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ABSTRACT

We study the phase transition phenomenon inherent in the shuffled (permuted)
regression problem, which has found numerous applications in databases, privacy,
data analysis, etc. For the permuted regression task: Y = I1°XBY, the goal is to
recover the permutation matrix IT° as well as the coefficient matrix BY. It has been
empirically observed in prior studies that when recovering IT%, there exists a phase
transition phenomenon: the error rate drops to zero rapidly once the parameters
reach certain thresholds. In this study, we aim to precisely identify the locations of
the phase transition points by leveraging techniques from message passing (MP).

In our analysis, we first transform the permutation recovery problem into a prob-
abilistic graphical model. Then, we leverage the analytical tools rooted in the
message passing (MP) algorithm and derive an equation to track the convergence
of the MP algorithm. By linking this equation to the branching random walk
process, we are able to characterize the impact of the signal-to-noise-ratio (snr)
on the permutation recovery. Depending on whether the signal is given or not, we
separately investigate the oracle case and the non-oracle case. The bottleneck in
identifying the phase transition regimes lies in deriving closed-form formulas for
the corresponding critical points, but only in rare scenarios can one obtain such pre-
cise expressions. To tackle this challenge, we propose the Gaussian approximation
method, which allows us to obtain the closed-form formulas in almost all scenarios.
In the oracle case, our method can fairly accurately predict the phase transition snr.
In the non-oracle case, our proposed algorithm can predict the maximum allowed
number of permuted rows and uncover its dependency on the sample number.

Numerical experiments reveal that the observed phase transition points are well
aligned with our theoretical predictions. Our study will motivate exploiting MP al-
gorithms (and related techniques) as an effective tool for permuted regression prob-
lems, which have found applications in machine learning, privacy, and databases.

1 INTRODUCTION
In this paper, we consider the following permuted (shuffled) linear regression problem:
Y = II'XB’ + oW, (1)

where Y € R™*™ denotes the matrix of observations, IT* € {0,1}™*™ is the permutation matrix,
X € R™¥? is the design matrix, B¥ € RP*™ is the matrix of signals (regressors), W € R™*™
denotes the additive noise matrix (with unit variance), and o2 is the noise variance. The task
is to recover both the signal matrix B? and the permutation matrix IT°. The research on this
challenging permuted regression problem dates back at least to 1970s under the name “broken sample
problem” (DeGroot et al., 1971; Goel, 1975; DeGroot & Goel, 1976; 1980; Bai & Hsing, 2005).
Recent years have witnessed a revival of this problem due to its broad spectrum of applications in
(e.g.,) privacy protection, data integration, etc. (Unnikrishnan et al., 2015; Pananjady et al., 2018;
Slawski & Ben-David, 2019; Pananjady et al., 2017; Slawski et al., 2020; Zhang & Li, 2020).

Specifically, this paper will focus on studying the “phase transition” phenomenon in recovering the
whole permutation matrix TI%: the error rate for the permutation recovery sharply drops to zero once
the parameters reach certain thresholds. In particular, we leverage techniques in the message passing
(MP) algorithm literature to identify the precise positions of the phase transition thresholds. The
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bottleneck in identifying the phase transition regimes lies in deriving closed-form formulas for the
corresponding critical points. This is a highly challenging task because only in rare scenarios can
one obtain such precise expressions. To tackle the difficulty, we propose the Gaussian approximation
method which allows us to obtain the closed-form formula in almost all scenarios. We should mention
that, in previous studies (Slawski et al., 2020; Slawski & Ben-David, 2019; Pananjady et al., 2017;
Zhang et al., 2022; Zhang & Li, 2020), this phase transition phenomenon was empirically observed.

Related work. The problem we study in this paper simultaneously touches two distinct areas of
research: (A) permutation recovery, and (B) message passing (MP). In the literature of permuted
linear regression, essentially all existing works used the same setting (1). Pananjady et al. (2018);
Slawski & Ben-David (2019) consider the single observation model (i.e., m = 1) and prove that
the signal-to-noise-ratio (snr) for the correct permutation recovery is Qp (n¢), where ¢ > 0 is some
positive constant. Slawski et al. (2020); Zhang & Li (2020); Zhang et al. (2022) investigate the
multiple observations model (i.e., m > 1) and suggest that the snr requirement can be significantly
decreased, from Qp (n°) to Op (nc/ m). In particular, Zhang & Li (2020) develop an estimator which
we will leverage and analyze for studying the phase transition phenomenon. Our analysis leads to the
precise identification of the locations of the phase transition thresholds.

Another line of related research comes from the field of statistical physics. For example, using
the replica method, Mézard & Parisi (1985; 1986) study the linear assignment problem (LAP), i.e.,
minyg ZZ j IL,;; E;; where II denotes a permutation matrix and E;; is i.i.d random variable uniformly

distributed in [0, 1]. Martin et al. (2005) then generalize LAP to multi-index matching and presented
an investigation based on MP algorithm. Recently, Caracciolo et al. (2017); Malatesta et al. (2019)
extend the distribution of E;; to a broader class. However, all the above works exhibit no phase
transition. In Chertkov et al. (2010), this method is extended to the particle tracking problem, where
a phase transition phenomenon is observed. Later, Semerjian et al. (2020) modify it to fit the graph
matching problem, which paves way for our work in studying the permuted linear regression problem.

Our contributions. We propose the first framework to identify the precise locations of phase
transition thresholds associated with permuted linear regression. In the oracle case where BY is
known, our scheme is able to determine the phase transition snr. In the non-oracle case where B is
not given, our method will also predict the maximum allowed number of permuted rows and uncover
its dependence on the ratio p/n. In our analysis, we identify the precise positions of the phase
transition points in the large-system limit, e.g., n, m, p all approach to infinity with m/n — 7,
p/n — T,. Interestingly, numerical results well match predictions even when n, m, p are not large.
There is one additional contribution. In the graphical model based on the linear assignment problem,
we can modify the graph and design a scheme for partial recovery, which is a separate contribution
and may be further analyzed for future study.

Here, we would also like to briefly mention the technical challenges. Compared with the previous
works (Mezard & Montanari, 2009; Talagrand, 2010; Linusson & Wistlund, 2004; Mézard & Parisi,
1987; 1986; Parisi & Ratiéville, 2002; Semerjian et al., 2020), where the edge weights are relatively
simple, our edge weights usually involve high-order interactions across Gaussian random variables
and are densely correlated. To tackle this issue, our proposed approximation method to compute
the phase transition thresholds consists of three parts: 1) performing Gaussian approximation; 2)
modifying the leave-one-out technique; and 3) performing size correction. A detailed explanation
can be found in Section D. Hopefully, our approximation method will serve independent technical
interests for researchers in the machine learning community.

Notations. In this paper, a ~ b denotes a converges almost surely to b. We denote f(n) ~ g(n)
when lim,, o f(n)/g(n) = 1, and f(n) = Op (g(n)) if the sequence f(n)/g(n) is bounded in
probability, and f(n) = op (g(n)) if f(n)/g(n) converges to zero in probability. The inner product
between two vectors (resp. matrices) are denoted as (-, -). For two distributions d; and do, we write
dy = dy if they are equal up to normalization. Moreover, P,, denotes the set of all possible permu-
tation matrices: P, = {IT € {0,1}"*" > . TI,;; = 1,52, IL;; = 1}. The signal-to-noise-ratio is
=l

— 2, where ||| is the Frobenius norm and ¢ is the variance of the sensing noise.

snr =
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2 PERMUTATION RECOVERY USING THE MESSAGE PASSING ALGORITHM

Inspired by Mezard & Montanari (2009); Chertkov et al. (2010); Semerjian et al. (2020), we leverage
tools from the statistical physics to identify the locations of the phase transition threshold. We start
this section with a brief review of the linear assignment problem (LAP), which reads as

= argming.p (ILE), )

where E € R™*"™ is a fixed matrix and P,, denotes the set of all possible permutation matrices.
We follow the approach in Mezard & Montanari (2009); Semerjian et al. (2020) and introduce a
probability measure over the permutation matrix I, which is written as

p(II) = (Vz)Hﬂ(l—ZHU)Hn(l—ZHU) xexp<—ﬁzijij), 3)

where 1(-) is the indicator function, Z is the normalization constant of the probability measure y(IT),
and 5 > 0 is an auxiliary parameter. It is easy to verify the following two properties:

« the ML estimator in (2) can be rewritten as IT = argmaxpy 4 (11);

* the probability measure ;(II) concentrates on II when letting 3 — oo.

In the next three subsections, we study the impact of {E;;} on the reconstructed permutation I
with the message passing (MP) algorithm. First, we associate a probabilistic graphical model with
the probability measure defined in (3). Then, we rewrite the solution in (2) in the language of the
MP algorithm. Finally, we derive an equation (7) to track the convergence of the MP algorithm.
By exploiting relation of (7) to the branching random walk (BRW) process, we identify the phase
transition points corresponding to the LAP in (2).

2.1 CONSTRUCTION OF THE GRAPHICAL MODEL

Firstly, we construct the factor graph associated with the probability measure in (3). Adopting the
same strategy as in Chapter 16 of Mezard & Montanari (2009), we conduct the following operations:

* associating each variable Il;; a variable node v;;;

* connecting the variable node v;; a function node representing the term e A B,

* linking each constraint ), IT;; = 1 to a function node and similarly for the constraint ), IT;; = 1.

A graphical representation is available in Figure 1.

n
1> Te=1
iR=1

LY Muje=1

it=1

Figure 1: The constructed graphical model. The circle icons represent the variable nodes and the
square icons represent the function nodes: a blue square for the constraint on the rows of I1, a green
square for the constraint on the columns of IT, and a red square for the function e 7™ Fus

Now we briefly review the MP algorithm. Informally speaking, MP is a local algorithm to compute
the marginal probabilities over the graphical model. In each iteration, the variable node v transmits
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the message to its incident function node f by multiplying all incoming messages except the message
along the edge (v, f). The function node f transmits the message to its incident variable node v
by computing the weighted summary of all incoming messages except the message along the edge
(f,v). For a detailed introduction to MP, we refer readers to Kschischang et al. (2001), Chapter 16
in MacKay et al. (2003), and Chapter 14 in Mezard & Montanari (2009).

It is known that MP can obtain the exact marginals (Mezard & Montanari, 2009) for singly connected
graphical models. For other types of graphs, however, whether MP can obtain the exact solution
still remains an open problem (Cantwell & Newman, 2019; Kirkley et al., 2021). At the same time,
numerical evidences have been witnessed to show that MP can yield meaningful results for graphs
with loops; particular examples include applications in the coding theory (Chung, 2000; Richardson
& Urbanke, 2001; 2008) and the LAP (which happens to be our case) (Mezard & Montanari, 2009;
Chertkov et al., 2010; Caracciolo et al., 2017; Malatesta et al., 2019; Semerjian et al., 2020).

2.2 'THE MESSAGE PASSING (MP) ALGORITHM

Next, we perform permutation recovery via MP. The following derivation follows the standard
procedure, which can be found in the previous works (Mezard & Montanari, 2009; Semerjian et al.,
2020). We denote the message flow from the node i* to the variable node (i*, j®) as M, i1 jr)(+)
and that from the edge (i*, j®) to node i* as m 1 jry_,;1(-). Similarly, we define 772 jr_, it jr(-) and
mL jry—;&(+) as the message flow transmitted between the functional node j R and the variable
node (i'—, jR). Here the superscripts L and R are used to indicate the positions of the node (left and
right, respectively). Roughly speaking, these transmitted messages can be viewed as (unnormalized)
conditional probability P(II; ; = {0,1}|(-)) with the joint PDF being defined in (3). The message
transmission process is to iteratively compute these conditional probabilities.

First, we consider the message flows transmitted between the functional node - and the variable
node (i", jR), which are written as

1%

e_Bﬂ'EiLJ-R7

m(iL’jR)HiL (7T) T/T\ljRA)(iLJ*R) (7T)

’fl\”LZ-LH(Z-LJR)(F) = Z H ’fr\lkR*)(iL’kR)(ﬂ'iL’kR> . e_BwiL”“REiL»kR]l(TF + Zﬂ'iL’kR =1), @
il kR KR£GR k

where 7 € {0, 1} is a binary value. Similarly, we can write the message flows between the functional
node j® and the variable node (i*, j®), which are denoted as m ;. jr)_ = () and Mr_, L =) (),
respectively. With the parametrization approach, we define

é 1 T/ﬁ,LLA)(,LL’JR)(l) é l ﬁlJRH(lL’jR)(l)

hity i my 2 = log — 2T 1 .
Lo g G (0 I T s 5 (0)

Denote (i jr as hu v jry + hijr_y e vy — B jr. We select the edge (it jR) according to the

A exp(mBC ir)

probablllty m(iL,jR)(ﬂ') = Trexp(BCL R)’ ™ € {0,1} Provided m(iL’jR)(l) > m(iL}jR)(O), or

equivalently,
CiL ,jR > O, (5)

we pick 7(it) = jR; otherwise, we have 7(i%) # jR. Due to the fact that ;1(IT) concentrates on II
when [ is sufficiently large, we can thus rewrite the MP update equation as

hiLH(iL’jR) = 1 iI_lR EiL,kR - hkRH(iL’kR), th*)(iL}jR) = min EkLJR - hkL*)(kL,jR), (6)

kR#j kLt
which is attained by letting 5 — oc.
2.3 IDENTIFICATION OF THE PHASE TRANSITION THRESHOLD

To identify the phase transition phenomenon inherent in the MP update equation (6), we follow the
strategy in Semerjian et al. (2020) and divide all edges (i‘, ;%) into two categories according to
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whether the edge (i*, jR) corresponds to the ground-truth permutation matrix II* or not. Within each
category, we assume the edges’ weights and the message flows along them can be represented by
independently identically distributed random variables.

For the edge (i-, 7%(i%)) for the ground-truth correspondence, we represent the random variable
associated with the weight E;; as Q. The random variable for the message flow along this edge
is denoted H (for both A, jry and hjr_, i j=)). For the rest of edges (it, jR) (jR # 74(i%)),
we define the corresponding random variables for the edge weight and message flow as Qand H,
respectively. Then, we can rewrite (6) as

H®Y = min (Q ~H®, H/(t)) , HOED = min O, - BY, %
1<i<n—1

where (-)() denotes the update in the ¢-th iteration, " is an independent copy of H, {Hi(t)}lgignfl
and {ﬁi}lgign,l denote the i.i.d. copies of random variables H ((3) and Q(.). This equation (7) can

be viewed as the analogous version of the density evolution and state evolution, which are used
to analyze the convergence of the message passing and approximate message passing algorithm,
respectively (Chung, 2000; Richardson & Urbanke, 2001; 2008; Donoho et al., 2009; Maleki, 2010;
Bayati & Montanari, 2011; Rangan, 2011).

