid-world from Example 1, in the causal setting where agent 1 moves
north and east, and agent 2 moves east and north, we have that M 11 = North is an actual cause
(a but-for cause to be precise) of the cake being baked. After all, if the agent would have moved
east at step one instead, they would not have grabbed the eggs, and they would not have had all the
ingredients to bake the cake.

2.2. Causal Abstraction

In this section we will discuss the abstraction definitions introduced in Beckers and Halpern (2019).
The base of an abstraction is a surjective map between variable settings.

Definition 3 If M| and My are causal models, define 7 : R(Vy) — R(Vg) to be a surjective
map, mapping vectors of values of all endogenous variables of M, to vectors of values of all
endogenous variables of M.

Define 14 : R(Ur) — R(Up) to be a surjective map, mapping vectors values of all exogenous
variables of M, to vectors of values of all exogenous variables of M.

Next to mapping vectors of variable values between different levels of abstraction, Beckers
and Halpern (2019) also define a way to map interventions from a lower to a higher level. Given
a set V of endogenous variables, X C V, and x € R(X), let Rst(V,z) = {v € R(V) :
x is the restriction of v to X }. Rst(V, ) is hence the set of vectors in R(V) that, when restricted
to the variables in X, equal .

Definition 4 (Beckers and Halpern (2019)) Given 7 : R(Vy) — R(Vy), define w, (X < x) =
Y « yifthere exists Y C Vy andy € R(Y) such that 7(Rst(Vp,x)) = Rst(Vy,y) (as usual,
given T C R(Vy), we define 7(T) = {1(vr) : vr, € T}). If there does not exist such a'Y and y,
we take w. (X < x) to be undefined. Let L}, be the set of interventions for which w; is defined,
and let Tj; = w,(I7).

For any X and x, there can be at most one Y and y such that w, (X + x) =Y <« y. Sup-
pose there could also be a Z and z such that w, (X <« x) = Z < z, we would have that
Rst(Vy,y) = Rst(Vy,z). Letv € Rst(Vy,y), then we can without loss of generality write
v = (Y1,Y2, s Yk Vk+15 ---, Un)» Where (y1,...,y;) = y. If Z # Y, restricting v to z gives that
there must be a v; € (vg41, ..., vy,) thatis also in z, or that Z C Y. In this latter case, we have that
Rst(Vu, z) # Rst(Vu,y), because Rst(Vy, z) would be larger, given that the possibilities for the
v;’s would be bigger, so we cannot have that Z is contained in Y. Returning to the first option,
that a v; € (Vgy1,...,0n) is also in z. We also have that v = (Y1, .., Yks Vkt1, -, V)5 o0y Up) €
Rst(V,y), by the definition of Rst. However v] is not in z, so v ¢ Rst(Vy, z), and hence
Rst(Vi,y) # Rst(Vy,z). Finally, if Y = Z, buty # z, Rst(Vyg,y) # Rst(Vy, z), because
there are no vectors that when restricted to Y equal two different vectors.

Definition 5 (Beckers and Halpern (2019)) 7, : R(U1) — R(Up) is compatible with T : R(Vr) —
R(Vr) if, forallY « y € Iy and uy, € R(UyL),

T(ML(UL,Y — y)) = MH(Tu(uL),wT(Y — y))
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Definition 5 says that no matter whether you abstract using 7, or using 7, and w,, you will end
up with the same abstraction.

Now, we can put everything together to define what it means for a causal model to be an ab-
straction of another. We denote the largest possible set of allowed interventions with Z7,. Hence
17 is the set of the interventions we could take in a model where we would not have specified the
allowed interventions at all. The following is a rewritten version of the definition in Beckers and
Halpern (2019).

Definition 6 (Mpy,Zy), with Vg = {Y1, ..., Yy}, is a constructive T-abstraction of (M, Zy,) if the
following conditions hold:

* 7 and Ty exist, with Ty being compatible with T;
° }‘if — wT (IL);

* There exists a partition P = {Z1,...,Z 11} of Vi, where Z1, ..., Z,, are non-empty, and
mappings Ty, : R(Z;) — R(Y;) fori = 1,...,n such that 7(vy) = 7v,(21) - ... - Ty, (Zn),
where z; is the projection of vy, onto the variables in Z;, and - is the concatenation operator
on sequences.

My is a constructive abstraction of M7, if it is a constructive T-abstraction My, for some T.

If we have a constructive abstraction, each higher level variable has an associated set of lower
level variables that determine the value of the higher level variable.

Example 3 We define the causal model My = (Un, Vi, Ru,Fu,Zj;), withUUy = {Uriour,
Ukggs}, V = {Flour, Eggs, Cake}, where Flour denotes whether the flour gets to the oven,
FEqggs whether the eggs get to the oven, and Cake whether the cake gets baked. The range of
Ru(Flour) = R(Eggs) = R(Cake) = {T, L}. The structural equations are:

* Flour := Upiour; £998 := Upggs;
* Cake := Eggs A Flour.