Remark 1. We conjecture that the distribution difference in the edges’ weights is a necessary
component in capturing the phase transition. On one hand, according to Mézard & Parisi (1986,
1987); Parisi & Ratiéville (2002); Linusson & Wiistlund (2004); Mezard & Montanari (2009);
Talagrand (2010), there is no phase transition phenomenon in LAP if the edges’ weights, i.e., E;;, are
assumed to be i.i.d uniformly distributed in [0, 1]. On the other hand, Semerjian et al. (2020) show a
phase transition phenomenon when assuming the weights E;; follow different distributions among
the edges associated with the ground-truth correspondence (iL7 mh (ZL)) and the rest edges.

Relation to branching random walk (BRW) process. Conditional on the event that the permutation
can be perfectly reconstructed, i.e., H + H "> Qasin (5), we can simplify (7) as

HOD = min HY 45, (8)

1<i<n—1

where E is defined as the difference between € and Q, which is written as = £ Q- ), and
{Hi(t)}lgign_l and {E; }1<;<n—1 denote the i.i.d. copies of random variables H((.t)) and Z(,y.
Adopting the same viewpoint of Semerjian et al. (2020), we treat (8) as a branching random walk
(BRW) process, which enjoys the following property.
Theorem 1 (Hammersley (1974); Kingman (1975); Semerjian et al. (2020)). Consider the recursive
distributional equation K (t+1) — ming<;<n K it + Z;, where K ft) and =; are i.i.d copies of random

variables K((_t)) and = .y, we have K(ttﬂ)

25 —infyeg % log [Z?:l Ee’eai}, conditional on the

event that limy_, oo K # co.

With Theorem 1, we can compute phase transition point for the correct (full) permutation recovery,
ie., H+ H > Q, by letting infg~o 3 log [S7, Ee~%%¢] = 0, since otherwise the condition in
(5) will be violated (see a detailed explanation in Appendix). In practice, directly computing the
infimum of infg~o § log [>°1; Ee~?%¢] is only possible for limited scenarios. In the next section,
we propose an approximate computation method for the phase transition points, which is capable of
covering a broader class of scenarios.

3 ANALYSIS OF THE PHASE TRANSITION POINTS
Recall that, in this paper, we consider the following linear regression problem with permuted labels
Y = II'XB" 4+ oW,

where Y € R™*™ represents the matrix of observations, I’ ¢ ‘P,, denotes the permutation matrix to
be reconstructed, X € R™*? is the sensing matrix with each entry X;; following the i.i.d standard
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normal distribution, Bf € RPX™ is the matrix of signals, and W € R™*"" represents the additive
noise matrix and its entries W; are i.i.d standard normal random variables. In addition, we denote h

as the number of permuted rows corresponding to the permutation matrix I8,

In this work, we focus on studying the “phase transition” phenomenon in recovering I1° from the
pair (Y, X). That is, the error rate for the permutation recovery sharply drops to zero once certain
parameters reach the thresholds. In particular, our analysis will identify the precise positions of the
phase transition points in the large-system limit, i.e., n, m, p, and h all approach to infinity with
m/n — T, /N — Tp, h/n — 11,. We will separately study the phase transition phenomenon in 1)
the oracle case where B! is given as a prior, and 2) the non-oracle case where B is unknown.

In this section, we consider the oracle scenario, as a warm-up example. To reconstruct the permutation
matrix Hu, we adopt the following maximum-likelihood (ML) estimator:

~ oracl
% = argming (IL, —YBTX ), st S IL; =1, I, = 1, I € {0,1}™".  (9)
TI J J
i j

(i)BhBuTXJ’ - oW/B X, (1 < i,j < n), we can
transform the objective function in (9) as the canonical form of LAP, i.e., Z” HijEZ‘?;aC'e,

Denoting the variable Ef*“¢ as —X T,

3.1 THE PHASE TRANSITION THRESHOLD FOR THE ORACLE CASE

In the oracle case where B! is known, we define the following random variable =:
ZE=z BB (z —y)+owB'" (xz —y), (10)
where  and y follow the distribution N(0, I, ,,), and w follows the distribution N(0, I, ).

Recalling Theorem 1, we predict the phase transition point by letting

inf /o -1 Ee %% | = inf 1/o - (1 logEe™ %) = 0. 11
inf 1/ 0g<; e ) inf 1/o - (logn + log Ee™*=) (11)
The computation procedure consists of two stages:

* Stage I. We compute the optimal 6., which is written as 6, = argmin, 1/0- (logn + log Ee~%=1) .
* Stage I1. We plug the optimal 6* into (11) and obtain the phase transition snr accordingly.

The following context illustrates the computation details.

Stage I: Determine 6,. The key in determining 6, lies in the computation of Ee~%=, which is
summarized in the following proposition.

Proposition 1. For the random variable = defined in (10), we can write its expectation as

rank(Bh) L
Ee % = [ [1+420)7 —0°X7 (A} +20%)] %, (12)
=1
provided that
0%0%\; < Lland 0°X7 (A} +207) <1+ 2077 (13)

hold for all singular values \; of B, 1 < i < rank(Bh).

Remark 2. When the conditions in (13) is violated, we have the expectation Ee~% diverge to
infinity, which suggests the optimal 0, for infgy~q log(wEE’g:)/e cannot be achieved.

og(n- *eng)
With (12), we can compute the optimal 6, by setting the gradient w = 0. However, a

closed-form of the exact solution for 6* is out of reach. As a mitigation, we resort to approximating
log Ee~%F by its lower-bound, which reads as
—0= 0° hT b2 2k I12 L
logBe™= > = |||BETBE| + 207 B2 || — 0] B2l

The corresponding minimum value 0, is thus obtained by minimizing the lower-bound, which is
written as . = 2logn/ (|| BB} + 202 ||BA; ).
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Stage II: Compute the phase transition snr. We predict the phase transition point snrypce by
letting the lower bound being zero, which can be written as

logn 2 0* 2 2
A Bl + G (1B + 207 ) —o.
With standard algebraic manipulations, we obtain the equation
2(1og 1)sntorcte + [B*7 /B[, - B/ B4, |2 + 1108 /m = snrerete. (14)

To evaluate the accuracy of our predicted phase transition threshold, we compare the predicted values
with the numerical values. The results are shown in Table 1, from which we can conclude the phase
transition threshold snr can be predicted to a good extent. In addition, we observe that the gap
between the theoretical values and the numerical values keeps shrinking as m increases.

Table 1: Comparison between the predicted value of the phase transition threshold snryace and
its simulated value when n = 500. P denotes the predicted value while S denotes the simulated
value (i.e., mean = std). S corresponds to the snr when the error rate drops below 0.05. A detailed
description of the numerical method can be found in the appendix (code also included).

m | 20 30 40 50 60 70

P 3.283 1.415 0.902 0.662 0.523 0.432

S | 2529+0.079 1.290+0.054 0.872+£0.034 0.649£0.012 0.5154+0.016 0.4294+0.015
m | 100 110 120 130 140 150

P 0.284 0.255 0.231 0.211 0.195 0.181

S | 0.282+0.008 0.256 £0.006 0.232+£0.006 0.2124+0.004 0.196 +0.006 0.183 £ 0.005

3.2 GAUSSIAN APPROXIMATION OF THE PHASE TRANSITION THRESHOLD

From the above analysis, we can see that deriving a closed-form expression of the infimum value 6 of
log(nEe™"%) /g can be difficult. In fact, in certain scenarios, even obtaining a closed-form expression of
Ee~?% is difficult. To handle such challenge, we propose to approximate random variable = by a
Gaussian N(EZ, Var=Z), namely,

_ 92
Ee % ~ exp (91@3 + 2VarE> ) (15)

With this approximation, we can express 0, £ inf 10g(n~Ee’GE)/9 in a closed form, which is
\/2legn/va=. Thus, the critical point corresponding to the phase transition in (11) is written as

2(logn) - Var= = (EE)?. (16)

Comparison with (14). To verify that this approximation can yield meaningful results, we revisit
the oracle case and have

= = ||BYly. Var= = 3B*BET ||, + 20° || B a7
Plugging (17) into (16) then yields the relation
6(10g n)snr‘)mde ’ |”BhT/|"BhH|F ’ Bh/|||Bh|HF“|12; + 4log n/m = SNloracle, (18)

from which we can determine the critical point of snr.

Example 1 (Scaled identity matrix). We consider the scenario where B! = AL, xm. Then, we have
Bh/|||Bh Il = m~21 The phase transition threshold sntogcle in (14) is then 41087/ (m—21ogn), and
the phase transition threshold Sntoracie in (18) as 4108m/(m—61og n). This solution is almost identical
to (14) in the limit as SNropacle & SNforacle ~ 41087/m o~ nm — 1.

Moreover, we should mention that 1) our approximation method applies to a general matrix BF,
not limited to a scaled identity matrix; and 2) our approximation method can also predict the
phase transition thresholds to a good extent when the entries X,;; are sub-Gaussian. The numerical
experiments are given in Table 2, from which we can conclude that the predicted values are well
aligned with the simulation results. The details of the numerical method can be found in the appendix.
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Table 2: Comparison between the predicted value of the phase transition threshold snrgace and its
simulated value when n = 600. In (Case 1), half of singular values are with A and the other half are
with A/2; while in (Case 2), half of the singular values are with A and the other half are with (3-1)/4.
Gauss refers to X N (0,1) and Unif refers to X & Unif [—1, 1]. P denotes the predicted value
and S denotes the simulated value (i.e., mean =+ std). S corresponds to the snr when the error rate

drops below 0.05. Averaged over 20 repetitions.

m I 100 110 120 130 140 150

(Casel) P 0.297 0.266 0.241 0.220 0.203 0.188
(Gauss) S || 0.307£0.009 0.275+0.005 0.246+£0.006 0.227+£0.007 0.210£0.005 0.194 +0.004
(Unif) S || 0.294£0.008 0.266 £0.005 0.239+0.008 0.216+0.004 0.201 £0.005 0.189 =+ 0.006

(Case2) P 0.310 0.276 0.249 0.227 0.209 0.193
(Gauss) S || 0.294 £0.008 0.266 +0.006 0.241 +£0.005 0.220 £0.004 0.204 £0.006  0.190 = 0.003
(Unif) S || 0.287£0.007 0.255+.0043 0.234+0.007 0.213+0.005 0.197+£0.003 0.185 % 0.005

4 EXTENSION TO NON-ORACLE CASE

Having analyzed the oracle case in the previous section, we now extend the analysis to the non-oracle
case, where the value of BY is not given. Different from the oracle case, the ML estimator reduces to
a quadratic assignment problem (QAP) as opposed to LAP. As a mitigation, we adopt the estimator
in Zhang & Li (2020), which reconstructs the permutation matrix within the LAP framework, i.e.,

~ oracle

= argming (IL, -YY XX "), st. Y T; =1, TL; =1,T1€{0,1}"*". (19)
i J

We expect this estimator can yield good insights of the permuted linear regression since

* this estimator can reach the statistical optimality in a broad range of parameters;

* this estimator exhibits a phase transition phenomenon, which follows a similar pattern to that in the
oracle case.

Following the same procedure as in Section 3, we identify the phase transition threshold snr with
Theorem 1. To begin with, we write the random variable = as

E2Y,Y X (X - X5) |
where ¢ and j are uniformly distributed among the set {1,2,--- ,n}. Afterwards, we adopt the

Gaussian approximation scheme illustrated in Subsection 3.2 and determine the phase transition
points by first computing E= and VarZ, respectively.

Theorem 2. For the random variable = defined in (21), its mean EZ and variance Var= are
EZ = n(1—m) [(1+7) By + mryo?]
VarZ ~ n’r, (1 - 74) 7, U”Bu |Hi + maﬂ ’ +n? [27,; +3(1- Th)ﬂ [|B*TB" |”12:
+ 02 (67, (1= 7) + (3= m) 72] BT BA;,
respectively, where the definitions of T, and Ty, can be found in Section 3.

The proof of Theorem 2 is quite complicated, involving Wick’s theorem, Stein’s lemma, the condi-
tional technique, and the leave-one-out technique, etc. We defer the technical details to Appendix.

4.1 AN ILLUSTRATING EXAMPLE

Afterwards, we predict the phase transition points. Unlike the oracle case, we notice the edge weights
E;; are strongly correlated, especially when j = 7(4), which corresponds to the non-permuted rows.
To factor out these dependencies, we only take the permuted rows into account and correct the sample
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size from n to 7, n. The prediction SNrpen-oracte i then computed by solving 2 log(n7, ) VarE = (]EE)Q,
where E= and VarZ are in Theorem 2.

To illustrate the prediction accuracy, we consider the case where B?’s singular values are of the same
. (BF T . .
order, i.e., i;ggh; = 0O(1), 1 < i,j < m, where \;(-) denotes the i-th singular value. Then, we

obtain the snryon-oracle, Which is written as

SNFhon-oracle ~ 7]1/7I2~ (20)

Here, 77 and 7, are defined as

m = 27'th2 log (n11,) — 1p(7p + 1) (1 — 13) + Tp\/Q(l — 1) Th - log (n1y),

2 2
n= (1—m)(mp+1)°— 27T, log(ntp).
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Figure 2: Upper panel: Predicted phase transition points snryon oraice- LOWer panel: Plot of the
recovery rate under the noiseless setting, i.e., snr = oco. Gaussian: Bf-j id N(0,1); Identity:
B! = I,.,; Block-diagonal: B = diag{1,---,1,0.5,---,0.5}. We observe that the correct

recovery rates drop sharply within the regions of our predicted value.

Notice that the predicted snryon.oracle Varies for different 7, and 7,. Viewing snrpgn_oracle as a function
of 75, we observe a singularity point of 75, which corresponds to the case when 12 = 0. This suggests
a potential phase transition phenomenon w.r.t. 75,. To validate the predicted phenomenon, we consider
the noiseless case, i.e., snr = 0o, and reconstruct the permutation matrix IT° with (2). Numerical
experiments in Figure 2 confirm our prediction.

Due to the space limit, this section only presents a glimpse of our results in the non-oracle case. The
technical details and additional numerical experiments can be found in the supplementary material.