This is a constructive abstraction of the earlier baking grid-world causal model described in Exam-
ple 1. To see this, define T : R, (V1) — Ru(Vi), as 7(mi,mi,m2 m3, pt pl,p3,p3,el, f2,c) =
(e, f,c), where e is given by e = (mi = North) A (md = East), and f = (m? = East) A (m3 =
North). This is a surjective map, that can be partitioned into variable sets.

Also define 1y - Rp(UL) — RuUg), as Tu(U]VIII,UMQI,UMIQ,UMQQ) = (UEggs, WFlour), Where
Upggs = (upp = North) A (upy = East), and upiour = (upz = East) A (upz = North). 7y
is also surjective.

Ty is compatible with T. For example, let u; = (UM% = North,UM% = FEast, UMf =
East,Uyz = North), and consider the intervention (M} < FEast) A (M3 « North). We have
that M (ur, (M} + East) A (Mj < North))) = (E,N, E, N, (1,0),(1,1),(1,0),(1,1), L,
T, L). So both agents take the same path and pick up flour and no eggs, so there will not be a cake.
Now, 7(E,N,E,N,(1,0),(1,1),(1,0),(1,1), L, T, L) = (—=FEggs, Flour,~Cake). This is the
same as My (ry(ur) wr((M} < East) A (M3 < North)) = Mg((T,T),(Eggs < 1)) =
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(mEggs, Flour,—Cake). We can see that this equality also holds for other pairs of settings and
interventions.

Now, we just need to show that w-(Zy,) = L};. To see that, consider that w.(M] < North,
M} < East) = Eggs < T, as 7(Rst(Vy, (M{ = North, M} = East))) = Rst(Vy, (Eggs =
T)), as Eggs can only be true if agent 1 moves north and east. Similarly, w, (M 11 < North, MJ «+
North) = Eggs < L. We can do something similar for Flour, and w;(Cake < c¢) = Cake < ¢
for any value c € Ry (Cake).

My is hence a constructive T-abstraction of M.

2.3. Causal CGS

A causal concurrent game structure is a type of concurrent game structure (CGS) that is generated
from a causal model in such a way that certain properties of the causal model are carried over.
They were introduced by Kerkhove et al. (2025). To construct a causal CGS, first divide the set
of endogenous variables, V), into a set of agent variables, V,, whose values are controlled by the
agents of the model, and into a set of environment variables, V., whose values follow from the agent
variables and the context of the causal setting. We then order these variables, as defined below.

Definition 7 (Agent Rank (Kerkhove et al. (2025))) An agent ranking function of a causal model
M is a function p : V — {0,...,n}, where n is the number of distinct variable levels for agent
variables in M, such that for all A, B € V,, p(A) > p(B) > 0 if and only if the variable level of
A is higher than the variable level of B, and p(A) = p(B) if and only if A and B have the same
variable level. For all X € V,, p(X) = p(A) — 1 if A € V, such that the variable level of X is
lower or equal to the variable level of A, and there is no B € V, that has a variable level between
X and A. If such an A does not exist, i.e. if the variable level of X is higher than the variable level
of all A € V,, then p(X) = n. The agent rank of a variable A € V, is p(A).

The variables are ordered in such a way that variables that depend on others are later in the CGS.
The set of actions for an agent in the CGS is the set of different values for a corresponding agent
variable in the causal model. Performing an action in the CGS corresponds to an intervention on
that agent variable in the causal model. We formalise this in the definition below.

Definition 8 (Causal Concurrent Game Structure) Let (M, u) be a causal setting, with n =
maxyev, p(Y). A causal concurrent game structure generated by this causal setting is a tuple
(N,Q,d,o,11, ) such that:

o N = |V,|, is the number of agents;
* Q= {q(]’()} U {qu ‘ 1<:1<n0<5< mi}, where m; = HYEVa,p(Y)Si |R(Y) , s the set
of states.;

* Fork € {1,..,N}, and ¢ € Q. di(¢i;) = R(Vi), are the moves available for agent
k at state q; j, if the agent variable V), for agent k has agent rank p(V,) = i + 1, else

di(gij) = {0}

* 0 is the transition function. For i < n, for any a;; € Ay, 0(¢ij,ai;) = Qiy1,5/» where
|A;l-j <j <|Ail-(j +1) — 1, under the condition that if a; j # a; ;, then §(gi j, a;,;) #
0(qi g, i ;) Ifi = n, 8(qij,ai5) = qijs
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e I={X =2x|X € V,z € R(X)}, is the set of propositions;

* The labelling function 7 is defined recursively, with w(qo,0) = M(u), and ©(6(qi j,a;;)) =
M(u, (X, < x5, Ai; < a;j)). Here a;; is an action profile for state q; j, A;; <
a;j = {Ar < ai | Ay € Vo, p(A) =i+ 1and ai, € a; ;} is an intervention constructed
based on action profile a; j, and X; j < x; j is recursively defined by: X ;1 jo < X;11 jr 1=
X,‘J‘ — T U Ai’j — a;j, #6(qi7j, a@j) = gi+1,5 with X070 <~ To,0 = (.