5 CONCLUSION

This is the first work that can identify the precise location of phase transition thresholds of permuted
linear regressions. For the oracle case where the signal B is given as a prior, our analysis can predict
the phase transition threshold snrqacle to a good extent. For the non-oracle case where B’ is not given,
we modified the leave-one-out technique to approximately compute the phase critical snrpon-oracle
value for the phase transition, as the precise computation becomes significantly complicated as the
high-order interaction between Gaussian random variables is involved. Moreover, we associated the
singularity point in Snrpen.oracle With a phase transition point w.r.t the maximum allowed number of
permuted rows. Moreover, we present numerous numerical experiments to corroborate the accuracy
of our theoretical predictions.
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A COMMENTS ON (7) AND (8)

This paper considers the phase transition phenomenon w.r.t. the full permutation recovery. Informally
speaking, this can be partly deduced from (7) and (8).

Here, we regard message flows h;_, i jr) and hjr_, ;v i.1.d. samples from certain distributions
(represented by the random variable H). When studying the evolution behavior of the random variable
H, we track the behaviors of all message flows. Hence, if we find an arbitrary sample H that will
yield the correct recovery, we can say that the correspondence between all pairs is correct. On the
other hand, we can say that there exist some pairs with wrong correspondence if H leads to incorrect
recovery. This can explain why the phase transition phenomenon exists.

B ANALYSIS OF ORACLE CASE: PROOF OF PROPOSITION 1

b
Proof. Denote the singular values of Bf as {)\i}iﬂ;(B ). We exploit the rotation invariance property
of Gaussian random variables; and have = be identically distributed as

rank(BF) rank(BY)

i=1 =1

[

Due to the independence across w, x, and y, we have

rank(B?)
Be= =[] vy exp [~0N20 (x — y) — Borw (2 — )
i=1
ran b
K(B") 0N (z — y) (00°(z — y) — 22)
= H E; ,exp B)
i=1

02222 (9( A2 +0?)—2
rank(B?) exp < w2(—2(92>\222) )>

E.
ll;[l V1—62X\202

rank(BY) .
IT (142007 — 6227 (A +207)) 2,

i=1

where in D we use the fact #?6?A? < 1 and in @ we use the fact 62\ (A? + 202) < 1+20A2. O

13
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C NUMERICAL METHODS FOR THE PHASE TRANSITION POINTS

In this section, we present the numerical method to compute the phase transition points. Notice
that the correct recovery rate is in monotonic non-decreasing relation with the snr, we adopt a
binary-search-based method.

First, we fix the snr and run the experiments for 100 times. Then, we calculate the error rate of
permutation recovery (full permutation recovery). If the error rate is below 0.05, we regard the
corresponding snr as above the phase transition point and try a smaller value. Otherwise, we regard
the snr as below the phase transition point and try a larger value. The detailed description is given in
Algorithm 1.

In our numerical experiments, we run 20 times of Algorithm 1 for each parameter setting. Then, we
estimate its mean and the standard deviation from these estimated phase transition points.

Algorithm 1: Numerical method to compute the phase transition points.

1: Initialization. Set the initial search range for snr as [I, r]. Define the precision threshold .
2:
: while |l —r| > e do
: Set snrpiddie = HTT

3
4:
5:  Run experiments 100 times for this snryjqdie.
6
7
8

Compute the error rate of full permutation recovery.

if the error rate is below 0.05 then

9: SNImigdle — 7 — €, # we have snryiqqe be greater than the phase transition point
10:  else
11: SNrmiddle — [ + €. # we have snrpyjgqe be no greater than the phase transition point
12:  endif
13:
14: end while
15:

16: Output. Return the phase transition point snryjqqie-

Complexity analysis. For a given precision threshold ¢, each iteration (Line 3 to Line 14 in
Algorithm 1) takes O(log é) rounds to converge and it runs the permutation recovery algorithm 100

times in each round. Hence, we run 20 x 100 x log,(10*) permutation recovery experiments for
each parameter.

14
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D ANALYSIS OF THE NON-ORACLE CASE
This section presents the technical details in analyzing the non-oracle case.

D.1 ADDITIONAL NUMERICAL RESULTS

We consider the same settings as in Subsection 4.1. Here, we present additional numerical results to
evaluate the prediction accuracy of our method.

D.1.1 VERIFICATION OF PHASE TRANSITION POINTS

For the predicted phase transition snryon oracle, W€ notice an increasing gap between the predicted
value and the simulated value, unlike in the oracle case. This might be caused by the strong
correlation across the edge weights {Eij}lgi’ j<n» or due to the error with the approximation relation
Ee~ %% ~ Eexp (0EE — 0°Var=/3).

1500 F T T P T 7 14
1000 - n = 500. p = 100] —— Gaussian
° T P = 0.8y —A-Identity
T—é 500 - ] @ —-o-Block-diagonal
s A 0.6}
4 >
: 0
0.4}
£ 500! 18
x o
-1000 | 0.2
-1500 : o : 0 |
0.5 0.6 0.7 0.8 0.9 1 066 068
Th :
1500 §
1000 n=650,p=175 0%
3 £
Q L
g 50 A 06}
e B
g 0 &
Qﬂ: % 0.4 || Gaussian
Z 500 | 18 -A-Block-diagonal
n = —-6-Identity
-1000 0.2y
n=650,p=175
-1500 : : ‘ ‘ ‘ 0L— . . .
0.62 063 064 065 066 067 068 0.6 062 064 066 068
Th Th
Figure 3: In the top row, Left panel: Predicted snryonoraice- Right panel: Plot of recovery rate

under the noiseless setting, i.e., snr = oco. Gaussian: BEj id N(0,1); Identity: B! = Lxps

Block-diagonal: Bf = diag {1,---,1,0.5,---,0.5}.

15
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Table 3: Comparison between the predicted value of the phase transition threshold 75, and its
simulated value when n = 500. P denotes the predicted value while S denotes the simulated value.
S corresponds to the 75, when the error rate drops below 0.05.

p| 75 100 125 150 175 200

P| 082 073 068 0.62 056 0.52
S|07r 07 07 066 0.61 0.57

Additional experiments are availabe in Table 3, from which we conclude the solution (20) can predict
the phase transition point w.r.t. 73, to a good extent.

D.1.2 IMPACT OF n ON THE PHASE TRANSITION POINT

We study the impact of n on 75,. The numerical experiment is shown in the top row of Figure 3,
from which we can see the predicted phase transition 75, matches to a good extent to the numerical
experiments. Then, we fix the p and study the impact of n on 7;,. We observe that the phase transition
T, increases together with the sample number n, which is also captured by our formula in (20).

D.1.3 LIMITS OF 7,

We consider the limiting behavior of 7;, when 7,, approaches 0, or equivalently, p = op (n). We can
simplify E= and Var= in Theorem 2 as
- 2
EE~ n(l—1) H|BHH|F,
VarZ = 3n% (1 — ) || BT BY|..
We notice that the singularity point in (20) disappears. In other words, we can have the correct
permutation matrix IT° even when h ~ n. This is (partly) verified by Figure 4, from which we

observe that the phase transition point w.r.t. 7, approaches to one, or equivalently, h approaches n, as
T, decreases to zero.

D.2 ANALYSIS OF NON-ORACLE CASE: PROOF OF THEOREM 2

This subsection presents the computational details of Theorem 2. To begin with, we decompose the
random variable = as
E= E140(8y+E3) + 08y, (1)

where Z; (1 < i < 4) are respectively defined as

(1]

1 & XL BB XTI X (X ) — X;),
X;rrh(z)BhWTX(X‘n'b(z) - Xj)a

232 W/B XTI X(X 5 — X;),
12 WIWTIX (X — X;).

lI>

(1]

2

(1>

Unlike the oracle case, obtaining a closed-form expression of Ee % would be too difficult. Hence,
we adopt the Gaussian approximation method as presented in Section 3.2. The task then transforms
to computing the expectation and variance of =. Before delving into the technical details, we give a
glimpse of our proof strategy.

Computation of the mean E=. For the computation of the mean E=, we can verify that E=, and
[EZ3 are both zero, due to the independence between X and W. For EZ; and EZ,, we adopt Wick’s
theorem to obtain

EZ1 = n(1—7m) (1+7)[1+op (1)] || B2,
EE, = nm7, (1 —73) [1 + op (1)].

16
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. 0.8 -7, =1/25 . -7, =1/25
< —7, = 1/10 S — 7 = 1/10
—
& o6} & o6l
> >
3 04f 5 04f
3 g
~ ~
0.2f 1 0.2
n =800 n = 1000
0 : S 0 : D—p>E—n

077 079 081 083 085 087 0.89 0.78 0.8 0.82 0.84?0.86 0.88 0.9

Th Th
14 . 1h——t—=o
——T, =1/100
I A7, =1/50
. 08 --7,=1/25 . 0.81
2 ——7, =1/10 <
— ~
Ay 0.6 Ay 06F
> >
o I
o 3}
% 04f % 04f
o o
o} ot
~ /o
0.2+ 02}
n =1200 n = 1400
0 - : o4 0 : : e
0.8 0.82 0.84 0.86 0.88 0.9 0.81 0.83 0.85 0.87 0.89 0.91
Th, Th

Figure 4: Plot of correct recovery rate w.r.t. 7;,. We consider the noiseless scenario (i.e., snr = o)
and pick n = {800, 1000, 1200, 1400}.

Computation of the variance Var=. Since Var= = E=? — (EZ)?, we just need to compute EZ2,
which can be expanded into the following six terms

E2 = EZ2 4 02EZ2 + 0%EE2 + 0*EZ2 4 20%EE,Z4 + 20°EE, 53,
The computation of above terms turns out to be quite complex due to the high order Gaussian
random variables. For example, the term EZ2 involves the eighth-order Gaussian moments, the
terms ]EE%, EE%, E=1Z4 and EZ5=3 all involve the sixth-order Gaussian variables, etc. To handle

the difficulties in computing EZ2, we propose the following computation procedure, which can be
roughly divided into 3 phases.

* Phase I: Leave-one-out decomposition. The major technical difficulty comes from the correlation
between the product X TII°X and the difference Xri(iy — X;j. We decouple this correlation by
first rewriting the matrix X " IT*X as the sum 3, XX, (¢)- Then we collect all terms X, X[, ;)
independent of X ;) and X; in the matrix 3 and leave the remaining terms to the matrix
A e, A = XTIIX — 3. This decomposition shares the same spirit as the leave-one-out
technique (Karoui, 2013; Bai & Silverstein, 2010; Karoui, 2018; Sur et al., 2019). Then, we divide
all terms in EZ? into 3 categories: 1) terms only containing matrix X; 2) terms containing both 3
and A; and 3) terms only containing A.

* Phase II: Conditional technique. Concerning the terms in the first two categories, which covers
the majority of terms, we can exploit the independence among the rows in the sensing matrix X.
With the conditional technique, we can reduce the order of Gaussian moments by separately taking
the expectation w.r.t 3 and w.r.t vectors X 4(;) and X;.

* Phase III: Direct computation. For the few terms in the third category (i.e., terms only con-
taining A), we compute the high-order Gaussian moments by exhausting all terms and iterative

applying of Wick’s Theorem and Stein’s Lemma, which can reduce the higher-order Gaussian
moments to lower-orders.

The computation details are attached as follows.
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D.2.1 NOTATIONS

Note that our analysis can involve the terms containing (X (i) — X;) and X T IT*X simultaneously.
To decouple the dependence between (X (i) — X;) and X "TI*X, we first rewrite the matrix
X TII°X as the sum Do XgXIW) and then collect all terms XgX;lr—h © independent of X+ ;) and
X; in the matrix 3, which is written as

> Z XX p)- (22)
078 ()7 (i),

The rest terms are then put in the matrix A such that XTII*X = ¥ + A. Note that the expression
of A varies under different cases such that

s Case (s,5): i = 7°(i) and j = 7%(5). We have

A=A =XX +X;X]. (23)
s Case (s,d): i = 7%(i) and j # 7%(j). We have
A=A = XX + XX )+ X (p X 24)

* Case (d,s): i # 7%(i) and j = 7%(j). We have

* Case (d,d): i # n%(i) and j # 7°(j). We have
d,d) _
A= A( ) = XiX:h(i) + Xﬂ—h(i)X;:h‘Z(i) + XjX;Trh(j) + thfl(j)X;‘r- (26)

In addition, we define the matrix M as B!B!T | and define the index sets S , D, and Dy, as

S&{t|t#iorg, t=n"(0)}, 27)
DE{0|6,7%() #iorj, £ #7(0)}, (28)
Dpair 2 { (01, 62) : €1 = 7 (L), bo = 7 (£1), 41,5 € D}, (29)

respectively.

D.2.2 MAIN COMPUTATION
In this case, we can write = as

= T T~ T T T T
E= XLpBB XTI X X — X;] +0 X L BEW T X [Xo ) — X ]

Lo Ao
==1 ==

+oWIBT XTI X (X — X;] +0? W WTX [X ) — X,

>
]
[|>

2y
The following context separately computes its expectation E= and its variance VarZ.

Expectation. We can easily verify that both E=; and E=3 are zero. Then our goal turns to
calculating the expectation of E=; and [E=,. First, we have

EE1=E > XL MXX/ X -EY XL, MX0X/, X
t=m5(0) ¢
With Lemma 15 and Lemma 16, we conclude
EZ; = (n—h)Te(M) + (p 4+ DEL;_z(;) Te(M) — (pELi—; + E1;_z2(;)) Tr(M)
= (n+p—h—"hp/n)[1+o(1)] Tr(M). (30)

18
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Meanwhile, we have

EEy= E[W/W, - WIW,; - WIW,| X (X — Xj)

mp(n — h)o?
= 77’LE)(;r (Xﬂ.n(l) - X]) =mp (E]li:ﬂ,u(i) - E]]-i:j) = % [1 + 0(1)] . (31)
Combining (30) and (31) and neglecting the o(1) terms yields
mp(n — h)o?

- 2
E=E~ (n+p)(1—h/n) |HB”|HF +
Variance. Then we study the variance of =. With the relation Var(Z) = EZ? — (EZ)?, our goal
reduces to computing EZ?, which can be written as
EZ? = EZ2 + ¢EZ2 + 0°EE2 + 0 E=2 4 20%EE,E4 + 20°EE,E3.