Example 4 Consider the causal model for the baking grid-world as described in Example 1.
We consider the move variables MJ to be the agent variables and all other variables are the
environment variables. The move variables all have an agent rank of 1, and they all have 2
possible values. We hence get that the set of states of the corresponding causal CGS will be
Q = {9,0,91,0,---,q1,15}, as there are 4 move variables, 2 for each agent, so we get the start-
ing state plus 2* states in the first level. All agent variables get to take an action in state qo,0 and
there they can choose to move either north or east. Hence, despite there only being 2 agents in the
system, there will be 4 agent actions in the causal CGS, as each agent has 2 corresponding agent
actions. Some of the transitions and valuations are shown in Figure 3.

{M} = North, M} = North, M} = {M] = North, M} = North, M? = {M} = East, M} = East, M} =
North, M3 = North, P{ = North, MZ = East, P} = East, M2 = East, P} = (1,0), Py =
(0,1), P3 = (0,1), P{ = (0,1), P§ = (0,1), Py = (0,1), P{ =(0,1), P§ = (1,0), Pf =(1,0), P =

(0,1), Eggs' = T, Flour? = (1,1), Eggs' = T, Flour? = (1,0), Eggs' = L, Flour? =
1,Cake =1} 1,Cake = 1} T,Cake = L}

Figure 3: A visual representation of the causal CGS of Example 4, we omitted some states and
transitions for space reasons. N denotes the action North and E denotes the action
East.

CGS are useful to reason about agent strategies. Strategies describe the actions that agents
would do in certain specified situations.

Definition 9 (Strategy in Concurrent Game Structures (Alur et al. (2002))) Given a concurrent
game structure S = (N, Q,d,d,11, ), a strategy for agent a € {1,..., N} is a function f,, that
maps any (non-empty) finite sequence X\ of states in () to an action the agent can take at the last
state of the sequence. Le. if q is the last state of \, then fqo(\) € do(q). We write Fo = {f, | a € A}
for a set of strategies of the agents in A C {1,..., N}.

Following notation in Kerkhove et al. (2025), we will use the notation Fx, —, for the agent
strategy where agent variable X}, gets assigned value x. We write F'x—_, to denote the set of
strategies { Fx,—, | X; € X,z € z}.
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A causal CGS also has an associated causal strategy profile which captures the behaviour of the
agents according to the underlying causal model.

Definition 10 (Causal Strategy Profile Kerkhove et al. (2025)) Given a causal setting (M, u)
and the causal CGS generated by this setting. Define the causal strategy profile Faq as Faq =
{Fx, | X € V,}, where Fx,(qi;) = 0if p(Xi) # i+ 1, and Fx,(q;;) = x1 otherwise,
where xy, is such that (M,u) = [X x| X, = xp, with X = {Xp | p(Xp) < p(Xi)} and
x = {zp |2 € afgi ]} !

We write F}, o F)yq to denote the strategy where agent k follows F}, and the rest of the agents
follow the causal strategy profile.

2.4. CGS Abstraction

We propose an abstraction technique for causal CGS, adapted from one used in Varricchione et al.
(2026) that abstracts multi-agent environments to epistemic CGS.

Definition 11 A causal CGS H = (Ny,Qm,dm, 0, g, my) abstracts a causal CGS L =
(Np,Qr,dp,or, 1, 7r) if there is a surjective map t from 11y, to Iy such that for any transi-
tion s % ' in H, there is a sequence of joint actions o in L s.t. for all states q of L, such that
7 (s) = t(rr(q)), we have that ¢ = ¢ in L, where ny(s') = t(71,(¢')). We say that a state s in
H abstracts a state q in L if ti(s) = t(7r(q)).

This definition says that H is an abstraction of L, if there is a surjective map relating the propo-
sitions in both models, and whenever a state s in H is an abstraction of one in L, any transition from
s corresponds to a (sequence of) transitions in L.

Example 5 Consider the causal CGS, CGSp, depicted in Figure 4. This CGS uses the vari-
ables Eqgs, to indicate whether eggs got brought to the oven, Flour, to indicate whether flour got
brought to the oven, and Cake, to indicate whether the cake was baked. This causal CGS is an
abstraction of the causal CGS, CG Sy, from Example 4. To see this, consider that 11, = {M}F =
North, Mf = East |0 <t,k <1}U{PF = (z,y) |0 < z,y,t,k < 1}U{Eggs' = 1, Eggs' =
T,Flour? = 1, Flour? = T,Cake = 1,Cake = T}, and Iy = {Eggs = 1,Eggs =
T,Flour = L, Flour = T,Cake = L,Cake = T}.