The following context separately computes each terms

—_ 2p p2 2
EZ2~ (n—h)?(1+= 4+ —— | [Tr(M
ta o (14 24 P ) )
2 h\? — h)2 — h)p?
+n? p+3<1> 4 8 3)p+(3” 3)7’ Te(MM),
n n n n
EZ3 ~ 2np (1 + p/n) Tr(M),
R\?  p*>  dp(n—h)?
E=2 ~ 2n? (p + <1 - > + 24 p(”3)> Tr(M),
n n n n
=2 (n—h)m?p’
—_— ~ n 5
—h —h
E=Z15, ~ mp(n = h)(n+p )Tr(M),
n
—h —h
EZ,=, ~ PR tp )Tr(M).
n
The detailed computation is attached as follows.
Lemma 1. We have
- 2p P’ 2
E=2= (n—h)’(14+ =24+ ——40(1) ) [Tr(M
t= o (142 P o)) )
2 h\>  6(n—h)? 3n — h)p?
+n? p+3<1> 4 Sl 3)p+<n 3)p +o(1)| Te(MM),
n n n n

where Z4 is defined in (21).
Proof. We begin the proof by decomposing =2 as

E=Z? = E(Xpei) — X)) SMX i) Xy MET (Xai) — X;)

Ay

+2F (Xpe () — X;) SMX () X Ly MAT (X — X;)

Az
+E (Xne) = X;) | AMX ey XLy MAT (Xe(i) — X;),

As

and separately bound each term as in Lemma 2, Lemma 3, and Lemma 4.
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Lemma 2. We have
.
E (Xns() = Xj) EMXpe(n Xy MET Xy — X;)
2 n\?
L3 (1— ) +o(1)
n n

= (n—h)>(1+o(1) [Tx(M)]* + n? Tr(MM).

Proof. Due to the independence among different rows of the sensing matrix X, we condition on ¥
and take expectation w.r.t. X 4 (;) and X;;, which leads to

T T T T T T
EA; = EXL  SMX () X L () ME Xy +EX] SMX () XL METX;

Al,l A1,2

For EA; 1, we obtain

EAys L E[Tr (M) Tr (SM)] + ETr (EMMTET) + ETr (EMEM)
2
‘Z+2<1—Z> +o(1)

where @ is due to (65), and @ is due to Lemma 12, Lemma 13, and Lemma 14. As for EA; 2, we

D (0~ )21+ o(1)] [Tr (M) + n? Te(MM),

have
B 2
EAy» =ETr (EMMTET) —n? |24 (1 — ) +o(1)| Tr (MTM),
n n
and hence complete the proof. O
Lemma 3. We have
— h)2
E (X — X;) | EMX ) XL MAT (X — X;) » w [(Tr(M))2 +3Tr(MM)| .

Proof. Similar as above, we first expand A5 as

EAy = (n—R)EX Ly MX () X o (s MA T X o) +(n — BE X MX e (y X MA T X

A2,1 A2,2
T T
—(n—h)E X;(i)MXﬂa(i)XIh(i)MA X, —(n—h)E XJTMXWh(i)XTTrh(i)MA X (i) -

Az 3 Az g

Case (s,5): i = 7(i) and j = 7%(j). We first compute Ay ; as

EAs1 = EX]MX, X! MX; X! X; + EX] MX, X MX;X/X;

E|IX [3(X] MX,)? E(X]MX;)’
= (p+5) [(Tr(M))z + Tr(MM) + Tr (MTM)} .
We consider Aj 5 as

EAsp = E(X]MX;X]MX;) +E (X] MMX,;X] X;)

E(X]MX.)? EIX, 12X MMX,

= (Tr(M))* + Tr(MM) + Tr (M M) + (p +2) Tr (MM) .

As for Ay 3 and A, 4, we can verify that they are both zero, which gives

EAs = (n—h)p[l + o(1)] [Tr(M)]2 +3(n—h)p[l+0o(1)] Tr(MM). (32)
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Case (s,d): i = 7%(i) and j # 7%(j). We can compute A ; as

EAg; = EX MX; X! MX; X[ X; + EX ], MX e (5 X 1 () MX s () X Xa )

0
T T T
+ EX e () MX e (5) X (y MXG X ) X

0
= (p+4) [(Tx(M))? + Te(MM) + Tr (MTM)} .

We consider Aj > as

EAyp = EX] MX; X MX; X, X; + EX[ MX e () X 1 () MX o () X[ X

0
+ IEX;FMXWN(i)X;(i)MXjX;,I(j)Xj

0
= E (X MX;)” = (Tr(M))? + Te(MM) + Tr (M M)..
Similarly, we can verify that both EA, 3 and EA5 4 are zero and hence have

EAy = (n—h)p[1 + o(1)] [Te(M)]* + 2(n — k)p[1 + o(1)] Tr(MM). (33)
Case (d, s): i # (i) and j = 7%(j). We compute Ao ; as

T T T T T T
EAzy = Eth(i)MXw“(i)th(i)MXw”(i)Xz‘ Xra(i) +Exwh(i)Mth(i)th(i)MXw”(i)th(i)Xw“(i)

0 0
+ EX L MX o () X 1 (o MXG X Xy = (Tr(M)” + Tr(MM) + Tr (M M) .

EXT, ~MX

» XT, MX
(i) ]

() () wh(4)
We consider As o as

EAg o = EX [ MX )X o (5 MX a1y X X+ EX ] MX oy X L () MX o () X () X

0 0
+ EX MX o (X1, (i)MXjX]TXj = (p+2) Tr(MM).

E[X;]13X] MMX;
As for EA; 3 and Ag 4, we can follow the same strategy and prove they are both zero, which yields
EAs = (n—h) [Te(M)]* + (n — R)p[1 + o(1)] Tr(MM). (34)

Case (d,d): i # 7°(i) and j # 7°(j). Contrary to the previous cases, we have EA, ; and EA 5 to
be zero in this case rather than EA; 3 and EAg 4.

Hence our focus turns to the calculation of EA 3 and that of EA5 4. For A 3, we have

T T T T T T
EA2,3 = EXWN(L)MXTrh(z)X )MX‘TFE(Z)XL X] +EX )MXﬂ'h(l)Xﬂ-h(L)MXTI'hQ(?,)XTrh(l)XJ

mh (i (i

L. T T T T
PLmEX oy My X o () MX o) Ljmmiz ) EX g () My ) Xy () MK i)

T T T T T T
+ Exﬂh(i)MXWh(i)XTrﬂ(i)MXTFh(j)Xj X +EXﬂﬂ(i)MXﬂh(i)Xw“(i)MXijh—l(j)Xj

. T T T T
PLi—EX Ly MX by X Ly MX i) Lz BX L MX Xy MX

(4)

= 2 (pLicj + 1;_pe2(s)) {(Tr(M))Q + Tr(MM) + Tr (MTM)} .
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Then we turn to the calculation of EA; 4, which proceeds as

T T T T T T
EA274 - EXJ MXTrh(i)XTrﬂ(i)MXTrh(i)Xi Xﬂ-ﬂ(i) +EX7 MXT{'h(i)Xﬂ-h(i)MXﬂ'w(i)Xﬂ-h(i)X‘ﬁh(i)

1(i=5)EX | waﬂu)XIu(i)MX MMX

2
. - T
10 5@ 1 e B[ X [ X, (@)

T T T T T T
 EX G MX a3y X 5y MX s () X Xy + EX G MX s 3y X 3y MXG X 1) Xora i)

. T T 2
LE=DEX iy MKt () Xy () MXs i) l_j:mmEHthm 2K MMX

wh (i)
— 21,y (p+ 2) Te(MM) + 21 (i = ) [(n(M))2 + Tr(MM) + Tr (MTM)] .
Then we conclude
EAg = —2(n— h) [(p+ 1) Licj + 1j— e [(Tr(M))2 + Te(MM) + Tr (MTM)}
—2(n = h)(p + 2)1j_paz(;) Tr(MM). (35)
The proof is thus completed by combining (32), (33), (34), and (35).
O

Lemma 4. We have

E (Xps) = X;) T AMX () XL () MAT (Xpa) — X))

= (1 2 o)) 2P + (32 4 o(1)) 2 THMMD).

Proof. We begin the proof by expanding A3 as

EAz = EX () AMX o) X 1 () MAT X ) +E X AMX e () X L () MA T X

A3z 1 Az 2
T T T T T T
~EXJ ) AMX ()X MATX; ~EX] AMX 11 () X, () MA X ;)

As3 Az

Case (s,5): i = n%(7) and j = 7%(j). First we compute A3 ; as

EAz, = EX] XX MX,;X] MX,X] X, +EX] X, X MX,;X] MX; X X;

EIIX, (X MX, )? 1 3(X] MX.)*

+ EX] X; X MX; X MX; X/ X; + EX] X; X MX; X/ MX;X/X;

E[IX,[I3(X] MX,)? E(X] X;)*X] MX,;X] MX;
= (p+4) (p+8) [(Tr(M))” + 2 Te(MM) | + 2 (Tr(M))? + (p + 6) Tr (MM).
Then, we consider A3 5 as

EAsp = EX]X; X MX, X MX; X! X; + EX] X, X MX;X MX; X/ X;

E[ X3 (X] MX;)* (p+2)E(X] MX;)*

+ EX/ X, X[ MX, X MX; X, X; + EX] X; X MX,; X MX,; X/ X;

(p+2)E(X] MX;)* E[X;[|3X] MMX;
= (3p+8) [(Tr(M))2 + Tr(MM) + Tr (MTM)] + (p+2)(p+4) Tr(MM).
In addition, we can verify that EA3 3 and EA3 4 are both zero. Hence we conclude

EAs = (p? + 15p + 42) [Tr(M)) + (3p* + 37p + 94) Tr(MM). (36)

22



Under review as a conference paper at ICLR 2024

Case (s,d): i = 7°(i) and j # 7(j). We can compute A3 ; as

EAsp = EX] XX MX; X MX;XX; +EX] X; X/ MX; X MX ;X X,

E[IX |13(XT MX, ) 0
+ EX{ XX MX X MXGX L X+ BX XX 0 MXG X MXGX X
0 0
+ EXijXIh(j)Mxiijxﬂh(j)iji +EXZ-TXjXIh(j)MXiXiTMXjXIh,l(j)Xi
E[IX;[3X] MMX, 1, e B(XT MX;)?

+ EX[ Xoam1 ) X MXG X MXG XX+ EX X () X MX X MX ) X X

0 152 E(XTMX,)?

+ EXJ X1 () X MX X MX; XX

E[1X. [3X] MMX,
— (PP +10p+ 24+ 21 o) [(T&(M)f +2Te(MM) | + 2(p + 2) Tr(MM).
We consider Az o as

EAsp = EX] XX/ MX; X MX; XX, +EX [ X, X MX; X MX_.: ;X X;

E[IX,3(X] MX;)? 0

T T T T
+ EX; XX MXX; MX;X )X

0

T T T T T T T T
+ EX] XX L ) MX X MXGX] X + EX) XX MXG X MX )X X

0 E[|X;]|3 Tr(MM)

T T T T T T T T
+ EX] XX MXG X MXGX L)X+ EX] X () X MXG X MXX] X

1,2 BIX, 13X ] MMX; 0

T T T T T T T T
+ EX; Xpo-1(5) X MX X, MX ey X X +EXG X1 X MX; X MXjXTrh_l(j)Xj

L2 EIX 13X ] MMX; E[|IX;[I3X ] MMX;
— (p+4) [(TY(M))2 +2 Tr(MM)} +(P+2) (p+ 1+ 21— ;) Tr(MM).
As for As 3 and A3 4, we can prove that they are both zero in this case. Hence we conclude
EAs = (p? + 11p + 28 + 21, ree(j) (Tr(M))?
+ [3p +27p 4+ 624 2 (p + 4) 12y ] Tr(MM). 37)
Case (d, s): i # 7%(i) and j = 7%(j). We consider the term A3 ; as

T T T T
]EAg’l - EXWH(1)X’LX7|—N(1)MX7TU(Z)X7TH(Z)MXWE(L)Xv XTrh(i)

=x

’(x7, MX ’
F( (i) whm)

T T T T
+ Eth(i)Xz‘th(i)MXw“(i)th(i)MXw“(i)th(i)Xﬂ(i)

b (i)

]li=7rh?(i)EmX

:(X:hmMer”(i))z

T T T T
+ EXﬂn (Z)XZXﬂ—h(z)MXﬂ'u(’L)Xﬂ—h (’L)MX]XJ X.ﬂ.h (Z)

i (4)

0
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T T T T
+ EX e ()Xot (1) Xopaz 3y MX oz () X (3 MX e () X Xy

]li:ﬂ't2(i)

2 L

i(XIh(nMX’r“(i))Q

T T T T
+ EX s ()Xot (1) Xgaz 0y MK (1) Xy MX oz () X () X3y

E[X:[I3X, MMX;

T T T T
+ ]EXﬂ,n (,L-)Xﬂ—h(i)XwnZ(i)MXﬂ-h(i)Xﬂ—h (z)MX]XJ X‘T{'u (@)

0
T T T T
+ ]EX‘”H('L)X]X] MXWU(L)XﬁU(Z)MXTFh(l)Xz XTrh(i)

0
T T T T
+ EXe (i)Xj X MX s (i) X s (i)MXﬂW(i)th (vz)XTrb (4)

0
T T T T

mh(i

E(X]X;)’X] MX;X] MX;
= (p+6) (Tr(M)) + (p* + 9p + 22) Te(MM) + 21— rmagy (p + 4) [ (Tr(M))? + 2 Tr(MM) |
We consider the term A3 o as

T T T T
]EA3’2 = IEXj XiXﬂ.u(i)MXﬂ—h(Z‘)Xﬂ-h(i)MXﬂ'h(i)Xi Xj

pr(x:h(i)wan(i))z

T T T T
+ ]E)(‘7 X’L'Xﬂ—h(i)MXﬂ'u (’L)Xﬂ—h(z)MXﬂ'u2(’L)X7rh(z)Xj

1i=wh2(i)E(X?MXi)2

T T T T
+ EXJ XX () MX () X L MX X X

0
T T T T
+ EX]- Xﬂ.u(i)Xﬂ_m(i)MXﬂ—h(i)Xﬂ—h(i)MX‘nh(i)Xi Xj

]li:ﬂ-hz(i,)]E(X;rMXi)z

T T T T
+ EX] Xﬂ'h(i)Xﬂ—h2(i)MXTfh(i)X‘n—h(i)MXth(i)Xﬂh(i)Xj

E[IX;[5X MMX;

T T T T
+ EX G Xoee (i) X 3y MX s (3) X o (n MX X X

0
T T T T
+ IEXj Xij MXﬂu(i)Xﬂu(i)Mth(i)Xi X;

0
T T T T
+ EX) XX MX ()X L MX iz () X e )X

0
T T T ;
+ BX; XX MXos (i) X () MX; X5 X,

EIX; [} xX] MMX,
— p(Te(M))? + (p* + 9p + 10) Tr(MM) + 21,_ ;) [(Tr(M))2 +2Tr(MM)] .
As for A3 3 and Aj 4, easily we can verify they are both zero and hence
EAz = 2(p+3) (Tr(M))* +2 (p* + 9p + 16) Tr(MM)
+ 20, (p+5) {(Tr(M))2 +2 Tr(MM)] . (38)
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Case (d,d): i # 7%(i) and j # 7%(j). First, We compute EA3 ; as

T T T T
EAg’l = ]EXTrh(i)XiXﬂ-h(i)MXﬂ'h(i)Xﬂt(i)MXﬂ'h(i)Xi Xﬂ't(i)

B X a0 Mj (X7 MX @)

T T T T
+ EXﬂu(i)Xinn(i)MXw”(i)th(i)MXW(i)th(i)Xw”(i)

2 2
T
]li:ﬂh2(1)]EH|X1rh(i) H|F (Xﬂn(i)Mth(i))

T T T T
+ EX () Xi X e (y MX () X (5 MX e () X X

LBl [ (KT MX )

T T T T
+ BX e ) XX 1y M s 1y X ) MK X () Ko )

2 2
L T
1’:%11':"”2“@’|‘X“”<i) |Hi< (thmMXﬂ”(i))

T T T T
+ ]EXﬂ—h (i)X‘n’h(i)X-;rﬁ(qj)MX‘n'h(i)X-;rt (1)MXﬂh(l)Xz Xﬂ.t (z)

2 T 2
Ve Bl X e ||, (X T, MX e )

T T T T
+ Eth(i)th(z‘)wa(i)Mth(i)th(i)MXw“(i)th(i)th(i)

% n o (3 MMX )

T T T T
+ EX s ()Xo (1) Xz 3y MX e () X s (o MX e () X X

2 2
P T
1y B Ko [, (X T o MXt5))

T T T T
+ BX e ) Ko (1) Koz (3) MK (i) Ko () MK X () X 3

1j=w”2<i>E|HXW“<'i> W: (X:hu)MMX“”(”)

T T T T
T EX () X5 X () MX e (1) X o 3y MX s () X X 3

2 2
. T
LB o ] (T M% o200

T T T T
+ EXWu(i)XjXﬂh(j)MXTFh(i)XTrh(/L')MXTrbz(i)Xﬂ—h(,L‘)Xﬂ—h(i)

2 T 2
1j:i]1j:ﬂz(i)E|Hxﬁhm |HF (X,umMqum)

T T T T
T EX ) X5 X () MX )Xo oy M () X Ko

1,,E|x (X7, MX *h1,E]x ’XT, MMX
i ] MO AL ST e LT e

T T T T
o B XX () MK i) Ko () MX X o ) X )

2 2 2
. T . T
L [L:J]meﬂh(i)m}:(qu(i)MXﬂh(i)) +11¢J]E(Xﬂh(i)MXﬂh(i>) }

T T T T
+ EXﬂh(l’)X‘nh*l(j)X]’ MXﬂh(i)Xﬂu(i)MXT{h(’i)Xi Xﬂ-ﬂ(i)

2 T 2
Limi iz B Xao |, (X MX 1))

T T T T
B X (i) X —1.(5) X j M 3y X () MX 2 (5 X () X )

EfX * XT MMX
Lj=mi2() m "‘(UWF( b (i) wﬁu))

T T T T
+ Eth(i)Xﬂffl(j)Xj MX#”(i)Xwn(i)MXwn(j)Xj Xt (i)

]lj=7r12(j) |:]li:.7']E”|X7rh ) m: (X:a(i)MXWh(i))2+][i¢j]E(X:h(i)MXWh(i>>2:|
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T T T T
+ EXﬂ_h(Z—)Xﬂ.tfl(J—)Xj MXﬂ'”(i)Xﬂ—h(Z‘)MX]'Xﬂ—h—l(j)Xﬂ-h(i)

2

1 me

4
T T
v (me)MMXw“(i))H.#wwu)EMXwﬂ(i) (Xﬂn (i)MMXan)

j=mh2(3) b (i) F
= (1421 oy + 3Lizj + 61i—;1;_ru2(y) (p +4) [(TI"(M))2 + 2Tr(MM)]
+ (14 3L=geei)) (p +2)(p + 4) Tr(MM)
+ 212y Lig [(Tr(M))2 +2 Tr(MM)}

Lz (p + 2) Te(MM) + Lig; (p + 2) Te(MM). (39)
Then we calculate EA3 5 as

EA372 = EX;XlX:h(Z)MXWE(I)XTTru(Z)MX—WU('L)X—;FXJ

1(xT 2 T 2
L BIXG I (X T, MX ) ) 0L B(XT, | MX o)

T T T T
+ EX XX Ly MX i ()X e (o MX iz (g X e ) X

1 1, EXTX,XT, MX_,, . X7, MX,X]X 1,,E(XT, MX 2
i=nb2(p) | L= By XX (1) B iy MER G Koy H iy BAX () MX )

T T T T
+ EX XX MX () X () MX e ) X X

(i)

2
Lo BIX I (X,  MX )

T T T T
+ EXJ XX MX s (X Ly MX X ) X

L T T T XT
Limj1,_ e () EXT XX T, MX o XT MXGXTX g

(@)
T T T T
+ EX] X‘n'h(i)XTrh?(i)MX‘lrh(i)Xﬂh(i)MXﬂ't(i)Xi X]

2
L TXY.XT T XT . T
L oe20 []11=J1EX1. XX, MX 5 X, MX X, qu(i)+]ll¢]]E(Xﬂn(i)MXﬂh(i)) }

T T T T
+ EX ) X (X g () MX e ()X L (3 MK iz () X e ) X

ZXT 2

1 Foowh(d)

o]

MMXW”(i)+1j=w”2(i)E(XJ'TXW“(i))2 (X1u<1:)MX-7)

T
)X X

j#m82(4) w8 (4)

T T T
+ EXJ’ Xﬂ“(i)erW(i)Mth(i)Xﬂn(i)MXﬂu(j

o Tx.xT T ~xT
]ll:J]li:whz(i)]EXi X'LXWumMth(i)th(i)MXZXi Xﬂh(z‘)

T T T T
+ EX] Xﬂ.h (i)Xﬂhz(i)MXTrh (l)Xﬂu(1)MX]XT"u71(‘7)X]

2 2
T T .
1B (X X ) (X MX;)

T T T T
+ EX] XX MX () X Ly MX iy X X

2
L:JE\I\XJI\é (X:h(i)MXﬂh(i))

T T T T
+ ]EX] X]‘Xﬂ_u (J)MXWH (i)Xﬂ-ﬂ (i)MX’ﬂhz(i)Xﬂ'u (’L)X]

. T T T . T
Timj o () EXT XX T, MX (X MXGXTX )

T T T T
o EXG X X () Mo X () Mz ) X X

2
L BIXalE (X, MX ) ) +1s EIXG X, MMX g

T T T T
+ EX XX s 5y M X (1) X s () MXG X s ) X

. TX.XT T XT . 22X T .
1,2y [Lim EXT XX, MX s XT O MXGXT X)L EIXG 12X MM, |
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T T T T
+ EXG X)X MXe () X () MX () X X

EXX;XT =MX

L T
]lzzjli:wﬂ( ) =8 (4) ﬂh(i)qu(i)

MXiX:thu)

T T T
+ EX X1y X M (5 X () MX ez () X oy X

2 2
T T .
]1].:Wq2(,i>11~:(x_7 X,rnm) (qu(i)MXJ>

T T T T
+ EX; Xpi-1(5)X, MXWn(Z‘)Xﬂ_h(i)MXﬂ.h(J‘)Xj X,

xT

L T X T
1,2 [LimEX] XX, - MX T

2oy MX ) MXX] X 5 ) +Lig EIX X ] MMX, |

T T T T
+ EXj (X (X ) MX e () Xy M (ijﬂh,lm) X

Uiz B (XT X)) (XD, M5 ) L i BIX 12X ] MMX,
= 41,—p(p + 2) [[Tr(M)]* + 2 Tr(MM)] + Lizgp(p + 2) Tr(MM)
4 815 Ty pea iy (p + 2) [ 249 Tr(MM)}
+ 412 [2 [Tr(M))* + (p + 6) Tr(MM)}
+ 2Lz (P + 2) Te(MM) + 20522 1j sz ) (p + 2) Te(MM)
+ gy (p+ 20 [(Tr(M))2 +2 Tr(MM)} .

The term A3 3 is computed as
EAs s = EX (XX ey MX () X e 5y MX e () X X

0
T T T T
+ EXWh(i)X’iXﬂh(i)MX‘n'h(i)X-n—h(i)MXﬂ'hZ(i)X-rrh(i)Xj

0
T T T T
+ EX s () XX o () MX () X () MX i ) X5 X

2
N
Lty PE [X,rumewb(i)]

T T T
+ EX e XX () MX oy X () MX X X

0
T T T
+ EXﬂh(i)XWh(i)Xﬂhz( )MXT‘—h( )Xﬂ—h(z)MXWh(l)Xz Xj

0
T T
+ ]EXﬂ"h(i)Xﬂ'h( )Xﬂ_hz( )MXﬂ-h( )X ( )MXﬂhz(l)XTfh(Z)X]

0
T T T T
 EX sy Xt (1) Xz () MX i (4) X () MX () X X

0
+ EX, (i)Xﬁu(i)x;z(i)MXﬂ(i)X;(i)Mij;,l e

b (i)

2
-
1.7:7rh3(7,>EH|wa<i> 2K (o MMX

T T T T
A B X (i) X Ko () MX s (1) X s (y MX s () X X

2
A
1i=wh<j>E[XﬂumMth<i>]

T T T T
+ EX s 0y X5 Ko () Mo () X o (5 MX o2 () X (9 X

0
T T T T
 EX a3y X5 X e () MX e () Xy MX e ) X X

0
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T T T T
+ EXﬂ_n (’L)X]X’fl'h (j)MXTrh(l)XTrh (Z)MX]Xthl(‘])XJ

0

T T
+ EXﬂ,n(i)Xﬂ—h 1(; )X MXﬂu( )X )MXﬂu(z)Xl Xj

(4

0
T
+ EXﬂ,u(i)Xﬂ—h 1(3)X MXﬂu( )Xﬂ:(l)MXﬂuz( )Xﬂ:(l)X]

1 E|XT, MX :
j=mt3 (i) [ b (0) fr”(‘)]

.
+ EX e Xooo1 ()X ) MX (X 1 (5 MX s () X X

(i)

0
T T
+ Eth(i)Xﬂ'h 14 )X MXﬂh( )Xﬂq(Z)MXjXﬂ—h—l(j)Xj

0
+ 20+ DLimragy + (p + 41 j_pus )] Te(MM). 41)

Then, we consider the term [EA3 4, which can be written as

EAgq = EX] XX Loy MX oz () X 1y MX e () X, Xa )

0
T T T T
+ ]EX] X’iXﬂh(i)Mth (i)Xﬂ-ﬂ(i)MX‘IThz(i)Xﬂh(i)XTrh (L)

0
T T T T
+ EX]‘ Xinn(i)MXw“(i)th(i)MXw“(j)Xj Xﬂ”(i)

2
-
1 E[X],  MX |

i=7l(5)
T T T
+ EX X Xﬂh( )MXWn(i)Xﬂu(i)MXjXﬂu_l(j)Xﬁn(i)

0
T T
+ EX; XX ﬂm( )MXWW) x5 (i )MX 5(i)Xi Xt (i)

0
T
+ EXJ Xﬂ.n(l)X h2(z)MX7rh(z)X ()MXﬂ.nz(Z)X ()Xﬂ.n(l)

0
T T T
+ EX X () X o2 0y MX et () X o 5y MX s ()X X5

0
T T T T
+ EX] Xﬂ.h (,L‘)Xﬂ,hz(i)MXﬂ.h (’L)Xﬂ—h(l)MX]Xﬂ-hfl(])Xﬂ'u (’L)

>
l.i:"hs(i)E[Xﬂ—h(i)

T T T T
+ ]EXj XjXWu(j)MXTrh(i)th(i)MXTr:(i)Xi th(i)

wah(i)]2

1 E|XT, MX 2
i=nb ()P [ ) wbu)]

T T T T
+ EXJ XX (j)MXﬂ'h(i)XTrh(i)MXﬂ'q2(i)X’7‘rh(i)Xﬂ'h(i)

0
T T T T
+ EXG XX e 5y MX e (1) X () MX s () X Xa i)

0
T T T T
+ EX] X]Xﬂ—h (])Mxﬂh(l)xﬂ_n (Z)MXJX‘ITh*I (J)Xﬂ'u(l)

0
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T T T T
+ EX; X)X MX e () X (y MX () X Xeai)

0
T T T T
+ EX X)X MX e () X () MX a2 () X o () X 4

2
-
l.jzww(i)mewh(i) Xty MMX )

T T T T
+ BX; X)X MX e () X () MX e () X j Xe i)

0
T T T T
+ EX] Xﬂ.h—l(j)Xj MX‘?Th(i)th(i)ijXﬂh—l(j)Xﬂh(i)

0
= [(P+ Dlimragyy + Ljmpayy] [Te(M)]?
+ 20+ DLizragy + (P + 4)1j_pes (] Te(MM). (42)
Combing (39), (40), (41), and (42) together then yields
4hp(p + 2
EAs = % [1+0(1)] [TT(M)]2 +2p% [1 + o(1)] Tr(MM). (43)
The proof is thus completed by summarizing the computations thereof. O

Lemma 5. We have

E=3 = 2((p+2)(p + 3) + (n — 2)(p + V)] | B2 = 2np (1 + p/n + o(1)) || B2,
where =5 is defined in (21).

Proof. We have

XL BWTX (X~ X,) (K~ X)) XTWB X o)

X BT [X (X = X)) (e = X5) X7 BT X

HX (th(i) - Xj) ||§X;rrt(i)BhBhTX7rh(i)}

& B & ®

[ 2
115 (Xnagay = X5) [y % 1B Xrego 3] -

For the conciseness of notation, we assume 7%(7) = 1 and j = 2 w.l.o.g. Decomposing the term
2
X (X1 = Xo)lf; as

IX (X1 — Xo)lIf = [XT (X1 —X2)]" + [X] (X1~ X2)]” + 3 [X] (X1 — Xu)]”,
1=3

T T2
Ts

we then separately bound the above three terms. For the first term E77 || B*T X, | 12:, we have

BT B X = B (I%al; + (%] X2)°) 1B ]

— BIXBT X+ E (X Xo)” B X D 0+ 200+ 5[ B

(p+2)(p+4) B (p+2)IBA I
(44)

where (D is due to (66) and (67).
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Similarly, for term E75 H‘BHTXl i

we invoke (66) and (67), which gives

EL|B X ||, = E [(Xfxz)z IHB“TXﬂIIi] +E[[Xa|s x E|[BTX, ||} (45)
(p+2) B4 |2 p(p+2)IBH |
D b+ 1)+ 2)B (46)

where @) is due to (66).