We can define the map t : 11, — Uy as t(M{} = ml, M = m}, M = m2 M3 = m3, P! =
pi, Py = pi, P2 = p? P? = p3, Eggs' = e!, Flour? = f? Cake = ¢) = (Eggs = e, Flour =
f,Cake = c), where e is given by e = (M{ = North) A (M} = East), and f = (M? =
East) A (M3 = North). Now, to see that this map adheres to Definition 11 consider, for example,
the transition soo — s1,1 in CGSy. There is only one state in CG Sy, that is abstracted by sy,
namely qo 0, t(71,(q0,0)) = Tr(50,0). So for the sequence of joint actions, we can simply define any
action that leads to a state in CG Sy, that is abstracted by ¢, 1. So take the joint action (Eggs =

1,1 )
L1, Flour = 1). This gives the transition s M 81,0, and indeed sy abstracts q11, as
t(rr(q1,1)) = mr(s1,0). This can also be checked for the other possible transitions, showing that
CG Sy is indeed an abstraction of CGS.

1. Here a/g;,;] is the action path of of the state ¢;,;, defined formally as: for 0 < k& < N, an action ay, is in «[g; ;] if
and only if p(Ax) < 4 and there exists an action profile a;/ ;, containing a, such that g;» ;s € \g j, 4] (the history
of qi_,j) and 5((]1-/’]-/, aif,jr) S )\[qi,j, Z]
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{—-Eggs, ~Flour, {-Eggs, {Eggs, ~Flour, {Eggs,
—Cake} Flour, ~Cake} —Cake} Flour,Cake}

Figure 4: A visual representation of the abstracted causal CGS of Example 5.

3. Connecting Abstractions

In this section, we are going to prove that the constructive abstraction as defined in Beckers and
Halpern (2019), in combination with the translation to causal CGS, gives the same result as the
CGS abstraction that we defined in Definition 11. See Figure 1 for an illustration.

In order to prove this, we first need a couple of lemmas. The first lemma states that for con-
structive T-abstractions (of causal models), it holds that if an intervention from the lower level gets
mapped to an intervention in the higher level, and we then add another disjoint intervention in the
lower level, these interventions can be concatenated in the higher level.

Lemma 12 Let My be a constructive T-abstraction of My, let X < x1,Y [ < y; € Iy, and
Xp+—zg,Yg+—yg €Ig, with X, NYy = Dand XgNY g =0 IfwT(XL <—mL) =
Xy <+ xy, thean(XLUYL%mLUyL):XHUYH<—$HUyH.

Sketch of Proof This follows because the map 7 is a concatenation of surjective maps for all
endogenous variables in V. For the full proof see Appendix A. |

Now, we will also need a result that is very similar to a lemma stated in Kerkhove et al. (2025),
which says that when following a certain global strategy in the causal CGS, will lead to a leaf-
state that corresponds to a certain intervention. The following lemma slightly modifies that to be
applicable when starting from an arbitrary immediate state. The proof is also very similar to the one
in Kerkhove et al. (2025) and can be found in Appendix B.

Lemma 13 Let GS be a causal CGS based on a causal setting (M, w). If qn m is the leaf-state of
G S that results from the strategy profile F'y —y, o F'aq, with all agent variables in'Y having an agent
rank higher than k, when executed starting from any state qy,; corresponding to (MX T u) then
Gn.m corresponds to (MX®Y Y q).

Now, we get to the main result of this section. We show that the constructive abstraction as
defined in Beckers and Halpern (2019) (Definition 6), in combination with the translation to causal
CGS, gives the same high-level causal CGS as when we would first translate the causal model to a
causal CGS, and then abstract the causal CGS using Definition 11 (see Figure 1 for an illustration).

Theorem 14 Given a causal model M, and the causal CGS generated by it, CGSy, if a causal

model M is a constructive T-abstraction of M, then the causal CGS, CG Sy, generated by My
is an abstraction of CGST..

10
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Sketch of Proof We need to show that CG Sy is an abstraction of CG.S,, so we must show that
there is a surjective map ¢ from Il to Il that satisfies Definition 11. The main idea of this proof
is that we can define ¢, to be basically the same as the map 7 that abstracts the causal model. We
note that Il;, = {X =2 | X € Vp,z € R(V)} and that 7 : R(Vr) — R(Vy), so we can
define t, : Iy — Iy tobe s.t. (X1 = z1,..., Xy, = xy) = (Y1 = y1,..., Y = Ym), Where
(Y1, ey Ym) = T(21, ..., p). We use lemmas 12 and 13 to show that this ¢, satisfies Definition 11.

We show that for any transition s YV, ¢ in CGS 17, with ¢ any state of C'G S, abstracted by s
(.e. T (s) = t-(m1(q))), there is a sequence of joint actions «v in CG'Sy, such that ¢ = ¢/, where
¢’ is abstracted by s’. The full proof can be found in Appendix C. |

When we go back to the examples of Section 2, we see that the causal CGS, C'GSg, of Example
5 is indeed the causal CGS for the abstracted causal model of Example 3.

This result helps to motivate the use of constructive abstractions. After all, the abstraction for
causal CGS has been based on standard approaches in the literature and the constructive abstraction
gives a comparable result. In the next section, we will further motivate its use by showing that actual
causality is also carried over in the abstraction, in the sense that actual causes in the higher level
causal model are abstractions of actual causes in the lower level model.