For the last term E73 |HB'JTX1’ ? we exploit the independence among the rows of matrix X and

e
have

BT3B X g = OB (X (X1 - X)) BT ]

i>3

= SE[IX Xl BT 7]
i>3

= SE[(IE + 1%all2) - BT X ]
i>3
= 23 (p+ D|Bl; = 2(n - 2)(p + 1) B . (47)
>3
The proof is then completed by combining (44), (46), and (47).

Lemma 6. We have

h 2 2 4 —h2
E=2 = 2n? p+<1—n> +%+M+0(1) Tr(M),

n n3

where E3 is defined in (21).

Proof. To begin with, we decompose the term E=3 as

EZ} = E | (Xpr — X)) BMET (Xpagp) = X;) | +2E | (Xpr = X) T EMAT (X = X) |

BN 27,

+E | (Xn —X;) | AMAT (Xpey = X)) - 48

S

Step L. First we consider EA, which can be written as

B\ 2
Py (1— ) +o(1)
n n

Step II. Then we turn to EAo, which can be written as

EA; = QIETr(zMzT) D 92 Tr(M), (49)

where (D is due to Lemma 12.

EAy = (n—h)E XL MATX | + (n - W)E [X] MATX,]

—_—
Aa1 Az o

— (n—h)E {Xﬂh(if MATXJ} —(n—h)E {Xf MATXﬂ(i)} .

Az 3 Az 4

Case (s,5): i = w7 (i) and j = 7%(j). We have
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EAs = EX] M (XX + X;X])X; = (p+3) Tr(M),
EAs» = EX] M (XX + X;X]) X, = (p+3) Tr(M).
In addition, we can verify that EA o and Ag 5 are both zero, which suggests that

EAy =2(n — h)(p+ 3) Tr(M). (50)
Case (s,d): i = 7°(i) and j # 7°(j). We have
EAs, = EX] M (XZ-XZT + XX + qufl(j)x}) X, = (p+2) Tr(M);
Bz = EX]M (XiX] + XX ) + Xoos () X)) X5 = Te(M).
Moreover, we have both EA5 5 and EA; 4 be zero, which suggests that
EAy = (n —h)(p + 3) Tr(M). (51)
Case (d,s): i # 7°(i) and j = 7%(j). We have
EAyy = E (X}h o Mx‘jxjxﬂ(i)) — Tr(M),
EAsp = EXMX;X[X; = (p+2) Tr(M).

Similar as above, we can verify both EA; 3 and EA, 4 are zero, which suggests that

EAz = (n —h)(p + 3) Tr(M). (52)

Case (d,d): i # 7%(i) and j # 7(j). Different from the above three cases, we have EA5 ; and
EAs; 2 be zero and focus on the calculation of EA; 3 and EA5 4, which proceeds as

EAys = E [Xﬂn(i)T MXﬁu(i)XZ—TXj} +E [Xﬂn(i)T Mquz(i)X;(i)X]‘]

pliz; IBSJ2 1,2 IBEI2

+E {me‘)T Mth(a‘)XjTXj} +E [wa)T MX]'X;:“*I(J')Xj}

pLi—;IBY|E Lok iymrti—1(; IBEIE
= 2 [pLizj + Lj—rue(s)] Tr(M);

)

EAoa = E[X] MXo ()X Xpay] +E [X; T MX o) XL X

. 5p2
]lL—J ‘IB ”IF P]lj:ﬂ.:ﬂ(i)l‘Bh‘ll%

B (X, MX(5)X] X + B [X, T MXX e X

Li—;IB% |7 PL,_ k2, IBRIE
= 2 [pLj_puzy) + Limg] Te(M),
which suggests that

EAQ = —2(7’L — h)(p + 1) (]lj:ﬂ.hz(i) + ]li:j) ’I‘I‘(M) (53)
Combing (50), (51), (52), and (53), we conclude
12
EA, = w Te(M) [1 + o(1)]. (54)

Step III. Then we turn to the calculation of EA3. First we perform the following decomposition

Ag= X[, AMA X o)+ X/ AMATX; - X[, ) AMATX; —X]AMA "X ;) -

Az Az 2 As 3 A3 4
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Case (s,5): i = 77(i) and j = 7%(j). We have
EAsy = E (X! XX MX,X[X;) +E (X X; X MX;X] X))

E|IX;[3X] MX; (p+2)IBY|7

+ E (XXX MX;XX;) +E (X X;X] MX;X]X;) = (p+2)(p+ 7) Tr(M);

(p+2)IBH|2 (p+2)IBH|2
EAss = EX] (XX +X;X] ) M (XX, + X;X[) X; = (p+2)(p+7) Tr(M).
As for EA3 3 and EA3 4, easily we can verify that they are both zero and hence have
EAz =2(p+2)(p+7) Tr(M) = 2p® Tr(M) [1 + o(1)]. (55)

Case (s,d): i = 7°(i) and j # 7°(j). We can write A3 ; as
EAszs = E (XX, X! MX, X/ X;) +E (XX, X MX 2, X[ X;)

E||X;[|5X ] MX; 0

+ B (XXX MX,X o Xi)

0
+ B (XXX MXXT X)) +E (XXX MX e X X )

0 pIBE?

+ B (XXX MXX ) X

1 Tr(M)

j=m82(4)

T T T T T T
+E (X! X1 X MX,X] X)) +E (X] X105 X] MX sy X[ X5)

0 1, k2 Tr(M)

T T T
+ B (X X ()X MXX )X )

PIBE |
= (p* +8p+ 8+ 2Lj_nu(;)) Tr(M).

Mean A3 » can be written as

EAse = E (XXX MX; X[ X;) +E (X] X, X MX 2y X[ X;)

(p+2)IB| 0

+ B (XXX MXGX )X

0

T T T T T T
+ B (XXX MXX]X; ) + B (XXX () MX e () XT X )

0 EJX; [ Tr(M)

T T T
+ E (X]‘ Xiju(j)MXjXﬂu—l(j)XO

lwh_l(j):'rrh(j) (174'2)”|Bh |H%

T T T T T T
+ E (X X1 X MX X[ X;) +E (X X1y X MX () X X))

0 1b—1(jy—nt () (PH2IBEIR
T T T
+ B (X X1 ()X MXG X X))
(p+2) 1B 1
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= (p+2) (p+2+421,_rmj)) Tr(M).
And for EA3 3 and EAj3 4, easily we can verify that they are both zero. Then we conclude
EAsz =2 (p” + 6p+ 6 + (p + 3)1_rs2(j)) Tr(M) = 2p” Tr(M) [1 + o(1)] . (56)

Case (d,s): i # 7°(i) and j = 7(j). In this case, we can write A3 ; as

_ T T T
EAgt = E (X XX MX X X))

EJX; [F X MX;

+ E (X;rrh(i)XiX;lr—ﬂ(i)wahz(i)x;lr—ﬂ(i)xﬂh(i))

1 E|X; [ X MX;

i=m82(3)

+ E (X;rrh(i)XiX;lr—h(i)MXjX;rX”n(i))

0
+E <X7Th<z’>X7rh(z’)XIwu)Mwa)XiT me))

11:WH2(1-)]E‘|X1‘ H|§XTMX1

+E (X;(i)x,ﬂ(i)X}w(i)Mxﬂnz(i)X;(i)Xﬂ(i))

E[X; |z Tr(M)

T T T
+E (X,ru(i)Xn:(i)quZ(i)MXij Xw“(i))

0
T T T
+ E (th(i)Xij MX 55X, Xﬂ(i))

0
T T T
+E (Xﬂhmxjxj Mxﬂw(i)xﬂu(i)xﬂh(i))

0
T T T
+ B (XXX MXGX] X )

EIX: 7 X MX;

We consider As o as

EAgo = EX] XX MX (X X+ EX ] XX () MX () X 0 X

p Tr(M) 1

T T T
+ EX; XZ-XFW)MXJ»X]- X,

i=mt2 () TH(M)

0
T T T T T T
+ EX; Xﬂ.h(i)XﬂhQ(i)MXﬂ-h(l‘)Xi X +EX; X,rn(i)Xﬂw(i)MXﬂnz(i)Xﬂh(i)Xj

]li:wh2(i) Tr(M) p Tr(M)

T T T
+ EX] X ()X oo () MX X X

0
T T T T T T T T T
+ EX] XX MX ()X X+ EX] XX MX () X () X + EX ] XX MX XX

0 0 EIX: [ X MX;

= (P +8p + 8 4 21,z () Tr(M).
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Similarly, as above, we can verify that EA3 3 = 0 and EA3 4 = 0. Hence, we can conclude

EA3 =2 (p® +6p+ 6+ (p+ 3)1;_nuz(sy) Tr(M) = 2p* Tr(M) [1 + o(1)] . (57)

Case (d,d): i # 7°(i) and j # 7°(j). We write A3 ; as

T T T T T T
]EA371 = ]E Xﬂ'h(l)XZXTrh(Z)MXTr:(l)XZ Xﬂ-ﬂ(i) + ]E X'Trh(i)XiXﬁh(i)MXﬂ'h2(i)X7‘rh(i)Xﬂ'h(i)

E|X; [§ X MX; Ly o2 () EIXG [EX MX;

T T T T T T
+ ]E Xﬂ‘h(i)XiXﬂ‘h (z)MXﬂ'J(])X] Xﬂ—h(i) + E Xﬂh(i)XiXﬂh(i)MXjXﬂ—hfl(j)Xﬂ'u (’L)

1 Bl X: 13X MX; Limj1,_n2 o EIXG R X, MX;

T T T T T T
+ E Xﬂ-h(i)Xﬂ'h(i)Xﬁh?(i)MXﬂ'”(i)X'L' th(i) +E X,Tu(i)th(i)Xﬁuz(i)MXwW(i)Xﬂn(i)th(i)

1,z EIX|2X] MX, EIX [ Tr(M)

T T T T T T
+ E X'T{'u(i)XT(b (i)Xﬂ—uZ(i)MXﬂrb (J)Xj Xﬂ—h(i) +E X-n—h(q;)XTrh(i)Xﬂm(i)MXjXﬂ-ufl(j)Xﬂrb (i)

Limj1,_ e o BIXG X MX; 1,2 BIXG I T (M)

T T T T T T
+ IE Xﬂ-h(z)X]Xﬂ-h(J)MXﬂ'h(l)Xz X—ﬂ-h(i) + IE XT{'h(i)XjXﬂ'h(j)MXﬂ-h2(i)Xﬂ'b(i)Xﬂ-:(i)

1Bl X |3 X ] MX; Li—j llizwnz(i)EIHszl\?XiTquz

T T T T T T
+E Xﬂ”(i)Xijh(j)MXﬂ”(j)Xj Xpey) +E XTrh(i)XjXﬂh(j)MXjXﬂ—h—l(j)Xﬂ'ﬂ(i)

i B X X MX 4125 Tr(M) L, o2 (Limg EIXGIEXT MX 4 Lig; Tr(M))

T T T T T T
+ E Xﬂ—h(i)Xﬂ'“*l(j)Xj MX'n-t(i)Xi Xﬂ.n(i) +E Xﬂ.n(i)Xﬂhfl(j)Xj MX»,rh2(7;)Xﬂ.u(i)Xﬂ—h(i)

Limj 1, n2 ) EIX I3 X MX; 1,52, EIX:li Tr(M)

T T T T T T
+ B Xy X1 () X MXqe ()X Xoaiy + B X ) Xoromr () X MXGX 1) X

1 [lz‘:jﬂ‘:‘lxi ngXzTMXiJF]liqéj Tr(M)] lj:wtﬂ(i,)ﬂi‘lxi Hl}‘:L T‘I‘(M)+1j¢wh2u)pq‘r(M)

i=m92(5)

= (p* +5p +2) Tr(M) + L;—p2()2(p + 2) Tr(M) + 1,23 (3p” + 5p) Tr(M)
+ 21]':71’”2(]') TI'(M) + 11:32(]3 + 3) Tl"(M) + li:jli:wh2(i)2(3p + 5) Tl"(M)

We consider A3 > as

EAgp = EX] XX MX(n X X+ EXJ XX () MX e () Xy X

Liey B X [ Tr(M)+ 15, p Tr(M) 1, h2s) [L:_jENXi IEXMX;+1;; TY(M)]

T T T T T T
+ EX; XX MX s (X X +EXG XX () MXG Xy X

1i—; E| X | Tr(M) Limj1,_ b2, BIX: IEX] MX;

T T T T T T
+ EX_J X'Trh(i)th2(i)MXTrh(i)Xi X—J +EXJ Xﬂ'h(i)Xﬂ—hz(i)MXﬂ'hQ(i)Xﬂ—h(i)Xj

L2 [Limg EIXGIEXT MX 4 1isey Tr(M)] T2 () BIXGIEXT MXG 41, oy p Tr(M)
T T T T T T

+ EX X (1) Xpaz (i) MX o () X X +EXG X () Xz () MXG Xy X
Limj 1,2 EIXG R X MX; L2 EIXG X MX;

T T T T T T
+ EX] XX 5 MX iy X X+ EX] XX MX e (X Ly X

1;—;E|X; |7 Tr(M) Limj 1,2 EIXG IE X MX,

T T T T T T
+ EX] X]‘Xﬂ_h(j)MXﬂ-u(j)Xj X]' +EXJ XjXﬂ—h(j)MXjXﬂ—h*I(j)Xj

E|X: | Tr(M) 1,2 ) BIXG IR X MX;
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T T T T T T
+ EX] X1 (59 X] MX iy XJ X+ EX] X (59 X] MX iz (X e ) X

1im 1, e o EIXG 2X] MX, 1 BIXG X MX;

T T T T T T
+ EX; X1 Xy MX () X X +EXG X (5 X MXGX o) X

e EIXGIEX] MX, EIX; [3X] MX;
= (p*+5p+2) Tr(M) + 1j_rs20;y2(p + 2) Tr(M) + L,—; (3p° + 5p) Tr(M)
—+ 2]li:7rh2(i) TI‘(M) + ]lj:ﬂ'h2(i)2(p + 3) TI‘(M) + ]lizj]liZTrEQ(i)2 (3]7 + 5) TI‘(M)

We consider A3 3 as

T T T T T T
EAss = EX] o XiX ] MX (X[ X+ EX L XX L MX ez X ) X

0 0
T T T T T T
+ EX L XX ) MX e ()X X+ E X XX L MXGX L ) X

]li:ﬂu(j)pTr(M) 0

T T T T T T
+ ]E Xﬂ'h(’i)Xﬂ-h(i)Xﬂ'bz(i)MXTrh(i)Xi X] + E Xﬂ—h (1)X7Th(/L)Xﬂ'hQ(’L)MXﬂ'hz('L)Xﬂ't(’L)X’]

0 0

T T T T T T
+ E Xfrh(i)XTr”(i)XwW(i)MXﬂ”(j)Xj X;+E th(i)th(i)er”(i)MXij”—l(j)Xj

0 1;_ 43P Tr(M)

T T T T T T
+ ]E Xﬂh(z)xjxﬂh(j)MXﬂ't(l)Xz X_7 —|— E Xﬂ-h(i)XjXﬁh(j)MXTFm(i)XTrh(i)Xj

Tt Tr(M) 0

T T T T T T
+ EX L XX Ly MX ()X X+ E XL XX MXG XL )X

0 0
T T T T T T
+ E X o) Xri—1 () X MXqe () Xy Xy + B X () Xam1() X MX oz () X () X

0 ]1].:_””3(“ TI‘(M)

T T T T T T
+ B XD X1 ()X MX ()X X+ E XL XKoo () X MXGX L ()X

0 0
= (p+ 1) [Licrag) + Ljpss(ey ] Tr(M).