4. Causality Preservation in Abstractions

In this section, we show that actual causality is preserved in constructive abstractions, in the sense
that if a set of variables having certain values is a cause of an event in the higher level model,
then there is a corresponding set of variables having corresponding values, that is a cause of a
corresponding lower-level event. In order to show this, we first need the following definition to be
formally able to define what we mean with this correspondence. The definition inductively defines
the pre-image of a Boolean combination of events .

Definition 15 Given a Boolean combination of events ¢, define 7, Yinductively as:

s MY =y) = (Y =y);

s MW AG) =T W) AT HS) TV @) =T (W) VT, N (9);
« () = o ().

We do not define the implication separately as it can be written as a combination of disjunction
and negation.” Specifically note that the event Y = y is in fact a conjunction of the events Y; =
Yy Y = Un- S0 75 (Y =) = i (Y1 = 41) A oo ATy, (Ve = ).

Now, as the main result of this section, we show that if X = x is a modified HP cause of ¢,
then there is a subset in the pre-image of X = x that is a cause of the pre-image of .

Theorem 16 Let (My,Zy) be a constructive T-abstraction of (Myp,Zr). Let X = x be a
modified HP cause of boolean combination of events ¢ in (Mg, up). Then, for all wy, such that
nu(uL) = up, there is a Z = z, a subset of an element in 75" (X = x), that is a modified HP

cause ochp*l((p) in (Mg, I, y(up)).

2. Technically we also do not need to define both disjunction and conjunction, as they can be written in terms of each
other. However, formulas are more readable if we can use both disjunction and conjunction.

11
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Proof Take an arbitrary u;, € R (Ur) such that 774(uy,) = ug. Here we just show the case
¢ = (Y = y), the proof for a general Boolean combination ¢ can be found in Appendix D.

By assumption, X = @ is amodified HP cause of Y = y,s0 (Mpy,Z,uy) = X =z A\Y =y,
we know that 7(My(ur)) = Mp(my(ug)) = Mpg(ug). Hence, since X = & C Mpg(upy),
X =ax C 7(Mpg(ur)). Since 7 is constructive, ¢ = 7x(Z = z), where Z = z C My (uy).
Similarly, Y =y C 7(Mp(uy)), so there exists a Y ;, € V. such that the 7y mapping from Vy, to Y’
has v (y;) =yso Y =y, C Mp(ur). Sonow we have that ( Mp,ur) = Z =zAY [ =y;.

Because X = x is a modified HP cause, we have that there exists a value ' of X and a
W C Vg with My, Zg,ug) = W = w* such that (Mp,up) E [X < &', W «— w*|Y #y,
ie Y =y ¢ Mpy((X o/, W + w*),up).

Since W = w* C 7(M(ur)), there must be a W, = wj C My (uyr) such that yy (w}) =
w?*. Since by the definition of constructive abstraction, 73, needs to be compatible with 7 (Definition
5), we can write My (X + @/, W « w*),ug) as My(w(Z « 2/, W < w}), u(ur)) =
T(ML(Z + 2/,W[ < wj),ur)), where 2’ is defined as z was before, but for =’ instead
of x. w(Z « 2/) = X « &' as 7(Rst(Vy,2')) = Rst(Vu,x'), since the abstraction is
constructive (this is a similar argument to Lemma 12). We know that 2’ # z, because Y = y is in
Mpy(w-(Z < z),7y(ur)), but not in My (w,(Z < z'),74(ur)), so z’ must be different from
z.

By AC2 of Definition 2, Y =y & 7(M((Z + 2/, W + w}),ur)),so Y = y cannot
bein Mp((Z « 2/,W < wj),ur). Hence  Mp,ur) = [Z + 2/, W « w]]Y [ # y;,
which satisfies AC2. Now we have that either Z = z € T)}I(X = x) is a modified HP cause of
Y =1y, orasubsetof Z = z is. |

Above, we see that the surjective mapping 7 between the variable values of two causal models
is not enough to preserve causal relations. In order for actual causality to be preserved, we also
need that 7 is compatible with 73, (Definition 5). This allows us to move from reasoning at the
higher-level to the lower-level and back.

Looking back at the baking grid-world example from Section 2, we see that in the abstracted
model from Example 3, in the causal setting where the agents bring the flour to the oven, but not the
eggs, ~Fggs is a but-for cause of ~C. We have that 7, (Eggs = L) = {(M} = North, M} =
North),(M{ = East, M} = North), (M} = East, Mj = East)}, and that 7;'(C = 1) =
{C =1} up = (Uyp = East, Uy = North,Uyz = East,Uyz = North) is such that
mu(ur) = wy. In this setting, we have that (M{ = East, Mj = North) is indeed in the pre-
image of Fggs = L.

This result shows that constructive abstractions of causal models make sense, as it is guaranteed
that any cause (according to the modified HP definition) in the higher-level corresponds to a cause
in the lower level. There are no new causes created in the higher-level.