Then we consider Ag 4 as

T T T T T T
EAsg = EX] XX MX ()X X ) + EX XX (o MX ez () XL ) Xora

0 0
T T T T T T
+ EX] XX MX s ()X Xy + EX] XX MXGX T X

1 Tr(M) 0

i=nb(5)

T T T T T T
+ EX] Xﬂﬂ(i)XﬂhQ(i)MXﬂﬂ(i)Xi Xﬂ"h(i) —I—EXJ th(i)Xﬂ—W(i)Mth?(i)Xﬂ—h(i)th(i)

0 0
T T T T T T
+ EXG X (i) X () MX s () X Xaiy +EX G X ()Xo (y MXGX o1 (5) Xra i)

0 1,3 Tr(M)

T T T T T T
+ ]EX] X]Xﬂh(‘j)MXﬂu('L)Xl Xﬂ-h(z) +]EX] X]Xﬂ_h(j)MXﬂ-M(Z)Xﬂh(l)Xﬂ-h(l)

PL,_ ;) Te(M) 0
T T T T T T
+ EX; XjXWh(j)MXﬂu(j)Xj Xy + EX; XjXﬂh(j)MXjXWtfl(j)Xﬂn(i)
0 0
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T T T T T T
+ EXG X)X MX e (3 Xy Xa i) + EXG Xoao () X MX a2 () X o 3) Xra i)

0 PL,_ 53 Tr(M)

T T T T T T
+ EXG X)X g MX e () X X ) +EX G Xoamr () X MXGX oy X3

0 0
= (p+1) (I].,L‘:ﬂ—h(j) + ]ljzﬁus(i)) Tr(M).
In summary, we have
EAz = 2 (p* +5p+2) Te(M) + 2(p + 3) [Lizps2(s) + Lj—gaz(j)] Tr(M)
+ (3p* 4+ Tp+6) (Lizj + Lj—pez(sy) Te(M) + 11, pe2 (4 (3p + 5) Tr(M)

=2(p+ 1) [Lizs(j) + Ljmpss(y] Tr(M) = 2p® Tr(M) [1 + o(1)] . (58)
Combining (55), (56), (57), and (58) then yields
EAz = 2p* Tr(M) [1 + o(1)] . (59)

The proof is then completed by (48), (49), (54), and (59).

Lemma 7. We have

E=i = m(m+1) [p(p+2) (Lizrz(p) + Lizj) + P (Ligmz + Lizg)] + 2mp(n+p +1)
n — h)m?p?
= I o),
n
where Z,4 is defined in (21).
Proof. For the conciseness of notation, we define I' as X (Xﬂu(i) — Xj) (Xﬂu(i) - Xj)T X' and
hence have
EZ2 = EW,/ W TWW,.
We begin the discussion by expanding WW, as

W] W W,
Wi | w,— Wi W,
W, W, W;

Then we obtain

E=}= Y ) TLE[(WIW,) (W W,)] = TLE (W] W)  + 3 S TUE (W] W, W W)
s=1t=1 s#£i t#1

i D E(WIW,)?

2
m

= TE (D W2 | +Y Tu-m=m(m+ 1)EL; + mE Tr(T). (60)
j=1 s#i

We can thus complete the proof by separately computing IE Tr(IM) and ET';;. First we compute ET';;,
which proceeds as

ETy; = E (X] Xpe()  +E (X] X;)°
= LicrsyP(p +2) + Ligre ()P + Lizjp(p + 2) + Liggjp
= p(P+2) [Licm + Lizj] + 2 [Lizre ) + Lingg] - (61)
Then we turn to the computation of E Tr(M), which proceeds as

ETH(T) = [|X (Xpe) — X;)||?
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2 2 2
= E[XT0) Xy = X)) || +EIX] Koy = X)+ D EIXT (X = X) 5

s#m(i).5

2
= 2B Xpeo [l + 2B (XL Xs) + 2 Y EIX3
s#ma(i),j
= 2p(p+3)+2(n—2)p=2p(n+p+1). (62)

The proof is thus completed by combing (60), (62), and (61). O
Lemma 8. We have

mp(n — h)(n+p—h)

E5154 = []. + 0(1)} TI‘(M),
where E1 and =4 are defined in (21).

Proof. We have

EE1Z) = EXL o MX TETX (X — X;) (Xpeey — X)) XT WW,.

N

First we conditional on X. Expanding the product WW, as

W W; 0
W, W, 0
Elwiw,| = [m]|
W, W, 0

we can compute E=;Z, w.r.t. W as
E(2,5,) = Ev' WW,; = mEw;,
where v; denotes the ¢-th entry of v and can be written as

vi= X[ (Xeoy — X5) (Ko — X5) T EMX ) + X (Ko = X5) (Xsr) — X;) T AMX s,y

Ay A2

For A1, we conclude
EA; = EX, Xy X 1oy EMX e () + EX XX EMX s
— EX Xoe () X EMX e () — EX] XX () EMX e 5
= Lire (i) (p+ 3)ETX(EM) — Lij(p + 1)E Tr(EM)
= (0~ 1) (Licrs(oy (0 +3) = Licy (p + 1) Tr(M) = B0 114 0(1)] Tr(M).
Then we turn to EA5 and obtain

_ T T T T
EAy = EX] X)X 1 () AMX i) +E X X, XT AMX i)

A2,1 A2,2
—EX{ X (5 X] AMX () ~EX XX () AMX ;) -

A213 A2,4
We compute the value of EA5 under the four different cases.

Case (s,5): i = w7 (i) and j = 7%(j). In this case, we have A be
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A=A =XX] +X;X].
We have
EAzy = EX] XX (XX +X,X]) MX; = (p+2)(p + 5) Te(M),
Eds = EX]X;X] (X X! +X,X[) MX; = 2(p + 2) Tr(M),
EAys = EX/]X; xT (XX +X,;X]) MX; =
EAsq = EX/ X; X[ (X, X] + XX ) MX; =0,
which implies

EAy = (p+2) (p+ 7) Tr(M).

Case (s,d): i = 7°(i) and j # 7°(j). First we write A as

T T
ACD = XX+ XX )+ X (y X

Then we conclude

EAy, = EX] X, X[ (x X!+ XX )+ X1 X] ) MX; = (p +2)(p + 4) Tr(M),
EAsy = EX] X;X] (x X!+ XX )+ X ()X ) (p+ 2) Tr(M),

EAss = EX] X, X] (X X+ XX )+ X)X )

]EAQA = ]EXTX XT (X }(—r + X Xﬂ—h(]) + Xﬂ,u l(j)X )MXZ =0,

which suggests that
EAz = (p+2)(p +5) Te(M).
Case (d,s): i # 7°(i) and j = 7%(j). In this case, A reduces to
dys) _ T T T
AN = XX ) + X X uagy + XX
We have

T T T T T T
EAzy = EXy X ()Xo () X X (i) MX s ) + BXG X (1) X ()Xo (1) X (y MX e )

EIX; [2X] MX, 1 ) EIXGI2X] MX,
+ EX;FX#”(i)X;lr—h(i)XjX;MX‘/ru(i) =(p+2) [1+ Limgezq] Tr(M),
0

_ T T T T T T
EAsy = EX]X;X] XX\ MX i)+ EX] XX Xy X Loy MX )

p Tr(M) 1, b2y Tr(M)
+ EX XX XX MX ) = (94 Lizgiz) Tr(M),
0
EAs3 = 0,
EAs 4= 0,

which suggests

Case (d,d): i # 7°(i) and j # 7°(4). In this case, A is written as

-
AYD = XX+ Kooy X ooy + XX ) + X ()X
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‘We have

T T T T T T
EAzy = EX; Xy X () X X (o MX sy + EXG X (1) X () Xors (i) X (y MX )

E||X;[|I2X] MX; 1, oo BIXi 13X MX,

T T T T T T .
+ EXL X-Trh(i)Xﬂ—h(i)XjXﬂ—b(j)MX‘Tru(i) +EX1 XTrh(i)Xﬂ-h(i)XTFh_l(j)Xj MXﬂ'h(i)7

1 B X 12X MX; Limi 1, o BIXi 13X MX;

_ T T T T T T
EAsp = EX] XXX XL MX sy + EX XX X)X Lo ) MX s

Li=;p(p+2) Tr(M)+1i%;p Tr(M) L, b2 [Lims BI X 13X MX ;415 Tr(M)]

T T T T T T .
+ EXG XX XXy MX sy + EXG XX Koo)X MX s )5

1i=;p(p+2) Tr(M) Limjl;_ b2 EIX[53XTMX

EAgs = EX[ XX XX Lo 5y MX s ) + EXJ X () X Xz () X 2 () MX s

0 0
T T T T T T .
+ EX X (X XX 5y MX () + BX X ()X Koo () X MX )

]li:ﬂn(j)pTr(M) 0

T T T T T T
IEAQA = EXL X‘JX‘/rh(z)X7X7rh(L)MX7Th(7z) +EX¢ XJth(Z)X‘Irh(l)XTrUQ(L)MX‘ITh(l)

0 0
T T T T T T
A BXG XX (3 X X 5y MX s i) FEXG XX (9 Xpa-1() X MX sy -
]li:‘l\'h(j) TI'(M) 0

Hence we conclude

EAy = 2(p+ 1) Tr(M) 4 Lisj2 (p+ 1)> Te(M) + 1,y (p + 1) Tr(M)
+ Limre2 i) (p + 3) Tr (M) + Li—j Li—re2 3y (3p + 5) Tr(M).

Lemma 9. We have

p(n=h)(n+p—h)

EE,=5 = Tr(M) [1 +o(1)],

where =5 and =3 are defined in (21).

Proof. To start with, we write the expectation as E=5=3
EZ5E3 = EXL B*WT X (Xpe(y) — X;) W/ BT XTI T X (X sy — X;)
N—_——

’U.T peRn X1 v

= EuTWTpWiT'U =E <W,~, uTWTp'v> .

Exploiting the independence among X and W, we condition on X and have
Ew <Wi, uTWTpv> =Ew Tr (VwiuTWTpv) .

Note that only the diagonal entries of the Hessian matrix Vy,u ' W T pv matters. For an arbitrary
index s, we can compute the gradient of the s-th entry of u' W " pv w.r.t. W, as

d
dW; s

(u"WTpv,) = v, (P W/ u) = vsipiwju =

aw,, WP = ”S; aw;, AW s

Invoking the definitions of p, v and u, we have
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Ew x (Wi, u W po) = Ex (X XZ[XT (BT), (BT). XTI X (X — X))

L (K - %) XX MET (Xpng) = X)) | +E [(Xeo) = X)) XX MAT (X - X)),

Al A2

where in D we use the relation }_" | (B*T) _ (B“T);r =B'B"T =M.

For the first term A1, we obtain

T T T T T T
EAy = E (XL XXM X)) +E (XTX X METX;)

li:Wh(i)E‘IXi‘lﬁijszi li:ﬂ,h(i)]EX:METXi

_E (Xﬂ(l)xix;(i)Mszj) ) (XTX X )METXWW))

v
Limgd e EX T METX ) PLizjd, o EXT,  METX

= (n—h) []li:ﬂh(i) (p+3)—(p+ )]li:j]li?fﬂ“(i)} Tr(M).

Then we consider the second term A5, which can be decomposed further into four sub-terms reading
as

b (i)

EA = B (X[ XX )MA X () +E (XXX, () MATX;)

Az 1 Az 2

—E (X:h(i)XiXTTrn(i)MATXj> “E (XTX XWN(Z)MATXWW)) .