5. Conclusion and Discussion

In this work, we provided two arguments for the use of constructive abstractions for causal models,
as introduced in Beckers and Halpern (2019). For the first argument, we used the translation to
causal CGS proposed in Kerkhove et al. (2025), by showing that constructive abstractions of causal
models give equivalent results to the abstraction of causal CGS that we propose based on earlier ab-

12
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stractions of multi-agent systems in the literature, when applying the translation to causal CGS. For
the second argument, we showed that actual causality is preserved through the abstraction process.

Some limits of this work are that we only consider the HP-definition of causality. As we said,
there are other definitions of actual causality present in the literature. However, none are as well-
known as the HP-definition. It is also important to note that Theorem 16 still holds if we instead
consider the more restrictive but-for cause, because in that case the set W is simply empty. While
most people agree that but-for is not enough for causality, there is consensus that but-for is necessary
for actual causality (Halpern (2016)).

Another limitation is that we only consider deterministic models. We made this decision because
the causal CGS has so far only been defined for deterministic causal models. There are also not
yet any widely supported definitions of actual causality in probabilistic models. Nevertheless, it
would be useful to see whether constructive abstraction could also be used to abstract probabilistic
models, especially given that many practical causal models are probabilistic, as they have to account
for noise in the measurements. It might be impossible to give exact abstractions in that case, but
we could study whether certain abstraction errors as proposed in Beckers et al. (2020) still preserve
actual causality.

Another direction for future work would be to investigate what else could be preserved in causal
abstractions, or to compare the causal models and causal CGS even more. Galimullin et al. (2025)
proposes a logic that allows updates of multi-agent models to do a form of counterfactual reasoning.
We could use this to compare the effect of interventions in both causal models and the causal CGS.

We believe that the results in this work will support the use of constructive abstractions, thus
allowing for causal models to become less complex and more suitable to human reasoning. One
can imagine a causal model of all the trains on a country’s rail system. Such a model could contain
many variables, for when a train arrives at a platform, when it leaves, when it passes a certain point,
etc. Because there are large causal chains in the model, it is complex to figure out the actual cause
of delays on a certain portion of the tracks. An abstraction of this causal model could for example
not look at individual trains, but look at delays at stations, grouping multiple trains together. This
will still be informative, because a disruption at an earlier station can cause delays at a later station,
but this abstracted model will be smaller and hence easier to reason with. This would also make the
model more explainable, in the sense that one can explain the original complex and detailed model
by abstracting over irrelevant features.
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Appendix A. Proof of Lemma 12

Proof We use the notation X - Y to denote the concatenation of sequences. So X < x,Y [ <
y, = X1 Yy < xp -y, as X and Y, are disjunct. We have that w. (X - Y < xf, -
Y1) = Z <« z if there exist Z, z such that 7(Rst(Vy,xr, - y;,)) = Rst(Vy, z). It holds that
T(Rst(Vr,xr)) = Rst(Vm,xm), since we have w, (X < ) = Xpg < xy. To see that z
must contain €y, let vy be any element of Rst(Vy, z). Without loss of generality, as the order of
the variables does not matter, we can write vy as z - zy. Since vy € Rst(Vy, z) there is some
vy, € Rst(V5,xr - yr) such that 7(vy) = vpy, which, as the abstraction is constructive, can be
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written as 71 (v1) - 2(v2) - ... - T(vy, ), Where 71 (v1) - ... Ti (V) = 2. Since vy, € Rst(Vr,xr-yy,),
we can write vy, as xr, - Yy, - Tr. We have that v - ...v,, = =z - Yy, because no matter ry,
T(xr - y; - rr) = z - zg (for some arbitrary zy), so z must be determined by x, - y;. So,
z=m1(x1) oo - TR(@k) - TRt 1(Y1) - oo s T (Y—r)- We have that 7(Rst(Vp, L)) = T, so by
the same argument as above, 71 (1) - ... - 7x(xg) = xy. Hence z = xy - Yy, which means that
wT(XL %:I:L,YL <—yL) :XH %:BH,YH — Y-

|

Appendix B. Proof of Lemma 13

In order to prove Lemma 13, we need a lemma stated in Kerkhove et al. (2025), which states that
the value of a variable does not change in states whose first index is higher than the agent rank of
the variable.

Lemma 17 Let GS be a causal CGS generated by the causal model M. For any endogenous
causal variable X €V of M, with p(X) = 1, it holds that (X = z) € ©(q; j) for some state ¢; j of
GS, ifand only if (X = x) € w(qy j) for all states qy j» that are descendants of q; ;.

Now, using this, we can prove Lemma 13:
Proof [Lemma 13] We are going to prove the correspondence, i.e. (X = z) € 7(gnm) <
(MX<®Y <Y ) |= X = x by induction on the agent rank of X.
Base Step: If p(X) = 0, X € V. and does not depend on any other endogenous variables, so
if (X = z) € 7(gn,m), Lemma 17 implies that (M,u) = X = z. Because X does not de-
pend on any agent variables, it will keep the same value when intervening on agent variables, so
(MX2Y <Y ) = X = x as well. For the other way around, if (MX<®Y <Y o) = X = 1,
by the same reasoning we have that (M, u) = X = z and hence (X = z) € m(qo,), again by
Lemma 17 (X = z) € 7(qpn,m) as well.
Induction Hypothesis: Suppose that for all X € Vs.t. p(X) <4, (X = x) € 7(¢gn,m) if and only
if  MXC2YCY ) = X =z,
Inductive Step: Let X be such that p(X) = i + 1. First suppose that X € V.
-If X € X, it got its value x € x from the intervention X ¢ x. So (MX2Y Y 4) = X = 1z,
Moreover (MX<® u) = X = x as well, and hence by the premise of the lemma, (X = z) €
7(qx,;). When we now use Lemma 17 again, we get that (X = z) € 7(¢nm) as well. Hence
(X = 2) € 7(gn,m) if and only if (MXZY Y ) = X = 2.
-If X € Y, we have that it got its value z € y in (MX %Y ¥ o) = X = z, from the interven-
tion Y < y. (X = z) will also be in 7(gy, ), because following the strategy Fy —,, will lead to
X choosing an action leading to the value x € y to X, in a state g i, on the path between g ; and
qn,m»> Where k < k’ < n. Once again by Lemma 17, we have that (X = x) € m(gp ) as well.
-IfEX ¢ XUY, let (X = x) € 7(qnm), the value x was determined by F4, in particular,
Mu) EZ 2] X =x,where Z ={Z | Z € V,,p(Z) < p(X)} and z = {z | z € a[g; ]},
where ¢; ; is the state on the path to g, ,, where X got to take an action. By the inductive hypoth-
esis we know that (MX <Y<Y 4) |= Z = 2, and hence (MX <Y<Y @) = X = z as well,
because all variables X depends on have the same values in 7(gy ) as in (MXC2Y Y 4). On
the other hand, if (MX<®Y <Y 4) = X = 2, we know that z is determined only by variables
with a lower agent rank, by the inductive hypothesis all those, with their values, are in 7(gy, 1, ). The
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value of X in 7(gy, ) is determined by Fq, so (M, u) = [Z < z]X = /. All variable-value
pairs Z, z are the variable-value pairs from (MX<®Y <Y 4) 50 2/ must be z, as all variables of
lower agent rank have the same value.

Now suppose X € V., and let (X = x) € 7(gnm). X depends only on variables of a lower
level, specifically all agent variables of agent rank less than or equal to ¢ + 1. By the above and the
inductive hypothesis, we know that all those variables have the same value in (MX <Y<Y 4), as
in 7(gn,m), hence X = x must also be induced by (MX @YY 4) since there are no other
interventions done after the agent variables of rank ¢ 4+ 1 got their final value. Now suppose
(MX2Y Y 4) = X = 2, X depends only on variables of lower levels, all of those agent
variables have the same value in (MX <Y<Y o) = X = 1 as in 7(gy,,,) by the inductive hy-
pothesis. Hence (X = x) € 7(gnm) as well, since the environment variables follow the causal
model in both (MX <Y<Y ) asin 7(gym)- [ |

Appendix C. Proof of Theorem 14

Proof We need to show that CG Sy is an abstraction of CG'Sy,, so we must show that there is a
surjective map ¢ from II, to Iy that satisfies Definition 11. Now, note that [T, = {X =z | X €
Vi, € R(Vr)} and that 7 : R(VL) — R(Vm), so we can define ¢, : II;, — Iy to be s.t.
(X1 =21,..,. X =) = Y1 =v1,..., Yo = Ym), where (y1, ..., ym) = 7(21, ..., Tp).

We will now show that this ¢, satisfies Definition 11. Let s ﬂ) s’ be any transition in CG Sy,
and let ¢ be any state of CG Sy, abstracted by s (i.e. 7y (s) = t-(71(q))).> We now need to show
that there is a sequence of joint actions a in CG'Sy, such that ¢ = ¢/, where ¢’ is abstracted by s.*

Now, because C'GSy is a causal CGS, we have that state s corresponds to a causal setting
My (u, (X <« x)) for some intervention X < x, and that state s’ corresponds to M g (u, (X
x,Y < y)). We know that My is a constructive T-abstraction of M, (Definition 6), so there has
to be a surjective 73y compatible with 7. We can hence write My (u, (X < x)) as My (7 (ur),
wr(Xpxp)) =7(Mp(up, X + xr)), where y(ur) =uand w(Xp + xp) = X «
(this last statement is possible because for a constructive abstraction, we have that 7y = w,(Z1),
so every X 1, <— xr, has at least one corresponding low-level intervention).

So, to recap, s corresponds to 7(Mpy(ur, X < xr1)). Note that (Y = y) € wp(s) iff
T(Mpr(ur, X < 1)) E Y = y. We also have that as s abstracts ¢, 7 (s) = t,(71(q)). Be-
cause ¢ is a state in a causal CGS, CG Sy, it must correspond to some causal setting M (uy, X
;) for some intervention X, «+ ;. Since t,(7(q)) = 7u(s), we have by the definition of ¢,
that 7(Mp(ur, X7 < @7)) = 7(Mp(ur, X1 < 1)), because s corresponds to this latter
causal setting, and s abstracts q.