A213 A2‘4

Case (s,5): i = (i) and j = 7%(j). In this case, we have A be

A = XX+ XX
Hence we conclude

EAz; = E[X] XXM (XX, +X,;X]) Xi] = E|X; ;X MX; + E|X; ;X MX;

= (p+2)(p+4) Tr(M) + (p + 2) Tr(M),

EAgs = E[X] XXM (XX +X,X]) X;] = E|X; [} X MX; + E|X; ;X[ MX;
2E)|X; 32X, MX; = 2(p + 2) Tr(M),
EAss = E [X] XXM (X; X/ +X;X])X;] =0,
EAss = E[X] XXM (XX +X;X])X;] =0

which suggests EAy = (p+2) (p+ 7) Tr(M).
Case (s,d): i = 7°(i) and j # 7°(j). First we write A as
s, d)T _ T T T
ACDT = XX + X () X + XX Ly
Then we conclude
EAsn = E (XXX MX; X[ X;) +E (X X, X MX (X[ X;)

(4

E|X; i X MX; 0

+E (XTX XTMX, X, 1(])xi) = EJX[IXT MX; = (p + 2)(p + 4) Te(M);

0
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EAgp = E (XX, X! MX, X/ X;) +E (X] X;X; MX: (X[ X;)

w8 (j

E|X:[F X MX; 0

+E (XTX XTMX,; X, 1(])xj) = BIX,[2X] MX; = (p + 2) Tr(M),

0
EAz3 = E [XTX XM (X X+ X X] + XX 1(J)) X } =0,
EAss = B [X] XXM (XX + Xpe () X] + X, X)) Xi| =0,

which suggests EAs = (p + 2)(p + 5) Tr(M).
Case (d,s): i # 7°(i) and j = 7%(j). In this case, A reduces to

AT = X0 X+ Xz X o + XX
Then we obtain

_ T T T
EAy, = E (xﬂh(i)xixﬂh(i)Mxﬂu(i)xi x,ru(,;)) +E (x o XX MX ) X, (l)xﬂ(i))

E|X; [} X MX; 1o EIXG 12X ] MX;

+ E X;rn(l—)XiX;(i)MXijTX,rWO = (14 Licqezsy) (p +2) Tr(M),

(
(

EAgs = B (X] XX MX () X[ Xj) +E (X]TXZ-XL(i)MX,ruszL(i)Xj)

Li—j Bl X | Tr(M)+145;p Tr(M) L, 020y [Lims EIXG 2XT MX; 41z Tr(M)]

XX, th(l)ijX]ij) = (p+ Ly eogs)) Tr(M),

0

EAys = E [X;(i)x,x; oM (qu(i)xj + Xz X i) + ijj) xj} —0,

_ T T T T T _
EAsy = E [Xj XX M (Xﬂh(i)xi + Xz X Loy + X5 X] ) th(i)} —0,
which suggests
Case (d,d): i # 7°(i) and j # 7°(5). In this case, A is written as
dd)T _ T T T T
AT = Xas)Xi + Xasz (i) Xy + Xra (3 Xy + XX j)-
Then we have

_ T T T T T T
EAz1 = E (Xﬂ'h(i)XiXﬂ-h(i)MXTrh(i)Xi Xﬂn(i)) +E (Xwn(i)Xz’Xﬂn(i)MXﬂnz(i)Xﬂ:(i)Xﬁn(i))

E[X; |5 X MX; 1 EIX; X MX;

i=mh2 (i)

T T T T
) (Xﬂh(i)xixﬂh(i)MXﬂumxj X,,u(i)) +E (Xﬂ(i)xix o MX X X e (Z))

1 EIX: 12X MX; Ti=;1
(p+2) [L4 1imnz(iy + Limj + Limpuz(y Lizy] Tr(M),
EAso = E (X.jxix;(i)l\/[xﬂh(i)xj Xj) +E (X}XixL(i)Mxﬂm(i)xL(i)xj)

z‘:wh2(i)]EmXimngTMXi

)

1= EIX; I Tr(M)+pLiz; Tr(M) 1, g2y Li=j (p42) Tr(M)+1iz; Tr(M)]
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T T T T T T
+ B (XXX, () MX ()X X5 ) B (X] XX MXX 1 X )

Lo B [ Te(M) Vi1 ) EIXG X MX,
= 2L;=jp(p + 2) Tr(M) + pLliz; Tr(M) + L;—_re2(5) [Li=;2(p + 2) Tr(M) + Liz; Tr(M)],
B = B (XXX sy MXors (X X ) + B (X XX () MX o X oy X )

)

0 0
T T T T T T
+E (th(i)xixﬂh(i)MXWh(j)Xj Xj) +E (Xﬂ-h(i)xixwt(i)MXjXTrh—l(j)XJ)’

P, Tr(M) 0

B = B (X] XX MX () X] Xy ) + B (XXX () MX o X Ly X))

0 0
T T T T T T
+ B (XXX ) MX o)X X))+ (XXX MXGX ) Xoe),

1 Tr(M) 0

i=rl(5)
which gives

EAo = (p+1)[2+2(p+ 1)Lizj + Lizp(jy] Tr(M) + Li—puzy [p+ 3 + (3p + 5)Li—;] Tr(M).
O

D.2.3 SUPPORTING LEMMAS
First, we study the higher order expectations of Gaussian random vectors’ inner product, which
hopefully will serve independent interests.

Lemma 10. Assume x € RP and y € RP are Gaussian distributed random vectors whose entries
follow the i.i.d. standard normal distribution, then we have

ETr (yy zz M) = Tr(M), (63)
ETr (nywTMw) = EHyHi Tr (:DTM:B) = pTr(M), (64)
E(z"Mz)’ = [Tr(M)] + Tr(MM) + Tr (M M), (65)
E|a|3(@ Ma) = (p+2) Tr(M), (66)
E|a|y(@ Ma) = (p+2)(p+ 4) Tr(M), (67)
Ellzl} (27M2)" = (p+4) [(Te(M))” + Tr(MM) + Tr (MTM)] (68)

Elz|l (z"Mz)’ = (p+4)(p+6) [(Tr(M))2 + Tr(MM) + Tr (MTM)} . (69)
E(z"y)?y " Myzz Moy = 2Tr(M;) Tr(Mz) + (p + 4) Tr(M;My) + 2 Tr(M; M, ), (70)
where Ml € RP*P s a fixed matrix.

Remark 3. If we assume M = 1,,,,, we can get E||z||3 = p(p+ 2), Ellz||S = p(p+ 2)(p + 4), and
Ellz|l5 = p(p+2)(p + 4)(p + 6).

Proof. This lemma is proved by iteratively applying the Wick’s theorem in Theorem 3, Stein’s lemma
in Lemma 19, and Lemma 18.

* Proof of (63)and (64). The proof can be conducted easily with the property such that Tr(uv ") =

w'v = Tr(vu ") holds for arbitrary vectors u and v.

* Proof of (65). This property is a direct consequence of Neudecker & Wansbeek (1987) (Equa-
tion (3.2)), which is attached in Lemma 18 for the sake of self-containing.
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* Proof of (66). Invoking the Stein’s lemma, we have
E|z|3(z"Mz) = E [V, (z Mz)z] .

Then our goal transforms to computing the trace of the Hessian matrix Tr [Vm Tr(wTMm)a:} . For
the i-th entry of the gradient, we have

d
dCUZ‘
where M, is the i-th row (or column) of M. Then we obtain

"Mz = (M;, z) + (M");, ),

e [z; Tr(z ' Mz)] = ' Mz +z; [(My, z) + (M ");,z)],

and hence

Ellal3(e"Ma) = 3 E(a" M) +ZE 2 (M) + (M), 2))]

=1

= pTr(M +22M“_ (p + 2) Tr(M).

* Proof of (67). Following the same strategy as in proving (66), we have
4 2
Elz]i(z"Ma) = E |Vo|2]3(2 Ma)z] .

Then our goal transforms to computing the trace of the Hessian matrix Tr [Vm Ha:H;(mTMa:)a:} .
For the i-th entry of the gradient, we obtain

d 20T _ T d T
o [milel @ ™M) | =l (@ Ma) 0 |l M)

= |5 - (" Ma) + 227 (2 M) + 2|5 [(Mi,2) + (M), 2)] |
whose expectation reads as

Elz|3- (x"Mz) + 2E [z2(x " Mz)] + Ez;||z||5 [(Mi, ) + (M);, z)]

= (p+2)Tr(M) + 2E |22 M;x? + 22 ZMﬂx + 2M,E {aszng]
J#i

(p+2) Tr(M) + 2M;; (Baf) + 2> M;;(Ba?)(Ba?) + 2M;; |E(x)) + > (Ea?)(Ea?)
J#i JFi
(p+2) Tr(M) + 6M;; + 2 M;; +2M;; (3+p—1)
J#i

Then we conclude

ETr V:cHSUH;(:cTMm)x} p(p + 2) Te(M) +2(p+4)ZMii + 2p Te(M)
= (p+2)(p+4) Tr(M).

* Proof of (68). Invoking the Stein’s lemma, we have

Ele|} (2" Ma)”

ar, [ x Ma:) } =p (CDTMJ))Q + 42:& (wTMa:) <Mgsym),a:> .

The proof is then completed by invoking Lemma 11.
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* Proof of (69). Following the same strategy as in proving (68), we consider the i-th gradient w.r.t
x;, which can be written as

d
EHwH;l (wTM‘B)Q = Z e [%|\ng (wTMa:)z}
= 2lal (2Me)" +23 0% (6TMa)" +4 3 ol (@TMe) (MO, 2)

di[ (2" Mz) }+4ZE* (I3 (2 ™M) (M )]

=Y =l (=
(71)

%

Noticing the following relations
d
dd?i

a2 Tr(a M) (MO™, 2)] = 22, (7 Ma) (MO™, )

[mi (a:TM:c)ﬂ = (a:TM:c)2 + 4x; (wTM:E) <Mgsym), w> , (72)

)2 (MO™ ) M e} (e TM) . (73)
we can conclude the proof by combining (68), (71), (72), (73), and Lemma 11.
* Proof of (70). Due to the independence between x and y, we first condition on « and have
E(z"y)*y " Mizz Myy = EmEnymxTnyMlmmTng
@ E, Tr (mwT) Tr (lewTMg) + E, Tr (melewTMg) + E. Tr (:IJCBTM;—:IZLEMI)
= Em||:n||gacTM2M1:c + Epz ' Mizz Moz + EmwTMIwaM;m

©)

S 2Tr(M;) Tr(Ms) + (p + 4) Tr(M;M,) + 2 Tr(M; M, ),

where in @ and @ we both use Lemma 18.

O

Lemma 11. For a fixed matrix M € RP*P, we associate it with a symmetric matrix M&™) defined
as (M+MT") /> Consider the Gaussian distributed random vector & ~ N(0, 1), we have

sz (z Mz) <Mgsym>,x> = (Tr(M))? + [M]? + Tr(MM).

Proof. This lemma is a direct application of Wick’s theorem, which is completed by showing

Ex; (acTMa:) <M(Sym > EZ Z M; sy )Mgl)gzxixnglxg?

J 1,62
- EZ Z ﬂflzihz:jMi(,sjym)thézxﬂjerl% +EZ Z ﬂéz:i]lél:jMi(Zym)Mél,ézl‘z'xj%%
J 1,82 J L1,
Zj Mi(,sy'm)Mlyj E]‘ Mi(,s;mjujvi
2
+ENS Lyl e, MMy, pywizjaze, = Y2 [Mi(ijm)] + M, ; Te(M),
J L1l J
oM™ My
where M(™ is defined as (M + M) /2. O

Then we study the properties of 32, which is defined as XTII*X — A.
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Lemma 12. For a fixed matrix M, we have

ETr (zMzT) = n? % + <1 - Z)z +o(1)| Tr(M),

where matrix X is defined in (22).
Proof. We conclude the proof by showing

e (smsT) LS B X XIMXLXT] Y BT [X X, MX g, X
61,5268 Zl,eQED
= Y ETr (X X/ MXX/) + > ETr[X, X/, MX;,X/]
les 1,028 ,61#L>
+ 3BT XX MX o XT [+ > ETr[X,, X MX,, X[ ]

LeD (1,£2) € Dpair
p Tr(M)

= (n=h)(p+2)Tr(M) + (n = h)(n — h —1) Tr(M) + hp Tr(M) + [Dpair| Tr(M)
Py (1—2) +o(1)

n

Tr(M)

n2

(&)

where (D is due to the definitions of index sets S and D (Equation (27) and in Equation (28)), and @
is because |Dpir| < h. O

Lemma 13. For a fixed matrix M, we have
ETr(XMXEM) = (n — h + | Dpair|) [T (M)}2 + (n — h)? Tr (MM) 4 n Tr (MMT)
Proof. Following the same strategy as in proving Lemma 12, we complete the proof by showing

ETr(SMEM) = ) ETr (X, MXX/MX,)+ Y  ETr(X,X,MX;,X;M)

t=n4(¢) 01, 02€8,017#05
+ 3BT (XX MX XL (M) + Y ETr (XX () MX X M)
teD 0Dy

= (n— h+|Dpir]) [Tr (M))* + (n — h)*> Tr (MM) + n Tt (MM ") .

Lemma 14. For a fixed matrix M, we have
E[Te(EM))* = (n—h)?[Tr(M)]* + n Tr (M M) + (n — h + |Dyair|) Tr(MM).
Proof. We complete the proof by showing

2
E(Tr(EM)* = Y E(X/MX,) + Y (Tr(M))* + > EX], , MX, X/ M X
les 01 ,02€8,61H0o LeD

Tr(MTM)

+ Y EX L MX X MX
eE’Dpair

Tr(MM)
= (n—h)? [Tr(M)]* + nTr (M"M) + (n — h + [Dpair|) Tr(MM).

Lemma 15. For a fixed matrix M, we have

E Y X1 MXX) X = (n—h) Tr(M) + (p + 1)1;_ga () Tr(M).
L=mh(0)
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Proof. Provided that i = 7%(7), we have
EE1, = EX/MXX[X; + > EX/MX/X/X;

Ui, 0=nt (L)
= (@+2T(M+ > T(M)=(n—h+p+)Te(M) L. (74
Ui, 0=mt (L)
Provided that i # 7%(4), we have
EZi1= Y EXLMXX] X = (n—h) Tr(M)Li zp ). (75)
L=mh (L)
Combining (74) and (75) then completes the proof. O]

Lemma 16. For a fixed M, we have

T T
EY XL MXo (X)X = (pLizj Livrt () + Ljmre()) Tr(M),
¢
We omit its proof as it is a direct application of Wick’s theorem (Theorem 3).
Lemma 17. We have

BL(i = () = " (1+op (1)),

"1+ or (1)),

]E]].i:j == ﬁ
h
]E]lj:wﬂ(i) = ﬁ(l + op (1))7
D air
Eli:jﬂi:ww(i) = | :2 | (1 + op (1))

This lemma can be easily proved by assuming the indices i, j, 7%(4), and 7%(5) are uniformly sampled
from the set {1,2,--- ,n}

E USEFUL FACTS

This section collects some useful facts for the sake of self-containing.

Theorem 3 (Wick’s theorem (Theorem 1.28 in Janson (1997))). Considering the centered jointly
normal variables g1, go,- - - , gn, we conclude

E (9192 gn) = > TIE (9i.90) -
k

all possible disjoint
pairs (i,jx)€{1,2,- ,n}

With Wick’s theorem, we can reduce the computation of high-order Gaussian moments to calculating
the expectations of a series of low-order Gaussian moments.

Lemma 18 (Equation (3.2) in Neudecker & Wansbeek (1987)). For a normally distributed random
matrix G € R™*P which satisfies EG = 0 and Evec(G)vec(G)" = U ® V, we have
E(G'AGCG 'BG) = Tr (AU) Tr (BU) VCV + Tt (AUB'U) VC 'V
+ Tr (AUBU) Tr (CV) V,

where vec(-) is the vector operation; ® is the Kronecker product (Horn & Johnson, 1990); and A, B
and C are arbitrary fixed matrices.

Lemma 19 (Stein’s Lemma (cf. Section 1.3 in Talagrand (2010))). Let g ~ N(0, 1). Then for any
differentiable function f : R — R we have

Elgf(9)] =Ef (g),

where lim| g o0 f(g)e‘aHgHg = 0 forany a > 0.
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