By an argument similar to the one above, we have that s’ corresponds to M g (74 (w ), w- (X,
xr,Y 1 < y;)). Define « to be the sequence of joint actions that follows from following the strat-
egy profile Fy, —, o I\, starting at the lowest-level state in CG S, corresponding to M (urz,
X1 < x). Since we start in the lowest-level state corresponding to this causal setting, «
will contain the actions that perform the interventions Y; < y; and the actions Z; < =z,
with Z;, N'Y = (), where the variables in Z}, are agent variables with an agent rank higher

. Y .. .

3. We denote a transition in the causal CGS CG Sy as s RARLN s’, as transitions in a causal CGS correspond to
interventions, we make this explicit with this notation.

4. Note that here we use the notation ¢ — ¢’ to denote a sequence of transitions, rather than just one.
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than X ; and at most the rank of the highest ranked variable in Y ;, and where z}, is such that
Mp,ur) E [ X < «1, Y < y|Z = z1. Z | are hence those variables whose values are
determined according to the causal strategy profile. This will execute all actions in Y 1, <— y, while
following the causal model M, for any other actions that need to be taken.

From Lemma 13 it follows that applying this action profile from an arbitrary state g abstracted
by s will lead to a state ¢’ corresponding to My (ur, (X} « «}, Y < yr,Z + z1)).
Because the abstraction is strong, we get that 7(Mp(ur, (X} < @7, Y < y;, Z1 <+ z1)))
equals My (my(ur),w- (X, < @}, Y < y;,Z; < z1)). By Lemma 12, and because s
abstracts q (so w- (X' + x}) = w, (X < @) as we saw above), we have that w, (X +
2 Yy, Zy <+ z) =w (X @) ANwr (Y < yp) ANwr(Zg <+ z1) = w (X
.’EL) A wT(YL — yL) /\wT(ZL — ZL) = wT(XL —x, YLy, 21 +— ZL)).

Therefore, a state abstracting ¢’ should correspond to (M (ur, (X, + x1, Y, <y, Z1, +
z1))). However as we recall, Z |, < zy, is exactly the intervention on Z, that does not change the
variable values from the values that the variables got from the interventions on the other variables.
Hence My (ur, (X1 < x1,Y < y;,Z1 < z1)) = Mp(ur, (X1 < 1, YL < y1)).
Therefore, the state abstracting ¢’ should correspond to 7(Mp(ur, (X < x1, Y < y;))) =
My (ry(ur),w- (X1, + xr, Y < y;)). This is exactly what s’ corresponds to. Hence, ¢ is
abstracted by ', so we have shown that a sequence « of joint actions exists for any transition s = s’
such that for any state ¢ abstracted by s, ¢ — ¢/, where ¢’ is abstracted by s’. Hence CG Sy is an
abstraction of CGST,. |

Appendix D. Full Proof of Theorem 16

Proof In the main text, we have shown that if X = « is a modified HP cause of Y = y in
(Mg, ug), then, for all uy, such that 7;(uy,) = uy, there is a Z = z, a subset of an element in
7% (X = x), that is a modified HP cause of 7' (y) in (M, Zr, ns(ur)). Now, we are going
to show that it also holds for a general boolean combination of events ¢ instead of just Y = y. In
order to do that, we are going to show it for conjunction, disjunction and negation.

First conjunction, assume that it holds for the formulas ¢ and ¢ in (Mg, ug). Suppose that
X = x is acause of ¢ A ¢ in (Mg, up). We follow the same argument as in the main text, with
the difference that now instead of Y, = y;, we get o A ¢ = T, /%1/)(90 A ). We have that not
both ¢ and 1) are entailed by 7(M((Z < 2/, W, < w}),ur). Hence, (M, Zr,uz) = [Z +
Z/ Wy < wj]-(er Ar). This satisfies AC2 of Definition 2, so just like with the proof for
Y =y, we have that either Z = z is a cause, or a subset is.

Now for disjunction, we again assume that it holds for the formulas ¢ and ¢ in (Mg, ug). The
difference with the conjunction case is that neither ¢ nor 1 are entailed by 7(Mp((Z < 2/, W +
w} ), wr). So neither of their preimages can be entailed by M ((Z + 2/, W < w}),ur)).
Therefore (M, Zr,ur) = [Z < 2/, W « w}]=(¢r VYrL).

Finally the negation case, say that X = x is a cause of —. Now we get that ¢ is entailed
by T(Mr((Z < 2/,W < w}),ur)). Therefore, the preimage of —¢ must be entailed by
ML(Z + 2/,W [ < w}),ur). Hence, (M, I, ur) = [Z < 2/, W[ + w}] L.

Since any Boolean combination of events ¢ can be written as a combination of these connec-
tives, we have shown that it holds for any Boolean combination of events . |
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